THE WEIGHTED HERON MEAN OF SEVERAL POSITIVE NUMBERS

ZHEN-GANG XIAO, ZHI-HUA ZHANG, AND V. LOKESHA

ABSTRACT. In this paper, a definition of the weighted Heron mean of several positive numbers is given, its
monotonicity is proved, and an identity relating to the same mean is obtained.

1. INTRODUCTION

For positive numbers ag, a1, let

ap — ax

P T I ai;
(11) L:L(ao,al) = lnao—lna1 0 ?é !

aop, ag = az;
(1.2) H = H(ag,a1) = o + v/aoa1 + ax Va’?)(ﬂlm_

These are respectively called the logarithmic and Heron means (see [I]).
In 2004, Zhang and Wu [2] gave the generalization of Heron mean and its dual form in two variables
respectively as follows

k
1 k—i i
(1.3) H(ag,a1;k) = el Zaok ar,
i=0
and
1 k ktl—i i
(1.4) h(ag,a1;k) = Z Zaok“ a;tt,
i=1

where k is a natural number. Authors proved that H(ag,a1;k) is a monotone decreasing function and
h(ag, a1; k) is a monotone increasing function with k, and
kEIJlrlooH(ao,al; k)= kgrfoo h(ag,a1; k) = L(ag, a1).
Let a = (ag,a1,--+ ,a,) and r be a nonnegative integer, where a; for 0 < ¢ < n are nonnegative real
numbers. Then
1 o
(L5) a1 = @) = Gy . [T e
r ioti1+t-tin=r, k=0
90,41, -+ ,in >0 are integers
is called the generalized Heron mean of a.
In 2003, Xiao and Zhang [3] obtained that for any nonnegative integers r, s with s > r, then

(1.6) Hl(a) > HE ) (a),
with the equality if and only if ag = a7 =+ = a,, and
) W(lna;1,0)
1. lim H () = Lia) = Y\ 5,V
(1.7) Jm B (a) = L) = o)
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where L(a) is called the logarithmic mean in n variables, and Ina = (Inagp,Inas,...,Inay), a; # a; for ¢ # j,
1 lnay In®ag --- In" lag ag In” aq
2 n—1 r k
(1.8) V(inasr k) = 1 Ina; In“ay In a1 ailn”ay
1 Ina, Wa, --- In"‘la, al In* a,

In this paper, a definition of the weighted Heron mean of several positive numbers is given, its monotonicity
is proved, and an identity relating to it is obtained.

2. MAIN RESULTS

Definition 2.1. Let a = (ag,a1, -+ ,an), A = Aoy A1, , An) with a; =0 and A; > 0 for 0 <i<mn, and r
be a nonnegative integer. Then

(2.1) H}(a,\) = (m~7"+1)1z:71)\ > (Z(l + ik)Ak) [Ta”
=0 "'t

r io+i1+-Fin=r, k=0 k=0
10,81, ,in >0 are integers

is called the weighted Heron mean of a for \.

Now, we give some theorems relating to the weighted Heron mean H,[f] (a), the proof of Theorem is
left to next section.

Theorem 2.1. Ifr € N, then

n e n /r  \r
(2.2) H(a,\) = Jo Qi Nima) (i @ i) d

Jp (izg Niw)da

where xg =1 — 3"  x;, and dx = dx1dzy - - - dx,, denotes the differential of the volume in E :

(23) E= {(.1?1,3?2,"' ,.’En) : in < 171‘1' 2057': 1a25"' an}'

i=1
Theorem 2.2. If r € N, then ay (a,\) is a monotone decreasing function with r, that is
(2.4) HI(a, \) < HIMY(a, \),
with equality holding if and only if ap = a1 = -+ = ay.

Proof. From well-known power mean inequality, we have that

1
(Zzio agz’“) L £0
(2.5) M, (a,z) = { 5 &k=07F
H aik/zgzo ajk) r = 0;
k=0

is a monotone increasing function with 7, or M1 (a,z) is a monotone decreasing function with 7.
Combining expression (2.2) and (2.5, we immediately obtain that ay (a,\) is a monotone decreasing
function with r € N. The proof of Theorem [2:2]is completed. O

Theorem 2.3. Ifr € N, then

E =0 7'

where xg, dz and E denote as Theorem [2.1]

Proof. This follows from (2.5)), Theorem and standard arguments. O
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3. THE PROOF OF THEOREM [2.1]

Throughout this section we assume R is a set of real numbers, and R, is a set of strictly positive real

numbers. Let a = (ag, a1, ,a,) € R:L_H, a; # a; for i # j, and ¢ be a function in R, taking
1 ay a@ - al™' lap)

) Viag)=| 1@ T el
1 oan ay o ap™t p(an)

Let ¢(z) = 2" In* 2, then we have

1 ay a2 - ay™' ait"In"a
—1 n+r ..k
1 a a - af ai™" In"a
(3.2) Via;r, k) = ! 1 1 1 !
1 a, a2 -+ a»!' a"Infa,

Note the case r = 0 and k = 0 is just the determinant of Van der Monde’s matrix of order n + 1:

n

(3.3) V(a;00)=> (-1)""arVia) = [ (a5 —a),
i=0 0<i<j<n
where
1 ao a? ag_l
1 o a? ap~?
(3.4) Vila)=| 1 a1 aj, a; |, (0<i<n)
1 a1 afy iy
1 an, a? an—!
Also let 0 <7 < n, we set
1 ag a? ag_i (ag)
1 ax a? ay” w(ay)
. 1 a; a an—l 90(0’1)
3.5 V M = K3
(3.5) (0,5 0) 0 1 2a; (n—1)a??% ¢(a;) |’
I aiy ajy, iy o(ait1)
1 a, ai - ar—! o(an)
and for ¢(z) = 2"+ in (3.5), we have
1 ao a? ayy ag+r+1
1 a? ay aptret
. 1 a; a? al aptrtt
(3.6) Via5r) = 0 1 2a; nal~' (n4r+1)at"
Laip aiy, ai'y1 ai iy
1 a, a2 al antrl
for i <i < n, and
(3.7) V(a,i;0) = (1) (a;0,0) ] (a5 — @) = (=1)""'V?(a;0,0)/Vi(a).

J=0,j7#i
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Lemma 3.1. Ifn € N, ¢ be a (n+ 1)-orders differentiable function on interval I C Ry, then we have

(3.8) V(a;¢) = V(a;0,0) / o™ (A(a, z))d,
E
and
(3.9) S ()Y (a5 ) Vi(a) = V3(a30,0) /E A 2)o ™ (A(a, 2))de,
1=0

where dx, E denote as Theorem and a;, € I, A(a,z) = ag + > 7" (a; —ag)z;
1-— Z ?lei.

Proof. Expression (3.8) is obtained in [4] and [5].
We prove expression (3.9). It is easy to know that

(3.10) V(a,i;r)

i—1 n
=Y ()" (ar)  Vi(a) ] (@ —ai)
k=0 j=0,j#1,k
1—1 n n

= 1" 0aiTi, To

S @) ] (@ —a)+ Y ()" V@) [ (@) - a)

k=0 §=0,j#i.k k=it1 §=0,j#i,k

n

+ Y (UM ) Vida) [T (a5 - @) + (=) (@) - V(a30,0).

k=i+1 §=0,j#i,k

Let Ag = [, (1 =X 7 _12x) 9"V (A(a,2))dz, A; = [, 2™ (A(a,z))dz (1 < i< n), then

(3.11)

/ AN, )™ (A(a, z))dzx —/ <Z)\ :c) (D (A(a, z))dx

:/\0/ (1296") (A, @)de + N /EIMP(”H)(A(a,x))dQ:

= XdAp + Z NA;.

=1

Ifog=1-3 1" x;, thenz, =1— Z?;Ol x;, and we have

n n—1
SD(nJrl)(A(a’x)) — s0(n+1) (ao + Z(ai — ao)%:) — S0(n+1) (an + Z(a,; — an):ri) .

i=1 =0

Therefore

Ay = / <1—Zxk> ) (A(a,2))do = /wa<”+1><A<a,x>>dx*,

where da* = dxodxy - - dr,_1, that is still the form of A; = [, 20" (2)dx for 1 < i

<n.
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Let a; = (a(); ERRN ¢ 7 P ¢ 7S P 7an)7 then
(3.12) V(a,i;0) = (=1)"'V(a;0,0) ] (aj —a:)
=0,
=V(@;30,0) ] (a;—a:)*Vi(a)
=0,
(=D Vi@) [ (a—a), (0 <k < i),
_ J=0,j#i.k
(D" Wea(@) [[ (ay—a), (<k<n);
§=0,5#ik
(8:13) > (C)MVi(a) = (1) Vi),
k=0,k+#1

From expression ({3.8)), we obtain
1—x; l—x;—x1 1—2;:11 T,
(3.14) V(a;0,0) / / / oY (A(a, 2))dxydxy - - - day,
0
i—1

=D ()" MVi(an)e (ax + (a; = ag)ai) + Y (=1 Vi (@n)e” (a + (a5 — ag)),
k=0 k=it1
and
1
(3.15) (ar =0 [ " (o + (a1 = an)ades = plan) = plan) — (ar — a0
0
Hence
= (=1)"'V(a;0,0) H (a; —az)/ 230" (A(a, z))dx
Jj=0,j#1
1—z1 1= 1 z;
= V<d'u 07 0) - az / / / (n+1) (A(a $)>d$1d$2 d
Jj= Ojsﬁz
n 1 1—z; pl—zi—x -t
= H (a; —ai)Q/ Z; V(@i;0,0)/ / / " (A(a, z))dxy - - - day, | d;
=0 i 0 0 0 0
i—1 n
= 0"e@) [ (a5 — ai)lelar) — (a:) = (ax — i)@' (as)]
k=0 =057k
+ >0 @) [ (a4 — ai)?lelar) — elai) — (ar — ai)¢’ (a;)]
k=i+1 §=0,5#i.k
i—1 n i—1 ) n
= ()" 0(a) Vila) [ (@ —ai) +@lai) - | D (1" Vi(a) [ (a5 —ai)
k=1 §=0,j#ik k=0 §=0,j#i.k
+ ( 1)n+k+in(a) H a _az + Z n+k+z+1 ( k)Vk(a) H (aj _ai)

k=i+1 j=0,j#i,k k=i+1 j=0,j#i,k
+ (=1)"""V (a;0,0) - ' (a;)
=V(a,i;p),
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ie.
Via,is o) 11V (a1 9) - Vi(a)
3.16 A; = oD (A do = — 170 = (—1)tt 2222
( ) i Exz@ (A(a,z))dx V(a,i;0) (1) V2(a;0,0)
Combining (3.11)) and (3.16)), we find expression (3.9)). The proof of Lemma is completed. O

Lemma 3.2. Let r be an integer, then

V(a;0,0) - Z ﬁ a?j, r>0;
=0

to+i1+-Fin =",
20,21, ,in >0 are integers

(3.17) V(a;7r,0) =140, r=—1,-2--,-n;

(=1)"V(a;0,0) - Z H a;™, r<-n.

to+i1 4+ Fin=—r,
10,01, ,in>1 are mtegen

Proof. Taking V,,(a;7,0) := V(a;r,0). Obviously, if r = —1,—2,--- , —n, then V,,(a;7,0) = V(a;r,0) = 0.
For n € N, r > 0, It will be verified by mathematical induction. It is clear that identity (3.17)) holds
trivially for n = 1 and r > 0, since
Va(a;r,0) = a’{“ —aptt
(a1 —ao) (af + a{ "ap + -+ +afy)

= (a1 — ap) Z alalr.

io+i1=r,
10,11 >0 are integers

Suppose identity (3.17)) is true for n — 1 and integers ¢ > 0. That is

n—1
(3.18) Vo1(a;t,0) = Vi, _1(a;0,0) - > IT e

dotin e +in_1=t,

10,11, ,in—1>0 are integers
By (3.2)), from (3.18), we have
1 ag — Qp (18 — agln e ag,fl _ ag*2an TL+T _ agila;—i_l
1 a; — an a% —aiany R a?—l _ a?_Zan a{”‘r a;l—larJrl
Vi(a;r,0) =
2 n—1 n—2 n+r n—1 _r+1
1 On-1—=0n Op_1 = 0n-10n "+ Op_3 = 0p_10n Qp_1 — an—lan+
2 n—1 n—2 n+r n—1_r41
o — an ag — aoln Gy — Qg T4 Gy — G
2 n—1 n—2 n+r n— 1
= (—1)"*? ar —an aj — a10n ceat T —al Ca, al —al T alt
2 n—1 n—2 n+r n—1 1
Up—1—Qn Aoy — Qp1Gpy -+ Gn ] —an_jan an'i —an_jal™
2 n—1 n 1+ i
_— 1 ao ag S af ) ZtHn @ o ay
1 a1 a e an_ _ an_ aln
== H (an — ai) 1 1 Zt-‘rzn—r 1 n
i=0 1 2 n—1 Z n 1+t 74"
an-1 Gp_1 Gp—1 tin=r & anp
ag a? ag~! ag 1+t
nt 2 n—1 n—1+t
_ in 1 aiq ay aq aq
- (an B ai) an PN .
1=0 t+in=r 9 1 ne—14t
1 any apy Ap_1 Qp_
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n—1
in .
= || (a, — &) g a;"Vp—1(a;t,0)
i=0 PE—
n—1 n—1
= (an — a;) - Vi_1(a;0,0) E al E H alr
i=0 t+in=r i0+i1+-+in—1=t, k=0
10,91, " ,in—1>0 are integers

=V(a;0,0) - Z H aik.
iotirttin=r, k=0
40,81, ,in >0 are integers
This shows that (3.17)) holds for n and integers r > 0.
By (3.3), we get
(3.19) V(a™0,0) =Y (-1)""a;"Vi(a™")

=0

0<i<j<n

= II e" II (ai-ay
0<i<n 0<i<j<n
= (—1)n(n+D)/2 H a; " -V(a;0,0),

0<i<n

where a ' = (ay ', a7, -, a, ).

If r < —n, then —(n +r) > 0. From (3.2)), (3.19) and proving result above, we find

ag ™Y aof("fl) 1 a6+1
—(n—1 —(n—2 r
Va;r,0) = ap ™t R T
0Zicn e
a7 a1 et
1 agt - aa(n—l) 6La[n—(n+r+1)]
- —(n—1 —[n—(n+r+1
_ (_l)n(nfl)/2 H a@—l 1 aj .. a, ( ) a, [n—( )]
0icn e o
1 oalt, o oanY g bl
n
= (=)r=02 T ey vi(a=*0,0)- 3 I o™
osisn i1+ Fin=—(ntr+1), k=0
90,41, ,in>0 are integers
n .
= (0" I & V(e 0,0 > Lo
Osisn ioti1ttin=—(n+r+1), k=0
90,91, " ,in >0 are integers
= (=1)"V(a;0,0) - > IT o
io+i1+ A i =—1, k=0
40,91, ,in>1 are integers
The proof of Lemma [3.2] is completed.
Lemma 3.3. Let r be a nonnegative integer, then
(3.20) V2(a;0,0)E N (a,0) = > (=DM NV (a, ki 1) Vi(a),

k=0



8 ZH.-G. XIAO, ZH.-H. ZHANG, AND V. LOKESHA

where

(3.21) Ell(a,\) = > (Zn:(l + ik)Ak> ﬁ apr.
k=0

io+i1+-Fin=r, k=0
10,81, ,in >0 are integers
Proof. Setting a function
n
(3.22) El(a,\) = Z e By (a).
k=0

Let Ay =1,A; =0 (0 < i< n,i#k)in (3.22), from Lemma[3.2 and (3.3), we have
By = Z (1—|-ik)Ha§€’“
k=0

do+ir+Fin=r,
10,01, ,in >0 are integers

n

N r—j i
(147 =i S e
io+i1++in=7,ix=0, v=0
10,21, ,in >0 are integers

r 7 n
_ r—1 i
=2 (2w > [L e
7=0 \:=0

io4i1+-+in=4,ix=0, v=0

Il
M-

(=)

J

0,41, ,in =0 are integers
T ) 7 o n
Tl LD S i
J=0 i=0 io+i1+Hin=7,ir=0, v=0
10,11, ,in =0 are integers
T ) n
= a;_J Z H a;L)1;
j=0 ioti1t++in=3, v=0
10,81, ,in >0 are integers
r ) n4+r )
= ay 'V(a54,0)/V(a;0,0) = Y ajV(a;r —4,0)/V(a;0,0)
j=0 j=0
sy ] " 1 n ntr . .
= al Y (1" eV (@)/V(a:0,0) = Y ()" | D afal T | Vila)/V(a:0,0)
j=0 =0 =0 =
n +r41 +r+1
) s AL Sk £ RS L | L O
i=0,ik ar — i V(a;0,0) V(a;0,0)
That is
k—1 "
V(@ 0,008, = (="t Vi) [T (4 - a)
=0 G=0,j#ik
k—1 n n n
+altrrL Z(—l)n+k+z+1Vi(a) (aj —a;) + Z (—1)"*+iV; (q) H (a; — a;)
=0 3=0,47i.k i=k+1 §=0,j i,k
n n
4 Z (71)n+}€+2+1a?+7’+1 . ‘/'l(a) (CL] _ a’i) + (71)”4’]@(” +r+ 1)CLZ+7‘ . V(a, 0’ O)
=kt §=0,j#isk

= (=D (a; k,0)Vi(a),

from (3.22)), we know that (3.20) is true. This is proved.
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The Proof of Theorem[21) If r € N, and taking o(t) = [[iF] (k + )~ "+ +1 then o1 () = ¢". From
Lemma [3.3] and Lemma [3.1]} we obtain
n+1
(3.23) El(a,3) = [tk +7) / AN, 2) A" (a, 7)dx,
E

k=1

and

(3.24) A=+ [ A\ z)d.
ooy,

Let al/" = (a(l)/r,a}/r, _ ,a}/r), A(al/r,x) = Zzzoai/rxi, AN\, z) =31 (Aix;, we have

n

1 LI
H0) = o= (1 +in)he ) T ap"
( +r+1) Zk:O Ak io+i1+-z-;rin:r, kz:;) kE[o ’

10,11, ,in >0 are integers

B ELT’](al/r’)\)
(n+:+1) ZZ:O Ak
EX@Ym A (n+1)!
Pk +r) Xhoo M
n n 1/r r
_ fE (D im0 Ximi) (Dig ai/ z;)"dx
The proof of Theorem [2.1] is completed. O
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