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Solution. We prove the inequality

(1) 1− 1
ln(2k)

< yk

holds fork ≥ 10.
From1− 1

ln(20) = 0.66 · · · andy10 = 0.67 · · · , the inequality (1) is true fork = 10. So we prove the inequality
(1) is true fork ≥ 11.

In order to prove this, we show that

(2) f(x) =
ln(1 + 1

ln x )
x lnx

> e for 0 < x ≤ 1
22

.

We have

f ′(x) = −
1 + (lnx + 1)2 ln(1 + 1

ln x )
(lnx + 1)(x lnx)2

.
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Sinceln(1 + t) < t < −( t
t+1 )2 for − 1

ln(22) ≤ t < 0, we get

1 + (
1
t

+ 1)2 ln(1 + t) < 0 for − 1
ln(22)

≤ t < 0.

From this,f ′(x) < 0 for 0 < x ≤ 1
22 . Sincef( 1

22 ) = 2.78 · · · > e, the inequality (2) is true.
Let gx(a) = xxa

andhx(a) = gx(a) − a, where0 < x ≤ 1
22 and−∞ < a < ∞. The inequality (2) is

equivalent to

(3) hx(1 +
1

lnx
) > 0.

We get

(4) hx(1) = xx − 1 < 0.

We have
g′

x(a) = xa(lnx)2gx(a) > 0,

g′′
x(a) = xa(lnx)3(1 + xa lnx)gx(a).

Since

1 + xa lnx ≥ 1 + x1+ 1
ln x lnx = 1 + ex lnx > 0 for 1 +

1
lnx

≤ a,

g′′
x(a) < 0 for 1 + 1

ln x ≤ a. Therefore,h′′
x(a) < 0 for 1 + 1

ln x ≤ a. By the inequality (3) and the inequality (4),
there is only one realαx such that1 + 1

ln x < αx < 1 andgx(αx) = αx.
Sinceα 1

2k
< 1 andg′

1
2k

(a) > 0,

(α 1
2k

=)g 1
2k

(α 1
2k

) < g 1
2k

(1).

Sinceα 1
2k

< g 1
2k

(1) andg′
1
2k

(a) > 0,

(α 1
2k

=)g 1
2k

(α 1
2k

) < g 1
2k

(g 1
2k

(1)).

In the same way, we get
(α 1

2k
=)g 1

2k
(α 1

2k
) < yk.

Therefore,

1− 1
ln(2k)

= 1 +
1

ln 1
2k

< α 1
2k

< yk.
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