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1. First consider this interesting inequality due to Prof. Simic without weights:

(1)
n∏

k=1

(1 + ak) ≤
(

1 +
(a1 + an)2

4a1an
G(a1, . . . , an)

)n

We shall prove more that

(2)
n∏

k=1

(1 + ak) ≤
(

1 +
(a1 + an)2

4a1an
H(a1, . . . , an)

)n

,

H(a1, . . . , an)—harmonic mean. (2) is better than (1) because H ≤ G.
To prove (2) first apply the AGM inequality(

n∏
k=1

(1 + ak)

) 1
n

≤
∑n

k=1(1 + ak)
n

= 1 +
1
n

n∑
k=1

ak = 1 + A(a1, . . . , an).

So we have to prove

A(a1, . . . , an) ≤ (a1 + an)2

4a1an
H(a1, . . . , an), A(a1, . . . , an) · 1

H(a1, . . . , an)
≤ (a1 + an)2

4a1an
.
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But this is a special case of P. Schweitzer inequality [1](
1
n

n∑
k=1

ak

)(
1
n

n∑
k=1

1
ak

)
≤ (amin + amax)2

4aminamax
.

That’s all.
So we proved a bit more than original inequality:
for any positive numbers it is valid that

(3)
n∏

k=1

(1 + ak) ≤
(

1 +
(amin + amax)2

4aminamax
H(a1, . . . , an)

)n

.

2. Now consider this inequality with weights

(4)
n∏

k=1

(1 + ak)pk ≤
(

1 +
(a1 + an)2

4a1an

) n∏
k=1

ak
pk , pk ≥ 0,

n∑
k=1

pk = 1.

Repeat the previous proof and apply the weighted AGM inequality

n∏
k=1

(1 + ak)pk ≤
n∑

k=1

pk(1 + ak) =
n∑

k=1

pk +
n∑

k=1

pkak = 1 +
n∑

k=1

pkak.

So we have to prove
n∑

k=1

pkak ≤
(a1 + an)2

4a1an

∏
k=1

ak
pk ,

Again we prove more changing geometric mean by smaller harmonic mean

n∑
k=1

pkak ≤
(a1 + an)2

4a1an

(∑
k=1

pk

ak

)−1

.

So we need to prove

(5)
n∑

k=1

pkak

(
n∑

k=1

pk

ak

)
≤ (a1 + an)2

4a1an

It is true that a1 = amin, an = amax. But then this is exactly the famous Kantorovich inequality [2]-[3] and
this completes the proof.

So again we proved a bit more than original inequality:



for any positive numbers it is valid that

(6)
n∏

k=1

(1 + ak)pk ≤
(

1 +
(amin + amax)2

4aminamax

)( n∑
k=1

pk

ak

)−1

.
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