GENERALIZED SYMMETRIC DIVERGENCE MEASURES AND
INEQUALITIES

INDER JEET TANEJA

ABSTRACT. In this paper, we have studied the following two divergence measures of type
s:

Jo(Pl|Q) = [s(s — 1)~ [Zn) (pqu“rpisqf)—?}, s#0,1

V(PlQ) = . =
TPIR) = 3 (i~ )i (5). s=0.1
and
IT(PIQ) = lste - 117 [ £ (H5) ()" -] s 0
W(PIIQ) = { 1(PlIQ) = [; () + San ()] =0
T(PIQ) = 3 (25%) In ($£7%). s=1

The first measure generalizes the well known J-divergence due to Jeffreys [16] and
Kullback and Leibler [17]. The second measure gives a unified generalization of Jensen-
Shannon divergence due to Sibson [21] and Burbea and Rao [2, 3], and arithmetic-
geometric mean divergence due to Taneja [26]. These two measures contain in particular
some well known divergences such as: Hellinger’s discrimination, triangular discrimina-
tion and symmetric chi-square divergence. In this paper we have studied the properties
of the above two measures and derived some inequalities among them.

1. INTRODUCTION
Let

n
Pn: P:(p17p27"‘7pn) p2>oazpl:1 3 n>27
i=1
be the set of all complete finite discrete probability distributions. For all P, Q) € I',,, the
following measures are well known in the literature on information theory and statistics:

e Hellinger Discrimination (Hellinger [15]

n

S (VB - V)

=1

)
(L.1) M(PIQ) =1~ B(PIIQ) =
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where

n

(1.2) B(PlIQ) =) v/pili.

=1

is the well-known Bhattacharyya [1] coefficient.

e Triangular Discrimination

_ . _ - (pi_%‘)2
(1.3) APIQ) =2l ~WIPIQT =2 = =
where
= 2
(14 W) = 3

is the well-known harmonic mean divergence.

e Symmetric Chi-square Divergence (Dragomir et al. [14])

n )2 (. )
(15 ¥(PIQ) = C(PQ) + Q) = 3 L)
i=1 i
where
(1.6) XQ(P||Q):§:(pi_Qi)2 _ . p—?—l,
=1 i i=1 4

is the well-known y?— divergence (Pearson [20])

e J-Divergence (Jeffreys [16]; Kullback-Leibler [17])

(1.7) JPIQ) =" (ni — >1n<§%>

=1 ¢

e Jensen-Shannon Divergence (Sibson [21]; Burbea and Rao [2, 3])

(1.8) I(P[|Q) = [sz ( ) +i§";qi tn (pz‘Q‘ZiQi)

e Arithmetic-Geometric Divergence (Taneja [26])

(1.9) T(Pn@zil <pi;‘-’i>1n (12’\/;_(;)

After simplification, we can write

(1.10) J(Pl|Q) = 4[I(P|Q) + T(P[|Q)].
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The measures J(P||Q), I(P||Q) and T'(P||Q) can also be written as

(1.11) J(PIIQ) = K(PIIQ) + K(@IIP),
(112) 1Pl = [ (P75 + & (@175 2))]
and

(1.13) 1(rlQ) = | (3 r) + 1 (T3 e)].
where

(114) K(PIQ) =3 piog ().

is the well known Kullback-Leibler [17] relative information.

The measure (1.9) is also known by Jensen difference divergence measure (Burbea and
Rao [2, 3]). The measure (1.10) is new in the literature and is studied for the first time by
Taneja [26] and is called arithmetic and geometric mean divergence measure. For simplic-
ity, the three measures appearing in (1.8), (1.9) and (1.10) we shall call, JS-divergence,
J-divergence and the AG-divergence respectively. More details on these divergence mea-
sures can be seen in on line book by Taneja [27].

We call the measures given in (1.1), (1.3), (1.5), (1.7), (1.9) and (1.10) by symmetric
divergence measures, since they are symmetric with respect to the probability distribu-
tions P and Q. While the measures (1.6) and (1.14) are not symmetric with respect to
probability distributions.

2. (GENERALIZATIONS OF SYMMETRIC DIVERGENCE MEASURES

In this section, we shall present new generalizations of the symmetric divergence mea-
sures given in Section 1. Before that, first we shall present a well known generalization of
Kullback-Leibler’s relative information.

e Relative Information of Type s

KAPIQ) =566 — D] [ Epat - 1] s 201
21 @(PlQ) = K(@IIP) = X an (). s=0
K(PIIQ) = X piln (2), s=1
\ =1
for all s € R.

The measure (2.1) is due to Cressie and Read [7]. For more studies on this measure
refer to Taneja [28] and Taneja and Kumar [32, 33] and reference therein.
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The measure 2.1 admits the following particular cases:

(1) 21 (P|Q) = 5x*(QIIP).

(i) @o(P[|Q) = K(Q|[P).

(ii)) y/2(P[|Q) = 4[1 — B(P||Q)] = 4h(P||Q).
(iv) ®1(P|Q) = K(P||Q).

(v) 2(PlIQ) = 5x*(P|Q)-

Here, we observe that ®5(P||Q) = ®_1(Q||P) and ®1(P||Q) = Po(Q||P).

2.1. J-Divergence of Type s. Replace K(P||Q) by ®4(P||Q) in the relation (1.11), we
get

J(P||Q) = [s(s — 1)] " {il (pfqi > +pi°qf) —2|, s#0,1

J(PHQ):i(E—Qz‘)ln(%), s=0,1

=1

The expression (2.2) admits the following particular cases:

(1) Vo1 (PllQ) = Va(Pl|Q) = 39(P||Q).
(il o(P[|Q) =Wi(P[|Q) = J(P[|Q)-
(iif) Vi/o(Pl|Q) = 8 h(P[|Q).

Remark 2.1. The expression (2.2) is the modified form of the measure already known in
the literature:

n

Jo(PllQ) = (s — 1) [; (Djq; > +p;°af) —2|, s#1,5s>0
(23) Vi(PllQ) =

J(PlIQ) =

n

(pi_Qi)ln (%)7 s=1

i=1

For the propertied of the measure (2.3) refer to Burbea and Rao [2, 3], Taneja [25, 26,
27], etc. For the axiomatic characterization of this measure refer to Rathie and Sheng [22]
and Taneja [24]. The measures (2.2) considered here differs in constant and it permits in
considering negative values of the parameter s.

2.2. Unified AG and JS — Divergence of Type s. Replace K(P||Q) by ®4(P||Q)

in the relation (1.13) interestingly we have a unified generalization of the AG and JS -
divergence given by
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P+Q
) (55

(2.4) W(P||Q) = % {@S (P ;

IT(PYQ) = [s(s — ] [ (*

i=1

)

+q175) (Pi;r%)s . 1:| .S 7é 0’ 1

= I(PIQ) = [zpzm(% >+Zqzln<pi2fqi>], s=0

T(PIIQ) = 3 (B5%) In ($% ). s=1

i=1
The measure (2.4) admits the following particular cases:

(i) W_i(Pl|Q) = A(P|Q).
(i) Wo(P|Q) —I(PHQ)
(iif) Wij2(Pl|Q) = 4d(P||Q).
(iv) Wi(P||Q) = (PHQ)-
(v) Wa(P||Q) = 35 ¥ (P|Q).

The measure d(P||Q) given in part (iii) is not studied elsewhere and given by

(25) AP =13 (V) (@) .

i=1
A relation of the measure (2.5) with Hellinger’s discrimination is given in the last

section. Connections of the measure (2.5) with mean divergence measures can be seen in
Taneja [31].

We can also write
1 P P
(2:6) WPl = 3 o (PAIEE2) +o. (1552

Thus we have two symmetric divergences of type s given by (2.2) and (2.4) generalizing
the six symmetric divergence measures given in Section 1. In this paper our aim is to
study the symmetric divergences of type s and to find inequalities among them. These
studies we shall do by making use of the properties of Csiszar’s f-divergence.

3. CsIsZAR’S f—DIVERGENCE AND ITS PROPERTIES

Given a function f : (0,00) — R, the f-divergence measure introduced by Csiszar’s [5]
is given by

(3.1) Cy(P)Q) = Zqz ( )

for all P,Q €T,,.

The following theorem is well known in the literature [5, 6].
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Theorem 3.1. If the function f is convex and normalized, i.e., f(1) = 0, then the f-

divergence, C¢(P||Q) is nonnegative and convez in the pair of probability distribution
(P,Q) €T, x L.

The theorem given below give bounds on the measure (3.1).

Theorem 3.2. Let f: R, — R be differentiable conver and normalized i.e., f(1) = 0. If
P Qe Fn, are such that 0 < r < Zl < R < oo, Vied{l,2,..,n}, for somer and R with
0<r<1<R<oo,r# R, then we have

3.2) 0 < Cy(PIIQ) < B, (PIIQ) < Acy(r. B),
g; 0 < C4(P||Q) < Be,(r, R) < A, (r, R),
where

34 e (PIQ) = 3 0= a2,
(35 Aoy (r B) = (R =) (J'(R) — J'(r)
and

(B—-1)f(r)+ (1 —r)f(R)
R—r '
The proof is based on the following lemma due to Dragomir [8].

(3.6) Be,(r,R) =

Lemma 3.1. Let f : I C Ry — R be a differentiable conves function on the interval I,
;EZEI(IzsthemtemorofI) >0 (i=12,. )wzch)\—l If m, M e T and

1=
m<x; <K M,Vi=1,2,...,n, then we have the mequalztzes

(3.7) 0< Z Nif (w5) — f (Z Aﬂ%)
Z N f (z5) (Z i xl) (Z /\if’(:cl-)>

< SO —m) (/M) — ().
As a consequence of above theorem we have the following corollary.

Corollary 3.1. For all a,b,v,w € (0,00), the following inequalities hold:

vf(a)+wf(b) va + wb
(38) 0< v+ w _f(v—l—w)
o vaf'(a) + wbf'(b) (va+wb) (vf’(a) +wf’(b))
= vt w vt w vt w

(b—a) (f'(b) = f'(a)).

FNH
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Proof. It follows from Lemma 3.1, by taking Ay = 575, A = 55, A3 = ... = A, =0,
r1=a,ro=>0 20=..=uz,=0. O
Proof. of the Theorem 3.2. For all P,QQ € T,,, take x = % in (3.7), \; = ¢; and sum over
all i =1,2,...,n we get the inequalities (3.2).

Again, take v =R —z,w=x —r, a=r and b = R in (3.8), we get

(B—2)f(r) + (z =) f(R)

(3.9) 0< yr— - [(z)
(R—[E)(l"—?”) / /
<SR (R) - )

<R (PR - ().
9

From the first part of the inequalities (3.9), we get

(R—=)f(r) + (x — ) f(R)
(3.10) f(z) < o :

For all P, € T, take x = Z—’f in (3.9) and (3.10), multiply by ¢; and sum over all
1=1,2,...,n, we get

(3.11) 0 < Be, (r, R) = Cy(Pl|Q)

BV =T0) g
and
(3.12) 0 < Cy(Pl|Q) < Bey(r, R),
respectively.

The expression (3.12) completes the [.h.s. of the inequalities (3.3). In order to prove
r.h.s. of the inequalities (3.3), let us take x = 1 in (3.9) and use the fact that f(1) =
we get

R—-1)(1- !
(313) 0 < BC'f(T7 R) < ( )( ;)Efr( ) f (T)) < Acf(r’ R)
From (3.13), we conclude the r.h.s. of the inequalities (3.3). O

Remark 3.1. We observe that the inequalities (3.2) and (3.83) are the improvement over
Dragomir’s [9, 10] work. From the inequalities (3.3) and (3.13) we observe that there is

better bound for Be, (r, R) instead of Ac,(r, R). From the r.h.s. of the inequalities (3.13),
we conclude the following inequality among r and R:

(3.14) (R—1)(1—7) < %(R—r)?

Theorem 3.3. (Dragomir et al. [11, 12]). () Let P,Q € T', be such that 0 <r < 2 <

R < o0, Vi € {1,2,...,n}, for some r and R with 0 < r < 1 < R < oo, r # R. Let
f:[0,00) — R be a normalized mapping, i.e., f(1) = 0 such that f' is locally absolutely
continuous on |r, R] and there ezists o, 3 satisfying

(3.15) a< f"(x) <6, Vx e (r,R).
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Then
3.16) C/(PlQ) - e, (PIIQ)| < 315 - a)e(PlIQ)
and
(317) Cy(PIIQ) - B, (PIIQ)] < 56— ) (PIQ).

where Ec,(P||Q) is as given by (3.4), x*(P||Q) is as given by (1.6) and

(3.18) B, (P|lQ) =2 Ec, (PWHQ) i< i—a)f (u)

i1 2q;

(17) Additionally, if f : [r, R] — R with f" absolutely continuous on [r,R| and " €
Ly[r, R], then

319 CYPIQ) - 3 (PIIQ)| < o5 17" X (PIQ)
and

320 C/PI1Q) ~ B2, (PIQ)| < o 177 XP(PIIQ)
where

321) MGEEp =

and - Z

322 1771 = ess sup 17"].

z€[r,R]
Theorem 3.4. (Dragomir et al. [13]). Suppose f : [r, R] — R is differentiable and f" is
R
of bounded variation, i.e., V(f') = er |f"(t)|dt < oo. Let the constants r, R satisfy the

conditions:

i) 0<r<l<R<oo;
(ii)O<r<%<R<oo,f0ri:1,2,...,n

Then

(3.23 C5(PIQ) - 30, (PlQ)| < rV(PIQ
and

(3:24) C5(PIIQ) ~ B, (PIIQ)| < 5 PV (PIQ),
where

(3.25) V(PIQ) = Z pi — il
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Remark 3.2. (i) If the third order derivative of f exists and let us suppose that it is
either positive or negative. Then the function f" is either monotonically increasing or
decreasing. In view of this we can write

(3.26) B—a=k(f)[f"(R) - f'(r)],
where

—1, if f” is monotonically decresing
(3.27) K(f) = {

1, if f" is monotonically increasing

(13) Let the function f(x) considered in the Theorem 3.4 be convexr in (0,00), then
f"(xz) = 0. This gives

R R
(3.28) V() = / ()]t

T

/f" Hdt = f'(R) — ['(r)

Acf (’l“ R)

R

Under these considerations, the bounds (3.23) and (3.24) can be re-written as

(3.20) C/(P1Q) - e, (PIQ)| < 7 Ae, (r RIV(PIIQ)
and
(3.30) C5(PIIQ) ~ B, (PIQ)| < =2 Ac, (r RV (P]Q)

Based on above remarks we can restate and combine the Theorems 3.3 and 3.4.

Theorem 3.5. Let P,Q) € T',, be such that 0 < r < q— < R < oo, Vi€{l,2,...n}, for
some r and R with 0 <r <1 < R < o00. Let f: Ry — R be differentiable convexz,
normalized, of bounded variation, and second derivative is monotonic with f" absolutely
continuous on |r, R] and f" € Ly|r, R], then

B30 |CPlIQ) - 5B (PlIQ)
<min { GO () = " OCPIQ)

1 1" 3 , ,
S NP PIQ). [F(R) - f(r)}V(P||Q)},
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and

(3.32) CH(PIIQ) = Bz, (PIIQ)
< win { GE() () = 1)) (PI@)

1 " 3 1 , ,
o1 I e XIP(PII@), 5 [f (R)—f(r)]V(PIIQ)},

where k(f) is as given by (3.27).

Remark 3.3. The measures (1.6), (3.21) and (3.25) are the particular cases of Vajda
[34] |x|™—divergence given by
i

(3.33) X™(PQ) =) o m> 1
i=1 i

The above measure (3.33) [4] [11] satisfies the following properties:

334 NP1 < =D -yt (r - 1)
< (RZ— r)m’ m>1
and
539 () el < el < () vl w1
Take m = 2,3 and 1, in (3.34), we get
(3.36) CPIQ) < (R - —n < TE
ean WPeI) < ST e - 1p) < Lr -
and
(3.38) virlQ < 20 &;z%_ D %(R — 7).
respectively.

In view of the last inequalities given in (3.36), (3.37) and (3.38), the bounds given in
(3.31) and (3.32) can be written in terms of r, R as

(3:30) C/(PIQ) - 30, (PI0)

(R=rp
4

min {ék(f) [f"(R) — f"(r)],

2[f'(R) — f'(r)] }
R—r

R—r
e
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and
(3.40) Cy(PIIQ) — Et, (PI|Q)|
(R — T) ? : 1 " "
< i { GO 1) - 70,
(341 A, BRI
respectively.

We observe that the bounds (3.39) and (3.40) are based on the first, second and third
order deriwatives of the generating function.

Theorem 3.6. Let f1,fo : I C Ry — R two generating mappings are normalized, i.e.,
f1(1) = fa(1) = 0 and satisfy the assumptions:

(i) f1 and fy are twice differentiable on (r, R);
(ii) there exists the real constants m, M such that m < M and

(3.42) m < g(x) <M, f(x) >0, Vo € (r, R),
5 (2)

then we have

(3.43) m Cp,(Pl|Q) < Cp(Pl|Q) < M Cp,(P||Q)

Proof. Let us consider two functions

(3.44) Mm(x) = fi(z) —m fa(z),

and

(3.45) () =M fo(x) — fi(z),

where m and M are as given by (3.42)
Since f1(1) = fo(1) = 0, then n,,(1) = np (1) = 0. Also, the functions f;(x) and fo(x)
are twice differentiable. Then in view of (3.42), we have

(3.46) o) = 110 = m A1) = (o) (S - m) 20
and
(3.47) e = f1(0) - 1160) = f3ta) (31 - B >

for all z € (r, R).

In view of (3.46) and (3.47), we can say that the functions 7,,(z) and 7y (z) are convex

on (1, R).
According to Theorem 3.1, we have
(3.48) Cn (PlQ) = Cpimmp (PllQ) = Cr (PI|Q) —m Cp,(PlIQ) = 0,
and
(3.49) Con (Pl|Q) = Crrpo—pa (Pl|Q) = M C, (P||Q) — Cf, (P]|Q) = 0.

Combining (3.48) and (3.49) we get (3.43). O
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For futher properties of the measure (3.1) based on the conditions of Theorem 3.6 refer
to Taneja [31].

Remark 3.4. (i) From now onwards, unless otherwise specified, it is understood that, if
there are r, R, then 0 < r < % < R<oo,Vie{l,2,...,n}, with0 <r <1< R < 0,
P = (p17p27 ""7pn> € Fn and Q = (QI;QL 7qn) € Fn

(17) In some particular cases studied below, we shall use the p-logarithmic power mean
23] given by
1

( 1
ppt+1_gpt+l | p
[<p_+1><b—a)} , p#-1,0

(350) Lp((l, b) - 11111;%?11(1’ p= -1 )
1
HET =0
\

for allp € R, a # b. In particular, we shall use the following notation

ppt+1_gpt+1

oo P 7 L0

(3.51) [P(a,b) = { Wbola

b—a

forallp e R, a # 0.

4. BOUNDS ON GENERALIZED DIVERGENCE MEASURES

In this section we shall show that the generalized measures given in Section 2 are the
particular cases of the Csiszar’s f-divergence. Also, we shall give bounds on these measures
similar to Theorems 3.1-3.5. The applications of Theorem 3.6 are given in Section 5.

4.1. Bounds on J-Divergence of Type s. Initially we shall give two important
properties of J-divergence of type s.

Property 4.1. The measure Vs(P||Q) is nonnegative and convex in the pair of probability
distributions (P, Q) € I'y, x Iy, for all s € (—o0, 00).

Proof. For all x > 0 and s € (—00, 00), let us consider in (2.1),
ss=D)] Mttt — (142 , s#0,1

) oy = [0 (o), 5201
(x—1)Inz, s=0,1

then we have Ct(P||Q) =V (P||Q), where V, (P||Q) is given by (2.2).
Moreover,

D s(zt + 2 x5 — S
R (N
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and
(4.3) ¢l(r) =" 2+

Thus we have ¢”(z) > 0 for all x > 0, and hence, ¢4(z) is convex for all z > 0. Also,
we have ¢4(1) = 0. In view of this we can say that J-divergence of type s is nonnegative
and conver in the pair of probability distributions (P, Q) € T',, x T',,. O

Property 4.2. The measure V(P||Q) is monotonically increasing in s for all s > 5 and

decreasing in s < %

1
2

In order to prove the above property, we shall make use the following lemma.

Lemma 4.1. Let f : I C R, — R be a differentiable function and suppose that f(1) =
f'(1) =0, then

(4.4) f(x) {2 0, if f is convex

<0, if f is concave

Proof. 1t is well known that if the function f is convex, then we have the inequality

(4.5) F@)y —x) < fly) = fl=) < Py — o),
for all x,y € R,. The above inequality is reversed if f is concave. Take x = 1 in the
inequality (4.5) and use the fact that f(1) = f'(1) = 0 we get the required result. O

Proof. of the Property 4.2. Let use consider the first order derivative of the function ¢g(z)
given in (4.1) with respect to s, we get

(4.6 k) = 5 (64()
= [s(s—1)]° [s(s = 1)(z* —2'*) Inx
+(1—=2s)(2°+ 2" = (z+1)], s #0,1.

Now, calculating the first and second order derivative of the function ky(x) with respect
to x, we get
1
K(r) = ——

+s(s—1) (s '+ (s —1)z~*)Inz], s #0,1

[*(7° —2* ) + (1= 2s)(a™° — 1)

and
E'(z) = (z° % =2 ) nz.

For all z > 0, we can easily check that

>0, s>1
4.7 K" = T
(4.7) A@{<Q iei

Since ks(1) = kL(1) = 0, then using Lemma 4.1 along with (4.7), we have

20, s=
4.
(4.5) kmw{gu o

N N
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Thus from (4.8), we conclude that the function ¢4(x) is monotonically increasing in s
for all s > % and monotonically decreasing in s for all s < % This completes the proof of

the property. O
By taking s = %, 1 and 2, and applying the Property 4.2, one gets
1 1
(49) M(PIIQ) < I(PIIQ) < - ¥(P)Q)
Theorem 4.1. The following bounds hold:
(4.10) Vi(PlIQ) < By, (P[|Q) < Ay, (1, R),
1
412 el - 5 PliQ)

1 1
< { 50w (R RNAPIQ). 35 162 I (PIQ), PVl

and
(@13 [WPIQ) - B, (PlQ)
<min { 500, (R RNAPIQ). 57 1921 W (PIQ), 5 PV (l)
where
S-a -0 (2)7 - ()] s
(1) By(PlQ) =4 |

J(PlQ) + x*(QIIP), s=1
Zn?l(pi ) l(s -7 (’%)_1 — s (’%) _s} , 5#0,1
(4.15)  Ep(PllQ) ={" ,

A(PlIQ) +2J (B221Q) , s=0,1

(4.16) Ay (r,R) = i(R —r)? {Li:g(r, R) + L= 1(r, R)},

s(s — 1)) 71 | U N0 D) 9] s 0,1

(4.17) By (r,R) = :
(1—7)(R—1)L~1(r, R), s=0,1

(418) v, (r,R)=(R—r)[(2—s)L:3(r,R)+ (1+s)L753(r,R)], —1<s<2,

(4.19) 107l =2 =8)r" 3+ (s+1)r "2 —1<s<2,
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and
1 /
(4.20) () = ==

Proof. By making some calculations and applying the Theorem 3.2 we get the inequalities
(4.10) and (4.11). Let us prove now the inequalities (4.12) and (4.13). The third order
derivative of the function ¢,(x) is given by

AVS (7‘ R)

(4.21) Pl(x)=—[(2—95)2" "+ (s+1)z7"%], 2 € (0,00).
This gives
(4.22) ¢"(z) <0,V —1<s<2.

From (4.22), we can say that the function ¢”(x) is monotonically decreasing in = €
(0,00), and hence, for all x € [r, R], we have

(423)  on.(r,R) =¢"(r) — ¢"(R)
=(R-7r)[2-8)L5(r,R) + (1+s)L735(rR)], —1<s<2
From (4.21), we have
107 (2)| = (2—8)2* P+ (s + D)2, =1 <s<2
This gives
(4.24) 0" (2)] == [(s = 2)(s = 3)2z* "+ (s + 1)(s + 2)z 7]
<0, —1<s<2

In view of (4.24), we can say that the function |¢?'(z)| is monotonically decreasing in
€ (0,00) for —1 < s < 2, and hence, for all = € [r, R], we have

(4.25) 1641l = s, 6 (2)] = (2= s)r" P+ (s + r°7%, —1<s <2
xTe|r

By applying Theorem 3.5 along with the expressions (4.23) and (4.25) for the measure
(2.2) we get the first two parts of the inequalities (4.12) and (4.13). The last part of the
inequalities (4.12) and (4.13) are obtained by using (4.20) and Theorem 3.5. O

In particular when s = %, 1 and 2, we get the results studies in Taneja [29, 30].

4.2. Bounds on AG and JS — Divergence of Type s. Initially we shall give two
important properties of AG and JS - divergences of type s.

Property 4.3. The measure Ws(P||Q) is nonnegative and convez in the pair of probability
distributions (P, Q) € I'y, x Iy, for all s € (—o0,00).

Proof. For all x > 0 and s € (—00,00), let us consider in (2.1)

([s(s — 1)) [(2“) ()" — (%)} s#40,1

(4.26) Yo(x) =S Elnz — (%) In (22) s=0
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then we have C't(P||Q) = W,(P||Q), where W,(P||Q) is as given by (2.4).
Moreover,

(121) ) =1 -

1—x*1—lnx—21n(i), s=1

\ r+1

and

(4.28) s = (2 (22 1)

Thus we have ¢”(z) > 0 for all > 0, and hence, 9(z) is convex for all x > 0. Also,
we have 14(1) = 0. In view of this we can say that AG and JS — divergences of type s is
nonnegative and convex in the pair of probability distributions (P, Q) € I';, x T',,. O

Property 4.4. The measure Wy(P||Q) is monotonically increasing in s for all s > —1.

Proof. Let us consider the first order derivative of (4.26) with respect to s.

(4.29) my(z) = % (ths())
r+1

:_[3(3_1)]2< 5 )S[(Qs—l)($1_s+:ﬂ+2)
—s(s— 1)(z'* + 1)In (“’;1)} s #£0,1.

Now, calculating the first and second order derivatives of (4.29) with respect to x, we
get

1—2s s 1—s s 1-s
m;(x):m[x +a —(J:+1)]+S(S_1)(x —z ®)lnz, s#0,1
and
1 z+1\° r+1 r+1
4. " — l—sl 21
w20 o= g () [ () en ()]
respectively.

Since (z —1)? > 0 for any x, this give us

x+1 2
431 1 >1 .
(4.31) H(Qx) n(a:+1>

Now for all 0 < x < 1 and for any s > —1, we have 217° > 22. This together with
(4.31) gives

(4.32) mi(z) 20, forall0 <z < 1and s > —1.

S
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Reorganizing (4.30), we can write

! (z) = 2:(;2?: 7 (”2”) {(ws +1)In ("”“2”) _1n4 |

Again for all x > 1 and s > —1, we have 2'*5 +1 >
x

(4.33) (z* +1)In (”7 ; 1) > 21In (

where we have used the fact that (z + 1)* > 4z for any .
In view of (4.33), we have

. This gives

2
1
i > > 1Inzx,

(4.34) mi(x) >0, forallz > 1 and s > —1.

Combining (4.32) and (4.34), we have
(4.35) mi(z) =0, for all z > 0 and s > —1.

Since ms(1) = m/(1) = 0, then (4.35) together with Lemma 4.1 complete the required
proof. 0

By taking s = —1, 0 1 and 2, and applying Property 4.4, one gets

727

(4.36) ZA(PIIQ) < I(PllQ) < 4d(PllQ) < T(PI|Q) < 5 ¥(PIlQ).
Theorem 4.2. The following bounds hold:

(4.37) 0 < Wi(Pl|Q) < Ew,(P||Q) < Aw, (r, R),

(4.38) 0 < WK(P||Q) < Bw,(r,R) < Ay, (1, R),

43 WPIQ) - 3w (P

1 1
< { o ( RCAPIIQ) 35 191 1" (PIQ) PV l@)
and

@10)  .(PIQ) - By, (PIQ)
1 1
<anin { o (R RNAPIQ), o 197 I (P,

¥ <\w

<w'>v<P||@>} |

N | —

where
(4.41) Ew,(P|IQ)

n _ 1—s 1—s ) Ns—1 -~ ) ) S
%E(Pi—%){(s—l) 1<p +l )(Prg%) s 1<%> }’ s 40,1

1 C@IIP) = J(PIQ) + I (F211Q) | s=1
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(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

and

(4.47)

INDER JEET TANEJA

By, (PllQ)
(@ S {0 (32)”

Pi+3q; st _ o—1 [ pit3q s
+\ T s 20; , s#0,1

27 (52154) s =0

Y

LTAPIQ) — 37 (F5211Q) +27 (F7911Q) . s=1

(R—7)*[1 ,,(r+1 R+1
A R)=~+"—2 | =L 1| ——, ——
w, (1, R) 16 rR 571 2r ' 2R
) 1
2

it (o) e ()
By, (r, R)
(ls(s = D) {2k [0 =) (2522 (21
HR-1) (252) (5] -1}, s#0,1

=L {1 —7)[RInR— (1+ R)In (&)] :
(R—1)[rlnr— (r+1)In (=2)]}, s=0

\% {(1 —rR)Lj(r+1,R+1) +1n [—(TH)EERH)} } , s=1

T | r+ 1\
(o) = () (55

_s—1 s—2
C(ETTAN (RN
8 2

1 r+1\°
"
= X
1921 = 5575 ()
X Bro Tt (s+D)r P+ (2-5)], —1<s<2,

R 4
V() = 7w (r, R).

T

Proof. By making some calculations and applying Theorem 3.2 we get the inequalities
(4.37) and (4.38). Now, we shall prove the inequalities (4.39) and (4.40). The third order
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derivative of the function ¢4(x) is given by

1 r+1\°
4.48 "x) = —
418 ) =5 ()
X BT+ (s+ 1) 4+ (2—5)], z € (0,00).
This gives
(4.49) P (2) <0, —1<s<2

S

From (4.49), we can say that the function ¢”(x) is monotonically decreasing in z €
(0,00), and hence, for all x € [r, R], we have

(4.50) dw, (r, R) = 4" (r) — ¢"(R) )
_ (7“_5_84—1) (r;—l)

—s—1 5—2
(BT (R
8 2

Again, from (4.48), we have
1 r+1Y\°
4. 1 n —
sy W@l = 5 ()
x Bz T+ (s+ D)2+ (2-9)], 2€(0,00), —1<s5<2,

This gives

ml—s "
2(x + 1)
x {a' 70 [122% 4+ 8(s + D+ (s + 1)(s +2)] + (s — 2)(s — 3)}
<0, -1<s<2.

(4.52)  |(z)] = -

In view of (4.52), we can say that the function |¢)| is monotonically decreasing in
x € (0,00) for =1 < s < 2, and hence, for all z € [r, R], we have

(4.53) ¢ lo = sup |9 ()]

z€[r,R|
1 r4+1\°
= 3t Dr 2+ (2 - ~-1<s<2
2(r+1)3( 5 ) [3r +(s+1)r +(2-5)], 5

By applying the Theorem 3.5 along with the expressions (4.50) and (4.53) for the
measure (2.4) we get the first two parts of the bounds (4.39) and (4.40). The last part of
the bounds (4.39) and (4.40) follows in view of (4.47) and Theorem 3.5. O

In particular when s = —1, 0, 1 and 2, we get the results studied in Taneja [29, 30].
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5. RELATIONS AMONG GENERALIZED RELATIVE DIVERGENCE MEASURES

In this section, we shall apply the Theorem 3.6 to obtain inequalities among the mea-
sures (2.2) and (2.4).

Let us consider

,¢g —1—5_+_1 +_1 s—2
51 gl = G0 = e () ee00)

where 7 (z) and ¢} (z) are as given by (4.28) and (4.3) respectively.
From (5.1) one has

, 1 T 1 s—2
(52)  Gpoon (@) = 8z(x + 1)(z— 1 + 2t-2)2 ( ;_ ) %
x o e (= 2)a 4 (=) + (t+ s — Dz + (t+1)]
—e P Tt D+ (s — 1)+ (E—s)a+ (1 —2)] }

" Ba(e 1)(;;-1 ) ( . 1) [t — 5)(z* "2 — 2t

+(t—2) (7 =2t
+t+s—D(at =23+t + 1) (27 - xt_s_Q)} .

_ 1 r+1)"7 ) [ttt
st (1) oot

+(t=2) [P D) 4 (4 s — 1) [27 0 (@0 - 1)
—i—(t 4 1) [xt7372<x572t+1 o 1)} } )

From the above expression we observe that it is difficult to know the nature of the
expression (5.2) with respect to the parameters s and ¢. Here below we shall study the
above expression for some particular cases of the parameters s and ¢.

5.1. Inequalities Among W,(P||Q) and J(P||Q). Take t = 1 in (5.1) and (5.2), we

get
i —1—s s—2
53 e =50 gy () e
and
(54)  Glpon(@) = —=—— (“1)8 2 2027 = 1) + (s — Da(z—2 = 1)] .
91 8(x + 1)2 2
respectively.

Using the fact that

> 1, k<0
(5.5) xk{ .
A

, k>0orax<1,
r>1, k<0

1
1, k>0or
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we can write the expression (5.4) as follow:

<0, (21, =2<s<0or(z<1, s>1)
/ Y Y Y
>0 (2 {> 0, (#<1, —2<s<0)or (@21, s21)
From (5.6), we conclude that the function gy, ¢,)(2) is monotonically decreasing (resp.

increasing) in (1, 00) and increasing (resp. decreasing) in (0, 1) for all —2 < s < 0 (resp.
s > 1). This gives

(5.7) M = S(lép )g(ws,qsl)(l‘) = gweon(1) =5, —2<5<0,
xe (0,00
and
1
5.8 = inf = 1) == > 1.
( ) m xel(r(ioo) Q(ws,m)(ﬂ?) g(ws,¢1)< ) g’ S

By the application of the inequality (3.43) given in Theorem 3.6 with the expressions
(5.7) and (5.8), we conclude the following inequality among the measures Ws(P||Q) and

J(Pl|Q):

<5I(PIQ), —2<s<0
(5.9) Wi(Pl|Q)

> 3J(PllQ), s>1

In particular the expression (5.9) lead us to to the inequality

(5.10) I(Pl|Q) < (PIIQ) T(PlQ)-

5.2. Inequalities Among W;(P||Q) and h(P||Q). Take t = 1/2 in (5.1) and (5.2),
we get

Gi(e) a4l (o 1N
(5'11) g(TZJacf)l/z)(x): 1 = 92 » T

= € (0
1/2@) 1623/2 (0, )

and
, T 41\
(5.12) g(ws,fbl/Q)(‘r) - _32(:;/_1__ 1)2 < _2|— ) X
x [¢757 Bz + (25 — 1)) — (25 — 1)z — 3]
— _32(ﬁ e (z ; 1) [3(z7% = 1)+ (2s — Dx(z™" > = 1)].
respectively.

Again in view of (5.5) we can write

<0, (z>21, —2<s<0)or(xz<1, s>

N |#—=
N—

(5'13) ggws,¢1/2)(x)

WV
=
)
N
\.l—‘
|
[\]
VAN
VA
N
=
o
L]
)
WV
\.l—‘
»
\%
N |
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From (5.13), we conclude that the function gy, .4, ,)(z) is monotonically decreasing
(resp. increasing) in (1,00) and increasing (resp. decreasing) in (0,1) for all —2 < s <0
(resp. s > 3). This gives

1
(5.14) M= Sup_ G, 612)(2) = 9pes (1) = 5 —2<8 <0,
and
¢ 1 S 1
(515) m = zel(IOl, )g(ills ¢1/2)(ZL') = g(¢s,¢1/2)<1) = ga S =z 5

By the application of the inequality (3.43) given in Theorem 3.6 with the expressions
(5.14) and (5.15), we conclude the following inequality among the measures Ws(P||Q)
and h(P||Q):

(5.16) Wa(Pl|Q)
hPl|Q), s>3

In particular this gives

(5.17) I(PlQ) < h(Pl|Q) < T(P||Q).

The expressions (4.9), (4.36), (5.10) and (5.17) together give an inequality among the
six symmetric divergence measures as follows:

1
(518)  JAPIQ) < I(PIQ) < M(PlIQ) < gJ(PIQ) S T(PI|Q) < 15 Y(PIIQ).
Remark 5.1. (i) In view of (5.18) and (1.10) we have the following mequalzty:

(5.19) }LA(PHQ) < I(PlIQ) < h(PlIQ) < (P||Q) T(PllQ) < (P||Q)
(1) It is well known [18] that

ool

(5.20) TAPIQ) < h(PIIQ) < SAP]Q)
In view of (5.18) and (5.20), we have the followmg mequality:
1
(5.21) 1APNQ) < I(P|Q) < MPIIQ) < FA(PIIQ).

5.3. Inequalities Among W;(P||Q), Vi(P||Q) and V(P||Q). For t = 2, we have

Va(Pl|Q) = —‘II(PHQ)
and

Wa(PllQ) = c2(PIlQ).
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Since the measure W;(P||Q) is monotonically increasing in s for all s > —1. This gives
< LU(PQ). —1<s<2
(5.22) Ws(PlIQ)
> 5 V(PIQ), s>2

Also, in view of monotonicity of V;(P||Q) with respect to t, we have

<LU(PI|Q), <t<2
(5.23) Vi(Pl|Q)
> 1U(PllQ), s<

1
2

5.4. Inequalities Among V;(P||Q) and A(P||Q). Take s = —1 in (5.1) and (5.2), we

get

- P’ () B 1
(5'24) g(¢71,¢z)<x) - ;/(x) - Q(x_t_l —|—xt—2)(:€ I 1)7 S (07 OO)
and

2
CL’(ZL’ + 1)4($_t_1 + xt—2)2 X
X [(t —2) (7" - xt_z) +(t+ D) (a7 = xt_l)]
2
ilf(l' + 1)4(:C7t71 + xt72)2 X
[(t— )zt (2217D — 1) + (t+ Dtz — 1].

(525) gzw717¢t)(‘r) -

respectively.
Again in view of (5.5) we can write

0
0

—1
-1

T

<0, z>1,1¢ t
r <1 rt

5.26 f
( ) g(wfl,@)(x) {2 0’ t

VoV
NN

0
o

From (5.26) we conclude that the function g¢,_, ¢,)(2) is monotonically decreasing (resp.
increasing) in (1,00) and increasing (resp. decreasing) in (0,1) for all ¢ > 0 or t < —1.
This gives

1
(5.27) M = sup )gwil,@)(fr) = 9gwaen(l) =g t=00rt < -1,
xe (0,00

By the application of the inequality (3.43) given in Theorem 3.6 with the expression
(5.27), we conclude the following inequality among the measures V;(P||Q) and A(P||Q):

(5.28) A(PI|Q) < %Vt(PHQ), £>00rt<—1.
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5.5. Inequalities Among V,(P||Q) and /(P||Q). Take s = 01in (5.1) and (5.2), we get

//(:U) 1
2 =0 =
(5 9) g(¢07¢t)<x) 2/(x) 4$(IL’ + 1)($_t_1 T xt_g)v S (0,00)
and
1

(5.30) 92¢o,¢>t)<x> - 222(z + 1)2(z 1 + 21-2)2 X

x [t—=1) (™" —2"?) +t(a™" " — 2]

- 2332(:,; i 1)2(33471 i xt72>2

[(t — Dat=2(22070 — 1) 4 tat Mo — 1)] .

respectively.

Again in view of (5.5) we can write
<0, z>1
5.31 ’ T
( ) g(dlo,d)t)(x) {2 0, <1
for all t € (—o0, ).

From (5.31) we conclude that the function gy, e, («) is monotonically decreasing in
(1,00) and increasing in (0,1) for all —oco < ¢ < oo. This gives

Y

(5.32) M = ES(lép )gwm)(fﬁ) = Gwo,o) (1) = g~ <t<oo

By the application of the inequality (3.43) with the expression (5.32), we conclude the
following inequality among the measures Vi(P||Q) and I(P||Q):

(5.33) I(PIIQ) < QVi(PIIQ), —o0 <t < o0

5.6. Inequalities Among V;(P||Q) and T(P||Q). Take s = 1 in (5.1) and (5.2), we
get

"(x 2?2 +1
53 dele) = S = e o € (0.9
and
, 1
(5.35) I (T) = Azt (z + 1)2(z—1 + 21-2)2 X

% [t(:czft . xth) 4 (t 4 1)<x7t+1 _ xtfl)
+(t—=2) =)+ (t—1) (7 = mt“ﬂ
1
- Az (z + 1)2(z 11 + 20-2)2 X
X [txt_Q(x2(2_t) — 1)+ (t+ 1)t 122D — 1)
+(t— 2zt (@™ — 1) + (t — 1)+ (272D 1] .
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respectively.
Again in view of (5.5) we can write

207 (

(5-36) Ilasr.0) (%) {< 0 é X

1)
From (5.36) we conclude that the function gy, ,)(¢) is monotonically decreasing (resp.

increasing) in (1,00) and increasing (resp. decreasing) in (0,1) for all 0 < ¢ < 1(resp.
t >2ort< —1). This gives

1,t>22o0rt < —
1, t>22o0rt < —

NN

1
(537) m = Sup g(wh%)(l’) = g(¢1,¢t)(1) = ga 0<t<,
z€(0,00)
and
: 1
(5.38) M = xel(%io)g(wl’d)t)(x) = Jr,e0)(1) = 3 t>2ort< —1.

By the application of the inequality (3.43) with the expressions (5.37) and (5.38), we
conclude the following inequality among the measures V;(P||Q) and T'(P||Q):

<V(PQ), t=2o0rt> -1
(5.39) T(Pl|Q)
> W(PlQ), 0<t<1

5.7. Inequalities Among W;,(P||Q) and V,(P||Q). When t = s, we shall obtain the
results in two different ways, one by using the Theorem 3.6, and another applying Jensen’s
inequality.

(i) Take t = s in (5.1) and (5.2), we get

P! (x) 741 z4+1\"?
5.40 _ _ 0
( ) g(’/’37¢s)(‘r) ¢;/(x) 8((13_5_1 + 1’5_2) 9 y T E ( 7OO>
and
1 x4+ 1\
5.41 / =
(5:41) Ioe00) = G T T 5 27 ( 2 ) 8
x [(s+ 1Dz (@" " = 1) + (s — 2)2" % (z' > = 1)
+(25 — )3 (2** — 1)]
respectively.
Again in view of (5.5) we can write
>0, (x>1, 1<s<1), (#<1, s=>20rs<—1)
542 dlals) : .
<0, (z<1, 3<s<1), (21, s>20rs<—1)
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From (5.42) we conclude that the function gy, ¢,)(%) is monotonically increasing (resp.
decreasing) in (1,00) and decreasing (resp. increasing) in (0,1) for all 1 < s < 1(resp.
s> 2or s < —1). This gives

1 1
(5.43) m zel(l(}yoo)g(ws,qbs)(x) G(ws.05) (1) 5 5 <8
and
1
(5.44) M = Sup )g(ws,qss)(x) — gnon(l) = 5 s> 2005 < 1.
z€(0,00

By the application of the inequality (3.43) with the expressions (5.43) and (5.44), we
conclude the following inequality among the measures W;s(P||Q) and Vy(P||Q):

< V(PlIQ), s>2o0rs>—1
(5.45) Ws(PlQ)
> gV(PllQ), 5<s<1

Some particular cases of (5.45) can be seen in (518) or (5.19).
(ii) By applying Jensen’s inequality we can easily check that

. -\ S

P4t < ()7, 0<s<1

1 (2

2 i+aq; \ S ’
2(%), s>1lors<0

(5.46)

forallt =1,2,...,n, where P,Q € I',,.
Multiplying (5.46) by p;*, summing over all i = 1,2, ...,n and simplifying, we get

<SP (BE) 0<s<1

1 - 1-s s =1
(5.47) 5 (1 + Zpi qi>

n
>y pi ot (BEE)°, s>1ors<0

<ﬁjq}*5 (M)S, 0<s<1

n
22(]3’5(@)5, s>lors<0
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Adding (5.47) and (5.48) and making some adjustments, we get

(5.49) <Zp1 ¢+ ¢ P - 2)

n 1—s 1—s
gz(pz ;qi )(Pi;-qz')s_L 0<s<1
n

1—s 1—s ’
22(% ;qi )(Pz;qi)s_l7 s>1lors<0

=1

Since, s(s —1) < O forall 0 < s < 1and s(s—1) >0 forall s >1ors < 0. This
together with (5.50) proves that

(5.50) Vi(Pl|Q) = 4W,(Pl|Q), —o0 <5 < 00,

where for s = 0 and s = 1, the result is obtained by the continuity of the measures with
respect to the parameter s.
In view of (5.45) and (5.50), we can write

(551) V(PIQ) < WAPIIQ) < UA(PIIQ).

Remark 5.2. (i) For s = 1 in (5.51), we get a part of the inequality (5.19). For
s = % in (5.51), we get an interesting bound on a new measure given by (2.5) in

terms of Hellinger’s discrimination:

(55 JH(PIQ) < d(PIIQ) < Jh(PIIQ)

(i) In particular for s =% and t =1 in (5. 1), we can easily show that

<s< 1.

(o) I

(5.53) 4d(P||Q) < (PHQ)

The inequalities (5.18) together with (5.52) and (5.53) give the following inequal-
ities among some particular cases of the measures (2.2) and (2.4):

(554 TAPIQ) < I(PIIQ) < h(PIIQ) < 44(P]lQ)

<4
LI(PIQ) < T(PIIQ) < - W(PIQ).
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