ON REFINEMENTS AND EXTENSIONS OF
LOG-CONVEXITY FOR TWO-PARAMETER
HOMOGENEOUS FUNCTIONS

ZHEN-HANG YANG

ABSTRACT. In this paper, the log-convexity of two-parameter homoge-
neous functions and its corollaries in [4] are refined and extended. As
applications, some conclusions about L, A, E and D are also strength-
ened and generalized.

1. INTRODUCTION AND MAIN RESULTS

The conception of two-parameter homogeneous functions was established
by [3]:

Definition 1. Assume f: U(S R xR;) — Ry is a homogeneous function
for variable x and y, and is continuous and exist 1st partial derivative,

(a,b) € Ry x Ry with a #b, (p,q) € R xR. If (1,1) ¢ U, then define that

(1.1)  Hy(a,bsp,q) = [‘m} o (p # q,pq #0),
(12) Hylabipp) = ImHy(abip.a) = G (@) (p =4 #0),
where
. zfz(z,y)nz+yfy(z,y)Iny
(1.3) Gy(x,y) = exp [ ) ,

fa(z,y) and fy(x,y) denote a partial derivative with respect to 1st and 2nd
variable of f(x,y) respectively.
If (1,1) € U, then define further

(14)  Hp(a,bp.0) Hﬁfﬁﬂp@¢mq=m,
(1L5)  Hy(a,b:0.q) =[ﬁﬁj?r@=mq¢w

(1.6) Hf(a,b;0,0) = ;iir(l)Hf(a,b;p,O):nyo(a,b)(p:q:()).
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In the case of not being confused, we set

(1.7) Hy = Hyp.q) =Hys(a,bip,q),
1
(1.8) Grp = Gppla,b) =G (a”,b") =Hs(p,p).

The author studied the log-convexity of Hs(a,b;p,q) in [4], and got the
following results:

Theorem 1. Let f(x,y) be a positive n-order homogenous function defined
on U(ER; x Ry), and be 3-time differentiable. If

(1.9) J=(z—y)(xl), < (>)0, where I1 = (In f)gy,

then when p,q € (0,+00), Hf(p, q) is logarithmically convex (concave) strictly
for p or q respectively; while p,q € (—00,0), H¢(p, q) is logarithmically con-
cave (convex) strictly for p or q respectively.

Corollary 1. The conditions are the same as in Theorem . If (@ holds
then H¢(p,1 — p) is strictly monotone decreasing (increasing) in p € (0, 1),
strictly monotone increasing (decreasing) in p € (3,1).

Corollary 2. The conditions are the same as in Theorem . If holds,
then for p,q € (0,+00) with p # q, there is

(1.10) G ota < (>)Hp(p,q) < (3)V/CrpGra,

where Gy, is defined by
For p,q € (—00,0) with p # q, the inequality @ reverses.

The aim of this paper is to refine and generalize the above results, which
are stated as follows:

Theorem 2 (A Refinement of Theorem [1). The conditions are the same
as in Theorem . If holds, then Hy(p,q) is strictly log-convex (log-
concave) with respect to either p or q on (0,400), and log-concave (log-
convex) on (—o00,0).

Remark 1. This is an extension of Feng Qi’s result on the log-convezity of
extended mean values (see [2] ).

Applying Theorem [}, Corollary 1 can be refined as:

Corollary 3 (An Extension of Corollary . The conditions are the same
as Theorem ’s, and f(x,y) is symmetric with respect to x and y further.
If holds, then Hy(p,1 — p) is strictly decreasing (increasing) in p on
(—00,0) U (0, 3), increasing (decreasing) on (%,1) U (1,+o00).

Corollary 4 (An Extension of Corollary [2). The conditions are the same
as in Theorem |1, and U=R; x Ry and f(x,y) is symmetric with respect to
x and y further. If (@) holds, then is also true for p 4+ q > 0 with
p#q, reverses for p+ q < 0 with p # q.
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2. PROPERTIES AND LEMMAS

The following properties of H¢(p, q) are obvious by some easy calculations:
Property 1 Hy(a,b;p,q) are symmetric with respect to a,b and p,q, i.e.

(2.1) Hy(a,b;p,q) = Hyla,biq,p),
(2.2) Hy(a,b;p.q) = Hy(b,a;p,q).
Property 2 Let

(2.3) T(t) =In f(a', b").

Then

a' fz(at,b") Ina + b' fy(a’,b") Inb
f(at,bt)

where t # 0if (1,1) ¢ U, G¢(a,b) is defined by (1.8)

Property 3 If T'(t) is continuous on [p,q|, then

1 [P 1 [P
2.5 InH(p,q) = —— | T'(t)dt = —— | InGy.dt.
(2.5) s = = | Tt = o= | Gy

(2.4) T'(t) = =InGyy(a,b),

Property 4 Suppose f(x,y) is a n-order homogeneous function for variable
r and y,and f(z,y) = f(y,x) for all (z,y) € U(C R, xR, ), then

(2‘6) f(aitv bit) = G72ntf(at7 bt)v
(2.7) Myt —t) = G",

(2.8) T(t) —~T(—t) = 2ntlnG,
where G = Vab.

The following Lemmas will be used in the proof of main results.

Lemma 1. Let f(z,y) be a positive n-order homogenous function defined
on U(C Ry x Ry) and be 3-time differentiable. Then

! fo(a®,b") In a+bt £y (a?,b%) Inb i
(29)  7(t) = SEEEGEHHEER — nG (ol ),

(210)  T'(t) = —ayh n2(b/a), T = (In f)ay,

x 1'13"[}
(211)  T() = —Ct7), J=(z—y)(eh),, ="M,

in which x = a',y = b with t # 0.

Remark 2. By Lemmall], it is no difficult to get the following conclusions:
1) T(t) is strictly convex (concave) int € (—oo,0)U (0, +00) if 1 < (>)0;
2) T'(t) is strictly increasing (decreasing) in t € (—o00,0) U (0,400) if

6L < (>)0;

3) If J < (>)0, then T'(t) is strictly convex (concave) in t € (0,+00),
and strictly concave (convex) int € (—o0,0);
4) If J < (>)0, then T"(t) is strictly increasing (decreasing) in t €

(0,400), and strictly decreasing (increasing) in t € (—o0,0).

The following Lemma will be used in proof of Corollary 1 and 2.
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Lemma 2. The conditions of this Lemma are the same as in Lemmal[l], and
f(z,y) is symmetric with respect to x and y, then the following equations
hold:

(2.12) T't)+T(-t) = 2nlnG,
(2.13) T'(—t) = T'(t),
(2.14) T"(—t) = -T (%),

where t # 0,G = v ab.

Proof. By direct calculations of the first, second and third derivative to
variable ¢ in two sides of equation (2.8) respectively, the equations (2.12)-
(2.14) are derived immediately. The proof is completed. I

Remark 3. If (1,1) € U, i.e. T'(0) exists, then T'(0) = nlnG; If (1,1) ¢ U,
we define T'(0) = %inéT’(t) =nlnG. Thus the (2.12) can be written as

(2.15) T'(t) + T'(—t) = 277(0).

Corollary [ is deduced from the following Lemma presented by Péter
Czinder and Zsolt Péles (see[l]).

Lemma 3. Let f : J — R be symmetric with respect to an element m € j,
furthermore, suppose that f is convex over the interval J N (—oo,m| and
concave over J N [m,+00). Then, for any interval [p,q] C J

e i <) /q ’ poyar < (L2

holds if 2¥4 < (>)m
In the reversed inequalities are valid if f is concave over the interval
J N [—o0,m) and convex over J N [m,+00).

3. PROOFS OF MAIN RESULTS

Proof of [4 Tt is sufficient to prove the convexity for p of InHy.

1) when p # ¢, InH; = T(p])):Z(Q)’
(3.1) oMy _ (p=a)T'(p) =T +T(@) _ 9(p.9)

' 9p (p—q)? (p—q)?
(3:2) 89((91; D~ - )
(3.3) My (0= a)gpP.0) —29(p,0) _ kp.q)

. Op? (»—q) (»—q)%
(3.4) 8’“21; D~ (T (p).

2 n
Notice k(q,q) = 0. Obviously, if 7" (p) > 0, then? épQHf = (l;(f;]q))g > 0,

i.e. InHy is log-convexity in p; If 7" (p) < 0, then it is reversed.
From Lemmall] when J = (z—y)(z1), < 0, if p € (0, +00),then T"(p) =
—Cp~3J > 0. While p € (—00,0), then T"(p) = —Cp~3J < 0.
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In the same way, when J = (z — y)(zl1), > 0, if p € (0,+00),then
T"(p) = —Cp=3J < 0. While p € (—o0,0), then T"(p) = —Cp~3J > 0.

2) when p = g. The proof was given by [4], of which details are omitted.

Combining 1) with 2), the proof is completed. 1

proof of Corollary[3 It is enough to prove in the case of J = (x—y)(z]1), <
0. 1) By Corollaryl, Hy(p,1—p) is strictly monotone decreasing (mcreas—
ing) in p € (0, §), strictly monotone increasing (decreasing) in p € (3,1).

2) If pe(l, +oo) and f(z,y) is symmetric with respect to x and y. Set

P2 —P1 .
3.5 = , 0= with 1 < p; < pa9,
(3.5) RS PRS— p1<p2
then a ,8 >0, a+ 8 =1 and
(3.6) aps + B(p1—1) = p2—1,
(3.7) alpr —1)+Bp2 = p1.
By the log-convexity of H(p,q) in p on (0, +00), we have
(3.8) HG (p2, 1 — p2)H(p1 — 1,1 —p2) > Hy(pa—1,1 — pa);
H3(pr — 1, —p)H ] (p2, —p1) > Hy(p1, —p1).
Since f(x,y) = f(y, ), it follows from ({2.6|) that
H 1.1 _ | f;m=1) P2+11’1*2 _ Ginfplilz) f(1—p1) P2+119172
fpr=11-ps) = [f(l—pz)} =G [f(l—m)} ’
Hi(pe—1,1—p2) = Hs(p1,—p1) =G",
Hi(pr—1,-p1) = G*™H;'(p1,1-p),
anl 1
Mot o) = [  = 6 (]

and then (3.8]) is equivalent to

2Bn(p;—1) L

_B
G2cm’H]7 (p1,1 —pl)Gp2+p1 [%} R on

(3.9)

Taking the p2+§1_2—th, pQ;gpl -th power of the two sides in the the above two

inequalities, respectively, then
(3.10)

_ _ B
H?(pﬁm 2)(p2, 1 _pQ)Gwn(pl—l) [}”g_gﬂ > Gn(p2+p1—2)’

. 8
G2an(pz+p1)Hf P24P1) () 1 — py) G2 Hgi” > Gnp2+p1),

Let the left sides of two inequalities in (3.10) multiply each other and the
right sides do also. Then we have

a(p2+p1—2) Jalptpy) s fon)]”
Hf p2Tp1 (p271_p2)7‘{f P (plvl pl) |:f§1 23 fggfg}

(3.11)
> G2n(pap1—1) G=2Bn(2m—1)~2an(pa-+p1)
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in which the left side equals to

a — —a — B
Hf(p2+p1 2) (p2, 1 — pz)Hf (p2+p1)(p1, 1—p1) f(fl(pf)l) f{1(§2p)2)j|

H?(pﬁpr?)Jrﬂ(?prl)(pQ? 1— 1)2)7_£j7a(pz+101)+ﬁ(172;01)(]D17 1—p1)
HEP " (pa, 1 — p2)H;(p2+p1_l)(p1, 1—p1),
the right side equals to 1, because
2n(p2 +p1 — 1) —26n(2p1 — 1) — 2an(p2 + p1)
2n(2p1 — 1) + 2n(p2 + p1)(p2 — p1)

= 2n(pa+p1—1)—

p2—p1+1
(2p1 — 1) + (p2 + p1) (P2 — p1)
= 2n[(p2+p1—1)—
( ) p2—p1+1
2 2
p3 — (p1 —2p1 +1)
= 2n +p1—1)—
@241 =1) p2—p1+1

= 0.
Consequently, there is
_ - -1
H?QJFPI 1(])27 1— pQ)Hf (p2+p1 )(p1, 1— Pl) >1
from (3.11f), which is equivalent to

(3.12) Hy(p2,1 —p2) > Hy(p1,1 —p1)

for po +p1 —1 >0, i.e. Hy(p,1—p) is strictly increasing in p on (1, 4o00) if
f(z,y) is symmetric with respect to x and y.

If p € (—00,0). Assume p1,py €(—00,0) with p; < po, then 1 — py, 1 —
p1 €(1,400) with 1 — ps < 1 —p;. Tt follows from that

(3.13) Hp(l—p1,1— (1 —p1)) > Hp(1—pa, 1 — (1 —pa)),
(3.14) Hyp(1—p1,p1) > Hy(1 — p2,p2).

By (2.2)), inequality (3.12) is reversed, which shows that H(p,1 — p) is
strictly decreasing in p on (—o0,0).
Combining 1) with 2), the proof is completed. &

proof of Corollary[4 It proves only in the case of J = (z — y)(xl1), < 0.

Since f(x,y) is defined on Ry x Ry and is symmetric with respect to x
and y further, by , T'(t) : Ry — Ry is symmetric with respect to 0; It
follows from that 7"(t) is strictly convex in ¢ on (0,400) and concave
on (—00,0) if J = (z —y)(zl1), < 0.

Using Lemma [3], that

! !
(3.15) (s P /p T()at < () L@ T
2 P—qJ, 2
holds if 22 > (<)0 with p # q.
It follows from that is true.

The proof is completed. 1
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4. REFINEMENTS OF SOME CONCLUSION ABOUT L, A, E AND D

Applying Theorem 2] and Corollary [3land [, the Conclusions about L, A,
and D in [4] can be refined and extended by:

Conclusion 1. For f(x,y) = L(z,y), A(x,y) and E(z,y),

1) H¢(p, q) are strictly log-concave with respect to either p or g on (0,400),
and strictly log-conver on (—o0,0).

2) Hy(p,1 —p) are strictly increasing in p on (—oo ,2) and strictly de-
creasing on (%, +00).

3) Ifp+q >0, then

(4.1) G o > Hy(p,q) > /CryCrg

Inequality is reversed if p+ q < 0.

Conclusion 2. 1) Hp(p,q) is strictly log-convex with respect to either p or
q on (0,400), and strictly log-concave on (—0o0,0).

2) Hp(p,1—p) is strictly decreasing in p on (—o0,0)U(0, 3), and strictly
increasing on (3,1) U (1, +00).

Using Conclusion [1} the (3.8), (3.9) and (3.10) in [4] can be extended by
2 1 2 1 2 12
(4.2) G3A3 < \Ghi <G5MMj <L<M?M3
3 3 5 5

< hi<Mi<hiM;{!'<E:,
2 3 5 5 2

p 1
Y B, = Eb W), E@b) = ¢! (Z)7 by =

2 3 _1 4 1 1
(4.3) GiMPA™3 < G%M§M14<G%M5Ml5<A<M3M 3
2 2

1
3 3 5

P bP 1 1 _a___b_
where M, = (2 ; Vo, Zy = Z7(aP, W), Z(a,b) = antibats,
2 1 13 _1 2 1 2 1 2
(4.4) G3Z} < G2E}E,*<G3Z3Z; <E<Z}Z3
2 2 3 3 5 5
3 _1
< E?E,2<Zi <E3E;?<Y.,
4 2 3 5 5 2

1-¢2

where Z, = Z7 (a?, ), E, = E¥ (a?,bP), Y, = Y7 (a?, ), Y (a,b) = Ee"~ i
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If replace a, b with a?,b? in (4.2))-(4.4)), then they may be rewritten into

12
E>h§M§1>M§>h>M§M§>
5 5 5

(4.5) b, P12 , 01
Ly >GsM3M§; > +/Ghy > G3 M,
3 3
3 _1 4 _1
Z>MiM?>MIM; ' > M3 M, ® > M3M, * >
(4_6) 5 25 4 73 3 ) §2 12 ) 5g ELl
My>G5MFM,® >GzMFA™T > G5 MFM, *,
’ ’ 3 _1 1 2
Y >EYE;2> 7, >E}E, 2> 737 >
(4.7) 5% o 252, 55,
Ey>G5Z3725 >G2E{E, * > G325

respectively, where L, = L%(ap ,bP).
Form (4.7) it follows that

(4.8) Y'> 7y > By
Likewise from (4.5)), we also have
(4.9) E > M§ > L.

And then we can get a new inequalities chain:
(4.10) Y > Z2 > FEy > Ma > Ly,
3 3

which precisely characterize the relations among means Y, Z, E, A and L,
and is very interesting.
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