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Sequence Inequalities for the Logarithmic Convex(Concave) Function

Jian-She Sun

Abstract. Let f be a positive strictly increasing logarithmic convex (or logarithmic con-
cave) function on (0, 1], then, for & being a nonnegative integer and n a natural number, the

sequence - Z"+kk+ll f% Jrk,) is decreasing in n and k and has a lower bound fo t)dt. From

this, some new inequalities involving {/(n + k)!/k! are deduced.

1. Introduction

In [1], H. Alzer, using mathematical induction and other techniques, proved that for » > 0

and n € N,
TL+1 n

n i 1/r n!
< 1
n+17 =G ; /n+lz v) "/ (n+1)! @
By Cauchy’s mean-value theorem and mathematical induction, F. Qi in [7] presented that, if n
and m are natural numbers, k is a nonnegative integer, r > 0, then

n-+k n+m+k

n+k 1 . 1 r\1/7
7n+m+k<(ﬁzz/n+mzz) (2)

1=k+1 i=k+1

The lower is best possible.
From Stirling’s formula, for all nonnegative integers k and natural numbers n and m, F. Qi

n [8] obtained
n+k 1 n+m+k 1/ (nbm) ntm
(T o I avesm <[t 3)

i=k+1 i=k+1
Let f be a strictly increasing convex (or concave) function in (0,1}, J.-C.Kuang in [2] verified

that
n+1

1~ k
n;f(n) n—i—lzfn—i-l /f W

In [10], F.Qi, considering the convexity of a function proved the follovving Let f be a strictly in-

ity (745) is decreasing

creasing convex (or concave) function in (0, 1], then the sequence 1 5°
in » and k£ and has a lower bound fo t)dt. That is

n+k i n+k+1
— 5)
P 2 > g 2 Sy > ) F0 ®

Where k is a nonnegative integer, n a natural number.

There is much literature studying Alzer’s and Minc-Sathre’s inequality has many literature,
for example, [1] — [13].

In this article, motivated by [2,7,10], i.e. the inequalities in (2), (3), (4) and (5), considering
the logarithmic convexity of a function, we get
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Theorem 1. Let f be a positive strictly increasing logarithmic convex (or logarithmic con-
cave) function on (0, 1], then, for k& being a nonnegative integer and n a natural number, the

sequence - erkkﬂ Inf(—% +k) is decreasing in n and k£ and has a lower bound fo t)dt, that is
n+k ; g ; 1
— l Inf(———— t)dt
LY ) > g 2 ) > [ 10 (6)
i=k+1 i=k+1

Where k is a nonnegative integer, n a natural number.

If let f(x) = a®, r >0, or let k=0 in (6), then the inequalities in (1), (2) and (4) could be
deduced. If we let f(z) = e9(®), g(x) be a strictly increasing logarithmic convex (or logarithmic
concave) function in (0, 1], the inequalities in (5) could be deduced. Therefore, inequality (6)
generalizes Alzer’s and Kuang’s inequality in [1,2] and inequality (2) above.

Corollary 1.([10]). For a nonnegative integer k£ and a natural number n > 1, we have

n+k+1 (n + 2k)! (n+2k+1)!
n—l—k noam+E+1)0 0
Theorem 2. For a natural number n > 1, then
n 2 n? n a -7 n(n 2n+1
[P (- 1) D) < ([T a2/ < 2 (5)

=1

2. Proofs of theorems

Proof of Theorem 1. Let us first assume that f i 1s a positive strictly increasing logarithmic
convex function in (0,1]. Taking x; = To = A = =E=1 and using the logarithmic
convexity and monotonicity of f yields

1—k—1 1—1 1—k—1 ]
1—
Inf () + (1= = inf(——

n+k’ n+k:’

)

t—k—-1 1—1 n—i1+k+1 1
+

>1 . .
= Inf( n n+k n n—l—k)
ni—i+k+1
=g () ) ©
fori=k+1,k+2,...,n4+ k+ 1. Summing up leads to
n+k . . .
i—k— n—i+k+1 i
PR mﬂn+k) ——nf ()]
1=k+1
n+k
e m
i=k+1
n+k i—1
D M=k =Dinf( )+ (n =it k+ Dinf( +k)]
i=k+1
n+k .
[ _ 11
>n ) nfn+k+1) (11)

i=k+1



n+k n+k

(n+1) Z lnf —nlnf )>n Z Inf( —|—k:—i—1) (12)
i=k+1 i=k+1
n+k n+k .
1) v
(n+ Zlnf >nlnf( +n2lnfn+k+1)
i=k+1 i=k+1
n+k+1
S i
i=k+1

the left inequality in (6) is proved.
By a similar procedure, if f is a strictly increasing logarithmic concave function in (0, 1], then
fori=k+1,k+4+2,....,n4+ k+ 1, we have

i—k 1+ 1 1 —k 7

In 1— l
e L Sy DAt DL A ey e
1+ 1 n—i+k+1 7
<1 )
nf(n—|—1 n+k+1 n+1 n—l—k‘—|—1)
ni+2i — k 7
=1 Inf(——- 14
nf((n+1)(n+k+1))< R (14)
Summing up leads to
n+k . . . .
i —k 141 1—k )
l 1-— l
Z,:kzﬂ[n—i-lnf(n—i-k—i-l)—i_( e L Ay )
ik 7 n
— Inf(l
n+1zzk:1 fn+k:+1)+ +1nf()
n+k
<> lnfn+k) (15)
i=k+1
n n+k+1 n+k
S onf(—————=) < Y Inf( (16)
n+1i:k+1 +k:+1 Rl nJrk

The final line in (16) implies the left inequality in (6).

Finally, by definition of definite integral, the right inequality in (6) follows.

The proof is complete.

Proof of Corollary 1. Substituting f with (z 4+ 1)", 7 > 0 or with _%7 in (6) and simplifying
yields the first or the second inequality in (7), respectively.

Proof of Theorem 2. Substituting f by ¥ and k = 0 in Theorem 1,we have

n . . n+1 . .
1 1 ) 1 ) )
— —n(— l 1
2 2 G > g 3 i) (17
1 n+1
- Z (Ini — Inn)] (n+ CESE Z (ini —In(n +1))] (18)
1 - lnn ln n+1
[ﬁ a n+1 Z B ZZ

=1



Inn  In(n+1) n(n+1)

_ lom 19
N n(n+1) 2 2
(2n + Din(J ) > Tzn[n@m) /(n+1)"] (20)
i=1
In [3, p.89],the following inequalities were given for n > 1, n € N.
n+1l, 11 _ ,2n+1., n(n+1)
< Il < g w =t (21)
1=
Taking the logarithm yields
1 o 2n + 1
anln(n i ) < ln(H i') < apln( nt ) (22)
i=1
By substituting the inequalities in (22) into the left term of inequality (20), we obtain
nn+1) 2n+1 -
(2n+1)=——In(=——) > (2n + 1)in( Hlf
1=
1
> D 7 (4 1) (23)
n
[n(n+1)2/(n + 1) l/ 2n+1) < H 1\2/n(n+1) 277’ +1 (24)
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The proof is complete.
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