SOME MITROVIC TYPE TRIGONOMETRIC INEQUALITIES
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ABSTRACT. In this short note, we give some parameter trigonometric inequalities.

1. INTRODUCTION
In 1967, Z.Mitrovic [I] obtained the following inequality for the parameter form of the triangle:

Theorem 1.1. If A is a real number, then in every triangle ABC, we have
)\2
(1.1) cos A + A(cos B + cos C) < 1—1—?

with equality holding if and only if 0 < A <2, and B = C' = § — arccos %

Inequality ([L.1]) is called Mitrovic’s inequality. In this short note, we give some new results on
Mitrovic type inequality for the triangle.

2. SOME RESULTS FOR THE SINE AND COSINE
In this part, we will give some Mitrovic type inequalities for the sine and cosine on the triangle.

Theorem 2.1. If X\ is a real number, then in every triangle ABC, we have

)\2
(2.1) cos2A + A(sin2B +sin2C) < 1+ o

with equality holding if and only if 0 < A< 2, and B=C = 5 — %arcsin %

Proof. Utilizing the facts that
sin2B + sin2C = 2sin(B + C) cos(B — C) = 2sin Acos(B — C),
and
cos2A =1+ 2cos? A,
we obtain
cos 2A + A(sin2B +sin 2C') = cos 2A + 2\ sin A cos(B — C)
< cos2A + 2[A[sin A

, AN 2 A2
= -2 A— — 1+ —
(sm 5 + +2
)\2
<1+ —
+2

with equality holding if and only if B = C,|\| = A, and sin A = %‘, these are 0 < A < 2, and

B:C:g—%arcsin%. ]
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Corollary 2.1. If A is a real number, then in every triangle ABC, we have
2

A
(2.2) cos A+ A(sinB +sinC) <1+ 5
with equality holding if and only if 0 < A < 2, and B = C' = arcsin %

Corollary 2.2. If A is a real number, then in every triangle ABC, we have

(2.3) cos 2A + V/3(sin 2B + sin 2C) < g

with equality holding if and only if the triangle ABC' is the equilateral one or B=C = .
Theorem 2.2. If X\ is a real number, then in every triangle ABC, we have

(2.4) cos A+ A(sin 2B +sin 2C) < V1 + 4)?

with equality holding if and only if 0 < A, and B=C = 5 — %arccos L

V1ax?’

Proof. By using the facts that
sin2B + sin2C = 2sin(B + C) cos(B — C) = 2sin Acos(B — C),
and Cauchy inequality, we obtain
cos A+ A(sin2B +sin2C') = cos A + 2Asin A cos(B — C)
< cos A+ 2|\|sin A

< V14 4)\?

with equality holding if and only if B = C and —1 = 22 these are 0 < A, and B = C =

cos A sin A’
T 1 1 . . .
T — s arccos . The proof of inequality (2.4]) is completed.
2 2 A /1+4>\2 p q- y p I

Corollary 2.3. If A is a real number, then in every triangle ABC, we have

A
(2.5) sin - + A(sin B +sin C) < V144X

with equality holding if and only if 0 < A, and B = C' = arccos -
+

The proof of the following theorems and corollaries will be left to the readers.
Theorem 2.3. If A\ is a real number, then in every triangle ABC, we have

(2.6) sin A 4+ A(cos 2B + cos 2C) < V1 + 42
with equality holding if and only if 0 < X, and B =C = %arccos 1 or0= X\, and B=C =

V14422

1

arccos .
V14422

Corollary 2.4. In every triangle ABC', and real number \, we have

A
(2.7) cos o + AMcos B4 cosC) < V1 + 4)\?

T _ 1
27 2

1

Vi44x2"

Theorem 2.4. If X\ is a real number, then in every triangle ABC, we have
)\2

(2.8) sin® A 4+ A(sin® B +sin> C) <1+ \ + T

with equality holding if and only if 0 <X <2, and B=C = 5 — %arccos

with equality holding if and only if 0 < A\, and B = C' = arccos

A
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Corollary 2.5. If A is a real number, then in every triangle ABC', we have
.2 . : AN
(2.9) sin® A+ A(sin BsinC) < 1+ B + 6

with equality holding if and only if 0 < A <4, and B=C = 5 — %arccos %.
Remark 2.1. When A =1, inequality (2.9) become Berkolajko’s inequality [2]:

25
(2.10) sin? A + sin Bsin C' < 6
Corollary 2.6. If X is a real number, then in every triangle ABC, we have
A2
(2.11) cos? A+ M(cos® B+ cos? C) > A\ — s

with equality holding if and only if 0 < A <2, and B=C = — %arccos %

Corollary 2.7. If A is a real number, then in every triangle ABC, we have

A B \?
(2.12) cos? 3T A(cos? 5t cos? %) >\ - T

. . . . . A
with equality holding if and only if 0 < A <2, and B = C = arccos 5.

Theorem 2.5. If X\ is a real number, then in every triangle ABC, we have

2

A
(2.13) sin? A + \(cos® B +cos?C) < 1+ A+ T

with equality holding if and only if 0 < A <2, and B=C = %arccos %

Corollary 2.8. If A is a real number, then in every triangle ABC, we have

AN
(2.14) sin? A + Acos Becos(C) < 1+ B + G

with equality holding if and only if 0 < A <4, and B=C = %arccos %.
Corollary 2.9. If A is a real number, then in every triangle ABC, we have

2
(2.15) cos® A+ A\(sin? B +sin?C) > X\ — )\Z

with equality holding if and only if 0 <A< 2, and B=C = %arccos %

Theorem 2.6. If A\ is a real number, then in every triangle ABC, we have

1
(2.16) sin A + \(sin B +sin C) < g(A\/A2 +8 -+ 4)\/2)\\/)\2 +84+2X2+4
) . L . M/ A248-72
with equality holding if and only if 0 < A, and B = C' = arccos —-—~———.

3. THE INEQUALITIES FOR THE TANGENT AND COTANGENT
Theorem 3.1. Let A > 0, then in every triangle ABC, we have

A
(3.1) tan B} + A(tan B + tan C') > 2V2\

with equality holding if and only if B = C' = arctan v2\.
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Proof. From the fact that

2sin A 2sin A A
> = 2cot —,

t B t C: =
an >+ tan cos(B—C)—cosA~ 1—cosA 2

we get
tan? + Atan B 4+ tanC) > tang + 2 cot g > 2V2),
with equality holding if and only if B = C, and §
By the same way, we obtain

Theorem 3.2. Let A > 0, then in every triangle ABC, we have
A

(3.2) cot 3t A(cot B+ cot C) > 2v2\

with equality holding if and only if B = C = arctan v 2.

4. SOME WEIGHTED INEQUALITIES
Wolstenholme’s inequality [1] is a well-known weighted inequality for the triangle:
Theorem 4.1. Let x,y, z are three real numbers, then in every triangle ABC, we have
(4.1) 2yz cos A + 2z cos B + 2zy cos C < 22 4 4% + 22
with equality holding if and only if x :y: z=sin A :sin B : sin C.

Theorem 4.2. Let x,y, z are three real numbers for xyz > 0, and u,v,w > 0, then in every triangle
we have the inequality

1
(4.2) xsinA+ysinB+zsinC§(Wu—kmv—i—ww) urvrw

2\ z Y z UVW
with both equalities holding if and only if xcos A = ycosB = zcosC and ucot A = vcot B =
wcot C.

Proof. Let x = xox3,y = w3x1, and z = x1x2, then we have

(4.3) zsinA+4ysinB+ zsinC = rawscos(m = A= 61) , warycos(m = B = 03)

sin 64 sin 6o
xoxs cos(m — C — 03)

7 + 2923 cot B1 cos A + x3x1 cot O cos B + x1x9 cot O3 cos C,
sin 63

where 601, 05,03 > 0 for 61 + 05 + 03 = 7.
Utilizing the fact that

(4.4) tan #1 + tan f5 + tan f3 = tan 6 tan O, tan O3,

we can set

A A A
Ay Auv Ay

From Theorenfd.1], we easily obtain

xoxgcos(m — A —01) xsxycos(m — B —03) xoxwgcos(m — C —03)

4.6
( ) sin 91 sin 92 sin 93

< = [(23 4 23) cot 01 + (23 + 23) cot O + (27 + 23) cot 3] ,

DN |
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(4.7) Tox3 cot 1 cos A + x3x1 cot O cos B + x1x9 cot b3 cos C
1
< 3 cot 61 cot 0 cot O3(x% tan? 01 + 23 tan® 0 + x5 tan® 6).
From (4.4)), we find also that

1
(4.8) 3 (x5 + x3) cot 01 + (25 + 1) cot 02 + (27 + 23) cot 03]

1
+ 5 cot Ay cot By cot O3(zF tan? O + x5 tan? 6 + 23 tan? 6)

1
= i(x% tan @y + 3 tan 0y + 3 tan 63).

Combining x = xex3,y = x371,2 = 122, (4.3) and (4.5)-(4.8]), we have the inequality (4.2)). The
proof of Theorenf4.8]is completed. I

The inequality (4.2)) is obtained by X.-Zh. Yang in [4]. There following theorems are the special
cases of Theoreml4.8

Theorem 4.3. (Oppenheim [1]) Let x,y, z are three real numbers, then in every triangle ABC, we
have

1
(4.9) yzsin A + zasin B+ zysinC < ——=(z 4y + 2)?

2V/3

with equality holding if and only if x =y = z and triangle ABC is the equilateral one.

Theorem 4.4. (Vasic [1]) Let x,y, z are three real numbers for xyz > 0, then in every triangle
ABC, we have

3
(4.10) xsinA+ysinB+zsinC<f('yz%—m—l-w)

2 T Y z
with equality holding if and only if x = y = z and triangle ABC is the equilateral one.
Theorem 4.5. (Klamkin [1]) Let x,y,z > 0, then in every triangle ABC, we have

rT+y+z

1

(4.11) zsin A+ ysin B + zsinC < =(zy +yz + 2x)
2 TYZ

with equality holding if and only if x =y = z and triangle ABC is the equilateral one.

Theorem 4.6. ([3]) Let x,y,z > 0, and in every triangle we have the inequality

3
(4.12) z sin A+ 4/ Y _sinB+,/——sinC < (x+y+2)
y+z 2+ T4y (x+y)(y+2)(z+x)

with both equalities holding if and only if x :y:z=tan A : tan B : tan C or

sin? A sin? B sin2 C

r(y+2z) ylz+z) zl@t+y)

Theorem 4.7. ([4]) Let x,y, z are three real numbers, and u,v,w > 0, then in every triangle we
have the inequality

1 /22 o2 22
(4.13) yzsin A + zxsin B 4 zysin C' < 3 (x + L4 Z) Vow + wu + uw
u v w

with both equalities holding if and only if x : cosA =y : cosB = z : cosC and u : cot A = v :
cot B=w:cotC.
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Theorem 4.8. ([3]) If k,u,v,w > 0, and

1 1 1 2
Erk T E kW ik K
in every triangle, we have the inequality

(4.14)

1
(4.15) usin A+ vsin B+ wsinC' < %\/(u2 + k) (v? + k) (w? + k)
with equality holding if and only if
2 2 2
4 +ksinA: Y +ksinB: v +ksinC
u v w

or
ucos A =vcosB=wcosC.

Theorem 4.9. ([3]) Let x,y, z are three real numbers, if zyz > 0, then in every triangle ABC, we
have

1
(4.16) :ccosA+ycosB+zcosC’<2(W+m+w>,
x Y z

and the reverse inequality holds if xyz < 0. With equality holding if and only zf% : % : % =sin A :
sin B : sin C.
From Theorenfd.1] we easily obtain the following corollary:
Corollary 4.1. Let x,y, z are three real numbers, then in every triangle ABC', we have
(4.17) 2yz sing + 2zx sing + 2zy sin% < a2yt 4+ 22
with equality holding if and only if x :y : z = cos g : CoS g : CoS %
The proof of the following two inequalities will be left to the readers.
Theorem 4.10. Let x,y,z > 0, then in every triangle ABC, we have
(4.18) (y+ z)cot A+ (z +z) cot B+ (z 4+ y) cot C = 2\/yz + za + zy,
with equality holding if and only if x 1y : z=cot A:cot B : cotC.
Theorem 4.11. Let x,y,z > 0, then in every triangle ABC, we have

(yz + 2z + zy)?

(4.19) zsin? A+ ysin® B + zsin? C <
dxyz

with equality holding if and only if xsin2A = ysin2B = zsin 2C.
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