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ABSTRACT. In this paper we consider problems of diffraction type for elliptic
pseudo-differential operators with variable symbols depending on parameters.
We compare the regularizators of a diffraction and a Dirichlet problem, and we
prove that the regularizator of a diffraction problem tends to the regularizator
of a Dirichlet problem as the parameter of the external domain tends to zero.

1. INTRODUCTION

In this paper we consider problems of diffraction type for elliptic pseudo-differential
operators. In more details, we consider simultaneously two pseudo-differential equa-
tions elliptic with parameters in different domains with a common boundary. A
classical diffraction problem for differential operators was considered, for exam-
ple, by A.N.Tichonov and A.A. Samarsky ([6]). In the statement of this problem,
the homogeneity of a medium is broken by a bounded domain provided that the
solution satisfies the conditions of a maximal smoothness on the boundary of this
domain. In [3] the analogous problem for pseudo-differential equations was studied,
but the main result was obtained only for the case of pseudo-differential operators
with constant symbols. In this article we consider the same problem for pseudo-
differential equations with variable symbols depending on two parameters, under
the condition that one of the parameters tends to infinity.

For example, we consider a diffraction problem in R?} = {z € R",z,, > 0} and
in R? (where R” =R —R") as follows:

{ P+A(.’E,D,q)ll/+ = era LS Ri

(1.1) P B(z,D,p)ju_=f_, z € R

where A and B are pseudo-differential operators of order m; and my elliptic with
parameter ¢ and p, respectively. If p is big, then the solution in the half space R™
has the form of a boundary layer with respect to x,. For instance, the function
e’® (xn <0) is boundary layer function. If ¢ = 1/p tends to zero, this function
approaches zero for z,, < 0.

It is possible to prove that if the symbols of operators A and B don’t depend on
x, then we can find an exact solution of problem (1.1) (see [3])which is defined by

the inverse operator. That is, if we write the problem (1.1) in the form
Au = §
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where
A= {P*A, P*B} ,
then
u=2A"1
In the case when A and B depend on z, the inverse operator can not be defined
explicitly but if we can find an operator R such that

Rf =+ %f

where the operator T has the small norm, we say that the operator R is the regu-
larizator * of problem (1.1).

We are going to evaluate the difference between the regularizators for problem
(1.1) and the Dirichlet problem (1.2) below:

(1.2) PYA(D, z,qu) = fi(z)
We prove that the regularizator of the Dirichlet problem (1.2) can be obtained as
a limit case in the diffraction problem (1.1) as p = (1/¢) tends to infinity (¢ — 0).
We shall use the technique of the theory of pseudo-differential operators developed
in [5], [7] and the notations of [2].
2. NOTATIONS AND PROPERTIES
Let Hy, i, (R™) be a space of distributions u(x),
r=(2,2,) = (x1,%2, e Tp_1,T,) € R"
with the norm
l Iy ~
(2.1) (@)l i, = [|(a+ IED" @+ )™ 7€)
where p, ¢ are real non-negative parameters,

g = (glvfn) = (51352; fn)a <.’£,£> = 1’151 + $2£2 T xngn;
=gl +&=\Ja+g+ -+, +&

Lo

and
(2.2) 0(6) = Faefula)) = )% [ e Oufa)o

The norm on the right-hand side of (2.1) is the usual norm in Lo (Rg) .
If p = g = 1, then the space H;, 1, (R™) coincides with the ordinary Sobolev space
n 2
Hiy+1, (R ) = Wl(lj‘l2
we shall write further ||-|, instead of ||| ,,. We introduce also the spaces H, (R')

and H, (R™) of functions f; and f_ defined in R} = {z € R" :z,, > 0} ,R"” =
{x e R": 2z, <0}, R® = R"\R", respectively, with the norms

141 = 1 € = 1) BE | 110 = [0 6 —le )" BF—|

Where

I'More general definition of regularizator is given, for example, in [3] or [7].

(R™). Since L2 and Hj are the notations of the same space
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M#6(E) = Fooe[0Fule / c flon"n .
1

_ 5 M) 1
= i27TVP/ a0 nndnn+2u(0) (2.3)

9+(x):{ 1, 1.f:cn20 70(33):{ 0, 1-fxn>0

and

0, ifz,<0 1, ifz, <0

and Ef - is the extension of the function fi on the whole Euclidean space R" such
that the extension belongs to Hj, 1, (R™).
We state some properties of the operator IT* :

e (1) The operator II* is defined on smooth decreasing functions by the
formula (2.3). Since the operator of multiplication of the Heaviside
function #%(z) is bounded in Ho (R?), the operator II* is bounded

in the space Hy (Rg) being the dual of Ho (RY}) with respect to the

Fourier transform. For arbitrary function @ (£) € Hy (R?) the formula
(2.3) is understood as the closure of the opeator IT*.

(2) If a (&) € Ho (R’g) , then this function can be represented as the sum
(€)= iy (§) + - (€), where ay (§) = II*a ().

(3) Since 6% (z) = 0 for z, < 0 (67 (z) =0 for z, >0), the function
Ira (&) (I a(€)) admits an analytic continuation in the half-plane
Im¢,, >0 (Im¢,, <0).

(4) If a function & (€) (7 (€)) € Ho (Rg) and may be extended in the
half-plane Im¢,, > 0 (Im&,, < 0), then IIFo; = 0

(5) If the functions [T % (¢) and IT¥ 74 (€) @ (€)] make sense, where 9, (&)

(0— (£)) admit an analytic continuation in the half-plane Im¢,, > 0
(Im¢&,, < 0)), then

I [54 (&) @ (€)] = II* [0 (§) TFa (§)]

Let f ={f, f-} € Hi, (R%) xH;, (R™) . On this product space we can introduce
a natural operation of addition and multiplication by a function ¢ € C* (R") by
the following rule: If f ={fy, f-} and g ={g4,9-}, then f + g ={f+ + 9+, /- +9-}
and of ={¢f+,pf-}. We can also introduce a natural norm on this set.

Let A and B be two pseudo-differential operators whose symbols are o (4) =
a(z,&,q) and o (B) = b(x, &, p), respectively. Recall that a pseudo-differential op-
erator corresponding to the symbol a(x, &) is defined by

@) AW D= (A = @0 F [ et gale) de

We suppose that the symbols a and b depend on parameters ¢ and p (where g < p),
respectively, and satisfy the following conditions:

o (1) alz,€,q) €C™ [Rg X (Rg;l\o)} b(z,€,p) € C™ [R;‘ x (R”“\O”

(2) The functions a(x,&, q) and b(z, &, p) are homogeneous of order m; and
ma, (m1 and mq are positive) with respect to £, ¢ and &, p, respectively.
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(3) The operators A and B are elliptic with parameter, i.e. a(x,&,q) # 0
for real £ and for g + |£] # 0, and b(z,£,p) # 0 for real £ and for

p+[¢] #0.
(4) For every value of multi-indexes o = (a1, g, ..., ), B = (81, Bas s Br)
the following estimations hold:

0°DPa(x,€,q)| < CLglg+leh)™ ', (2.5)
0°DPb(x,&,p)| < C24(p+ gy

where
50— [5}” [3]”...[‘9}&"
731 ) €, ]
B Ba B
pfo— |0t e e
0x1 0xo Oxy,
and

la| =ar+az+-+an, [Bl =01+ 0+ + 5,

(5) The symbols a and b can be represented in the form

a(xafaQ) = a(©®7£a‘1)+a/($a€>q)a
b(z,&,p) = b(oo,&p) +b(2,€p)

where o' (z,€,q) and V' (x,&,p) are infinitely differentiable functions
with respect to z, with compact support, i.e. they belong to C5° (R?).

We remark that a pseudo-differential operator with a symbol satisfying the con-
dition (5) can be defined by the following formula, which is equivalent to the formula
(2.4):

(25) (Au) © = aloer&ca)i(© + | a(e=nma)iln)dn

where the tilde “"”dentoes the Fourier transform with respect to the first argument.
In [7] M.Vishik and G. Eskin have proved that symbols satisfying the conditions
(1) — (5) admit the following factorization:

(2'6) a(xaqu) :a+(£7€/7€n7Q)a—(x’g/agnaQ)7
and
(27) b(x,f,p) = b+(x,§',§n,p)b_(x,§/,§n,p)

where a+ (.’E, gla gna q>7 b+($7 6/7 £n7p) (G/, ($7 5/5 577,7 q)a b (.77, fla fnap)) are functions
admitting an analytic continuation in the half-plane Imé&,, > 0 (Im&,, < 0) and they
remain homogeneous with respect to £, ¢ (£, p) . Suppose that

ord ay(z,€,¢,,q) = k1, ord b_(z,&',€,,,p) = ke >0, (k=K1 + kg > 0)

and the orders do not depend on =.
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3. EVALUATION OF THE DIFFERENCE BETWEEN THE REGULARIZATORS OF
DIFFRACTION AND OF DIRICHLET PROBLEMS
Consider a function
fE€Dm=Hum (Ri) X Hymy (RT—L)
with the norm
o = [0 (€60 a.p) BE |+ |0 (€60 am) BF |
where
’ S el [\ R1TM el | B2
H_ (gagnaqvp) = (§n77’|£q|) (§n77’|5p|) )
. K . Ko —m
s (€.6,.4,p) (& +il&)™ (€n+il& )™ ™
We also introduce the couple operator ([3])
Au = {P" Au, P~ Bu}

where PT (P7) is the restriction operator of distributions on R, (R_) (it is clear
that for ordinary functions it coincides with Heaviside function 67 (67)) and the
operator A (B) has the symbol a(z, &, q) (b(z,&,p)).

We consider the following diffraction problem

(3.1) Au =F € Hy s U E Hy (R

It follows from [3] that problem (3.1) has a unique solution for sufficiently large
values of parameters p and ¢. The proof is based on construction of the regularizator
of this problem which has the following form:

Rf =Ry [T R_Efy +0 RyEf_]

Or equivalently,
(3.2)

%f: 1 +B_($,D,p) A"r(anaQ)

A+(va7Q)B*(vavp) A*(vaVQ) BJr(anap)

where R1, R_ and R are pseudo-differential operators with symbols

[as (2, €, )b (2,6, €,,p)] b (2,6 60,p) [a (2.6, 60, @)]

Efy(z)+6~ Ef_(z)

and )
a+ (SC, 6/7 €na q) I:b_t,_(lli, 5/7 £n7p)]
respectively.
Consider at the same time with problem (3.1) the following Dirichlet problem
(3.3) PHAD, 2,9y = fi(x), ul? € H,, (RY)

here H,, (R%) is the subspace of the space H,, (R™) (k1 > 0) of functions, which
vanish on R™. The regularizator of this equation was constructed by M.Vishik and
G. Eskin in [7] and it has the form:

o L1
bl= 10! Twog ™

We shall prove that if p — oo,then Rf — Ry f1. It means that the regularizator of
Dirichlet problem (3.3) may be obtained as a limit case of the problem (3.1) when

(3.4)
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p approaches infinity. We represent the difference of these two operators (3.2) and
(3.4) as follows:

1f = Ri-Rify (3.5)
= ! L B_(z,D,p) B 1
- Av(@D.g) B—(ﬂ'?’D’p)a+ —(x,D,Q)Ef+($) 9+A (a:,D,q)Eh(x)
1 —A+(x7D7Q)

Ef_(x)

+
Ay(x,D,q)B_(x,D,p) By(x,D,p)

Since the smoothness of this difference is k1, we estimate the norm of Zf in the
space Hy, (R™). We have

[Rf— Ry fill..,
= 6 il el
+B,($U,D,p> _ +;
< CHB_(x,D,p) A_(Lqu)Eh(x) 0 A_(I7D7q)Ef+(x)O(3.6)

1 9—A+($7D7q)

B_(z.D.p) B Dy ")

+o|

0

Using 1 = 7 + 67, we transform the term Bi(;D o) A= Ez 2 Z) Ef.(x) as follows

1 0+B,(w,D7p)

B_(z,D,p) A—(x,D,Q)Ef+(x)
1 _ 1 B_(z,D,p)
— +_ - + 9 )
= A 5wy A p.g W B0
Substituting (3.7) into (3.6) we obtain
(35) IRf~Ri fil,, < CONy -+ ON,
where
B_(x,D,p)
_ +
o _“ mDpeAxaa@Eh@)o
—A+(anaQ)
Ny = Ef_(x 3.9
2 HB<x,D,p> By, D)), (39)

We consider separately the operator m. Let us set p = 1/e and transform

this operator as follows:
(3.10)

1 B gh2 . 1 1 B_(x,eD,1) — B_(x,0,1)
B_(z,D,p) B_(z,eD,1) B_(x,0,1) B_(xz,eD,1)

Moreover we have
K2
mr < Ce

1 1 1
<O = O™ ——
’ H (p+1€)) (1+el¢])

B_(x,D,p)
Consequently, for Ny we have

@1)  Ne<oe I (6 vl (€ il B
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Substituting (3.10) into (3.9), for Ny we obtain

| e 1 . B_(z,D,p) . . B_(z,D,p)

Moo= N G A (D T e B P
B _ +B_(z,eD,1)
o =il | .

where we denote
B_(x,eD,1) — B_(«x,0,1)

(3.13) T = B @0 B (z.eD.1)

with the symbol

b_(x,e£,1) —b_(z,0,1)
b_(x,0,1)b_(x,e&,1)

(3.14) o(T-) =
We expand this symbol o(7T_) as follows

e Db (w206, 1),
k=1
b_(x,0,1)b_(x,e£,1)

(3.15) o(T_) =

By virtue of assumption (4) for homogeneous symbols given in section 2, we have
the following inequality

(L+eleD™ "l _ . Il

Il = g T e
< Cel+|§:||€n|+cs\g’| (3.16)
< C ﬁ(—ign) Lcele|
Denoting
(3.17) 6o =7 | SE B @] = F lhioe)

and applying the estimation (3.16) to (3.12), by the extension theory we can obtain
(3.18) Ny <C HH—U(T_)H+B(§,5)HO <c Ha(T_)H+B(§,e)HO < ON3 + CeNy

where
—1e ~
——(—i¢,)Ith
Considering (3.10) and (3.17) it is easy to verify that the norm N, admits the
estimation

(3.20) N, < Cer

(3.19) Ny =

=il

I (fn — ’§;|)H2 (gn — |§;|)m*ml+l E\}JrHO
So it remains to evaluate N3. We remark that

1 7216 = ’L‘Tn
d [@«sn—z‘)] =0
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is the so called function in the type of boundary layer. It follows (3.19) that

0
< T —0"
Ny < C|6 ¢ *axnﬁ h(z,¢) )
= C'Hﬂ_ezsn * {6(;3“)/1(96,5)95 —040 +9+ah(x,5)} (3.21)
n oz, 0
It follows that
(3.22) N3<CH6 e Ine.o, €)||O+CH( T h(E, e)
n 0

Here “prime” denotes the norm over the boundary. Using the formula
! +
Hh(mlv 07 E) HO <c ||h(l‘, 5) ”54_%

where 0 < § < %, “+” denotes the norm over the upper half-space. Taking into

account the norm of boundary layer function

€
0 2

Zn

HG_eT

it follows (3.16) that

(3.23) N3 < Cy/e ||h(z,¢)

||5+1+05HH+ —¢|§;|)/}(g,5)HO

Substituting (3.17) into (3.23) we can obtain
1 K . K1—mM1 15 ¢
I (6, — i )" (0 — 1l [en - ile )™ BT

peer I (g, - i)™ [en - ilel]™ T B

N3 < CEHQJ'_%

it follows that
(3.24) N3 < Cet2ts

I (e, — 1l (6, ey BT |
Using the evaluation (3.18), (3.20) and (3.24) we obtain

I (6 =i |6 )™ (€ —ilea)™ ™™ Bry |
e | (g, i |gp )™ (€ — i)™ T B

N]_ S CEK2+%

or more roughly

(3.25) N, < Cer2ts

I (€, —ilep)™ (6a—ifea)™ ™ Ex .,

Considering the inequality (3.11) for N2 and the inequality (3.25) for Ny, it
follows (3.8) that

[Rf—Ry frll,,, < CNi+CNy
I (g, — i)™ ™™ (6 —ile )™ BT
(& il € il B,

< C’{_:Iinr%

+Ce

That is to say

(3:26)  ZF] = IRF—Ry Felle, < C [ 4 1A, 1+ 1 o)
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Thus the following theorem is true, which is the generalization of the result in
[3]:

Theorem 1. Let

(32T)  Telfir S} € Hur i (RL) X Moy ey oy (R) = H

and R be the regularizator of problem (3.1) provided the condition f € $x—m is
replaced by (3.27). Further, let Ry be the regularizator of problem (8.3) with f4 €
Hiy—mi+1,50 (Ri), then for the operator T

If =Rj—Ry f+
defined by (3.5), the estimation (3.26) is true.
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