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Solution:

First of all, we note that

(1) F(z,z)=0,Vz € I.
(2) F(z,y) =F (y,x),Va,y € I.

Sincef is convex then there is an increasing function(a,b) — R and a point € (a,b) (seel[1], pp 9-10),
such that

(1) £~ (o) :/ g (y) dy

RGMIA-pc-2-10-s3


mailto:alomari@math.com

which follows that

) f(s)=[f(c) = /Sg(y)dy-
Adding (3) and (4), we get

@) f(t>+f(s)—2f(c)=/g(y)dy+/sg(y>dy,

puttingc = =%, we get

F =10+ 16)-26 (5) = [Lowar+ [ swa

Hence,

t s
0< sup F (s.1) = sup (/%tg(y)dw/%tg(y)dy)
t,s€l t,sel == ==
Sinceg is increasing, therefore thap is satisfied if one choose™as far as possible fromt”, which is satisfied if
s=a(ors=2>b)andt = b (ort = a). Thus,

b a
s;lgF(s,t):/Mg(y)der/aerg(y)dy

2 2

—r0-1 () + 1@ -1 (*57)

P+ s o -2 (457)

= F(a,b) = gﬁ)}F(s,t).

which completes the proof.

Moreover, let us show thdf(s,t) > 0, for all s,¢ € I. Sincef is convex onl, thenf’ (x) and f/ (x) exists
and are increasing, so thahas at least one line of support at eaghe (a, b). By choosingn € [f’ (z), f ()],

we have
[ (%) — f(x0)
Tr — X
according ag > x( or xo > x. In either case, we have

f(x) > f(x0) + m(x—x0) .

> (<)m



therefore, for alk, s € I we write

“) (1) = [ (20) + m(t — o).
and

(5) f(s) = f(xo) +m(s—mo).
Adding (6) and (7) to each other, we get

(6) F(&)+ F(s)>2f (wo) +m (t+ s — 2x0)
setzo = £, we get

) 127 (25 20

which shows that” > 0.
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