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Abstract. In this paper, a definition of the weighted Heron mean of several positive numbers is given, its

monotonicity is proved, and an identity relating to the same mean is obtained.

1. Introduction

For positive numbers a0, a1, let

L = L(a0, a1) =


a0 − a1

ln a0 − ln a1
, a0 6= a1;

a0, a0 = a1;
(1.1)

H = H(a0, a1) =
a0 +

√
a0a1 + a1

3
.(1.2)

These are respectively called the logarithmic and Heron means (see [1]).
In 2004, Zhang and Wu [2] gave the generalization of Heron mean and its dual form in two variables

respectively as follows

(1.3) H(a0, a1; k) =
1

k + 1

k∑
i=0

a
k−i

k
0 a

i
k
1 ,

and

(1.4) h(a0, a1; k) =
1
k

k∑
i=1

a
k+1−i

k+1
0 a

i
k+1
1 ,

where k is a natural number. Authors proved that H(a0, a1; k) is a monotone decreasing function and
h(a0, a1; k) is a monotone increasing function with k, and

lim
k→+∞

H(a0, a1; k) = lim
k→+∞

h(a0, a1; k) = L(a0, a1).

Let a = (a0, a1, · · · , an) and r be a nonnegative integer, where ai for 0 ≤ i ≤ n are nonnegative real
numbers. Then

(1.5) H [r]
n = H [r]

n (a) =
1(

n+r
r

) ∑
i0+i1+···+in=r,

i0,i1,··· ,in≥0 are integers

n∏
k=0

a
ik/r
k

is called the generalized Heron mean of a.
In 2003, Xiao and Zhang [3] obtained that for any nonnegative integers r, s with s > r, then

(1.6) H [r]
n (a) > H [s]

n (a),

with the equality if and only if a0 = a1 = · · · = an, and

lim
r→∞

H [r]
n (a) = L(a) =

n!V (ln a; 1, 0)
V (ln a; 0, n)

,(1.7)
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where L(a) is called the logarithmic mean in n variables, and ln a = (ln a0, ln a1, . . . , ln an), ai 6= aj for i 6= j,

(1.8) V (ln a; r, k) =

∣∣∣∣∣∣∣∣
1 ln a0 ln2 a0 · · · lnn−1 a0 ar

0 lnk a0

1 ln a1 ln2 a1 · · · lnn−1 a1 ar
1 lnk a1

· · · · · · · · · · · · · · · · · ·
1 ln an ln2 an · · · lnn−1 an ar

n lnk an

∣∣∣∣∣∣∣∣ .
In this paper, a definition of the weighted Heron mean of several positive numbers is given, its monotonicity

is proved, and an identity relating to it is obtained.

2. Main Results

Definition 2.1. Let a = (a0, a1, · · · , an), λ = (λ0, λ1, · · · , λn) with ai > 0 and λi > 0 for 0 ≤ i ≤ n, and r
be a nonnegative integer. Then

(2.1) H [r]
n (a, λ) =

1(
n+r+1

r

)∑n
i=0 λi

∑
i0+i1+···+in=r,

i0,i1,··· ,in≥0 are integers

(
n∑

k=0

(1 + ik)λk

)
n∏

k=0

a
ik/r
k

is called the weighted Heron mean of a for λ.

Now, we give some theorems relating to the weighted Heron mean H
[r]
n (a), the proof of Theorem 2.1 is

left to next section.

Theorem 2.1. If r ∈ N, then

(2.2) H [r]
n (a, λ) =

∫
E

(
∑n

i=0 λixi)(
∑n

i=0 a
1/r
i xi)rdx∫

E
(
∑n

i=0 λixi)dx

where x0 = 1−
∑

n
i=1xi, and dx = dx1dx2 · · · dxn denotes the differential of the volume in E :

(2.3) E =

{
(x1, x2, · · · , xn) :

n∑
i=1

xi 6 1, xi > 0, i = 1, 2, · · · , n

}
.

Theorem 2.2. If r ∈ N, then H
[r]
n (a, λ) is a monotone decreasing function with r, that is

(2.4) H [r]
n (a, λ) 6 H [r+1]

n (a, λ),

with equality holding if and only if a0 = a1 = · · · = an.

Proof. From well-known power mean inequality, we have that

(2.5) Mr(a, x) =


(∑n

k=0 ar
kxk∑n

k=0 xk

) 1
r

, r 6= 0;
n∏

k=0

a
xk/

∑n
k=0 xk

k , r = 0;

is a monotone increasing function with r, or M 1
r
(a, x) is a monotone decreasing function with r.

Combining expression (2.2) and (2.5), we immediately obtain that H
[r]
n (a, λ) is a monotone decreasing

function with r ∈ N. The proof of Theorem 2.2 is completed. �

Theorem 2.3. If r ∈ N, then

(2.6) lim
r→∞

H [r]
n (a, λ) =

∫
E

(
∑n

i=0 λixi)(
∏n

i=0 axi
i )dx∫

E
(
∑n

i=0 λixi)dx
,

where x0, dx and E denote as Theorem 2.1.

Proof. This follows from (2.5), Theorem 2.1 and standard arguments. �
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3. The Proof of Theorem 2.1

Throughout this section we assume R is a set of real numbers, and R+ is a set of strictly positive real
numbers. Let a = (a0, a1, · · · , an) ∈ Rn+1

+ , ai 6= aj for i 6= j, and ϕ be a function in R, taking

(3.1) V (a;ϕ) =

∣∣∣∣∣∣∣∣
1 a0 a2

0 · · · an−1
0 ϕ(a0)

1 a1 a2
1 · · · an−1

1 ϕ(a1)
· · · · · · · · · · · · · · · · · ·
1 an a2

n · · · an−1
n ϕ(an)

∣∣∣∣∣∣∣∣ .
Let ϕ(x) = xn+r lnk x, then we have

(3.2) V (a; r, k) =

∣∣∣∣∣∣∣∣
1 a0 a2

0 · · · an−1
0 an+r

0 lnk a0

1 a1 a2
1 · · · an−1

1 an+r
1 lnk a1

· · · · · · · · · · · · · · · · · ·
1 an a2

n · · · an−1
n an+r

n lnk an

∣∣∣∣∣∣∣∣ .
Note the case r = 0 and k = 0 is just the determinant of Van der Monde’s matrix of order n + 1:

(3.3) V (a; 0,0) =
n∑

i=0

(−1)n+ian
i Vi(a) =

∏
0≤i<j≤n

(aj − ai),

where

(3.4) Vi(a) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a0 a2
0 · · · an−1

0

1 a1 a2
1 · · · an−1

1

· · · · · · · · · · · · · · ·
1 ai−1 a2

i−1 · · · an−1
i−1

1 ai+1 a2
i+1 · · · an−1

i+1

· · · · · · · · · · · · · · ·
1 an a2

n · · · an−1
n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (0 ≤ i ≤ n).

Also let 0 6 i 6 n, we set

(3.5) V (a, i;ϕ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a0 a2
0 · · · an−1

0 ϕ(a0)
1 a1 a2

1 · · · an−1
1 ϕ(a1)

· · · · · · · · · · · · · · · · · ·
1 ai a2

i · · · an−1
i ϕ(ai)

0 1 2ai · · · (n− 1)an−2
i ϕ′(ai)

1 ai+1 a2
i+1 · · · an−1

i+1 ϕ(ai+1)
· · · · · · · · · · · · · · · · · ·
1 an a2

n · · · an−1
n ϕ(an)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

and for ϕ(x) = xn+r+1 in (3.5), we have

(3.6) V (a, i; r) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a0 a2
0 · · · an

0 an+r+1
0

1 a1 a2
1 · · · an

1 an+r+1
1

· · · · · · · · · · · · · · · · · ·
1 ai a2

i · · · an
i an+r+1

i

0 1 2ai · · · nan−1
i (n + r + 1)an+r

i

1 ai+1 a2
i+1 · · · an

i+1 an+r+1
i+1

· · · · · · · · · · · · · · · · · ·
1 an a2

n · · · an
n an+r+1

n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
for i 6 i 6 n, and

(3.7) V (a, i; 0) = (−1)i+1V (a; 0, 0)
n∏

j=0,j 6=i

(aj − ai) = (−1)i+1V 2(a; 0, 0)/Vi(a).
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Lemma 3.1. If n ∈ N , ϕ be a (n + 1)-orders differentiable function on interval I ⊂ R+, then we have

(3.8) V (a;ϕ) = V (a; 0, 0)
∫

E

ϕ(n)(A(a, x))dx,

and
n∑

i=0

(−1)i+1λiV (a, i;ϕ)Vi(a) = V 2(a; 0, 0)
∫

E

A(λ, x)ϕ(n+1)(A(a, x))dx,(3.9)

where dx, E denote as Theorem 2.1, and ai,∈ I, A(a, x) = a0 +
∑

n
i=1(ai − a0)xi =

∑
n
i=0aixi, x0 =

1−
∑

n
i=1xi.

Proof. Expression (3.8) is obtained in [4] and [5].
We prove expression (3.9). It is easy to know that

V (a, i; r)(3.10)

=
i−1∑
k=0

(−1)n+k+iϕ(ak) · Vk(a)
n∏

j=0,j 6=i,k

(aj − ai)

+ ϕ(ai) ·

i−1∑
k=0

(−1)n+k+i+1Vk(a)
n∏

j=0,j 6=i,k

(aj − ai) +
n∑

k=i+1

(−1)n+k+iVk(a)
n∏

j=0,j 6=i,k

(aj − ai)


+

n∑
k=i+1

(−1)n+k+i+1ϕ(ak) · Vk(a)
n∏

j=0,j 6=i,k

(aj − ai) + (−1)n+iϕ′(ai) · V (a; 0, 0).

Let A0 =
∫

E
(1−

∑
n
k=1xk) ϕ(n+1)(A(a, x))dx, Ai =

∫
E

xiϕ
(n)(A(a, x))dx (1 6 i 6 n), then

∫
E

A(λ, x)ϕ(n+1)(A(a, x))dx =
∫

E

(
n∑

i=0

λixi

)
ϕ(n+1)(A(a, x))dx

(3.11)

= λ0

∫
E

(
1−

n∑
k=1

xk

)
ϕ(n+1)(A(a, x))dx +

n∑
i=1

λi

∫
E

xiϕ
(n+1)(A(a, x))dx

= λ0A0 +
n∑

i=1

λiAi.

If x0 = 1−
∑n

i=1 xi, then xn = 1−
∑n−1

i=0 xi, and we have

E =

{
(x1, x2, · · · , xn) :

n∑
i=1

xi 6 1, xi > 0, i = 1, 2, · · · , n

}
,

F =

{
(x0, x1, · · · , xn−1) :

n−1∑
i=0

xi 6 1, xi > 0, i = 0, 1, · · · , n− 1

}
,

ϕ(n+1)(A(a, x)) = ϕ(n+1)

(
a0 +

n∑
i=1

(ai − a0)xi

)
= ϕ(n+1)

(
an +

n−1∑
i=0

(ai − an)xi

)
.

Therefore

A0 =
∫

E

(
1−

n∑
k=1

xk

)
ϕ(n+1)(A(a, x))dx =

∫
F

x0ϕ
(n+1)(A(a, x))dx∗,

where dx∗ = dx0dx1 · · · dxn−1, that is still the form of Ai =
∫

E
xiϕ

(n+1)(x)dx for 1 6 i 6 n.
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Let āi = (a0, · · · , ai−1, ai+1, · · · , an), then

V (a, i; 0) = (−1)i+1V (a; 0, 0)
n∏

j=0,j 6=i

(aj − ai)(3.12)

= V (āi; 0, 0)
n∏

j=0,j 6=i

(aj − ai)2Vk(a)

=


(−1)iVk(āi)

n∏
j=0,j 6=i,k

(aj − ai), (0 6 k < i),

(−1)i+1Vk−1(āi)
n∏

j=0,j 6=i,k

(aj − ai), (i < k 6 n);

(3.13)
n∑

k=0,k 6=i

(−1)n+kVk(a) = (−1)n+i−1Vi(a).

From expression (3.8), we obtain

V (ā; 0, 0)
∫ 1−xi

0

∫ 1−xi−x1

0

· · ·
∫ 1−

∑n−1
i=1 xi

0

ϕ(n+1)(A(a, x))dx1dx2 · · · dxn(3.14)

=
i−1∑
k=0

(−1)n+kVk(āk)ϕ′′(ak + (ai − ak)xi) +
n∑

k=i+1

(−1)n+k−1Vk−1(āk)ϕ′′(ak + (ai − ak)xi),

and

(3.15) (ak − ai)2
∫ 1

0

xiϕ
′′(ak + (ai − ak)xi)dxi = ϕ(ak)− ϕ(ai)− (ak − ai)ϕ′(ai).

Hence

V (a, i; 0)Ai

= (−1)i+1V (a; 0, 0)
n∏

j=0,j 6=i

(aj − ai)
∫

E

xiϕ
(n+1)(A(a, x))dx

= V (āi; 0, 0)
n∏

j=0,j 6=i

(aj − ai)2
∫ 1

0

∫ 1−x1

0

∫ 1−
∑n−1

i=1 xi

0

xiϕ
(n+1)(A(a, x))dx1dx2 · · · dxn

=
n∏

j=0,j 6=i

(aj − ai)2
∫ 1

0

xi

[
V (āi; 0, 0)

∫ 1−xi

0

∫ 1−xi−x1

0

· · ·
∫ 1−

∑n−1
i=1 xi

0

ϕ(n+1)(A(a, x))dx1 · · · dxn

]
dxi

=
i−1∑
k=0

(−1)n+kVk(āi)
n∏

j=0,j 6=i,k

(aj − ai)2[ϕ(ak)− ϕ(ai)− (ak − ai)ϕ′(ai)]

+
n∑

k=i+1

(−1)n+k−1Vk−1(āi)
n∏

j=0,j 6=i,k

(aj − ai)2[ϕ(ak)− ϕ(ai)− (ak − ai)ϕ′(ai)]

=
i−1∑
k=1

(−1)n+k+iϕ(ak) · Vk(a)
n∏

j=0,j 6=i,k

(aj − ai) + ϕ(ai) ·

i−1∑
k=0

(−1)n+k+i+1Vk(a)
n∏

j=0,j 6=i,k

(aj − ai)

+
n∑

k=i+1

(−1)n+k+iVk(a)
n∏

j=0,j 6=i,k

(aj − ai)

+
n∑

k=i+1

(−1)n+k+i+1ϕ(ak) · Vk(a)
n∏

j=0,j 6=i,k

(aj − ai)

+ (−1)n+iV (a; 0, 0) · ϕ′(ai)

= V (a, i;ϕ),
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i.e.

(3.16) Ai =
∫

E

xiϕ
(n+1)(A(a, x))dx =

V (a, i;ϕ)
V (a, i; 0)

= (−1)i+1 V (a, i;ϕ) · Vi(a)
V 2(a; 0, 0)

.

Combining (3.11) and (3.16), we find expression (3.9). The proof of Lemma 3.1 is completed. �

Lemma 3.2. Let r be an integer, then

(3.17) V (a; r, 0) =



V (a; 0, 0) ·
∑

i0+i1+···+in=r,
i0,i1,··· ,in≥0 are integers

n∏
k=0

aik

k , r > 0;

0, r = −1,−2, · · · ,−n;

(−1)nV (a; 0, 0) ·
∑

i0+i1+···+in=−r,
i0,i1,··· ,in≥1 are integers

n∏
k=0

a−ik

k , r < −n.

Proof. Taking Vn(a; r, 0) := V (a; r, 0). Obviously, if r = −1,−2, · · · ,−n, then Vn(a; r, 0) = V (a; r, 0) = 0.
For n ∈ N, r > 0, It will be verified by mathematical induction. It is clear that identity (3.17) holds

trivially for n = 1 and r > 0, since

V2(a; r, 0) = ar+1
1 − ar+1

0

= (a1 − a0)
(
ar
1 + ar−1

1 a0 + · · ·+ ar
0

)
= (a1 − a0)

∑
i0+i1=r,

i0,i1≥0 are integers

ai0
0 ai1

1 .

Suppose identity (3.17) is true for n− 1 and integers t > 0. That is

(3.18) Vn−1(a; t, 0) = Vn−1(a; 0, 0) ·
∑

i0+i1+···+in−1=t,
i0,i1,··· ,in−1≥0 are integers

n−1∏
k=0

aik

k .

By (3.2), from (3.18), we have

Vn(a; r, 0) =

∣∣∣∣∣∣∣∣∣∣
1 a0 − an a2

0 − a0an · · · an−1
0 − an−2

0 an an+r
0 − an−1

0 ar+1
n

1 a1 − an a2
1 − a1an · · · an−1

1 − an−2
1 an an+r

1 − an−1
1 ar+1

n

· · · · · · · · · · · · · · · · · ·
1 an−1 − an a2

n−1 − an−1an · · · an−1
n−1 − an−2

n−1an an+r
n−1 − an−1

n−1a
r+1
n

1 0 0 · · · 0 0

∣∣∣∣∣∣∣∣∣∣
= (−1)n+2

∣∣∣∣∣∣∣∣
a0 − an a2

0 − a0an · · · an−1
0 − an−2

0 an an+r
0 − an−1

0 ar+1
n

a1 − an a2
1 − a1an · · · an−1

1 − an−2
1 an an+r

1 − an−1
1 ar+1

n

· · · · · · · · · · · · · · ·
an−1 − an a2

n−1 − an−1an · · · an−1
n−1 − an−2

n−1an an+r
n−1 − an−1

n−1a
r+1
n

∣∣∣∣∣∣∣∣
=

n−1∏
i=0

(an − ai)

∣∣∣∣∣∣∣∣
1 a0 a2

0 · · · an−1
0

∑
t+in=r an−1+t

0 ain
n

1 a1 a2
1 · · · an−1

1

∑
t+in=r an−1+t

1 ain
n

· · · · · · · · · · · · · · · · · ·
1 an−1 a2

n−1 · · · an−1
n−1

∑
t+in=r an−1+t

n−1 ain
n

∣∣∣∣∣∣∣∣
=

n−1∏
i=0

(an − ai)
∑

t+in=r

ain
n

∣∣∣∣∣∣∣∣
1 a0 a2

0 · · · an−1
0 an−1+t

0

1 a1 a2
1 · · · an−1

1 an−1+t
1

· · · · · · · · · · · · · · · · · ·
1 an−1 a2

n−1 · · · an−1
n−1 an−1+t

n−1

∣∣∣∣∣∣∣∣
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=
n−1∏
i=0

(an − ai)
∑

t+in=r

ain
n Vn−1(a; t, 0)

=
n−1∏
i=0

(an − ai) · Vn−1(a; 0, 0)
∑

t+in=r

ain
n

∑
i0+i1+···+in−1=t,

i0,i1,··· ,in−1≥0 are integers

n−1∏
k=0

aik

k

= V (a; 0, 0) ·
∑

i0+i1+···+in=r,
i0,i1,··· ,in≥0 are integers

n∏
k=0

aik

k .

This shows that (3.17) holds for n and integers r > 0.
By (3.3), we get

V (a−1; 0, 0) =
n∑

i=0

(−1)n+ia−n
i Vi(a−1)(3.19)

=
∏

0≤i<j≤n

(a−1
j − a−1

i )

=
∏

0≤i≤n

a−n
i

∏
0≤i<j≤n

(ai − aj)

= (−1)n(n+1)/2
∏

0≤i≤n

a−n
i · V (a; 0, 0),

where a−1 = (a−1
0 , a−1

1 , ·, a−1
n ).

If r < −n, then −(n + r) > 0. From (3.2), (3.19) and proving result above, we find

V a; r, 0) =
∏

06i6n

an−1
i

∣∣∣∣∣∣∣∣∣
a
−(n−1)
0 a

−(n−1)
0 · · · 1 ar+1

0

a
−(n−1)
1 a

−(n−2)
1 · · · 1 ar+1

1

· · · · · · · · · · · · · · ·
a
−(n−1)
n−1 a

−(n−2)
n−1 · · · 1 ar+1

n−1

∣∣∣∣∣∣∣∣∣
= (−1)n(n−1)/2

∏
06i6n

an−1
i

∣∣∣∣∣∣∣∣∣
1 a−1

0 · · · a
−(n−1)
0 a

−[n−(n+r+1)]
0

1 a−1
1 · · · a

−(n−1)
1 a

−[n−(n+r+1)]
1

· · · · · · · · · · · · · · ·
1 a−1

n−1 · · · a
−(n−1)
n−1 a

−[n−(n+r+1)]
n−1

∣∣∣∣∣∣∣∣∣
= (−1)n(n−1)/2

∏
06i6n

an−1
i · V (a−1; 0, 0) ·

∑
i0+i1+···+in=−(n+r+1),
i0,i1,··· ,in≥0 are integers

n∏
k=0

a−ik

k

= (−1)n
∏

06i6n

a−1
i · V (a; 0, 0) ·

∑
i0+i1+···+in=−(n+r+1),
i0,i1,··· ,in≥0 are integers

n∏
k=0

a−ik

k

= (−1)nV (a; 0, 0) ·
∑

i0+i1+···+in=−r,
i0,i1,··· ,in≥1 are integers

n∏
k=0

a−ik

k .

The proof of Lemma 3.2 is completed. �

Lemma 3.3. Let r be a nonnegative integer, then

(3.20) V 2(a; 0, 0)E[r]
n (a, λ) =

n∑
k=0

(−1)k+1λkV (a, k; r)Vk(a),
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where

(3.21) E[r]
n (a, λ) =

∑
i0+i1+···+in=r,

i0,i1,··· ,in≥0 are integers

(
n∑

k=0

(1 + ik)λk

)
n∏

k=0

aik

k .

Proof. Setting a function

(3.22) E[r]
n (a, λ) =

n∑
k=0

λkBk(a).

Let λk = 1, λi = 0 (0 6 i 6 n, i 6= k) in (3.22), from Lemma 3.2 and (3.3), we have

Bk =
∑

i0+i1+···+in=r,
i0,i1,··· ,in≥0 are integers

(1 + ik)
n∏

k=0

aik

k

=
r∑

j=0

(1 + r − j)ar−j
k

∑
i0+i1+···+in=j,ik=0,

i0,i1,··· ,in>0 are integers

n∏
v=0

aiv
v

=
r∑

j=0

(
j∑

i=0

ar−i
k

) ∑
i0+i1+···+in=j,ik=0,

i0,i1,··· ,in>0 are integers

n∏
v=0

aiv
v

=
r∑

j=0

ar−j
k

 j∑
i=0

aj−i
k

∑
i0+i1+···+in=j,ik=0,

i0,i1,··· ,in>0 are integers

n∏
v=0

aiv
v


=

r∑
j=0

ar−j
k

∑
i0+i1+···+in=j,

i0,i1,··· ,in>0 are integers

n∏
v=0

aiv
v

=
r∑

j=0

ar−j
k V (a; j, 0)/V (a; 0, 0) =

n+r∑
j=0

aj
kV (a; r − j, 0)/V (a; 0, 0)

=
n+r∑
j=0

aj
k

n∑
i=0

(−1)n+ian+r−j
i Vi(a)/V (a; 0, 0) =

n∑
i=0

(−1)n+i

n+r∑
j=0

aj
kan+r−j

i

Vi(a)/V (a; 0, 0)

=
n∑

i=0,i 6=k

(−1)n+i a
n+r+1
k − an+r+1

i

ak − ai

Vi(a)
V (a; 0, 0)

+ (−1)n+k(n + r + 1)an+r
k

Vk(a)
V (a; 0, 0)

.

That is

V 2(a; 0, 0)Bk =
k−1∑
i=0

(−1)n+k+ian+r+1
i · Vi(a)

n∏
j=0,j 6=i,k

(aj − ai)

+ an+r+1
i ·

k−1∑
i=0

(−1)n+k+i+1Vi(a)
n∏

j=0,j 6=i,k

(aj − ai) +
n∑

i=k+1

(−1)n+k+iVi(a)
n∏

j=0,j 6=i,k

(aj − ai)


+

n∑
i=k+1

(−1)n+k+i+1an+r+1
i · Vi(a)

n∏
j=0,j 6=i,k

(aj − ai) + (−1)n+k(n + r + 1)an+r
k · V (a; 0, 0)

= (−1)k+1V (a; k, 0)Vk(a),

from (3.22), we know that (3.20) is true. This is proved. �
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The Proof of Theorem 2.1. If r ∈ N, and taking ϕ(t) =
∏n+1

k=1(k + r)−1tn+r+1, then ϕ(n+1)(t) = tr. From
Lemma 3.3 and Lemma 3.1, we obtain

(3.23) E[r]
n (a, λ) =

n+1∏
k=1

(k + r)
∫

E

A(λ, x)Ar(a, x)dx,

and

(3.24)
n∑

k=0

λk = (n + 1)!
∫

E

A(λ, x)dx.

Let a1/r = (a1/r
0 , a

1/r
1 , · · · , a

1/r
n ), A(a1/r, x) =

∑
n
k=0a

1/r
i xi, A(λ, x) =

∑
n
i=0λixi, we have

H [r]
n (a) =

1(
n+r+1

r

)∑n
k=0 λk

∑
i0+i1+···+in=r,

i0,i1,··· ,in≥0 are integers

(
n∑

k=0

(1 + ik)λk

)
n∏

k=0

a
ik/r
k

=
E

[r]
n (a1/r, λ)(

n+r+1
r

)∑n
k=0 λk

=
E

[r]
n (a1/r, λ)∏n+1
k=1(k + r)

· (n + 1)!∑n
k=0 λk

=

∫
E

(
∑n

i=0 λixi)(
∑n

i=0 a
1/r
i xi)rdx∫

E
(
∑n

i=0 λixi)dx
.

The proof of Theorem 2.1 is completed. �
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