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Problem 1. For −1 < A ≤ 1 and 0 < θ ≤ 2π, find a lower bound of <
(

1
1+Aeiθ

)
.

Solution. We prove that

inf
θ∈(0,2π]

<
(

1
1 + Aeiθ

)
=

1
1 + |A|

=

{
1

1−A , if A < 0
1

1+A , if A ≥ 0.

A calculation shows that

<
(

1
1 + Aeiθ

)
=

1 + A cos θ

1 + 2A cos θ + A2
.

Let f : [−1, 1] → R be the function defined by f(x) = 1+Ax
1+2Ax+A2 . We have that

f ′(x) =
A(1 + A2 − 2)

(1 + 2Ax + x2)2
.

If A > 0 we get that f ′(x) < 0, and hence, f decreases. It follows that f(x) ≥ f(1) = 1
1+A .

On the other hand, if A < 0 we get that f ′(x) > 0, and hence, f increases. It follows that f(x) ≥
f(−1) = 1

1−A , and the problem is solved.
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