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Solution. Let

ϕ(t) = ω′(t) + ω(t) = − 1
(et − 1)2

+
1− t

t2
+

1
2
,

we have

lim
t→0

ϕ(t) = lim
t→0

(1− t)(t2 + t3 + 7
12 t4 + o(t4))− t2

t2(t2 + o(t2))
+

1
2

=
1
12

> 0.

If we show thatϕ′(t) > 0 for t > 0, we getϕ(t) > 0 and the desired inequality

ω′′(t) + 2ω′(t) + ω(t) = ϕ′(t) + ϕ(t) > 0.

So we show that

ϕ(t)′ =
2et

(et − 1)3
+

t− 2
t3

> 0.

This is equivalent tof(t) > 0, where

f(t) = 2t3et + (t− 2)(et − 1)3.
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We have
f ′(t) = (2t3 + 6t2)et + (3tet − 5et − 1)(et − 1)2,

f ′′(t) = et(2t3 + 12t2 + 12t + (9tet − 12et − 3t)(et − 1)).
Let g(t) = 2t3 + 12t2 + 12t + (9tet − 12et − 3t)(et − 1). We have

g′(t) = 6t2 + 24t + (18te2t − 12tet)− 15(e2t − 1),

g′′(t) = 12t + (36te2t − 12tet)− 12(e2t − 1)− 12(et − 1),
g′′′(t) = (72te2t − 12tet) + 12(e2t − 1)− 24(et − 1).

Sinceg′′′(t) > (72te2t − 72te2t) + 24(et − 1) − 24(et − 1) = 0 andg′′(0) = 0, we getg′′(t) > 0. In a similar
way, we getg′(t) > 0 andg(t) > 0. Sincef ′′(t) > 0 andf ′(0) = 0, we getf ′(t) > 0. In a similar way, we get
f(t) > 0. �
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