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Abstract. In this paper, the log-convexity of two-parameter homoge-
neous functions and its corollaries in [4] are refined and extended. As
applications, some conclusions about L, A, E and D are also strength-
ened and generalized.

1. Introduction and Main Results

The conception of two-parameter homogeneous functions was established
by [3]:

Definition 1. Assume f : U(j R+×R+)→ R+ is a homogeneous function
for variable x and y, and is continuous and exist 1st partial derivative,
(a, b) ∈ R+ × R+ with a 6= b, (p, q) ∈ R× R. If (1, 1) /∈ U, then define that

Hf (a, b; p, q) =
[
f(ap, bp)
f(aq, bq)

] 1
p−q

(p 6= q, pq 6= 0),(1.1)

Hf (a, b; p, p) = lim
q→p
Hf (a, b; p, q) = G

1
p

f (ap, bp)(p = q 6= 0),(1.2)

where

(1.3) Gf (x, y) = exp
[
xfx(x, y) ln x + yfy(x, y) ln y

f(x, y)

]
,

fx(x, y) and fy(x, y) denote a partial derivative with respect to 1st and 2nd
variable of f(x, y) respectively.

If (1, 1) ∈ U, then define further

Hf (a, b; p, 0) =
[
f(ap, bp)
f(1, 1)

] 1
p

(p 6= 0, q = 0),(1.4)

Hf (a, b; 0, q) =
[
f(aq, bq)
f(1, 1)

] 1
q

(p = 0, q 6= 0),(1.5)

Hf (a, b; 0, 0) = lim
p→0
Hf (a, b; p, 0) = Gf,0(a, b)(p = q = 0).(1.6)
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In the case of not being confused, we set

Hf = Hf (p, q) = Hf (a, b; p, q),(1.7)

Gf,p = Gf,p(a, b) = G
1
p

f (ap, bp) = Hf (p, p).(1.8)

The author studied the log-convexity of Hf (a, b; p, q) in [4], and got the
following results:

Theorem 1. Let f(x, y) be a positive n-order homogenous function defined
on U(jR+ × R+), and be 3-time differentiable. If

(1.9) J = (x− y)(xI1)x < (>)0, where I1 = (ln f)xy,

then when p, q ∈ (0,+∞),Hf (p, q) is logarithmically convex (concave) strictly
for p or q respectively; while p, q ∈ (−∞, 0),Hf (p, q) is logarithmically con-
cave (convex) strictly for p or q respectively.

Corollary 1. The conditions are the same as in Theorem 1. If (1.9) holds
then Hf (p, 1− p) is strictly monotone decreasing (increasing) in p ∈ (0, 1

2),
strictly monotone increasing (decreasing) in p ∈ (1

2 , 1).

Corollary 2. The conditions are the same as in Theorem 1. If (1.9) holds,
then for p, q ∈ (0,+∞) with p 6= q, there is

(1.10) Gf, p+q
2

< (>)Hf (p, q) < (>)
√

Gf,pGf,q,

where Gf,p is defined by (1.8)
For p, q ∈ (−∞, 0) with p 6= q, the inequality (1.10) reverses.

The aim of this paper is to refine and generalize the above results, which
are stated as follows:

Theorem 2 (A Refinement of Theorem 1). The conditions are the same
as in Theorem 1. If (1.9) holds, then Hf (p, q) is strictly log-convex (log-
concave) with respect to either p or q on (0,+∞), and log-concave (log-
convex) on (−∞, 0).

Remark 1. This is an extension of Feng Qi’s result on the log-convexity of
extended mean values (see [2]).

Applying Theorem 1, Corollary 1 can be refined as:

Corollary 3 (An Extension of Corollary 1). The conditions are the same
as Theorem 1’s, and f(x, y) is symmetric with respect to x and y further.
If (1.9) holds, then Hf (p, 1 − p) is strictly decreasing (increasing) in p on
(−∞, 0) ∪ (0, 1

2), increasing (decreasing) on (1
2 , 1) ∪ (1,+∞).

Corollary 4 (An Extension of Corollary 2). The conditions are the same
as in Theorem 1, and U=R+ ×R+ and f(x, y) is symmetric with respect to
x and y further. If (1.9) holds, then (1.10) is also true for p + q > 0 with
p 6= q, (1.10) reverses for p + q < 0 with p 6= q.
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2. Properties and Lemmas

The following properties ofHf (p, q) are obvious by some easy calculations:
Property 1 Hf (a, b; p, q) are symmetric with respect to a, b and p, q, i.e.

Hf (a, b; p, q) = Hf (a, b; q, p),(2.1)
Hf (a, b; p, q) = Hf (b, a; p, q).(2.2)

Property 2 Let

(2.3) T (t) = ln f(at, bt).

Then

(2.4) T ′(t) =
atfx(at, bt) ln a + btfy(at, bt) ln b

f(at, bt)
= ln Gf,t(a, b),

where t 6= 0 if (1, 1) /∈ U, Gf,t(a, b) is defined by (1.8)
Property 3 If T ′(t) is continuous on [p, q], then

(2.5) lnHf (p, q) =
1

p− q

∫ p

q
T ′(t)dt =

1
p− q

∫ p

q
lnGf,tdt.

Property 4 Suppose f(x, y) is a n-order homogeneous function for variable
x and y,and f(x, y) = f(y, x) for all (x, y) ∈ U(⊆ R+×R+), then

f(a−t, b−t) = G−2ntf(at, bt),(2.6)
Hf (t,−t) = Gn,(2.7)

T (t)− T (−t) = 2nt lnG,(2.8)

where G =
√

ab.
The following Lemmas will be used in the proof of main results.

Lemma 1. Let f(x, y) be a positive n-order homogenous function defined
on U(j R+ × R+) and be 3-time differentiable. Then

T ′(t) = atfx(at,bt) ln a+btfy(at,bt) ln b
f(at,bt) = ln G

1
t
f (at, bt),(2.9)

T ′′(t) = −xyI1 ln2(b/a), I1 = (ln f)xy,(2.10)

T ′′′(t) = −Ct−3J, J = (x− y)(xI1)x, C =xy ln3(x/y)
x−y > 0,(2.11)

in which x = at, y = bt with t 6= 0.

Remark 2. By Lemma 1, it is no difficult to get the following conclusions:
1) T (t) is strictly convex (concave) in t ∈ (−∞, 0)∪(0,+∞) if I1 < (>)0;
2) T ′(t) is strictly increasing (decreasing) in t ∈ (−∞, 0) ∪ (0,+∞) if

I1 < (>)0;
3) If J < (>)0, then T ′(t) is strictly convex (concave) in t ∈ (0,+∞),

and strictly concave (convex) in t ∈ (−∞, 0);
4) If J < (>)0, then T ′′(t) is strictly increasing (decreasing) in t ∈

(0,+∞), and strictly decreasing (increasing) in t ∈ (−∞, 0).

The following Lemma will be used in proof of Corollary 1 and 2.
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Lemma 2. The conditions of this Lemma are the same as in Lemma 1, and
f(x, y) is symmetric with respect to x and y, then the following equations
hold:

T ′(t) + T ′(−t) = 2n lnG,(2.12)
T ′′(−t) = T ′′(t),(2.13)

T
′′′

(−t) = −T
′′′

(t),(2.14)

where t 6= 0, G =
√

ab.

Proof. By direct calculations of the first, second and third derivative to
variable t in two sides of equation (2.8) respectively, the equations (2.12)-
(2.14) are derived immediately. The proof is completed.

Remark 3. If (1, 1) ∈ U, i.e. T ′(0) exists, then T ′(0) = n lnG; If (1, 1) /∈ U,
we define T ′(0) = lim

t→0
T ′(t) = n lnG. Thus the (2.12) can be written as

(2.15) T ′(t) + T ′(−t) = 2T ′(0).

Corollary 4 is deduced from the following Lemma presented by Péter
Czinder and Zsolt Páles (see[1]).

Lemma 3. Let f : J → R be symmetric with respect to an element m ∈ J̄ ,
furthermore, suppose that f is convex over the interval J ∩ (−∞,m] and
concave over J ∩ [m,+∞). Then, for any interval [p, q] ⊂ J

(2.16) f(
p + q

2
) ≤ (≥)

1
p− q

∫ p

q
f(t)dt ≤ (≥)

f(p) + f(q)
2

holds if p+q
2 ≤ (≥)m.

In (2.16) the reversed inequalities are valid if f is concave over the interval
J ∩ [−∞,m) and convex over J ∩ [m,+∞).

3. Proofs of Main Results

Proof of 2. It is sufficient to prove the convexity for p of lnHf .

1) when p 6= q, lnHf =
T (p)− T (q)

p− q
,

∂ lnHf

∂p
=

(p− q)T ′(p)− T (p) + T (q)
(p− q)2

=
g(p, q)

(p− q)2
,(3.1)

∂g(p, q)
∂p

= (p− q)T”(p)(3.2)

∂2 lnHf

∂p2
=

(p− q)gp(p, q)− 2g(p, q)
(p− q)3

=
k(p, q)
(p− q)3

,(3.3)

∂k(p, q)
∂p

= (p− q)2T ′′′(p).(3.4)

Notice k(q, q) = 0. Obviously, if T ′′′(p) > 0, then∂2 lnHf

∂p2 = k(p,q)
(p−q)3

> 0,
i.e. lnHf is log-convexity in p; If T ′′′(p) < 0, then it is reversed.

From Lemma 1, when J = (x−y)(xI1)x < 0, if p ∈ (0,+∞),then T ′′′(p) =
−Cp−3J > 0. While p ∈ (−∞, 0), then T ′′′(p) = −Cp−3J < 0.
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In the same way, when J = (x − y)(xI1)x > 0, if p ∈ (0,+∞),then
T ′′′(p) = −Cp−3J < 0. While p ∈ (−∞, 0), then T ′′′(p) = −Cp−3J > 0.

2) when p = q. The proof was given by [4], of which details are omitted.
Combining 1) with 2), the proof is completed.

proof of Corollary 3. It is enough to prove in the case of J = (x−y)(xI1)x <
0. 1) By Corollary 1, Hf (p, 1− p) is strictly monotone decreasing (increas-
ing) in p ∈ (0, 1

2), strictly monotone increasing (decreasing) in p ∈ (1
2 , 1).

2) If p ∈ (1,+∞) and f(x, y) is symmetric with respect to x and y. Set

(3.5) α =
p2 − p1

p2 − p1 + 1
, β =

1
p2 − p1 + 1

with 1 < p1 < p2,

then α , β > 0, α + β = 1 and

αp2 + β(p1−1) = p2−1,(3.6)
α(p1 − 1) + βp2 = p1.(3.7)

By the log-convexity of Hf (p, q) in p on (0,+∞), we have

(3.8)

{
Hα

f (p2, 1− p2)Hβ
f (p1 − 1, 1− p2) > Hf (p2−1, 1− p2);

Hα
f (p1 − 1,−p1)Hβ

f (p2,−p1) > Hf (p1,−p1).

Since f(x, y) = f(y, x), it follows from (2.6) that

Hf (p1 − 1, 1− p2) =
[

f(p1−1)
f(1−p2)

] 1
p2+p1−2 = G

2n(p1−1)
p2+p1−2

[
f(1−p1)
f(1−p2)

] 1
p2+p1−2

,

Hf (p2−1, 1− p2) = Hf (p1,−p1) = Gn,

Hf (p1 − 1,−p1) = G2nH−1
f (p1, 1− p1),

Hf (p2,−p1) =
[

f(p2)
f(−p1)

] 1
p2+p1 = G

2np1
p2+p1

[
f(p2)
f(p1)

] 1
p2+p1 ,

and then (3.8) is equivalent to

(3.9)

 Hα
f (p2, 1− p2)G

2βn(p1−1)
p2+p1−2

[
f(1−p1)
f(1−p2)

] β
p2+p1−2

> Gn,

G2αnH−α
f (p1, 1− p1)G

2nβp1
p2+p1

[
f(p2)
f(p1)

] β
p2+p1 > Gn.

Taking the p2+p1−2
β -th, p2+p1

β -th power of the two sides in the the above two
inequalities, respectively, then
(3.10) Hα(p2+p1−2)

f (p2, 1− p2)G2βn(p1−1)
[

f(1−p1)
f(1−p2)

]β
> Gn(p2+p1−2),

G2αn(p2+p1)H−α(p2+p1)
f (p1, 1− p1)G2nβp1

[
f(p2)
f(p1)

]β
> Gn(p2+p1).

Let the left sides of two inequalities in (3.10) multiply each other and the
right sides do also. Then we have

(3.11) Hα(p2+p1−2)
f (p2, 1− p2)H−α(p2+p1)

f (p1, 1− p1)
[

f(1−p1)
f(1−p2)

f(p2)
f(p1)

]β

> G2n(p2+p1−1)G−2βn(2p1−1)−2αn(p2+p1),
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in which the left side equals to

Hα(p2+p1−2)
f (p2, 1− p2)H−α(p2+p1)

f (p1, 1− p1)
[

f(1−p1)
f(p1)

f(p2)
f(1−p2)

]β

= Hα(p2+p1−2)+β(2p2−1)
f (p2, 1− p2)H−α(p2+p1)+β(1−2p1)

f (p1, 1− p1)

= Hp2+p1−1
f (p2, 1− p2)H−(p2+p1−1)

f (p1, 1− p1),

the right side equals to 1, because

2n(p2 + p1 − 1)− 2βn(2p1 − 1)− 2αn(p2 + p1)

= 2n(p2 + p1 − 1)− 2n(2p1 − 1) + 2n(p2 + p1)(p2 − p1)
p2 − p1 + 1

= 2n[(p2 + p1 − 1)− (2p1 − 1) + (p2 + p1)(p2 − p1)
p2 − p1 + 1

= 2n

[
(p2 + p1 − 1)− p2

2 − (p2
1 − 2p1 + 1)

p2 − p1 + 1

]
= 0.

Consequently, there is

Hp2+p1−1
f (p2, 1− p2)H−(p2+p1−1)

f (p1, 1− p1) > 1

from (3.11), which is equivalent to

(3.12) Hf (p2, 1− p2) > Hf (p1, 1− p1)

for p2 + p1 − 1 > 0, i.e. Hf (p, 1− p) is strictly increasing in p on (1,+∞) if
f(x, y) is symmetric with respect to x and y.

If p ∈ (−∞, 0). Assume p1, p2 ∈(−∞, 0) with p1 < p2, then 1 − p2, 1 −
p1 ∈(1,+∞) with 1− p2 < 1− p1. It follows from (3.12) that

(3.13) Hf (1− p1, 1− (1− p1)) > Hf (1− p2, 1− (1− p2)),

i.e.

(3.14) Hf (1− p1, p1) > Hf (1− p2, p2).

By (2.2), inequality (3.12) is reversed, which shows that Hf (p, 1 − p) is
strictly decreasing in p on (−∞, 0).

Combining 1) with 2), the proof is completed.

proof of Corollary 4. It proves only in the case of J = (x− y)(xI1)x < 0.
Since f(x, y) is defined on R+ × R+ and is symmetric with respect to x

and y further, by (2.15), T ′(t) : R+ → R+ is symmetric with respect to 0; It
follows from (2.11) that T ′(t) is strictly convex in t on (0,+∞) and concave
on (−∞,0) if J = (x− y)(xI1)x < 0.

Using Lemma 3, that

(3.15) T ′(
p + q

2
) < (>)

1
p− q

∫ p

q
T ′(t)dt < (>)

T ′(p) + T ′(q)
2

holds if p+q
2 > (<)0 with p 6= q.

It follows from (2.5) that (1.10) is true.
The proof is completed.
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4. Refinements of Some Conclusion about L, A, E and D

Applying Theorem 2 and Corollary 3 and 4, the Conclusions about L,A,E
and D in [4] can be refined and extended by:

Conclusion 1. For f(x, y) = L(x, y), A(x, y) and E(x, y),
1) Hf (p, q) are strictly log-concave with respect to either p or q on (0,+∞),

and strictly log-convex on (−∞, 0).
2) Hf (p, 1 − p) are strictly increasing in p on (−∞, 1

2), and strictly de-
creasing on (1

2 ,+∞).
3) If p + q > 0, then

(4.1) Gf, p+q
2

> Hf (p, q) >
√

Gf,pGf,q.

Inequality (4.1) is reversed if p + q < 0.

Conclusion 2. 1) HD(p, q) is strictly log-convex with respect to either p or
q on (0,+∞), and strictly log-concave on (−∞, 0).

2) HD(p, 1−p) is strictly decreasing in p on (−∞, 0)∪ (0, 1
2), and strictly

increasing on (1
2 , 1) ∪ (1,+∞).

Using Conclusion 1, the (3.8), (3.9) and (3.10) in [4] can be extended by

G
2
3 A

1
3 <

√
Gh1 < G

2
5 M

1
5
1
3

M
2
5
2
3

< L < M
1
3
1
5

M
2
3
2
5

(4.2)

< h 1
2

< M 1
3

< h2
2
5

M−1
1
5

< E 1
2
,

where Mp = (
ap + bp

2
)

1
p , Ep = E

1
p (ap, bp), E(a, b) = e−1

(
bb

aa

) 1
b−a

,hp =[
ap + (

√
ab)

p
+ bp

3

] 1
p

.

G
2
3 M

2
3
2 A−

1
3 < G

1
2 M

3
4
3
2

M
− 1

4
1
2

< G
2
5 M

4
5
4
3

M
− 1

5
1
3

< A < M
4
3
4
5

M
− 1

3
1
5

(4.3)

< M
3
2
3
4

M
− 1

2
1
4

< M2
2
3

M−1
1
3

< M3
3
5

M−2
2
5

< Z 1
2
,

where Mp = (
ap + bp

2
)

1
p , Zp = Z

1
p (ap, bp), Z(a, b) = a

a
a+b b

b
a+b .

G
2
3 Z

1
3
1 < G

1
2 E

3
4
3
2

E
− 1

4
1
2

< G
2
5 Z

1
5
1
3

Z
2
5
2
3

< E < Z
1
3
1
5

Z
2
3
2
5

(4.4)

< E
3
2
3
4

E
− 1

2
1
4

< Z 1
3

< E3
3
5

E−2
2
5

< Y 1
2
,

where Zp = Z
1
p (ap, bp), Ep = E

1
p (ap, bp), Yp = Y

1
p (ap, bp), Y (a, b) = Ee1−G2

L2 .
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If replace a, b with a2, b2 in (4.2)-(4.4), then they may be rewritten into

E > h2
4
5

M−1
2
5

> M 2
3

> h > M
1
3
2
5

M
2
3
4
5

>

L2 > G
2
5 M

1
5
2
3

M
2
5
4
3

>
√

Gh2 > G
2
3 M

1
3
2 ,

(4.5)

Z > M3
6
5

M−2
4
5

> M2
4
3

M−1
2
3

> M
3
2
3
2

M
− 1

2
1
2

> M
4
3
8
5

M
− 1

3
2
5

>

M2 > G
2
5 M

4
5
8
3

M
− 1

5
2
3

> G
1
2 M

3
4
3 A−

1
4 > G

2
3 M

2
3
4 M

− 1
3

2 ,
(4.6)

Y > E3
6
5

E−2
4
5

> Z 2
3

> E
3
2
3
2

E
− 1

2
1
2

> Z
1
3
2
5

Z
2
3
4
5

>

E2 > G
2
5 Z

1
5
2
3

Z
2
5
4
3

> G
1
2 E

3
4
3 E

− 1
4

1 > G
2
3 Z

1
3
2 .

(4.7)

respectively, where Lp = L
1
p (ap, bp).

Form (4.7) it follows that

(4.8) Y > Z 2
3

> E2;

Likewise from (4.5), we also have

(4.9) E > M 2
3

> L2.

And then we can get a new inequalities chain:

(4.10) Y > Z 2
3

> E2 > M 4
3

> L4,

which precisely characterize the relations among means Y, Z, E, A and L,
and is very interesting.
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