ON THE LOGARITHMICALLY CONVEXITY FOR
TWO-PARAMETERS HOMOGENEOUS FUNCTIONS

ZHEN-HANG YANG

ABSTRACT. Supposing f(z,y) is a positive homogeneous function
defined on U(S R, x R, ), denoted the two-parameter homoge-

1

neous functions by Hy(a,b;p,q) = HEZZ?):H "I f(x,y) s 3rd
differentiablec, then the logarithmically convexity with respect to
paraters p and g of Hs(p, ¢) depend on the sign of J = (z—y)(z11).,
where I; = (In f)5,. As applications of this results, a group of in-
equalities chains for homogeneous mean are established to general-
ize, strengthen and unify Ling Tong-po and Stolarsky inequalities;
An conversed inequality chains for exponential (idential) mean is
derived, which contains a reversed Stolarsky inequality; Several
estimates of lower and upper bounds of two-parameter L-mean
(extended mean) are presented.

1. INTRUDUCTION

In [14], the conception of two-parameter homogeneous function was
introduced, its monotonicity was studied. For convenience, we quote
it as follows

Definition 1. Assume f: U R, x Ry) — R, is a homogeneous
function for variable x and y, and is continuous and exist 1st partial

derivative, (a,b) € Ry x Ry and a # b, (p,q) € RxR. If (1,1) ¢ U,
then define that

(1.1) Hy(a,b;p, q) {M v

Flar, bq)} (A apg £0),

(1.2) Hy(a,bip,p) = limHy(a,bip,q) = G7(a”, b")(p=q #0),
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where
- zfo(z,y) Inx +yfy (v, y) Iny
13 Grlo) =ex | e ,

fa(z,y) or fy(z,y) denotes a partial derivative with respect to 1st or
2nd variable of f(x,y) respectively.
If (1,1) € U, then define further

{%%%?}%p%@q=ox

(1.5) H¢(a,b;0,q) = [%} (p=0,q#0),
(1.6) Hys(a,b;0,0) = ;igg)Hf(a, b;p,0) = Gyola,b)(p = q=0).

(1.4) Hy(a,b;p,0)

Q=

In the case of not being confused, we set

Hy = Hs(p,q) = Hs(a,b;p,q),
Grp = Grpla,b) = G5(a?, V") = Hy(p, p)

It is no doubt that the conception of two-parameter homogeneous
functions have developed greatly the extension of conception of two-
parameter mean or extended mean and Gini mean.

As special cases of the two-parameter homogeneous function, the ex-
tended mean and Gini mean have been researched by various authors
in [1-12,15]. It is worth mentioning that Qi Feng studied the loga-
rithmically convexity for the parameters of the extended mean in [5],
and pointed out the two-parameters mean is a logarithmically concave
function for two parameters on interval (0, +00) and is a logarithmi-
cally convex function on interval (—oo,0). This is a very interesting
and more useful result.

The aim of this paper is to investgate the logarithmically convex-
ity with respect to the parameters of the two-parameter homogeneous
function, and get the following results:

Theorem 1. Let f(x,y) be a positive n-order homogenous function
defined on U(ER, x R,), and be 3rd differentiable. If

(1.7) J=(x—y)(xl), (<) 0, where Iy = (In )4y,
>

then when p,q € (0,+00), H¢(p, q) is logarithmically convex (concave)
strictly for p or q respectively; while p,q € (—00,0), Hs(p,q) is loga-
rithmically concave (convex) strictly for p or q respectively.

Corollary 1. The conditions is the same as Theorem 1.1°s. If (1.7)
holds then H(p, 1 — p) is strictly monotone decreasing (increasing) in
p € (0,3); Hs(p, 1 —p) is strictly monotone increasing (decreasing) in

pe(s1).
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Corollary 2. The conditions is the same as Theorem 1.1°s. If (1.7)
holds, then for p,q € (0,400) with p # q, there is

1.8 G,pra < .q) < /GGy
(1.8) PR= (50) Hy(p,q) (>0) fpY fa

For p,q € (—00,0) with p # q, the inequality (1.8) reverses.

2. PrROOF OF MAIN RESULTS

For proving Theorem 1 and Corollary 1 and 2, we need to the fol-
lowing lemmas, Lemma 1 and 2 of which are from section 3 in [13].

Lemma 1. Let f(x,y),g(x,y) is a n, m-order homogenous function
over S respectively, then f - g, f/g(g # 0) is a n + m,n — m-order
homogenous function over ) respectively.

If for a certain p and (2P, y?) € Q, fP(x,y) exist, then f(aP yP), fP(z,y)
are both np-order homogeneous functions over Q.

Lemma 2. Let f(z,y) be a n-order homogeneous function over €0, and
fz, fy both exist, then f,, f, are both n —1-order homogeneous function
over §2, furthermore we have

(2.1) Tfo+yfy=nf.

In particular, when n =1 and f(z,y) is 1st differentiable over Q, then
(2.2) cfe+yfy = f

(2'3) xfa:a: + yfxy = Oa

(2.4) Tfey +yfyy = 0.

Lemma 3. Let f(x,y) be a positive n-order homogenous function de-
fined on U(S R, x Ry), and be 2nd differentiable. Setting T(t) =
In f(a', b)),z = a',y =b',a,b> 0, then

(25)  T() = WmGi(d,b),

(2.6) T"(t) = —ayli(Inb—Ina)?, where [} = (In f),y.

Proof. First, by (1.3) and direct calculating, we have
a'fi(a', b Ina + b fy(a',b") Inb

re = f(a,0)
La'f.(a,b") Ina® + b f,(a', ") In b’ 1o
pr— —_— — 1 t .
t flat, bt nt (a’,b")

Second, since f(z,y) is a positive n-order homogeneous function,
from expression (2.2), we can obtain z(In f), + y(In f), = n or

z(lnf), =n—y(lnf),,y(In f), =n—z(ln f),.
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And then
) a'fi(at, o) Ina + 0 f,(a',b") Inbd
7@ v)
rfe(r,y)Ina+yf,(z,y)Inb
f(z,y)
= z(Inf);Ina+y(ln f), Inb.
Hence

oT'(t)de  0T'(t)d
™ = aé )EE'+ a; )E%
= [y(Inf)y(Inb—Ina)+nlnal a'Ina+
[z(In f)z(Ina —Inb) +nlnd], b'Inb
= y(Inf)y(Inb—Ina)rlna+ z(In f),y(Ina —Inb)ylnb
= —2y(In f)uy(Inb —Ina)?

= —ayli(Inb—1Ina)>

Lemma 4. Let f(x,y) be a positive n -order homogenous function
defined on U(ER, x R,), and be 3rd differentiable, then

T"(t) = ~Ct ™%,

where J = (v — y)(21),,C = zy(z —y)'(Inz — Iny)* > 0.

Proof. From Lemma 1 and 2, we can understand that I, = (In f),, =
(f foy = fufy)) f ? is a —2-order homogeneous function of z and y, thus
xyly is a 0-order homogeneous function. By (2.1), we get

(2.7) w(zyh)e +y(ayl)y =0, or  y(ayh)y = —x(zyl)s.
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By Lemma 3 and notice z = a,y = b*, and then

dT"(t)  d(—zyl(Inb—Ina)?)
T/// t — —
®) dt dt

— —(lnb _ 111(1)2 (a(gyxll)cji_f + a(gf’z]l)%)

= —(Inb—1Ina)?[a'Ina- (zyh), +b'Inb- (zyly),]
= —(Inb—1Ina)?[(z(2xyl)), Ina+ynb(axyl), nb)]
= —(Inb—1Ina)? (z(zyl),) (Ina — Inb)

= (Inb—Ina)zy(zl),

— xy% [(z —y)(x]1)]
= M xr — xr

= e ((w y)(ah).]
= —Ct3J.

Next then we will follow on proving Theorem 1 and Corollary 1-2.

Proof. It needs only to prove the convexity for p of InH;.

1) when p # ¢, InH; = w’
8 M _ -oTG)-TE) +T@) _ 9

| Ip (»—q)? (p—q)*
9 LM _ p-0g®) -2 _ kp)

| Ip? (p—q)? (p—q)*’

where g(p) = (p — ¢)T"(p) — T(p) + T(q), k(p) = (p — q)9'(p) — 29(p)-
Since ¢'(p) = (p — ¢)T” (p) and g(q) = 0, so k(p) = (p — ¢)*T"(p) —
2¢(p) and k(q) = 0, and then

(2.10) K'(p) =2(p—q)T"(p)+ (p—q)*T" (p) —2¢'(p) = (p—q)*T" (p).

By Mean-value Theorem, exist £ = ¢+ 6(p — ¢) with 6 € (0,1), such
that
2 o /
Op (»—q) (p—q)
(6 B Q)QTW<€) 2
- q? (1—0)"T"(¢)
It is obvious that the logarithmically convexity of In H; depends on the
sigh of 7" (¢). From Lemma 4, T"(¢) = —C¢°J,C > 0.

2
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Soif J = (z—y)(xl), <0, when p,q € (0,400), £ =q+0(p—q) >0
with 6 € (0, 1), we have 7" (&) > 0; while p, g € (—00,0), that T"(§) <
0. It is reversed when J = (z — y)(x1;), > 0.

2) when p = q, by (2.5)

(2.12) nH; =In G?(CLP, W) = rf(z,y)Inz +yfy(zr,y)Iny — T'(p),

f@,y)
where z = a?,y = 0*. So
O*InH;
— T/// = _C _3J,
o (p) P

where J = (x — y)(z1;).,C > 0.

Hence if J = (v — y)(2l1), < 0, then when p € (0,+00), that
T"(&) > 0; while p € (—00,0), T"(£) < 0. It is converse when J =
(x —y)(xly), > 0.

Combining 1) with and 2), we complete the proof of this Theorem
immediately. §

proof of Corollary 1.1. 1t prove only the case when J = (z—y)(z1;), <
0.

1) When p € (3,1).Assume p,q € (3,1) and ¢ < p, by Theorem 1,
Hy(p, q) is logarithmically convex for p, ¢ € (0, +00), so exist a, 3 > 0
with o + 8 = 1, such that

HE(1—q,1—p)H(p,1—p) > Hy(a(1 = q) + Bp, 1 — p).
g,ﬁ = Qq—_, then a(1 — q) + Bp= ¢, and
ptqg—1 ptg—1

then from the above expression, we obtain

H(p,1-p) > Hylg 1= p)H (1= g1 = p)

Taking a=

[ flat,bh) ] EEe [ f(ate b)) 7 e
- _f(alp,blp)} { fla=r, b pJ
Sl [, )] s

- _f(al"’,bl‘ﬂ] { flat, b= p)]

[ fla% b)) fa' P 01P) P
_f(al‘pabl‘p)(f(Ql‘q,bl‘q)]

[ fla%,b9) rﬂl
[f{al,bt79)

:Hp+q 1( 1—q)

—Hﬁ%l—w-

Extract the § power root of two sides, then H(p, 1 —p) > Hs(q,1—
q), namely when p € (%, 1), H¢(p, 1 —p) is strictly monotone increasing
for p.
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When p € (0, %) Assume p, q € (0, %) and g < p, notice 1 —p,1—q €
(3,1) and 1 —p < 1 — g, so there is Hy(1 — p,p) < Hs(1 — q,q), i
He(p,1 —p) < He(g,1 — ¢). It shows that Hs(p,1 — p) is strictly
monotone decreasing for p. B

proof of Corollary 1.2. From Definition 1.1 and (2.12), we understand
that

1 fa?,0?)  T(p) —T(q) 1 /p,
InH(p,q) = In - - T'(8)dt
s(.q) p—q f(a%,b9) pP—q P—qJ, Q
1 P 1 1 P
(2.13) = — lnG}(at,bt)dt:— InGy,dt.
p—q q p—q q

From Theorem 1, if J = (z—y)(z]1), < 0, then In G, is strictly con-
vex for ¢ € (0,+00), and is concave strictly for ¢ € (—00,0). So when
p,q € (0,400), by using well-known Hermite-Hadamard inequality, we
have

1 P InG InG
(2.14) NG < —— [ WnGpudt < nGyrp+1n fa
S T p—q, 2
i.e. inequality (1.8) holds. When p,q € (—00,0), (2.14) is reverse, and

inequality (1.8) is also reverse with it. Obviously, if J = (x—y)(z1;), >
0, then the conclusions are reversed. 1

3. SOME CONCLUSIONS AND APPLICATIONS

By Theorem 1, the logarithmically convexity of H; depends on the
sign of J = (x — y)(zl1),. Combining Theorem 1 with Corollary 1
and 2, we can get some conclusions about logarithmically convexity
of Hy, where f(z,y) = L(z,y),A(z,y),E(z,y),D(x,y). From it we
will present a series of new inequalities concerning logarithm mean,
exponential mean, power-exponential mean and exponential-geometry
mean, meanwhile propose estimations of upper and lower bounds of
two-parameter L-mean.

x_
Case 1. f(x,y) - L(:an) _M(l‘7y >0,z 7é y);
/ 1
q(a? — ")\ 7=
(p(aq ) p#¢pq#0
(3.1) Hi(a,b;p,q) = L2 (a"0") p7#0,g=0
La(a?,b?) p=0,g#0
Grp(a,b) p=q#0
[ G(a,b) p=qg=20
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where Gy, (a,b) = E,(a,) = E+(a?,0?) = E,, E(a,b) = ¢! (a_)
G(a,b) = Vab.

1
L = (hlf)zy (x—y)2 (lnx—lny)
:v+y 2
J = (z—y)(zh), { y(lnx—lny)?’]
92 T+

- m[ﬁ( - WW]

3
It follows that well-known inequality L(z,y) > (x ; y) (vzy) 5,0 >

0.

Case 2. f(z,y) = A(z,y) =L (a,y > 0),
aP + b\ 7

(3.2) Ha(a,b;p,q) = (@q+bq> P#4

o Gapla,b) p=q#0 "’

G(a,b) p=q=0
where G ap(a,b) = Zy(a,b) = Zv(a?, W) = Z,.Z(a,b) = a=obass.
1
L = (1l -
1 (nf)xy (x+y>27
_ _(z—y)?

J = @), = >0

Case 3. f(e) = Ee.=c (5) 7 (=00 20)

E(a?, b?)\ ra
(3.3) He(a,b;p,q) = (E(aq,bq)> P#

Grpla,b) p=q#0 "’
G(a,b) p=q=0
where Ggp(a,b) = Y,(a,b) = Y%(ap, W)=Y, Y(a,b) = Eel_%?.
ho= ()= o= Re=y) = @+ 1)z~ Iy,
T = @=)h). = o (3t =9+ @+ Ay 1) (e — Iy
2 2
_6(lnz —Iny) 2?2 — & ;y + 2y

(x —y)? Inz? —Iny? 3
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r+y

5 + 2/xy
It follows that well-known inequality L(x,y) < 3 ,J > 0.
Case 4. [(r,y) = D(,y)= | — yl(e,y > 0,2 £ ),
1
aP — bP v
(34) HD(aab;p7Q>: |a‘1—bq| p%q’pq#o )
Gppla,b)  p=q#0
1o 1
where Gp p(a,b) = Gp, = er Ev (a?, IP) = er E,.
1
L = (1 Ty — 7 oo
1 ( nf) Y (l‘ _ y)Q
T+y

Applying mechanically Theorem 1, Corollary 1 and 2, we immedi-
ately obtain the following

Conclusion 1. For f(z,y) = L(z,y), A(z,y), E(z,y),

1) when p,q € (0,+00), H¢(p,q) is logarithmically concave strictly
for p or q respectively; while p,q € (—00,0), Hs(p, q) is logarithmically
convex strictly for p or q respectively.

2) H¢(p, 1—p) is strictly monotone increasing forp € (0, 3); Hy(p,1—
p) is strictly monotone decreasing for p € (3,1).

3) If p,q € (0,+00), there is

(3.5) Gresa >Hp(p,q) > /GrpGra
Inequality (3.5) is reverse if p,q € (—o0,0).

Conclusion 2. 1) when p,q € (0,4+00), Hp(p,q) is logarithmically
convex strictly for p or q respectively; while p,q € (—00,0), Hp(p, q)
1s logarithmically concave strictly for p or q respectively.

2) Hp(p, 1—p) is strictly monotone decreasing forp € (0,3); Hp(p, 1—
p) 1is strictly monotone increasing for p € (%, 1).

3) If p,q € (0,+00), there is

(3.6) Gpeta <Hp(p,q) < VGppGog:
Inequality (3.6) reverses if p,q € (—o0,0).
By applying above conclusions, we will get some new inequalities.

Example 1. A group of inequality chains for homogeneous
mean. By 2) of Conclusion 1, Hs(p,1 —p) is strictly monotone de-
creasing for p € (%, 1). So there is

4 1 31
£) <Hy(5,])

21 3 2 11
< Hf(ga g) < Hf(g7 5) < Hf(§> 5)7
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1.€.
- 42 2
fla.b) | fla®,b0)|* | f(ad,b1)
F1,1) _f<a%,b%> flat,b1)
(2 23] 3 .3\1%  Vak(Vavh Vbfy(Vavb)
37) < ;Eagzgi [ Emzs)] <a Javh p fWah)
a3’ 3 i 5’ 5
1) For f(z,y) = L(x,y), notice f(1,1) =1, we get

5
1t —ah)\E (i — e\
L(G/,b) < i<b1 a1> < g(bl al)
(b5 —a5) 1(b1 —ax)
08 —ad)\"_ [20F —ah)’
< (2 i 1> <<Zz—2> < E*(Va, Vb),
§(b§ — ag) g(bg —as
1.€
1 1 2 2 % 1 1,1 1 2
bs 5)(bs 5 b2 iba 2
Liab) < (( +aL( -I—a)) << —|—a3 +a)>

3(bs + as)

The above inequalities chain may be simply denoted by

1 1\ 3 2 101 2 5
1,1 o(b 1 biab 1+ ol
_ <b3 +a3) _ ( (b3 +b5a51+a5)) < B(Va. V)

1 2
(3.8) L<M!M$ <h <M< RAM' < Ex,
5 5 2 5 5 2

D P P %
a+bp) B, = BN ), h a+(¢?)+bﬁ |

That L < M1 1s well-known Ling Tong-Po mequality The above

where M, = (

inequalities chain shows that can be inserted M‘*M3 and h1 between L
and M1 so (3.8) strengthens Ling Tong-Po znequalzty
2) For f(z,y) = A(x,y), notice f(1,1) =1, then
4 1 3 1
(3.9) A<MIM,® <MZM,? < M3M;' < M3M;? < Z.,
5 5 11 53 5 5 2
al +bo*
’ E(a®,b?
@FWﬂ%sz@wwmmf@nzLf§ﬁ§:Z@w
then
12 3 1
(3.10) E<Z{Z; <E;E.* <Zi <EiE;* <Yi,
5 1 5 5

5 1

where M,, = ( )%, Zp:Z%(ap,bp).

1 1 1
where Z, = Zv (a?,bP), E, = Ev»(a?,b"), Y, = Y7 (a?, b").
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Remark 1. If replace a,b with a,b* in (3.8)-(3.10), then them may
be rewritten into

102
(BINE > hiMy' > Mz >h>M;M; > Ly = VLA,
5 5 5 5
3 1 4 1
(312)Z > MeM;*> MiM,' > M;M,? > M3M,?* > M,,
5 5 3 3 3 5 5 £

3 1 1 2
(313)Y > EiE:*>Z: > EiE,* > 7237} > By =VEZ.
5 5 2 2 5 5

That E > Mz is well-known Stolarsky inequality. (3.11) indicates
that can be inserted h2 M3 between E and M2 so (8.11) strengthens

Stolarsky inequality. Tt follows that Lin Tong Po and Stolarsky in-
equality are unified into a the same inequality’s chain and refined by
(3.8) or (3.11). Meanwhile they are generalized the case of arithmetic
mean and exponential mean by (3.9) or (3.12) and (3.10) or (3.13) in
parallel. So we call (3.7) the homogeneous mean’s L-S inequality chain.

Remark 2. There include some simple and brand-new inequalities in
(8.8)-(3.13), such as Z > My from (3.12), i.e.

2 2
(3.14) Z >4/ ;r .
3 3
, 3 1 ] az + b2
While Z > M3 M, ? may be transformed into Z > — T =a-+
22 az + bz
b—Vab, i.e. ¢ > A.
By (8.10) we can get
(3.15) E<Z, <Y,
or
(3.16) Y'>Z: >E, =VEZ.

Example 2. An conversed inequality for exponential mean.
By 2) of Conclusion 2, noticed D(1,1) does’nt exist, we have

Ho(5:5) < Mol 5) < Hol3, 5) < Holp, ) < Holz: 5);
1.€.
3 3\ 0 2 2\ 3
e < (=) < (0en)
bs —as bs — a3
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i.e.
2 1 1 2 5
bs 4+ bsas 5
e?E*(Va, Vb) < ( 5—|—bé:cj;;—a5> < (b} +ab)?
2 5
(3.17) < (b%+aibi+a%)> <<(b%+a%)(b%+a%)>3.

If replace a, b with a,b* in (3.17), then which may be denoted simply
by

/486 8 3 V32 1 2
(3.18) E<—h2éM;1<£Mg<—h< M3 M3
8¢ 5 % e 3 e e 5 5

(3.18) is a reversed inequality chain of five items in left side of (3.11).
Remark 3. By (3.11) and (3.18), we get

12
(BLYMIME < h<M:<hiMy' <E

5 5 5 5

V4 /32
30 pe i < Yo < < V2
8 5 3 e 3 e e

CUN ol
U o

From it, we have further

(3.20) 1 < E/MiM; < </32/e ~ 1.16794,
(3.21) 1 < E/h < 3/5e ~ 1.10364,

(3.22) 1 < E/M: < V8/er~1.04052,

(3.23) 1 < E/h%Mg‘l < /486/8e ~ 1.01376.

Inequalities (3.20)-(3.23) indicate that regardless the size of positive

numbers a and b, the relative error estimating exponential mean E by
12

M3ZMZ, h, M% and hi]\@‘1 are approximate to 17%, 10%, 4%, and
5 5 5 5

1% respectively.

Example 3. Estimations of lower and upper bounds of two-
parameter L-mean (or extended mean).From 3) of Conclusion
2, and notice

Gpyp= e%E%(x”,y”) :e%Ep.

So we have

(3.24) eﬁE% < Hp(p,q) </ e%Epe%Eq, if p,q>0 andp#q.

If notice further
(3.25)
1 1

bP — aP r—q P—aq bP — aP = 1
Hp(p,q) = | | :(1_’) (u) = eI H(p,q),

b1 — q4
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then (3.24) can be rewritten into

1 _ 1 1 _ 1
(3.26) e A9 L(p,9) E% < HL(P, q) < eH®9)  L(p.a) 4 /Equ7
p+q 2pq P—q
where A(p,q) = ——, H(p,q) = ——, L(p,q) = ——~.p,q¢ >0 and
(p.q) 2 (P 9) p+q (p-q) In(p/q)
P #q.

Combining (3.5) with (3.26), we can get other two expressions of
estimations of the two-parameter L-mean Hr(p,q).

(3_27) eA(zlmq)fL(;vq) EPTH < HL(p, q) < E%

(3.28) VEE, < HMi(p,q) < e™a twa/E,E,

where p,q > 0 and p # q. the inequalities 3.8, 3.9 reverse if p,q < 0
and p # q.

Lastly, we can find out some new inequalities by using the theorem
and corollaries in this paper. Discuss no longer here.
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