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Abstract. That H1f (p) := Hf (p, 1 + p) is called one-parameter ho-
mogeneous functions. The monotonicity of H1f (p) depends on the
sign of I1 = (ln f)xy; While the log-convexity of H1f (p), the mono-
tonicity of Hf (p, 1 − p) and H̄1f (p) = H1f (p)H1f (−p) depend on the
sign of J = (x − y)(xI1)x. By straightforward computations, some
conclusions on the monotonicity of H1f (p), Hf (p, 1− p), H̄1f (p) and
log-convexity of H1f (p) are presented, where f(x, y) = L(x, y), A(x, y),
E(x, y) and D(x, y). As one of the special cases, Wing-Sum Cheung
and Feng Qi’s results are derived.

1. Introduction

The one-parameter mean values J(p; a, b) (for avoiding confussion in no-
tations, we replace J(p; a, b) with S(p; a, b) in what follows) for a 6= b are
defined in [2, 13] and introduced in [7] by

(1.1) S(p; a, b) =


p(ap+1−bp+1)
(p+1)(ap−bp) , p 6= 0,−1;

a−b
ln a−ln b , p = 0;

ab(ln a−ln b)
a−b , p = −1.

and S(p; a, b) is strictly increasing in p ∈ R.
In [6], the following results in [2, 3] by Alzer are mentioned:
1) When p 6= 0, we have

(1.2)

G(a, b) <
√
S(p; a, b)S(−p; a, b) < L(a, b) <

S(p; a, b) + S(−p; a, b)
2

< A(a, b);

2) For a1, a2 > and b1, b2 > 0, if p > 1, then

(1.3) S(p; a1 + a2, b1 + b2) ≤ S(p; a1, b1) + S(p; a2, b2);

if p ≤ 1, inequality (1.3) is reversed.
3) If (a1, b1) and (a2, b2) are similarly or oppositely ordered, then, if p <

−1
2 , we have
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(1.4) S(r; a1a2, b1b2) ≥ (≤)S(p; a1, b1)S(p; a2, b2);

if p ≥ −1
2 , then inequality (1.4) is reversed.

4) For a, b > 0, if p < q < r ≤ −1
2 , then

(1.5) [S(q; a, b)]r−p[S(p; a, b)]r−q[S(r; a, b)]q−p;

if −1
2 ≤ p < q < r, inequality (1.5) is reversed.

Moreover, H. Alzer in [3] raised a question about the convexity of p lnS(p; a, b)
and proved that (p + 1)S(p; a, b) is convex.

Wing-Sum Cheung and Feng Qi researched the log-convexity of the one-
parameter mean values S(p; a, b) and the monotonicity of S(p)S(−p) for
p ∈ R,and presented the following results (see [4]):

Theorem 1. For fixed positive numbers a and b with a 6= b, then the
one-parameter mean values S(p) defined by (1.1) are strictly log-convex in
(−∞,−1

2) and strictly log-concave in (−1
2 ,+∞).

Theorem 2. Let S̄(p) = S(p)S(−p) with p ∈ R for fixed positive numbers
a and b with a 6= b. Then the function S̄(p) is strictly increasing in (−∞, 0)
and strictly decreasing in (0,+∞).

On the other hand, Zhen-Hang Yang also derived Minkowski, Hölder and
Tchebchef type inequalities of S(p; a, b), by using simplified discriminance
involving convexity of homogeneous functions in two variables deduced from
the properties of homogeneous functions (see [14]).

Meanwhile the two-parameter homogeneous functions were introduced
in [15]. That is:

Definition 1. Assume f : U(j R+×R+) → R+ is a homogeneous function
for variable x and y, and is continuous and 1-time partial derivative exist,
(a, b) ∈ R+ × R+ with a 6= b, (p, q) ∈ R× R. If (1, 1) /∈ U , then define that

Hf (a, b; p, q) =
[
f(ap, bp)
f(aq, bq)

] 1
p−q

(p 6= q, pq 6= 0),(1.6)

Hf (a, b; p, p) = lim
q→p

Hf (a, b; p, q) = Gf,p(a, b)(p = q 6= 0).(1.7)

where Gf,p(a, b) = G
1
p

f (ap, bp),

(1.8) Gf (x, y) = exp
[
xfx(x, y) ln x + yfy(x, y) ln y

f(x, y)

]
,

in which fx(x, y) and fy(x, y) denote 1st order partial derivative to 1st and
2nd variable of f(x, y), respectively.
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If (1, 1) ∈ U , then define further

Hf (a, b; p, 0) =
[
f(ap, bp)
f(1, 1)

] 1
p

(p 6= 0, q = 0),(1.9)

Hf (a, b; 0, q) =
[
f(aq, bq)
f(1, 1)

] 1
q

(p = 0, q 6= 0),(1.10)

Hf (a, b; 0, 0) = lim
p→0

Hf (a, b; p, 0) = a
fx(1,1)
f(1,1) b

fy(1,1)

f(1,1) (p = q = 0).(1.11)

In the case of not being confused, we set

Hf = Hf (p, q) = Hf (a, b; p, q) =
[
f(p)
f(q)

] 1
p−q

,

Gf,p = Gf,p(a, b) = G
1
p

f (ap, bp) = Hf (p, p).

The following properties ofHf (p, q) are obvious by some easy calculations:
Property 1 Hf (a, b; p, q) are symmetric with respect to a, b and p, q, i.e.

Hf (a, b; p, q) = Hf (a, b; q, p).(1.12)
Hf (a, b; p, q) = Hf (b, a; p, q)(1.13)

Property 2 Let

(1.14) T (t) = ln f(at, bt)

then

(1.15) T ′(t) =
atfx(at, bt) ln a + btfy(at, bt) ln b

f(at, bt)
= ln G

1
t
f (at, bt),

where t 6= 0 if (1, 1) /∈ U.
Property 3 If f(x, y) = f(y, x) for all (x, y) ∈ U, then

Hf (t,−t) = Gn,(1.16)
T (t)− T (−t) = 2nt lnG,(1.17)

where G =
√

ab.
There are the following two results concerning the two-parameter homo-

geneous functions.

Theorem 3. Let f(x, y) be a positive n-order homogenous function defined
on U(j R+ × R+), and be 2-time differentiable. If I1 = (ln f)xy < (>)0,
then Hf (p, q) is strictly increasing (decreasing) in p or q.

Theorem 4. Let f(x, y) be a positive n-order homogenous function defined
on U(j R+ × R+), and be 3-time differentiable. If

(1.18) J = (x− y)(xI1)x < (>)0, where I1 = (ln f)xy,

then Hf (p, q) is strictly log-convex (log-concave) in p ∈ (0,+∞), while log-
concave (log-convex) in p ∈ (−∞, 0).

For another parameter q, the above conclusion is also true.
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Obviously, the one-parameter mean is only a special case of two-parameter
mean. In the same way, let q = 1+p in Definition 1, then the two-parameter
homogeneous functions become the so-called one-parameter homogeneous
functions.

The aim of this paper is to extend the one-parameter mean into the one-
parameter homogeneous functions based on [15], and investigate its mono-
tonicity and log-convexity in parameters further. As a special case, Theorem
1 and 2 will be deduced.

2. Basic Conception and Main Results

First we present the definition of the one-parameter homogeneous func-
tions now.

Definition 2. Let q = 1 + p in the two-parameter homogeneous functions
Hf (p, q), then call it one-parameter homogeneous functions, and denote by
H1f (p) = Hf (p, 1 + p).

From Definition 2, for f(x, y) = L(x, y), A(x, y), E(x, y), and D(x, y) =
|x− y|, we have

H1L(a, b; p) =


p(ap+1−bp+1)
(p+1)(ap−bp) , p 6= 0,−1;

L(a, b), p = 0;
G2(a,b)
L(a,b) , p = −1.

(2.1)

H1A(a, b; p) =
ap+1 + bp+1

ap + bp
.(2.2)

H1E(a, b; p) =
E(ap+1, bp+1)

E(ap, bp)
.(2.3)

H1D(a, b; p) = |x
p+1−yp+1

xp−yp |, p 6=0.(2.4)

That H1L(a, b; p) is just the one-parameter mean of positive numbers
a and b. To avoid to be confused, it is called one-parameter logarithmic
mean; In the same way, we call H1A(a, b; p) and H1E(a, b; p) one-parameter
arithmetic mean (also call Lehmer mean) and one-parameter exponential
mean, respectively.

Since D(x, y) is no a certain mean of positive numbers x and y, but a
absolute value of difference function, so we call one-parameter homogeneous
differnce function temporarily.

Concerning the monotonicity and log-convexity of the one-parameter ho-
mogeneous functions, there are the following main results.

Theorem 5. Let f(x, y) be a positive n-order homogenous function defined
on U(j R+ × R+), and be 2-time differentiable. If I1 = (ln f)xy < (>)0,
then H1f (p) is strictly increasing (decreasing) in p ∈ (−∞, 0) ∪ (0,+∞).

Theorem 6. Let f(x, y) be a positive n-order homogenous function defined
on U(j R+×R+), and be 3-time differentiable. If J = (x−y)(xI1)x < (>)0,
then

1) H1f (p) is strictly log-concave (log-convex) in p ∈ (−∞,−1), strictly
log-convex (log-concave) in p ∈ (0,+∞).
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2) If f(x, y) satisfies f(x, y) = f(y, x) further, then H1f (p) is strictly
log-concave (log-convex) in p ∈ (−∞,−1

2), log-convex (log-concave) in p ∈
(−1

2 , 0) ∪ (0,+∞).

According to 2) of the Theorem 6, and the properties of convex functions,

the functions lnH1f (p−1)−lnH1f (− 1
2
)

p−1−(− 1
2
)

is strictly decreasing (increasing) for p−
1 ∈ (−∞,−1

2) and increasing (decreasing) for p − 1 ∈ (−1
2 , 0) ∪ (0,+∞) if

J = (x− y)(xI1)x < (>)0.
Notice

lnH1f (p− 1)− lnH1f (−1
2)

p− 1− (−1
2)

=
ln f(p)− ln f(p− 1)− lnH1f (−1

2)
p− 1− (−1

2)

=
ln f(p)− ln f(1− p)

p− 1
2

= 2 lnHf (p, 1− p),

so we have the following:

Corollary 1. Let f(x, y) be a positive n-order homogenous function defined
on U(j R+ × R+), and be 3-time differentiable, and satisfies f(x, y) =
f(y, x), further. If J = (x − y)(xI1)x < (>)0, then the function Hf (p, 1 −
p) is strictly decreasing (increasing) in (−∞, 0) ∪ (0, 1

2), strictly increasing
(decreasing) in (1

2 ,+∞), where

(2.5) Hf (p, 1− p) =


(

f(p)
f(1−p)

) 1
2p−1

, p 6= 1
2 ;

Gf, 1
2
, p = 1

2 .

Theorem 7. Let f(x, y) be a positive n-order homogenous function defined
on U(j R+ × R+), and be 3-time differentiable, and satisfies f(x, y) =
f(y, x) further. Let H̄1f (p) =H1f (p)H1f (−p), then the function is strictly
increasing (decreasing) in p ∈ (0,+∞) and strictly decreasing (increasing)
in p ∈ (−∞, 0) if J = (x− y)(xI1)x < (>)0.

3. Lemmas

For proving Theorem 5-7 and Corollary 1, we need to the following lem-
mas, in which Lemma 1 and 2 are from section 3 in [14].

Lemma 1. Let f(x, y), g(x, y) be a n, m-order homogenous functions over
Ω respectively, then f · g, f/g(g 6= 0) are n + m,n − m-order homogenous
functions over Ω, respectively.

If for a certain p and (xp, yp) ∈ Ω, fp(x, y) exist, then f(xp, yp), fp(x, y)
are both np-order homogeneous functions over Ω.

Lemma 2. Let f(x, y) be a n-order homogeneous function over Ω, and fx, fy

both exist, then fx, fy are both n − 1-order homogeneous function over Ω,
furthermore we have

(3.1) xfx + yfy = nf.
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In particular, when n = 1 and f(x, y) is 1st differentiable over Ω, then

xfx + yfy = f ;(3.2)
xfxx + yfxy = 0;(3.3)
xfxy + yfyy = 0.(3.4)

Lemma 3. Let f(x, y) be a positive n-order homogenous function defined
on U(j R+×R+), and be 3-time differentiable. Let T (t) = ln f(at, bt), with
t 6= 0, and set at = x, bt = y, then

T ′(t) = atfx(at,bt) ln a+btfy(at,bt) ln b
f(at,bt) = ln G

1
t
f (at, bt);(3.5)

T ′′(t) = −xyI1 ln2(b/a), I1 = (ln f)xy;(3.6)

T ′′′(t) = −Ct−3J, J = (x− y)(xI1)x, C =xy ln3(x/y)
x−y > 0.(3.7)

Proof. 1) By a direct calculation, we obtain this result at once.
2) Since f(x, y) is a positive n-order homogeneous function, from equation

(3.1), we can obtain

(3.8) x(ln f)x + y(ln f)y = n or x(ln f)x = n− y(ln f)y.

By (1.15), there is

T ′(t) =
atfx(at, bt) ln a + btfy(at, bt) ln b

f(at, bt)

=
xfx(x, y) ln a + yfy(x, y) ln b

f(x, y)
= x(ln f)x ln a + y(ln f)y ln b

= n ln a + y(ln f)y(ln b− ln a).(3.9)

Notice that y(ln f)y is a 0-order homogeneous function, so

(3.10) x[y(ln f)y]x + y[y(ln f)y]y = 0, or y[y(ln f)y]y = −x[y(ln f)y]x .

Hence

T ′′(t) = 0 + (ln b− ln a)
[
∂y(ln f)y

∂x

dx

dt
+

∂y(ln f)y

∂y

dy

dt

]
= (ln b− ln a)

{
[y(ln f)y]xat ln a + y[y(ln f)y]ybt ln b

}
= {(ln b− ln a)x[y(ln f)y]x ln a− x[y(ln f)y]x ln b}
= −(ln b− ln a)2x[y(ln f)y]x
= −xy(ln f)xy(ln b− ln a)2

= −xyI1(ln b− ln a)2.

3) From Lemma 1 and 2, we can understand that I1 = (ln f)xy = (ffxy−
fxfy)/f2 is a −2-order homogeneous function of x and y, thus xyI1 is a
0-order homogeneous function. By (3.1), we get

(3.11) x(xyI1)x + y(xyI1)y = 0, or y(xyI1)y = −x(xyI1)x.
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By (3.6) and notice x = at, y = bt, and then

T ′′′(t) =
dT ′′(t)

dt
=

d
(
−xyI1(ln b− ln a)2

)
dt

= −(ln b− ln a)2
[
∂(xyI1)

∂x

dx

dt
+

∂(xyI1)
∂y

dy

dt

]
= −(ln b− ln a)2

[
at ln a · (xyI1)x + bt ln b · (xyI1)y

]
= −(ln b− ln a)2 [(x(xyI1)x ln a + y ln b(xyI1)y ln b)]

= −(ln b− ln a)2 (x(xyI1)x) (ln a− ln b)
= (ln b− ln a)3xy(xI1)x

= xy
(ln b− ln a)3

x− y
[(x− y)(xI1)x]

= −xy
(lnx− ln y)3

t3(x− y)
[(x− y)(xI1)x]

= −Ct−3J.

Remark 1. By Lemma 3, it is not difficult to get the following conclusions:
1) T (t) is strictly convex (concave) in t ∈ (−∞, 0)∪(0,+∞) if I1 < (>)0;
2) T ′(t) is strictly increasing (decreasing) in t ∈ (−∞, 0) ∪ (0,+∞) if

I1 < (>)0;
3) If J < (>)0, then T ′(t) is strictly convex (concave) in t ∈ (0,+∞),

and strictly concave (convex) in t ∈ (−∞, 0).
4) If J < (>)0, then T ′′(t) is strictly increasing (decreasing) in t ∈

(0,+∞), and strictly decreasing (increasing) in t ∈ (−∞, 0).

Lemma 4. The conditions of this Lemma are the same as Lemma 3, and
f(x, y) is symmetric with respect to x and y, then the following equations
hold:

T ′(t) + T ′(−t) = 2n lnG,(3.12)
T ′′(−t) = T ′′(t).(3.13)

T
′′′

(−t) = −T
′′′

(t).(3.14)

Proof. By direct calculations of the first, second and third derivative to
variable t in two sides of equation (1.17) respectively, the equations (3.12)-
(3.14) are derived immediately. The proof is completed.

Remark 2. If (1, 1) ∈ U , i.e. T ′(0) exists, then T ′(0) = n lnG; If (1, 1) /∈ U,
we define T ′(0) = lim

t→0
T ′(t) = n lnG. Thus the (3.12) can be written as

(3.15) T ′(t) + T ′(−t) = 2T ′(0).

4. Proofs of the main results

Applying the Lemmas 1-4, we can prove the theorems and corollary in
section 2.
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proof of Theorem 5.

lnH1f (p) = ln
f(ap+1, bp+1)

f(ap, bp)
= T (p + 1)− T (p)(4.1)

d lnH1f (p)
dp

= T ′(p + 1)− T ′(p)(4.2)

From Lemma 3, we see that T ′(t) is strictly increasing (decreasing) in t ∈
(−∞, 0) ∪ (0,+∞) if I1 < (>)0, so T ′(p + 1) − T ′(p) > (<)0 for p > 0 or
p < −1; For −1 < p < 0, we have

T ′(p + 1) > (<)T ′(0) > (<)T ′(p), i.e. T ′(p + 1)− T ′(p) > (<)0.

It shows that H1f (p) is strictly increasing (decreasing) in p ∈ (−∞, 0)∪(0.+
∞) if I < (>)0. it follows this theorem.

proof of Theorem 6. 1)By the process of proof of Theorem 5, we see that

(4.3)
d2 lnH1f (p)

dp2
= T ′′(p + 1)− T ′′(p).

Since T ′′′(t) = −CJ/t3, so T ′′(t) is strictly increasing in t ∈ (0,+∞) if
J < 0, strictly decreasing in t ∈ (−∞, 0). And then T ′′(p + 1)− T ′′(p) > 0
if p > 0, and T ′′(p + 1)− T ′′(p) < 0 if p < −1. In other words, lnH1f (p) is
convex on (0,+∞), concave on (−∞,−1).

For J = (x− y)(xI)x > 0, clearly, the above conclusion is reversed.
2) From part 1), the convexity of lnH1f (p) on (−∞,−1) or (0,+∞) has

been confirmed, and needs to verify on p ∈ (−1, 0) further.
By Lemma 4, there is T ′′(−p) = T ′′(p) if f(x, y) = f(y, x), so

(4.4)
d2 lnH1f (p)

dp2
= T ′′(p + 1)− T ′′(p) = T ′′(p + 1)− T ′′(−p).

If J = (x− y)(xI)x < 0, then T ′′(p + 1)−T ′′(−p) > 0 in p ∈ (−1
2 , 0), and

T ′′(p + 1) − T ′′(−p) < 0 in p ∈ (−1,−1
2). Namely, lnH1f (p) is convex on

(−1
2 , 0), concave on (−1,−1

2).
Combining 1) with 2), the proof is completed.

Proof of Theorem 7. Since H̄1f (p) =H1f (p)H1f (−p), so we have

ln H̄1f (p) = T (p + 1)− T (p) + T (−p + 1)− T (−p),(4.5)
d ln H̄1f (p)

dp
= T ′(p + 1)− T ′(p)− T ′(−p + 1) + T ′(−p).(4.6)

By Lemma 4, (4.6) can be written as
(4.7)
d ln H̄1f (p)

dp
=

{
T ′(p + 1) + T ′(p− 1)− 2T ′(p), p ∈ [1,+∞);
T ′(p + 1)− T ′(1− p)− 2[T ′(p)− T ′(0)], p ∈ (0, 1).

if J = (x− y)(xI)x < 0, then T ′′′(t) > (<)0 when t > (<)0, i.e. that T ′(t) is
strictly convex (concave) in t > (<)0. By the properties of convex (concave),
we easily get

(4.8)
T ′(p + 1) + T ′(p− 1)

2
> T ′(p) if p ∈ (1,+∞);
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While for p ∈ (0, 1), because

(4.9)
T ′(p + 1)− T ′(1− p)

(p + 1)− (1− p)
>

T ′(p)− T ′(1− p)
p− (1− p)

>
T ′(p)− T ′(0)

p− 0
,

so there is

(4.10) T ′(p + 1)− T ′(1− p) > 2[T ′(p)− T ′(0)].

It follows that whether p ∈ [1,+∞) or p ∈ (0, 1) there are always d ln H̄1f (p)
dp >

0, i.e. H̄1f (p) is strictly increasing in p ∈ (0,+∞) if J < 0.
As H̄1f (−p) =H1f (−p)H1f (p) = H̄1f (p), so H̄1f (p) is strictly decreasing

in p ∈ (−∞, 0) at the same time.
For J = (x−y)(xI)x > 0, we can prove the conclusion in the same way.

5. Some conclusions involving L, A and E

By Theorem 5-7, the monotonicity of H1f (p) depends on the sign of I1 =
(ln f)xy; While the log-convexity of H1f (p), the monotonicity of Hf (p, 1−p)
and H̄1f (p) depend on the sign of J = (x − y)(xI1)x. In this section, by
some straightforward computations, we will present some conclusions about
H1f (p),Hf (p, 1− p) and H̄1f (p), where f(x, y) = L(x, y), A(x, y), E(x, y).

Case 1. For f(x, y) = L(x, y) =
x− y

lnx− ln y
, where x, y > 0 with x 6= y,

there are

I1 = (ln f)xy =
1

(x− y)2
− 1

xy(lnx− ln y)2

=
1

xy(x− y)2
[G2(x, y)− L2(x, y),

J = (x− y)(xI1)x = (x− y)
[
− x + y

(x− y)3
+

2
xy(lnx− ln y)3

]
=

2
xy(x− y)2

[
L3(x, y)− x + y

2
(
√

xy)2
]

.

By the well-known inequalities L(x, y) > G(x, y) and L(x, y) >
(x+y

2

) 1
3
(√

xy
) 2

3 ,
we have I1 < 0, J > 0.

Case 2. For f(x, y) = A(x, y) =
x + y

2
, where x, y > 0 with x 6= y, there

are

I1 = (ln f)xy = − 1
(x + y)2

< 0,

J = (x− y)(xI1)x =
(x− y)2

(x + y)3
> 0.
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Case 3. For f(x, y) = E(x, y) = e−1

(
xx

yy

) 1
x−y

, where x, y > 0 with x 6= y,

there are

I1 = (ln f)xy =
1

(x− y)3
[2(x− y)− (x + y)(lnx− ln y)]

=
2(lnx− ln y)

(x− y)3

[
L(x, y)−x + y

2

]
J = (x− y)(xI1)x =

−3(x2 − y2) + (x2 + 4xy + y2)(lnx− ln y)
(x− y)2

= −6(lnx− ln y)
(x− y)3

 x2 − y2

lnx2 − ln y2
−

x2 + y2

2
+ 2xy

3

 .

By the well-known inequalities L(x, y) < x+y
2 and L(x, y) <

x+y
2 +2

√
xy

3 , we
have I1 < 0, J > 0.

Case 4. For f(x, y) = D(x, y) = |x − y|, where x, y > 0 with x 6= y, there
are

I1 = (ln f)xy =
1

(x− y)2
> 0

J = (x− y)(xI1)x = − x + y

(x− y)2
< 0

Notice that L(x, y), A(x, y), E(x, y) and D(x, y) are all symmetric with
respect to x and y, using Theorems 5-7 and Corollary 1, we get immediately
the following conclusions:

Conclusion 1. That H1L(a, b; p),H1A(a, b; p) and H1E(a, b; p) are strictly
increasing in p ∈ (−∞,+∞), respectively.

That H1D(a, b; p) is strictly decreasing in p ∈ (−∞, 0) ∪ (0,+∞).

Conclusion 2. That H1L(a, b; p),H1A(a, b; p) and H1E(a, b; p) are strictly
log-convex in p ∈ (−∞,−1

2), and strictly log-concave in p ∈ (−1
2 ,+∞),

respectively.
That H1D(a, b; p) is strictly log-concave in p ∈ (−∞,−1

2), and strictly
log-convex in p ∈ (−1

2 , 0) ∪ (0,+∞).

Conclusion 3. That H1L(p, 1 − p),H1A(p, 1 − p) and H1E(p, 1 − p) are
strictly increasing in p ∈ (−∞, 1

2), and strictly decreasing in p ∈ (1
2 ,+∞),

respectively.
That H1D(p, 1 − p) is strictly decreasing in p ∈ (−∞, 0) ∪ (0, 1

2), and
strictly increasing in p ∈ (1

2 ,+∞).

Conclusion 4. That H̄1L(a, b; p), H̄1A(a, b; p) and
H̄1E(a, b; p) are strictly increasing in p ∈ (−∞, 0), and strictly decreasing

in p ∈ (0,+∞), respectively.
That H̄1D(a, b; p) is strictly decreasing in p ∈ (−∞, 0), and strictly in-

creasing in p ∈ (0,+∞),
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Remark 3. The Conclusion 2 and 4 include Wing-Sum Cheung and Feng
Qi’s results.
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