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Solution:

First of all, we note that

(1) F (x, x) = 0, ∀x ∈ I.
(2) F (x, y) = F (y, x), ∀x, y ∈ I.

Sincef is convex then there is an increasing functiong : (a, b) → R and a pointc ∈ (a, b) (see [1], pp 9–10),
such that

(1) f (t)− f (c) =
∫ t

c

g (y) dy
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which follows that

(2) f (s)− f (c) =
∫ s

c

g (y) dy.

Adding (3) and (4), we get

(3) f (t) + f (s)− 2f (c) =
∫ t

c

g (y) dy +
∫ s

c

g (y) dy,

puttingc = s+t
2 , we get

F (s, t) = f (t) + f (s)− 2f

(
s + t

2

)
=
∫ t

s+t
2

g (y) dy +
∫ s

s+t
2

g (y) dy,

Hence,

0 ≤ sup
t,s∈I

F (s, t) = sup
t,s∈I

(∫ t

s+t
2

g (y) dy +
∫ s

s+t
2

g (y) dy

)
Sinceg is increasing, therefore thesup is satisfied if one choose ‘s’ as far as possible from ‘t’, which is satisfied if
s = a (or s = b) andt = b (or t = a). Thus,

sup
t,s∈I

F (s, t) =
∫ b

a+b
2

g (y) dy +
∫ a

a+b
2

g (y) dy

= f (b)− f

(
a + b

2

)
+ f (a)− f

(
a + b

2

)
= f (a) + f (b)− 2f

(
a + b

2

)
= F (a, b) = max

t,s∈I
F (s, t) .

which completes the proof.

Moreover, let us show thatF (s, t) ≥ 0, for all s, t ∈ I. Sincef is convex onI, thenf ′−(x) andf ′+(x) exists
and are increasing, so thatf has at least one line of support at eachx0 ∈ (a, b). By choosingm ∈ [f ′−(x), f ′+(x)],
we have

f (x)− f (x0)
x− x0

≥ (≤) m

according asx > x0 or x0 > x. In either case, we have

f (x) ≥ f (x0) + m (x− x0) .



therefore, for allt, s ∈ I we write

(4) f (t) ≥ f (x0) + m (t− x0) .

and

(5) f (s) ≥ f (x0) + m (s− x0) .

Adding (6) and (7) to each other, we get

(6) f (t) + f (s) ≥ 2f (x0) + m (t + s− 2x0) ,

setx0 = s+t
2 , we get

(7) f (t) + f (s)− 2f

(
s + t

2

)
≥ 0,

which shows thatF ≥ 0.
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