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Preface

Jean-Baptiste Joseph Fourier is best known for initiating the investigation of
Fourier series and their applications to problems of heat transfer and vibra-
tions. These series are special cases of trigonometric series and are named as
Fourier series in honor of him. In the sequel, many questions pertaining to
Fourier series has been raised. One of the main question about them is: When
a trigonometric series is a Fourier series? Another interesting question related
to the above question is: If a trigonometric series converges in L1-norm to a
function f ∈ L1, then is it a Fourier series of the function f? The answer of
this question has been interesting and challenging for almost one century and
still receives considerable attentions. Among others, in the accessible litera-
ture we encounter the following answer: If a trigonometric series converges in
L1-norm to a function f ∈ L1, then it is a Fourier series, however the con-
verse of this is not true in general i.e., exist many Fourier series which are not
convergent in L1-metric. For example, F. Riesz, in 1932, gave the following
counter example (the details of this example the interested reader can find in
the well-known book of N. Bari [79]): The series

∞∑

m=2

cosmx

logm

is a Fourier series, however it does not converge in L1-metric.
As a result of above observations, it seems that lots of researchers ”curi-

ously asked”: How to make possible that this converse statement to be true?
The answer has been obtained by modification of partial sums of a trigono-
metric series and by imposing several conditions on their coefficients. As ini-
tial work regarding to L1-convergence of Fourier series, by imposing several
conditions on their coefficients, belongs to W. H. Young in 1913 and A. N.
Kolmogorov in 1923 who employed the class of convex sequences and the class
of quasi-convex sequences, respectively. On the other side, regarding to mod-
ification of partial sums of a trigonometric series, were J. W. Garret and C.
V. Stanojevic the first, in 1976, who introduced the modified trigonometric
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cosine sums as follows

fn(x) :=
1

2

n∑

k=0

(∆ak) +
n∑

k=1

n∑

j=k

(∆aj) cos kx.

Later on, were S. Kumari and B. Ram, during 1988-1989, who introduced
next new modified trigonometric cosine and sine sums as follows

gcn(x) :=
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx

and

gsn(x) :=

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k sin kx.

These modified trigonometric sums and many others have been subject of
studies for more than fifty years and still goes on. In this, monograph we have
collected all results related to their L1-convergence which have been published
till now in several journals. These results are written in a chronological order
as much as possible and are included in seven main sections.

The objective of the first section is to inform the reader about some real
and, separately, to some complex classes of sequences which are used through-
out this book and more. Moreover, in it are included some basic facts on
trigonometric series and necessary auxiliary lemmas.

In the second section we deal with L1-convergence of modified trigonomet-
ric sums fn(x) with coefficients which are quasi-convex, which belong to the
class C, are of bounded variation, belong to the class S, belong to the class
S′, belong to the class K, are semi-convex, belong to the class Sr, are semi-
convex of fractional order, and belong to the class T. Also, Lp(0 < p < 1)-
convergence of modified trigonometric sums fn(x) has been treated in this sec-
tion. We have finalized this section with L1-convergence of modified trigono-
metric sums wc

n(x) and ws
n(x) with coefficients of bounded variation as well

as L1-convergence of modified trigonometric sums zcn(x) and z
s
n(x) with gen-

eralized semi-convex coefficients.
In third section we deal with L1-convergence of modified trigonometric

sums gcn(x) and g
s
n(x) with coefficients from the class S, from the classR, from

the class S(δ), from the class S(δ) without additional condition, from the class
S without additional condition, from the class Fp, from the class BV ∩C,
and finally from the class S∗∗. We close this section with L1-convergence of
modified trigonometric sums gcn,m(x) and gsn,m(x), which are generalizations
of the sums gcn(x) and g

s
n(x) respectively, with coefficients from the class R.

In the fourth section we deal with L1-convergence of other modified
trigonometric sums which are generalization of those previously introduced,
those that are new, and with coefficients belonging to above generalized classes
or to ”old” and ”new” ones.
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The fifth section mainly deals with L1-convergence of r-th derivative mod-
ified trigonometric sums whose coefficients belong to several above generalized
classes of sequences.

The sixth section deals with L1-convergence of complex modified trigono-
metric sums and their r-th derivative whose coefficients belong to several
classes of complex sequences.

The seventh section, and the last one, deals L1-convergence of double
modified trigonometric sums with some special type of coefficients. It contains
just few results on double trigonometric series, and we hope to complete it in
the future with new results.

Prishtina, Author:
December 8, 2020 Xhevat Z. Krasniqi
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1

Introduction

In this section we give some classes of real sequences, some classes of com-
plex sequences, some basic facts of trigonometric series, and lots of auxiliary
lemmas which are used throughout this monograph.

1.1 Some classes of real sequences

By an infinite real sequence we mean a mapping whose domain is the set of
natural numbers and its range may be an arbitrary set of real numbers.

Let u0, u1, . . . , un, . . . and v0, v1, . . . , vn, . . . be two real sequences. Then
the following transformation holds true.

Lemma 1.1 (Abel’s transformation–Discrete summation by parts).
The equality holds true

n∑

k=m

ukvk =

n−1∑

k=m

Uk(vk − vk+1) + Unvn − Um−1vm, m ≥ 0,

where Uk = u0 + u1 + . . .+ uk and U−1 := 0.

Proof. Since uk = Uk − Uk−1, k = m,m+ 1, . . . , n we have

n∑

k=m

ukvk = umvm + um+1vm+1 + · · ·+ unvn

= (Um − Um−1) vm + (Um+1 − Um) vm+1 + · · ·+ (Un − Un−1) vn

= −Um−1vm + Um(vm − vm+1) + · · ·+ Un−1 (vn−1 − vn) + Unvn

= −Um−1vm +
n−1∑

k=m

Uk(vk − vk+1) + Unvn.

The proof is completed.
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For m = 0 it is clear that

n∑

k=0

ukvk =

n−1∑

k=0

Uk(vk − vk+1) + Unvn. (1.1)

For any sequence {un} we define the differences ∆0un := un, ∆
1un :=

∆un := un − un+1, ∆
2un := ∆(∆1un) = un − 2un+1 + un+2, and in general

∆mun := ∆(∆m−1un) = ∆m−1un −∆m−1un+1, m ∈ {1, 2, . . .}.

In this context (1.1) can be written as follows

n∑

k=0

ukvk =

n−1∑

k=0

∆vkUk + Unvn. (1.2)

Using these notation we have,

Definition 1.2. The sequence {un} is monotone decreasing (it is written
un ↓) if ∆un ≥ 0 for all n.

Example 1.3. For example, since ∆
(

1
n+1

)
= 1

(n+1)(n+2) ≥ 0 for all n ≥ 0,

then the sequence {(n+ 1)−1} is monotone decreasing one.

As an important application of (1.2) is the following.

Corollary 1.4 (Abel’s Lemma). If there exists a real number M > 0 such
that |Uk| ≤M , for 0 ≤ k ≤ n, and v0 ≥ v1 ≥ · · · ≥ vn ≥ 0, then

∣∣∣∣∣

n∑

k=0

ukvk

∣∣∣∣∣ ≤Mu0.

Proof. Based on (1.2) and our assumptions we have

∣∣∣∣∣

n∑

k=0

ukvk

∣∣∣∣∣ ≤
n−1∑

k=0

|∆vk| |Uk|+ |Un| |vn|

≤
n−1∑

k=0

(∆vk) ·M +Mvn

= M [(v0 − v1) + (v1 − v2) + · · ·+ (vn−1 − vn) + vn] =Mv0.

The proof is completed.
Using the second difference we can recall,

Definition 1.5. The sequence {un} is convex if ∆2un ≥ 0 for all n.
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Example 1.6. Defining ∆dj = 1
j+1 , j ∈ {0, 1, . . .}, then we have ∆2dj =

1
(j+1)(j+2) > 0 for j ∈ {0, 1, . . .}, which means that the sequence {dj}∞j=0

is convex.

Next we give another example.

Example 1.7. We consider the sequence dj =
1

ln j , j ∈ {2, 3, . . .}, then we have

∆dj =
1

ln j
− 1

ln(j + 1)
=

∫ j+1

j

dx

x ln2 x

for j ∈ {2, 3, . . .}, and thus

∆2dj =

∫ j+1

j

dx

x ln2 x
−
∫ j+2

j+1

dx

x ln2 x
.

Since the function

h(x) =
1

x ln2 x

is decreasing, then ∆2dj ≥ 0 for all j ∈ {2, 3, . . .}, which means that the
sequence {dj}∞j=2 is convex.

Throughout this monograph for two sequence {un} and {vn} we write

un = o(vn) if un

vn
→ 0 as n → ∞, and un = O(vn) if

∣∣∣un

vn

∣∣∣ ≤ M for a real

number M > 0 and for all n.
Some properties of convex sequences are included in next statement.

Lemma 1.8. The following properties holds true.

(i) If the sequence {un} is convex and bounded from above, then un ↓.
(ii) If the sequence {un} is convex and un → 0, then un ↓ 0.
(iii) If the sequence {un} is convex and bounded, then

n∆un → 0 and

∞∑

n=1

(n+ 1)|∆2un| <∞.

Proof. (i) Assuming that the opposite conclusion is true, then there would
exists a value m such that ∆um < 0. Since {un} is convex at any j ≥ m we
would have ∆uj < 0 and of course |∆uj | ≥ |∆um|. Therefore,

un − um = (un − un−1) + (un−1 − un−2) + · · ·+ (um+1 − um)

= −
n−1∑

j=m

∆uj =

n−1∑

j=m

|∆uj | ≥ (n−m)|∆um| → ∞

as n → ∞, which is a contradiction as the sequence {un} is bounded from
above.
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(ii) Condition un → 0 implies that the sequence {un} is bounded from
above, therefore using the property (i) we obtain un ↓. So, un ↓ with un → 0
imply un ↓ 0.

(iii) Based on assumption we immediately get un ↓. The sequence {un}
has a finite limit since it is bonded from below. Let limn→ un = u, then the
series on the equality

u0 − u =
∞∑

j=0

∆uj

has monotone decreasing terms and therefore it converges. This means that
n∆un → 0.

Moreover, using Lemma 1.1, we have

n∑

m=0

∆um =

n−1∑

m=0

(m+ 1)∆2um + (n+ 1)∆un.

So, (n+ 1)∆un → 0 and

n∑

m=0

∆um = u0 − un → u0 − u as n→ ∞

This means that

n−1∑

m=0

(m+ 1)∆2um → u0 − u or

∞∑

m=0

(m+ 1)∆2um <∞.

The proof is completed.

Remark 1.9. If the sequence {un} is convex and un → 0, then

n∆un → 0 and
∞∑

n=1

(n+ 1)|∆2un| <∞

as well.

The notion of a bounded sequence is given in next definition.

Definition 1.10. The sequence {un} is said to be bounded if there exists a
positive real number M such that |un| ≤M for all n.

Another class of sequences is the class of quasi-convex sequences.

Definition 1.11. The sequence {un} is said to be quasi-convex if

∞∑

n=1

(n+ 1)|∆2un| <∞.
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It is a well-known fact that every bounded convex sequence is quasi-convex
but the converse statement is not always true (see Lemma 1.8, (iii)).

Moreover, every quasi-convex zero sequence satisfies conditions: (i) uk =
o(1) as k → ∞ (ii) S1 :=

∑∞
k=0 |∆uk| <∞, and

S2 :=

∞∑

m=2

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆um−k −∆um+k

k

∣∣∣∣∣∣∣
<∞.

Namely, since uk = o(1) as k → ∞, then

S1 =
∞∑

k=0

∣∣∣∣∣∣

∞∑

j=k

∆2uj

∣∣∣∣∣∣
≤

∞∑

k=0

∞∑

j=k

∣∣∆2uj
∣∣ ≤

∞∑

k=0

k|∆2uk|.

Also, since

∆um−k −∆um+k =

m+k−1∑

i=m−k

∆2ui,

then we have

S2 ≤
∞∑

m=2

[m2 ]∑

k=1

|∆um−k −∆um+k|
k

≤
∞∑

m=2

[m2 ]∑

k=1

1

k

m+k−1∑

i=m−k

|∆2ui|

=

∞∑

k=1

∞∑

m=2k

1

k

m+k−1∑

i=m−k

|∆2ui| ≤
∞∑

k=1

∞∑

i=k

1

k

i+k∑

m=i−k+1

|∆2ui|

= 2
∞∑

k=1

∞∑

i=k

|∆2ui| = 2
∞∑

i=1

i∑

k=1

|∆2ui| = 2
∞∑

i=1

i|∆2ui| <∞.

Now we are going to prove a lemma which deals with conditions (i) and
(ii).

Lemma 1.12. Let ak, k = 0, 1, 2, . . ., be a sequence of real numbers satisfying
S2 <∞ and let n be a positive integer. If

bk = 0 for k ≤ n and bk = ak for k > n, (1.3)

then, uniformly in respect to n ≥ 2,

S2 =
∞∑

m=n

[m2 ]∑

k=1

|∆am−k −∆am+k|
k

+O
(

max
n
2 ≤k< 3n

2

|ak| log n
)
.

Proof. Let us estimate the sum
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n−1∑

m=2

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆am−k −∆am+k

k

∣∣∣∣∣∣∣
.

By the definition of the numbers bk, ∆am−k = 0 for all m and k in this sum.
Therefore

n−1∑

m=2

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆am+k

k

∣∣∣∣∣∣∣
.

Since

[m2 ]∑

k=1

∆am+k

k
= bm+1 +

[m2 ]∑

k=2

(
1

k
− 1

k + 1

)
bm+k − 1[

m
2

]bm+[m2 ]+1,

and bm+k = 0 for m+ k ≤ n, bm+k = am+k for m+ k > n, then

n−1∑

m=2

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆am+k

k

∣∣∣∣∣∣∣

≤
n−1∑

m=2


|bm+1|+

[m2 ]∑

k=2

(
1

k
− 1

k + 1

)
|bm+k|+

1[
m
2

]
∣∣∣bm+[m2 ]+1

∣∣∣




≤ max
n
2 ≤k< 3n

2

|ak|
n−1∑

m=2

1

n−m
≤ max

n
2 ≤k< 3n

2

|ak|(1 + log n).

Now we estimate the difference

∞∑

m=n

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆bm−k −∆bm+k

k

∣∣∣∣∣∣∣
−

∞∑

m=n

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆am−k −∆am+k

k

∣∣∣∣∣∣∣
.

Note that∆bm+k = ∆am+k for allm ≥ n. Ifm−k > n, then∆bm−k = ∆am−k

as well. But,m−
[
m
2

]
> n for allm > 2n and, therefore, the following estimate

is valid

∞∑

m=n

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆bm−k −∆bm+k

k

∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆am−k −∆am+k

k

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣

≤
2n∑

m=n

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆bm−k −∆am−k

k

∣∣∣∣∣∣∣
.
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Since

[m2 ]∑

k=1

∆bm−k −∆am−k

k
= −(bm − am)

+

[m2 ]−1∑

k=1

(
1

k
− 1

k + 1

)
(bm−k − am−k) +

1[
m
2

]
(
bm−[m2 ]

− am−[m2 ]

)

by setting dm,k = −1 if k = 0, dm,k = 1
k − 1

k+1 if k = 1, 2, . . . ,
[
m
2

]
− 1, and

dm,k = 1

[m2 ]
if k =

[
m
2

]
, we can write

[m2 ]∑

k=1

∆bm−k −∆am−k

k
=

[m2 ]∑

k=0

(bm−k − am−k)dm,k.

But bm−k = 0 when k ≥ m−n, bm−k = am−k when k < m−n, and therefore

2n∑

m=n

∣∣∣∣∣∣∣

[m2 ]∑

k=m−n

∆bm−k −∆am−k

k

∣∣∣∣∣∣∣
=

2n∑

m=n

∣∣∣∣∣∣∣

[m2 ]∑

k=m−n

am−kdm,k

∣∣∣∣∣∣∣

≤ max
n
2 ≤k< 3n

2

|ak|
2n∑

m=n

[m2 ]∑

k=m−n

|dm,k|

= max
n
2 ≤k< 3n

2

|ak|
(
2 +

2n∑

m=n+1

1

m− n

)

≤ max
n
2 ≤k< 3n

2

|ak| (3 + log n) .

The proof is completed.

Definition 1.13. The sequence {un} is said to be of bounded variation if the
series

∞∑

n=1

|∆un| (1.4)

converges.

The class of zero-sequences of bounded variation usually is denoted by
BV. It is obvious that if un ↓ 0, then series (1.4) converges.

A very useful subclass of the class of bounded variation sequences is the
so-called Sidon-Telyakovskii class denoted by S, seemingly in honor of Sidon,
who was the first to introduce this class. We present here its equivalent form
expressed by Telyakovskii.
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Definition 1.14. The zero-sequence {un} is said to be in the class S if there
exists a sequence {An} such that

(i) An ↓ 0 as n→ ∞,
(ii)

∑∞
n=0An <∞, and

(iii) |∆un| ≤ An, for all n.

It is clear that the inclusion S ⊂ BV holds true. Also it was shown that ev-
ery quasi-convex zero-sequence satisfies the conditions of the class S. Namely,
taking

An =

∞∑

k=n

|∆2uk|

we have
An −An+1 = |∆2un| ≥ 0,

lim
n→∞

An = lim
n→∞

∞∑

k=n

|∆2uk| = 0,

∞∑

n=0

An =

∞∑

n=0

∞∑

k=n

|∆2uk| =
∞∑

k=0

|∆2uk|
k∑

n=0

1 =

∞∑

k=0

(k + 1)|∆2uk| <∞,

and

|∆un| =
∣∣∣∣∣

∞∑

k=n

∆2uk

∣∣∣∣∣ ≤
∞∑

k=n

∣∣∆2uk
∣∣ = An.

The converse of this statement, in general, is not true.
A new criteria, in order that {un} ∈ S, has been introduced latter by the

following definition.

Definition 1.15. A zero-sequence {un}∞n=1 is said to belongs to the class Fp

for some 1 < p ≤ 2 if

∞∑

n=1

( |∆un|p + |∆un+1|p + · · ·
n

) 1
p

<∞.

Before recalling an important class of sequences we need another definition.

Definition 1.16. A sequence {un}∞n=1 of non-negative numbers is said to be
quasi-monotone if un

nβ ↓ 0 for some β > 0 and for all n or equivalently un+1 ≤
un(1 + α/n) for some α > 0 and for all n > n0(α).

Related to this definition is next lemma.

Lemma 1.17. Let {un}∞n=1 be a quasi-monotone sequence of real numbers. If∑∞
n=1 un converges, then nun = o(1) as n→ ∞.
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Proof. We have

un−1 ≥ (1 + α/(n− 1))−1un, un−2 ≥ (1 + α/(n− 2))−2un, . . .

and therefore for k < n

k∑

ν=1

un−ν ≥ k(1 + α/(n− k))−kun

or

kun ≤ (1 + α/(n− k))k
k∑

ν=1

un−ν < ekα/(n−k)
k∑

ν=1

un−ν .

Putting k =
[
n
2

]
into last inequality and taking into account that

∑∞
n=1 un

converges, we obtain nun = o(1) as n→ ∞.
The proof is completed.

Lemma 1.18. Let {un}∞n=1 be a quasi-monotone sequence of constants. If∑∞
n=1 un converges, then

∑∞
n=1(n+ 1)|∆un| converges.

Proof. Under assumption of this Lemma, Lemma 1.17, and Lemma 1.1 we
have

∞ >

∞∑

n=1

un = lim
m→∞

m∑

n=1

un

= lim
m→∞

(
m−1∑

n=1

(n+ 1)∆un + (m+ 1)um

)
=

∞∑

n=1

(n+ 1)∆un.

The proof is completed.

Years later, a ”new” class of sequences S′ was introduced.

Definition 1.19. The zero-sequence {un} is said to be in the class S′ if there
exists a sequence {An} such that

(i) {An} is quasi-monotone,
(ii)

∑∞
n=0An <∞, and

(iii) |∆un| ≤ An, for all n.

More general class of sequences than S′ class is the class S∗∗.

Definition 1.20. The zero-sequence {un} is said to be in the class S∗∗ if

n∆un = O(1) as n→ ∞.

The latest definition is illustrated by next example.
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Example 1.21. The sequence

un =
(−1)n+1

n log(n+ 1)
, n ∈ {1, 2, . . .}

does not satisfy the conditions of the class S′ since

|∆un| ≥ n log(n+ 1)−1 and
∞∑

n=0

|∆un| = ∞.

On the other hand,

n|∆un| ≤
1

log(n+ 1)
= O(1).

This class of sequences was generalized further to the class S∗∗
r , r ∈

{0, 1, 2, . . .}. Namely,

Definition 1.22. The zero-sequence {un} is said to be in the class S∗∗
r , r ∈

{0, 1, 2, . . .}, if
nr+1∆un = O(1) as n→ ∞.

It is clear that for r = 0, as a special case, we have S∗∗
0 ≡ S∗∗.

More than two decades later has been proved that the classes S and S′

are equivalent. Now we recall S2 class of sequences, which indeed expresses
an another equivalent form of the class S.

Definition 1.23. The zero-sequence {un} is said to be in the class S2 if there
exists a zero-sequence {An} of non-negative numbers such that

(i)
∑∞

n=1 n |∆An| <∞, and
(ii) |∆un| ≤ An, for all n.

The definition of δ-quasi-monotone sequences S(δ) is the following.

Definition 1.24. A sequence {un} is said to be δ-quasi-monotone, if un → 0,
un > 0 ultimately and ∆un ≥ −δn, where {δn} is a sequence of positive
numbers.

Along with what we said above, even in this case, the classes S and S(δ)
are identical as well. Exactly, L. Leindler in 2000 has proved the following
embedding relations

S ⊂ S′ ⊂ S(δ) ⊂ S,

which factitive mean that the classes S, S′, and S(δ) are indeed equivalent.
To show this firstly we prove two lemmas.

Lemma 1.25. Let {un} be a δ-quasi-monotone sequence with
∑∞

n=1 nδn <
∞. If

∑∞
n=1 un <∞, then nun = o(1) as n→ ∞.
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Proof. Let 0 < m < n. Adding the inequalities

n∆un−1 ≥ −nδn−1,

(n− 1)∆un−2 ≥ −(n− 1)δn−2,

...

(m+ 1)∆um ≥ −(m+ 1)δm,

we obtain

−unn+

n−1∑

k=m+1

[(k + 1)− k]uk + (m+ 1)um ≥ −
n−1∑

k=m

(k + 1)δk.

By assumptions, the right-hand side is o(1) as m,n→ ∞. The sum on the
left side is o(1) since

∑∞
n=1 un <∞. Whence,

(m+ 1)um − nun ≥ o(1), (m,n→ ∞).

Since, um → 0, then

mum − nun ≥ o(1), (m,n→ ∞).

We can not have lim inf nun > 0, since otherwise
∑∞

n=1 un could not con-
verge. Hence, in particular, there is for each positive ε an infinite sequence of
indices m for which mum < ε.

Now suppose that lim inf nun > 0. Then there is an infinite sequence of
indices n such that nun > 2ε > 0. For each m satisfying mum < ε we take
larger n satisfying nun > 2ε > 0. So, we have a contradiction of

mum − nun ≥ o(1), (m,n→ ∞).

Thus lim inf nun = 0, as we required.
The proof is completed.

Lemma 1.26. Let {un} be a δ-quasi-monotone sequence with
∑∞

n=1 nδn <
∞. If

∑∞
n=1 un <∞, then

∑∞
n=1 n|∆un| <∞.

Proof. We have

∞∑

n=1

n|∆un| =
∞∑

n=1

n(∆un) + 2
∞∑

n=1

n(∆un)
−,

where (∆un)
− is −∆un if ∆un < 0, and 0 otherwise. Since 0 ≤ (∆un)

− ≤ δn,
we have

∑∞
n=1 n(∆un)

− convergent, and it is therefore enough to show that∑∞
n=1 n(∆un) is convergent. We may consider the series

∑∞
n=1(n + 1)(∆un)

instead, since the difference between these series converges with
∑∞

n=1 |∆un|.
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Now
∑∞

n=1(n + 1)(∆un) is not necessarily a series of positive terms, but it
differs from such series, namely

∞∑

n=1

[(n+ 1)(∆un) + (n+ 1)δn],

by a convergent series. Hence it is enough to show that
∑∞

n=1(n + 1)(∆un)
has bounded partial sums. By Lemma 1.1 we obtain

n∑

k=1

uk =
n−1∑

k=2

(k + 1)∆uk + (n+ 1)un +O(1).

The series on the left converges, and therefore by Lemma 1.25, (n+1)un → 0
as n→ ∞. So, the partial sums on the right are bounded.

The proof is completed.

Now, the following lemma holds true.

Lemma 1.27. The classes S, S′, S(δ), and S2 are all equivalent.

Proof. Firstly we verify that classes S(δ) and S2 are equivalent. Let {un} ∈
S(δ). By Lemma 1.26 we have

∑∞
n=1 n|∆An| <∞, which means that {un} ∈

S2.
If {un} ∈ S2, then

nAn = n

∣∣∣∣∣

∞∑

k=n

∆Ak

∣∣∣∣∣ ≤
∞∑

k=n

k |∆Ak| = o(1), n→ ∞.

Using Lemma 1.1 we also have the inequality

n∑

k=1

Ak =

n−1∑

k=1

k∆Ak + nAn ≤
n−1∑

k=1

k|∆Ak|+ nAn

which implies that
∑n

k=1Ak <∞ i.e. {un} ∈ S(δ).
Now we are going to prove that S and S(δ) are equivalent. It is clear that

S ⊂ S(δ). If {un} ∈ S(δ), we define

Bk = Ak +
∞∑

m=k

δm.

Then Bk −Bk+1 = ∆Ak + δk ≥ 0, i.e. Bk ↓ 0 as k → ∞. On the other hand,

∞∑

k=1

Bk =

∞∑

k=1

Ak +

∞∑

k=1

∞∑

m=k

δm

=

∞∑

k=1

Ak +

∞∑

m=1

m∑

k=1

δm =

∞∑

k=1

Ak +

∞∑

m=1

mδm <∞,
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and |∆un| ≤ An < Bn for all n, which means that {un} ∈ S. So, we have

S ⊂ S′ ⊂ S(δ) ⊂ S.

Subsequently, S ≡ S′ ≡ S(δ) ≡ S2.
The proof is completed.

Even if the efforts to generalize the class S were in some way only virtual,
such efforts were not without any success as shows next definition.

Definition 1.28. The zero-sequence {un} is said to be in the class Sr, (r =
1, 2, . . .), if there exists a sequence {An} such that

(i) An ↓ 0 as n→ ∞,
(ii)

∑∞
n=0 n

rAn <∞, and
(iii) |∆un| ≤ An, for all n.

Here we write S0 ≡ S. It should be noted that from An ↓ 0 and∑∞
n=1 n

rAn < ∞ we get nr+1An = o(1) as n → ∞. Also, the inclusion
Sr+1 ⊂ Sr for all r = 1, 2, . . ., is trivial.

Now let {un} ∈ S1. For arbitrary real number u0 we prove that {un}∞n=0 ∈
S0. Define A0 = max{|∆u0|, A1}. Then |∆u0| ≤ A0 i. e. |∆un| ≤ An for all
n = 0, 1, 2, . . ., and {An}∞n=0 ↓.

On the other hand

∞∑

n=0

An ≤ A0 +
∞∑

n=1

nrAn <∞.

Consequently, {un}∞n=0 ∈ S0 which indeed shows that Sr+1 ⊂ Sr for all
(r = 0, 1, 2, . . .).

The next example proves that the implication

{un} ∈ Sr+1 ⊂ {un} ∈ Sr, (r = 0, 1, 2, . . .)

is not always reversible.

Example 1.29. For n = 0, 1, 2, . . ., we define un =
∑∞

k=n+1
1
k2 . Then un → 0

as n → ∞ and for n = 0, 1, 2, . . ., ∆un = 1
(n+1)2 . Let us show first that

{un}∞n=1 6∈ S1.
Let {An}∞n=1 is an arbitrary positive sequence such that An ↓ 0 and∆un ≤

|∆un| ≤ An, for all n. However
∑∞

n=1 nAn ≥
∑∞

n=1
n

(n+1)2 is divergent, i.e.

{un}∞n=0 6∈ S1.
Now, for all n = 0, 1, 2, . . . , let An = 1

(n+1)2 . Then An ↓ 0, |∆un| ≤ An,

and
∑∞

n=0An =
∑∞

n=0
1

(n+1)2 <∞, i.e. {un}∞n=0 ∈ S0.

An example, which we are going to consider, will show that there exists a
sequence such that {un} ∈ Sr, but {un} 6∈ Sr+1, (r = 1, 2, . . .).
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Example 1.30. Indeed, for n = 1, 2, . . ., let un =
∑∞

k=n+1
1

kr+2 . Then un → 0

as n → ∞ and for n = 1, 2, . . ., ∆un = 1
nr+2 . Let {An}∞n=1 is an arbitrary

positive sequence such that An ↓ 0 and ∆un ≤ |∆un| ≤ An, for all n. Even
thought

∞∑

n=1

nr+1An ≥
∞∑

n=1

nr+1 1

nr+2
=

∞∑

n=1

1

n
= ∞,

i.e. {un} 6∈ Sr+1, (r = 1, 2, . . .). On the other hand, for all n = 1, 2, . . . , let
An = 1

nr+2 . Then An ↓ 0, |∆un| ≤ An, and
∑∞

n=1 n
rAn =

∑∞
n=1

1
n2 <∞, i.e.

{un}∞n=1 ∈ Sr.

Now we give the definition of the classC. It has an important place, among
others, since as we will see below S ⊂ C ∩BV.

Definition 1.31. The zero-sequence {un} is said to be in the class C if for
every ε > 0, there exists a δ(ε) > 0, independent of n, and so that for all
n ≥ 0, ∫ δ

0

∣∣∣∣∣

∞∑

k=n+1

∆uk
sin
(
k + 1

2

)
x

2 sin x
2

∣∣∣∣∣ dx < ε.

The class C was not remained without generalization. Namely,

Definition 1.32. The zero-sequence {un} is said to be in the class Cr, r =
0, 1, . . . , if for every ε > 0, there exists a δ(ε) > 0, independent of n, and so
that for all n ≥ 0,

∫ δ

0

∣∣∣∣∣∣

∞∑

k=n+1

∆uk

[
sin
(
k + 1

2

)
x

2 sin x
2

](r)∣∣∣∣∣∣
dx < ε.

One should note here that for r = 0 we obtain C0 ≡ C.
In the following we need to prove an inequality known as Cauchy–Schwarz

inequality for integrals.

Lemma 1.33. Let f and g be real functions which are continuous on the
closed interval [a, b]. Then

{∫ b

a

[f(x) · g(x)]dx
}2

≤
∫ b

a

[f(x)]2dx ·
∫ b

a

[g(x)]2dx.

Proof. For any real number x we have

0 ≤ [xf(t) + g(t)]2

=⇒ 0 ≤
∫ b

a

[xf(t) + g(t)]2dt

= x2
∫ b

a

[f(t)]2dt+ 2x

∫ b

a

[f(t)g(t)]dt+

∫ b

a

[g(t)]2dt

=Mx2 + 2Nx+ P,
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where

M =

∫ b

a

[f(t)]2dt, N =

∫ b

a

[f(t)g(t)]dt, and P =

∫ b

a

[g(t)]2dt.

So, the quadratic expression Mx2 + 2Nx + P is non-negative. Therefore
its discriminant (2N)2 − 4MP must be non-positive

N2 ≤MP.

Putting M , N , ad P into last inequality we obtain the proof of the re-
quested inequality.

Now, as we mentioned above, we are in able to prove a lemma which
shows that S ⊂ C ∩ BV. Truly, to show this we prove the following lemma
which is known as Sidon-Fomin lemma. We give here its proof presented by
Telyakovskii who gave an elementary proof.

Lemma 1.34. Let the real numbers αi, i = 1, 2, . . . , k, satisfy conditions
|αi| ≤ 1. Then the following estimations hold true

∫ π

0

∣∣∣∣∣

k∑

i=0

αi

sin
(
i+ 1

2

)
x

2 sin x
2

∣∣∣∣∣ dx ≤ C(k + 1),

and ∫ π

π
k+1

∣∣∣∣∣

k∑

i=0

αi

cos
(
i+ 1

2

)
x

2 sin x
2

∣∣∣∣∣ dx ≤ C(k + 1),

where C is a positive constant.

Proof. First we have

∫ π
k+1

0

∣∣∣∣∣

k∑

i=0

αi

sin
(
i+ 1

2

)
x

2 sin x
2

∣∣∣∣∣ dx ≤
k∑

i=0

|αi|
(
i+

1

2

)
π

k + 1
≤ C(k + 1).

On the other hand using Lemma 1.33 and the Jordan’s inequality sinβ ≥
2
πβ, β ∈

[
0, π2 ] , see Lemma 1.79 page 37, we also have

∫ π

π
k+1

∣∣∣∣∣

k∑

i=0

αi

sin
(
i+ 1

2

)
x

2 sin x
2

∣∣∣∣∣ dx

≤
(∫ π

π
k+1

dx

4 sin2 x
2

) 1
2

·



∫ π

π
k+1

[
k∑

i=0

αi sin

(
i+

1

2

)
x

]2
dx




1
2

≤ C(k + 1)
1
2 ·



∫ π

0

[
k∑

i=0

αi sin

(
i+

1

2

)
x

]2
dx




1
2

≤ C(k + 1).

The second inequality of this lemma can be proved in a very similar way.
The proof is completed.
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Lemma 1.35. The inclusion S ⊂ C ∩BV holds true.

Proof. Since, according to the Lemma 1.27, the class S is equivalent to S2,
then we prove that S ⊂ C ∩BV by proving S2 ⊂ C ∩BV.

From {un} ∈ S2 it implies that {un} ∈ BV. Indeed,

∞∑

k=1

|∆Ak| ≤
∞∑

k=1

k|∆Ak| <∞.

On the other hand from Ak = o(1) as k → ∞ we have

nAn = n

∣∣∣∣∣

∞∑

k=n

∆Ak

∣∣∣∣∣ ≤
∞∑

k=n

k |∆Ak| = o(1), as n→ ∞.

Applying Lemma 1.1 we obtain

n∑

k=1

Ak =

n−1∑

k=1

k∆Ak + nAn, (1.5)

which along with (1.5) we get that
∑∞

k=1Ak <∞. Since {un} ∈ S2 it follows
that |∆uk| ≤ Ak for all k, and therefore

∞∑

k=1

|∆uk| ≤
∞∑

k=1

Ak <∞, i.e. {un} ∈ BV.

Now we are going to prove the implication {un} ∈ S2 =⇒ {un} ∈ C.
Indeed, applying Lemma 1.34 we obtain

∫ δ

0

∣∣∣∣∣

∞∑

k=n+1

∆uk
sin
(
k + 1

2

)
x

2 sin x
2

∣∣∣∣∣ dx ≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆uk
Ak

Ak

sin
(
k + 1

2

)

2 sin t
2

∣∣∣∣∣ dx

≤ K lim
m→∞

[
m−1∑

k=n+1

(k + 1)|∆Ak|+ (m+ 1)Am + (n+ 1)An+1

]
,

where K is an absolute constant.
Since mAm → 0 as m → ∞, because of

∑∞
k=1Ak < ∞, by Olivier’s

theorem, we find that

∫ δ

0

∣∣∣∣∣

∞∑

k=n+1

∆uk
sin
(
k + 1

2

)
x

2 sin x
2

∣∣∣∣∣ dx

≤ K

[
∞∑

k=n+1

(k + 1)|∆Ak|+ (n+ 1)An+1

]
. (1.6)

Both terms of the right-hand side (1.6) are o(1) as n→ ∞. Subsequently,
we can choose n big enough so that for every ε > 0 we have
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∫ δ

0

∣∣∣∣∣

∞∑

k=n+1

∆uk
sin
(
k + 1

2

)
x

2 sin x
2

∣∣∣∣∣ dx < ε,

which means that {un} ∈ C.
So, we have proved implications {un} ∈ S =⇒ {un} ∈ BV and {un} ∈

S =⇒ {un} ∈ C or {un} ∈ BV ∩C.
The proof is completed.

A wider class of sequences than the class of bounded variation is the class
of bounded variation of higher order.

Definition 1.36. The zero-sequence {un} is said to be in the class (BV)m

(the class of bounded variation of higher order) if

∞∑

n=1

|∆mun| <∞,

where ∆mun := ∆(∆m−1un) = ∆m−1un −∆m−1un+1, m ∈ {1, 2, . . .}.

Note that for m = 1, the class (BV)1 is the class BV. Also it is clear that

{un} ∈ (BV)m =⇒ {un} ∈ (BV)m+1,

but the converse inclusion is not true.
To show this fact we give an example.

Example 1.37. For k = 1, 2, . . ., and −k ≤ n < k, let us define

uk2+n =
k − |n|
k2

.

The sequence {ui} is well defined, for k2 + k = (k + 1)2 − (k + 1). Since

|∆uk2+n| =
1

k2
,

we have

∞∑

i=0

|∆ui| =
∞∑

k=1

k−1∑

n=−k

|∆uk2+n| =
∞∑

k=1

k−1∑

n=−k

1

k2
=

∞∑

k=1

1

k
= +∞,

which means that {ui} is not of bounded variation.
However,

∆2uk2+n = 0

for −k ≤ n < −1 or 0 ≤ n < k − 2, and

∆2uk2−1 = − 2

k2
, ∆2uk2+k−1 =

1

k2
+

1

(k + 1)2
.
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Whence,

∞∑

i=0

|∆2ui| =
∞∑

k=1

k−1∑

n=−k

|∆uk2+n| =
∞∑

k=1

[
1

k2
+

1

(k + 1)2

]
< +∞,

and therefore the sequence {ui} is of bounded variation of order two, but is
not of bounded variation.

The class R of sequences also appears to be useful in literature.

Definition 1.38. The zero-sequence {un} is said to be in the class R if

∞∑

n=1

n2
∣∣∣∆2

(un
n

)∣∣∣ <∞.

This class has been generalized to the class Rr as follows.

Definition 1.39. The zero-sequence {un} is said to be in the class Rr, r ∈
{0, 1, 2, . . .}, if

∞∑

n=1

nr+2
∣∣∣∆2

(un
n

)∣∣∣ <∞.

This class has been defined in the complex domain as we will see it in the
next section. One should note here that for r = 0 we have R0 ≡ R.

Also we introduce a new class of null sequences of real numbers related to
the class R.

Definition 1.40. If uk → 0 as k → ∞ and

∞∑

k=1

k2 log k
∣∣∣∆2

(uk
k

)∣∣∣ <∞

then we say that {uk} belongs to the class Rlog.

Because of the inequality 1 < lnn for n ≥ 3, it is clear that Rlog ⊂ R.
Moreover the following example shows that the class Rlog is not an empty
subclass of the class R.

Example 1.41. Let uk = 1
k2 ln3 k

, k ≥ 2. Then it is obvious that uk → 0 and

∣∣∣∣∆
2
(uk
k

) ∣∣∣∣ <
4

k3 ln3 k
=⇒

∞∑

k=2

k2 log k
∣∣∣∆2

(uk
k

)∣∣∣ <
∞∑

k=2

1

k ln2 k
<∞.

Next definition introduces the notion of the semi-convexity.

Definition 1.42. The zero-sequence {un} is said to be semi-convex if

∞∑

n=1

n
∣∣∆2un−1 +∆2un

∣∣ <∞, (u0 = 0).
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The class of semi-convex sequences has been generalized to the class of
semi-convex sequences of order r, r ∈ {0, 1, 2, . . .}.

Definition 1.43. A sequence (un) is said to be semi-convex of order r, r ∈
{0, 1, . . .}, or (an) ∈ (SC)r, if un → 0 as n→ ∞, and

∞∑

n=1

nr+1|∆2un−1 +∆2un| <∞, (u0 = 0).

We note that the class (SC)0 is the same with the class of semi-convex
sequences.

The semi-convexity of a sequence is generalized to hyper semi-convexity
of non-negative integer and to non-integer positive order.

Definition 1.44. The zero-sequence {un} is said to be hyper semi-convex if

∞∑

n=1

nα+1
∣∣∆α+2un−1 +∆α+2un

∣∣ <∞, (u0 = 0),

where α ∈ {0, 1, 2, . . .}.

Definition 1.45. The zero-sequence {un} is said to be hyper semi-convex of
non-integer positive order if

∞∑

n=1

nα+1
∣∣∆α+2un−1 +∆α+2un

∣∣ <∞, (u0 = 0),

where α > 0 any real number.

Lately, the following class has been introduced.

Definition 1.46. The sequence {un} is said to belongs to the class K if un →
0 as n→ ∞ and

∞∑

n=1

n
∣∣∆2un−1 −∆2un+1

∣∣ <∞, (u0 = 0).

The class K was generalized to the class Kα.

Definition 1.47. The sequence {un} is said to belongs to the class Kα if
un → 0 as n→ ∞ and

∞∑

n=1

nα
∣∣∆α+1un−1 −∆α+1un+1

∣∣ <∞, (u0 = 0).
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It is obvious that for α = 1 we obtain K1 ≡ K.
In what follows it is related in some way to the class Kα.
For any real value of α the binomial coefficients Aα

ν are defined by

(1− x)−α−1 =
∞∑

ν=0

Aα
νx

ν , |x| < 1.

Then Aα
0 = 1 and for ν ≥ 1

Aα
ν = (−1)ν

(−α− 1

ν

)
=

(α+ 1)(α+ 2) · · · (α+ ν)

ν!
=

(
ν + α

ν

)
.

When α 6= −q, where q is a positive integer, we have

Aα
ν

να
=

(α+ 1)(α+ 2) · · · (α+ ν)

ν!να
→ 1

Γ (α+ 1)
for ν → ∞,

and it follows that

Aα
ν = O(να) and να = O(Aα

ν ),

where

Γ (x) =

∫ +∞

0

xz−1e−xdz

is the well-known Euler integral of the second kind and we recall here only its
main property that is Γ (α) = (α− 1)!.

This relation concerning the order of magnitude of the binomial coefficients
Aα

ν justifies the notation . Also by definition it follows that

A−q
ν

να
= 0 for ν ≥ q.

Concerning the sign and variation of the binomial coefficients we mention the
following result, which are all immediate consequences of the definition of Aα

ν .
When α > −1 and all Aα

ν are positive and the sequence {Aα
ν } is monotone,

for α increasing to ∞ and for −1 < α < 0 decreasing to 0. If α = 0, then all
the coefficients are equal to 1.

When α < −1 the sequence {Aα
ν } contains both positive and negative

terms. For small values of ν the terms have alternating sign, but from a
certain value of ν all terms have same sign or vanish. In particular we note
that in the sequence

A−δ−1
0 , A−δ−1

1 , A−δ−1
2 , . . . , A−δ−1

ν , . . . (0 < δ < 1).

where −2 < α < −1, all terms are negative except the firs one.
It should also be noticed that the series

∑∞
ν=0A

α
ν is absolutely convergent

for α ≤ 1. Since for α < −1
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∞∑

ν=0

Aα
νx

ν = (1− x)−α−1 → 0, for x→ 1,

we have
∞∑

ν=0

Aα
ν = 0, for α < −1.

By multiplication of two binomial series we obtain for |x| < 1

∞∑

ν=0

Aα
νx

ν
∞∑

ν=0

Aβ
νx

ν = (1−x)−α−1(1−x)−β−1 = (1−x)−α−β−2 =
∞∑

ν=0

Aα+β+1
ν xν .

It follows that

n∑

ν=0

Aα
νA

β
n−ν = Aα+β+1

n , (n = 0, 1, 2, . . .)

for all values of α and β. For β = 0 this formula reduces to

n∑

ν=0

Aα
ν = Aα+1

n or Aα+1
n −Aα+1

n−1 = Aα
n, (n ≥ 1),

which deals with addition and subtraction of binomial coefficients of the same
order.

For any real value of α the sums of order α belonging to a given sequence
{aν} will be defined by

Sα
n (aν) =

n∑

ν=0

Aα
n−νaν .

In particular

S0
n(aν) = a0 + a1 + · · ·+ an and S−1

n (aν) = an.

As a consequence of the formula
∑n

ν=0A
α
νA

β
n−ν = Aα+β+1

n , the formula

Sβ
n(S

α
n (aν)) = Sα+β+1

n (aν),

holds for all values of α and β. For β = 0 this formula reduces to

n∑

ν=0

Sα
ν aν = Sα+1

n aν or Sα+1
n (aν)− Sα+1

n−1 (aν) = Sα
n (aν), n ≥ 1,

which deals with addition and subtraction of sums of the same order.
For any real value of α > −1 the Cesàro means of order α belonging to

the series
∑∞

ν=0 aν are defined by
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Cα
n (uν) =

Sα
n (aν)

Aα
n

.

As we have seen earlier for any positive integer α the differences of order
α belonging to a given sequence aν are defined by the equations

∆1aν = aν − aν+1, ∆ = ∆1(∆α−1aν), (ν = 0, 1, 2, . . .).

For these differences we have the formulas

∆αaν =

α∑

µ=0

A−α−1
µ aν+µ

and

∆α(aνbν) =

α∑

q=0

(
α

q

)
∆q(aν)∆

α−q(aν+q),

both of which can be verified by mathematical induction.
Since A−α−1

µ = 0 for µ ≥ α + 1 we may replace the sum in the above
equality by the infinite series

∆αaν =
∞∑

µ=0

A−α−1
µ aν+µ, (ν = 0, 1, 2, . . .).

If these series are convergent for some α which is not a positive integer, we
define the differences ∆aν by the above equations. It should be noticed here
that the convergence of this series for some value ν implies the convergence
for all values of ν. If the series are not convergent these differences will not
be defined. Thus, in any case where the differences ∆aν exist, they can be
determined by above equations.

After this extensions of the definition we have

∆0aν = aν .

We further notice that the difference ∆αaν exists when aν = O(να−δ) for
some positive value of δ. In particular, if the sequence {aν} is bounded, the
differences of any positive order will exists.

Whether the series
∑∞

µ=0A
−α−1
µ aν+µ is convergent or not, we will call the

partial sums

∆α
naν = A−α−1

0 aν +A−α−1
1 aν+1 + · · ·+A−α−1

n−ν an =

n−ν∑

µ=0

A−α−1
µ aν+µ,

where n ≥ ν, the broken differences of order α belonging to the sequence aν .
The broken differences exist for any value of α. When α is a positive integer
we have
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∆α
naν = ∆αaν for n− ν ≥ α,

since A−α−1
µ = 0 for µ > α.

By means of the broken differences we can condense the Abel’s formula
for partial summation,

n∑

ν=0

aνbν =
n−1∑

ν=0

S0
ν(aν)∆

1bν + S0
n(aν)bn,

into
n∑

ν=0

aνbν =

n−1∑

ν=0

S0
ν(aν)∆

1
nbν ,

and generalize it, by introducing an unrestricted parameter α, to the trans-
formation

n∑

ν=0

aνbν =

n∑

ν=0

Sα−1
ν (aν)∆

α
nbν , (1.7)

which replaces the factors aν by the sums Sα−1
ν (aν) and the factors bν by the

broken differences ∆αbν . The last generalized Abel’s transformation is said to
be of the order α. The formula for partial summation is of order 1 (Lemma
1.1).

If α is a positive integer we have

∆α
nbν = ∆αbν for n− ν ≥ α,

and the last transformation may be written

n∑

ν=0

aνbν =

n−α∑

ν=0

Sα−1
ν (aν)∆

αbν +

n∑

ν=n−α+1

Sα−1
ν (aν)∆

α
nbν , (1.8)

which for α = 1 reduces to the original form of the formula for partial sum-
mation. This transformation carries the product-sum

∑n
ν=0 aνbν into two dif-

ferent kinds of sum of which the first one will be called the main term of
the transformation and the second one the reminder. In the main term we
find only complete differences, in the remainder only broken differences of the
sequence {bν}.

Just as the usual formula for partial summation is of the utmost im-
portance not only for the theory of convergence of numerical infinite series,
but also for the convergence of Fourier series. The generalized Abel’s trans-
formation is a very valuable tool for investigation within the so-called L1-
convergence of Fourier series. In this short book it will be frequently applied
in both of its forms i.e. the original and the generalized Abel’s transformation.

In accordance with the generalized Abel’s transformation we shall call the
series

∞∑

ν=0

Sα−1
ν (aν)∆

αbν

an Abel transform (of order α) of the series
∑n

ν=0 aνbν .
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Lemma 1.48. If α ≥ 0, p ≥ 0,

(a) εn = O(n−p), and
(b)
∑∞

n=0A
α+p
n |∆α+1εn| <∞, then

(i)
∑∞

n=0A
λ+p
n |∆λ+1εn| <∞, for −1 ≤ λ ≤ α,

(ii) Aλ+p
n ∆λεn is of bounded variation for 0 ≤ λ ≤ α, and tends to zero as

n→ ∞, except when p = 0 and λ = 0.

Proof. If 0 < δ ≤ 1 and 0 ≤ σ ≤ α, we have (except when p = 0, σ = 0,
δ = 1),

∞∑

n=0

Aσ−δ+p
n |∆σ−δ+1εn| ≤

∞∑

n=0

Aσ−δ+p
n

∞∑

v=n

Aδ−1
v−n|∆σ+1εn|

=

∞∑

v=0

|∆σ+1εv|
v∑

n=0

Aδ−1
v−nA

σ−δ+p
n

=

∞∑

v=0

Aσ+p
v |∆σ+1εv|,

and (i) follows by induction, the case p = 0, λ = −1 being trivial.
Again, if 0 ≤ λ ≤ α,

∞∑

n=0

|∆(Aλ+p
n ∆λεn)| ≤

∞∑

n=0

Aλ+p
n |∆λ+1εn|+

∞∑

n=0

Aλ+p−1
n+1 |∆λεn+1| <∞.

Whence Aλ+p
n ∆λεn is of bounded variation, and tends to a limit, which

can only be zero, except when p = 0 and λ = 0.
The proof is completed.

Lemma 1.49. Let r ≥ 0 be a real number and let s denote the integral part
and δ the fractional part of r (0 ≤ δ < 1). If the sequence εν satisfies the
conditions

(i) εν = O(1) and
(ii)

∑∞
ν=0 ν

r|∆r+1εν | <∞,

then we have

∆s+1εν =

∞∑

µ=0

Aδ−1
µ ∆r+1εν+µ.

Proof. We introduce the sequence

εν =

∞∑

µ=0

Ar
µ∆

r+1εν+µ.

Since Ar
µ ≤ Ar

µ+1 for all values of µ, we have
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|εν | ≤
∞∑

µ=ν

Ar
µ|∆r+1εµ|, i.e. εν = o(1).

The differences of the order one being determined by

∆1εν = Ar
0∆

r+1εν +

∞∑

µ=1

(Ar
µ −Ar

µ−1)∆
r+1εν+µ =

∞∑

µ=0

Ar−1
µ ∆r+1εν+µ,

we obtain, by mathematical induction, the difference formula

∆qεν =

∞∑

µ=0

Ar−q
µ ∆r+1εν+µ,

valid for any positive integer q. In particular,

∆s+1εν =
∞∑

µ=0

Aδ−1
µ ∆r+1εν+µ.

The proof is completed.

Lemma 1.50. If 0 ≤ δ ≤ 1 and 0 ≤ m < n, then
∣∣∣∣∣

m∑

p=0

Aδ−1
n−pSp

∣∣∣∣∣ ≤ max
0≤µ≤m

|Sδ
m|.

Proof. We suppose that 0 < δ < 1 since the result is trivial for δ = 0 or δ = 1.
By repeated application of Abel’s Lemma 1.1 and since

Aδ−1
n−p

Aδ−1
m−p

=
δ − 1 + n− p

n− p
· m− p

δ − 1 +m− p
·
Aδ−1

n−p−1

Aδ−1
m−p−1

>
Aδ−1

n−p−1

Aδ−1
m−p−1

for 0 ≤ p < m < n, there exist integers mp such that m ≥ m1 ≥ m2 ≥ · · · ≥ 0,
and

∣∣∣∣∣

m∑

p=0

Aδ−1
n−pSp

∣∣∣∣∣ =
∣∣∣∣∣

m∑

p=0

Aδ−1
n−p

Aδ−1
m−p

Aδ−1
m−pSp

∣∣∣∣∣

≤ Aδ−1
n

Aδ−1
m

∣∣∣∣∣

m1∑

p=0

Aδ−1
m−pSp

∣∣∣∣∣

≤ Aδ−1
n

Aδ−1
m

Aδ−1
m

Aδ−1
m1

∣∣∣∣∣

m2∑

p=0

Aδ−1
m1−pSp

∣∣∣∣∣
...

≤ Aδ−1
n

Aδ−1
mk

∣∣∣∣∣

mk+1∑

p=0

Aδ−1
mk−pSp

∣∣∣∣∣ .
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Now since m1,m2, . . . is a non-decreasing sequence of non-negative inte-
gers, there is an integer ρ such that mρ = mρ+1. Therefore, since

∣∣∣∣∣

m∑

p=0

Aδ−1
n−pSp

∣∣∣∣∣ ≤
Aδ−1

n

Aδ−1
mρ

∣∣∣∣∣

mρ∑

p=0

Aδ−1
mρ−pSp

∣∣∣∣∣ ≤ |Sδ
mρ

| ≤ max
0≤µ≤m

|Sδ
m|.

Identically we note that for 0 < δ < 1, then
Aδ−1

n

Aδ−1
mρ

< 1, and whence

there is strict inequality in this lemma unless Sδ
µ = 0 for 0 ≤ µ ≤ m, i.e.

S0 = S1 = · · · = Sm = 0.

The proof is completed.
Five other classes of sequences of the ”semi” and ”hyper” type also came

across in the literature.

Definition 1.51. The sequence {un} is said to be twice quasi semi-convex if
un → 0 as n→ ∞ and

∞∑

n=1

n
∣∣∆4un−1 −∆4un

∣∣ <∞, (u0 = u−1 = 0).

Definition 1.52. The sequence {un} is said to be quasi semi-convex if un → 0
as n→ ∞ and

∞∑

n=1

n
∣∣∆2un −∆2un+1

∣∣ <∞.

Definition 1.53. The sequence {un} is said to be r−quasi convex, r ≥ 0, if
un → 0 as n→ ∞ and

∞∑

n=1

nr+1 |∆un−1 −∆un| <∞, (u0 = 0).

Definition 1.54. The sequence {un} is said to be third quasi hyper-convex if
un → 0 as n→ ∞ and

∞∑

n=1

n3α
∣∣∆3α−1un−1 −∆3α−1un

∣∣ <∞, (u0 = u−1 = 0).

The newly class of sequences SJ is given i next definition.

Definition 1.55. The zero-sequence {un} of positive numbers is said to be in
the class SJ, if there exists a sequence {An} such that

(i) An ↓ 0 as n→ ∞,
(ii)

∑∞
n=1An <∞, and

(iii)
∣∣∆
(
un

n

)∣∣ ≤ An

n , for all n.
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Since ∣∣∣∆
(un
n

)∣∣∣ ≤ An

n
=⇒ |∆ (un)| ≤ An, ∀n,

then it is clear that SJ ⊂ S.
The above inclusion is a proper one. Next example shows this fact.

Example 1.56. For n ∈ Z\{0, 1, 2}, where Z is the set of non-negative integers,
define un = 1

n3 . Then there exists the sequence An = 1
n2 such that un satisfies

all conditions of the class S but not those of SJ. But, for n ∈ {1, 2, . . .} the
sequence vn = 1

n3 satisfies the conditions of the class S as well as conditions
of the class SJ. Therefore, the class SJ is indeed a proper subclass of the class
S.

The class of sequences SJr, r ∈ {0, 1, 2, . . .}, is a natural extension of the
class SJ. It is defined as follows.

Definition 1.57. The zero-sequence {un} of positive numbers is said to be in
the class SJr, r ∈ {0, 1, 2, . . .}, if there exists a sequence {An} such that

(i) An ↓ 0 as n→ ∞,
(ii)

∑∞
n=1 n

rAn <∞, and
(iii)

∣∣∆
(
un

n

)∣∣ ≤ An

n , for all n.

It is also clear that for r = 0 we have SJ0 ≡ SJ. Moreover, the inclusion
SJr+1 ⊂ SJr holds true for all r ∈ {0, 1, 2, . . .}, but the converse statement
does not hold as shows next example.

Example 1.58. For n = 1, 2, . . ., define un = 1
nr+2 , r ∈ {0, 1, 2, . . .}. Let us

show first that {un} 6∈ SJr+1. Namely, un = 1
nr+2 → 0 as n → ∞. If we take

An = 1
nr+2 , r ∈ {0, 1, 2, . . .}, then we have

∞∑

n=1

nr+1An =

∞∑

n=1

nr+1 1

nr+2
=

∞∑

n=1

1

n
= ∞,

which means that {un} 6∈ SJr+1.
However, An ↓ 0 as n→ ∞, and

∞∑

n=1

nrAn =

∞∑

n=1

nr
1

nr+2
=

∞∑

n=1

1

n2
<∞.

Finally, ∣∣∣∆
(un
n

)∣∣∣ =
∣∣∣∣∆
(

1

nr+3

)∣∣∣∣ ≤
An

n
, ∀n.

So, we have verified that {un} ∈ SJr.

The BVlog class of sequences has been defined as follows.
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Definition 1.59. If uj → 0 as j → ∞ and

∞∑

j=1

log2(j + 1)

∣∣∣∣∆
(

uj
log(j + 1)

)∣∣∣∣ <∞

then we say that {uj} belongs to the class BVlog.

Also earlier has been introduced the so-called weakly even null-sequences
and this class was denoted by W.

Definition 1.60. If uj → 0 as j → ∞ and

∞∑

j=1

log(j + 1) |∆uj | <∞

then we say that {uj} is weakly even, briefly denoted by {uj} ∈ W.

Moreover, in general context, next lemma shows that the class BVlog is a
wider class of sequences, and more useful in applications than the class W.

Lemma 1.61. The implication {uj} ∈ W =⇒ {uj} ∈ BVlog holds true, i.e.

W ⊆ BVlog.

Proof. Let {uj} ∈ W. After some elementary calculations we have

∆

(
uj

log(j + 1)

)
=
uj − uj+1

log(j + 1)
+

uj+1 log
(
1 + 1

j+1

)

log(j + 1) log(j + 2)
.

Hence,

log2(j + 1)

∣∣∣∣∆
(

uj
log(j + 1)

)∣∣∣∣ ≤ log(j + 1)|∆uj |+
|uj+1| log (j + 1)

(j + 1) log(j + 2)

≤ log(j + 1)|∆uj |+ 2
|uj+1|
j + 1

.

Thus,

∞∑

j=1

log2(j + 1)

∣∣∣∣∆
(

uj
log(j + 1)

)∣∣∣∣ ≤
∞∑

j=1

log(j + 1)|∆uj |+ 2

∞∑

j=1

|uj+1|
j + 1

≤
∞∑

j=1

log(j + 1)|∆uj |+ 2

∞∑

j=1

1

j + 1

∞∑

i=j+1

|∆ui| ≤
∞∑

j=1

log(j + 1)|∆uj |

+2
∞∑

i=1

|∆ui|
i+1∑

j=1

1

j
≤ O




∞∑

j=1

log(j + 1)|∆uj |


 < +∞,

which clearly implies {uj} ∈ BVlog.
The proof is completed.



1.2 Some classes of complex sequences 29

1.2 Some classes of complex sequences

In this section we shall give the definitions of some classes of complex se-
quences. We assume that {cj} is a zero-sequence, i.e.

lim
|j|→∞

cj = 0.

Definition 1.62. A zero sequence {cj} of complex numbers satisfying

∞∑

j=1

|∆ (cj − c−j)| log j <∞

is called weakly even.

It is clear that every even sequence is weakly even too.
The classW of weakly even sequences has been generalized in the following

manner.

Definition 1.63. A zero sequence {cj} of complex numbers belongs to the
class Wr, r ∈ {0, 1, 2, . . .} if

∞∑

j=1

|∆ (cj − c−j)| jr log j <∞.

For r = 0 we obviously have W0 ≡ W.

Definition 1.64. A zero sequence {cj} of complex numbers belongs to the
class R⋆ if

∞∑

j=1

∣∣∣∣∆
(
cj − c−j

j

)∣∣∣∣ j log j <∞

and
∞∑

j=1

j2
∣∣∣∣∆

2

(
cj
j

)∣∣∣∣ <∞.

The class R⋆ is generalized by the following definition.

Definition 1.65. A zero sequence {cj} of complex numbers belongs to the
class R⋆(r), r ∈ {0, 1, 2, . . .}, if

∞∑

j=1

∣∣∣∣∆
(
cj − c−j

j

)∣∣∣∣ j
r+1 log j <∞

and
∞∑

j=1

jr+2

∣∣∣∣∆
2

(
cj
j

)∣∣∣∣ <∞.
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If we take r = 0 in this definition, then we obtain R⋆(0) ≡ R⋆.
The class S⋆

p of complex sequences is defined as follows.

Definition 1.66. A weakly even zero sequence {cj} of complex numbers be-
longs to the class S⋆

p if for some 1 < p ≤ 2 and some monotone sequence {Aj}
such that

∑∞
j=1Aj <∞ the condition

1

n

n∑

j=1

|∆ (cj)|p
Ap

j

= O(1)

holds.

An extension of the class S⋆
p is the class S⋆

pα(δ), where 1 < p ≤ 2 and
α ≥ 0.

Definition 1.67. A weakly even zero sequence {cj} of complex numbers be-
longs to the class S⋆

pα(δ) if for some 1 < p ≤ 2 and some δ-quasi-monotone
sequence {Aj} such that

∑∞
j=1 j

α+1δj <∞ and
∑∞

j=1 j
αAj <∞ the condition

1

npα+1

n∑

j=1

|∆ (cj)|p
Ap

j

= O(1)

holds.

A new class of complex sequences also has been introduced e.i., the class
K⋆.

Definition 1.68. A zero sequence {cj} of complex numbers belongs to the
class K⋆ if for some 1 < p ≤ 2 the conditions

1

[λn]

[λn]∑

j=1

(
cj − c−j

k

)
log k = o(1),

lim
λ↓1

limn→∞

[λn]∑

j=1

(
cj − c−j

k

)
k log k = 0,

and

lim
λ↓1

limn→∞

[λn]∑

j=n

jp−1

∣∣∣∣∆
(
cj
j

)∣∣∣∣
p

= 0,

hold, where [λ] denotes the integer part of λ.

Definition 1.69. A null sequence (cj) of complex numbers belongs to class
J∗ if there exists a sequence (Aj) such that

Aj ↓ 0, as j → ∞,
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∞∑

j=1

jAj <∞,

and ∣∣∣∣∆
(
cj − c−j

j

)∣∣∣∣ ≤
Aj

j
, ∀j.

Now we are going to introduce the following class of sequences of complex
numbers.

Definition 1.70. A null sequence (cj) of complex numbers belongs to class K
if there exists a sequence (Aj) such that

Aj ↓ 0, as j → ∞,

∞∑

j=1

jAj <∞,

and

max

{∣∣∣∣∆
(
cj
j

)∣∣∣∣ ,
∣∣∣∣∆
(
c−j

j

)∣∣∣∣
}

≤ Aj

j
, j ∈ {1, 2, . . .}.

The class K has been extended to the class K2 given in the next definition.

Definition 1.71. A null sequence (cj) of complex numbers belongs to class
K2 if there exists a sequence (Aj) such that

Aj ↓ 0, as j → ∞,

∞∑

j=1

j2Aj <∞,

and

max

{∣∣∣∣∆
2

(
cj
j

)∣∣∣∣ ,
∣∣∣∣∆

2

(
c−j

j

)∣∣∣∣
}

≤ Aj

j2
, j ∈ {1, 2, . . .}.

Next example shows that the there exist sequences that belong or not belong
to the class K2.

Example 1.72. Let (cj) be a sequence defined by its general term cj := 1
j2 ,

j ∈ {1, 2, . . .}. Then,
∣∣∣∆2

(
c±j

j

)∣∣∣ ≤ 4
j3 =

Aj

j2 , Aj = 4
j ↓ 0, and

∑∞
j=1 j

2Aj =

+∞, which means that (cj) 6∈ K2.
On the other hand, let (cj) be a sequence defined by its general term

cj = 1
j5 , j ∈ {1, 2, . . .}. Then,

∣∣∣∆2
(

c±j

j

)∣∣∣ ≤ 4
j6 =

Aj

j2 , Aj = 4
j4 ↓ 0, and

∑∞
j=1 j

2Aj < +∞, which means that (cj) ∈ K2.
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The class K2 was generalized also to the class K2
r , r ∈ {1, 2, . . .}.

Definition 1.73. A null sequence (cj) of complex numbers belongs to class
K2

r if there exists a sequence (Aj) such that

Aj ↓ 0, as j → ∞,

∞∑

j=1

jr+1Aj <∞,

and

max

{∣∣∣∣∆
2

(
cj
jr

)∣∣∣∣ ,
∣∣∣∣∆

2

(
c−j

jr

)∣∣∣∣
}

≤ Aj

jr+1
, j, r ∈ {1, 2, . . .}.

Note that for r = 1 we clearly have K2
1 ≡ K2.

Even in this case, next example shows that the there exist sequences that
belong or not belong to the class K2

r for some r.

Example 1.74. Let (cj) be a sequence defined by its general term cj := 1
j2 ,

j ∈ {1, 2, . . .} and r = 2. Then,
∣∣∣∆2

(
c±j

j2

)∣∣∣ ≤ 4
j4 =

Aj

j3 , Aj = 4
j ↓ 0, and

∑∞
j=1 j

3Aj = +∞, which means that (cj) 6∈ K2
2.

On the other hand, let (cj) be a sequence defined by its general term

cj = 1
j6 , j ∈ {1, 2, . . .}. Then,

∣∣∣∆2
(

c±j

j2

)∣∣∣ ≤ 4
j8 =

Aj

j3 , Aj = 4
j5 ↓ 0, and

∑∞
j=1 j

3Aj < +∞, which means that (cj) ∈ K2
2.

Some of the classes given in this section are extended to the two-dimensional
case. Indeed, the notion of bounded variation of double sequences is given by
next definition.

Definition 1.75. We say that uj,k belongs to the class BV2 if

uj,k → 0 as j + k → ∞,

and
∞∑

j=1

∞∑

k=1

|∆11uj,k| <∞,

where
∆11uj,k := uj,k − uj+1,k − uj,k+1 + uj+1,k+1.

Definition 1.76. The zero-sequence {uj,k} is said to be in the class C2 if for
every ε > 0, there exists a δ(ε) > 0, independent of m,n, and so that for all
m ≥ 0 and n ≥ 0, we have

∫ ∫

Dδ

∣∣∣∣∣∣

∞∑

j=m+1

∞∑

k=n+1

∆uj,k
sin
(
j + 1

2

)
x sin

(
k + 1

2

)
y

4 sin x
2 sin y

2

∣∣∣∣∣∣
dxdy < ε,

where
Dδ := {(x, y) : 0 ≤ x, y ≤ π & min(x, y) ≤ δ}.
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Definition 1.77. The double sequence {uj,k} is said to be quasi-convex if

∞∑

j=0

∞∑

k=0

(j + 1)(k + 1) |∆22uj,k| <∞,

where ∆22uj,k = ∆11 (uj,k − uj+1,k − uj,k+1 + uj+1,k+1) .

Definition 1.78. A double null sequence {aj,k} of positive numbers is said to
belong to the class Jd if there exists a double sequence {Aj,k} such that

Aj,k ↓ 0, j + k → ∞,

∞∑

j=1

∞∑

k=1

jkAj,k <∞,

and ∣∣∣∣∆p,q

(
aj,k
jk

)∣∣∣∣ ≤
Aj,k

jk
, 1 ≤ p+ q ≤ 2

for any non-negative integers p, q and j, k ∈ {1, 2, 3, . . .}.

1.3 Basic facts on trigonometric series

A trigonometric series is the series

a0
2

+

∞∑

n=1

(an cosnx+ bn sinnx), (1.9)

where an and bn are real numbers (n = 0, 1, 2, . . .), known as the coefficients
of the series.

If a trigonometric series converges for all x ∈ (−∞,+∞), then it represents
a function which has the period 2π.

Trigonometric series play an important role not only in mathematics itself
but also in many of its applications. We will not discuss their entire role here
but only one of them which we are going to reveal it at the and of this section.

Let us express the series (1.9) in a different form. Using the well-known
Euler’s identity

eix = cosx+ i sinx and e−ix = cosx− i sinx

it follows that

cosx =
eix + e−ix

2
and sinx =

eix − e−ix

2i
.

Putting last identities into (1.9) we obtain
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a0
2

+

∞∑

n=1

(
an
eix + e−ix

2
+ ibn

e−ix − eix

2

)
.

Hence, taking

c0 =
a0
2
, cn =

an − ibn
2

, and c−n =
an + ibn

2
,

then the series (1.9) takes its form

+∞∑

n=−∞

cne
inx. (1.10)

The series (1.10) is called complex form of the series (1.9).
The partial sum of the series (1.9) is

Sn(x) =
a0
2

+

n∑

k=1

(ak cos kx+ bk sin kx),

while its complex form is

Sn(x) =

k=+n∑

k=−n

cke
ikx, (1.11)

in which case the convergence of the series (1.10) must be understood as the
limit of sums of the form (1.11).

Let us assume that the function f(x) is not only the sum of a trigonometric
series but also that this series converges uniformly in [−π, π]. These conditions
allow us easily to determine its coefficients. This is implied by multiplying

f(x) =
a0
2

+

∞∑

n=1

(an cosnx+ bn sinnx)

by cos kx or by sin kx, then integrating it from−π to π and taking into account
that

∫ π

−π

cosmx cosnxdx = 0, m 6= n,

∫ π

−π

sinmx cosnxdx = 0, m 6= n,

∫ π

−π

cosmx sinnxdx = 0, m 6= n and m = n,

∫ π

−π

cos2 nxdx =

∫ π

−π

sin2 nxdx = π, m, n ∈ N.
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These equalities imply that

an =
1

π

∫ π

−π

f(x) cosnxdx, bn =
1

π

∫ π

−π

f(x) sinnxdx, n ∈ {0, 1, . . .}. (1.12)

Formulae (1.12) are called Fourier formulae, the numbers an and bn are
Fourier coefficients and the series whose coefficients are determined by Fourier
formulae derived from the function f(x) is named the Fourier series of the
function f(x).

Regarding to the complex form of Fourier coefficients of the series (1.10)
we write as in the following. Indeed, assuming that

f(x) =

+∞∑

k=−∞

cke
ikx, (1.13)

(where the convergence is uniform), multiplying both sides of (1.13) by e−inx

and integrating term by term, we have

∫ π

−π

f(x)dx =

+∞∑

k=−∞

∫ π

−π

cke
i(k−n)xdx.

However,
∫ π

−π

ei(k−n)xdx = 2π if k = n and = 0 if k 6= n,

and whence

cn =
1

2π

∫ π

−π

f(x)e−inxdx, (n = 0, 1, 2, . . .).

The numbers cn are called the complex Fourier coefficients of the function
f(x).

Using formulae (1.12) we find that

Sn(x) =
a0
2

+

n∑

k=1

(ak cos kx+ bk sin kx)

=
1

2π

∫ π

−π

f(t)dt+

n∑

k=1

[(
1

π

∫ π

−π

f(t) cos ktdt

)
cos kx

+

(
1

π

∫ π

−π

f(t) sin ktdt

)
sin kx

]

=
1

π

∫ π

−π

f(t)

[
1

2
+

n∑

k=1

(cos kt cos kx+ sin kt sin kx)

]
dt

=
1

π

∫ π

−π

f(t)

[
1

2
+

n∑

k=1

cos k(t− x)

]
dt.
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Replacing t− x = u into last equality and using 2π-periodicity of f(x) we
obtain

Sn(x) =
1

π

∫ π

−π

f(u+ x)

[
1

2
+

n∑

k=1

cos k(u)

]
du =

1

π

∫ π

−π

f(u+ x)Dn(u)du,

where

Dn(u) :=
1

2
+

n∑

k=1

cos ku.

The expression Dn(u) is called the Dirichlet kernel which we are going
to express it in a simpler form. Namely, using the elementary trigonometric
identity

2 sinα cosβ = sin(α+ β) + sin(α− β)

we have

Dn(u) =
1

2
+

1

2 sin u
2

n∑

k=1

2 sin
u

2
cos ku

=
1

2
+

1

2 sin u
2

n∑

k=1

[
sin

(
k +

1

2

)
u− sin

(
k − 1

2

)
u

]

=
1

2
+

1

2 sin u
2

[(
sin

3u

2
− sin

u

2

)
+

(
sin

5u

2
− sin

3u

2

)

+ · · ·+
(
sin

(
n− 1

2

)
u− sin

(
n− 3

2

)
u

)

+

(
sin

(
n+

1

2

)
u− sin

(
n− 1

2

)
u

)]

=
1

2
+

1

2 sin u
2

[
− sin

u

2
+ sin

(
n+

1

2

)
u

]
=

sin
(
n+ 1

2

)
u

2 sin u
2

(This is why in the trigonometric series we take a0

2 and not only a0).
The series

∞∑

n=1

(−bn cosnx+ an sinnx)

usually is called the conjugate series of the the trigonometric series (1.9).

For its partial sum S̃n(x) we similarly find that

S̃n(x) =

n∑

k=1

(−bk cos kx+ ak sin kx)

=

n∑

k=1

[(
− 1

π

∫ π

−π

f(t) sin ktdt

)
cos kx
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+

(
− 1

π

∫ π

−π

f(t) cos ktdt

)
sin kx

]

=
1

π

∫ π

−π

f(t)

[
n∑

k=1

(− sin kt cos kx+ cos kt sin kx)

]
dt

= − 1

π

∫ π

−π

f(t)

[
n∑

k=1

sin k(t− x)

]
dt

= − 1

π

∫ π

−π

f(u+ x)

n∑

k=1

sin kudu = − 1

π

∫ π

−π

f(u+ x)D̃n(u)du,

where

D̃n(u) :=

n∑

k=1

sin ku

is called the conjugate Dirichlet kernel.
The conjugate Dirichlet kernel D̃n(x) has the following simplified form

D̃n(x) =
1

2 sin u
2

n∑

k=1

2 sin
u

2
sin ku

=
1

2 sin u
2

n∑

k=1

[
cos

(
k − 1

2

)
u− cos

(
k +

1

2

)
u

]

=
1

2 sin u
2

[(
cos

u

2
− cos

3u

2

)
+

(
cos

3u

2
− cos

5u

2

)
+ · · ·+

+

(
cos

(
n− 1

2

)
u− cos

(
n+

1

2

)
u

)]

=
1

2 sin u
2

[
cos

u

2
− cos

(
n+

1

2

)
u

]
=

cos u
2 − cos

(
n+ 1

2

)
u

2 sin u
2

.

In order to estimate the kernelsDn(x) and D̃n(x) we prove a lemma known
as Jordan’s inequality.

Lemma 1.79. If x ∈
[
0, π2

]
, then sinx ≥ 2

πx.

Proof. It is clear that for x = 0 the inequality holds always true. Let x ∈(
0, π2

]
. Since the function sin x

x is a decreasing one we have

sinx

x
≥ sin π

2
π
2

=
2

π
i.e. sinx ≥ 2

π
x.

The proof is completed.
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Using Lemma 1.79 we have

|Dn(u)| ≤
1

2 2
π

u
2

=
π

2u
= O

(
1

u

)
, for 0 < u ≤ π,

and also

∣∣∣D̃n(u)
∣∣∣ ≤ 1

2 2
π

u
2

=
π

2u
= O

(
1

u

)
, for 0 < u ≤ π.

Last estimates of the Dirichlet and the conjugate Dirichlet kernels have
very important role in studying many questions related to the trigonometric
series as we will see later in this book.

The Cesàro mean of the first order of the Dirichlet and of the conjugate
Dirichlet kernels

Kn(u) :=
1

n+ 1

n∑

k=0

Dk(u)

and

K̃n(u) :=
1

n+ 1

n∑

k=1

D̃k(u)

respectively, are called the Fejér and the conjugate Fejér kernels.
Another form of the Fejér kernel can be derived as well. Namely, since

Dk(u) =
2 sin

(
k + 1

2

)
u sin u

2

4 sin2 u
2

=
cos ku− cos(k + 1)u

4 sin2 u
2

we have

Kn(u) =
1

n+ 1

n∑

k=0

cos ku− cos(k + 1)u

4 sin2 u
2

=
1

n+ 1

1− cos(n+ 1)u

4 sin2 u
2

=
1

n+ 1

2 sin2 (n+1)u
2

4 sin2 u
2

=
1

2(n+ 1)

(
sin (n+1)u

2

sin u
2

)2

.

This form implies that Kn(u) ≥ 0 and using Lemma 1.79 for we get

Kn(u) ≤
1

2(n+ 1) sin2 u
2

≤ 1

2(n+ 1)
(
2
π

u
2

)2 = O
(

1

nu2

)
,

for all u ∈ (0, π].
Moreover, since

∫ π

−π

Dk(u)du = π, (k = 0, 1, 2, . . .),

we also obtain
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∫ π

−π

Kn(u)du =
1

n+ 1

n∑

k=0

∫ π

−π

Dk(u)du = π, (n = 0, 1, 2, . . .).

For the conjugate Fejér kernel we also have

K̃n(u) > 0 for 0 < u < π,

and for n ∈ {1, 2, . . .},

|K̃n(u)| ≤
1

n+ 1

n∑

k=1

|D̃k(u)| ≤
1

n+ 1

n∑

k=1

k =
n

2
.

An interesting relation between Dn(u), the derivative of D̃n(u), andKn(u)
is given in next lemma.

Lemma 1.80. The equality

D̃′
n(u) = (n+ 1)Dn(u)− (n+ 1)Kn(u)

holds true.

Proof. Since

(n+ 1)Dn(u) − (n+ 1)Kn(u)

= (n+ 1)
cosnu− cos(n+ 1)u

4 sin2 u
2

− 1− cos(n+ 1)u

4 sin2 u
2

=
(n+ 1) cosnu− n cos(n+ 1)u− 1

4 sin2 u
2

=
n[cosnu− cos(n+ 1)u] + cosnu− 1

4 sin2 u
2

=
2n sin u

2 sin
(
n+ 1

2

)
u+ cosnu− 1

4 sin2 u
2

and

D̃′
n(u) =

− sin2 u
2 + (2n+ 1) sin u

2 sin
(
n+ 1

2

)
u− cos2 u

2 + cos u
2 cos

(
n+ 1

2

)
u

4 sin2 u
2

=
2n sin u

2 sin
(
n+ 1

2

)
u+ cosnu− 1

4 sin2 u
2

we obtain
D̃′

n(u) = (n+ 1)Dn(u)− (n+ 1)Kn(u).

The proof is completed.
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Lemma 1.81. For n big enough the estimation

∫ π

−π

∣∣∣∣
Dn(u)

2 sinu

∣∣∣∣ du = O(n2).

holds true.

Proof. Since

|Dn(u)| ≤
1

2
+

n∑

k=1

| cos kx| = 1

2
+ n

for all n ∈ {1, 2, . . .}, we have

∫ π

−π

∣∣∣∣
Dn(u)

2 sinu

∣∣∣∣ du ≤
(
1

2
+ n

)∫ π

−π

du

2| sinu| = 4

(
1

2
+ n

)∫ π
2

0

du

2| sinu|

≤ π

(
1

2
+ n

)∫ π
2

0

du

u
≤ 8n

n−2∑

k=1

∫ π
k+1

π
k+2

du

u

≤ 8n
n−2∑

k=1

1

k + 1
= O(n log n) = O(n2).

The proof is completed.

Lemma 1.82. Let r be a non-negative integer, and x ∈ [π/n, π], where n ≥ 1.
Then

D(r)
n (x) =

r−1∑

k=0

(n+ 1/2)k sin[(n+ 1/2)x+ kπ/2]

[sin(x/2)]r+1−k
ϕ

+
(n+ 1/2)r sin[(n+ 1/2)x+ rπ/2]

sin(x/2)
,

where the same ϕ denotes various analytical functions of x independent of n,
and Dn(x) is the Dirichlet kernel.

Proof. For r = 0 the proof follows immediately. Supposing that this equality
holds true and deriving its both sides we have

D(r+1)
n (x) =

r−1∑

k=0

{
(n+ 1/2)k+1 sin[(n+ 1/2)x+ (k + 1)π/2][sin(x/2)]k−r−1ϕ

+(n+ 1/2)k sin[(n+ 1/2)x+ kπ/2][sin(x/2)]k−r−2ϕ

+
(n+ 1/2)r+1 sin[(n+ 1/2)x+ (r + 1)π/2]

2 sin(x/2)

+
(n+ 1/2)r sin[(n+ 1/2)x+ rπ/2]

sin2(x/2)
ϕ

}
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=

r∑

k=0

(n+ 1/2)k sin[(n+ 1/2)x+ kπ/2][sin(x/2)]k−r−2ϕ

+(n+ 1/2)r+1 sin[(n+ 1/2)x+ (r + 1)π/2]2[sin(x/2)]−1.

By mathematical induction the proof is completed.

Lemma 1.83. Let r be a non-negative integer, and x ∈ [ε, π], where n ≥ 1.
Then

|D(r)
n (x)| ≤ Cεn

r

x
,

where Cε is a positive constant depending on ε and 0 < ε < π.

Proof. Using Lemmas 1.82 and 1.79 we have

|D(r)
n (x)| = O

(
r−1∑

k=0

(n+ 1/2)k

xr+1−k
+

(n+ 1/2)r

x

)
= Oε

(
nr

x

)
.

The proof is completed.

Lemma 1.84. Let r ∈ {0, 1, 2, . . .}. Then
∫ π

−π

|D(r)
n (x)|dx = Oε (n

r log n+ nr) .

where Oε contains a positive constant depending on ε and 0 < ε < π.

Proof. Since

D(r)
n (x) =

n∑

k=1

kr cos(kx+ rπ/2),

then we have

|D(r)
n (x)| ≤

n∑

k=1

kr ≤ nr+1.

Whence, using Lemmas 1.82 and 1.79 we obtain

∫ π

−π

|D(r)
n (x)|dx = 2

(∫ π/n

0

+

∫ π

π/n

)
|D(r)

n (x)|dx

= 2nr
∫ π/n

0

| sin(nx+ rπ/2)|
x

dx

+

r−1∑

k=0

∫ π

π/n

nkxk−1−rdx+O(nr) = Oε (n
r log n+ nr) .

The proof is completed.
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Lemma 1.85. Let r ∈ {0, 1, 2, . . .}. Then
∫ π

−π

|D̃(r)
n (x)|dx = O (nr log n) .

Proof. Using the Bernstein inequality, for trigonometric polynomials, in the
L space, we have

∫ π

0

|D̃(r)
n (x)|dx ≤ nr

∫ π

0

|D̃n(x)|dx.

However,
∫ π

0

|D̃n(x)|dx ≤
∫ π

0

sin2(nx/2)

x
dx+O(1)

= log(1 + nπ) +O(1) = O(log n).

Last two estimates complete the proof of this lemma.

Lemma 1.86. Let the real numbers αi, i = 1, 2, . . . , n, satisfy conditions
|αi| ≤ 1. Then the following estimation holds true

∫ π

0

∣∣∣∣∣

n∑

i=0

αiD̃
(r)
i (x)

∣∣∣∣∣ dx ≤ C(n+ 1)r,

where C is a positive constant.

Proof. Using the Bernstein inequality, for trigonometric polynomials, in the
L space and Lemma 1.34, we have

∫ π

0

∣∣∣∣∣

n∑

i=0

αiD̃
(r)
i (x)

∣∣∣∣∣ dx ≤ (n+ 1)r
∫ π

0

∣∣∣∣∣

n∑

i=0

αiD̃i(x)

∣∣∣∣∣ dx ≤ C(n+ 1)r+1,

where C is a positive constant.
The proof is completed.

Lemma 1.87. The following estimates

|D̃log
n (x)| = O

(
log(n+ 1)

x

)
, 0 < x ≤ π

and

|Dlog
n (x)| = O

((
π

x
+

1

2

)
log(n+ 1)

)
, 0 < x ≤ π,

hold true, where

Dlog
n (x) =

n∑

j=1

log(j + 1) cos(jx)

and

D̃log
n (x) =

n∑

j=1

log(j + 1) sin(jx).
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Proof. Applying Abel’s transformation we obtain

D̃log
n (x) =

n∑

j=1

log(j + 1) sin(jx)

=
n−1∑

j=1

∆(log(j + 1))

j∑

s=1

sin(sx) + log(n+ 1)
n∑

s=1

sin(sx)

= −
n−1∑

j=1

log

(
1 +

1

j + 1

)
cos x

2 − cos
(
j + 1

2

)
x

2 sin x
2

+ log(n+ 1)
cos x

2 − cos
(
n+ 1

2

)
x

2 sin x
2

, for 0 < x ≤ π.

Thus, using Lemma 1.79, we have

|D̃log
n (x)| ≤

n−1∑

j=1

1

j + 1

π

x
+ log(n+ 1)

π

x
= O

(
log(n+ 1)

x

)
, 0 < x ≤ π.

Similarly, we have

Dlog
n (x) =

n∑

j=1

log(j + 1) cos(jx)

=

n−1∑

j=1

∆(log(j + 1))

j∑

s=1

cos(sx) + log(n+ 1)

n∑

s=1

cos(sx)

= −
n−1∑

j=1

log

(
1 +

1

j + 1

)[
sin
(
j + 1

2

)
x

2 sin x
2

− 1

2

]

+ log(n+ 1)

[
sin
(
n+ 1

2

)
x

2 sin x
2

− 1

2

]
, for 0 < x ≤ π.

Thus, using Lemma 1.79, we have

|Dlog
n (x)| ≤

n−1∑

j=1

1

j + 1

(
π

x
+

1

2

)
+ log(n+ 1)

(
π

x
+

1

2

)

= O
((

π

x
+

1

2

)
log(n+ 1)

)
.

The proof is completed.

Lemma 1.88. If x ∈ [ǫ, π − ǫ], ǫ > 0 and m ∈ N , then the following estimate
holds
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∣∣∣∣∣∣

(
D̃m(x)

2 sinx

)(r)
∣∣∣∣∣∣
= Or,ǫ

(
mr+1

)
, (r = 0, 1, 2 . . .)

where Or,ǫ depends only on r and ǫ.

Proof. By Leibniz formula we have

(
D̃m(x)

2 sinx

)(r)

=
r∑

i=0

(
r

i

)(
1

2 sinx

)(r−i) (
D̃m(x)

)(i)

=
r∑

i=0

(
r

i

)(
1

2 sinx

)(r−i) m∑

j=1

ji sin

(
jx+

iπ

2

)

= O(1)mr+1
r∑

i=0

(
r

i

)(
1

2 sinx

)(r−i)

. (1.14)

We shall prove by mathematical induction the equality

(
1

2 sinx

)(τ)

=
Pτ (cosx)

sinτ+1 x
,

where Pτ is a cosine polynomial of degree τ .
Namely, we have

(
1

2 sinx

)′

=
(−1/2) cosx

sin2 x
=
P1(cosx)

sin2 x
,

so for τ = 1 the above equality is true.
Assume that the equality

F (x) :=

(
1

2 sinx

)(τ)

=
Pτ (cosx)

sinτ+1 x

holds. For the (τ + 1)− th derivative of 1
2 sin x we get

F
′

(x) =

=
P

′

τ (cosx)
(
− sinτ+2 x

)
− Pτ (cosx)(r + 1) sinτ x cosx

sin2τ+2 x

=
(−1/2)Hτ−1(cosx) + (1/2)Hτ−1(cosx) cos 2x− (r + 1)Pτ (cosx) cosx

sinτ+2 x

=
Qτ+1(cosx)− (r + 1)Rτ+1(cosx)

sinτ+2 x
=
Tτ+1(cosx)

sinτ+2 x
, (1.15)

where Hτ−1, Qτ+1, Rτ+1, Tτ+1 are cosine polynomials of degree τ − 1 and
τ + 1 respectively.
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Therefore for x ∈ [ε, π − ε], ε > 0, from (1.14) dhe (1.15) we obtain

∣∣∣∣∣∣

(
D̃m(x)

2 sinx

)(r)
∣∣∣∣∣∣
= O(1)mr+1

r∑

i=0

(
r

i

) |Pr−i(cosx)|
sinr−i+1 x

= Or,ǫ

(
mr+1

)
.

The proof is completed.

Lemma 1.89. If the set of real numbers a0, a1, . . . , an, . . . satisfy conditions

lim
n→∞

an = 0,

and
∞∑

n=1

nk|∆k+1an| <∞,

then the series

f(x) =
a0
2

+
∞∑

n=1

an cosnx (1.16)

will converge in the open interval 0 < x ≤ π, and will represent there an
L-integrable function whose Fourier cosine development is given by (1.16).
Further,

f(x) =

∞∑

n=0

∆k+1anS
k
n(x),

where Sk
n(x) denotes the Cèsaro sum of order k of the series

1

2
+

∞∑

n=1

cosnx. (1.17)

Proof. First the Cesàro sum σ
(k)
n (x) of order k of the series (1.17) is bounded

in the mean in the interval (0, π). Because of the conditions on {an} and the

boundedness of S
(k)
n (x) for the series (1.17) in the interval 0 < δ ≤ x ≤ π, we

may infer the convergence of the series (1.16) in that interval to a function

f(x) =
∞∑

n=0

∆k+1anS
(k)
n (x), (1.18)

The series on the right hand side of (1.18) converges absolutely and uni-
formly in the interval 0 < δ ≤ x ≤ π and can therefore be integrated term by
term in that interval. Subsequently, we have

∫ π

δ

|f(x)|dx ≤
∞∑

n=0

(∫ π

δ

∣∣∣∣∣
S
(k)
n (x)

A
(k)
n

∣∣∣∣∣ dx
)
A

(k)
n

nk
nk|∆k+1an|. (1.19)
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As δ approaches to zero. the right hand side of (1.19) approaches to a
definite limit in view of conditions of this lemma and the boundedness in
the mean of σ

(k)
n (x) in the interval (0, π). Thus the left hand side does also,

and the existence of the resulting integral shows that the function f(x) is an
L-integrable function whose Fourier cosine development is given by (1.16).

The proof is completed.

Lemma 1.90. Let Sn(x) and T
(k)
n (x) be the n-th partial sum and Cesàro mean

of order k > 0, respectively, of the infinite series

1

2
+

∞∑

n=1

cosnx.

Then

(i)
∫ π

0
|Sn(x)|dx ∼ log n,

(ii)
∫ π

0
|T (k)

n (x)|dx remains bounded for all n.

Proof. This Lemma intently is left without its proof. The interested reader
can find it in [62].

Lemma 1.91. Let r be a non-negative integer and 0 < ε < π. Then there
exists Mrε > 0 such that for all ε ≤ |x| ≤ π and all n ≥ 1,

(i) |E(r)
n (x)| ≤ Mrεn

r

|x| ,

(ii) |E(r)
−n(x)| ≤ Mrεn

r

|x| ,

(iii) |D(r)
n (x)| ≤ 2Mrεn

r

|x| ,

(iv) |D̃(r)
n (x)| ≤ 2Mrεn

r

|x| ,

where

En(x) =
n∑

k=1

eikx, E−n(x) =
n∑

k=1

e−ikx.

Proof. The case r = 0 is trivial. For r ≥ 1, we have

−irE(r)
n (x) =

n∑

k=1

kre−ikx =

n∑

k=1

∆(kr)Ek(x) + (n+ 1)rEn(x),

and so

|E(r)
n (x)| ≤ Mrε

|x|

(
n∑

k=1

|∆(kr)|+ (n+ 1)r ≤ Mrεn
r

|x| ,

for some positive constant Mrε.
Since

E
(r)
−n(x) = (−1)rE(r)

n (−x),
we also obtain
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|E(r)
−n(x)| ≤

Mrεn
r

|x| ,

for some positive constant Mrε.
Moreover, using the equalities

D(r)
n (x) = E(r)

n (x) + E
(r)
−n(x)

and
iD̃(r)

n (x) = E(r)
n (x)− E

(r)
−n(x),

we obtain

|D(r)
n (x)| ≤ Mrεn

r

|x| +
Mrεn

r

|x| =
2Mrεn

r

|x|
and

|D̃(r)
n (x)| ≤ Mrεn

r

|x| +
Mrεn

r

|x| =
2Mrεn

r

|x| .

The proof is completed.

Lemma 1.92. Let r be a non-negative integer and 0 < ε < π. Then there
exists Mrε > 0 such that for all ε ≤ |x| ≤ π and all n ≥ 1,

(i) |E′

n(x)| ≤ Mrεn
2

|x| ,

(ii) |E′

−n(x)| ≤ Mrεn
2

|x| ,

where En(x) =
∑n

m=1Em(x).

Proof. (i) Under conditions of this Lemma and Lemma 1.91 we have

|E′

n(x)| ≤
n∑

m=1

|E′
m(x)| ≤ Mrε

|x|

n∑

m=1

m

=
Mrε

|x| · n(n+ 1)

2
≤ Mrεn

2

|x| ,

for 0 < ε ≤ |x| ≤ π.
(ii) Similarly we have obtained

|E′

−n(x)| ≤
n∑

m=1

|E′
−m(x)| ≤ Mrε

|x|

n∑

m=1

m ≤ Mrεn
2

|x| ,

for 0 < ε ≤ |x| ≤ π.
The proof is completed.

Lemma 1.92 has been generalized to the next statement.

Lemma 1.93. Let r be a non-negative integer and 0 < ε < π. Then there
exists Mrε > 0 such that for all ε ≤ |x| ≤ π and all n ≥ 1,
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(i) |E(r)

n (x)| ≤ Mrεn
r+1

|x| ,

(ii) |E(r)

−n(x)| ≤ Mrεn
r+1

|x| ,

where En(x) =
∑n

m=1Em(x).

Proof. (i) Under conditions of the Lemma and Lemma 1.91 we have

|E(r)

n (x)| ≤
n∑

m=1

|E(r)
m (x)| ≤ Mrε

|x|

n∑

m=1

mr

≤ Mrε

|x| · n
r−1n(n+ 1)

2
≤ Mrεn

r+1

|x| ,

for 0 < ε ≤ |x| ≤ π.
(ii) Similarly we have obtained

|E(r)

−n(x)| ≤
n∑

m=1

|E(r)
−m(x)| ≤ Mrε

|x|

n∑

m=1

mr ≤ Mrεn
r+1

|x| ,

for 0 < ε ≤ |x| ≤ π.
The proof is completed.

Lemma 1.94. The following statements hold true.

(i) There exists a positive constants α and β such that

α(log n)| ≤ ‖K̃n(x)‖ ≤ β(log n),

(ii) |K̃ ′
n(x)| = o(n), where K̃n(x) =

∑n
m=1 D̃m(x).

Proof. (i) The existence of the constant β follows from the fact that D̃n(x) =
O(log n). Further, we have

2π‖K̃n(x)‖ ≥
∫ π

0

K̃n(x)dx

=

n∑

k=0

(
1− k

n+ 1

)∫ π

0

sin kxdx

=

n∑

k=0

(
1− k

n+ 1

)
1− cos kπ

k

=
1

n+ 1

n∑

k=0




k∑

j=0

1− cos jπ

j




≥ M
log(n!)

n+ 1
,
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for some constant M and the last step being the implication of the relation∑n
v=1 log v = log(n!). Using Sterling’s asymptotic formula n! ∼

√
2πn·nn·e−n,

then we have
‖K̃n(x)‖ ≥ α(log n).

(ii) Firstly, we have

D̃′
n(x) =

∣∣∣∣∣

n∑

k=0

k cos kx

∣∣∣∣∣ ≤
n(n+ 1)

2

and so

K̃ ′
n(x) ≤

1

n+ 1

∣∣∣∣∣

n∑

k=0

D̃′
n(x)

∣∣∣∣∣ = o(n2).

Subsequently, ∫

|x|≤π
n

|K̃ ′
n(x)|dx = o(n).

Differentiating K̃n(x) we get

K̃ ′
n(x) := Σ1n(x)−Σ2n(x) +Σ3n(x),

where

Σ1n(x) =
cosx− cos(n+ 1)x

4 sin2 x
2

, Σ2n(x) =
2 sin2 x
(
2 sin x

2

)2 ,

and

Σ3n(x) =
2 sinx sin(n+ 1)x

(n+ 1)
(
2 sin x

2

)2 .

Clearly, |Σ1n(x)| = o(|x|−2) for j = 1, 2, and (n + 1)|Σ3n(x)| = o(|x|−3).
Using these estimates, we obtain

∫

π
n
≤|x|≤π

|K̃ ′
n(x)|dx = o

(∫

π
n
≤|x|≤π

dx

x2

)
+ o

(
1

n+ 1

∫

π
n
≤|x|≤π

dx

x3

)
.

Combining the above estimates, we infer that |K̃ ′
n(x)| = o(n).

The proof is completed.

Lemma 1.95. For each non-negative integer n, there holds

lim
n→∞

∥∥∥cnE(r)
n (x)− c−nE

(r)
−n(x)

∥∥∥ = 0

if and only if
lim

|n|→∞
nrcn log |n| = 0,

where {cn} is a complex sequence.
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Proof. Assuming r ≥ 1 and denoting Jn :=
∥∥∥cnE(r)

n (x) + c−nE
(r)
−n(x)

∥∥∥, from
Lemma 1.84 we have

Jn =

∫ π

0

{∣∣∣cnE(r)
n (x) + c−nE

(r)
−n(x)

∣∣∣+
∣∣∣cnE(r)

−n(x) + c−nE
(r)
n (x)

∣∣∣
}
dx

≥ |cn + c−n|
∫ π

0

∣∣∣E(r)
n (x) + E

(r)
−n(x)

∣∣∣ dx

= 2|cn + c−n|
∫ π

0

∣∣∣D(r)
n (x)

∣∣∣ dx ≥ 4

π
|cn + c−n|nr log n+O(1).

On the other hand, using

Jn =

∫ π

0

∣∣∣[cn + c−n]E
(r)
n (x) + c−n[E

(r)
−n(x)− E(r)

n (x)]
∣∣∣ dx

≤ |cn + c−n|
∫ π

−π

∣∣∣E(r)
n (x)

∣∣∣ dx+ |c−n|
∫ π

−π

∣∣∣E(r)
−n(x)− E(r)

n (x)
∣∣∣ dx

with Lemma 1.84 and Lemma 1.85 we have

Jn ≤ O (|cn + c−n|nr log n) +O (|c−n|nr log n) = O (|cn + c−n|nr log n) .

So, based on these estimates the results follow.
The proof is completed.

Lemma 1.96. For n ≥ 1, we have

(i)
∥∥∥En(x)
2 sin x

∥∥∥ = o(n), n→ ∞,

(ii)
∥∥∥E−n(x)

2 sin x

∥∥∥ = o(n), n→ ∞,

(iii)
∥∥∥ einx

2 sin x

∥∥∥ = o(log n), n→ ∞.

Proof. (i) For x 6= 0, sinx ≥ 2
πx for x ∈ (0, π/2), and Lemma 1.93 we have

∥∥∥∥
En(x)

2 sinx

∥∥∥∥ ≤
∫ π

0

∣∣∣∣
En(x)

2 sinx

∣∣∣∣ dx ≤
∫ π

0

Mε

2 |sinx|dx

≤
∫ π

2

0

2Mε

2 |x sinx|dx ≤
∫ π

2

0

Mεdx

x2
= lim

n→∞

(
−Mε

x

) ∣∣∣∣∣

π
2

π
n

= o(n),

as n→ ∞.
(ii) In a similar way, we can prove that

∥∥∥∥
E−n(x)

2 sinx

∥∥∥∥ = o(n), n→ ∞.

(iii)
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∥∥∥∥
einx

2 sinx

∥∥∥∥ ≤
∫ π

0

∣∣∣∣
einx

2 sinx

∣∣∣∣ dx ≤
∫ π

0

1

2 |sinx|dx

≤
∫ π

2

0

2

2 |x sinx|dx ≤ k

∫ π
2

0

dx

x
= lim

n→∞
(log x)

∣∣∣∣∣

π
2

π
n

= o(log n),

as n→ ∞.
The proof is completed.
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L1-convergence of modified sums fn(x)

In this section we are going to present all collected results regrading to L1-
convergence of modified trigonometric sums fn(x) whose coefficients belong
to several classes of real sequences.

2.1 L1-convergence of modified trigonometric sums
fn(x) with quasi-convex coefficients

We know that the trigonometric sums

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx

are called modified trigonometric cosine sums or simply modified cosine sums.
Regarding to these sums we have next statement.

Theorem 2.1. Let

f(x) =
a0
2

+
∞∑

k=1

ak cos kx,

limk→∞ ak = 0, and {ak} a quasi-convex sequence. Then fn(x) converges to
f(x) in L1-norm.

Proof. Using Lemma 1.1 (transformation (1.1)) twice, we have

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

= lim
n→∞

(
a0
2

+

n∑

k=1

ak cos kx

)
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= lim
n→∞

[
n−1∑

k=0

∆akDk(x) + anDn(x)

]

= lim
n→∞

[
n−2∑

k=0

(k + 1)∆2akFk(x) + n∆an−1Fn−1(x) + anDn(x)

]
.

We know that |Dn(x)| = O
(
1
x

)
for x ∈ (0, π], and by assumptions we

obtain
lim
n→∞

anDn(x) = 0.

Moreover, using the estimate

|Kn(x)| = O
(

1

nx2

)
, x ∈ (0, π],

we also have
lim
n→∞

n∆an−1Fn−1(x) = 0.

Whence,

f(x) =

∞∑

k=0

(k + 1)∆2akFk(x), (2.1)

where Fk(x) :=
1

k+1

∑k
j=0Dj(x).

On the other hand, using Lemma 1.1 we have

fn(x) =
1

2

n∑

k=0

∆ak +
n∑

k=1

n∑

j=k

∆aj cos kx

=
a0
2

+

n∑

k=1

ak cos kx− an+1

2
− an+1

n∑

k=1

cos kx

=

n−1∑

k=0

∆akDk(x) + anDn(x)− an+1Dn(x)

=
n∑

k=0

∆akDk(x) =
n−1∑

k=0

(k + 1)∆2akFk(x) + (n+ 1)∆anFn(x). (2.2)

So, (2.1) and (2.2) imply

∫ π

0

|f(x)− fn(x)|dx =

∫ π

0

∣∣∣∣∣

∞∑

k=n

(k + 1)∆2akFk(x)− (n+ 1)∆anFn(x)

∣∣∣∣∣ dx

≤
∞∑

k=n

(k + 1)|∆2ak|
∫ π

0

|Fk(x)| dx

+(n+ 1)|∆an|
∫ π

0

|Fn(x)| dx
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=
π

2

∞∑

k=n

(k + 1)|∆2ak|+
π

2
(n+ 1)|∆an|.

Since
lim

n→∞
|∆an| = 0,

then we have

(n+ 1)|∆an| = (n+ 1)

∣∣∣∣∣

∞∑

k=n

∆2ak

∣∣∣∣∣

≤ (n+ 1)

∞∑

k=n

|∆2ak|

≤
∞∑

k=n

(k + 1)|∆2ak|.

Subsequently,
∫ π

0

|f(x)− fn(x)|dx ≤ π

∞∑

k=n

(k + 1)|∆2ak| = o(1) as n→ ∞.

The proof is completed.

Corollary 2.2. Let

lim
n→∞

Sn(x) = lim
n→∞

(
a0
2

+

n∑

k=1

ak cos kx

)
= f(x),

limk→∞ ak = 0, and {ak} a quasi-convex sequence. Then Sn(x) converges to
f(x) in L1-norm if and only if |an+1| log n = o(1) as n→ ∞.

Proof. Using Theorem 2.1 and some parts of its proof we have
∫ π

0

|f(x)− Sn(x)|dx ≤
∫ π

0

|f(x)− fn(x)|dx+

∫ π

0

|fn(x)− Sn(x)|dx

= o(1) + |an+1|
∫ π

0

|Dn(x)|dx

= o(1) +O(|an+1| log n).
Also, we have

O(|an+1| log n) =
∫ π

0

|an+1Dn(x)|dx

=

∫ π

0

|fn(x)− Sn(x)|dx

≤
∫ π

0

|fn(x)− f(x)|dx+

∫ π

0

|f(x)− Sn(x)|dx

= o(1) +

∫ π

0

|f(x)− Sn(x)|dx.



56 2 L1-convergence of modified sums fn(x)

So,
‖f − Sn‖L = o(1) as n→ ∞

if and only if
|an+1| log n = o(1) as n→ ∞.

The proof is completed.

2.2 L1-convergence of modified trigonometric sums
fn(x) with coefficients from the class C

We consider the cosine series

a0
2

+

∞∑

k=1

ak cos kx,

for which

f(x) = lim
n→∞

Sn(x) = lim
n→∞

(
a0
2

+
n∑

k=1

ak cos kx

)
,

lim
k→∞

ak = 0,

and
∞∑

k=1

|∆ak| <∞,

i.e. the sequence {ak} is a zero-sequence of bounded variation.
First we prove the following lemma.

Lemma 2.3. Let

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx.

Then
lim

n→∞
fn(x) = f(x), ∀x ∈ (0, π].

Proof. Since |Dn(x)| = O
(
1
x

)
for x ∈ (0, π], limn→∞ anDn(x) = 0, and

lim
n→∞

Sn(x) = f(x),

we have
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lim
n→∞

fn(x) = lim
n→∞


1
2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx




= lim
n→∞

[
a0
2

+

n∑

k=1

ak cos kx− an+1

2
− an+1Dn(x)

]

= lim
n→∞

[Sn(x)− an+1Dn(x)]

= f(x)− 0 = f(x).

The proof is completed.

Theorem 2.4. The sequence {fn(x)} converges to f(x) in the L1-metric if
and only if given ε > 0 there exists δ(ε) > 0 such that

∫ δ

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx < ε, ∀n ≥ 0.

Proof. Let ε > 0. Then there exists δ > 0 such that

∫ δ

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx <
ε

2
, ∀n ≥ 0.

Then by Lemma 2.3 we have

∫ π

0

|f(x)− fn(x)|dx =

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx

=

∫ δ

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx+

∫ π

δ

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx

<
ε

2
+

∞∑

k=n+1

|∆ak|
∫ π

δ

|Dk(x)| dx

≤ ε

2
+

∞∑

k=n+1

|∆ak|
∫ π

δ

csc
x

2
dx

=
ε

2
+

∞∑

k=n+1

|∆ak|
[
−2 log

∣∣∣∣tan
δ

2

∣∣∣∣
]
=
ε

2
+
ε

2
= ε,

since for n→ ∞,

∞∑

k=1

|∆ak| <∞ =⇒
∞∑

k=n+1

|∆ak| = o(1).

In contrary, let ε > 0. Then there exists an integer M such that
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∫ π

0

|f(x)− fn(x)|dx <
ε

2
, n ≥M.

That is, ∫ π

0

∣∣∣∣∣

∞∑

k=n

∆akDk(x)

∣∣∣∣∣ dx <
ε

2
, n ≥M.

Now if
∑M

k=0 |∆ak| = 0, then for n > M ,

∫ π

0

∣∣∣∣∣

∞∑

k=n

∆akDk(x)

∣∣∣∣∣ dx <
ε

2
< ε,

and for 0 ≤ n ≤M,

∫ π

0

∣∣∣∣∣

∞∑

k=n

∆akDk(x)

∣∣∣∣∣ dx =

∫ π

0

∣∣∣∣∣

∞∑

k=M+1

∆akDk(x)

∣∣∣∣∣ dx <
ε

2
< ε.

If
∑M

k=0 |∆ak| 6= 0, let

δ =
ε

2

M∑

k=0

|∆ak|.

For n ≥M ,

∫ δ

0

∣∣∣∣∣

∞∑

k=n

∆akDk(x)

∣∣∣∣∣ dx ≤
∫ π

0

∣∣∣∣∣

∞∑

k=n

∆akDk(x)

∣∣∣∣∣ dx <
ε

2
< ε.

For 0 ≤ n < M ,

∫ δ

0

∣∣∣∣∣

∞∑

k=n

∆akDk(x)

∣∣∣∣∣ dx ≤
∫ δ

0

∣∣∣∣∣

M−1∑

k=n

∆akDk(x)

∣∣∣∣∣ dx+

∫ δ

0

∣∣∣∣∣

∞∑

k=M

∆akDk(x)

∣∣∣∣∣ dx

≤
∫ δ

0

M−1∑

k=n

k|∆ak|dx+

∫ π

0

∣∣∣∣∣

∞∑

k=M

∆akDk(x)

∣∣∣∣∣ dx

< δ

M−1∑

k=n

k|∆ak|dx+
ε

2

≤ δM

M−1∑

k=n

|∆ak|dx+
ε

2

<
ε

2
+
ε

2
= ε.

So given ε > 0 there exists δ > 0 such that

∫ δ

0

∣∣∣∣∣

∞∑

k=n

∆akDk(x)

∣∣∣∣∣ dx < ε
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for all n ≥ 0.
If

lim
n→∞

∫ π

0

|f(x)− fn(x)|dx = 0,

then ∫ π

0

|f(x)|dx ≤
∫ π

0

|f(x)− fn(x)|dx+

∫ π

0

|fn(x)|dx <∞,

that is f ∈ L1[0, π], since fn(x) is a trigonometric polynomial.
The proof is completed.

Corollary 2.5. If for ε > 0 there exists δ(ε) > 0 such that

∫ δ

0

∣∣∣∣∣

∞∑

k=n

∆akDk(x)

∣∣∣∣∣ dx < ε, ∀n ≥ 0,

then {Sn} converges to f in the L1 metric if and only if

lim
n→∞

an log n = 0.

Proof. Using fn as in the Lemma 2.3, we get

∫ π

0

|f(x)− Sn(x)|dx ≤
∫ π

0

|f(x)− fn(x) + fn(x)− Sn(x)|dx

≤
∫ π

0

|f(x)− fn(x)|dx+

∫ π

0

|fn(x)− Sn(x)|dx

=

∫ π

0

|f(x)− fn(x)|dx+

∫ π

0

|an+1Dn(x)|dx.

Also,

∫ π

0

|an+1Dn(x)|dx =

∫ π

0

|fn(x)− Sn(x)|dx

≤
∫ π

0

|fn(x)− f(x)|dx+

∫ π

0

|f(x)− Sn(x)|dx.

Since ∫ π

0

|an+1Dn(x)|dx

behaves like an+1 log n for large values of n, and

lim
n→∞

∫ π

0

|f(x)− Sn(x)|dx = 0,

the corollary is proved.
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2.3 L1-convergence of modified trigonometric sums
fn(x) with coefficients of generalized bounded variation

The following theorem regarding to L1-convergence of modified trigonometric
sums fn(x) holds true.

Theorem 2.6. Let k > 0 be a real number. If

lim
n→∞

an = 0, (2.3)

and
∞∑

n=1

nk|∆k+1an| <∞, (2.4)

then fn(x) converges to f(x) in the L1-metric.

Proof. First using Lemma 1.1 we have

fn(x) =
1

2

n∑

i=0

∆ak +

n∑

i=1

n∑

j=i

∆aj cos ix =

n∑

i=0

∆aiSi(x).

Part 1. Let k be integral. Applying Abel’s transformation of order k to
fn(x) we get

fn(x) =

n−k∑

i=0

∆k+1aiS
k
i (x) +

k∑

i=1

∆ian−i+1S
i
n−i+1(x). (2.5)

Now by Lemma 1.88,

f(x) =

∞∑

n=0

∆k+1anS
k
n(x). (2.6)

So by (4.16) and (2.6),

∫ π

0

|f(x)− fn(x)|dx

=

∫ π

0

∣∣∣∣∣

∞∑

i=n−k+1

∆k+1aiS
k
i (x)−

k∑

i=1

∆ian−i+1S
i
n−i+1(x)

∣∣∣∣∣ dx

≤
∫ π

0

∣∣∣∣∣

∞∑

i=n−k+1

∆k+1aiS
k
i (x)

∣∣∣∣∣ dx+

∫ π

0

∣∣∣∣∣

k∑

i=1

∆ian−i+1S
i
n−i+1(x)

∣∣∣∣∣ dx

≤
∞∑

i=n−k+1

|∆k+1ai|
∫ π

0

∣∣Sk
i (x)

∣∣ dx+

k∑

i=1

|∆ian−i+1|
∫ π

0

∣∣Si
n−i+1(x)

∣∣ dx
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=

∞∑

i=n−k+1

Ak
i |∆k+1ai|

∫ π

0

∣∣∣T (k)
i (x)

∣∣∣ dx

+
k∑

i=1

Ai
n−i+1|∆ian−i+1|

∫ π

0

∣∣∣T (i)
n−i+1(x)

∣∣∣ dx

≤ C
∞∑

i=n−k+1

Ak
i |∆k+1ai|+ C

k∑

i=1

Ai
n−i+1|∆ian−i+1|

= o(1) + o(1) = o(1),

by Lemmas 1.48, 1.90, and the assumptions of the theorem, where C is a
positive real number.

Whence, we have

lim
n→∞

∫ π

0

|f(x)− fn(x)|dx = 0. (2.7)

Part II. Let k be non-integral. Let k = r + δ, r is the integral part of k,
and δ is its fractional part i.e. 0 < δ < 1.

Case (i). Let r = 0. Applying Abel transformation of order −δ we have

n∑

i=0

∆δ+1aiS
δ
i (x) =

n∑

i=0

n−i∑

m=0

∆δ−1ai+mSi(x)

by (1.7).
Again by the result of Lemma 1.49 this formula can be transformed into

n∑

i=0

∆δ+1aiS
δ
i (x) =

n∑

i=0

∆aiSi(x)−Rn(x),

where

Rn(x) =
n∑

i=0

Si(x)
(
Aδ−1

n−i+1∆
δ+1an+1 +Aδ−1

n−i+2∆
δ+1an+2 + · · ·

)
.

This implies that

n∑

i=0

∆aiSi(x) =
n∑

i=0

∆δ+1aiS
δ
i (x) +Rn(x),

and thus,

fn(x) =
n∑

i=0

∆δ+1aiS
δ
i (x) +Rn(x).

When r = 0, it clear that k = δ and
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f(x) =

n∑

i=0

∆δ+1aiS
δ
i (x).

Whence, by Lemmas 1.48 and 1.90 we have
∫ π

0

|f(x)− fn(x)|dx

=

∫ π

0

∣∣∣∣∣

∞∑

i=n+1

∆δ+1aiS
δ
i (x)−Rn(x)

∣∣∣∣∣ dx

≤
∞∑

i=n+1

|∆δ+1ai|
∫ π

0

∣∣Sδ
i (x)

∣∣ dx+

∫ π

0

|Rn(x)| dx

=

∞∑

i=n+1

Aδ
i |∆δ+1ai|

∫ π

0

∣∣T δ
i (x)

∣∣ dx+

∫ π

0

|Rn(x)| dx

≤ C

∞∑

i=n+1

Aδ
i |∆δ+1ai|+

∫ π

0

|Rn(x)| dx

≤ o(1) +

∫ π

0

|Rn(x)| dx. (2.8)

Now we estimate
∫ π

0
|Rn(x)| dx. Namely, by Lemmas 1.48, 1.50, and 1.90

we obtain

∫ π

0

|Rn(x)| dx =

∫ π

0

∣∣∣∣

(
n∑

i=0

Aδ−1
n−i+1Si(x)

)
∆δ+1an+1

+

(
n∑

i=0

Aδ−1
n−i+2Si(x)

)
∆δ+1an+2 + · · ·

∣∣∣∣dx

≤ |∆δ+1an+1|
∫ π

0

∣∣∣∣∣

(
n∑

i=0

Aδ−1
n−i+1Si(x)

)∣∣∣∣∣ dx

+|∆δ+1an+2|
∫ π

0

∣∣∣∣∣

(
n∑

i=0

Aδ−1
n−i+2Si(x)

)∣∣∣∣∣ dx+ · · ·

≤ |∆δ+1an+1|
∫ π

0

max
0≤p≤n+1

∣∣Sδ
p(x)

∣∣ dx

+|∆δ+1an+2|
∫ π

0

max
0≤p≤n+2

∣∣Sδ
p(x)

∣∣ dx+ · · ·

= |∆δ+1an+1A
δ
n+1|

∫ π

0

max
0≤p≤n+1

∣∣T δ
p (x)

∣∣ dx

+|∆δ+1an+2|Aδ
n+2

∫ π

0

max
0≤p≤n+2

∣∣T δ
p (x)

∣∣ dx+ · · ·

≤ C
[
|∆δ+1an+1A

δ
n+1|+ |∆δ+1an+2|Aδ

n+2 + · · ·
]
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= C [o(1) + o(1) + · · ·] = o(1).

Consequently, by (2.8) we have

∫ π

0

|f(x)− fn(x)|dx = o(1), as n→ ∞. (2.9)

Case (ii). Let r ≥ 1. Applying Abel transformation of order r we have

fn(x) =

n∑

i=0

∆aiSi(x)

=
n−r∑

i=0

∆r+1aiS
r
i (x) +

r∑

i=1

∆ian−i+1S
i
n−i+1(x). (2.10)

Again, applying Abel transformation of order −δ we have

n∑

i=0

∆k+1aiS
k
i (x) =

n∑

i=0

n−i∑

p=0

Aδ−1
p ∆k+1ai+pS

r
i (x).

By the result of Lemma 1.49 this formula can be transformed into

n∑

i=0

∆k+1aiS
k
i (x) =

n∑

i=0

∆r+1aiS
r
i (x)−Rn(x), (2.11)

where

Rn(x) =

n∑

i=0

Sr
i (x)

(
Aδ−1

n−i+1∆
δ+1an+1 +Aδ−1

n−i+2∆
δ+1an+2 + · · ·

)

=

(
n∑

i=0

Sr
i (x)A

δ−1
n−i+1

)
∆δ+1an+1

+

(
n∑

i=0

Sr
i (x)A

δ−1
n−i+2

)
∆δ+1an+2 + · · · .

Replacing n by n− r in (2.11) we have

n−r∑

i=0

∆k+1aiS
k
i (x) =

n−r∑

i=0

∆r+1aiS
r
i (x)−Rn−r(x). (2.12)

Now by (2.10) and (2.12) we get

fn(x) =
n−r∑

i=0

∆k+1aiS
k
i (x) +Rn−r(x) +

r∑

i=0

∆ian−i+1S
i
n−i+1(x). (2.13)
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Therefore by Lemmas 1.48, 1.49, 1.88, and the assumptions of the theorem,
we obtain

∫ π

0

|f(x)− fn(x)|dx

=

∫ π

0

∣∣∣∣∣

∞∑

i=n−k+1

∆k+1aiS
k
i (x)−Rn−r(x)−

r∑

i=1

∆ian−i+1S
r
n−i+1(x)

∣∣∣∣∣ dx

≤
∫ π

0

∣∣∣∣∣

∞∑

i=n−k+1

∆k+1aiS
k
i (x)

∣∣∣∣∣ dx

+

∫ π

0

|Rn−r(x)| dx+

∫ π

0

∣∣∣∣∣

r∑

i=1

∆ian−i+1S
r
n−i+1(x)

∣∣∣∣∣ dx

=

∞∑

i=n−k+1

Ak
i |∆k+1ai|

∫ π

0

∣∣T k
i (x)

∣∣ dx

+

∫ π

0

|Rn−r(x)| dx+

r∑

i=1

Ai
n−i+1|∆ian−i+1|

∫ π

0

∣∣T i
n−i+1(x)

∣∣ dx

≤ C

∞∑

i=n−k+1

Ak
i |∆k+1ai|+ C

r∑

i=1

Ai
n−i+1|∆ian−i+1|+

∫ π

0

|Rn−r(x)| dx

= o(1) +

∫ π

0

|Rn−r(x)| dx. (2.14)

By Lemma 1.49 we estimate
∫ π

0
|Rn−r(x)| dx. Indeed, we have

∫ π

0

|Rn−r(x)| dx =

∫ π

0

∣∣∣∣

(
n−r∑

i=0

Aδ−1
n−r−i+1S

r
i (x)

)
∆k+1an−r+1

+

(
n−r∑

i=0

Aδ−1
n−r−i+2S

r
i (x)

)
∆k+1an−r+2 + · · ·

∣∣∣∣dx

≤ |∆k+1an−r+1|
∫ π

0

∣∣∣∣∣

(
n−r∑

i=0

Aδ−1
n−r−i+1S

r
i (x)

)∣∣∣∣∣ dx

+|∆k+1an−r+2|
∫ π

0

∣∣∣∣∣

(
n−r∑

i=0

Aδ−1
n−r−i+2S

r
i (x)

)∣∣∣∣∣ dx+ · · ·

≤ |∆k+1an−r+1|
n−r∑

i=0

Aδ−1
n−r−i+1A

r
i

∫ π

0

|T r
i (x)| dx

+|∆k+1an−r+2|
n−r∑

i=0

Aδ−1
n−r−i+2A

r
i

∫ π

0

|T r
i (x)| dx+ · · ·
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≤ C|∆k+1an−r+1|
n−r∑

i=0

Aδ−1
n−r−i+1A

r
i

+C|∆k+1an−r+2|
n−r∑

i=0

Aδ−1
n−r−i+2A

r
i + · · ·

≤ C|∆k+1an−r+1|
n+1−r∑

i=0

Aδ−1
n−r−i+1A

r
i

+C|∆k+1an−r+2|
n+2−r∑

i=0

Aδ−1
n−r−i+2A

r
i + · · ·

= C|∆k+1an−r+1|Ar+δ
n−r+1 + C|∆k+1an−r+2|Ar+δ

n−r+2 + · · ·
= C|∆k+1an−r+1|Ak

n−r+1 + C|∆k+1an−r+2|Ak
n−r+2 + · · ·

= o(1) + o(1) + · · · = o(1).

Whence, ∫ π

0

|Rn−r(x)| dx = o(1) as n→ ∞.

Using (2.14) this implies that

∫ π

0

|f(x)− fn(x)|dx = o(1) as n→ ∞. (2.15)

Subsequently by (2.9) and (2.15)

∫ π

0

|f(x)− fn(x)|dx = o(1) as n→ ∞, (2.16)

where k is non-integral number.
Whence, in view of (2.7) and (2.16), we have

lim
n→∞

∫ π

0

|f(x)− fn(x)|dx = 0,

for any k > 0, which implies that

fn(x) → f(x)

in the L1 metric.
The proof is completed.
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2.4 L1-convergence of modified trigonometric sums
fn(x) with coefficients from the class S

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

and

fn(x) =
1

2

n∑

k=0

∆ak +
n∑

k=1

n∑

j=k

∆aj cos kx.

Theorem 2.7. Let {ak} ∈ S, then fn(x) converges to f(x) in L1-norm.

Proof. Abel’s transformation implies

f(x) = lim
n→∞

(
a0
2

+

n∑

k=1

ak cos kx

)

= lim
n→∞

[
n−1∑

k=1

∆akDk(x) + anDn(x)

]

= lim
n→∞

[
n−1∑

k=0

∆akDk(x) + anDn(x)

]

=

∞∑

k=0

∆akDk(x),

since
lim
n→∞

anDn(x) = 0

if x 6= 0, where

Dn(x) =
1

2
+

n∑

k=1

cos kx.

Also, the use of Abel’s transformation yields

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx

=
n∑

k=0

∆akDk(x).

Now, using Lemma 1.34 we have
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∫ π

0

|f(x)− fn(x)|dx =

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

Dk(x)

∣∣∣∣∣ dx

=

∫ π

0

∣∣∣∣
∞∑

k=n+1

∆Ak

k∑

µ=1

∆aµ
Aµ

Dµ(x)

∣∣∣∣dx

≤
∞∑

k=n+1

∆Ak

∫ π

0

∣∣∣∣
k∑

µ=1

∆aµ
Aµ

Dµ(x)

∣∣∣∣dx

≤ C

∞∑

k=n+1

(k + 1)∆Ak

= C(n+ 1)An+1 + C
∞∑

k=n+1

Ak = o(1) as n→ ∞.

taking into account that {ak} ∈ S.
So, we have obtained

lim
n→∞

∫ π

0

|f(x)− fn(x)|dx = 0.

The proof is completed.

Corollary 2.8. Let {ak} ∈ S. The series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

converges in L1-norm if and only if

lim
n→∞

an log n = 0.

Proof. We notice that
∫ π

0

|f(x)− Sn(x)|dx ≤
∫ π

0

|f(x)− fn(x)|dx+

∫ π

0

|fn(x)− Sn(x)|dx

=

∫ π

0

|f(x)− fn(x)|dx+ |an+1|
∫ π

0

|Dn(x)|dx,

and
∫ π

0

|an+1Dn(x)|dx =

∫ π

0

|fn(x)− Sn(x)|dx

≤
∫ π

0

|fn(x)− f(x)|dx+

∫ π

0

|f(x)− Sn(x)|dx.
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So,
‖f − Sn‖L1 = o(1) as n→ ∞

if and only if
|an+1| log n = o(1) as n→ ∞,

since
∫ π

0
|an+1Dn(x)|dx behaves as |an+1| log n for large values n.

The proof is completed.

2.5 L1-convergence of modified trigonometric sums
fn(x) with coefficients from the class S′

Let

f(x) =
a0
2

+
∞∑

k=1

ak cos kx

and

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx.

Theorem 2.9. Let {ak} ∈ S′, then fn(x) converges to f(x) in L1-norm.

Proof. By Abel’s transformation we have

f(x) = lim
n→∞

(
a0
2

+
n∑

k=1

ak cos kx

)

= lim
n→∞

(
a0
2

+

n−1∑

k=1

∆akDk(x) + anDn(x)−
a0
2

)

= lim
n→∞

(
n−1∑

k=0

∆akDk(x) + anDn(x)

)

=

∞∑

k=0

∆akDk(x),

since
lim
n→∞

anDn(x) = 0

if x 6= 0, where

Dn(x) =
1

2
+ cosx+ cos 2x+ · · ·+ cosnx.

The use of Abel’s transformation yields
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fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx

=
n∑

k=0

∆akDk(x).

Now, since |∆ak/Ak| ≤ 1 by assumption, then applying Lemma 1.34 we
have

∫ π

0

|f(x)− fn(x)|dx =

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx

= lim
N→∞

∫ π

0

∣∣∣∣∣

N∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx

= lim
N→∞

∫ π

0

∣∣∣∣∣

N∑

k=n+1

∆ak
Ak

AkDk(x)

∣∣∣∣∣ dx

= lim
N→∞

∫ π

0

∣∣∣∣
N−1∑

k=n+1

∆Ak

k∑

µ=1

∆aµ
Aµ

Dµ(x)

+AN

N∑

µ=1

∆ak
Ak

Dk(x)−An+1

n∑

k=1

∆ak
Ak

Dk(x)

∣∣∣∣dx

≤ lim
N→∞

(
N−1∑

k=n+1

|∆Ak|
∫ π

0

∣∣∣∣
k∑

µ=1

∆aµ
Aµ

Dµ(x)

∣∣∣∣dx

+|AN |
∫ π

0

∣∣∣∣
N∑

µ=1

∆ak
Ak

Dk(x)

∣∣∣∣dx+ |An+1|
∫ π

0

∣∣∣∣
n∑

k=1

∆ak
Ak

Dk(x)

∣∣∣∣dx
)

≤ C lim
N→∞

(
N−1∑

k=n+1

(k + 1)|∆Ak|+ (N + 1)|AN |+ (n+ 1)|An+1|
)

≤ C

(
∞∑

k=n+1

(k + 1)|∆Ak|+ (N + 1)AN + (n+ 1)|An+1|
)
. (2.17)

Taking into account Lemmas 1.17 and 1.18 we have

(N + 1)|AN → 0 as N → ∞,

and
∞∑

k=n+1

(k + 1)|∆Ak| = o(1) as n→ ∞.

Finally, based on (2.17) we obtain
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lim
n→∞

∫ π

0

|f(x)− fn(x)|dx = 0.

The proof is completed.

2.6 L1-convergence of modified trigonometric sums
fn(x) with coefficients from the class K

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

and

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx.

Theorem 2.10. Let the sequence {an} belong to the class K, then fn(x) con-
verges to f(x) in the L1-norm.

Proof. We have

fn(x) =
a0
2

+

n∑

m=1

am cosmx− an+1Dn(x)

=
1

2 sinx

n∑

m=1

2am sinx cosmx− an+1Dn(x), (a0 = 0)

=
1

2 sinx

n∑

m=1

am
[
sin(m+ 1)x− sin(m− 1)x

]
− an+1Dn(x)

=
1

2 sinx

n∑

m=1

(am−1 − am+1) sinmx

+an
sin(n+ 1)x

2 sinx
+ an+1

sinnx

2 sinx
− an+1Dn(x)

=
1

2 sinx

n∑

m=1

(am−1 − am+1) sinmx

+(an − an+1)
sin(n+ 1)x

2 sinx
. (2.18)

Applying the Abel’s transformation in (2.18) we get

fn(x) =
1

2 sinx

n∑

m=1

(∆am−1 −∆am+1) D̃m(x)

+ (an − a2n)
D̃n(x)

2 sinx
+ (an − an+1)

sin(n+ 1)x

2 sinx
,
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and passing on limit when n→ ∞ we obtain

lim
n→∞

fn(x) =
1

2 sinx

∞∑

m=1

(∆am−1 −∆am+1) D̃m(x). (2.19)

In a similar fashion we can show that

Sn(x) =
1

2 sinx

n∑

m=1

(∆am−1 −∆am+1) D̃m(x)

+ (an − a2n)
D̃n(x)

2 sinx
+ an+1

sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx
,

f(x) = lim
n→∞

Sn(x) =
1

2 sinx

∞∑

m=1

(∆am−1 −∆am+1) D̃m(x), (2.20)

and the series
1

2 sinx

∞∑

m=1

(∆am−1 −∆am+1) D̃m(x)

converges.
Therefore limn→∞ fn(x) = f(x) exists, and from (2.19) and (2.20) the

following equality

lim
n→∞

fn(x) = lim
n→∞

Sn(x) = f(x)

holds.
Hence

f(x)− fn(x) =
1

2 sinx

∞∑

m=n+1

(∆am−1 −∆am+1) D̃m(x)

− (an − a2n)
D̃n(x)

2 sinx
− (an − an+1)

sin(n+ 1)x

2 sinx
.

Denoting with F̃m(x) = 1
m+1

∑m
i=0 D̃i(x) the conjugate Fejér kernel, then the

use of Abel’s transformation gives

f(x)− fn(x) =
1

2 sinx
lim
ℓ→∞

[
ℓ−1∑

m=n+1

(m+ 1)
(
∆2am−1 −∆2am+1

)
F̃m(x)

+(ℓ+ 1) (∆aℓ−1 −∆aℓ+1) F̃ℓ(x)− (n+ 1) (∆an −∆an+2) F̃n(x)

]

− (an − a2n)
D̃n(x)

2 sinx
− (an − an+1)

sin(n+ 1)x

2 sinx
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=
1

2 sinx

[
∞∑

m=n+1

(m+ 1)
(
∆2am−1 −∆2am+1

)
F̃m(x)

−(n+ 1) (∆an −∆an+2) F̃n(x)

]
− (an − a2n)

D̃n(x)

2 sinx

− (an − an+1)
sin(n+ 1)x

2 sinx
.

Thus

‖f − fn‖ = O

(
∞∑

m=n+1

(m+ 1)
∣∣∆2am−1 −∆2am+1

∣∣
∫ π

−π

∣∣F̃m(x)
∣∣dx
)

+(n+ 1) |∆an −∆an+2|
∫ π

−π

∣∣F̃n(x)
∣∣dx

+ |an − a2n|
∫ π

−π

∣∣∣∣
D̃n(x)

2 sinx

∣∣∣∣dx+ |an − an+1|
∫ π

−π

∣∣∣∣∣
sin(n+ 1)x

2 sinx

∣∣∣∣∣dx.

The first and fourth terms tend to zero as n → ∞ based on facts that∫ π

−π

∣∣F̃m(x)
∣∣dx = π and {am} belongs the class K.

Further, for the second term, denoted by Λ(n), for large enough n we
obtain

Λ(n) = O
(
(n+ 1) |∆an −∆an+2|

)

= O

(
(n+ 1)

∣∣∣
∞∑

m=n

(
∆2am −∆2am+2

) ∣∣∣
)

= O

(
(n+ 1)

∞∑

m=n+1

∣∣∆2am−1 −∆2am+1

∣∣
)

= O

(
∞∑

m=n+1

m
∣∣∆2am−1 −∆2am+1

∣∣
)

= o(1).

Since
∫ π

−π

∣∣∣ D̃n(x)
2 sin x

∣∣∣dx = O (n) then the third term tends to zero, as well.

Indeed, we have

|an − a2n|
∫ π

−π

∣∣∣∣
D̃n(x)

2 sinx

∣∣∣∣dx = O

(
n
∣∣∣

∞∑

m=n

(∆am −∆am+2)
∣∣∣
)

= O

(
(n+ 1)

∞∑

m=n+1

∣∣∆2am−1 −∆2am+1

∣∣
)

= O

(
∞∑

m=n+1

m
∣∣∆2am−1 −∆2am+1

∣∣
)

= o(1).

The proof is completed.
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Corollary 2.11. If {an} ∈ K, then the necessary and sufficient condition for
the L1-convergence of the cosine series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx is lim
n→∞

an log n = 0.

Proof. Sufficiency. We can write

‖f − Sn‖ ≤ ‖f − fn‖+ ‖Sn − fn‖

= ‖f − fn‖+
∥∥∥∥an+1

(
sinnx

2 sinx
+

sin(n+ 1)x

2 sinx

)∥∥∥∥

= ‖f − fn‖+ |an+1|
∫ π

−π

|Dn(x)| dx.

From the well-known relation
∫ π

−π
|Dn(x)| dx ∼ log n and our assumption

that an log n = o(1), we obtain |an+1|
∫ π

−π
|Dn(x)| dx = o(1) as n→ ∞.

Also, according to the Theorem 2.10

‖f − fn‖ = o(1) as n→ ∞.

This completes the sufficient condition.
Necessity. The following holds

|an+1| log n ∼ |an+1|
∫ π

−π

|Dn(x)| dx = ‖an+1Dn(x)‖

= ‖Sn − fn‖ ≤ ‖Sn − f‖+ ‖f − fn‖ = o(1) as n→ ∞,

by our assumption and Theorem 2.10.
The proof is completed.

2.7 L1-convergence of modified trigonometric sums
fn(x) with generalized semi-convex coefficients

Let

f(x) =
a0
2

+
∞∑

k=1

ak cos kx

and

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx.

For 0 < x ≤ π, let
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D̃0(x) = −1

2
cot

x

2
,

S̃n(x) = D̃0(x) + D̃n(x),

S̃1
n(x) = S̃0(x) + S̃1(x) + S̃2(x) + · · ·+ S̃n(x),

S̃2
n(x) = S̃1

0(x) + S̃1
1(x) + S̃1

2(x) + · · ·+ S̃1
n(x),

...

S̃k
n(x) = S̃k−1

0 (x) + S̃k−1
1 (x) + S̃k−1

2 (x) + · · ·+ S̃k−1
n (x).

The conjugate Cèsaro means T̃α
k (x) of order α is denoted by

T̃α
k (x) =

S̃α
k (x)

Ãα
k

.

The following result holds true.

Theorem 2.12. If {an} is a generalized semi-convex null sequence, then
fn(x) converges to f(x) in the L1-norm if and only if

lim
n→∞

∆an log n = 0.

Proof. We have

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx

=
a0
2

+
n∑

k=1

ak cos kx− an+1Dn(x)

=
n∑

k=1

ak cos kx− an+1Dn(x), (a0 = 0)

=
n∑

k=1

(ak−1 − ak+1)
sin kx

2 sinx
+ an−1

sinnx

2 sinx

+an
sin(n+ 1)x

2 sinx
− an+1Dn(x),

where

Dn(x) =
sinnx+ sin(n+ 1)x

2 sinx
.

Applying Lemma 1.1 we obtain

fn(x) =
1

2 sinx

n∑

k=1

(∆ak−1 +∆ak) sin kx+∆an
sin(n+ 1)x

2 sinx
.

Applying Lemma 1.1 again we have
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fn(x) =
1

2 sinx

n−1∑

k=1

(∆2ak−1 +∆2ak)D̃k(x)

+(∆an−1 +∆an)D̃n(x) +∆an
sin(n+ 1)x

2 sinx

=
1

2 sinx

[
n−1∑

k=1

(∆2ak−1 +∆2ak)(S̃
0
k(x)− S̃0(x))

+(∆an−1 +∆an)(S̃
0
n(x)− S̃0(x))

]
+∆an

sin(n+ 1)x

2 sinx

=
1

2 sinx

[
n−1∑

k=1

(∆2ak−1 +∆2ak)S̃
0
k(x)−

n−1∑

k=1

(∆2ak−1 +∆2ak)S̃0(x)

+(∆an−1 +∆an)S̃
0
n(x)− (∆an−1 +∆an)S̃0(x)

]
+∆an

sin(n+ 1)x

2 sinx

=
1

2 sinx

[
n−1∑

k=1

(∆2ak−1 +∆2ak)S̃
0
k(x)− (∆an−1 +∆an)S̃

0
n(x)

+a2S̃0(x)

]
+∆an

sin(n+ 1)x

2 sinx
.

Similarly, if we continue to apply Lemma 1.1 α times, we obtain

fn(x) =
1

2 sinx

[
n−α∑

k=1

(∆α+1ak−1 +∆α+1ak)S̃
α−1
k (x) +

α∑

k=1

∆kan−kS̃
k−1
n−k+1(x)

+
α∑

k=1

∆kan−k+1S̃
k−1
n−k+1(x) + a2S̃0(x)

]
+∆an

sin(n+ 1)x

2 sinx
.

Since S̃α
k (x) and T̃α

k (x) are bounded on every segment [ε, π − ε], ε > 0,
have

f(x) = lim
n→∞

fn(x)

=
1

2 sinx

[
∞∑

k=1

(∆α+1ak−1 +∆α+1ak)S̃
α−1
k (x) + a2S̃0(x)

]
.

Consequently,

f(x)− fn(x) =
1

2 sinx

[
∞∑

k=n−α+1

(∆α+1ak−1 +∆α+1ak)S̃
α−1
k (x)



76 2 L1-convergence of modified sums fn(x)

−
α∑

k=1

∆kan−kS̃
k−1
n−k+1(x)−

α∑

k=1

∆kan−k+1S̃
k−1
n−k+1(x)

]

−∆an
sin(n+ 1)x

2 sinx
.

Whence,

‖f(x)− fn(x)‖ ≤ C

[∫ π

0

∣∣∣∣∣

∞∑

k=n−α+1

(∆α+1ak−1 +∆α+1ak)S̃
α−1
k (x)

∣∣∣∣∣dx

+

∫ π

0

∣∣∣∣∣

α∑

k=1

∆kan−kS̃
k−1
n−k+1(x)

∣∣∣∣∣dx

+

∫ π

0

∣∣∣∣∣

α∑

k=1

∆kan−k+1S̃
k−1
n−k+1(x)

∣∣∣∣∣dx
]

+

∫ π

0

∣∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣∣dx

≤ C

[
∞∑

k=n−α+1

|∆α+1ak−1 +∆α+1ak|
∫ π

0

∣∣S̃α−1
k (x)

∣∣dx

+

α∑

k=1

|∆kan−k|
∫ π

0

∣∣S̃k−1
n−k+1(x)

∣∣dx

+

α∑

k=1

|∆kan−k+1|
∫ π

0

∣∣S̃k−1
n−k+1(x)

∣∣dx
]

+

∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx

≤ C

[
∞∑

k=n−α+1

Aα
k |∆α+1ak−1 +∆α+1ak|

∫ π

0

∣∣T̃α
k (x)

∣∣dx

+

α∑

k=1

Ak
n−k+1|∆kan−k|

∫ π

0

∣∣T̃ k
n−k+1(x)

∣∣dx

+

α∑

k=1

Ak
n−k+1|∆kan−k+1|

∫ π

0

∣∣T̃ k−1
n−k+1(x)

∣∣dx
]

+

∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx. (2.21)

Based on Lemma 1.48 and assumptions of the theorem, first three terms of
(2.21) are of order o(1) as n→ ∞.

Moreover, since
∫ π

0

∣∣∣∣
sin(n+ 1)x

2 sinx

∣∣∣∣dx ≤ C log n, n ≥ 2,
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then ∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx ∼ ∆an log n.

So, it follows that
lim
n→∞

‖f(x)− fn(x)‖ = 0,

if and only if
lim

n→∞
∆an log n = 0.

The proof is completed.

2.8 L1-convergence of modified trigonometric sums
fn(x) with coefficients from the class Sr

Let

f(x) =
a0
2

+
∞∑

k=1

ak cos kx

and

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx.

Theorem 2.13. Let {ak} ∈ Sr, r ∈ {1, 2, . . .}, then fn(x) converges to f(x)
in L1-norm.

Proof. Firstly, we have

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx

=
a0
2

+

n∑

k=1

ak cos kx− an+1Dn(x).

Consequently,
lim

n→∞
fn(x) = lim

n→∞
Sn(x) = f(x),

since Dn(x) is bounded in (0, π] and {ak} ∈ Sr, r ∈ {1, 2, . . .}, where

Dn(x) =
1

2
+

n∑

k=1

cos kx.

So, we can write

f(x)− fn(x) =

∞∑

k=n+1

ak cos kx+ an+1Dn(x).
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Now, using Lemmas 1.1, 1.34, and {ak} ∈ Sr, r ∈ {1, 2, . . .}, we have

∫ π

0

|f(x)− fn(x)|dx =

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

Dk(x)

∣∣∣∣∣ dx

=

∫ π

0

∣∣∣∣
∞∑

k=n+1

∆Ak

k∑

µ=1

∆aµ
Aµ

Dµ(x)

∣∣∣∣dx

≤
∞∑

k=n+1

∆Ak

∫ π

0

∣∣∣∣
k∑

µ=1

∆aµ
Aµ

Dµ(x)

∣∣∣∣dx

=

∞∑

k=n+1

kr−1

kr−1
|∆Ak|

∫ π

0

∣∣∣∣
k∑

µ=1

∆aµ
Aµ

Dµ(x)

∣∣∣∣dx

≤ C

(n+ 1)r−1

∞∑

k=n+1

(k + 1)r|∆Ak|

≤ 2rC

∞∑

k=n+1

krAk + C

∞∑

k=n+1

(k + 1)rAk+1

= (2r + 1)C

∞∑

k=n

krAk = o(1) as n→ ∞,

taking into account that {ak} ∈ S.
Thus, we have obtained

lim
n→∞

∫ π

0

|f(x)− fn(x)|dx = 0.

The proof is completed.

Corollary 2.14. Let {ak} ∈ Sr, r ∈ {1, 2, . . .}. The series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

converges in L1-norm if and only if

lim
n→∞

an+1 log n = 0.

Proof. We note that

∫ π

0

|f(x)− Sn(x)|dx =

∫ π

0

|f(x)− fn(x) + fn(x)− Sn(x)|dx
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≤
∫ π

0

|f(x)− fn(x)|dx+

∫ π

0

|fn(x)− Sn(x)|dx

=

∫ π

0

|f(x)− fn(x)|dx+ |an+1|
∫ π

0

|Dn(x)|dx,

and
∫ π

0

|an+1Dn(x)|dx =

∫ π

0

|fn(x)− Sn(x)|dx

≤
∫ π

0

|fn(x)− f(x)|dx+

∫ π

0

|f(x)− Sn(x)|dx.

Subsequently,
‖f − Sn‖L1 = o(1) as n→ ∞

if and only if
|an+1| log n = o(1) as n→ ∞,

since
∫ π

0
|an+1Dn(x)|dx behaves as |an+1| log n for large values n.

The proof is completed.

2.9 L1-convergence of modified sums fn(x) with
generalized semi-convex coefficients of fractional order

Let

f(x) =
a0
2

+
∞∑

k=1

ak cos kx

and

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx.

For 0 < x ≤ π, let

D̃0(x) = −1

2
cot

x

2
,

S̃n(x) = D̃0(x) + D̃n(x),

S̃1
n(x) = S̃0(x) + S̃1(x) + S̃2(x) + · · ·+ S̃n(x),

S̃2
n(x) = S̃1

0(x) + S̃1
1(x) + S̃1

2(x) + · · ·+ S̃1
n(x),

...

S̃k
n(x) = S̃k−1

0 (x) + S̃k−1
1 (x) + S̃k−1

2 (x) + · · ·+ S̃k−1
n (x).

The conjugate Cèsaro means T̃α
k (x) of order α is denoted by
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T̃α
k (x) =

S̃α
k (x)

Ãα
k

.

Next result holds true.

Theorem 2.15. If {an} is a generalized semi-convex null sequence of frac-
tional order, then fn(x) converges to f(x) in the L1-norm if and only if

lim
n→∞

∆an log n = 0.

Proof. We have

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx

=
a0
2

+

n∑

k=1

ak cos kx− an+1Dn(x)

=

n∑

k=1

ak cos kx− an+1Dn(x), (a0 = 0)

=

n∑

k=1

(ak−1 − ak+1)
sin kx

2 sinx
+ an−1

sinnx

2 sinx

+an
sin(n+ 1)x

2 sinx
− an+1Dn(x),

where

Dn(x) =
sinnx+ sin(n+ 1)x

2 sinx
.

Applying Lemma 1.1 we obtain

fn(x) =
1

2 sinx

n∑

k=1

(∆ak−1 +∆ak) sin kx+∆an
sin(n+ 1)x

2 sinx
.

Applying Lemma 1.1 again, we have

fn(x) =
1

2 sinx

n−1∑

k=1

(∆2ak−1 +∆2ak)D̃k(x)

+(∆an−1 +∆an)D̃n(x) +∆an
sin(n+ 1)x

2 sinx

=
1

2 sinx

[
n−1∑

k=1

(∆2ak−1 +∆2ak)(S̃
0
k(x)− S̃0(x))

+(∆an−1 +∆an)(S̃
0
n(x)− S̃0(x))

]
+∆an

sin(n+ 1)x

2 sinx
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=
1

2 sinx

[
n−1∑

k=1

(∆2ak−1 +∆2ak)S̃
0
k(x)−

n−1∑

k=1

(∆2ak−1 +∆2ak)S̃0(x)

+(∆an−1 +∆an)S̃
0
n(x)− (∆an−1 +∆an)S̃0(x)

]
+∆an

sin(n+ 1)x

2 sinx

=
1

2 sinx

[
n−1∑

k=1

(∆2ak−1 +∆2ak)S̃
0
k(x)− (∆an−1 +∆an)S̃

0
n(x)

+a2S̃0(x)

]
+∆an

sin(n+ 1)x

2 sinx
. (2.22)

Since α > 0 is non-integral, then let α = r + δ, where r is integral part of
α, δ is its fractional part, and 0 < δ < 1.

Case (i). Let r = 0. Applying Abel’s transformation of order −δ + 1, we
have by (1.7)

n−1∑

k=1

S̃δ−1
k (x)(∆δ+1ak−1 +∆δ+1ak)

=
n−1∑

k=1

S̃k(x)

n−(k+1)∑

m=1

Aδ−2
m (∆δ+1am+k−1 +∆δ+1am+k).

Moreover, applying Lemma 1.49, we have

n−1∑

k=1

S̃δ−1
k (x)

(
∆δ+1ak−1 +∆δ+1ak

)

=

n−1∑

k=1

S̃k(x)

{
(
∆2ak−1 +∆2ak

)
−

∞∑

m=n−k

Aδ−2
m

(
∆δ+1am+k−1 +∆δ+1am+k

)
}
.

=

n−1∑

k=1

S̃k(x)
(
∆2ak−1 +∆2ak

)
−Rn(x),

where

Rn(x) =
n−1∑

k=1

S̃k(x)

{
Aδ−2

n−k

(
∆δ+1an−1 +∆δ+1an

)

+Aδ−2
n−k+1

(
∆δ+1an +∆δ+1an+1

)
+ · · ·

}
.

Therefore,

1

2 sinx

n−1∑

k=1

S̃k(x)
(
∆2ak−1 +∆2ak

)
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=
1

2 sinx

{ n−1∑

k=1

S̃δ−1
k (x)

(
∆δ+1ak−1 +∆δ+1ak

)
+Rn(x)

}
,

and thus by (2.22) we get

fn(x) =
1

2 sinx

{ n−1∑

k=1

S̃δ−1
k (x)

(
∆δ+1ak−1 +∆δ+1ak

)

+Rn(x) + (∆an−1 +∆an)S̃
0
n(x) + a2S̃0(x)

}
+∆an

sin(n+ 1)x

2 sinx
.

When r = 0, then α = δ and

f(x) = lim
n→∞

fn(x)

=
1

2 sinx

{ ∞∑

k=1

S̃δ−1
k (x)

(
∆δ+1ak−1 + (∆δ+1ak

)
+ a2S̃0(x)

}
.

So, by Lemmas 1.48 and 1.90 we obtain

∫ π

0

|f(x)− fn(x)|dx ≤
∫ π

0

∣∣∣∣
1

2 sinx

{
∞∑

k=n

S̃δ−1
k (x)

(
∆δ+1ak−1 +∆δ+1ak

)

−Rn(x)− (∆an−1 +∆an)S̃
0
n(x)

}∣∣∣∣dx

+

∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx

≤ C

{
∞∑

k=n

∣∣∆δ+1ak−1 +∆δ+1ak
∣∣
∫ π

0

∣∣S̃δ−1
k (x)

∣∣dx

+

∫ π

0

∣∣Rn(x)
∣∣dx+ |∆an−1 +∆an|

∫ π

0

∣∣S̃0
n(x)

∣∣dx
}

+

∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx

= C

{
∞∑

k=n

Aδ−1
k

∣∣∆δ+1ak−1 +∆δ+1ak
∣∣
∫ π

0

∣∣T̃ δ−1
k (x)

∣∣dx

+

∫ π

0

∣∣Rn(x)
∣∣dx+ |∆an−1 +∆an|

∫ π

0

∣∣S̃0
n(x)

∣∣dx
}

+

∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx

≤ C1

{
∞∑

k=n

Aδ−1
k

∣∣∆δ+1ak−1 +∆δ+1ak
∣∣+
∫ π

0

∣∣Rn(x)
∣∣dx
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+|∆an−1 +∆an|
}

+

∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx

= o(1) + C

∫ π

0

∣∣Rn(x)
∣∣dx

+C1|an−1 − an+1|+
∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx. (2.23)

In order to estimate
∫ π

0

∣∣Rn(x)
∣∣dx we use Lemmas 1.48, 1.50, and 1.90:

∫ π

0

∣∣Rn(x)
∣∣dx

=

∫ π

0

∣∣∣∣
n−1∑

k=1

S̃k(x)

{
Aδ−2

n−k

(
∆δ+1an−1 +∆δ+1an

)

+Aδ−2
n−k+1

(
∆δ+1an +∆δ+1an+1

)
+ · · ·

}∣∣∣∣dx

≤
∣∣∆δ+1an−1 +∆δ+1an

∣∣
∫ π

0

∣∣∣∣
n−1∑

k=1

Aδ−2
n−kS̃k(x)

∣∣∣∣dx

+
∣∣∆δ+1an +∆δ+1an+1

∣∣
∫ π

0

∣∣∣∣
n−1∑

k=1

Aδ−2
n−k+1S̃k(x)

∣∣∣∣dx+ · · ·

≤
∣∣∆δ+1an−1 +∆δ+1an

∣∣
∫ π

0

max
1≤p≤n−1

∣∣∣∣S̃
δ−1
p (x)

∣∣∣∣dx

+
∣∣∆δ+1an +∆δ+1an+1

∣∣
∫ π

0

max
1≤p≤n

∣∣∣∣S̃
δ−1
p (x)

∣∣∣∣dx+ · · ·

= Aδ−1
n

∣∣∆δ+1an−1 +∆δ+1an
∣∣
∫ π

0

max
1≤p≤n−1

∣∣∣∣T̃
δ−1
p (x)

∣∣∣∣dx

+Aδ−1
n+1

∣∣∆δ+1an +∆δ+1an+1

∣∣
∫ π

0

max
1≤p≤n

∣∣∣∣T̃
δ−1
p (x)

∣∣∣∣dx+ · · ·

≤ CAδ−1
n

∣∣∆δ+1an−1 +∆δ+1an
∣∣

+CAδ−1
n+1

∣∣∆δ+1an +∆δ+1an+1

∣∣+ · · ·
≤ CAδ

n

∣∣∆δ+1an−1 +∆δ+1an
∣∣

+CAδ
n+1

∣∣∆δ+1an +∆δ+1an+1

∣∣+ · · ·
= o(1) + o(1) + · · · = o(1).

Moreover, since
∫ π

0

∣∣∣∣
sin(n+ 1)x

2 sinx

∣∣∣∣dx ≤ C log n, n ≥ 2,

then
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∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx ∼ ∆an log n.

Thus, it follows that

lim
n→∞

‖f(x)− fn(x)‖ = 0,

if and only if
lim

n→∞
∆an log n = 0.

Case (ii). Let r ≥ 1. Applying Abel’s transformation r times to equality

fn(x) =
1

2 sinx

n∑

k=1

(∆ak−1 +∆ak) sin kx+∆an
sin(n+ 1)x

2 sinx
,

we obtain

fn(x) =
1

2 sinx

{
n−r∑

k=1

(∆r+1ak−1 +∆r+1ak)S̃
r−1
k (x)

+

r∑

k=1

(∆kan−k +∆kan−k+1)S̃
k−1
n−k−1(x) + a2S̃0(x)

}

+∆an
sin(n+ 1)x

2 sinx
. (2.24)

Applying Abel’s transformation of order −δ again, we get

n−1∑

k=1

S̃α−1
k (x)(∆α+1ak−1 +∆α+1ak)

=

n−1∑

k=1

S̃r−1
k (x)

n−(k+1)∑

m=0

Aδ−1
m (∆α+1am+k−1 +∆α+1am+k).

By Lemma 1.49 we have

1

2 sinx

n−1∑

k=1

S̃α−1
k (x)(∆α+1ak−1 +∆α+1ak)

=
1

2 sinx

{
n−1∑

k=1

S̃r−1
k (x)(∆r+1ak−1 +∆r+1ak)−Rn(x)

}
, (2.25)

where

Rn(x) =

n−1∑

k=1

S̃r−1
k (x)

{
Aδ−1

n−k

(
∆α+1an−1 +∆α+1an

)
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+Aδ−1
n−k+1

(
∆α+1an +∆α+1an+1

)
+ · · ·

}

=
(
∆α+1an−1 +∆α+1an

) n−1∑

k=1

Aδ−1
n−kS̃

r−1
k (x)

+
(
∆α+1an +∆α+1an+1

) n−1∑

k=1

Aδ−1
n−k+1S̃

r−1
k (x) + · · ·

Replacing n by n− r + 1 in (2.25), we obtain

1

2 sinx

n−r∑

k=1

S̃α−1
k (x)(∆α+1ak−1 +∆α+1ak)

=
1

2 sinx

{
n−r∑

k=1

S̃r−1
k (x)(∆r+1ak−1 +∆r+1ak)−Rn−r+1(x)

}
. (2.26)

Now, based on (2.24) and (2.26), we get

fn(x) =
1

2 sinx

{
n−r∑

k=1

S̃α−1
k (x)(∆α+1ak−1 +∆α+1ak)−Rn−r+1(x)

+
r∑

k=1

(∆kan−k +∆kan−k+1)S̃
k−1
n−k−1(x) + a2S̃0(x)

}

+∆an
sin(n+ 1)x

2 sinx
. (2.27)

Whence, under assumptions of theorem and Lemma 1.48, we have
∫ π

0

|f(x)− fn(x)|dx

≤
∫ π

0

∣∣∣∣
1

2 sinx

{
∞∑

k=n−r+1

S̃α−1
k (x)(∆α+1ak−1 +∆α+1ak)

−Rn−r+1(x) +
r∑

k=1

(∆kan−k +∆kan−k+1)S̃
k−1
n−k+1(x)

}∣∣∣∣dx

+

∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx

≤ C

∞∑

k=n−r+1

|∆α+1ak−1 +∆α+1ak|
∫ π

0

∣∣S̃α−1
k (x)

∣∣dx

+

∫ π

0

∣∣Rn−r+1(x)
∣∣dx

+

r∑

k=1

|∆kan−k +∆kan−k+1|
∫ π

0

∣∣S̃k−1
n−k+1(x)

∣∣dx
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+

∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx

= C
∞∑

k=n−r+1

Aα−1
k |∆α+1ak−1 +∆α+1ak|

∫ π

0

∣∣T̃α−1
k (x)

∣∣dx

+

∫ π

0

∣∣Rn−r+1(x)
∣∣dx

+
r∑

k=1

Ak−1
n−k+1|∆kan−k +∆kan−k+1|

∫ π

0

∣∣T̃ k−1
n−k+1(x)

∣∣dx

+

∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx

≤ C1

∞∑

k=n−r+1

Aα−1
k |∆α+1ak−1 +∆α+1ak|+

∫ π

0

∣∣Rn−r+1(x)
∣∣dx

+C1

r∑

k=1

Ak−1
n−k+1|∆kan−k +∆kan−k+1|+

∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx

= o(1) +

∫ π

0

∣∣Rn−r+1(x)
∣∣dx+ o(1) +

∫ π

0

∣∣∣∣∆an
sin(n+ 1)x

2 sinx

∣∣∣∣dx. (2.28)

However, by the assumptions of the theorem we obtain

∫ π

0

∣∣Rn−r+1(x)
∣∣dx

≤
∫ π

0

∣∣∣∣

(
n−r∑

k=1

Aδ−1
n−r−k+1S̃

r−1
k (x)

)
(
∆α+1an−r +∆α+1an−r+1

) ∣∣∣∣dx

+

∫ π

0

∣∣∣∣

(
n−r∑

k=1

Aδ−1
n−r−k+2S̃

r−1
k (x)

)
(
∆α+1an−r+1 +∆α+1an−r+2

) ∣∣∣∣dx

+

∫ π

0

∣∣∣∣

(
n−r∑

k=1

Aδ−1
n−r−k+3S̃

r−1
k (x)

)
(
∆α+1an−r+2 +∆α+1an−r+3

) ∣∣∣∣dx

+ · · ·

≤
n−r∑

k=1

Aδ−1
n−r−k+1A

r−1
k |∆α+1an−r +∆α+1an−r+1|

∫ π

0

∣∣T̃ r−1
k (x)

∣∣dx

+

n−r∑

k=1

Aδ−1
n−r−k+2A

r−1
k |∆α+1an−r+1 +∆α+1an−r+2|

∫ π

0

∣∣T̃ r−1
k (x)

∣∣dx

+

n−r∑

k=1

Aδ−1
n−r−k+3A

r−1
k |∆α+1an−r+2 +∆α+1an−r+3|

∫ π

0

∣∣T̃ r−1
k (x)

∣∣dx

+ · · ·
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≤ C1

n−r∑

k=1

Aδ−1
n−r−k+1A

r−1
k |∆α+1an−r +∆α+1an−r+1|

+C1

n−r∑

k=1

Aδ−1
n−r−k+2A

r−1
k |∆α+1an−r+1 +∆α+1an−r+2|

+C1

n−r∑

k=1

Aδ−1
n−r−k+3A

r−1
k |∆α+1an−r+2 +∆α+1an−r+3|

+ · · ·

≤ C1

n+1−r∑

k=1

Aδ−1
n+1−r−kA

r−1
k |∆α+1an−r +∆α+1an−r+1|

+C1

n+2−r∑

k=1

Aδ−1
n+2−r−kA

r−1
k |∆α+1an−r+1 +∆α+1an−r+2|

+C1

n+3−r∑

k=1

Aδ−1
n+3−r−kA

r−1
k |∆α+1an−r+2 +∆α+1an−r+3|

+ · · ·
≤ C1A

r+δ−1
n+1−r|∆α+1an−r +∆α+1an−r+1|

+C1A
r+δ−1
n+2−r|∆α+1an−r+1 +∆α+1an−r+2|

+C1A
r+δ−1
n+3−r|∆α+1an−r+2 +∆α+1an−r+3|

+ · · ·
≤ C1A

r+δ
n+1−r|∆α+1an−r +∆α+1an−r+1|

+C1A
r+δ
n+2−r|∆α+1an−r+1 +∆α+1an−r+2|

+C1A
r+δ
n+3−r|∆α+1an−r+2 +∆α+1an−r+3|

+ · · ·
= C1A

α
n+1−r|∆α+1an−r +∆α+1an−r+1|

+C1A
α
n+2−r|∆α+1an−r+1 +∆α+1an−r+2|

+C1A
α
n+3−r|∆α+1an−r+2 +∆α+1an−r+3|

+ · · ·
= o(1) + o(1) + o(1) + · · · = o(1) as n→ ∞.

So,
lim
n→∞

‖f(x)− fn(x)‖ = 0,

if and only if
lim

n→∞
∆an log n = 0.

Finally, the cases (i) and (ii) imply

lim
n→∞

‖f(x)− fn(x)‖ = 0.
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if and only if
lim

n→∞
∆an log n = 0,

where α is non-integral number.
The proof is completed.

2.10 Lp-convergence of modified trigonometric sums
fn(x) with coefficients from the class T

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

and

fn(x) =
1

2

∞∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx.

Firstly, there were run into in literature the following class of sequences.

Definition 2.16. A sequence {an} is said to be in the class T, if:

(i) an → 0 as n→ ∞,
(ii)There exists a δ quasi-monotone sequence {An}, and the series

∑∞
n=1 nδn

and
∑∞

n=1An converge, and
(iii) |∆an| ≤ An ultimately.

Now we are going to prove first the following.

Theorem 2.17. If {ak} ∈ T, then Sn(x) converges point-wise to f(x).

Proof. Let N ′ > N . Then

|SN ′(x)− SN (x)| =

∣∣∣∣∣∣

N ′∑

k=N

ak cos kx

∣∣∣∣∣∣
,

and by discrete summation by parts, we get

|SN ′(x)− SN (x)| =

∣∣∣∣∣∣

N ′−1∑

k=N

∆akDk(x)− aN+1DN (x) + aN ′DN ′(x)

∣∣∣∣∣∣
,

where DM (x) =
∑M

i=1 sin ix.
Using the inequality |DM (x)| = O(x−1), for π ≥ x > 0, then for arbitrary

small ε > 0 and N ′, N > N0(ε), we have

|SN ′(x)− SN (x)| ≤ O



N ′−1∑

k=N

|∆ak|+ |aN+1|+ |aN ′ |


 ,
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Since {ak} ∈ T, then it follows that

|SN ′(x)− SN (x)| ≤ ε,

for arbitrary small ε > 0 and N ′, N > N0(ε).
Consequently,

f(x) = lim
N→∞

SN (x)

exists for (0, π].
The proof is completed.

Theorem 2.18. Let {ak} ∈ T. Then fn(x) converges to f(x) in L1-norm.

Proof. Applying Abel’s transformation in the equality

f(x) = lim
N→∞

SN (x),

we have

f(x) = lim
N→∞

[
a0
2

+
N−1∑

k=0

∆akDk(x) + aNDN (x)− a0
2

]

= lim
N→∞

[
N−1∑

k=0

∆akDk(x) + aNDN (x)

]
,

since D0(x) =
1
2 .

Hence, using |DN (x)| = O(x−1) we obtain

f(x) =

∞∑

k=0

∆akDk(x).

The use of Abel’s transformation also implies

fn(x) =
n∑

k=0

∆akDk(x),

and

f(x)− fn(x) = lim
m→∞

[
m−1∑

k=n+1

∆AkTk(x) +AnTn(x)−Am+1Tm(x),

]

where Tn(x) =
∑n

k=1
∆ak

Ak
Dk(x).

If we put αk = ∆ak

Ak
, then for k big enough |αk| ≤ 1, and since {ak} ∈ T,

we have
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∫ π

0

|f(x)− fn(x)|dx ≤ lim
m→∞

[ m−1∑

k=n+1

|∆Ak|
∫ π

0

|Tk(x)|dx

+An

∫ π

0

|Tn(x)|dx+Am+1

∫ π

0

|Tm(x)|dx.
]

So, applying Lemma 1.34, we get

∫ π

0

|f(x)− fn(x)|dx ≤ lim
m→∞

[ m−1∑

k=n+1

(k + 1)|∆Ak|

+(n+ 1)An + (m+ 1)Am+1.

]

Now, using Lemma 1.17, we obtain

∫ π

0

|f(x)− fn(x)|dx ≤
∞∑

k=n+1

(k + 1)|∆Ak|+ (n+ 1)An.

Subsequently, using Lemma 1.17 again and the hypothesis of the theorem
we get

lim
n→∞

∫ π

0

|f(x)− fn(x)|dx = 0.

The proof is completed.

As a consequence of the above theorem we have next corollary.

Corollary 2.19. Let {ak} ∈ T. Then Sc
n(x) converges to f(x) in L1-norm if

and only if limn→∞ an log n = 0.

∫ π

0

|f(x)− Sc
n(x)| dx =

∫ π

0

|f(x)− fn(x) + fn(x)− Sc
n(x)| dx

≤
∫ π

0

|f(x)− fn(x)| dx+

∫ π

0

|fn(x)− Sc
n(x)| dx

=

∫ π

0

|f(x)− fn(x)| dx+

∫ π

0

|an+1Dn(x)| dx.

Since by Theorem,

∫ π

0

|f(x)− fn(x)| dx = o(1) as n→ ∞

and
∫ π

0
|an+1Dn(x)| dx behaves like |an+1| log n for large values n, the conclu-

sion the necessity part follows.
Conversely, assume that Sc

n(x) converges to f(x) in L
1-norm. Then,
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|an+1| log n ∼
∫ π

0

|an+1Dn(x)| dx =

∫ π

0

|fn(x)− Sc
n(x)| dx

≤
∫ π

0

|f(x)− Sc
n(x)| dx+

∫ π

0

|f(x)− fn(x)| dx = o(1),

as n→ ∞.
The proof is completed.
Now we are going to prove some results on Lp-convergence.

Theorem 2.20. Let {ak} be a sequence of bounded variation such that an →
0, as n→ ∞. Then for 0 < p < 1,

lim
n→∞

∫ π

0

|f(x)− fn(x)|p dx = 0.

Proof. In what we said in the proof of above theorem, we have

|f(x)− fn(x)| =
∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ .

Based on |DN (x)| = O(x−1) for x ∈ (0, π] we get

|f(x)− fn(x)| = O
(
1

x

∞∑

k=n+1

|∆ak|
)
.

Subsequently,

∫ π

0

|f(x)− fn(x)|pdx = O
(

∞∑

k=n+1

|∆ak|
)p ∫ π

0

dx

xp
= 0,

since ∫ π

0

dx

xp
<∞,

for 0 < p < 1 and {ak} is a sequence of bounded variation.
The proof is completed.

Now we consider the sums

gn(x) =
1

2

n∑

k=0

ak +
n∑

k=1

n∑

j=k

∆aj cos kx.

Theorem 2.21. Let {ak} be a sequence of bounded variation such that an →
0, as n→ ∞. Then for 0 < p < 1

2 holds

lim
n→∞

∫ π

0

|g(x)− gn(x)|p dx = 0.
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Proof. Discrete summation by parts gives

gn(x) =
1

2

n∑

k=0

ak +

n∑

k=1

akDk(x)−
1

2

n∑

k=0

ak + anDn(x)

=
a0
2

+
n∑

k=1

akDk(x),

where Dk(x) is Dirichlet’s kernel.
Applying the summation by parts once again, we get

gn(x) =
a0
2

+
n−1∑

k=1

(k + 1)∆akKk(x) + (n+ 1)anKn(x)−
a0
2

=

n−1∑

k=1

(k + 1)∆akKk(x) + (n+ 1)anKn(x),

where Kk(x) is Fejér’s kernel.
Since,

Kk(x) = O
(

1

kx2

)
,

for all x ∈ (0, π], and an → ∞, as n→ ∞, then we obtain

g(x) = lim
n→∞

gn(x) =

∞∑

k=1

(k + 1)∆akKk(x).

Whence,

g(x)− gn(x) =

∞∑

k=n

(k + 1)∆akKk(x)− (n+ 1)anKn(x),

and

|g(x)− gn(x)|dx ≤ C

x2

(
∞∑

k=n

|∆ak|+ |an|
)
.

Thus,

0 ≤ lim
n→∞

∫ π

0

|g(x)− gn(x)|pdx ≤ C

∫ π

0

dx

x2p

(
∞∑

k=n

|∆ak|+ |an|
)p

→ 0,

as n→ ∞, since ∫ π

0

dx

x2p
<∞,

for 0 < p < 1
2 and {ak} is a sequence of bounded variation.

The proof is completed.
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Corollary 2.22. Let {ak} be a sequence of bounded variation such that an →
0, as n→ ∞. Then g ∈ Lp[0, π] for 0 < p < 1

2 .

Proof. We write
g(x) = g(x)− gn(x) + gn(x).

Using the well-known inequality

(a+ b)p ≤ 2p(ap + bp), a ≥ 0, b ≥ 0,

we have
|g(x)|p ≤ 2p[|g(x)− gn(x)|p + |gn(x)|p].

Also, taking into account the equality

gn(x) =

n−1∑

k=1

(k + 1)∆akKk(x) + (n+ 1)anKn(x)

and

Kk(x) = O
(

1

kx2

)
,

we have

|gn(x)| ≤
C

x2

∞∑

k=n

|∆ak|+
C

x2
|an|.

Thus, we have

|g(x)|p ≤ 2p

{
|g(x)− gn(x)|p + 2p

[
C

x2p

(
∞∑

k=n

|∆ak|
)p

+
C

x2p
|an|p

]}
.

Hence,

∫ π

0

|g(x)|pdx ≤ 2p

{∫ π

0

|g(x)− gn(x)|pdx

+2pC

[∫ π

0

dx

x2p

(
∞∑

k=n

|∆ak|
)p

+

∫ π

0

dx

x2p
|an|p

]}
.

Based on the above theorem and assumptions of the corollary we obtain

∫ π

0

|g(x)|pdx ≤ C(p)

(
∞∑

k=n

|∆ak|
)p

<∞,

where C(p) is a positive constant depending only on p.
Subsequently, g ∈ Lp[0, π] for 0 < p < 1

2 .
The proof is completed.
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2.11 Lp-convergence of modified trigonometric sums
wc

n
(x) and ws

n
(x) with coefficients of bounded variation

We consider cosine series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx,

sine series

g(x) =

∞∑

k=1

ak sin kx,

modified cosine sums

wc
n(x) =

1

2

(
a1 +

n∑

k=0

∆2ak

)
+

n∑

k=1


ak+1 +

n∑

j=k

∆2aj


 cos kx,

and modified sine sums

ws
n(x) =

n∑

k=1


ak+1 +

n∑

j=k

∆2aj


 sin kx,

where ∆2ai = ai − 2ai+1 + ai+2.
We present here the following result.

Theorem 2.23. Let {an} be a sequence such that an → 0, as n → ∞ and∑∞
n=1 |∆an| <∞. Then for any p ∈ (0, 1)

lim
n→∞

∫ π

−π

|f(x)− wc
n(x)|pdx = 0,

and

lim
n→∞

∫ π

−π

|g(x)− ws
n(x)|pdx = 0.

Proof. Firstly, we have

wc
n(x) =

1

2

(
a1 +

n∑

k=0

∆2ak

)
+

n∑

k=1


ak+1 +

n∑

j=k

∆2aj


 cos kx

= Sc
n(x)−∆an+1Dn(x),

where Dn(x) = 1
2 + cosx + cos 2x + · · · + cosnx represents the Dirichlet’s

kernel.
Using Abel’s transformation, we get
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wc
n(x) =

n−1∑

k=1

∆akDk(x) + anDn(x)−∆an+1Dn(x)

=
n∑

k=1

∆akDk(x) + an+2Dn(x).

Therefore,

f(x)− wc
n(x) =

∞∑

k=n+1

∆akDk(x)− an+2Dn(x), x 6= 0.

Hence, taking into account that Dn(x) = O(x−1), we obtain

|f(x)− wc
n(x)|p = O

(
1

|x|

)p
(

∞∑

k=n+1

|∆ak|+ |an+2|
)p

,

and therefore

∫ π

−π

|f(x)− wc
n(x)|pdx = Op

(∫ π

−π

dx

|x|p
)[( ∞∑

k=n+1

|∆ak|
)p

+ (|an+2|)p
]
→ 0,

as n→ ∞, since the integral ∫ π

−π

dx

|x|p

is finite for p ∈ (0, 1).
So, we have proved that

lim
n→∞

∫ π

−π

|f(x)− wc
n(x)|pdx = 0.

Similar arguments can be used to prove the equality

lim
n→∞

∫ π

−π

|g(x)− ws
n(x)|pdx = 0.

The proof is completed.

Corollary 2.24. Let {an} be a sequence such that an → 0, as n → ∞ and∑∞
n=1 |∆an| <∞. Then for any p ∈ (0, 1)

lim
n→∞

∫ π

−π

|f(x)− Sc
n(x)|pdx = 0.

Proof. We can write
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∫ π

−π

|f(x)− Sc
n(x)|pdx

≤
∫ π

−π

|f(x)− wc
n(x)|pdx+ lim

n→∞

∫ π

−π

|wc
n(x)− Sc

n(x)|pdx

=

∫ π

−π

|f(x)− wc
n(x)|pdx+

∫ π

−π

|∆an+1Dn(x)|pdx.

The first term, on right hand side of last equality tends to zero as n→ ∞,
by the above theorem, while the second term tend to zero as well, since

∫ π

−π

|∆an+1Dn(x)|pdx ≤
∫ π

−π

(
2

x

)p

|∆an+1|pdx

= 2p|∆an+1|p
∫ π

−π

x−pdx→ 0,

as n→ ∞, and
∫ π

−π
x−pdx is finite for p ∈ (0, 1).

The proof is completed.

Corollary 2.25. Let {an} be a sequence such that an → 0, as n → ∞ and∑∞
n=1 |∆an| <∞. Then for any p ∈ (0, 1)

lim
n→∞

∫ π

−π

|g(x)− Ss
n(x)|pdx = 0.

Proof. The proof can be done using the same arguments.

Theorem 2.26. Let an → 0 as n → ∞. Then (i) f(x) = limn→∞ wc
n(x)

exists, and (ii) f ∈ L1(0, π].

Proof. (i) We have

wc
n(x) =

n∑

k=1

∆akDk(x) + an+2Dn(x).

Applying the Abel’s transformation, we obtain

wc
n(x) =

n−1∑

k=1

(k + 1)∆2akKk(x) + (n+ 1)∆akKn(x) + an+2Dn(x),

where Kn(x) denotes the Fejér’s kernel.
Since, Kn(x) = O(1/(nx2)) for x 6= 0, and an → 0 as n→ ∞, the last two

terms in the above equality tend to zero.
Also,

0 ≤
n−1∑

k=1

(k + 1)∆2akKk(x) + (n+ 1)∆akKn(x) ≤ (C/(nx2))(a0 −∆an),
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so

lim
n→∞

n−1∑

k=1

(k + 1)∆2akKk(x)

always exists for x 6= 0 and an → 0 as n→ ∞, which proves the part (i).
(ii) We proved that

f(x) =

∞∑

k=1

(k + 1)∆2akKk(x), x 6= 0.

Integrating term by term, we get
∫ π

−π

|f(x)|dx =
π

2

∞∑

k=1

(k + 1)∆2ak =
π

2
a0 <∞.

The proof is completed.

2.12 L1-convergence of modified trigonometric sums
zc
n
(x) and zs

n
(x) with generalized semi-convex coefficients

We consider cosine series

f(x) =
a0
2

+
∞∑

k=1

ak cos kx,

sine series

g(x) =

∞∑

k=1

ak sin kx,

their parital sums

Sc
n(x) =

a0
2

+

n∑

k=1

ak cos kx,

Ss
n(x) =

n∑

k=1

ak sin kx,

modified cosine sums

zcn(x) =

n∑

k=1


 ak+1

k + 1
+

n∑

j=k

∆2

(
aj
j

)
 k cos kx, (a0 = a1 = a2 = 0),

and modified sine sums

zsn(x) =
n∑

k=1


 bk+1

k + 1
+

n∑

j=k

∆2

(
bj
j

)
 k sin kx, (b1 = b2 = 0),

where ∆2ci := ci − 2ci+1 + ci+2.
We prove the following result.
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Theorem 2.27. If {ak} is a generalized semi-convex sequence, then zcn(x)
converges to f(x) in L1-metric if and only if the condition

lim
n→∞

an log n = 0

holds true.

Proof. At first, we have

zcn(x) =

n∑

k=1


 ak+1

k + 1
+

n∑

j=k

∆2

(
aj
j

)
 k cos kx

=

n∑

k=1

(
ak
k

− an+1

n+ 1
+
an+2

n+ 2

)
k cos kx

=

n∑

k=1

ak cos kx+

(
an+2

n+ 2
− an+1

n+ 1

)
D̃′

n(x),

where D̃′
n(x) represents the first derivative of the conjugate Dirichlet kernel.

Applying the Abel’s transformation we get

zcn(x) =

n−1∑

k=1

∆akDk(x) + anDn(x) +

(
an+2

n+ 2
− an+1

n+ 1

)
D̃′

n(x)

=
n−1∑

k=1

(ak−1 − ak+1)
sin kx

2 sinx
+ an−1

sinnx

2 sinx

+an
sin(n+ 1)x

2 sinx
+

(
an+2

n+ 2
− an+1

n+ 1

)
D̃′

n(x),

where Dn(x) =
sinnx+sin(n+1)x

2 sin x .
Also, we have

zcn(x) =

n∑

k=1

(∆ak−1 +∆ak)
sin kx

2 sinx
+ an+1

sinnx

2 sinx

+an
sin(n+ 1)x

2 sinx
+

(
an+2

n+ 2
− an+1

n+ 1

)
D̃′

n(x),

Using Abel’s transformation again, we have

zcn(x) =
1

2 sinx

n−1∑

k=1

(∆2ak−1 +∆2ak)

k∑

v=1

sin vx

+
1

2 sinx

[
(∆an−1 +∆an)

n∑

v=1

sin vx

]
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+an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx
+

(
an+2

n+ 2
− an+1

n+ 1

)
D̃′

n(x)

=
1

2 sinx

n−1∑

k=1

(∆2ak−1 +∆2ak)
(
S̃0
k(x)− S̃0(x)

)

+
1

2 sinx

[
(∆an−1 +∆an)

(
S̃0
n(x)− S̃0(x)

)]

+an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx
+

(
an+2

n+ 2
− an+1

n+ 1

)
D̃′

n(x)

=
1

2 sinx

[
n−1∑

k=1

(∆2ak−1 +∆2ak)S̃
0
k(x)−

n−1∑

k=1

(∆2ak−1 +∆2ak)S̃0(x)

]

+
1

2 sinx
(∆an−1 +∆an)S̃

0
n(x)−

1

2 sinx
(∆an−1 +∆an)S̃0(x)

+an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx
+

(
an+2

n+ 2
− an+1

n+ 1

)
D̃′

n(x)

=
1

2 sinx

[
n−1∑

k=1

(∆2ak−1 +∆2ak)S̃
0
k(x) + (∆an−1 +∆an)S̃

0
n(x)

]

− 1

2 sinx

n−1∑

k=1

(∆ak−1 −∆ak+1)S̃0(x)−
1

2 sinx
(an−1 − an+1)S̃0(x)

+an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx
+

(
an+2

n+ 2
− an+1

n+ 1

)
D̃′

n(x)

=
1

2 sinx

[
n−1∑

k=1

(∆2ak−1 +∆2ak)S̃
0
k(x) + (∆an−1 +∆an)S̃

0
n(x)

]

+an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx
+

(
an+2

n+ 2
− an+1

n+ 1

)
D̃′

n(x).

Moreover, applying Abel’s transformation α-times, the latest equality be-
comes

zcn(x) =
1

2 sinx

[
n−α∑

k=1

(∆α+1ak−1 +∆α+1ak)S̃
α−1
k (x)

+

α∑

k=1

∆kan−kS̃
k−1
n−k+1(x)

]
+ an+1

sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx

+

α∑

k=1

∆kan−k+1S̃
k−1
n−k+1(x)−∆

(
an+1

n+ 1

)
D̃′

n(x).

Since, S̃k(x) and T̃k(x) are uniformly bounded on every segment [ε, π− ε],
ε > 0, and sinnx

2 sin x is bounded in (0, π), then
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f(x) = lim
n→∞

zcn(x) =
1

2 sinx

∞∑

k=1

(∆α+1ak−1 +∆α+1ak)S̃
α−1
k (x)

exists in (0, π) by given hypothesis.
Next, we consider

f(x)− zcn(x) =
1

2 sinx

[
∞∑

k=n−α+1

(∆α+1ak−1 +∆α+1ak)S̃
α−1
k (x)

−
α∑

k=1

∆kan−kS̃
k−1
n−k+1(x)

]
− an+1

sinnx

2 sinx
− an

sin(n+ 1)x

2 sinx

−
α∑

k=1

∆kan−k+1S̃
k−1
n−k+1(x) +∆

(
an+1

n+ 1

)
D̃′

n(x).

Hence,

‖f(x)− zcn(x)‖ ≤ C

∫ π

0

∣∣∣∣∣

∞∑

k=n−α+1

(∆α+1ak−1 +∆α+1ak)S̃
α−1
k (x)

∣∣∣∣∣ dx

+C

∫ π

0

∣∣∣∣∣

α∑

k=1

∆kan−kS̃
k−1
n−k+1(x)

∣∣∣∣∣ dx

+|an+1|
∫ π

0

∣∣∣∣
sinnx

2 sinx

∣∣∣∣ dx+ |an|
∫ π

0

∣∣∣∣
sin(n+ 1)x

2 sinx

∣∣∣∣ dx

+C

∫ π

0

∣∣∣∣∣

α∑

k=1

∆kan−k+1S̃
k−1
n−k+1(x)

∣∣∣∣∣ dx

+

∣∣∣∣∆
(
an+1

n+ 1

)∣∣∣∣
∫ π

0

∣∣∣D̃′
n(x)

∣∣∣ dx

≤ C

∞∑

k=n−α+1

|∆α+1ak−1 +∆α+1ak|
∫ π

0

∣∣∣S̃α−1
k (x)

∣∣∣ dx

+C

α∑

k=1

|∆kan−k|
∫ π

0

∣∣∣S̃k−1
n−k+1(x)

∣∣∣ dx

+|an+1|
∫ π

0

∣∣∣∣
sinnx

2 sinx

∣∣∣∣ dx+ |an|
∫ π

0

∣∣∣∣
sin(n+ 1)x

2 sinx

∣∣∣∣ dx

+C

α∑

k=1

|∆kan−k+1|
∫ π

0

∣∣∣S̃k−1
n−k+1(x)

∣∣∣ dx

+

∣∣∣∣∆
(
an+1

n+ 1

)∣∣∣∣
∫ π

0

∣∣∣D̃′
n(x)

∣∣∣ dx

= C

∞∑

k=n−α+1

Aα
k |∆α+1ak−1 +∆α+1ak|

∫ π

0

∣∣∣T̃α−1
k (x)

∣∣∣ dx
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+C

α∑

k=1

Ak
n−k+1|∆kan−k|

∫ π

0

∣∣∣T̃ k−1
n−k+1(x)

∣∣∣ dx

+|an+1|
∫ π

0

∣∣∣∣
sinnx

2 sinx

∣∣∣∣ dx+ |an|
∫ π

0

∣∣∣∣
sin(n+ 1)x

2 sinx

∣∣∣∣ dx

+C

α∑

k=1

Ak
n−k+1|∆kan−k+1|

∫ π

0

∣∣∣T̃ k−1
n−k+1(x)

∣∣∣ dx

+

∣∣∣∣∆
(
an+1

n+ 1

)∣∣∣∣
∫ π

0

∣∣∣D̃′
n(x)

∣∣∣ dx.

By Lemma 1.90 and given hypothesis, the first three terms of the above
inequality are of o(1) order as n→ ∞. Further, it is a well-known that
∫ π

0

∣∣∣D̃′
n(x)

∣∣∣ dx = o (n log n) and

∫ π

0

∣∣∣∣
sinnx

2 sinx

∣∣∣∣ dx = O (log n) , n > 2.

Thus, the conclusion of the statement holds true if and only if

lim
n→∞

an log n = 0.

The proof is completed.

Corollary 2.28. If {ak} is a generalized semi-convex sequence, then the nec-
essary and sufficient condition for L1-convergence of the cosine series is the
condition

lim
n→∞

an log n = 0.

Proof. It is obvious that

‖f(x)− Sc
n(x)‖ = ‖f(x)− zcn(x) + zcn(x)− Sc

n(x)‖

≤
∫ π

0

|f(x)− zcn(x)|dx+

∫ π

0

|zcn(x)− Sc
n(x)|dx

=

∫ π

0

|f(x)− zcn(x)|dx+

∫ π

0

∣∣∣∣
(
an+2

n+ 2
− an+1

n+ 1

)
D̃′

n(x)

∣∣∣∣ dx

≤
∫ π

0

|f(x)− zcn(x)|dx+

(∣∣∣∣
an+2

n+ 2
+

∣∣∣∣
an+1

n+ 1

∣∣∣∣
)∣∣∣∣
∫ π

0

∣∣∣D̃′
n(x)

∣∣∣ dx.

By Theorem 2.27

lim
n→∞

∫ π

0

|f(x)− zcn(x)|dx = 0,

holds true, and while
∫ π

0

∣∣∣D̃′
n(x)

∣∣∣ dx behaves like n log n for large values of n,

then by given hypothesis we conclude that

lim
n→∞

‖f(x)− Sc
n(x)‖ = 0 ⇐⇒ lim

n→∞
an log n = 0.

The proof is completed.
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Pertaining to the sine series we prove the following.

Theorem 2.29. If {ak} is a generalized semi-convex sequence, then zsn(x)
converges to g(x) in L1-metric if and only if the condition

lim
n→∞

an log n = 0

holds true.

Proof. Modified sine sums zsn(x) can be written as follows

zsn(x) =

n∑

k=1


 bk+1

k + 1
+

n∑

j=k

∆2

(
bj
j

)
 k sin kx

=

n∑

k=1

(
bk
k

− bn+1

n+ 1
+
bn+2

n+ 2

)
k sin kx

=

n∑

k=1

bk sin kx+

(
bn+2

n+ 2
− bn+1

n+ 1

)
D′

n(x),

where D′
n(x) represents the first derivative of the Dirichlet kernel.

Abel’s transformation gives

zsn(x) =

n∑

k=1

∆bkDk(x) + bnDn(x) +

(
bn+2

n+ 2
− bn+1

n+ 1

)
D′

n(x)

=

n−1∑

k=1

∆bk

[
1 + cosx− cos kx− cos(k + 1)x

2 sinx

]

+bnDn(x) +

(
bn+1

n+ 1
− bn+2

n+ 2

)
D′

n(x),

where Dn(x) =
1+cos x−cosnx−cos(n+1)x

2 sin x .
Last equality can be transformed as follows

zsn(x) =

n−1∑

k=1

(bk−1 − bk+1)

[
1 + cosx− cos kx− cos(k + 1)x

2 sinx

]

+bnDn(x) +

(
bn+1

n+ 1
− bn+2

n+ 2

)
D′

n(x)

+

n−1∑

k=1

(bk − bk−1)

[
1 + cosx− cos kx− cos(k + 1)x

2 sinx

]

=

n−1∑

k=1

(bk−1 − bk+1)
1 + cosx

2 sinx
−

n−1∑

k=1

(bk−1 − bk+1)
cos kx

2 sinx
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−
n−1∑

k=1

(bk−1 − bk+1)
cos(k + 1)x

2 sinx
+

n−1∑

k=1

(bk − bk−1)
1 + cosx

2 sinx

−
n−1∑

k=1

(bk − bk−1)
cos kx

2 sinx
−

n−1∑

k=1

(bk − bk−1)
cos(k + 1)x

2 sinx

+bnDn(x) +

(
bn+1

n+ 1
− bn+2

n+ 2

)
D′

n(x)

or

zsn(x) = −
n−1∑

k=1

(bk−1 − bk+1)
cos kx

2 sinx
+ (b1 − bn)

1 + cosx

2 sinx

+bn
cosnx

2 sinx
− b1

cosx

2 sinx
+ b0

cosx

2 sinx
− bn−1

cosnx

2 sinx

+bn
1 + cosx

2 sinx
− bn

cosnx

2 sinx
− bn

cos(n+ 1)x

2 sinx

+bnDn(x) +

(
bn+1

n+ 1
− bn+2

n+ 2

)
D′

n(x)

= −
n∑

k=1

(bk−1 − bk+1)
cos kx

2 sinx
− bn+1

cosnx

2 sinx

−bn
cos(n+ 1)x

2 sinx
+

(
bn+1

n+ 1
− bn+2

n+ 2

)
D′

n(x), b0 = b1 = 0

= − 1

2 sinx

n∑

k=1

(∆bk−1 +∆bk) cos kx− bn+1
cosnx

2 sinx

−bn
cos(n+ 1)x

2 sinx
+

(
bn+1

n+ 1
− bn+2

n+ 2

)
D′

n(x).

Using again Abel’s transformation in last equality we have

zsn(x) = − 1

2 sinx

n−1∑

k=1

(∆2bk−1 +∆2bk)

k∑

v=1

cos vx

− 1

2 sinx
(∆bn−1 +∆bn)

n∑

v=1

cos vx

−bn+1
cosnx

2 sinx
− bn

cos(n+ 1)x

2 sinx
+

(
bn+1

n+ 1
− bn+2

n+ 2

)
D′

n(x)

= − 1

2 sinx

n−1∑

k=1

(∆2bk−1 +∆2bk)
(
S0
k(x)− S0(x)

)

− 1

2 sinx
(∆bn−1 +∆bn)

(
S0
n(x)− S0(x)

)

−bn+1
cosnx

2 sinx
− bn

cos(n+ 1)x

2 sinx
+

(
bn+1

n+ 1
− bn+2

n+ 2

)
D′

n(x)
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= − 1

2 sinx

[
n−1∑

k=1

(∆2bk−1 +∆2bk)S
0
k(x) + (∆bn−1 +∆bn)S

0
n(x)

]

−bn+1
cosnx

2 sinx
− bn

cos(n+ 1)x

2 sinx
+

(
bn+1

n+ 1
− bn+2

n+ 2

)
D′

n(x).

Repeating Abel’s transformation α times to the last equality we obtain

zsn(x) = − 1

2 sinx

[
n−α∑

k=1

(∆α+1bk−1 +∆α+1bk)S
α−1
k (x)

+

α∑

k=1

∆kbn−kS
k−1
n−k+1(x) +

α∑

k=1

∆kbn−k+1S
k−1
n−k+1(x)

]

−bn+1
cosnx

2 sinx
− bn

cos(n+ 1)x

2 sinx
+

(
bn+1

n+ 1
− bn+2

n+ 2

)
D′

n(x).

Since Sn(x) and Tn(x) are uniformly bounded on every segment [ε, π− ε],
ε > 0, then based on the given hypothesis we conclude that

g(x) = lim
n→∞

zsn(x) = − 1

2 sinx

∞∑

k=1

(∆α+1bk−1 +∆α+1bk)S
α−1
k (x)

exists in [ε, π − ε], ε > 0.
Next, we have

g(x)− zsn(x) = − 1

2 sinx

∞∑

k=n−α+1

(∆α+1bk−1 +∆α+1bk)S
α−1
k (x)

+
1

2 sinx

α∑

k=1

∆kbn−kS
k−1
n−k+1(x)

+
1

2 sinx

α∑

k=1

∆kbn−k+1S
k−1
n−k+1(x)

+bn+1
cosnx

2 sinx
+ bn

cos(n+ 1)x

2 sinx
−
(
bn+1

n+ 1
− bn+2

n+ 2

)
D′

n(x).

Subsequently, we get

‖g(x)− zsn(x)‖ ≤ C

∫ π

0

∣∣∣∣∣

∞∑

k=n−α+1

(∆α+1bk−1 +∆α+1bk)S
α−1
k (x)

∣∣∣∣∣ dx

+C

∫ π

0

∣∣∣∣∣

α∑

k=1

∆kbn−kS
k−1
n−k+1(x)

∣∣∣∣∣ dx

+C

∫ π

0

∣∣∣∣∣

α∑

k=1

∆kbn−k+1S
k−1
n−k+1(x)

∣∣∣∣∣ dx
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+|bn+1|
∫ π

0

∣∣∣cosnx
2 sinx

∣∣∣ dx+ |bn|
∫ π

0

∣∣∣∣
cos(n+ 1)x

2 sinx

∣∣∣∣ dx

+

∣∣∣∣
bn+1

n+ 1
− bn+2

n+ 2

∣∣∣∣
∫ π

0

|D′
n(x)| dx

≤ C

∞∑

k=n−α+1

|∆α+1bk−1 +∆α+1bk|
∫ π

0

∣∣Sα−1
k (x)

∣∣ dx

+C

α∑

k=1

|∆kbn−k|
∫ π

0

∣∣Sk−1
n−k+1(x)

∣∣ dx

+C

α∑

k=1

|∆kbn−k+1|
∫ π

0

∣∣Sk−1
n−k+1(x)

∣∣ dx

+|bn+1|
∫ π

0

∣∣∣cosnx
2 sinx

∣∣∣ dx+ |bn|
∫ π

0

∣∣∣∣
cos(n+ 1)x

2 sinx

∣∣∣∣ dx

+

∣∣∣∣
bn+1

n+ 1
− bn+2

n+ 2

∣∣∣∣
∫ π

0

|D′
n(x)| dx

= C

∞∑

k=n−α+1

Aα
k |∆α+1bk−1 +∆α+1bk|

∫ π

0

∣∣Tα−1
k (x)

∣∣ dx

+C

α∑

k=1

Ak
n−k+1|∆kbn−k|

∫ π

0

∣∣T k−1
n−k+1(x)

∣∣ dx

+C

α∑

k=1

Ak
n−k+1|∆kbn−k+1|

∫ π

0

∣∣T k−1
n−k+1(x)

∣∣ dx

+|bn+1|
∫ π

0

∣∣∣cosnx
2 sinx

∣∣∣ dx+ |bn|
∫ π

0

∣∣∣∣
cos(n+ 1)x

2 sinx

∣∣∣∣ dx

+

∣∣∣∣
bn+1

n+ 1
− bn+2

n+ 2

∣∣∣∣
∫ π

0

|D′
n(x)| dx.

As we know
∫ π

0
|D′

n(x)| dx = o(n log n) and
∫ π

0

∣∣ cosnx
2 sin x

∣∣ dx ∼ O(log n), n >
2. So by given hypothesis and Lemma 1.48, all terms that appear in the right
hand side of the above inequality are of order o(1) as n→ ∞.

Subsequently, it follows that

lim
n→∞

‖g(x)− zsn(x)‖ = 0

if and only if the condition

lim
n→∞

an log n = 0.

The proof is completed.

Corollary 2.30. If {bk} is a generalized semi-convex sequence, then the nec-
essary and sufficient condition for L1-convergence of the sine series is the
condition
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lim
n→∞

bn log n = 0.

Proof. We can see that

‖g(x)− Ss
n(x)‖ = ‖g(x)− zsn(x) + zsn(x)− Ss

n(x)‖

≤
∫ π

0

|g(x)− zsn(x)|dx+

∫ π

0

|zsn(x)− Ss
n(x)|dx

=

∫ π

0

|g(x)− zsn(x)|dx+

∫ π

0

∣∣∣∣
(
bn+2

n+ 2
− bn+1

n+ 1

)
D′

n(x)

∣∣∣∣ dx

≤
∫ π

0

|g(x)− zsn(x)|dx+

(∣∣∣∣
bn+2

n+ 2
+

∣∣∣∣
bn+1

n+ 1

∣∣∣∣
)∣∣∣∣
∫ π

0

|D′
n(x)| dx.

By Theorem 2.29

lim
n→∞

∫ π

0

|g(x)− zsn(x)|dx = 0,

holds true, and while
∫ π

0
|D′

n(x)| dx behaves like n log n for large values of n,
then by given hypothesis we verify that

lim
n→∞

‖g(x)− Sc
n(x)‖ = 0 ⇐⇒ lim

n→∞
bn log n = 0.

The proof is completed.



3

L1-convergence of modified sums gcn(x) and
gsn(x)

In this section we are going to present all results regrading to L1-convergence
of modified trigonometric sums gcn(x) and g

s
n(x) whose coefficients belong to

several classes of real sequences.

3.1 L1-convergence of modified trigonometric sums
gc
n
(x) with coefficients from the class S

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

be a cosine series and

gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx

the modified trigonometric cosine sums.
In what follows we prove the following.

Theorem 3.1. Let {ak} ∈ S. If

lim
n→∞

|an+1| log n = 0,

then gcn(x) converges to f(x) in L1-norm.

Proof. We have

gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx
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=
a0
2

+

n∑

k=1

k cos kx

[
∆
(ak
k

)
+∆

(
ak+1

k + 1

)
+ · · ·+∆

(an
n

)]

=
a0
2

+

n∑

k=1

k cos kx

(
ak
k

− an+1

n+ 1

)

=
a0
2

+

n∑

k=1

ak cos kx− an+1

n+ 1

n∑

k=1

k cos kx

= Sn(x)−
an+1

n+ 1
D̃′

n(x),

where D̃′
n(x) denotes the first derivative of the conjugate Dirichlet kernel.

Since {ak} is a null sequence and D̃′
n(x) = O(n) for x ∈ (0, π], then

lim
n→∞

gcn(x) = lim
n→∞

Sn(x) = f(x), ∀x ∈ (0, π].

Applying Abel’s transformation and Lemma 1.34, we obtain
∫ π

0

|f(x)− gcn(x)|dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

Dk(x)

∣∣∣∣∣ dx+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆Ak

k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx

≤
∞∑

k=n+1

∆Ak

∫ π

0

∣∣∣∣∣

k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx

≤ C
∞∑

k=n+1

(k + 1)∆Ak +

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx. (3.1)

Under the assumed hypothesis, the series

∞∑

k=1

(k + 1)∆Ak

converges and therefore the first term in (3.1) tends to zero as n→ ∞.
Moreover,
∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx ≤
∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx =
|an+1|
n+ 1

∫ π

−π

∣∣∣D̃′
n(x)

∣∣∣ dx

= C|an+1|
∫ π

−π

∣∣∣D̃′
n(x)

∣∣∣ dx ∼ |an+1| log n, (3.2)
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since
∫ π

−π

∣∣∣D̃′
n(x)

∣∣∣ dx behaves like log n for large values of n.

Now the conclusion of the theorem follows from (3.1) and (3.2).
The proof is completed.

In the sequel we prove the following.

Corollary 3.2. Let {ak} ∈ S and

lim
n→∞

an+1 log n = 0.

Then ‖f − Sn‖L1 = o(1) as n→ ∞.

Proof. We note that

∫ π

−π

|f(x)− Sn(x)| dx =

∫ π

−π

|f(x)− gcn(x) + gcn(x)− Sn(x)| dx

≤
∫ π

−π

|f(x)− gcn(x)| dx+

∫ π

−π

|gcn(x)− Sn(x)| dx

=

∫ π

−π

|f(x)− gcn(x)| dx+

∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n

∣∣∣∣ dx.

Since by Theorem 3.1,

∫ π

−π

|f(x)− gcn(x)| dx = o(1) as n→ ∞

and ∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n

∣∣∣∣ dx

behaves like |an+1| log n for large values n, the conclusion of the corollary
follows.

The proof is completed.

3.2 L1-convergence of modified trigonometric sums
gc
n
(x) and gs

n
(x) with coefficients from the class R

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

and

g(x) =

∞∑

k=1

ak sin kx

be cosine and sine series.



110 3 L1-convergence of modified sums gcn(x) and g
s
n(x)

Also we consider the modified trigonometric cosine and sine sums

gcn(x) =
a0
2

+
n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx

and

gsn(x) =

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k sin kx.

In what follows we denote by t(x) either f(x) or g(x), and tn(x) either
gcn(x) or g

s
n(x).

Theorem 3.3. Let {ak} ∈ R. Then

lim
n→∞

tn(x) = t(x), ∀x ∈ (0, π],

and tn(x) converges to t(x) in L1-norm.

Proof. We consider only cosine sums gcn(x) since the proof for the sine sums
follows in the same line. We have

tn(x) =
a0
2

+

n∑

k=1

k cos kx

[
∆
(ak
k

)
+∆

(
ak+1

k + 1

)
+ · · ·+∆

(an
n

)]

=
a0
2

+

n∑

k=1

k cos kx

(
ak
k

− an+1

n+ 1

)

=
a0
2

+

n∑

k=1

ak cos kx− an+1

n+ 1

n∑

k=1

k cos kx

= Sn(x)−
an+1

n+ 1
D̃′

n(x), (3.3)

where D̃′
n(x) denotes the first derivative of the conjugate Dirichlet kernel.

Since {ak} is a null sequence and D̃′
n(x) = O(n) for x ∈ (0, π], then

lim
n→∞

tn(x) = lim
n→∞

Sn(x) = t(x), ∀x ∈ (0, π].

The relation (3.3) gives

t(x)− tn(x) =

∞∑

k=n+1

ak cos kx+
an+1

n+ 1
D̃′

n(x)

= lim
m→∞

d

dx

(
m∑

k=n+1

ak
k

sin kx

)
+
an+1

n+ 1
D̃′

n(x).

Applying Abel’s transformation twice, we obtain
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t(x)− tn(x) = lim
m→∞

[ m−1∑

k=n+1

∆
(ak
k

)
D̃′

k(x) +
am
m
D̃′

m(x)

− an+1

n+ 1
D̃′

n(x)

]
+
an+1

n+ 1
D̃′

n(x)

= lim
m→∞

[
am
m
D̃′

m(x) +

m−2∑

k=n+1

(k + 1)∆2
(ak
k

)
K̃ ′

k(x)

+m∆

(
am−1

m− 1

)
K̃ ′

m−1(x)− (n+ 1)∆

(
an+1

n+ 1

)
K̃ ′

n(x)

=

∞∑

k=n+1

(k + 1)∆2
(ak
k

)
K̃ ′

k(x)− (n+ 1)∆

(
an+1

n+ 1

)
K̃ ′

n(x),

where K̃ ′
n(x) denotes the first derivative of the conjugate Fejér kernel.

Hence,

∫ π

−π

|t(x)− tn(x)|dx ≤
∞∑

k=n+1

(k + 1)
∣∣∣∆2

(ak
k

)∣∣∣
∫ π

−π

∣∣∣K̃ ′
k(x)

∣∣∣ dx

+(n+ 1)

∣∣∣∣∆
(
an+1

n+ 1

)∣∣∣∣
∫ π

−π

∣∣∣K̃ ′
n(x)

∣∣∣ dx

However, using the inequality

∫ π

−π

∣∣∣K̃ ′
k(x)

∣∣∣ dx = O(k),

we have

∣∣∣∣∆
(
an+1

n+ 1

)∣∣∣∣ =
∣∣∣∣∣

∞∑

k=n+1

∆2
(ak
k

)∣∣∣∣∣

≤
∞∑

k=n+1

k2

k2

∣∣∣∆2
(ak
k

)∣∣∣

≤ 1

(n+ 1)2

∞∑

k=n+1

k2
∣∣∣∆2

(ak
k

)∣∣∣

= o

(
1

(n+ 1)2

)

by given hypothesis.
Thus, it follows that

∫ π

−π

|t(x)− tn(x)| dx = O
(

∞∑

k=n+1

(k + 1)2
∣∣∣∆2

(ak
k

)∣∣∣
)

+ o(1) = o(1),
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as n→ ∞.
The proof is completed.

Now we prove the following.

Corollary 3.4. Let {ak} ∈ R. The series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

converges in L1-norm if and only if

lim
n→∞

an+1 log n = 0.

Proof. We shall prove the corollary only for cosine series, since the proof for
the sine series is very similar. Indeed, we have

∫ π

−π

|t(x)− Sn(x)| dx =

∫ π

−π

|t(x)− tn(x) + tn(x)− Sn(x)| dx

≤
∫ π

−π

|t(x)− tn(x)| dx+

∫ π

−π

|tn(x)− Sn(x)| dx

=

∫ π

−π

|t(x)− tn(x)| dx+

∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n

∣∣∣∣ dx

and
∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx =

∫ π

−π

|tn(x)− Sn(x)| dx

≤
∫ π

−π

|t(x)− Sn(x)| dx+

∫ π

−π

|t(x)− tn(x)| dx.

Since by Theorem 3.3,

∫ π

−π

|t(x)− tn(x)| dx = o(1) as n→ ∞

and ∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx

behaves like |an+1| log n for large values n, the conclusion of the statement
follows.

The proof is completed.



3.3 L1-convergence of modified trigonometric sums gcn(x) with coefficients from the class S(δ) 113

3.3 L1-convergence of modified trigonometric sums
gc
n
(x) with coefficients from the class S(δ)

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

be a cosine series and

gcn(x) =
a0
2

+
n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx

the modified trigonometric cosine sums.
In what follows we prove the following.

Theorem 3.5. Let {ak} ∈ S(δ). If

lim
n→∞

|an+1| log n = 0,

then gcn(x) converges to f(x) in L1-norm.

Proof. We have

gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx

=
a0
2

+
n∑

k=1

k cos kx

[
∆
(ak
k

)
+∆

(
ak+1

k + 1

)
+ · · ·+∆

(an
n

)]

=
a0
2

+
n∑

k=1

k cos kx

(
ak
k

− an+1

n+ 1

)

=
a0
2

+
n∑

k=1

ak cos kx− an+1

n+ 1

n∑

k=1

k cos kx

= Sn(x)−
an+1

n+ 1
D̃′

n(x),

where D̃′
n(x) denotes the first derivative of the conjugate Dirichlet kernel.

Since {ak} is a null sequence and D̃′
n(x) = O(n) for x ∈ (0, π], then

lim
n→∞

gcn(x) = lim
n→∞

Sn(x) = f(x), ∀x ∈ (0, π].

Applying Abel’s transformation and Lemma 1.34, we obtain
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∫ π

0

|f(x)− gcn(x)|dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

Dk(x)

∣∣∣∣∣ dx+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆Ak

k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx

≤
∞∑

k=n+1

∆Ak

∫ π

0

∣∣∣∣∣

k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx

≤ C

∞∑

k=n+1

(k + 1)∆Ak +

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx. (3.4)

Based on Lemma 1.26 the series

∞∑

k=1

(k + 1)∆Ak

converges and therefore the first term in (3.4) tends to zero as n→ ∞.
Moreover,

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx ≤
∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx =
|an+1|
n+ 1

∫ π

−π

∣∣∣D̃′
n(x)

∣∣∣ dx

= C|an+1|
∫ π

−π

∣∣∣D̃′
n(x)

∣∣∣ dx ∼ |an+1| log n, (3.5)

since ∫ π

−π

∣∣∣D̃′
n(x)

∣∣∣ dx

behaves like log n for large values of n.
Now the conclusion of the theorem follows from (3.4) and (3.5).
The proof is completed.

Now we prove the following.

Corollary 3.6. Let {ak} ∈ S(δ) and

lim
n→∞

an+1 log n = 0.

Then ‖f − Sn‖L1 = o(1) as n→ ∞.
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Proof. We note that
∫ π

−π

|f(x)− Sn(x)| dx =

∫ π

−π

|f(x)− gcn(x) + gcn(x)− Sn(x)| dx

≤
∫ π

−π

|f(x)− gcn(x)| dx+

∫ π

−π

|gcn(x)− Sn(x)| dx

=

∫ π

−π

|f(x)− gcn(x)| dx+

∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n

∣∣∣∣ dx.

Since by Theorem 3.5,
∫ π

−π

|f(x)− gcn(x)| dx = o(1) as n→ ∞

and ∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n

∣∣∣∣ dx

behaves like |an+1| log n for large values n, the conclusion of the corollary
follows.

The proof is completed.

3.4 L1-convergence of modified sums gc
n
(x) with

coefficients from S(δ) without additional condition

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

be a cosine series and

gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx

the modified trigonometric cosine sums.
Here we prove the following.

Theorem 3.7. If {ak} ∈ S(δ), then gcn(x) converges to f(x) in L1-norm.

Proof. After some calculations we have

gcn(x) =
a0
2

+

n∑

k=1

k cos kx

(
ak
k

− an+1

n+ 1

)

=
a0
2

+

n∑

k=1

ak cos kx− an+1

n+ 1

n∑

k=1

k cos kx

= Sn(x)−
an+1

n+ 1
D̃′

n(x),
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where D̃′
n(x) denotes the first derivative of the conjugate Dirichlet kernel.

Applying Abel’s transformation and Lemma 1.80, we obtain

gcn(x) =

n∑

k=0

∆akDk(x) + an+1Dn(x)−
an+1

n+ 1
D̃′

n(x)

=

n∑

k=0

∆akDk(x) + an+1Kn(x).

Applying Abel’s transformation again and Lemma 1.34, we get

∫ π

0

|f(x)− gcn(x)|dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx+

∫ π

0

|an+1Kn(x)| dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

Dk(x)

∣∣∣∣∣ dx+ |an+1|
∫ π

0

|Kn(x)| dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆Ak

k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx+ |an+1|
∫ π

0

|Kn(x)| dx

≤
∞∑

k=n+1

∆Ak

∫ π

0

∣∣∣∣∣

k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx

+An+1

∫ π

0

∣∣∣∣∣

n∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx+ |an+1|
∫ π

0

|Kn(x)| dx

≤ C
∞∑

k=n+1

(k + 1)∆Ak + C(n+ 1)An+1 + |an+1|
∫ π

0

|Kn(x)| dx.(3.6)

Based on Lemma 1.26 the series

∞∑

k=1

(k + 1)∆Ak

converges and therefore the first term in (3.6) tends to zero as n→ ∞, and

∫ π

0

|Kn(x)| dx ≤
∫ π

−π

|Kn(x)| dx = π. (3.7)

Thus, the conclusion of the theorem follows from (3.6) and (3.7).
The proof is completed.

As a consequence of Theorem 3.7 is the following.
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Corollary 3.8. Let {ak} ∈ S(δ). Then ‖f − Sn‖L1 = o(1) as n → ∞ if and
only if limn→∞ |an+1| log n = 0.

Proof. It is clear that we can write
∫ π

−π

|f(x)− Sn(x)| dx =

∫ π

−π

|f(x)− gcn(x) + gcn(x)− Sn(x)| dx

≤
∫ π

−π

|f(x)− gcn(x)| dx+

∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx.(3.8)

Since by Theorem 3.7,
∫ π

−π

|f(x)− gcn(x)| dx = o(1) as n→ ∞

and ∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx ∼ |an+1| log n

as
∫ π

−π

∣∣∣D̃′
n(x)

∣∣∣ dx ∼ n| log n, for large values n, from (3.7) we obtain

‖f − Sn‖L1 = o(1) as n→ ∞.

Conversely, we have
∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx = ‖gcn − Sn‖L1 ≤ ‖f − gcn‖L1 + ‖f − Sn‖L1 .

Subsequently,
‖f − Sn‖L1 = o(1) as n→ ∞

if and only if
lim
n→∞

|an+1| log n = 0.

The proof is completed.

3.5 L1-convergence of modified sums gc
n
(x) with

coefficients from S without additional condition

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

be a cosine series and

gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx

the modified trigonometric cosine sums.
Next statement holds true.
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Theorem 3.9. Let {ak} ∈ S. Then gcn(x) converges to f(x) in L1-norm.

Proof. We have

gcn(x) =
a0
2

+

n∑

k=1

k cos kx

[
∆
(ak
k

)
+∆

(
ak+1

k + 1

)
+ · · ·+∆

(an
n

)]

=
a0
2

+

n∑

k=1

ak cos kx− an+1

n+ 1

n∑

k=1

k cos kx

= Sn(x)−
an+1

n+ 1
D̃′

n(x),

where D̃′
n(x) denotes the first derivative of the conjugate Dirichlet kernel.

Applying Abel’s transformation and Lemma 1.80, we obtain

gcn(x) =

n∑

k=0

∆akDk(x) + an+1Dn(x)−
an+1

n+ 1
D̃′

n(x)

=

n∑

k=0

∆akDk(x) + an+1Dn(x)− an+1Dn(x) + an+1Kn(x)

=

n∑

k=0

∆akDk(x) + an+1Kn(x).

Applying Abel’s transformation again and Lemma 1.34, we get

∫ π

0

|f(x)− gcn(x)|dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx+

∫ π

0

|an+1Kn(x)| dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

Dk(x)

∣∣∣∣∣ dx+ |an+1|
∫ π

0

|Kn(x)| dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆Ak

k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx+ |an+1|π

≤
∞∑

k=n+1

∆Ak

∫ π

0

∣∣∣∣∣

k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx

+An+1

∫ π

0

∣∣∣∣∣

n∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx+ |an+1|π

≤ C

∞∑

k=n+1

(k + 1)∆Ak + (n+ 1)An + |an+1|π. (3.9)
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Based on Lemma 1.26 the series
∞∑

k=1

(k + 1)∆Ak

converges and therefore the first term in (3.9) tends to zero as n→ ∞, and

∫ π

0

|Kn(x)| dx ≤
∫ π

−π

|Kn(x)| dx = π. (3.10)

Thus, the conclusion of the theorem follows from (3.9) and (3.10).
The proof is completed.

As a consequence of Theorem 3.9 is the following.

Corollary 3.10. Let {ak} ∈ S. Then ‖f − Sn‖L1 = o(1) as n → ∞ if and
only if

lim
n→∞

|an+1| log n = 0.

Proof. It is clear that
∫ π

−π

|f(x)− Sn(x)| dx ≤
∫ π

−π

|f(x)− gcn(x)| dx+

∫ π

−π

|gcn(x)− Sn(x)| dx

≤
∫ π

−π

|f(x)− gcn(x)| dx

+

∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx. (3.11)

Since by Theorem 3.9,
∫ π

−π

|f(x)− gcn(x)| dx = o(1) as n→ ∞

and ∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx ∼ |an+1| log n

as
∫ π

−π

∣∣∣D̃′
n(x)

∣∣∣ dx ∼ n log n, for large values n, from (3.11) we obtain

‖f − Sn‖L1 = o(1) as n→ ∞.

Conversely, we have
∫ π

−π

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx = ‖gcn − Sn‖L1 ≤ ‖f − gcn‖L1 + ‖f − Sn‖L1 .

Subsequently,
‖f − Sn‖L1 = o(1) as n→ ∞

if and only if
lim
n→∞

|an+1| log n = 0.

The proof is completed.



120 3 L1-convergence of modified sums gcn(x) and g
s
n(x)

3.6 L1-convergence of modified trigonometric sums
gc
n
(x) with coefficients from the class Fp

Let

f(x) =
a0
2

+
∞∑

k=1

ak cos kx

be a cosine series and

gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx

the modified trigonometric cosine sums.
We have the following statement.

Theorem 3.11. Let {ak} ∈ Fp, 1 < p ≤ 2. Then gcn(x) converges to f(x) in
L1-norm if and only if

lim
n→∞

an log n = 0.

Proof. We have

gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx

= Sn(x)−
an+1

n+ 1
D̃′

n(x)

= Sn(x)− an+1Dn(x) + an+1Kn(x)

=
n∑

k=0

∆akDk(x) + an+1Kn(x), (3.12)

where Kn(x) denotes the Fejér’s kernel.
Since |Kn(x)| ≤ O

(
x−2

)
, x ∈ (0, π], and an → 0 as n → ∞, then

limn→∞ gcn(x) exists for x ∈ (0, π], and limn→∞ gcn(x) = f(x).
Now,

∫ π

0

|f(x)− gcn(x)|dx =

∫ 1
n

0

|f(x)− gcn(x)|dx+

∫ π

1
n

|f(x)− gcn(x)|dx. (3.13)

For the first integral of the right hand side of (3.13), we have

∫ 1
n

0

|f(x)− gcn(x)|dx ≤
∫ 1

n

0

|σn(x)− f(x)|dx+

∫ 1
n

0

|gcn(x)− σn(x)|dx,

where σn(x) is the Fejér sum of Sn(x), and

∫ 1
n

0

|σn(x)− f(x)|dx = O (‖σn(x)− f(x)‖) , n→ ∞.
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From (3.12), we get

gcn(x)− σn(x) = an+1Kn(x) +
1

n+ 1

(
n∑

k=1

k∆akDk(x)−
n∑

k=1

akDk(x)

)
.

Therefore,

∫ 1
n

0

|gcn(x)− σn(x)|dx ≤ |an+1|
π

2
+

1

n+ 1

n∑

k=1

k|∆ak|
∫ 1

n

0

|Dk(x)|dx

+
1

n+ 1

n∑

k=1

|ak|
∫ 1

n

0

|Dk(x)|dx,

or ∫ 1
n

0

|gcn(x)− σn(x)|dx = O
(
1

n

n∑

k=1

k|∆ak|
)
, n→ ∞.

Thus, for the first integral in (3.13), we have

∫ 1
n

0

|gcn(x)− f(x)|dx = O
(
‖σn(x)− f(x)‖+ 1

n

n∑

k=1

k|∆ak|
)
, n→ ∞.

For the second integral of the right hand side of (3.13), we have

∫ π

1
n

|gcn(x)− σn(x)|dx ≤
∫ π

1
n

|an+1Fn(x)|dx+

∫ π

1
n

∣∣∣∣
∞∑

k=n+1

∆akDk(x)

∣∣∣∣dx

≤
∫ π

0

|an+1Fn(x)|dx+

∫ π

1
n

∣∣∣∣
∞∑

k=n+1

∆akDk(x)

∣∣∣∣dx

= |an+1|
π

2
+

∫ π

1
n

∣∣∣∣
∞∑

k=n+1

∆akDk(x)

∣∣∣∣dx. (3.14)

So, we have

∫ π

0

|gcn(x)− f(x)|dx = O (‖σn(x)− f(x)‖)

+O
(

n∑

k=1

k|∆ak|+
∞∑

k=n+1

kp−1|∆ak|p
)

= o(1), n→ ∞.

The proof is completed.

As a consequence of Theorem 3.9 is the following.
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Corollary 3.12. Let {ak} ∈ Fp, 1 < p ≤ 2. Then

lim
n→∞

‖f − Sn‖L1 = 0

if and only if
lim
n→∞

|an+1| log n = 0.

Proof. We have

∫ π

0

|f(x)− Sn(x)| dx ≤
∫ π

0

|f(x)− gcn(x)| dx+

∫ π

0

|gcn(x)− Sn(x)| dx

≤
∫ π

0

|f(x)− gcn(x)| dx

+

∫ π

0

|an+1Dn(x)| dx+

∫ π

−π

|an+1Kn(x)| dx

and
∫ π

0

|an+1Dn(x)| dx ≤
∫ π

0

|gcn(x)− Sn(x)| dx+

∫ π

−π

|an+1Kn(x)| dx

≤
∫ π

0

|f(x)− gcn(x)| dx+

∫ π

−π

|an+1Kn(x)| dx.

Since
∫ π

−π
Dn(x)| dx ∼ n log n, for large values n, from Theorem 3.11, we

obtain the conclusion of the corollary.
The proof is completed.

3.7 L1-convergence of modified sums gc
n
(x) with

coefficients from the intersection class BV ∩ C

Let us consider the cosine series

a0
2

+

∞∑

k=1

ak cos kx,

and modified cosine sums

gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx.

Theorem 3.13. Let {ak} ∈ BV ∩C. Then gcn(x) converges to f(x) in L1-
norm if and only if

lim
n→∞

an+1 log n = 0.
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Proof. Using Lemma 1.80 we have

gcn(x) = Sn(x)−
an+1

n+ 1
D̃′

n(x)

= Sn(x)− an+1Dn(x) + an+1Kn(x)

=

n−1∑

k=0

∆akDk(x) +∆an+1Dn(x) + an+1Kn(x), (3.15)

where Kn(x) denotes the Fejér’s kernel.
Therefore,

∫ π

0

|f(x)− gcn(x)|dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n

∆akDk(x)−∆an+1Dn(x)− an+1Kn(x)

∣∣∣∣∣ dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n

∆akDk(x)

∣∣∣∣∣ dx+

∫ π

0

|∆an+1Dn(x)| dx+

∫ π

0

|an+1Kn(x)| dx

=

∫ δ

0

∣∣∣∣∣

∞∑

k=n

∆akDk(x)

∣∣∣∣∣ dx+

∫ π

δ

∣∣∣∣∣

∞∑

k=n

∆akDk(x)

∣∣∣∣∣ dx

+

∫ π

0

|∆an+1Dn(x)| dx+ |an+1|
π

2

<
ε

4
+

∞∑

k=n

|∆ak|
∫ π

δ

csc
x

2
dx+ |∆an+1|

∫ π

0

|Dn(x)| dx+
ε

4

<
ε

4
+

∞∑

k=n

|∆ak|
[
−2 log

∣∣∣∣csc
δ

2
− cot

δ

2

∣∣∣∣
]
+ C(|an+1|+ |an+2|) log n+

ε

4
<
ε

4
,

since
∫ π

0
|Dn(x)| dx behaves like log n for large n and {ak} ∈ BV ∩C.

Also, using (3.15) we have

∫ π

0

|an+1Dn(x)| dx ≤
∫ π

0

|Sn(x)− gcn(x)|dx+ |an+1|
∫ π

0

|an+1Kn(x)| dx

≤
∫ π

0

|f(x)− gcn(x)|dx+ |an+1|
π

2
= o(1) + o(1) = o(1)

as n→ ∞.
The proof is completed.

Corollary 3.14. Let {ak} ∈ BV ∩C. Then Sn(x) converges to f(x) in L1-
norm if and only if

lim
n→∞

|an+1| log n = 0.
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Proof. We have
∫ π

0

|f(x)− Sn(x)|dx ≤
∫ π

0

|f(x)− gcn(x) + gcn(x)− Sn(x)|dx

≤
∫ π

0

|f(x)− gcn(x)|dx+

∫ π

0

|gcn(x)− Sn(x)|dx

=

∫ π

0

|f(x)− gcn(x)|dx+

∫ π

0

|an+1Dn(x)|dx+

∫ π

0

|an+1Kn(x)|dx.

Also,
∫ π

0

|an+1Dn(x)|dx ≤
∫ π

0

|gcn(x)− Sn(x)|dx+

∫ π

0

|an+1Kn(x)|dx

≤
∫ π

0

|f(x)− Sn(x)|dx+ |an+1|
π

2
.

Since ∫ π

0

|an+1Dn(x)|dx

behaves like |an+1| log n for large values of n, and by Theorem 2.13

lim
n→∞

∫ π

0

|f(x)− Sn(x)|dx = 0,

then the corollary is proved.

3.8 L1-convergence of modified sums gc
n
(x) with

coefficients from the class S∗∗

Let us consider the cosine series

a0
2

+

∞∑

k=1

ak cos kx,

and modified cosine sums

gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx.

Theorem 3.15. Let {ak} ∈ S∗∗. Then gcn(x) converges to f(x) in L1-norm
if and only if |an+1| log n = o(1) as n→ ∞.

Proof. Firstly we have

gcn(x) =
a0
2

+
n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx = Sn(x)−

an+1

n+ 1
D̃′

n(x).
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Since, D̃′
n(x) = O(n) in (0, π] and {an} is a null sequence, then

lim
n→∞

gcn(x) = lim
n→∞

Sn(x) = f(x) for x ∈ (0, π].

This implies the equality

f(x)− gcn(x) =

∞∑

k=n+1

ak cos kx+
an+1

n+ 1
D̃′

n(x).

Applying Abel’s transformation, we obtain

f(x)− gcn(x) =

∞∑

k=n+1

∆akDk(x)− an+1Dn(x) +
an+1

n+ 1
D̃′

n(x).

Whence,

‖f − gcn‖ =

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)− an+1Dn(x) +
an+1

n+ 1
D̃′

n(x)

∣∣∣∣∣ dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx+

∫ π

0

|an+1Dn(x)| dx

+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx.

Since
∫ π

0

∣∣∣an+1

n+1 D̃
′
n(x)

∣∣∣ dx ∼ |an+1| log n, by Zygmund’s theorem, {an} ∈
S∗∗ and Lemma 1.85, we get

‖f − gcn‖ = O
(

∞∑

k=n+1

k∆ak

)
+ o (|an+1| log n) + o (|an+1| log n)

= o(1) + o (|an+1| log n) .

Subsequently, ‖f − gcn(x)‖ = o(1) as n → ∞ if and only if |an+1| log n =
o(1) as n→ ∞.

The proof is completed.

Corollary 3.16. Let {ak} ∈ S∗∗. Then Sn(x) converges to f(x) in L1-norm
if and only if |an+1| log n = o(1) as n→ ∞.

Proof. We consider,

‖f − Sn‖ ≤ ‖f − gcn + gcn − Sn‖
≤ ‖f − gcn‖+ ‖gcn − Sn‖

= ‖f − gcn‖+
∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx.
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Again, since ∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx

behaves like |an+1| log n for large values of n, and by Theorem 3.15 we get

lim
n→∞

‖f − Sn‖ = 0

if and only if |an+1| log n = o(1) as n→ ∞.
The corollary is proved.

3.9 L1-convergence of modified trigonometric sums
gc
n,m

(x) and gs
n,m

(x) with coefficients from the class R

We consider cosine series

f(x) =
a0
2

+
∞∑

k=1

ak cos kx,

sine series

g(x) =
∞∑

k=1

ak sin kx,

their parital sums

Sc
n(x) =

a0
2

+

n∑

k=1

ak cos kx,

Ss
n(x) =

n∑

k=1

ak sin kx,

modified cosine sums

gcn,m(x) =
a0
2

+
n∑

k=1

n∑

j=k

km∆

(
aj
jm

)
cos kx,

and modified sine sums

gsn,m(x) =

n∑

k=1

n∑

j=k

km∆

(
aj
jm

)
sin kx,

where m ∈ {1, 2, . . .} is a fixed number.
We prove the following result.
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Theorem 3.17. Let the coefficients of the cosine or sine series belong to the
class R. Then

lim
n→∞

gn,m(x) = r(x) existsforall x ∈ (0, π],

r ∈ L1(0, π] and lim
n→∞

‖r − gn,m‖ = 0,

where gn,m(x) denotes either gcn,m(x) or gsn,m(x) and m ∈ {1, 3, 5, . . .}.

Proof. We are going to prove these results only for the cosine series. The proof
for the sine series is very similar. Indeed, we have

gcn,m(x) =
a0
2

+

n∑

k=1

n∑

j=k

km∆

(
aj
jm

)
cos kx

=
a0
2

+
n∑

k=1

[
∆
( ak
km

)
+ · · ·+∆

( an
nm

)]
km cos kx

=
a0
2

+
n∑

k=1

[
ak
km

− an+1

(n+ 1)m

]
km cos kx

=
a0
2

+

n∑

k=1

ak cos kx− an+1

(n+ 1)m

n∑

k=1

km cos kx

= Sc
n(x)−

an+1

(n+ 1)m

[
±D̃(m)

n (x)
]
, (3.16)

where D̃
(m)
n (x) denotes m−th derivative of conjugate Dirichlet kernel.

Since
|D̃(m)

n (x)| = O(nm+1)

then for second term of the right side of (3.16) we have

|an+1|
(n+ 1)m

|D̃(m)
n (x)| = O(n|an+1|).

Therefore, by (3.16) and our assumptions, we obtain that

lim
n→∞

gcn,m(x) = lim
n→∞

Sc
n(x) = f(x)

exists for all x ∈ (0, π] and m ∈ {1, 3, 5, . . .}.
Consequently, Kano’s theorem implies that f ∈ L1(0, π].
Using (3.16) we can write

f(x)− gcn,m(x) =
∞∑

k=n+1

ak cos kx+
an+1

(n+ 1)m
D̃(m)

n (x)

= lim
s→∞

d

dx

(
s∑

k=n+1

ak
k

sin kx

)
+

an+1

(n+ 1)m
D̃(m)

n (x).
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Applying summation by parts twice we obtain

f(x)− gcn,m(x)

= lim
s→∞

[ s−1∑

k=n+1

∆
(ak
k

)
D̃′

k(x) +
as
s
D̃′

s(x)

− an+1

n+ 1
D̃′

n(x)

]
+

an+1

(n+ 1)m
D̃(m)

n (x)

= lim
s→∞

[ s−2∑

k=n+1

(k + 1)∆2
(ak
k

)
K̃ ′

k(x) + s∆

(
as−1

s− 1

)
K̃ ′

s−1(x)

−(n+ 1)∆

(
an+1

n+ 1

)
K̃ ′

n(x) +
as
s
D̃′

s(x)

− an+1

n+ 1
D̃′

n(x)

]
+

an+1

(n+ 1)m
D̃(m)

n (x)

=

∞∑

k=n+1

(k + 1)∆2
(ak
k

)
K̃ ′

k(x)− (n+ 1)∆

(
an+1

n+ 1

)
K̃ ′

n(x)

+an+1

[
1

(n+ 1)m
D̃(m)

n (x)− 1

n+ 1
D̃′

n(x)

]
,

where K̃n(x) denotes the conjugate Fejér kernel.
Whence, we have
∫ π

−π

|f(x)− gcn,m(x)|dx ≤
∞∑

k=n+1

(k + 1)
∣∣∣∆2

(ak
k

)∣∣∣
∫ π

−π

∣∣∣K̃ ′
k(x)

∣∣∣ dx

+(n+ 1)

∣∣∣∣∆
(
an+1

n+ 1

)∣∣∣∣
∫ π

−π

∣∣∣K̃ ′
n(x)

∣∣∣ dx

+|an+1|
[

1

(n+ 1)m

∫ π

−π

∣∣∣D̃(m)
n (x)

∣∣∣ dx

+
1

n+ 1

∫ π

−π

∣∣∣D̃′
n(x)

∣∣∣ dx
]
:=

3∑

i=1

Ji.

Let us estimate alternately each Ji, i = 1, 2, 3. Indeed, using the estimation
∫ π

−π

∣∣∣K̃ ′
k(x)

∣∣∣ dx = O (k)

we have

J1 :=
∞∑

k=n+1

(k + 1)
∣∣∣∆2

(ak
k

)∣∣∣
∫ π

−π

∣∣∣K̃ ′
k(x)

∣∣∣ dx

= O
(

∞∑

k=n+1

k2
∣∣∣∆2

(ak
k

)∣∣∣
)

= o(1) as n→ ∞,
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since {ak} ∈ R.
Also, we have

J2 := (n+ 1)

∣∣∣∣∆
(
an+1

n+ 1

)∣∣∣∣
∫ π

−π

∣∣∣K̃ ′
n(x)

∣∣∣ dx

= O
(
(n+ 1)2

∣∣∣∣∆
(
an+1

n+ 1

)∣∣∣∣
)

= O
(
(n+ 1)2

∞∑

k=n+1

∣∣∣∆2
(ak
k

)∣∣∣
)

= O
(

∞∑

k=n+1

k2
∣∣∣∆2

(ak
k

)∣∣∣
)

= o(1) as n→ ∞,

since {ak} ∈ R.
Also, we have

J3 := |an+1|
[

1

(n+ 1)m

∫ π

−π

∣∣∣D̃(m)
n (x)

∣∣∣ dx+
1

n+ 1

∫ π

−π

∣∣∣D̃′
n(x)

∣∣∣ dx
]

= |an+1|
[

1

(n+ 1)m
O
(
(n+ 1)m+1

)
+

1

n+ 1
O
(
(n+ 1)2

) ]
= O ((n+ 1)|an+1|) .

Consequently, by given hypothesis we obtain

lim
n→∞

∫ π

−π

|f(x)− gcn,m(x)|dx = 0.

The proof is completed.

Corollary 3.18. Let the coefficients of the cosine or sine series belong to the
class R. Then

lim
n→∞

|an+1| log n = 0 =⇒ lim
n→∞

‖f − Sc
n‖ = 0.

Proof. Let limn→∞ |an+1| log n = 0 be satisfied. Then, based on (3.16) we
have

∫ π

−π

|f(x)− Sc
n(x)|dx =

∫ π

−π

|f(x)− gcn,m(x) + gcn,m(x)− Sc
n(x)|dx

≤
∫ π

−π

|f(x)− gcn,m(x)|dx+

∫ π

−π

|gcn,m(x)− Sc
n(x)|dx

≤
∫ π

−π

|f(x)− gcn,m(x)|dx+
|an+1|

(n+ 1)m

∫ π

−π

∣∣∣D̃(m)
n (x)

∣∣∣ dx

= o(1) +O (|an+1| log n) = o(1) + o(1) = o(1) as n→ ∞.

The proof is completed.



130 3 L1-convergence of modified sums gcn(x) and g
s
n(x)

3.10 Equivalent theorems pertaining L1-convergence of
modified trigonometric sums fn(x) and gn(x)

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx,

be the cosine series with its partial sums

Sc
n(x) =

a0
2

+
n∑

k=1

ak cos kx,

and the known modified cosine sums

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx

and

gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx.

We prove here that all results which have been proved by considering fn(x)
are also true for gcn(x) as far as L1-convergence of cosine series is concerned
irrespective of the consideration of classes. When we say that S is any subclass
of coefficients of the cosine series, we mean that the sequence {ak} is a null-
sequence and convex or quasi-convex or belongs to the class S of Sidon or any
class of coefficients for which ‖f − fn(x)‖ = o(1) or ‖f − gcn(x)‖ = o(1) as
n→ ∞.

First we prove next statement.

Theorem 3.19. If {ak} belongs to the class S, then ‖f − gcn‖ = o(1) as n→
∞.

Proof. We have

gcn(x) =
a0
2

+

n∑

k=1

ak cos kx− an+1

n+ 1
D̃

′

n(x).

Using summation by parts and Lemma 1.80 we get

gcn(x) =
n∑

k=1

∆akDk(x) + an+1Kn(x).

Applying Abel’s transformation again and Lemma 1.34, we get
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∫ π

0

|f(x)− gcn(x)|dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx+

∫ π

0

|an+1Kn(x)| dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

Dk(x)

∣∣∣∣∣ dx+ |an+1|
∫ π

0

|Kn(x)| dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆Ak

k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx+ |an+1|π

≤
∞∑

k=n+1

∆Ak

∫ π

0

∣∣∣∣∣

k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx

+An+1

∫ π

0

∣∣∣∣∣

n∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣ dx+ |an+1|π

≤ C

∞∑

k=n+1

(k + 1)∆Ak + (n+ 1)An + |an+1|π. (3.17)

Based on Lemma 1.26 the series

∞∑

k=1

(k + 1)∆Ak

converges and therefore the first term in (3.17) tends to zero as n→ ∞, and

∫ π

0

|Kn(x)| dx ≤
∫ π

−π

|Kn(x)| dx = π. (3.18)

Thus, the conclusion of the theorem follows from (3.17) and (3.18).
The proof is completed.

Theorem 3.20. Let S be any subclass of coefficients of the cosine series and
{ak} belongs to the class S. Then ‖f − fn‖ = o(1) ⇐⇒ ‖f − gcn‖ = o(1) as
n→ ∞.

Proof. Using the equalities

fn(x) = Sn(x)− an+1Dn(x)

and
gcn(x) = Sn(x)−

an+1

n+ 1
D̃

′

n(x),

we have
fn(x)− gcn(x) = −an+1Dn(x) +

an+1

n+ 1
D̃

′

n(x).
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Whence, using Lemma 1.80 we get

fn(x)− gcn(x) = −an+1Kn(x).

Assume that ‖f − fn‖ = o(1) as n→ ∞. Then,

‖f − gcn‖ = ‖f − fn − an+1Kn(x)‖
≤ ‖f − fn‖+ |an+1|‖Kn(x)‖ = o(1), n→ ∞.

Conversely,

‖fn − gcn‖ = |an+1|‖Kn(x)‖ = o(1), n→ ∞.

The proof is completed.

Theorem 3.21. Let S be any subclass of coefficients of the cosine series and
{ak} belongs to the class S and r ∈ {0, 1, 2, . . .}. Then:

(1) ‖f (r) − f
(r)
n ‖ = O(nr) =⇒ ‖f (r) − [gcn]

(r)‖ = o(1) as nran → 0, n→ ∞.

(2) ‖f (r) − [gcn]
(r)‖ = O(nr) =⇒ ‖f (r) − f

(r)
n ‖ = o(1) as nran → 0, n→ ∞.

Proof. Using the equalities

f (r)n (x) = S(r)
n (x)− an+1D

(r)
n (x)

and
[gcn(x)]

(r) = S(r)
n (x)− an+1

n+ 1
D̃(r+1)

n (x),

we have

f (r)n (x)− [gcn(x)]
(r) = −an+1D

(r)
n (x) +

an+1

n+ 1
D̃(r+1)

n (x).

Whence, using Lemma 1.80 we get

f (r)n (x)− [gcn(x)]
(r) = −an+1K

(r)
n (x).

Now, the proof is very similar to the proof of Theorem 3.20. Therefore we
omit it.

The proof is completed.

Remark 3.22. Similar results hold true when we consider sine series

g(x) =

∞∑

k=1

ak sin kx,

and the modified sine sums

fsn(x) =
n∑

k=1

n∑

j=k

∆aj sin kx or gsn(x) =
n∑

k=1

n∑

j=k

∆

(
aj
j

)
k sin kx.
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Other modified trigonometric sums similar to gcn(x) and g
s
n(x) have been

introduced as follows

gcn(x) =
a0
2

+
n∑

k=1

n∑

j=k

∆

(
aj cos jx

2j

)
2k

and

gsn(x) =

n∑

k=1

n∑

j=k

∆

(
aj sin jx

2j

)
2k.

The sums gcn(x) can be rewritten as follows

gcn(x) = Sc
n(x)− an+1 cos(n+ 1)x+

an+1 cos(n+ 1)x

2n
.

From last equality we obviously obtain

lim
n→∞

gcn(x) = lim
n→∞

Sc
n(x) = f(x)

whenever {ak} is a null-sequence.
Using this fact we are in able to prove next statement.

Theorem 3.23. Let {ak} be a null-sequence and convex or quasi-convex or
belongs to the class S

¯
. Then ‖f−gcn‖ = o(1) as n→ ∞ if and only if an log n =

o(1) as n→ ∞.

Proof. The proof can be done easily. This is why we have omitted it.

Remark 3.24. The modified sums gcn(x) and g
s
n(x) are generalized as follows

G
c

n(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj cos jx

dj

)
dk

and

G
s

n(x) =

n∑

k=1

n∑

j=k

∆

(
aj sin jx

dj

)
dk,

where d > 1 is a real number.

Remark 3.25. We note that, in the specific case d = 2, it holds G
c

n(x) = gcn(x)
and G

s

n(x) = gsn(x).

Remark 3.26. Using modified sums G
c

n(x) and G
s

n(x) we can obtain similar
results as Theorem 3.23.





4

L1-convergence of some other modified
trigonometric sums

In this section we show all results regrading to L1-convergence of of some
other modified trigonometric sums with coefficients from some new classes of
real sequences.

4.1 L1-convergence of modified sums jc
n
(x) and js

n
(x)

with coefficients from the class SJ

Let us consider the cosine

f(x) =
a0
2

+

∞∑

k=1

ak cos kx,

sine series

g(x) =
∞∑

k=1

ak sin kx,

or together

φ(x) =

∞∑

k=1

akφk(x),

where φk(x) is cos kx or sin kx and φ(x) is f(x) or g(x) respectively.
We also consider modified cosine and sine sums

jcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆ (aj cos jx)

and

jsn(x) =
n∑

k=1

n∑

j=k

∆ (aj sin jx) .

Now we prove the following.
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Theorem 4.1. Let {ak} ∈ SJ. Then

(i) limn→∞ tn(x) = t(x) exists for all x ∈ (0, π], where tn(x) is either j
c
n(x)

or jsn(x),
(ii) t(x) ∈ L1(0, π], and
(iii) ‖t− Sn(t)‖ = o(1) as n→ ∞.

Proof. We are going to give the proof of this statement only for cosine sums
since for the sine sums the proof can be done in the same manner. We note
that

jcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆ (aj cos jx)

=
a0
2

+

n∑

k=1

[∆ (ak cos kx) + · · ·+∆ (an cosnx)]

=
a0
2

+

n∑

k=1

ak cos kx−
n∑

k=1

an+1 cos(n+ 1)x

= Sn(x)− nan+1 cos(n+ 1)x.

Since Ak ↓ 0 as k → ∞ and
∑∞

k=1Ak < ∞, then by Olivier’s theorem we
have kAk → 0 as k → ∞ and therefore

nan = n2
∞∑

k=n

∆
(ak
k

)
≤

∞∑

k=n

k2
(
Ak

k

)
= o(1) as n→ ∞.

Also cos(n+ 1)x is finite in (0, π] and therefore

lim
n→∞

tn(x) = lim
n→∞

Sn(x) = t(x).

Moreover,

t(x) = lim
n→∞

tn(x) = lim
n→∞

Sn(x) =
a0
2

+ lim
n→∞

n∑

k=1

ak cos kx.

Abel’s transformation implies that

a0
2

+ lim
n→∞

∞∑

k=1

ak cos kx = lim
n→∞

[
n−1∑

k=1

∆
(ak
k

)
D̃′

k(x) +
an
n
D̃′

n(x)

]

or

t(x) =

∞∑

k=1

∆
(ak
k

)
D̃′

k(x).

Based on our assumptions and Lemma 1.83 the series
∑∞

k=1∆
(
ak

k

)
D̃′

k(x)
converges, and hence the limit-function t(x) exists for x ∈ (0, π] and subse-
quently the statement (i) holds true.
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For x 6= 0 we have

t(x)− tn(x) =

∞∑

k=n+1

ak cos kx+ nan+1 cos(n+ 1)x

= lim
m→∞

[
m∑

k=n+1

(ak
k

)
k cos kx

]
+ nan+1 cos(n+ 1)x.

Now applying Abel’s transformation, Lemma 1.85 and Lemma 1.86 we get

∫ π

0

|t(x)− tn(x)|dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆
(ak
k

)
D̃′

k(x)−
an+1

n+ 1
D̃′

n(x) + nan+1 cos(n+ 1)x

∣∣∣∣∣ dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

(
Ak

k

)
∆
(
ak

k

)

Ak

k

D̃′
k(x)

∣∣∣∣∣ dx

+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃′

n(x)

∣∣∣∣ dx+

∫ π

0

|nan+1 cos(n+ 1)x| dx

≤
∫ π

0

∣∣∣∣∣∣

∞∑

k=n+1

∆

(
Ak

k

) k∑

j=1

∆
(

aj

j

)

Aj

j

D̃′
j(x)

∣∣∣∣∣∣
dx

+

∣∣∣∣
an+1

n+ 1

∣∣∣∣
∫ π

0

∣∣∣D̃′
n(x)

∣∣∣ dx+ |nan+1|
∫ π

0

|cos(n+ 1)x| dx

≤
∞∑

k=n+1

∆

(
Ak

k

)∫ π

0

∣∣∣∣∣∣

k∑

j=1

∆
(

aj

j

)

Aj

j

D̃′
j(x)

∣∣∣∣∣∣
dx

+
an+1

n+ 1
O((n+ 1) log n) + nan+1 ·

2

n+ 1

= O
(

∞∑

k=n+1

(k + 1)2∆

(
Ak

k

)
+ nan+1

)
.

However using the identity

n∑

k=1

Ak =

n−1∑

k=1

k(k + 1)

2
∆

(
Ak

k

)
+
n(n+ 1)

2
· An

n

and {an} ∈ SJ we get

n(n+ 1)

2
· An

n
= (n+ 1)An → 0 as n→ ∞,

which means that the series
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∞∑

k=1

(k + 1)2∆

(
Ak

k

)

converges. Since we have already proved that nan = o(1) as n → ∞, it
follows that ‖t − tn‖ = o(1) as n → ∞. Finally, the fact that tn(x) is a
trigonometric polynomial implies that t ∈ L1(0, π]. This conclusion verifies
completely statement (ii).

Now we consider,

‖t− Sn‖ ≤ ‖t− tn + tn − Sn‖
≤ ‖t− tn‖+ ‖tn − Sn‖

= ‖t− tn‖+
∫ π

0

|nan+1 cos(n+ 1)x| dx

= o(1) + n|an+1| ·
2

n+ 1
= o(1) as n→ ∞.

The proof of (iii) is completed.
The proof of theorem is completed.

Remark 4.2. This theorem holds true for a weaker class than the class S,
but the results of Theorem 4.1 have been proved without any conditions like
an log n→ 0 as n→ ∞.

4.2 L1-convergence of modified sums Ks
n
(x) with

coefficients from the class K

In this unit we consider the cosine

g(x) =
a0
2

+
∞∑

k=1

ak cos kx,

series and the modified sine sums of the form

Ks
n(x) =

1

2 sinx

n∑

k=1

n∑

j=k

(∆aj−1 −∆aj+1) sin kx.

Then we prove the following statement.

Theorem 4.3. If {ak} ∈ K, then Ks
n(x) converges to g(x) in L1-norm.

Proof. By definition of the class K we know that a0 = 0 and making some
elementary transformation we obtain
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Sn(x) =
a0
2

+

n∑

k=1

ak cos kx =
1

2 sinx

n∑

k=1

2ak sinx cos kx

=
1

2 sinx

n∑

k=1

ak[sin(k + 1)x− sin(k − 1)x]

=
1

2 sinx

n∑

k=1

(ak−1 − ak+1) sin kx+ an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx
.

Applying Abel’s transformation, we have

Sn(x) =
1

2 sinx

(
n∑

k=1

(∆ak−1 −∆ak+1)D̃k(x) + (an − an+2)D̃n(x)

)

+an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx
,

where D̃k(x) is the Dirichlet conjugate kernel. Thus

g(x) = lim
n→∞

Sn(x) =
1

2 sinx

∞∑

k=1

(∆ak−1 −∆ak+1)D̃k(x)

if the series is convergent. Also

Ks
n(x) =

1

2 sinx

n∑

k=1

n∑

j=k

(∆aj−1 −∆aj+1) sin kx

=
1

2 sinx

(
n∑

k=1

(ak−1 − ak+1) sin kx− (an − an+2)D̃n(x)

)

in which after applying the Abel’s transformation again we get

Ks
n(x) =

1

2 sinx

n∑

k=1

(∆ak−1 −∆ak+1)D̃k(x).

Before we go further we have to prove that the series

1

2 sinx

n∑

k=1

(∆ak−1 −∆ak+1)D̃k(x),

converges.

Indeed, since
∣∣∣ D̃k(x)
2 sin x

∣∣∣ = O(k) and

∞∑

k=1

k|∆2ak−1 −∆2ak+1| <∞,
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then the series
1

2 sinx

n∑

k=1

(∆ak−1 −∆ak+1)D̃k(x)

is a convergent one. This means that limn→∞Ks
n(x) = g(x) exists.

Whence,

g(x)−Ks
n(x) =

1

2 sinx

∞∑

k=n+1

(∆ak−1 −∆ak+1)D̃k(x)

=
1

2 sinx
lim

m→∞

[
m∑

k=n+1

(∆ak−1 −∆ak+1)D̃k(x)

]
.

Applying the Abel’s transformation, even in this case, we obtain

g(x)−Ks
n(x) =

1

2 sinx
lim

m→∞

[ m−1∑

k=n+1

(k + 1)(∆2ak−1 −∆2ak+1)F̃k(x)

+(m+ 1)(∆am−1 −∆am+1)F̃m(x)

−(n+ 1)(∆an −∆an+2)F̃n(x)

]

=
1

2 sinx

[ ∞∑

k=n+1

(k + 1)(∆2ak−1 −∆2ak+1)F̃k(x)

−(n+ 1)(∆an −∆an+2)F̃n(x)

]
,

where F̃k(x) =
1

k+1

∑k
j=0 D̃j(x) denotes the conjugate Fejér kernel.

Therefore we have

∫ π

−π

|g(x)−Ks
n(x)| dx =

∫ π

−π

∣∣∣∣
1

2 sinx

[ ∞∑

k=n+1

(k + 1)(∆2ak−1 −∆2ak+1)F̃k(x)

−(n+ 1)(∆an −∆an+2)F̃n(x)

]∣∣∣∣dx

≤ C

[ ∞∑

k=n+1

(k + 1)|∆2ak−1 −∆2ak+1|
∫ π

−π

∣∣∣F̃k(x)
∣∣∣ dx

+(n+ 1)|∆an −∆an+2|
∫ π

−π

∣∣∣F̃n(x)
∣∣∣ dx

]
.

Taking into account that
∫ π

−π

∣∣∣F̃k(x)
∣∣∣ dx = π and

(n+ 1)|∆an −∆an+2| = (n+ 1)

∣∣∣∣∣

∞∑

k=n

(∆2ak −∆2ak+2)

∣∣∣∣∣
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= (n+ 1)

∣∣∣∣∣

∞∑

k=n+1

k

k
(∆2ak−1 −∆2ak+1)

∣∣∣∣∣

≤ n+ 1

n+ 1

∞∑

k=n+1

k
∣∣∆2ak−1 −∆2ak+1

∣∣ = o(1)

as n→ ∞, we get

∫ π

−π

|g(x)−Ks
n(x)| dx = O

(
∞∑

k=n+1

(k + 1)|∆2ak−1 −∆2ak+1|
)

+ o(1) = o(1)

as n→ ∞.
The proof is completed.

As an important consequence of this theorem is the following.

Corollary 4.4. Let {ak} ∈ K. The necessary and sufficient condition for the
L1-convergence of the cosine series is limn→∞ an log n = 0.

Proof. Firstly we have

‖Sn(x)− g(x)‖ ≤ ‖Sn(x)−Ks
n(x)‖+ ‖Ks

n(x)− g(x)‖ = ‖Ks
n(x)− g(x)‖

+

∥∥∥∥∥(an − an+2)
D̃n(x)

2 sinx
+ an+1

sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx

∥∥∥∥∥ .

Also we have
∥∥∥∥∥(an − an+2)

D̃n(x)

2 sinx
+ an+1

sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx

∥∥∥∥∥
= ‖Sn(x)−Ks

n(x)‖ ≤ ‖Ks
n(x)− g(x)‖+ ‖Sn(x)− g(x)‖,

and

n|an − an+2| = n

∣∣∣∣∣

∞∑

k=n

(∆ak −∆ak+2)

∣∣∣∣∣

= n

∣∣∣∣∣

∞∑

k=n+1

k

k
(∆ak−1 −∆ak+2 −∆ak+1 +∆ak+2)

∣∣∣∣∣

≤ n+ 1

n+ 1

∞∑

k=n+1

k
∣∣∆2ak−1 −∆2ak+1

∣∣ = o(1),

as n→ ∞.

Hence, since
∫ π

−π

∣∣∣ D̃n(x)
2 sin x

∣∣∣dx = O(n) we obtain

|an − an+2|
∫ π

−π

∣∣∣D̃n(x)

2 sinx

∣∣∣dx = O(n|an − an+2|) = o(1)
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as n→ ∞.
Moreover,
∫ π

−π

∣∣∣∣an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx

∣∣∣∣dx

≤
∫ π

−π

an

∣∣∣∣
sinnx

2 sinx
+

sin(n+ 1)x

2 sinx

∣∣∣∣dx = an

∫ π

−π

|Dn(x)|dx ∼ an log n.

Since ‖Ks
n(x)− g(x)‖ = o(1) as n→ ∞, by the above theorem, then

lim
n→∞

∫ π

−π

|Sn(x)− g(x)| = 0

if and only if
lim
n→∞

an log n = 0.

The proof is completed.

4.3 L1-convergence of modified sums Kc
n
(x) with

coefficients from the class J

Here we are going to consider the sine

f(x) =

∞∑

k=1

ak sin kx,

series and the modified cosine sums of the form

Kc
n(x) =

1

2 sinx

n∑

k=1

n∑

j=k

(∆aj−1 −∆aj+1) cos kx,

where a0 := a1 := 0.
The main result is the following statement.

Theorem 4.5. If {ak} ∈ J, then Kc
n(x) converges to f(x) in L1-norm.

Proof. We have

Kc
n(x) =

1

2 sinx

n∑

k=1

n∑

j=k

(∆aj−1 −∆aj+1) cos kx

=
1

2 sinx

[
n∑

k=1

(ak+1 − ak−1) cos kx+ (an − an+2)

]
Dn(x)

=
n∑

k=1

ak sin kx+
1

2 sinx
[an cos(n+ 1)x

+an+1 cosnx+ (an − an+2)Dn(x)]

= Sn(x) +
1

2 sinx
[an cos(n+ 1)x

+an+1 cosnx+ (an − an+2)Dn(x)].
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Since
∣∣ cosnx
2 sin x

∣∣,
∣∣∣Dn(x)
2 sin x

∣∣∣ are bounded in (0, π), and an → 0 as n → ∞, then

the last three terms of the last equality tend to zero as n→ ∞.
Thus

f(x) = lim
n→∞

Kc
n(x) = lim

n→∞
Sn(x).

Considering the partial sums

Sn(x) =

n∑

k=1

ak sin kx

of the sine series we apply the Abel’s transformation:

Sn(x) =
n−1∑

k=1

∆akD̃k(x) + anD̃n(x).

Since
∣∣∣D̃k(x)

∣∣∣ = O(k),

∣∣∣∆
(ak
k

)∣∣∣ ≤ Ak

k
=⇒ |∆ak| ≤ Ak, ∀k ∈ {1, 2, . . .},

then

lim
n→∞

Sn(x) = O
(

∞∑

k=1

kAk

)
+ o(nan),

and based on our assumptions it holds

nan = n

∞∑

k=n

∆ak ≤
∞∑

k=n

kAk = o(1), n→ ∞.

So, limn→∞ Sn(x) = f(x) exists.
Whence, applying Abel’s transformation again we have

∫ π

−π

|f(x)−Kc
n(x)| dx =

∫ π

−π

∣∣∣∣
∞∑

k=n+1

ak sin kx− 1

2 sinx
[an cos(n+ 1)x

+an+1 cosnx+ (an − an+2)Dn(x)]

∣∣∣∣dx

≤
∫ π

−π

∣∣∣∣
∞∑

k=n+1

∆akD̃k(x)

∣∣∣∣dx+

∫ π

−π

∣∣∣∣an+1D̃n(x)

∣∣∣∣dx

+

∫ π

−π

∣∣∣∣
1

2 sinx
an cos(n+ 1)x

∣∣∣∣dx+

∫ π

−π

∣∣∣∣
1

2 sinx
an+1 cosnx

∣∣∣∣dx

+

∫ π

−π

∣∣∣∣(an − an+2)Dn(x)

∣∣∣∣dx
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or

‖f(x)−Kc
n(x)‖ = O

(
∞∑

k=n+1

Ak log k

)
+ o(an+1 log n)

+o(an+1 log n) + o(an log n) + o(n2(an − an+2))

= o(1) + o(1) + o(1) + o(1) + o(n2(an − an+2))

= o(1) + o(n2(an − an+2)).

Since, by assumptions, Ak ↓ 0 as k → ∞ and
∑∞

k=1 kAk < ∞, then by
Olivier’s theorem we have k2Ak → 0 as k → ∞, which implies that

n2|an − an+2| = n2|an − an+1 + an+1 − an+2|
= n2|∆an +∆an+1|
≤ n2|∆an|+ |∆an+1|)
≤ n2An + (n+ 1)2An+1) = o(1), n→ ∞.

Subsequently,

‖f(x)−Kc
n(x)‖ = o(1), n→ ∞.

The proof is completed.

As an important consequence of this theorem is the following.

Corollary 4.6. Let {ak} ∈ J. Then ‖f − Sn‖ = o(1) as n→ ∞.

Proof. We have

‖Sn(x)− f(x)‖ = ‖Sn(x)−Kc
n(x) +Kc

n(x)− f(x)‖
≤ ‖Sn(x)−Kc

n(x)‖+ ‖Ks
n(x)− f(x)‖

≤ ‖Ks
n(x)− f(x)‖

+

∫ π

0

∣∣∣∣
1

2 sinx
[an cos(n+ 1)x+ an+1 cosnx]

∣∣∣∣ dx

+

∫ π

0

|(an − an+2)Dn(x)| dx.

The conclusion of the corollary follows by making the same augmentations
as in the proof of the above theorem.

The proof is completed.

4.4 L1-convergence of modified sums Ks
n
(x) with

semi-convex coefficients

Here we are going to show the L1-convergence of the cosine
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g(x) =
a0
2

+

∞∑

k=1

ak cos kx,

series with semi-convex coefficients using the modified sine sums of the form

Ks
n(x) =

1

2 sinx

n∑

k=1

n∑

j=k

(∆aj−1 −∆aj+1) sin kx.

Namely,

Theorem 4.7. Let {ak} be a semi-convex null sequence. Then Ks
n(x) con-

verges to g(x) in L1-norm.

Proof. We have

Sn(x) =
a0
2

+

n∑

k=1

ak cos kx

=
1

2 sinx

n∑

k=1

ak cos kx2 sinx

=
1

2 sinx

n∑

k=1

ak [sin(k + 1)x− sin(k − 1)x]

=
1

2 sinx

n∑

k=1

(ak−1 − ak+1) sin kx+ an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx

=
1

2 sinx

n∑

k=1

(∆ak +∆ak−1) sin kx+ an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx

Applying Abel’s transformation, we have

Sn(x) =
1

2 sinx

(
n∑

k=1

(
∆2ak +∆2ak+1

)
D̃k(x) + (an − an+2)D̃n(x)

)

+an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx
.

Thus

g(x) = lim
n→∞

Sn(x) =
1

2 sinx

∞∑

k=1

(
∆2ak +∆2ak−1

)
D̃k(x).

Also

gn(x) =
1

2 sinx

n∑

k=1

n∑

j=k

(∆aj−1 −∆aj+1) sin kx

=
1

2 sinx

(
n∑

k=1

(ak−1 − ak+1) sin kx− (an − an+2)D̃n(x)

)
.



146 4 L1-convergence of some other modified trigonometric sums

Applying Abel’s transformation, we have

gn(x) =
1

2 sinx

n∑

k=1

(∆ak−1 −∆ak+1) D̃k(x)

=
1

2 sinx

n∑

k=1

(
∆2ak +∆2ak−1

)
D̃k(x)

and

g(x)− gn(x) =
1

2 sinx

∞∑

k=n+1

(
∆2ak +∆2ak−1

)
D̃k(x)

= lim
m→∞

(
1

2 sinx

m∑

k=n+1

(
∆2ak +∆2ak−1

)
D̃k(x)

)
.

Consequently, taking into account that {ak} is semi-convex, we have

π∫

−π

|g(x)− gn(x)| dx = O
(

∞∑

k=n+1

k
∣∣(∆2ak +∆2ak−1

)∣∣
)

= o(1), n→ ∞.

The proof is completed.

As a consequence of this theorem is the following.

Corollary 4.8. If {an} be the semi-convex null sequence, then the necessary
and sufficient for L1-convergence of the cosine series is lim

n→∞
an log n = 0.

Proof. We have

‖Sn(x)− g(x)‖ ≤ ‖Sn(x)− gn(x)‖+ ‖gn(x)− g(x)‖
= ‖gn(x)− g(x)‖

+

∥∥∥∥∥(an − an+2)
D̃n(x)

2 sinx
+ an+1

sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx

∥∥∥∥∥ .

Also
∥∥∥∥∥(an − an+2)

D̃n(x)

2 sinx
+ an+1

sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx

∥∥∥∥∥
= ‖gn(x)− Sn(x)‖ ≤ ‖gn(x)− g(x)‖+ ‖Sn(x)− g(x)‖ ,

and
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|(an − an+2)| =
∣∣∣∣∣

∞∑

k=n

(∆ak −∆ak+2)

∣∣∣∣∣

=

∣∣∣∣∣

∞∑

k=n+1

k

k
(∆ak−1 −∆ak+1)

∣∣∣∣∣

≤ 1

n

∣∣∣∣∣

∞∑

k=n+1

k
(
∆2ak +∆2ak−1

)
∣∣∣∣∣ = o

(
1

n

)
.

Since
π∫

−π

D̃n(x)
2 sin x dx = O(n), then

(an − an+2)

π∫

−π

D̃n(x)

2 sinx
dx = O ((an − an+2)n) = o(1).

Moreover,

π∫

−π

∣∣∣∣an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx

∣∣∣∣ dx ≤
π∫

−π

an

∣∣∣∣
sinnx

2 sinx
+

sin(n+ 1)x

2 sinx

∣∣∣∣ dx

= an

π∫

−π

|Dn(x)| dx ∼ (an log n).

Since ‖gn(x)− g(x)‖ = o(1), as n → ∞, by the already proved theorem,
then it implies that

lim
n→∞

π∫

−π

|g(x)− Sn(x)| dx = 0

if and only if lim
n→∞

an log n = 0.

The proof is completed.

4.5 L1-convergence of modified sums Ks
n
(x) with

coefficients from the class Kα

Let

g(x) =
a0
2

+
∞∑

k=1

ak cos kx

and

Ks
n(x) =

1

2 sinx

n∑

k=1

n∑

j=k

(∆aj−1 −∆aj+1) sin kx.

We give the proof of next result.
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Theorem 4.9. Let {an} ∈ Kα, where α > 0 is a real number. Then Ks
n(x)

converges to g(x) in the L1-norm.

Proof. We have

Ks
n(x) =

1

2 sinx

n∑

k=1

n∑

j=k

(∆aj−1 −∆aj+1) sin kx

=
1

2 sinx

n∑

k=1

(∆ak−1 −∆ak+1) D̃k(x) =
1

2 sinx

n∑

k=1

(∆ak−1 −∆ak+1) S̃k(x).

where

D̃k(x) := S̃k(x) :=

k∑

j=1

sin kx.

Part 1. Let α > 0 be non-integral. Applying Lemma 1.1 α times we obtain

Ks
n(x) =

1

2 sinx

{
n−α∑

k=1

(∆α+1ak−1 −∆α+1ak+1)S̃
α
k (x)

+

α∑

k=1

(∆kan−k −∆kan−k+2)S̃
k
n−k+1(x)

}
.

Then

g(x) = lim
n→∞

Ks
n(x)

=
1

2 sinx

∞∑

k=1

(∆α+1ak−1 −∆α+1ak+1)S̃
α
k (x).

Thus we have
∫ π

0

|g(x)−Ks
n(x)|dx

=

∫ π

0

∣∣∣∣
1

2 sinx

∞∑

k=n−α+1

(∆α+1ak−1 −∆α+1ak+1)S̃
α
k (x)

−
α∑

k=1

(∆kan−k −∆kan−k+2)S̃
k
n−k+1(x)

∣∣∣∣dx

≤ C

∫ π

0

∣∣∣∣
∞∑

k=n−α+1

(∆α+1ak−1 −∆α+1ak+1)S̃
α
k (x)

∣∣∣∣dx

+C

∫ π

0

∣∣∣∣
α∑

k=1

(∆kan−k −∆kan−k+2)S̃
k
n−k+1(x)

∣∣∣∣dx
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≤ C

∞∑

k=n−α+1

|∆α+1ak−1 −∆α+1ak+1|
∫ π

0

∣∣S̃α
k (x)

∣∣dx

+C

α∑

k=1

|∆kan−k −∆kan−k+2|
∫ π

0

∣∣S̃k
n−k+1(x)

∣∣dx

= C

∞∑

k=n−α+1

Aα
k |∆α+1ak−1 −∆α+1ak+1|

∫ π

0

∣∣T̃α
k (x)

∣∣dx

+C

α∑

k=1

Aα
n−k+1|∆kan−k −∆kan−k+2|

∫ π

0

∣∣T̃ k
n−k+1(x)

∣∣dx

≤ C1

∞∑

k=n−α+1

Aα
k |∆α+1ak−1 −∆α+1ak+1|

+C1

α∑

k=1

Aα
n−k+1|∆kan−k −∆kan−k+2| = O(1) + o(1) = o(1),

by Lemmas 1.48, 1.90 and hypothesis of the theorem. So,

lim
n→∞

∫ π

0

|g(x)−Ks
n(x)|dx = 0.

Part 2. Let α > 0 be non-integral. Let α = r + δ, r is the integral part of
α, and δ is the fractional part i.e. 0 < δ < 1.

Case (i). Let r = 0. Applying Abel’s transformation of order −δ, we have

n∑

k=1

S̃δ
k(∆

δ+1ak−1 −∆δ+1ak+1)

=

n∑

k=1

S̃k

n−k∑

m=0

Aδ+1
m (∆δ+1am+k−1 −∆δ+1am+k+1).

Also applying Lemma 1.49 we have

n∑

k=1

S̃δ
k(x)(∆

δ+1ak−1 −∆δ+1ak+1)

=
n∑

k=1

S̃k(x)

{
(∆ak−1 −∆ak+1)

−
∞∑

m=n−k+1

Aδ−1
m (∆δ+1am+k−1 −∆δ+1am+k+1)

}

=

n∑

k=1

S̃k(x)(∆ak−1 −∆ak+1)−Rn(x),
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where

Rn(x) :=
n∑

k=1

S̃k(x)
{
Aδ−1

n−k+1(∆
δ+1an+2 −∆δ+1an)

+Aδ−1
n−k+2(∆

δ+1an+3 −∆δ+1an+1) + · · ·
}
.

Therefore,

1

2 sinx

n∑

k=1

S̃k(x)

{
(∆ak−1 −∆ak+1)

=
1

2 sinx

{
n∑

k=1

S̃δ
k(x)(∆

δ+1ak−1 −∆δ+1ak+1) +Rn(x)

}
,

and consequently

Ks
n(x) =

1

2 sinx

{
n∑

k=1

S̃δ
k(x)(∆

δ+1ak−1 −∆δ+1ak+1) +Rn(x)

}
.

When r = 0, then α = δ and

g(x) =
1

2 sinx

∞∑

k=1

S̃δ
k(x)

(
∆δ+1ak−1 −∆δ+1ak+1

)
.

Therefore,

∫ π

0

|g(x)−Ks
n(x)|dx

=

∫ π

0

∣∣∣∣∣
1

2 sinx

∞∑

k=n+1

S̃δ
k(x)

(
∆δ+1ak−1 −∆δ+1ak+1

)
−Rn(x)

∣∣∣∣∣

≤ C

{
∞∑

k=n+1

∫ π

0

∣∣∣S̃δ
k(x)

∣∣∣ dx
∣∣∆δ+1ak−1 −∆δ+1ak+1

∣∣+
∫ π

0

|Rn(x)|dx
}

≤ C

{
∞∑

k=n+1

Aδ
k

∫ π

0

∣∣∣T̃ δ
k (x)

∣∣∣ dx
∣∣∆δ+1ak−1 −∆δ+1ak+1

∣∣+
∫ π

0

|Rn(x)|dx
}

≤ C1

∞∑

k=n+1

Aδ
k

∣∣∆δ+1ak−1 −∆δ+1ak+1

∣∣+ C

∫ π

0

|Rn(x)|dx

= o(1) + C

∫ π

0

|Rn(x)|dx,

by Lemma 1.48 and Lemma 1.90.
Now we estimate

∫ π

0

∣∣Rn(x)
∣∣dx using Lemmas 1.48, 1.50, and 1.90:
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∫ π

0

∣∣Rn(x)
∣∣dx

=

∫ π

0

∣∣∣∣
n∑

k=1

S̃k(x)

{
Aδ−1

n−k+1

(
∆δ+1an+2 −∆δ+1an

)

+Aδ−1
n−k+2

(
∆δ+1an+3 −∆δ+1an+1

)
+ · · ·

}∣∣∣∣dx

≤
∣∣∆δ+1an+2 −∆δ+1an

∣∣
∫ π

0

∣∣∣∣
n∑

k=1

Aδ−1
n−k+1S̃k(x)

∣∣∣∣dx

+
∣∣∆δ+1an+3 −∆δ+1an+1

∣∣
∫ π

0

∣∣∣∣
n∑

k=1

Aδ−1
n−k+2S̃k(x)

∣∣∣∣dx+ · · ·

≤
∣∣∆δ+1an+2 −∆δ+1an

∣∣
∫ π

0

max
0≤p≤n+1

∣∣∣∣S̃
δ
p(x)

∣∣∣∣dx

+
∣∣∆δ+1an+3 −∆δ+1an+1

∣∣
∫ π

0

max
0≤p≤n+2

∣∣∣∣S̃
δ
p(x)

∣∣∣∣dx+ · · ·

= Aδ+1
n+1

∣∣∆δ+1an+2 −∆δ+1an
∣∣
∫ π

0

max
0≤p≤n+1

∣∣∣∣T̃
δ−1
p (x)

∣∣∣∣dx

+Aδ
n+2

∣∣∆δ+1an+3 −∆δ+1an+1

∣∣
∫ π

0

max
0≤p≤n+2

∣∣∣∣T̃
δ
p (x)

∣∣∣∣dx+ · · ·

≤ CAδ
n+1

∣∣∆δ+1an+2 −∆δ+1an
∣∣

+CAδ
n+2

∣∣∆δ+1an+3 −∆δ+1an+1

∣∣+ · · ·
= o(1) + o(1) + · · · = o(1).

Thus, it follows that

lim
n→∞

‖g(x)−Ks
n(x)‖ = 0.

Case (ii). Let r ≥ 1. Applying Abel’s transformation of order r we have

Ks
n(x) =

1

2 sinx

n∑

k=1

(∆ak−1 −∆ak+1)S̃k(x)

=
1

2 sinx

n−r∑

k=1

(∆r+1ak−1 −∆r+1ak+1)S̃
r
k(x)

+
r∑

k=1

(∆kak−k −∆kan−k+2)S̃
k
n−k+1(x).

Applying Abel’s transformation of order −δ again, we get
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1

2 sinx

n∑

k=1

S̃α−1
k (x)(∆α+1ak−1 −∆α+1ak+1)

=
1

2 sinx

n∑

k=1

S̃r
k(x)

n−k∑

m=0

Aδ−1
m (∆α+1am+k−1 −∆α+1am+k+1).

By Lemma 1.49 we have

1

2 sinx

n∑

k=1

S̃α
k (x)(∆

α+1ak−1 −∆α+1ak+1)

=
1

2 sinx

{
n∑

k=1

S̃r
k(x)(∆

r+1ak−1 −∆r+1ak+1)−Rn(x)

}
,

where

Rn(x) =

n∑

k=1

S̃r
k(x)

{
Aδ−1

n−k+1

(
∆α+1an+2 −∆α+1an

)

+Aδ−1
n−k+2

(
∆α+1an+3 −∆α+1an+1

)
+ · · ·

}

=
(
∆α+1an+2 −∆α+1an

) n∑

k=1

Aδ−1
n−k+1S̃

r
k(x)

+
(
∆α+1an+3 −∆α+1an+1

) n∑

k=1

Aδ−1
n−k+2S̃

r
k(x) + · · ·

Replacing n by n− r we obtain

1

2 sinx

n−r∑

k=1

S̃α
k (x)(∆

α+1ak−1 −∆α+1ak+1)

=
1

2 sinx

{
n−r∑

k=1

S̃r
k(x)(∆

r+1ak−1 −∆r+1ak+1)−Rn−r(x)

}
.

Now, based on what have obtained above, we get

Ks
n(x) =

1

2 sinx

{
n−r∑

k=1

S̃α
k (x)(∆

α+1ak−1 −∆α+1ak+1) +Rn−r(x)

+
r∑

k=1

(∆kan−k −∆kan−k+2)S̃
k
n−k+1(x)

}
.

Hence, under assumptions of theorem and Lemma 1.48, we have
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∫ π

0

|g(x)−Ks
n(x)|dx

≤
∫ π

0

∣∣∣∣
1

2 sinx

{
∞∑

k=n−r+1

S̃α
k (x)(∆

α+1ak−1 −∆α+1ak+1)

−Rn−r(x)−
r∑

k=1

(∆kan−k −∆kan−k+2)S̃
k
n−k+1(x)

}∣∣∣∣dx

≤ C
∞∑

k=n−r+1

|∆α+1ak−1 −∆α+1ak+1|
∫ π

0

∣∣S̃α
k (x)

∣∣dx

+

∫ π

0

∣∣Rn−r(x)
∣∣dx+

r∑

k=1

|∆kan−k −∆kan−k+2|
∫ π

0

∣∣S̃k
n−k+1(x)

∣∣dx

= C
∞∑

k=n−r+1

Aα
k |∆α+1ak−1 −∆α+1ak+1|

∫ π

0

∣∣T̃α
k (x)

∣∣dx

+

∫ π

0

∣∣Rn−r(x)
∣∣dx+

r∑

k=1

Ak
n−k+1|∆kan−k+1 −∆kan−k+2|

∫ π

0

∣∣T̃ k
n−k+1(x)

∣∣dx

≤ C1

∞∑

k=n−r+1

Aα
k |∆α+1ak−1 −∆α+1ak+1|+ C

∫ π

0

∣∣Rn−r(x)
∣∣dx

+C1

r∑

k=1

Ak
n−k+1|∆kan−k −∆kan−k+2|

= o(1) +

∫ π

0

∣∣Rn−r(x)
∣∣dx+ o(1) = o(1) +

∫ π

0

∣∣Rn−r(x)
∣∣dx.

However, by the assumptions of the theorem we obtain

∫ π

0

∣∣Rn−r(x)
∣∣dx

≤
∫ π

0

∣∣∣∣

(
n−r∑

k=1

Aδ−1
n−r−k+1S̃

r
k(x)

)
(
∆α+1an−r+2 −∆α+1an−r

) ∣∣∣∣dx

+

∫ π

0

∣∣∣∣

(
n−r∑

k=1

Aδ−1
n−r−k+2S̃

r
k(x)

)
(
∆α+1an−r+3 −∆α+1an−r+1

) ∣∣∣∣dx

+

∫ π

0

∣∣∣∣

(
n−r∑

k=1

Aδ−1
n−r−k+3S̃

r
k(x)

)
(
∆α+1an−r+5 −∆α+1an−r+2

) ∣∣∣∣dx

+ · · ·

≤
n−r∑

k=1

Aδ−1
n−r−k+1A

r
k|∆α+1an−r+2 −∆α+1an−r|

∫ π

0

∣∣T̃ r
k (x)

∣∣dx
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+

n−r∑

k=1

Aδ−1
n−r−k+2A

r
k|∆α+1an−r+3 −∆α+1an−r+1|

∫ π

0

∣∣T̃ r
k (x)

∣∣dx

+

n−r∑

k=1

Aδ−1
n−r−k+3A

r
k|∆α+1an−r+5 −∆α+1an−r+2|

∫ π

0

∣∣T̃ r
k (x)

∣∣dx

+ · · ·

≤ C1

n−r∑

k=1

Aδ−1
n−r−k+1A

r
k|∆α+1an−r+2 −∆α+1an−r|

+C1

n−r∑

k=1

Aδ−1
n−r−k+2A

r
k|∆α+1an−r+3 −∆α+1an−r+1|

+C1

n−r∑

k=1

Aδ−1
n−r−k+3A

r
k|∆α+1an−r+5 −∆α+1an−r+2|

+ · · ·

≤ C1

n+1−r∑

k=1

Aδ−1
n+1−r−kA

r
k|∆α+1an−r+2 −∆α+1an−r|

+C1

n+2−r∑

k=1

Aδ−1
n+2−r−kA

r
k|∆α+1an−r+3 −∆α+1an−r+1|

+C1

n+3−r∑

k=1

Aδ−1
n+3−r−kA

r
k|∆α+1an−r+5 −∆α+1an−r+2|

+ · · ·
≤ C2A

r+δ
n+1−r|∆α+1an−r+2 −∆α+1an−r|

+C2A
r+δ
n+2−r|∆α+1an−r+3 −∆α+1an−r+1|

+C2A
r+δ
n+3−r|∆α+1an−r+5 −∆α+1an−r+2|

+ · · ·
≤ C2A

α
n+1−r|∆α+1an−r+2 −∆α+1an−r|

+C2A
α
n+2−r|∆α+1an−r+3 −∆α+1an−r+1|

+C2A
α
n+3−r|∆α+1an−r+5 −∆α+1an−r+2|

+ · · ·
= o(1) + o(1) + o(1) + · · · = o(1) as n→ ∞.

Therefore, we proved that

lim
n→∞

‖g(x)−Ks
n(x)‖ = 0.

So, the cases (i) and (ii) imply

lim
n→∞

‖g(x)−Ks
n(x)‖ = 0,
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when α is non-integral.
Finally, we have deduced that

lim
n→∞

‖g(x)−Ks
n(x)‖ = 0,

for any α > 0, which means Ks
n(x) → g(x) in L1-norm.

The proof is completed.

4.6 L1-convergence of modified sums Ks
nr
(x) with

coefficients from the class Kα

Let

g(x) =

∞∑

k=1

ak cos kx

and

Ks
nr(x) =

1

2 sinx

n∑

k=1

(∆rak−1 −∆rak+1) S̃
r−1
k (x),

where r is any real number greater or equal to 1.
We give here the proof of next result.

Theorem 4.10. Let α be a positive real number. If {an} ∈ Kα, then for
α ≤ r ≤ α+ 1

(i) Ks
n(x) converges to g(x) pointwise for 0 < δ ≤ x ≤ π, and

(ii)Ks
n(x) → g(x) in the L1-norm.

Proof. We have

g(x) =
1

2 sinx

∞∑

k=1

(∆rak−1 −∆rak+1) S̃
r−1
k (x)

and

Ks
nr(x) =

1

2 sinx

n∑

k=1

(∆rak−1 −∆rak+1) S̃
r−1
k (x).

Case 1. Let r = α+ 1. Then

Ks
nr(x) =

1

2 sinx

n∑

k=1

(
∆α+1ak−1 −∆α+1ak+1

)
S̃α
k (x).

So Ks
nr(x) to g(x) point-wise for 0 < δ ≤ π.

Now, by hypothesis of the theorem we obtain
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∫ π

0

|g(x)−Ks
nr(x)|dx

=

∫ π

0

∣∣∣∣∣
1

2 sinx

∞∑

k=n+1

(∆rak−1 −∆rak+1) S̃
r−1
k (x)

∣∣∣∣∣ dx

≤ C

∞∑

k=n+1

|∆rak−1 −∆rak+1|
∫ π

0

∣∣∣S̃r−1
k (x)

∣∣∣ dx

= C
∞∑

k=n+1

Aα
k |∆rak−1 −∆rak+1|

∫ π

0

∣∣∣T̃ r−1
k (x)

∣∣∣ dx

≤ C1

∞∑

k=n+1

Aα
k |∆rak−1 −∆rak+1| = o(1), n→ ∞.

Therefore, Ks
n(x) converges to g(x), as n→ ∞ in the L1-norm.

Case 2. Let α < r < α+ 1. Take r = α+ 1− δ and 0 < δ < 1. Then

Ks
nr(x) =

1

2 sinx

n∑

k=1

(∆rak−1 −∆rak+1) S̃
r−1
k (x)

=
1

2 sinx

n∑

k=1

(
∆α+1−δak−1 −∆α+1−δak+1

)
S̃α−δ
k (x).

Applying Abel’s transformation of order −δ again and using Lemma 1.49,
we get

1

2 sinx

n∑

k=1

(
∆α+1ak−1 −∆α+1ak+1

)
S̃α
k (x)

=
1

2 sinx

{
n∑

k=1

S̃α−δ
k (x)

n−k∑

m=1

Aδ−1
m

(
∆α+1am+k−1 −∆α+1am+k+1

)
}

=
1

2 sinx

{
n∑

k=1

S̃α−δ
k (x)

[ (
∆α−δ+1ak−1 −∆α−δ+1ak+1

)

−
∞∑

m=n−k+1

Aδ−1
m

(
∆δ+1am+k−1 −∆δ+1am+k+1

) ]
}

=
1

2 sinx

[
n∑

k=1

(
∆α−δ+1ak−1 −∆α−δ+1ak+1

)
S̃α−δ
k (x)−Rn(x)

]
,

where

Rn(x) :=

n∑

k=1

S̃α−δ
k (x)

[
Aδ−1

n−k+1

(
∆δ+1an −∆δ+1an+2

)
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+Aδ−1
n−k+2

(
∆δ+1an+1 −∆δ+1an+3

)
+ · · ·

]

=

n∑

k=1

S̃r−δ
k (x)Aδ−1

n−k+1

(
∆δ+1an+2 −∆δ+1an

)

+

n∑

k=1

S̃r−δ
k (x)Aδ−1

n−k+2

(
∆δ+1an+1 −∆δ+1an+3

)
+ · · · .

This implies that

Ks
nr(x) =

1

2 sinx

[ n∑

k=1

S̃α
k (x)

(
∆α+1ak−1 −∆α+1ak+1

)
+Rn(x)

]
.

Whence, by hypothesis of the theorem we have

∫ π

0

|g(x)−Ks
nr(x)|dx

=

∫ π

0

∣∣∣∣∣
1

2 sinx

[ ∞∑

k=n+1

S̃α
k (x)

(
∆α+1ak−1 −∆α+1ak+1

)
−Rn(x)

]∣∣∣∣∣ dx

≤ C

[ ∞∑

k=n+1

∣∣∆α+1ak−1 −∆α+1ak+1

∣∣
∫ π

0

∣∣∣S̃α
k (x)

∣∣∣ dx+

∫ π

0

|Rn(x)| dx
]

≤ C

[ ∞∑

k=n+1

Aα
k

∣∣∆α+1ak−1 −∆α+1ak+1

∣∣
∫ π

0

∣∣∣T̃α
k (x)

∣∣∣ dx+

∫ π

0

|Rn(x)| dx
]

≤ C1

[ ∞∑

k=n+1

Aα
k

∣∣∆α+1ak−1 −∆α+1ak+1

∣∣+
∫ π

0

|Rn(x)| dx
]

= o(1) + C1

∫ π

0

|Rn(x)| dx.

Let us estimate now the quantity
∫ π

0
|Rn(x)| dx. Indeed, using Lemmas

1.48, 1.50, and 1.90 we obtain

∫ π

0

∣∣Rn(x)
∣∣dx

=

∫ π

0

∣∣∣∣

(
n∑

k=1

Aδ−1
n−k+1S̃

α−δ
k (x)

)
(
∆δ+1an −∆δ+1an+2

)

+

(
n∑

k=1

Aδ−1
n−k+2S̃

α−δ
k (x)

)
(
∆δ+1an+1 −∆δ+1an+3

)
+ · · ·

∣∣∣∣dx

≤
∣∣∆δ+1an −∆δ+1an+2

∣∣
∫ π

0

∣∣∣∣∣

n∑

k=1

Aδ−1
n−k+1S̃

α−δ
k (x)

∣∣∣∣∣ dx
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+
∣∣∆δ+1an+1 −∆δ+1an+3

∣∣
∫ π

0

∣∣∣∣∣

n∑

k=1

Aδ−1
n−k+2S̃

α−δ
k (x)

∣∣∣∣∣ dx+ · · ·

≤
∣∣∆δ+1an −∆δ+1an+2

∣∣
∫ π

0

max
0≤p≤n+1

∣∣∣S̃δ
p(x)

∣∣∣ dx

+
∣∣∆δ+1an+1 −∆δ+1an+3

∣∣
∫ π

0

max
0≤p≤n+2

∣∣∣S̃δ
p(x)

∣∣∣ dx+ · · ·

= CAδ
n+1

∣∣∆δ+1an −∆δ+1an+2

∣∣
∫ π

0

max
0≤p≤n+1

∣∣∣T̃ δ
p (x)

∣∣∣ dx

+CAδ
n+2

∣∣∆δ+1an+1 −∆δ+1an+3

∣∣
∫ π

0

max
0≤p≤n+2

∣∣∣T̃ δ
p (x)

∣∣∣ dx+ · · ·

= C1A
δ
n+1

∣∣∆δ+1an −∆δ+1an+2

∣∣+ C1A
δ
n+2

∣∣∆δ+1an+1 −∆δ+1an+3

∣∣+ · · ·
= o(1) as n→ ∞.

Using this fact we clearly have

lim
n→∞

‖g(x)−Ks
nr(x)‖ = 0.

Case 3. Let α = r. In this case

Ks
nr(x) =

1

2 sinx

n∑

k=1

(∆αak−1 −∆αak+1) S̃
α−1
k (x).

Applying Abel’s transformation, we have

Ks
nr(x) =

1

2 sinx

[ n∑

k=1

(
∆α+1ak−1 −∆α+1ak+1

)
S̃α
k (x)

+ (∆αan −∆αan+2) S̃
α−1
n (x)

]
.

Since, S̃α
k (x) are bounded for 0 < δ ≤ x ≤ π, then

Ks
nr(x) → g(x) =

1

2 sinx

∞∑

k=1

(
∆α+1ak−1 −∆α+1ak+1

)
S̃α
k (x)

pointwise for 0 < δ ≤ x ≤ π.
Subsequently, by hypothesis of the theorem and Lemma 1.48 we get
∫ π

0

|g(x)−Ks
nr(x)|dx

=

∫ π

0

∣∣∣∣∣
1

2 sinx

[ ∞∑

k=1

(
∆α+1ak−1 −∆α+1ak+1

)
S̃α
k (x)

− (∆αan −∆αan+2) S̃
α
n (x)

]∣∣∣∣∣dx
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≤ C

[
∞∑

k=1

(
∆α+1ak−1 −∆α+1ak+1

) ∫ π

0

∣∣∣S̃α
k (x)

∣∣∣ dx

+ |∆αan −∆αan+2|
∫ π

0

∣∣∣S̃α
n (x)

∣∣∣ dx
]

= C

[
∞∑

k=1

Aα
k

∣∣∆α+1ak−1 −∆α+1ak+1

∣∣
∫ π

0

∣∣∣T̃α
k (x)

∣∣∣ dx

+Aα
n |∆αan −∆αan+2|

∫ π

0

∣∣∣T̃α
n (x)

∣∣∣ dx
]

≤ C1

∞∑

k=1

Aα
k

∣∣∆α+1ak−1 −∆α+1ak+1

∣∣

+C1A
α
n |∆αan −∆αan+2| = o(1) + o(1) = o(1), as n→ ∞.

The proof is completed.

4.7 L1-convergence of modified sums kc
n
(x) and ks

n
(x)

with semi-convex coefficients

Let
a0
2

+
∞∑

k=1

ak cos kx and
∞∑

k=1

ak sin kx

be cosine and sine series, with their partial sums

Sc
n(x) =

a0
2

+

n∑

k=1

ak cos kx and Ss
n(x) =

n∑

k=1

ak sin kx

respectively, and let

f(x) = lim
n→∞

Sc
n(x) and g(x) = lim

n→∞
Ss
n(x).

Also we recall the following modified trigonometric sums

kcn(x) = − 1

2 sinx

n∑

k=0

n∑

j=k

∆ [(aj−1 − aj+1) cos jx]

and

ksn(x) =
1

2 sinx

n∑

k=1

n∑

j=k

∆ [(aj−1 − aj+1) sin jx] .

Firstly, we prove the following.
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Theorem 4.11. Let {an} be a semi-convex null sequence, then kcn(x) con-
verges to g(x) in L1-norm.

Proof. We have

kcn(x) = − 1

2 sinx

n∑

k=0

n∑

j=k

∆ [(aj−1 − aj+1) cos jx] (4.1)

= − 1

2 sinx

n∑

k=0

[(ak−1 − ak+1) cos kx− (an − an+2) cos(n+ 1)x]

= − 1

2 sinx

n∑

k=0

(ak−1 − ak+1) cos kx+ (n+ 1) (an − an+2)
cos(n+ 1)x

2 sinx

= − 1

2 sinx

n∑

k=0

(∆ak−1 +∆ak) cos kx+ (n+ 1) (an − an+2)
cos(n+ 1)x

2 sinx
.

Applying Abel’s transformation in (4.1), we have

kcn(x) = − 1

2 sinx

{
n−1∑

k=0

(
∆2ak−1 +∆2ak

)(
Dk(x) +

1

2

)
(4.2)

+ (∆an−1 +∆an)

(
Dn(x) +

1

2

)}
+ (n+ 1) (an − an+2)

cos(n+ 1)x

2 sinx

= − 1

2 sinx

{
n∑

k=0

(
∆2ak−1 +∆2ak

)
Dk(x)− (∆an−1 −∆an+1)Dn(x)

+
1

2

n−1∑

k=0

(∆ak−1 −∆ak+1) +
∆an−1 +∆an

2

}
+ (n+ 1) (an − an+2)

cos(n+ 1)x

2 sinx

= − 1

2 sinx

n∑

k=0

(
∆2ak−1 +∆2ak

)
Dk(x) + (n+ 1) (an − an+2)

cos(n+ 1)x

2 sinx
.

On the other side we have

Ss
n(x) =

1

sinx

n∑

k=1

ak sin kx sinx (4.3)

= − 1

2 sinx

n∑

k=1

ak [cos(k + 1)x− cos(k − 1)x]

= − 1

2 sinx

n∑

k=0

(ak−1 − ak+1) cos kx− an+1
cosnx

2 sinx
− an

cos(n+ 1)x

2 sinx

= − 1

2 sinx

n∑

k=0

(∆ak−1 +∆ak) cos kx− an+1
cosnx

2 sinx
− an

cos(n+ 1)x

2 sinx
.
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Applying Abel’s transformation to (4.3) we get

Ss
n(x) = − 1

2 sinx

{
n−1∑

k=0

(
∆2ak−1 +∆2ak

)(
Dk(x) +

1

2

)

+(∆an−1 +∆an)

(
Dn(x) +

1

2

)}
− an+1

cosnx

2 sinx
− an

cos(n+ 1)x

2 sinx

= − 1

2 sinx

{
n∑

k=0

(
∆2ak−1 +∆2ak

)
Dk(x) +

1

2

n−1∑

k=0

(∆ak−1 −∆ak+1)

+ (∆an +∆an+1)Dn(x) +
∆an−1 +∆an

2

}
− an+1

cosnx

2 sinx
− an

cos(n+ 1)x

2 sinx

= − 1

2 sinx

n∑

k=0

(
∆2ak−1 +∆2ak

)
Dk(x)

− (an − an+2)
Dn(x)

2 sinx
− an+1

cosnx

2 sinx
− an

cos(n+ 1)x

2 sinx
. (4.4)

Since {an} is semi-convex sequence, then we have

|(n+ 1) (an − an+2) | = (n+ 1)

∣∣∣∣∣

∞∑

k=n

(∆ak −∆ak+2)

∣∣∣∣∣

= (n+ 1)

∣∣∣∣∣

∞∑

k=n+1

(∆ak−1 −∆ak+1)

∣∣∣∣∣

≤
∞∑

k=n+1

k|∆2ak−1 +∆2ak| = o(1), n→ ∞. (4.5)

Using (4.5) and passing on limit as n→ ∞ to (4.2) and (4.2) we get

g(x) = lim
n→∞

Ss
n(x) = lim

n→∞
kcn(x)

= − 1

2 sinx

∞∑

k=0

(
∆2ak−1 +∆2ak

)
Dk(x). (4.6)

Applying well-known inequality |Dk(x)| ≤ 1/2 + k, k = 1, 2, . . ., and rela-
tions (4.4), (4.5) and (4.6) we obtain
∫ π

−π

|g(x)− kcn(x)| dx

=

∫ π

−π

∣∣∣∣∣
1

2 sinx

∞∑

k=n+1

(
∆2ak−1 +∆2ak

)
Dk(x) + (n+ 1) (an − an+2)

cos(n+ 1)x

2 sinx

∣∣∣∣∣dx

= O
(

∞∑

k=n+1

k|∆2ak−1 +∆2ak|
)

+O (|(n+ 1) (an − an+2) |) = o(1), n→ ∞.



162 4 L1-convergence of some other modified trigonometric sums

The proof is completed.

Corollary 4.12. Let {an} be a semi-convex null sequence. Then the necessary
and sufficient condition for L1-convergence of the sine series is limn→∞ an log n =
0.

Proof. Let ‖Ss
n(x) − g(x)‖ = o(1), n → ∞. We are going to show that

an log n = o(1), n→ ∞.
Indeed, we have

∥∥g(x)− kcn(x)
∥∥+

∥∥Ss
n(x)− g(x)

∥∥+
∥∥∥∥(n+ 1) (an − an+2)

cos(n+ 1)x

2 sinx

∥∥∥∥

+

∥∥∥∥ (an − an+2)
Dn(x)

2 sinx

∥∥∥∥ ≥
∥∥∥∥an+1

cosnx

2 sinx
+ an

cos(n+ 1)x

2 sinx

∥∥∥∥

≥ an+1

∫ π

−π

∣∣∣∣
cosnx

2 sinx
+

cos(n+ 1)x

2 sinx

∣∣∣∣ dx = an+1

∫ π

−π

∣∣∣∣D̃n(x)−
1

2
ctg

x

2

∣∣∣∣ dx

= an+1

(∫ π

−π

∣∣∣D̃n(x)
∣∣∣ dx−

∫ π

−π

∣∣∣cot x
2

∣∣∣ dx
)

= O (an+1 log n) . (4.7)

Since
∥∥g(x) − kcn(x)

∥∥ = o(1) by Theorem,
∥∥Ss

n(x) − g(x)
∥∥ = o(1) by

assumption of corollary, and (4.5), the third and fourth term in the left side
of relation (4.7) tends to 0. This means that an log n = o(1), n→ ∞.

Conversely, let an log n = o(1), n→ ∞. Then by (4.7)
∥∥Ss

n(x)− g(x)
∥∥ ≤

∥∥kcn(x)− g(x)
∥∥+

∥∥kcn(x)− Ss
n(x)

∥∥

=
∥∥kcn(x)− g(x)

∥∥+
∥∥∥∥(n+ 1) (an − an+2)

cos(n+ 1)x

2 sinx

+(an − an+2)
Dn(x)

2 sinx
+ an+1

cosnx

2 sinx
+ an

cos(n+ 1)x

2 sinx

∥∥∥∥
= o(1) +O ((n+ 1)|an − an+2|) +O (n|an − an+2|)

+

∥∥∥∥an+1
cosnx

2 sinx
+ an

cos(n+ 1)x

2 sinx

∥∥∥∥

= o(1) +

∥∥∥∥an+1
cosnx

2 sinx
+ an

cos(n+ 1)x

2 sinx

∥∥∥∥. (4.8)

However,
∫ π

−π

∣∣∣∣an+1
cosnx

2 sinx
+ an

cos(n+ 1)x

2 sinx

∣∣∣∣ dx ≤ an

∫ π

−π

∣∣∣∣
cosnx+ cos(n+ 1)x

2 sinx

∣∣∣∣ dx

= an

∫ π

−π

∣∣∣∣
1

2
cot

x

2
− D̃n(x)

∣∣∣∣ dx = O (an log n) = o(1), n→ ∞,

and therefore from (4.8) we get ‖Ss
n(x)− g(x)

∥∥ = o(1), n→ ∞.
The proof is completed.
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Theorem 4.13. Let {an} be a semi-convex null sequence. Then ksn(x) con-
verges to f(x) in L1-norm.

Proof. The proof is very similar to the proof of Theorem 4.11.

Corollary 4.14. Let {an} be a semi-convex null sequence. Then the nec-
essary and sufficient condition for L1-convergence of the cosine series is
limn→∞ an log n = 0.

Proof. The proof is very similar to the proof of Corollary 4.12.

4.8 L1-convergence of modified sums βsin
n

(x) and βcos
n

(x)
with coefficients from the class BVlog

We consider
a0
2

+

∞∑

k=1

ak cos kx

and
∞∑

k=1

ak sin kx

cosine and sine series, and the modified trigonometric sums

βsin
n (x) =

n∑

k=1

n∑

j=k

∆

(
aj

log(j + 1)

)
log(k + 1) sin kx

and

βcos
n (x) =

a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj

log(j + 1)

)
log(k + 1) cos kx.

Here and throughout this unit we will denote by Sn(x) the partial sums
of the cosine or sine series and limn→∞ Sn(x) = β(x), where β(x) is the sum-
function of sine or cosine series.

We prove here the following.

Theorem 4.15. Let {ak} be a sequence that belongs to the class BVlog, then

(i) βn(x) converges point-wise to β(x) for δ ≤ x ≤ π, δ > 0,
(ii) βn(x) converges to β(x) in the L1-norm, and
(iii) β(x) is an integrabile function i.e. β ∈ L1,

where βn(x) represents either βcos
n (x) or βsin

n (x).
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Proof. (i) We consider only the case of the sine sums βsin
n (x), since the case

of cosine sums βcos
n (x) can be treated in a similar way.

We have

βsin
n (x) =

n∑

k=1

n∑

j=k

∆

(
aj

log(j + 1)

)
log(k + 1) sin kx

=

n∑

k=1

(
∆

(
ak

log(k + 1)

)
+ · · ·+∆

(
an

log(n+ 1)

))
log(k + 1) sin kx

=

n∑

k=1

(
ak

log(k + 1)
− an+1

log(n+ 2)

)
log(k + 1) sin kx

=
n∑

k=1

ak sin kx− an+1

log(n+ 2)
D̃log

n (x). (4.9)

Since the sequence {ak} tends to zero then the second term in (4.9) tends
to zero. Namely, using Lemma 1.87 for 0 < δ ≤ x ≤ π, we find that

∣∣∣∣
an+1

log(n+ 2)
D̃log

n (x)

∣∣∣∣ =
an+1

log(n+ 2)

∣∣∣D̃log
n (x)

∣∣∣

=
an+1

log(n+ 2)
O
(
log(n+ 1)

x

)
=

1

δ
O
(
an+1 log(n+ 1)

log(n+ 2)

)

=
1

δ
O (an+1) = o(1), as n→ ∞,

in view of log(n+1)
log(n+2) ≤ 1 for all n ∈ N .

Therefore, we obtain that

lim
n→∞

βsin
n (x) = lim

n→∞
Sn(x) = β(x), for 0 < x ≤ π.

(ii) Based on equality (4.10) we can write

β(x)− βsin
n (x) =

∞∑

k=n+1

ak sin kx+
an+1

log(n+ 2)
D̃log

n (x)

= lim
p→∞

p∑

k=n+1

ak
log(k + 1)

log(k + 1) sin kx

+
an+1

log(n+ 2)
D̃log

n (x).

Applying the summation by parts to the above equality we get

β(x)− βsin
n (x) = lim

p→∞

[ p−1∑

k=n+1

∆

(
ak

log(k + 1)

)
D̃log

k (x)

+
ap

log(p+ 1)
D̃log

p (x)− an+1

log(n+ 2)
D̃log

n (x)

]
+

an+1

log(n+ 2)
D̃log

n (x).
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In a similar way one can show that (based on discussion we made in the
proof of the assertion (i)) the second term in brackets of the above equality
tend to zero, and hence we obtain

β(x)− βsin
n (x) =

∞∑

k=n+1

∆

(
ak

log(k + 1)

)
D̃log

k (x).

Since

k∑

j=1

log(j + 1) sin(jx) =

k−1∑

j=1

∆(log(j + 1))

j∑

s=1

sin(sx) + log(k + 1)

k∑

s=1

sin(sx),

then we proceed as follows

∫ π

0

|D̃log
k (x)|dx ≤

k−1∑

j=1

|∆(log(j + 1))|
∫ π

0

∣∣∣∣
j∑

s=1

sin(sx)

∣∣∣∣dx

+ log(k + 1)

∫ π

0

∣∣∣∣
k∑

s=1

sin(sx)

∣∣∣∣dx

=

k−1∑

j=1

log

(
1 +

1

j + 1

)
|O(log j) +O(log2 k)

= O(log k)

k∑

j=1

1

j + 1
+O(log2(k + 1)) = O(log2(k + 1)).

Subsequently, since {ak} ∈ BVlog we get

‖β(x)− βsin
n (x)‖ ≤

∞∑

k=n+1

∣∣∣∆
(

ak
log(k + 1)

) ∣∣∣
∫ π

0

|D̃log
k (x)|dx

= O
(

∞∑

k=n+1

log2(k + 1)
∣∣∣∆
(

ak
log(k + 1)

) ∣∣∣
)

= o(1),

as n→ ∞, which obviously means that βsin
n (x) → β(x) in the L1-norm.

(iii) Since βsin
n (x) is a polynomial, then the obtained relation ‖β(x) −

βsin
n (x)‖ = o(1) as n→ ∞ in (ii), clearly implies β ∈ L1.
The proof is completed.

Now we will deduce a sufficient condition for the L1-convergence of the
sine series. Let g(x) be the sum function of the sine series and Sn(g;x) its
partial sums.

Corollary 4.16. Let {ak} ∈ BVlog, then ‖g − Sn(g)‖ = o(1) as n→ ∞, i.e.
the sine series is Fourier series of the function g.
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Proof. Using (4.9), the already proved Theorem (ii), and

∫ π

0

|D̃log
n (x)|dx = O(log2(n+ 1))

we have
∫ π

0

|g(x)− Sn(x)|dx ≤
∫ π

0

|f(x)− βsin
n (x)|dx+

∫ π

0

|βsin
n (x)− Sn(x)|dx

= o(1) +
|an+1|

log(n+ 1)

∫ π

0

|D̃log
n (x)|dx

= o(1) +O (|an+1| log(n+ 1)) .

Since

0 ≤ |an+1| log(n+ 1) ≤
∞∑

j=n

log2(j + 1)

∣∣∣∣
aj

log(j + 1)
− aj+1

log(j + 2)

∣∣∣∣→ 0

as n→ ∞, then we have

∫ π

0

|g(x)− Sn(x)|dx→ 0 as n→ ∞.

The proof is completed.

4.9 L1-convergence of modified sums ψc
n
(x) and ψs

n
(x)

with coefficients from the class Rlog

We consider
a0
2

+

∞∑

k=1

ak cos kx

and
∞∑

k=1

ak sin kx

cosine and sine series, and the modified trigonometric sums

ψc
n(x) =

a0
2

+

n∑

k=1

n∑

j=k

( n∑

i=j

∆2
(ai
i

))
k cos kx

and

ψs
n(x) =

n∑

k=1

n∑

j=k

( n∑

i=j

∆2
(ai
i

))
k sin kx.

The following theorem presents the main result of this unit.
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Theorem 4.17. Let {ak} be a null sequence. If {ak} ∈ Rlog then

(i) ψn(x) converges to ψ(x) pointwise for 0 < δ ≤ x ≤ π,
(ii) ψ ∈ L(0, π], and
(iii) ψn(x) → ψ(x) in the L1-norm,

where ψn(x) represents either ψc
n(x) or ψ

s
n(x).

Proof. (i) We consider only the case of the cosine sums ψc
n(x), since for the

case of sine sums ψs
n(x) it can be treated in the same way.

We have

ψn(x) =
a0
2

+

n∑

k=1

n∑

j=k

( n∑

i=j

∆2
(ai
i

))
k cos kx

=
a0
2

+

n∑

k=1

n∑

j=k

(
∆2

(
aj
j

)
+∆2

(
aj+1

j + 1

)
+ · · ·+∆2

(an
n

))
k cos kx

=
a0
2

+

n∑

k=1

n∑

j=k

(
∆

(
aj
j

)
−∆

(
an+1

n+ 1

))
k cos kx

=
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx−∆

(
an+1

n+ 1

) n∑

k=1

n∑

j=k

k cos kx

=
a0
2

+
n∑

k=1

(
ak
k

− an+1

n+ 1

)
k cos kx−∆

(
an+1

n+ 1

)[ n∑

k=1

n∑

j=k

sin kx

]′

=
a0
2

+

n∑

k=1

(
ak
k

− an+1

n+ 1

)
k cos kx−∆

(
an+1

n+ 1

)
×

×
( n∑

j=1

sin kx+

n∑

j=2

sin kx+

n∑

j=3

sin kx+ · · ·+
n∑

j=n

sin kx

)′

=
a0
2

+

n∑

k=1

(
ak
k

− an+1

n+ 1

)
k cos kx−∆

(
an+1

n+ 1

)
×

×
[
D̃n(x) +

(
D̃n(x)− D̃1(x)

)

+
(
D̃n(x)− D̃2(x)

)
+ · · ·+

(
D̃n(x)− D̃n−1(x)

)]′

=
a0
2

+

n∑

k=1

(
ak
k

− an+1

n+ 1

)
k cos kx−∆

(
an+1

n+ 1

)
×

×
[
nD̃n(x)−

(
D̃1(x) + D̃2(x) + · · ·+ D̃n−1(x)

)]′

=
a0
2

+

n∑

k=1

ak cos kx− an+1

n+ 1
D̃′

n(x)−∆

(
an+1

n+ 1

)[
nD̃n(x)−

n−1∑

s=1

D̃s(x)

]′
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= Sn(x)−
an+1

n+ 1
D̃′

n(x)− n∆

(
an+1

n+ 1

)(
D̃′

n(x)− F̃ ′
n−1(x)

)
, (4.10)

where D̃n(x) and F̃n(x) denote the conjugate Dirichlet and Fejer’s kernels
respectively. It is not difficult to verify the estimations

|D̃′
n(x)| ≤

2π2n

δ2
and |F̃ ′

n−1(x)| ≤
π2n

δ2
, 0 < δ ≤ x ≤ π.

Since the sequence {ak} tends to zero then the second term in (4.10) tends
to zero as well, based on the above estimation. For the third term we also have

∣∣∣∣n∆
(
an+1

n+ 1

)(
D̃′

n(x)− F̃ ′
n−1(x)

)∣∣∣∣ ≤
2π2

δ2
n2
∣∣∣∣∆
(
an+1

n+ 1

)∣∣∣∣

≤ 2π2

δ2
n2

∞∑

m=n+1

∣∣∣∆2
(am
m

)∣∣∣

≤ 2π2

δ2

∞∑

m=n

m2
∣∣∣∆2

(am
m

)∣∣∣

= o(1) as n→ ∞, (4.11)

in view of {ak} ∈ Rlog.
Therefore, we obtain that

lim
n→∞

ψn(x) = lim
n→∞

Sn(x) = ψ(x), for 0 < x ≤ π.

(ii) The statement ψ ∈ L(0, π] is an immediate result of Theorem 4.17 since
by our assumption {ak} ∈ Rlog.
(iii) Based on equality (4.10) we can write

ψ(x)− ψn(x) =
∞∑

k=n+1

ak cos kx

+
an+1

n+ 1
D̃′

n(x) + n∆

(
an+1

n+ 1

)(
D̃′

n(x) + F̃ ′
n−1(x)

)

= lim
p→∞

(
p∑

k=n+1

ak
k

sin kx

)′

+
an+1

n+ 1
D̃′

n(x) + n∆

(
an+1

n+ 1

)(
D̃′

n(x) + F̃ ′
n−1(x)

)
.

Applying the summation by parts to the above equality twice we get

ψ(x)− ψn(x) = lim
p→∞

(
p−1∑

k=n+1

∆
(ak
k

)
D̃′

k(x) +
ap
p
D̃′

p(x)−
an+1

n+ 1
D̃′

n(x)

)
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+
an+1

n+ 1
D̃′

n(x) + n∆

(
an+1

n+ 1

)(
D̃′

n(x) + F̃ ′
n−1(x)

)

= lim
p→∞

(
p−2∑

k=n+1

(k + 1)∆2
(ak
k

)
F̃ ′
k(x) + p∆

(
ap−1

p− 1

)
F̃ ′
p−1(x)

−(n+ 1)∆

(
an+1

n+ 1

)
F̃ ′
n(x) +

ap
p
D̃′

p(x)

)

+n∆

(
an+1

n+ 1

)(
D̃′

n(x) + F̃ ′
n−1(x)

)
.

In a similar way one can show that (based on discussion we made in the proof
of the assertion (i)) the second term and the fourth term in brackets of the
above equality tend to zero, and hence we obtain

ψ(x)− ψn(x) =

∞∑

k=n+1

(k + 1)∆2
(ak
k

)
F̃ ′
k(x)

−(n+ 1)∆

(
an+1

n+ 1

)
F̃ ′
n(x) + n∆

(
an+1

n+ 1

)(
D̃′

n(x) + F̃ ′
n−1(x)

)
.

Subsequently, we get

∫ π

−π

|ψ(x)− ψn(x)|dx ≤
∞∑

k=n+1

(k + 1)
∣∣∣∆2

(ak
k

) ∣∣∣
∫ π

−π

∣∣F̃ ′
k(x)

∣∣dx

+(n+ 1)
∣∣∣∆
(
an+1

n+ 1

) ∣∣∣
∫ π

−π

∣∣F̃ ′
n(x)

∣∣dx

+n
∣∣∣∆
(
an+1

n+ 1

) ∣∣∣
(∫ π

−π

∣∣D̃′
n(x)

∣∣dx+

∫ π

−π

∣∣F̃ ′
n−1(x)

∣∣dx
)
.

Since by Zygmund’s theorem
∫ π

−π

∣∣F̃ ′
k(x)

∣∣dx = O(k),

we obtain

(n+ 1)
∣∣∣∆
(
an+1

n+ 1

) ∣∣∣
∫ π

−π

∣∣F̃ ′
n(x)

∣∣dx = O
(

∞∑

m=n+1

m2
∣∣∣∆2

(am
m

)∣∣∣
)

= o(1),

and similarly using Lemma 1.85 (for r = 1) we get

n
∣∣∣∆
(
an+1

n+ 1

) ∣∣∣
∫ π

−π

∣∣D̃′
n(x)

∣∣dx = O
(

∞∑

m=n+1

m2 logm
∣∣∣∆2

(am
m

)∣∣∣
)

= o(1), n→ ∞,

because of {ak} ∈ Rlog.
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Thus, it follows that
∫ π

−π

|ψ(x)− ψn(x)|dx = o(1) as n→ ∞,

which obviously means that

ψn(x) → ψ(x) in the L1−norm.
The proof is completed.

Now we will deduce a necessary and sufficient condition for the L1-
convergence of a cosine series. Let f(x) be the sum-function of the cosine
series and Sn(f ;x) its partial sums.

Theorem 4.18. Let {ak} ∈ Rlog be a null sequence. Then ‖f−Sn(f)‖ = o(1)
if and only if |an+1| log n = o(1), n→ ∞.

Proof. Let |an+1| log n = o(1), as n → ∞. Using (4.10), Theorem 4.17 (iii),
Zygmund’s theorem and Lemma 1.85 we have
∫ π

−π

|f(x)− Sn(x)|dx ≤
∫ π

−π

|f(x)− ψn(x)|dx+

∫ π

−π

|ψn(x)− Sn(x)|dx

= o(1) +
|an+1|
n+ 1

∫ π

−π

∣∣D̃′
n(x)

∣∣dx

+n

∣∣∣∣∆
(
an+1

n+ 1

) ∣∣∣∣
(∫ π

−π

∣∣D̃′
n(x)

∣∣dx+

∫ π

−π

∣∣F̃ ′
n−1(x)

∣∣dx
)

= o(1) +O (|an+1| log n) + o(1) + o(1) = o(1), n→ ∞.

Conversely,

|an+1|
n+ 1

∫ π

−π

∣∣D̃′
n(x)

∣∣dxleq
∫ π

−π

|ψn(x)− Sn(x)|dx

+n

∣∣∣∣∆
(
an+1

n+ 1

) ∣∣∣∣
(∫ π

−π

∣∣D̃′
n(x)

∣∣dx+

∫ π

−π

∣∣F̃ ′
n−1(x)

∣∣dx
)

≤
∫ π

−π

|f(x)− Sn(x)|dx+

∫ π

−π

|ψn(x)− f(x)|dx

+O
(
n log n

∣∣∣∣∆
(
an+1

n+ 1

) ∣∣∣∣+ n2
∣∣∣∣∆
(
an+1

n+ 1

) ∣∣∣∣
)

= o(1) +O
(

∞∑

m=n+1

m logm

∣∣∣∣∆
2
(am
m

) ∣∣∣∣+
∞∑

ℓ=n+1

ℓ2
∣∣∣∣∆

2
(aℓ
ℓ

) ∣∣∣∣

)

= o(1), n→ ∞.

Since
|an+1|
n+ 1

∫ π

−π

∣∣D̃′
n(x)

∣∣dx

by Zygmund’s theorem behaves as |an+1| log n for larg n.
The proof is completed.
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4.10 L1-convergence of modified sums j(2,c)
n

(x) with
coefficients from the class S2

We consider cosine series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

and modified cosine sums

j(2,c)n (x) =
a0
2

+

n∑

k1=1

n∑

k2=k1

n∑

k3=k2

∆2 (ak3
cos k3x) ,

where ∆2ak = ∆ (∆ak) = ∆ (ak − ak+1) = ak − 2ak+1 + ak+2.
The main result of this unit is the following.

Theorem 4.19. Let {ak} ∈ S2, then ‖f − j
(2,c)
n ‖L1 = o(1), as n→ ∞.

Proof. We have

j(2,c)n (x) =
a0
2

+

n∑

k1=1

n∑

k2=k1

n∑

k3=k2

∆2 (ak3
cos k3x)

=
a0
2

+
n∑

k1=1

n∑

k2=k1

[
∆ (ak2

cos k2x)−∆ (ak2+1 cos(k2 + 1)x) +

· · ·+∆ (an cosnx)−∆ (an+1 cos (n+ 1)x)
]

=
a0
2

+
n∑

k1=1

n∑

k2=k1

[
∆ (ak2

cos k2x)−∆ (an+1 cos (n+ 1)x)
]

=
a0
2

+

n∑

k1=1

[
ak1

cos k1x− ak1+1 cos(k1 + 1)x+ · · ·+ an cosnx

−an+1 cos (n+ 1)x
]
−∆ (an+1 cos (n+ 1)x)

n∑

k1=1

(n− k1 + 1)

= Sn(x)− nan+1 cos (n+ 1)x− 1

2
n(n+ 1)∆ (an+1 cos (n+ 1)x)

= Sn(x)

−1

2
n(n+ 3)an+1 cos (n+ 1)x

+
1

2
n(n+ 1)an+2 cos (n+ 2)x. (4.12)

From Ak ↓ 0 and
∑∞

k=1 k
2Ak < ∞ it follows k3Ak = o(1), k → ∞, which

gives k2Ak = o(1), k → ∞. Therefore from
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0 ≤ n2|an| = n2
∣∣∣

∞∑

k=n

∆ak

∣∣∣ ≤
∣∣∣

∞∑

k=n

k2∆ak

∣∣∣ ≤
∞∑

k=n

k2Ak = o(1), n→ ∞

follow
n2an = o(1), nan = o(1), n→ ∞. (4.13)

Also, cos(n+ 1)x and cos(n+ 2)x are finite in [0, π] therefore from (4.12)
and (4.13) we get

lim
n→∞

j(2,c)n (x) = lim
n→∞

Sn(x) = f(x).

On the other side, using Abel’s transformation we have

f(x)− j(2,c)n (x) = lim
m→∞

(
m−1∑

k=n+1

∆akDk(x) + amDm(x)− an+1Dn(x)

)

+
1

2
n(n+ 3)an+1 cos (n+ 1)x− 1

2
n(n+ 1)an+2 cos (n+ 2)x

=

∞∑

k=n+1

∆akDk(x)− an+1Dn(x) +
1

2
n(n+ 3)an+1 cos (n+ 1)x

−1

2
n(n+ 1)an+2 cos (n+ 2)x.

Therefore

∫ π

0

|f(x)− j(2,c)n (x)|dx ≤
∫ π

0

∣∣∣∣
∞∑

k=n+1

∆akDk(x)

∣∣∣∣dx+ |an+1|
∫ π

0

∣∣Dn(x)
∣∣dx

+
1

2
n(n+ 3)|an+1|

∫ π

0

∣∣ cos (n+ 1)x
∣∣dx

+
1

2
n(n+ 1)|an+2|

∫ π

0

∣∣ cos (n+ 2)x
∣∣dx

:=

4∑

ν=1

Bν(n). (4.14)

Since ak ∈ S2 ⊂ S0 ≡ S then
∑∞

k=n+1(k + 1)∆Ak = o(1) as n → ∞,
therefore from this fact, Lemma 1.34, and using Abel’s transformation we
have

B1(n) =

∫ π

0

∣∣∣∣
∞∑

k=n+1

Ak
∆ak
Ak

Dk(x)

∣∣∣∣dx ≤
∞∑

k=n+1

∆Ak

∫ π

0

∣∣∣∣
k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣dx

= O
(

∞∑

k=n+1

(k + 1)∆Ak

)
= o(1), n→ ∞. (4.15)
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By well-known Zygmund’s theorem, for large enough n, the following re-
lation holds ∫ π

0

∣∣Dn(x)
∣∣dx ∼ log n,

therefore from last relation and (4.13) we have

B2(n) = |an+1| log n ≤ n|an+1| = o(1), n→ ∞. (4.16)

Moreover, from the fact that integrals
∫ π

0

∣∣ cos(n + 1)x
∣∣dx,

∫ π

0

∣∣ cos(n +

2)x
∣∣dx are bounded, and from relation (4.13) we conclude that

B3(n) = O

(
n(n+ 3)|an+1|

)
= o(1), n→ ∞ (4.17)

and similarly

B4(n) = O

(
n(n+ 1)|an+2|

)
= o(1), n→ ∞. (4.18)

Finally, from (4.13)-(4.18) it follows that

‖f − j(2,c)n (x)‖L1 = o(1), n→ ∞.

The proof is completed.

Corollary 4.20. Let {ak} ∈ S2, then ‖f − Sn‖L1 = o(1) as n→ ∞.

Proof. From Theorem 4.19, and relations (4.17), (4.18), we have

‖f − Sn‖L1 = ‖f − j(2,c)n (x) + j(2,c)n (x)− Sn‖L1

≤ ‖f − j(2,c)n (x)‖L1 + ‖j(2,c)n (x)− Sn‖L1

≤ ‖f − j(2,c)n (x)‖L1 +
1

2
n(n+ 3)|an+1|

∫ π

0

∣∣ cos (n+ 1)x
∣∣dx

+
1

2
n(n+ 1)|an+2|

∫ π

0

∣∣ cos (n+ 2)x
∣∣dx = o(1)

as n→ ∞, which completely proves the corollary.

Remark 4.21. We noticed during the proofs of Theorem 4.19 and Corollary
4.20 that condition ak ∈ S2 we can replace with conditions ak ∈ S and
n2|an| = o(1). This enables us to formulate Theorem 4.19 and Corollary 4.20
as follows.

Theorem 4.22. Let (ak) belong to the class S and n2|an| = o(1), then

‖f − j(2,c)n (x)‖L1 = o(1) as n→ ∞.

Corollary 4.23. Let (ak) belong to the class S and n2|an| = o(1), then

‖f − Sn‖L1 = o(1) as n→ ∞.

.
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4.11 L1-convergence of modified sums wc
n
(x) with

coefficients satisfying some special conditions

We consider cosine series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

and new modified cosine sums

wc
n(x) =

1

2

(
a1 +

n∑

k=0

∆2ak

)
+

n∑

k=1


ak+1 +

n∑

j=k

∆2aj


 cos kx,

where ∆2ai = ai − 2ai+1 + ai+2.
We present here the following result.

Theorem 4.24. Let {ak} be a sequence of numbers such that the conditions:
(i) ak = o(1) as k → ∞ (ii) S1 :=

∑∞
k=0 |∆ak| <∞, and

S2 :=

∞∑

m=2

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆am−k −∆am+k

k

∣∣∣∣∣∣∣
<∞

are satisfied.
If limn→∞ an log n = 0, then limn→∞‖f − wc

n(x)‖ = 0.

Proof. We have

wc
n(x) =

1

2

(
a1 +

n∑

k=0

∆2ak

)
+

n∑

k=1


ak+1 +

n∑

j=k

∆2aj


 cos kx

=
1

2

(
a1 +

n∑

k=0

(ak − 2ak+1 + ak+2)

)

+

n∑

k=1


ak+1 +

n∑

j=k

(aj − 2aj+1 + aj+2)


 cos kx

=
1

2
(a0 − an+1 + an+2) +

n∑

k=1

(ak − an+1 + an+2) cos kx

=
a0
2

+
n∑

k=1

ak cos kx− ∆an+1

2
−∆an+1

n∑

k=1

cos kx

= Sc
n(x)−∆an+1Dn(x).

Choosing numbers bk as in Lemma 1.12, we can write



4.11 L1-convergence of modified sums wc
n(x) with coefficients satisfying some special conditions 175

b0
2

+

∞∑

k=1

bk cos kx =

∞∑

k=n+1

ak cos kx.

Now using Lemma 1.12 and the inequality (see [70])

∫ π

0

|f(x)| ≤ C(S1 + S2),

we obtain

∫ π

0

|f(x)− wc
n(x)|dx =

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

ak cos kx+∆an+1Dn(x)

∣∣∣∣∣ dx

=

∫ π

0

∣∣∣∣∣
b0
2

+
∞∑

k=1

bk cos kx+∆an+1Dn(x)

∣∣∣∣∣ dx

≤
∫ π

0

∣∣∣∣∣
b0
2

+
∞∑

k=1

bk cos kx

∣∣∣∣∣ dx+

∫ π

0

|∆an+1Dn(x)| dx

≤ C




∞∑

k=0

|∆bk|+
∞∑

m=2

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆bm−k −∆bm+k

k

∣∣∣∣∣∣∣




+

∫ π

0

|an+1Dn(x)| dx+

∫ π

0

|an+2Dn(x)| dx

≤ C

[
|an+1|+

∞∑

k=n+1

|∆ak|+
∞∑

m=n

∣∣∣∣∣∣∣

[m2 ]∑

k=1

∆am−k −∆am+k

k

∣∣∣∣∣∣∣

+ max
n
2 ≤k< 3n

2

|an| log n
]
+ |an+1|

∫ π

0

|Dn(x)| dx+ |an+2|
∫ π

0

|Dn(x)| dx.

Since
∫ π

0
|Dn(x)| dx behaves like log n for large values of n, then the results

follows.
The proof is completed.

Corollary 4.25. Let {ak} be a sequence of numbers such that the condi-
tions: (i) ak = o(1) as k → ∞ (ii) S1 < ∞, and S2 < ∞ are satisfied. If
limn→∞ an log n = 0, then limn→∞‖f − Sc

n(x)‖ = 0.

Proof. We have

∫ π

0

|f(x)− Sc
n(x)|dx =

∫ π

0

|f(x)− wc
n(x) + wc

n(x)− Sc
n(x)|dx

≤
∫ π

0

|f(x)− wc
n(x)|dx+

∫ π

0

|wc
n(x)− Sc

n(x)|dx
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=

∫ π

0

|f(x)− wc
n(x)|dx+

∫ π

0

|∆an+1Dn(x)|dx

≤
∫ π

0

|f(x)− wc
n(x)|dx+ |an+1|

∫ π

0

|Dn(x)|dx+ |an+2|
∫ π

0

|Dn(x)|dx.

Since limn→∞

∫ π

0
|f(x)−wc

n(x)|dx = 0 by Theorem 4.24 and
∫ π

0
|Dn(x)| dx

behaves like log n for large values of n, then the results follows.
The proof is completed.

4.12 L1-convergence of modified sums wc
n
(x) with

coefficients from the class S

In this unit we are going to consider cosine series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx,

modified cosine sums

wc
n(x) =

1

2

(
a1 +

n∑

k=0

∆2ak

)
+

n∑

k=1


ak+1 +

n∑

j=k

∆2aj


 cos kx,

where ∆2ai = ai − 2ai+1 + ai+2, and the class S.
We present the following result.

Theorem 4.26. Let {ak} ∈ S. Then limn→∞ ‖f − wc
n(x)‖ = 0 if and only if

limn→∞ an log n = 0.

Proof. As in the previous unit we have

wc
n(x) =

1

2

(
a1 +

n∑

k=0

∆2ak

)
+

n∑

k=1


ak+1 +

n∑

j=k

∆2aj


 cos kx

= Sc
n(x)−∆an+1Dn(x).

Using Abel’s transformation, we get

wc
n(x) =

n−1∑

k=1

∆akDk(x) + anDn(x)−∆an+1Dn(x)

=
n∑

k=1

∆akDk(x) + an+2Dn(x).

Hence,
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f(x)− wc
n(x) =

∞∑

k=n+1

∆akDk(x)− an+2Dn(x).

Abel’s transformation with Lemma 1.34 yield,

∫ π

0

|f(x)− wc
n(x)|dx ≤

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx+

∫ π

0

|an+2Dn(x)| dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

Dk(x)

∣∣∣∣∣ dx+ |an+2|
∫ π

0

|Dn(x)| dx

=

∫ π

0

∣∣∣∣∣∣

∞∑

k=n+1

∆Ak

k∑

j=0

∆aj
Aj

Dj(x)

∣∣∣∣∣∣
dx+ |an+2|

∫ π

0

|Dn(x)| dx

≤
∞∑

k=n+1

(k + 1)∆Ak + |an+2|
∫ π

0

|Dn(x)| dx.

Now,
∫ π

0
|an+2Dn(x)| dx behaves like an log n for large values of n, and

under assumed hypothesis an log n→ 0, n→ ∞, as well as
∑∞

k=1(k+1)∆Ak <
∞ and

∑∞
k=n+1(k + 1)∆Ak = o(1) as n→ ∞.

So, we have obtained

lim
n→∞

‖f − wc
n(x)‖ = 0.

On the other hand,

an+2Dn(x) =

∞∑

k=n+1

∆akDk(x)− [f(x)− wc
n(x)],

and

∫ π

0

|an+2Dn(x)| dx ≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)

∣∣∣∣∣ dx+

∫ π

0

|f(x)− wc
n(x)| dx.

Using the hypothesis of the theorem along with above estimates, the right
hand side tends to zero as n→ ∞.

The proof is completed.

Corollary 4.27. Let {ak} ∈ S. Then limn→∞ ‖f − Sc
n(x)‖ = 0 if and only if

limn→∞ an log n = 0.

Proof. We have
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∫ π

0

|f(x)− Sc
n(x)|dx =

∫ π

0

|f(x)− wc
n(x) + wc

n(x)− Sc
n(x)|dx

≤
∫ π

0

|f(x)− wc
n(x)|dx+

∫ π

0

|wc
n(x)− Sc

n(x)|dx

=

∫ π

0

|f(x)− wc
n(x)|dx+

∫ π

0

|∆an+1Dn(x)|dx,

whereas
∫ π

0

|∆an+1Dn(x)|dx ≤
∫ π

0

|f(x)− wc
n(x)|dx+

∫ π

0

|f(x)− Sc
n(x)|dx.

Since
∫ π

0
|Dn(x)| dx behaves like log n for large values of n, then by the

hypothesis of our result the corollary follows.
The proof is completed.

Remark 4.28. This corollary is indeed a result proved earlier by S. A. Telyakovskii
in 1973.

4.13 L1-convergence of modified sums lc
n
(x) and ls

n
(x)

with coefficients from the class S

We consider cosine series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx,

sine series

g(x) =

∞∑

k=1

bk sin kx,

modified cosine

lcn(x) =
n∑

k=1




n∑

j=k


∆aj+1 +

n∑

i=j

∆3ai




 cos kx,

and modified sine sums

lsn(x) =
n∑

k=1




n∑

j=k


∆bj+1 +

n∑

i=j

∆3bi




 sin kx,

where ∆3ci = ∆2ci −∆2ci+1, and the class S.
We prove first the following result.



4.13 L1-convergence of modified sums lcn(x) and l
s
n(x) with coefficients from the class S 179

Theorem 4.29. Let {ak} ∈ S and limn→∞ n2an = 0. Then

lim
n→∞

‖f − lcn(x)‖ = 0.

Proof. We have

lcn(x) =

n∑

k=1




n∑

j=k


∆aj+1 +

n∑

i=j

∆3ai




 cos kx

=

n∑

k=1




n∑

j=k

(
∆aj+1 +∆2aj −∆2an+1

)

 cos kx

=

n∑

k=1

[
ak − an+1 − (n− k + 1)∆2an+1

]
cos kx

=

n∑

k=1

ak cos kx− an+1Dn(x)

−(n+ 1)∆2an+1Dn(x) +∆2an+1D̃
′
n(x).

We apply the Abel’s transformation to get

lcn(x) =

n∑

k=1

∆akDk(x)− (n+ 1)∆2an+1Dn(x) +∆2an+1D̃
′
n(x).

Since Dn(x) is bounded and |∆ak| ≤ Ak for all k ∈ {1, 2, . . .}, then by
given hypothesis and Lemma 1.83 we conclude that limn→∞ lcn(x) = f(x)
exists in (0, π).

Now, we consider the difference

f(x)− lcn(x) =

∞∑

k=n+1

ak cos kx+ an+1Dn(x)

+(n+ 1)∆2an+1Dn(x)−∆2an+1D̃
′
n(x).

Applying Abel’s transformation we get

f(x)− lcn(x) =
∞∑

k=n+1

∆akDk(x)

+(n+ 1)∆2an+1Dn(x)−∆2an+1D̃
′
n(x).

Thus,

∫ π

0

|f(x)− lcn(x)| dx =

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akDk(x)
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+(n+ 1)an+1Dn(x)− 2(n+ 1)an+2Dn(x) + (n+ 1)an+3Dn(x)

−an+1D̃
′
n(x) + 2an+2D̃

′
n(x)− an+3D̃

′
n(x)

∣∣∣∣∣dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

Dk(x)

∣∣∣∣∣dx

+(n+ 1)|an+1|
∫ π

0

∣∣Dn(x)
∣∣dx+ 2(n+ 1)|an+2|

∫ π

0

∣∣Dn(x)
∣∣dx

+(n+ 1)|an+3|
∫ π

0

∣∣Dn(x)
∣∣dx+ |an+1|

∫ π

0

∣∣D̃′
n(x)

∣∣dx

+2|an+2|
∫ π

0

∣∣D̃′
n(x)

∣∣dx+ |an+3|
∫ π

0

∣∣D̃′
n(x)

∣∣dx.

Using the fact that
∫ π

0

∣∣Dn(x)
∣∣dx ∼ log n, for n big enough, Abel’s trans-

formation, Lemma 1.85 and Lemma 1.34, we have

∫ π

0

|f(x)− lcn(x)| dx ≤
∞∑

k=n+1

∆Ak

∫ π

0

∣∣∣∣∣

k∑

i=0

∆ai
Ai

Di(x)

∣∣∣∣∣dx

+(n+ 1)|an+1| log n+ 2(n+ 1)|an+2| log n
+(n+ 1)|an+3| log n+ |an+1|n log n+ 2|an+2|n log n+ |an+3|n log n

≤ C

[
∞∑

k=n+1

∆(k + 1)Ak + n2|an+1|+ n2|an+2|

+n2|an+3|+ n2|an+1|+ n2|an+2|+ n2|an+3|
]
.

Since, {ak} ∈ S and limn→∞ n2an = 0, then limn→∞ ‖f − lcn(x)‖ = 0.
The proof is completed.

Corollary 4.30. Let {ak} ∈ S and limn→∞ n2an = 0. Then

lim
n→∞

‖f − Sc
n(x)‖ = 0 ⇐⇒ lim

n→∞
an log n = 0.

Proof. Similarly, we notice that

‖f − Sc
n(x)‖ ≤ ‖f − lcn(x)‖+ ‖lcn(x)− Sc

n(x)‖

≤ ‖f − lcn(x)‖+
∫ π

0

|an+1Dn(x)

+(n+ 1)∆2an+1Dn(x)−∆2an+1D̃
′
n(x)|dx

≤ ‖f − lcn(x)‖+ n2|an+1|+ n2|an+2|
+n2|an+3|+ n2|an+1|+ n2|an+2|+ n2|an+3| → 0,
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as n→ ∞, based on Theorem 4.29, the fact that
∫ π

0

∣∣Dn(x)
∣∣dx ∼ log n, for n

big enough, Lemma 1.85, and given assumptions.
The proof is completed.

Pertaining to the sine series and the modified sine sums lsn(x) we can prove,
in a similar way, the following results. We have omitted their proofs.

Theorem 4.31. Let {ak} ∈ S and limn→∞ n2an = 0. Then

lim
n→∞

‖f − lsn(x)‖ = 0.

Corollary 4.32. Let {ak} ∈ S and limn→∞ n2an = 0. Then

lim
n→∞

‖f − Ss
n(x)‖ = 0 ⇐⇒ lim

n→∞
an log n = 0.

4.14 L1-convergence of Nn(x) sums with quasi
semi-convex coefficients

We consider cosine series

f(x) =
a0
2

+
∞∑

k=1

ak cos kx,

with its partial sums

Sn(x) =
a0
2

+

n∑

k=1

ak cos kx,

f(x) = lim
n→∞

Sn(x),

and modified cosine sums

Nn(x) =
a1(

2 sin x
2

)2 − 1
(
2 sin x

2

)2
n∑

k=1

n∑

j=k

(∆2aj−1 −∆2aj) cos kx.

We prove the following result.

Theorem 4.33. Let {an} be a quasi semi-convex null sequence, then Nn(x)
converges to f(x) in L1 norm.

Proof. We have
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Sn(x) =
a0
2

+

n∑

k=1

ak cos kx

=
1

(
2 sin x

2

)2
n∑

k=1

ak cos kx
(
2 sin

x

2

)2

= − 1
(
2 sin x

2

)2
n∑

k=1

ak[cos (k + 1)x− 2 cos kx+ cos (k − 1)x]

= − 1
(
2 sin x

2

)2
n∑

k=1

(ak−1 − 2ak + ak+1) cos kx

− a0 cosx(
2 sin x

2

)2 +
an cos (n+ 1)x
(
2 sin x

2

)2 +
a1(

2 sin x
2

)2 − an+1 cosnx(
2 sin x

2

)2

or

Sn(x) = − 1
(
2 sin x

2

)2
n∑

k=1

∆2ak−1 cos kx

− a0 cosx(
2 sin x

2

)2 +
an cos (n+ 1)x
(
2 sin x

2

)2 +
a1(

2 sin x
2

)2 − an+1 cosnx(
2 sin x

2

)2 .

Applying Abel’s transformation, we have

Sn(x) = − 1
(
2 sin x

2

)2
n−1∑

k=1

(∆2ak−1 −∆2ak)D̃k(x) +
∆2an−1D̃n(x)(

2 sin x
2

)2

− a0 cosx(
2 sin x

2

)2 +
an cos (n+ 1)x
(
2 sin x

2

)2 +
a1(

2 sin x
2

)2 − an+1 cosnx(
2 sin x

2

)2 .

Since D̃n(x) is uniformly bounded on every segment [ǫ, π − ǫ] for every
ǫ > 0, then

f(x) = lim
n→∞

Sn(x) = − 1
(
2 sin x

2

)2
∞∑

k=1

(∆2ak−1 −∆2ak)D̃k(x) +
a1(

2 sin x
2

)2 .

Also,

Nn(x) = − 1
(
2 sin x

2

)2
n∑

k=1

n∑

j=k

(∆2aj−1 −∆2aj) cos kx+
a1(

2 sin x
2

)2

can be rewritten as

Nn(x) = − 1
(
2 sin x

2

)2
n∑

k=1

∆2ak−1 cos kx+
∆2anD̃n(x)(
2 sin x

2

)2 +
a1(

2 sin x
2

)2 .

Now applying Abel’s transformation we get
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Nn(x) = − 1
(
2 sin x

2

)2
n−1∑

k=1

(∆2ak−1 −∆2ak)D̃k(x)

+
∆2an−1D̃n(x)(

2 sin x
2

)2 +
∆2anD̃n(x)(
2 sin x

2

)2 +
a1(

2 sin x
2

)2 .

From above relation we have

f(x)−Nn(x) = − 1
(
2 sin x

2

)2
∞∑

k=n+1

(∆2ak−1 −∆2ak)D̃k(x)

−∆
2an−1D̃n(x)(
2 sin x

2

)2 − ∆2anD̃n(x)(
2 sin x

2

)2

or

f(x)−Nn(x) = − lim
m→∞

(
1

(
2 sin x

2

)2
m∑

k=n+1

(∆2ak−1 −∆2ak)D̃k(x)

)

−∆
2an−1D̃n(x)(
2 sin x

2

)2 − ∆2anD̃n(x)(
2 sin x

2

)2 .

Consequently, based on the assumption that {an} is a quasi semi-convex
null sequence, we obtain

lim
n→∞

∫ π

0

|f(x)−Nn(x)|dx = 0.

The proof is completed.

Corollary 4.34. Let {an} be a quasi semi-convex null sequence, then Nn(x)
converges to f(x) in L1 norm.

Proof. The proof follows directly from Theorem 4.33 and the fact that every
quasi-convex null sequence is a quasi semi-convex sequence as well.

Corollary 4.35. If {an} is a quasi semi-convex null sequence, then the nec-
essary and sufficient condition for L1-convergence of the cosine series is

lim
n→∞

an log n = 0.

Proof. We have

‖Sn(x) − g(x)‖ ≤ ‖Sn(x)−Nn(x)‖+ ‖Nn(x)− g(x)‖

= ‖Nn(x)− g(x)‖+
∥∥∥∥∥
an cos (n+ 1)x
(
2 sin x

2

)2 − an+1 cosnx(
2 sin x

2

)2 − ∆2anD̃n(x)(
2 sin x

2

)2

∥∥∥∥∥ ,
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∥∥∥∥∥
an cos (n+ 1)x
(
2 sin x

2

)2 − an+1 cosnx(
2 sin x

2

)2 − ∆2anD̃n(x)(
2 sin x

2

)2

∥∥∥∥∥
= ‖Nn(x)− Sn(x)‖ ≤ ‖Nn(x)− f(x)‖+ ‖f(x)− Sn(x)‖,

and

∆2an =

∞∑

k=n

(∆2ak −∆2ak+1)

=

∞∑

k=n

k

k
(∆2ak −∆2ak+1) ≤

1

n

∞∑

k=n

k(∆2ak −∆2ak+1) = o

(
1

n

)
.

Since ∫ π

0

D̃n(x)(
2 sin x

2

)2 = O(n),

then

∆2an

∫ π

0

D̃n(x)(
2 sin x

2

)2 = o(1).

Moreover,

∫ π

0

∣∣∣∣∣
an cos (n+ 1)x
(
2 sin x

2

)2 − an+1 cosnx(
2 sin x

2

)2

∣∣∣∣∣dx ≤
∫ π

0

an

∣∣∣∣∣
cos (n+ 1)x
(
2 sin x

2

)2 − cosnx
(
2 sin x

2

)2

∣∣∣∣∣dx

=

∫ π

0

an

∣∣∣∣D̃n(x)−
1

2

∣∣∣∣dx ∼ (an log n).

From Theorem 4.33 it follows that

‖Nn(x)− f(x)‖ = o(1), n→ ∞.

Finally we get

lim
n→∞

∫ π

0

|f(x)− Sn(x)|dx = 0

if and only if
lim
n→∞

an log n = 0.

The proof is completed.

The following consequence also holds true.

Corollary 4.36. If {an} is a quasi semi-convex null sequence, then the nec-
essary and sufficient condition for L1-convergence of the cosine series is

lim
n→∞

an log n = 0.
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4.15 L1-convergence of N (1)
n

(x) sums with third quasi
hyper convex coefficients

We consider cosine series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx,

with its partial sums

Sn(x) =
a0
2

+
n∑

k=1

ak cos kx,

f(x) = lim
n→∞

Sn(x),

and modified cosine sums

N (1)
n (x) =

a2(6− cosx)
(
2 sin x

2

)6 − a3(
2 sin x

2

)6 − a1(15− 6 cosx+ cos 2x)
(
2 sin x

2

)6

− 1
(
2 sin x

2

)6
n∑

k=1

n∑

j=k

(∆5aj−3 −∆5aj−2) cos kx.

We prove here the following result.

Theorem 4.37. Let {an} be a third quasi hyper convex zero sequence, then

N
(1)
n (x) converges to f(x) in L1 norm.

Proof. Applying Abels transformation to the sums

N (1)
n (x) =

a2(6− cosx)
(
2 sin x

2

)6 − a3(
2 sin x

2

)6 − a1(15− 6 cosx+ cos 2x)
(
2 sin x

2

)6

− 1
(
2 sin x

2

)6
n∑

k=1

n∑

j=k

(∆5aj−3 −∆5aj−2) cos kx

we have

N (1)
n (x) = − 1

(
2 sin x

2

)6
n−1∑

k=1

(∆5aj−3 −∆5aj−2)D̃k(x)

+
∆5an−3D̃n(x)(

2 sin x
2

)6 +
∆5an−2D̃n(x)(

2 sin x
2

)6

−a1(15− 6 cosx+ cos 2x)
(
2 sin x

2

)6 +
a2(6− cosx)
(
2 sin x

2

)6 − a3(
2 sin x

2

)6
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Repeating the Abel’s transformation 3α− 5 times, we get

N (1)
n (x) = − 1

(
2 sin x

2

)6
n−3α+5∑

k=1

(∆3α−1ak−3 −∆3α−1ak−2)S
3α−6
k (x)

−
3α−6∑

k=1

(∆k+4an−k−3 −∆k+4an−k−2)S
k
n−k(x)(

2 sin x
2

)6

+
∆5an−3 +∆5an−2(

2 sin x
2

)6 D̃n(x)

−a1(15− 6 cosx+ cos 2x)
(
2 sin x

2

)6 +
a2(6− cosx)
(
2 sin x

2

)6 − a3(
2 sin x

2

)6 .

Since Sk
n(x), Tn(x), D̃n(x) are uniformly bounded in any segment [ǫ, π−ǫ],

ǫ > 0, and T k
n (x) =

Sk
n(x)
Ak

n
, we obtain

f(x) = lim
n→∞

N (1)
n (x)

= − 1
(
2 sin x

2

)6
∞∑

k=1

(∆3α−1ak−3 −∆3α−1ak−2)S
3α−6
k (x)

−a1(15− 6 cosx+ cos 2x)
(
2 sin x

2

)6 +
a2(6− cosx)
(
2 sin x

2

)6 − a3(
2 sin x

2

)6 .

From last two equalities we have

f(x)−N (1)
n (x)

= − 1
(
2 sin x

2

)6
∞∑

k=n−(3α−5)

(∆3α−1ak−3 −∆3α−1ak−2)S
3α−6
k (x)

+

3α−6∑

k=1

(∆k+4an−k−3 −∆k+4an−k−2)S
k
n−k(x)(

2 sin x
2

)6

−∆
5an−3 +∆5an−2(

2 sin x
2

)6 D̃n(x).

Whence,

‖f(x)−N (1)
n (x)‖

≤

∥∥∥∥∥∥
1

(
2 sin x

2

)6
∞∑

k=n−(3α−5)

(∆3α−1ak−3 −∆3α−1ak−2)S
3α−6
k (x)

∥∥∥∥∥∥

+

∥∥∥∥∥
1

(
2 sin x

2

)6
3α−6∑

k=1

∆k+4an−k−3S
k
n−k(x)

∥∥∥∥∥
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+

∥∥∥∥∥
1

(
2 sin x

2

)6
3α−6∑

k=1

∆k+4an−k−2S
k
n−k(x)

∥∥∥∥∥

+

∥∥∥∥∥
∆5an−3D̃n(x)(

2 sin x
2

)6

∥∥∥∥∥+
∥∥∥∥∥
∆5an−2D̃n(x)(

2 sin x
2

)6

∥∥∥∥∥

Subsequently,

‖f(x)−N (1)
n (x)‖

≤ C1

∫ π

0

∣∣∣∣∣∣

∞∑

k=n−(3α−5)

(∆3α−1ak−3 −∆3α−1ak−2)S
3α−6
k (x)

∣∣∣∣∣∣
dx

+C1

∫ π

0

∣∣∣∣∣

3α−6∑

k=1

∆k+4an−k−3S
k
n−k(x)

∣∣∣∣∣dx

+C1

∫ π

0

∣∣∣∣∣

3α−6∑

k=1

∆k+4an−k−2S
k
n−k(x)

∣∣∣∣∣dx

+C1

∫ π

0

∣∣∣∆5an−3D̃n(x)
∣∣∣dx+ C1

∫ π

0

∣∣∣∆5an−2D̃n(x)
∣∣∣dx

≤ C1

∞∑

k=n−(3α−5)

A3α−6
k

∣∣(∆3α−5ak−3 −∆3α−5ak−2)
∣∣
∫ π

0

∣∣Tα−1
k (x)

∣∣ dx

+C1

3α−6∑

k=1

Ak
n−k

∣∣∆k+4an−k−3

∣∣
∫ π

0

∣∣T k
n−k(x)

∣∣ dx

+C1

3α−6∑

k=1

Ak
n−k

∣∣∆k+4an−k−2

∣∣
∫ π

0

∣∣T k
n−k(x)

∣∣ dx

+C1A
0
n|∆5an−3|

∫ π

0

|T 0
n(x)|dx

+C1A
0
n|∆5an−2|

∫ π

0

|T 0
n(x)|dx.

Next, we can write

3α−6∑

k=1

Ak
n−k

∣∣∆k+4an−k−2

∣∣
∫ π

0

∣∣T k
n−k(x)

∣∣ dx

=

3α−6∑

k=1

Ak
n−k

∣∣∆kan−k−3 − 4∆kan−k−2

+6∆kan−k−1 − 4∆kan−k +∆kan−k+1

∣∣
∫ π

0

∣∣T k
n−k(x)

∣∣dx

Based on Lemma 1.48 the right hand side of last equality tends to zero.
Also, based on the hypothesis that {an} is a third quasi hyper convex sequence,
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then it holds
∞∑

k=1

k3α|(∆3α−1ak−1 −∆3α−1ak)| <∞.

So, finally we get

‖g(x)−N (1)
n (x)‖ → 0, n→ ∞.

The proof is completed.

4.16 L1-convergence of N (2)
n

(x) sums with twice quasi
semi-convex coefficients

Let

f(x) =
a0
2

+
∞∑

k=1

ak cos kx,

be cosine series with its partial sums

Sn(x) =
a0
2

+

n∑

k=1

ak cos kx,

f(x) = lim
n→∞

Sn(x),

and modified cosine sums

N (2)
n (x) =

a1(cosx− 4)
(
2 sin x

2

)4 +
a2(

2 sin x
2

)4

+
1

(
2 sin x

2

)4
n∑

k=1

n∑

j=k

(∆4aj−2 −∆4aj−1) cos kx.

Now we are going to prove next result.

Theorem 4.38. Let {an} be a twice quasi semi-convex null sequence, then

N
(2)
n (x) converges to f(x) in L1 norm.

Proof. We have

Sn(x) =
1

(
2 sin x

2

)4
n∑

k=1

ak cos kx
(
2 sin

x

2

)4

=
1

(
2 sin x

2

)4
n∑

k=1

ak[cos (k + 2)x− 4 cos (k + 1)x

+6 cos kx− 4 cos (k − 1)x+ cos (k − 2)x]
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=
1

(
2 sin x

2

)4
n∑

k=1

(ak−2 − 4ak−1 + 6ak − 4ak+1 + ak+2) cos kx

− a−1 cosx(
2 sin x

2

)4 − a0 cos 2x(
2 sin x

2

)4 +
an−1 cos (n+ 1)x

(
2 sin x

2

)4 +
an cos (n+ 2)x
(
2 sin x

2

)4

+
4a0 cosx(
2 sin x

2

)4 − 4an cos (n+ 1)x
(
2 sin x

2

)4 − 4a1(
2 sin x

2

)4 +
4an+1 cosnx(

2 sin x
2

)4

+
a1 cosx(
2 sin x

2

)4 +
a2(

2 sin x
2

)4 − an+1 cos (n− 1)x
(
2 sin x

2

)4 − an+2 cosnx(
2 sin x

2

)4

or

Sn(x) =
1

(
2 sin x

2

)4
n∑

k=1

∆4ak−2 cos kx− a−1 cosx(
2 sin x

2

)4 − a0 cos 2x(
2 sin x

2

)4

+
an−1 cos (n+ 1)x

(
2 sin x

2

)4 +
an cos (n+ 2)x
(
2 sin x

2

)4 +
4a0 cosx(
2 sin x

2

)4

−4an cos (n+ 1)x
(
2 sin x

2

)4 − 4a1(
2 sin x

2

)4 +
4an+1 cosnx(

2 sin x
2

)4

+
a1 cosx(
2 sin x

2

)4 +
a2(

2 sin x
2

)4 − an+1 cos (n− 1)x
(
2 sin x

2

)4 − an+2 cosnx(
2 sin x

2

)4 .

Applying the Abel’s transformation, we have

Sn(x) =
1

(
2 sin x

2

)4
n−1∑

k=1

(∆4ak−2 −∆4ak−1)D̃k(x)

− (∆4an−2 −∆4an−1)D̃n(x)(
2 sin x

2

)4 +
an−1 cos (n+ 1)x

(
2 sin x

2

)4

+
an cos (n+ 2)x
(
2 sin x

2

)4 − 4an cos (n+ 1)x
(
2 sin x

2

)4 − 4a1(
2 sin x

2

)4 +
4an+1 cosnx(

2 sin x
2

)4

+
a1 cosx(
2 sin x

2

)4 +
a2(

2 sin x
2

)4 − an−1 cos (n+ 1)x
(
2 sin x

2

)4 − an+2 cosnx(
2 sin x

2

)4 .

Since D̃n(x) is uniformly bounded on every segment [ǫ, π− ε], ε > 0, then

f(x) = lim
n→∞

Sn(x)

=
1

(
2 sin x

2

)4
∞∑

k=1

(∆4ak−2 −∆4ak−1)D̃k(x)

+
a1(cosx− 4)
(
2 sin x

2

)4 +
a2(

2 sin x
2

)4 .
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Moreover,

N (2)
n (x) =

a1(cosx− 4)
(
2 sin x

2

)4 +
a2(

2 sin x
2

)4

+
1

(
2 sin x

2

)4
n∑

k=1

n∑

j=k

(∆4aj−2 −∆4aj−1) cos kx.

can be rewritten as follows

N (2)
n (x) =

1
(
2 sin x

2

)4
n∑

k=1

∆4ak−2 cos kx

−∆
4an−1D̃n(x)(
2 sin x

2

)4 +
a1(cosx− 4)
(
2 sin x

2

)4 +
a2(

2 sin x
2

)4 .

Again, applying the Abel’s transformation we get the following

N (2)
n (x) =

1
(
2 sin x

2

)4
n−1∑

k=1

(∆4ak−2 −∆4ak−1)D̃k(x)−
∆4an−2D̃n(x)(

2 sin x
2

)4

−∆
4an−1D̃n(x)(
2 sin x

2

)4 +
a1(cosx− 4)
(
2 sin x

2

)4 +
a2(

2 sin x
2

)4 .

Therefore, from above relations we obtain

f(x)−N (2)
n (x) =

1
(
2 sin x

2

)4
∞∑

k=n+1

(∆4ak−2 −∆4ak−1)D̃k(x)

+
∆4an−2D̃n(x)(

2 sin x
2

)4 +
∆4an−1D̃n(x)(

2 sin x
2

)4 .

Consequently, based on our assumptions, we have

lim
n→∞

∫ π

0

|f(x)−N (2)
n (x)|dx = 0.

The proof is completed.

As a consequence of the above theorem is the following.

Corollary 4.39. If {an} is a twice quasi semi-convex null sequence, then the
necessary and sufficient condition for L1-convergence of the cosine series is

lim
n→∞

an log n = 0.
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Proof. At first, we have

‖Sn(x)− g(x)‖ ≤ ‖Sn(x)−N (2)
n (x)‖+ ‖N (2)

n (x)− f(x)‖

≤ ‖N (2)
n (x)− f(x)‖+

∥∥∥∥∥
2∆4an−1D̃n(x)(

2 sin x
2

)4

∥∥∥∥∥

+

∥∥∥∥∥
an cos (n+ 2)x
(
2 sin x

2

)4 − an+2 cosnx(
2 sin x

2

)4

∥∥∥∥∥

+4

∥∥∥∥∥
an cos (n+ 1)x
(
2 sin x

2

)4 − an+1 cosnx(
2 sin x

2

)4

∥∥∥∥∥ .

On the other hand

∆4an−1 =

∞∑

k=n−1

(∆4ak −∆4ak+1)

=

∞∑

k=n−1

k

k
(∆4ak −∆4ak+1)

≤ 1

n− 1

∞∑

k=n−1

k(∆4ak −∆4ak+1) = o

(
1

n

)
.

Taking into account that

∫ π

0

∣∣∣∣∣
D̃n(x)(
2 sin x

2

)4

∣∣∣∣∣ dx = O(n),

then

∆4an−1

∫ π

0

∣∣∣∣∣
D̃n(x)(
2 sin x

2

)4

∣∣∣∣∣ dx = o(1).

We also have

∫ π

0

∣∣∣∣∣
an cos (n+ 2)x
(
2 sin x

2

)4 − an+2 cosnx(
2 sin x

2

)4

∣∣∣∣∣dx

≤ C1

∫ π

0

an

∣∣∣∣∣
cos (n+ 2)x
(
2 sin x

2

)2 − cosnx
(
2 sin x

2

)2

∣∣∣∣∣dx

≤ C2

∫ π

0

an

∣∣∣∣D̃n(x)−
1

2

∣∣∣∣dx ∼ C3(an log n).

In a similar way we find that

∫ π

0

∣∣∣∣∣
an cos (n+ 1)x
(
2 sin x

2

)4 − an+1 cosnx(
2 sin x

2

)4

∣∣∣∣∣dx ∼ C4(an log n),
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where C1, C2, C3, and C4 are positive constants. From Theorem 4.38 it follows
that

‖N (2)
n (x)− f(x)‖ = o(1), n→ ∞.

Subsequently,

lim
n→∞

∫ π

0

|f(x)− Sn(x)|dx = 0

if and only if
lim
n→∞

an log n = 0.

The proof is completed.

4.17 L1-convergence of the sine series whose coefficients
belong to some generalized classes of sequences

We consider trigonometric sine series

g(x) =

∞∑

k=1

ak sin kx,

with its partial sums

Ss
n(x) =

n∑

k=1

ak sin kx,

and
lim
n→∞

Ss
n(x) = g(x).

Here we have the following generalized modified sine sums

zsn,m(x) =

n∑

k=1


 ak+1

(k + 1)m
+

n∑

j=k

∆2

(
aj
jm

)
 km sin kx, m ∈ {1, 2, . . .},

where ∆2ci := ∆(∆ci) := ci − 2ci+1 + ci+2.

Remark 4.40. Note that zsn,1(x) ≡ zsn(x) which have been introduced for the
fist time in [78].

Further we introduce the following classes of sequences:

Definition 4.41. A zero sequence (ak) belongs to the class C̃r,m, (r =
0, 1, 2, . . .; m = 1, 2, . . .), if for every ε > 0, there exists δ > 0 independent on
n and such that for all n,

∫ δ

0

∣∣∣∣∣

∞∑

k=n

∆bk,mD
(r+m)
k (x)

∣∣∣∣∣ dx ≤ ε,
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where bk = ak

km , D
(r+m)
k (x) denotes the (r +m)-th derivative of the Dirichlet

kernel

Dk(x) =
1

2
+

k∑

j=1

cos jx =
sin
(
k + 1

2

)
x

2 sin x
2

.

Remark 4.42. It is clear that C̃r+1,m ⊂ C̃r,m, (r = 0, 1, 2, . . .; m = 1, 2, . . .),
however, the converse inclusion need not to be true in general as shows next
example.

Example 4.43. Define bn,m =
∑∞

k=n
1

kr+m+2 , (r = 0, 1, 2, . . .; m = 1, 2, . . .),
then ∆bn,m = 1

nr+m+2 and

an = nbn,m = n

∞∑

k=n

1

kr+m+2
≤

∞∑

k=n

k

kr+m+2
=

∞∑

k=n

1

kr+m+2
→ 0, when n→ ∞.

So, using Bernstein’s inequality, the integral

∫ δ

0

∣∣∣∣∣

∞∑

k=n

∆bk,mD
(r+1+m)
k (x)

∣∣∣∣∣ dx ≤
∫ π

0

∣∣∣∣∣

∞∑

k=n

∆bk,mD
(r+1+m)
k (x)

∣∣∣∣∣ dx

≤
∞∑

k=n

|∆bk,m|
∫ π

0

∣∣∣D(r+1+m)
k (x)

∣∣∣ dx

≤
∞∑

k=n

kr+1+m

kr+m+2

∫ π

0

|Dk(x)| dx = O
(

∞∑

k=1

log k

k

)
,

is divergent, which means (an) 6∈ C̃r+1,m.
On the other side, the integral

∫ δ

0

∣∣∣∣∣

∞∑

k=n

∆bk,mD
(r+m)
k (x)

∣∣∣∣∣ dx ≤
∫ π

0

∣∣∣∣∣

∞∑

k=n

∆bk,mD
(r+m)
k (x)

∣∣∣∣∣ dx

≤
∞∑

k=n

|∆bk,m|
∫ π

0

∣∣∣D(r+m)
k (x)

∣∣∣ dx

≤
∞∑

k=n

kr+m

kr+m+2

∫ π

0

|Dk(x)| dx = O
(

∞∑

k=1

log k

k2

)
,

is convergent, which means (an) ∈ C̃r,m.

Definition 4.44. A zero sequence (ak) belongs to the class S̃r,m, (r = 0, 1, 2, . . .;
m = 1, 2, . . .), if there exists a non-increasing sequence (Bk) so that, |∆bk,m| ≤
Bk, ∀k ∈ {1, 2, . . .}, and

∑∞
k=1 k

r+mBk <∞, where bk = ak

km .

Remark 4.45. It is clear that S̃r+1,m ⊂ S̃r,m, (r = 0, 1, 2, . . .; m = 1, 2, . . .),
however, the converse inclusion need not to be true as shows next example.
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Example 4.46. Define bn,m =
∑∞

k=n
1

kr+m+2 , (r = 0, 1, 2, . . .; m = 1, 2, . . .),
then ∆bn,m = 1

nr+m+2 and

an = nbn,m = n

∞∑

k=n

1

kr+m+2
≤

∞∑

k=n

k

kr+m+2
=

∞∑

k=n

1

kr+m+1
→ 0,

when n→ ∞.
Choosing Bn = 1

nr+m+2 , (r = 0, 1, 2, . . .; m = 1, 2, . . .), then Bn ↓ 0 and
|∆bn,m| ≤ Bn. Now, the series

∞∑

k=1

kr+mBk =
∞∑

k=1

kr+m 1

kr+m+2
=

∞∑

k=1

1

k2
<∞

is convergent, which means (an) ∈ S̃r,m.
However, the series

∞∑

k=1

kr+1+mBk =

∞∑

k=1

kr+1+m 1

kr+m+2
=

∞∑

k=1

1

k

is divergent, which means (an) 6∈ S̃r+1,m.

Definition 4.47. A zero sequence (ak) belongs to the class B̃V r,m, (r =
0, 1, 2, . . .; m = 1, 2, . . .), if

∞∑

k=1

kr+m|∆bk,m| <∞,

where bk,m = ak

km .

Remark 4.48. It is clear that B̃V r+1,m ⊂ B̃V r,m, (r = 0, 1, 2, . . .; m =
1, 2, . . .), however, the converse inclusion need not to be true.

Remark 4.49. We have to note that C̃r,m ≡ C̃r, S̃r,m ≡ S̃r, and B̃V r,m ≡ B̃V r

for m = 1, and C̃r,m ≡ C̃, S̃r,m ≡ S̃, and B̃V r,m ≡ B̃V for m = 1 and r = 0.
These particular classes are introduced in [78].

Pertaining to B̃V r,m class, r ∈ {0, 1, 2, . . .} and m ∈ {1, 2, . . .}, the follow-
ing natural question can be raised: What about inclusion of classes B̃V r,m

with respect to m? The answer is given in next simple proposition.

Theorem 4.50. If
∞∑

k=1

(k + 1)r|∆ak| <∞,

then
B̃V r,m ⊂ B̃V r,m+1,

for all r ∈ {0, 1, 2, . . .} and m ∈ {1, 2, . . .}.
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Proof. We have

∞∑

k=1

kr+m+1|∆bk,m+1| ≤
∞∑

k=1

kr+m+1

∣∣∣∣
ak

km+1
− ak+1

k(k + 1)m

∣∣∣∣

+
∞∑

k=1

kr+m+1

∣∣∣∣
ak+1

k(k + 1)m
− ak+1

(k + 1)m+1

∣∣∣∣

≤
∞∑

k=1

kr+m

∣∣∣∣
ak
km

− ak+1

(k + 1)m

∣∣∣∣+
∞∑

k=1

kr−1 |ak+1|

≤
∞∑

k=1

kr+m |∆bk,m|+
∞∑

k=1

kr−1
∞∑

j=k+1

|∆aj |

=

∞∑

k=1

kr+m |∆bk,m|+
∞∑

j=1

|∆aj |
j+1∑

k=1

kr−1

≤
∞∑

k=1

kr+m |∆bk,m|+
∞∑

j=1

(j + 1)r |∆aj | ,

which implies that B̃V r,m ⊂ B̃V r,m+1, for all r ∈ {0, 1, 2, . . .} and m ∈
{1, 2, . . .}.

The proof is completed.

Theorem 4.51. The following relation holds true S̃r,m ⊂ C̃r,m ∩ B̃V r,m for
each r ∈ {0, 1, 2, . . .} and m ∈ {1, 2, . . .}.

Proof. Let (ak) ∈ S̃r,m, (r = 0, 1, 2, . . .;m = 1, 2, . . .). Then there exists a non-
increasing sequence (Bk) of numbers so that, |∆bk,m| ≤ Bk, ∀k ∈ {1, 2, . . .},
and

∑∞
k=1 k

r+mBk <∞. Whence, we clearly have

∞∑

k=1

kr+m|∆bk,m| ≤
∞∑

k=1

kr+mBk <∞, (4.19)

which means that S̃r,m ⊂ B̃V r,m for each r ∈ {0, 1, 2, . . .} and m ∈ {1, 2, . . .}.
So, it remains to prove the inclusion S̃r,m ⊂ C̃r,m for each r ∈ {0, 1, 2, . . .}

and m ∈ {1, 2, . . .}. Let (ak) ∈ S̃r,m, then applying Abel’s transformation we
get

∫ π

0

∣∣∣∣∣

∞∑

k=n

∆bk,mD
(r+m)
k (x)

∣∣∣∣∣ dx ≤ lim
s→∞

[
s−1∑

k=n

∆Bk

∫ π

0

∣∣∣∣∣∣

k∑

j=0

∆bj,m
Bj

D
(r+m)
j (x)

∣∣∣∣∣∣
dx

+Bs

∫ π

0

∣∣∣∣∣∣

s∑

j=0

∆bj,m
Bj

D
(r+m)
j (x)

∣∣∣∣∣∣
dx
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+Bn

∫ π

0

∣∣∣∣∣∣

n−1∑

j=0

∆bj,m
Bj

D
(r+m)
j (x)

∣∣∣∣∣∣
dx

]
.

Applying, in last inequality, the well-known Bernstein’s inequality and
Lemma 1.34, we obtain

∫ π

0

∣∣∣∣∣

∞∑

k=n

∆bk,mD
(r+m)
k (x)

∣∣∣∣∣ dx ≤ lim
s→∞

[
s−1∑

k=n

kr+m∆Bk

∫ π

0

∣∣∣∣∣∣

k∑

j=0

∆bj,m
Bj

Dj(x)

∣∣∣∣∣∣
dx

+sr+mBs

∫ π

0

∣∣∣∣∣∣

s∑

j=0

∆bj,m
Bj

Dj(x)

∣∣∣∣∣∣
dx

+(n− 1)r+mBn

∫ π

0

∣∣∣∣∣∣

n−1∑

j=0

∆bj,m
Bj

Dj(x)

∣∣∣∣∣∣
dx

]

≤ C lim
s→∞

[
s−1∑

k=n

(k + 1)r+m+1∆Bk

+sr+m+1Bs + nr+m+1Bn

]
.

Since (Bk) is a non-increasing sequence and
∑∞

k=1 k
r+mBk < ∞, then

kr+m+1Bk → 0 as k → ∞, and thus

∫ π

0

∣∣∣∣∣

∞∑

k=n

∆bk,mD
(r+m)
k (x)

∣∣∣∣∣ dx ≤ C

[
∞∑

k=n

(k + 1)r+m+1∆Bk + nr+m+1Bn

]

≤ C

{
∞∑

k=n

Bk

[
(k + 1)r+m+1 − kr+m+1

]
+ nr+m+1Bn

}

≤ C(r,m)

{
∞∑

k=n

kr+mBk + nr+m+1Bn

}
≤ ε

2
,

for n big enough, say s ≥ n > n0.
Finally, using the fact that

∣∣∣D(r+m)
k (x)

∣∣∣ =

∣∣∣∣∣∣

k∑

j=1

j(r+m) sin

(
jx+

(r +m)π

2

)∣∣∣∣∣∣
≤ kr+m+1,

then for any 1 ≤ n ≤ s we can write as follows

∫ δ

0

∣∣∣∣∣

s∑

k=n

∆bk,mD
(r+m)
k (x)

∣∣∣∣∣ dx ≤
∫ δ

0

∣∣∣∣∣

n0∑

k=n

∆bk,mD
(r+m)
k (x)

∣∣∣∣∣ dx
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+

∫ π

0

∣∣∣∣∣

s∑

k=n0+1

∆bk,mD
(r+m)
k (x)

∣∣∣∣∣ dx

≤ δ

n0∑

k=n

kr+m+1 |∆bk,m|

+

∫ π

0

∣∣∣∣∣

∞∑

k=n0+1

∆bk,mD
(r+m)
k (x)

∣∣∣∣∣ dx

≤ ε

2
+
ε

2
= ε,

for δ small enough. This means that S̃r,m ⊂ C̃r,m for each r ∈ {0, 1, 2, . . .}
and m ∈ {1, 2, . . .}.

The proof is completed.

For m = 1 we get the following corollary [78].

Corollary 4.52. The following relation holds true S̃r ⊂ C̃r ∩ B̃V r for each
r ∈ {0, 1, 2, . . .}.

Theorem 4.53. Let (an) ∈ C̃m∩B̃V m for eachm ∈ {1, 2, . . .}, and limn→∞ an log n =
0. Then

lim
n→∞

‖zsn,m − g‖ = 0.

Proof. We have

zsn,m(x) =

n∑

k=1


 ak+1

(k + 1)m
+

n∑

j=k

∆2

(
aj
jm

)
 km sin kx

=

n∑

k=1

ak sin kx+

[
an+2

(n+ 2)m
− an+1

(n+ 1)m

] n∑

k=1

km sin kx

= Ss
n(x)−∆ (bn+1,m)

n∑

k=1

km sin kx. (4.20)

After some transformation we have found that

Ss
n(x) =





−∑n
k=1 bk,m(cos kx)(m), if m = 4p− 3;

−∑n
k=1 bk,m(sin kx)(m), if m = 4p− 2;

+
∑n

k=1 bk,m(cos kx)(m), if m = 4p− 1;
+
∑n

k=1 bk,m(sin kx)(m), if m = 4p,

(4.21)

and

n∑

k=1

km sin kx =





−D(m)
n (x), if m = 4p− 3;

−D̃(m)
n (x), if m = 4p− 2;

+D
(m)
n (x), if m = 4p− 1;

+D̃
(m)
n (x), if m = 4p,

(4.22)
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where in all cases p ∈ N .
Combining (4.20) along with (4.21) and (4.22) we obtain

zsn,m(x) =





−∑n
k=1 bk,m(cos kx)(m) +∆ (bn+1,m)D

(m)
n (x), if m = 4p− 3;

−∑n
k=1 bk,m(sin kx)(m) +∆ (bn+1,m) D̃

(m)
n (x), if m = 4p− 2;

+
∑n

k=1 bk,m(cos kx)(m) −∆ (bn+1,m)D
(m)
n (x), if m = 4p− 1;

+
∑n

k=1 bk,m(sin kx)(m) −∆ (bn+1,m) D̃
(m)
n (x), if m = 4p,

(4.23)
for all p ∈ N .

The use of Abel’s transformation in (4.23), implies

zsn,m(x) =





−∑n
k=1∆bk,mD

(m)
k (x)

−bn,mD(m)
n (x) +∆ (bn+1,m)D

(m)
n (x), if m = 4p− 3;

−
∑n

k=1∆bk,mD̃
(m)
k (x)

−bn,mD̃(m)
n (x) +∆ (bn+1,m) D̃

(m)
n (x), if m = 4p− 2;∑n

k=1∆bk,mD
(m)
k (x)

+bn,mD
(m)
n (x)−∆ (bn+1,m)D

(m)
n (x), if m = 4p− 1;∑n

k=1∆bk,mD̃
(m)
k (x)

+bn,mD̃
(m)
n (x)−∆ (bn+1,m) D̃

(m)
n (x), if m = 4p,

(4.24)
for all p ∈ N .

Applying Abel’s transformation in (4.21), we also get

Ss
n(x) =





−∑n
k=1∆bk,mD

(m)
k (x)− bn,mD

(m)
n (x), if m = 4p− 3;

−
∑n

k=1∆bk,mD̃
(m)
k (x)− bn,mD̃

(m)
n (x), if m = 4p− 2;

+
∑n

k=1∆bk,mD
(m)
k (x) + bn,mD

(m)
n (x), if m = 4p− 1;

+
∑n

k=1∆bk,mD̃
(m)
k (x) + bn,mD̃

(m)
n (x), if m = 4p,

(4.25)
for all p ∈ N .

Using Lemma 1.91 in (4.24) and (4.25), we have that

|zsn,m(x)| ≤ O
(
x−1

)
(

n∑

k=1

km|∆bk,m|+ |an|+ |an+1|+ |an+2|
)
, (4.26)

and

|Ss
n(x)| ≤ O

(
x−1

)
(

n∑

k=1

km|∆bk,m|+ |an|
)
, (4.27)

for all m ∈ N .
Whence, letting n→ ∞ in (4.26) and (4.27), and taking into account that

(ak) ∈ B̃V r,m, m = 1, 2, . . .), we conclude that series
∑∞

k=1∆bk,mD
(m)
k (x)

and
∑∞

k=1∆bk,mD̃
(m)
k (x) converge absolutely, and
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lim
n→∞

zsn,m(x) = lim
n→∞

Ss
n(x) = g(x)

exists for all x ∈ [ε, π], where ε > 0 as small as.
Now, we have

g(x)−zsn,m(x) =





−∑∞
k=n+1∆bk,mD

(m)
k (x)

+bn,mD
(m)
n (x)−∆ (bn+1,m)D

(m)
n (x), if m = 4p− 3;

−∑∞
k=n+1∆bk,mD̃

(m)
k (x)

+bn,mD̃
(m)
n (x)−∆ (bn+1,m) D̃

(m)
n (x), if m = 4p− 2;

+
∑∞

k=n+1∆bk,mD
(m)
k (x)

−bn,mD(m)
n (x) +∆ (bn+1,m)D

(m)
n (x), if m = 4p− 1;

+
∑∞

k=n+1∆bk,mD̃
(m)
k (x)

−bn,mD̃(m)
n (x) +∆ (bn+1,m) D̃

(m)
n (x), if m = 4p,

(4.28)
for all p ∈ N .

Thus, based on (4.28), we have

‖g−zsn,m‖ ≤





∫ π

0

∣∣∣
∑∞

k=n+1∆bk,mD
(m)
k (x)

∣∣∣ dx
+|bn,m|

∫ π

0

∣∣∣D(m)
n (x)

∣∣∣ dx
+|∆ (bn+1,m) |

∫ π

0

∣∣∣D(m)
n (x)

∣∣∣ dx, if m = 4p− 3 ∨m = 4p− 1;
∫ π

0

∣∣∣
∑∞

k=n+1∆bk,mD̃
(m)
k (x)

∣∣∣ dx
+|bn,m|

∫ π

0

∣∣∣D̃(m)
n (x)

∣∣∣ dx
+|∆ (bn+1,m) |

∫ π

0

∣∣∣D̃(m)
n (x)

∣∣∣ dx, if m = 4p− 2 ∨m = 4p, (4.29)

for all p ∈ N .
Let us estimate the terms in right hand side of (4.29). Namely, since (an) ∈

C̃m ∩ B̃V m for each m ∈ {1, 2, . . .}, then for ε > 0 there exists δ > 0, such
that ∫ δ

0

∣∣∣∣∣

∞∑

k=n+1

∆bk,mD
(m)
k (x)

∣∣∣∣∣ dx ≤ ε

2
,

for all n ≥ 0.
Consequently, for m = 4p− 3 ∨m = 4p− 1 and Bernstein’s inequality we

get

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆bk,mD
(m)
k (x)

∣∣∣∣∣ dx =

∫ δ

0

∣∣∣∣∣

∞∑

k=n+1

∆bk,mD
(m)
k (x)

∣∣∣∣∣ dx (4.30)

+

∫ π

δ

∣∣∣∣∣

∞∑

k=n+1

∆bk,mD
(m)
k (x)

∣∣∣∣∣ dx
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≤ ε

2
+

∞∑

k=n+1

|∆bk,m|
∫ π

δ

∣∣∣D(m)
k (x)

∣∣∣ dx

≤ ε

2
+

∞∑

k=n+1

km−1|∆bk,m|
∫ π

δ

|D′
k(x)| dx

≤ ε

2
+ C

∞∑

k=n+1

km|∆bk,m|
∫ π

δ

dx

x2

≤ ε

2
+
C

δ

∞∑

k=n+1

km|∆bk,m|

<
ε

2
+
ε

2
= ε, (4.31)

and in a similar way, for m = 4p− 2 ∨m = 4p,

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆bk,mD̃
(m)
k (x)

∣∣∣∣∣ dx < ε. (4.32)

The other terms also tend to zero, since they can be estimated as an log n
(using Lemma 1.84). Using these facts, (4.29), (4.30) and (4.32) we have
proved that

lim
n→∞

‖zsn,m − g‖ = 0.

The proof is completed.

For m = 1 we have the following result given in [78].

Corollary 4.54. Let (an) ∈ C̃ ∩ B̃V , and limn→∞ an log n = 0. Then

lim
n→∞

‖zsn − g‖ = 0.

Theorem 4.55. Let (an) ∈ C̃m∩B̃V m for eachm ∈ {1, 2, . . .}, and limn→∞ an log n =
0. Then

lim
n→∞

‖Ss
n − g‖ = 0.

Proof. Firstly, we have

‖Ss
n − g‖ = ‖Ss

n − zsn,m + zsn,m − g‖
≤ ‖zsn,m − Ss

n‖+ ‖zsn,m − g‖.

Using Theorem 4.53, equalities (4.24), and equalities (4.25), we get

‖Ss
n−g‖ ≤

{
|∆ (bn+1,m) |

∫ π

0

∣∣D(m)
n (x)

∣∣dx+ o(1), if m = 4p− 3 ∧m = 4p− 1;

|∆ (bn+1,m) |
∫ π

0

∣∣D̃(m)
n (x)

∣∣dx+ o(1), if m = 4p− 2 ∧m = 4p; (4.33)
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for all p ∈ N .
Now applying Lemma 1.84 we have

‖Ss
n−g‖ ≤





C(n+ 1)m|∆ (bn+1,m) | log(n+ 1) + o(1), if m = 4p− 3 ∧m = 4p− 1;

(n+ 1)|∆ (bn+1,m) | ×
( ∫ π

0

∣∣D(m−1)
n (x)

∣∣dx
+
∫ π

0

∣∣F (m−1)
n (x)

∣∣dx
)
+ o(1), if m = 4p− 2 ∧m = 4p; (4.34)

for all p ∈ N .
The use of Bernstein’s inequality in (4.34) gives

‖Ss
n−g‖ ≤





C(n+ 1)m|∆ (bn+1,m) | log(n+ 1) + o(1), if m = 4p− 3 ∧m = 4p− 1;

(n+ 1)m|∆ (bn+1,m) | ×
( ∫ π

0

∣∣Dn(x)
∣∣dx

+
∫ π

0

∣∣Fn(x)
∣∣dx
)
+ o(1), if m = 4p− 2 ∧m = 4p; (4.35)

for all p ∈ N .
Finally, using conditions of our theorem in (4.35) we obtain

‖Ss
n − g‖ = O(an+1 log(n+ 1) + an+2 log(n+ 2) + o(1)) = o(1),

as n→ ∞.
The proof is completed.

For m = 1 we have the following

Corollary 4.56. Let (an) ∈ C̃ ∩ B̃V and limn→∞ an log n = 0. Then

lim
n→∞

‖Ss
n − g‖ = 0.

The following statements also hold true.

Theorem 4.57. Let (an) ∈ C̃r,m∩ B̃V r,m, r ∈ {0, 1, . . .}, m ∈ {1, 2, . . .}, and
lim→∞ nran log n = 0. Then

lim
n→∞

‖[zsn,m](r) − g(r)‖ = 0.

Proof. The proof is similar to the Theorem 4.53. Therefore, we omit it.

For r = 0 we have the following

Corollary 4.58. Let (an) ∈ C̃m∩B̃V m,m ∈ {1, 2, . . .}, and lim→∞ an log n =
0. Then

lim
n→∞

‖zsn,m − g‖ = 0.

Using Theorem 4.55 and Theorem 4.57 we obtain next consequence.
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Corollary 4.59. Let (an) ∈ S̃r,m, r ∈ {0, 1, . . .}, m ∈ {1, 2, . . .}, and
limn→∞ nran log n = 0. Then

(1) limn→∞ ‖[zsn,m](r) − g(r)‖ = 0.

(2) limn→∞ ‖[Ss
n]

(r) − g(r)‖ = 0.

For m = 1 in Corollary 4.59 we obtain next corollary proved in [78]:

Corollary 4.60. Let (an) ∈ S̃r, r ∈ {0, 1, . . .}, and limn→∞ nran log n = 0.
Then

(1) limn→∞ ‖[zsn](r) − g(r)‖ = 0.
(2) limn→∞ ‖[Ss

n]
(r) − g(r)‖ = 0.



5

L1-convergence of r−th derivative of modified
trigonometric sums

In this section we give all results regrading to L1-convergence of r-th derivative
of several modified trigonometric sums imposing generalized conditions in
their coefficients.

5.1 L1-convergence of r−th derivative of modified sums
fn(x) with coefficients from the class Sr

Let

f(x) =
a0
2

+
∞∑

k=1

ak cos kx

and

fn(x) =
1

2

n∑

k=0

∆ak +

n∑

k=1

n∑

j=k

∆aj cos kx.

We also write f (r)(x) = limn→∞[Sc
n(x)]

(r), where [Sc
n(x)]

(r) denotes the
r−th derivative of the sum Sc

n(x) =
a0

2 +
∑n

k=1 ak cos kx.

Theorem 5.1. Let {ak} ∈ Sr, then f
(r)
n (x) converges to f (r)(x) in L1-norm.

Proof. First we have

fn(x) = Sc
n(x)− an+1Dn(x),

where

Dn(x) =
1

2
+

n∑

k=1

cos kx.

It is clear that

f (r)n (x) = [Sc
n(x)]

(r) − an+1D
(r)
n (x),
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where f
(r)
n (x) and D

(r)
n (x) are r-th derivative of fn(x) and Dn(x) respectively.

Since {ak} is a null sequence and D
(r)
n (x) is bounded in (0, π], then

lim
n→∞

f (r)n (x) = lim
n→∞

[Sc
n(x)]

(r) = f (r)(x).

For x 6= 0, it follows that

f (r)(x)− f (r)n (x) =

∞∑

k=n+1

akk
r cos

(
kx+

rπ

2

)
+ an+1D

(r)
n (x).

Applying the Abel’s transformation, we get

f (r)(x)− f (r)n (x) =

∞∑

k=n+1

∆akD
(r)
k (x).

So, we can write

∫ π

0

|f (r)(x)− f (r)n (x)|dx =

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akD
(r)
k (x)

∣∣∣∣∣ dx.

Now, using Lemma 1.86 we have

∫ π

0

|f (r)(x)− f (r)n (x)|dx =

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akD
(r)
k (x)

∣∣∣∣∣ dx

=

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

D
(r)
k (x)

∣∣∣∣∣ dx

=

∫ π

0

∣∣∣∣
∞∑

k=n+1

∆Ak

k∑

µ=1

∆aµ
Aµ

D(r)
µ (x)

∣∣∣∣dx

≤
∞∑

k=n+1

∆Ak

∫ π

0

∣∣∣∣
k∑

µ=1

∆aµ
Aµ

D(r)
µ (x)

∣∣∣∣dx

≤ C
∞∑

k=n+1

(k + 1)r+1∆Ak = o(1) as n→ ∞,

taking into account that {ak} ∈ Sr.
So, we have obtained

lim
n→∞

∫ π

0

|f (r)(x)− f (r)n (x)|dx = 0.

The proof is completed.
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Corollary 5.2. Let {ak} ∈ Sr. The series

f (r)(x) =

∞∑

k=1

kak cos
(
kx+

rπ

2

)

converges in L1-norm if and only if

lim
n→∞

nr|an+1| log n = 0.

Proof. We notice that
∫ π

0

|f (r)(x)− [Sc
n(x)]

(r)|dx ≤
∫ π

0

|f (r)(x)− f (r)n (x)|dx+

∫ π

0

|f (r)n (x)− [Sc
n(x)]

(r)|dx

=

∫ π

0

|f (r)(x)− f (r)n (x)|dx+ |an+1|
∫ π

0

|D(r)
n (x)|dx,

and
∫ π

0

|an+1D
(r)
n (x)|dx =

∫ π

0

|f (r)n (x)− [Sc
n(x)]

(r)|dx

≤
∫ π

0

|f (r)n (x)− f (r)(x)|dx+

∫ π

0

|f (r)(x)− [Sc
n(x)]

(r)|dx.

So,
‖f (r) − [Sc

n]
(r)‖L1 = o(1) as n→ ∞

if and only if
|an+1|nr log n = o(1) as n→ ∞,

since
∫ π

0
|an+1D

(r)
n (x)|dx behaves as |an+1|nr log n for large values n.

The proof is completed.

5.2 L1-convergence of r−th derivative of modified sums
gc
n
(x) with coefficients from the class S∗∗

r

Let us consider the cosine series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx,

and modified cosine sums

gcn(x) =
a0
2

+
n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx.

We also write f (r)(x) = limn→∞[Sc
n(x)]

(r), where [Sc
n(x)]

(r) denotes the
r−th derivative of the partial sums Sc

n(x) of cosine series.
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Theorem 5.3. Let {ak} ∈ S∗∗
r , r ∈ {0, 1, 2, . . .}. Then [gcn(x)]

(r) converges to
f (r)(x) in L1-norm if and only if nr|an+1| log n = o(1) as n→ ∞.

Proof. Firstly we have

gcn(x) = Sn(x)−
an+1

n+ 1
D̃′

n(x).

Then we have,

[gcn(x)]
(r) = [Sc

n(x)]
(r) − an+1

n+ 1
D̃(r+1)

n (x),

where D̃
(r+1)
n (x) represents r−th derivative of the conjugate Dirichlet’s kernel.

Since, {ak} ∈ S∗∗
r , r ∈ {0, 1, 2, . . .}, then

lim
n→∞

[gcn(x)]
(r) = lim

n→∞
[Sc

n(x)]
(r) = f (r)(x) for x ∈ (0, π].

This implies

f (r)(x)− [gcn(x)]
(r) =

∞∑

k=n+1

krak cos
(
kx+

rπ

2

)
+
an+1

n+ 1
D̃(r+1)

n (x).

Applying Abel’s transformation, we have

f (r)(x)− [gcn(x)]
(r) =

∞∑

k=n+1

∆akD
(r)
k (x)− an+1D

(r)
n (x) +

an+1

n+ 1
D̃(r+1)

n (x).

Thus,

‖f (r) − [gcn]
(r)‖ =

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akD
(r)
k (x)− an+1D

(r)
n (x)

+
an+1

n+ 1
D̃(r+1)

n (x)

∣∣∣∣∣dx ≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akD
(r)
k (x)

∣∣∣∣∣ dx

+

∫ π

0

∣∣∣an+1D
(r)
n (x)

∣∣∣ dx+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃(r+1)

n (x)

∣∣∣∣ dx.

Since
∫ π

0

∣∣∣an+1

n+1 D̃
(r+1)
n (x)

∣∣∣ dx ∼ nr|an+1| log n, by Zygmund’s theorem,

{an} ∈ S∗∗
r and Lemma 1.85, we get

‖f (r) − [gcn]
(r)‖ = O

(
∞∑

k=n+1

kr+1∆ak

)
+ o (nr|an+1| log n) + o (nr|an+1| log n)

= o(1) + o (nr|an+1| log n) .

Consequently, ‖f (r)−[gcn]
(r)‖ = o(1) as n→ ∞ if and only if nr|an+1| log n =

o(1) as n→ ∞.
The proof is completed.
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Remark 5.4. For r = 0 this Theorem reduces to the Theorem 3.15.

Corollary 5.5. Let {ak} ∈ S∗∗
r . Then [Sc

n(x)]
(r) converges to f (r)(x) in L1-

norm if and only if nr|an+1| log n = o(1) as n→ ∞.

Proof. We note that,

‖f (r) − [Sc
n]

(r)‖ ≤ ‖f (r) − [gcn]
(r) + [gcn]

(r) − [Sc
n]

(r)‖
≤ ‖f (r) − [gcn]

(r)‖+ ‖[gcn](r) − [Sc
n]

(r)‖

= ‖[gcn](r) − [gcn]
(r)‖+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃(r+1)

n (x)

∣∣∣∣ dx.

Once again, since ∫ π

0

∣∣∣∣
an+1

n+ 1
D̃(r+1)

n (x)

∣∣∣∣ dx

behaves like nr|an+1| log n for large values of n, and by Theorem 5.3 we get

lim
n→∞

‖f (r) − [Sc
n]

(r)‖ = 0

if and only if nr|an+1| log n = o(1) as n→ ∞.
The corollary is proved.

Remark 5.6. For r = 0 this Corollary reduces to the Corollary 3.16.

5.3 L1-convergence of r−th derivative of modified sums
jc
n
(x) and js

n
(x) with coefficients from the class SJr

We consider together trigonometric series

φ(x) =

∞∑

k=0

akφk(x),

where φk(x) is cos kx or sin kx and φ(x) is f(x) or g(x) respectively (cos 0·x :=
1
2 ).

We also consider modified cosine and sine sums

jcn(x) =
a0
2

+
n∑

k=1

n∑

j=k

∆ (aj cos jx)

and

jsn(x) =
n∑

k=1

n∑

j=k

∆ (aj sin jx) .

We prove the following.
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Theorem 5.7. Let {ak} ∈ SJr, r ∈ {0, 1, 2, . . .}. Then

(i) limn→∞ t
(r)
n (x) = t(r)(x) exists for all x ∈ (0, π], where t

(r)
n (x) is r-th

derivative of either jcn(x) or j
s
n(x),

(ii) t(r)(x) ∈ L1(0, π], and

(iii) ‖t(r) − S
(r)
n (t)‖ = o(1) as n→ ∞.

Proof. We proof this statement only for cosine sums since for the sine sums
the proof can be done with the same arguments. Noting that

jcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆ (aj cos jx) = Sn(x)− nan+1 cos(n+ 1)x,

we have

[jcn(x)]
(r) = S(r)

n (x)− n(n+ 1)ran+1 cos
(
(n+ 1)x+

rπ

2

)
.

Since Ak ↓ 0 as k → ∞ and
∑∞

k=1 k
rAk < ∞, then we have kr+1Ak → 0

as k → ∞ and therefore

nr+1an = nr+2
∞∑

k=n

∆
(ak
k

)
≤

∞∑

k=n

kr+2

(
Ak

k

)
= o(1) as n→ ∞.

Also cos
(
(n+ 1)x+ rπ

2

)
is finite in (0, π] and therefore

t(r)(x) = lim
n→∞

[jcn(x)]
(r) = lim

n→∞

[
n∑

k=1

krak cos
(
kx+

rπ

2

)]
.

Abel’s transformation implies that

lim
n→∞

[
n∑

k=1

krak cos
(
kx+

rπ

2

)]

= lim
n→∞

[
n−1∑

k=1

∆
(ak
k

)
D̃

(r+1)
k (x) +

an
n
D̃(r+1)

n (x)

]
,

where D̃
(r+1)
k (x) denotes r-th derivative of the conjugate Dirichlet’s kernel.

Based on our assumptions and Lemma 1.83 the series
∑∞

k=1∆
(
ak

k

)
D̃

(r+1)
k (x)

converges, and hence the limit-function t(r)(x) exists for x ∈ (0, π] and subse-
quently the statement (i) holds true.

Moreover, for x 6= 0 we have

t(r)(x)− [jcn(x)]
(r) =

∞∑

k=n+1

krak cos
(
kx+

rπ

2

)
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+n(n+ 1)ran+1 cos
(
(n+ 1)x+

rπ

2

)

= lim
m→∞

[
m∑

k=n+1

krak cos
(
kx+

rπ

2

)]

+n(n+ 1)ran+1 cos
(
(n+ 1)x+

rπ

2

)
.

Applying Abel’s transformation, we obtain

t(r)(x)− [jcn(x)]
(r) =

∞∑

k=n+1

∆

(
Ak

k

)
D̃

(r+1)
k (x)− an+1

n+ 1
D̃(r+1)

n (x)

+n(n+ 1)ran+1 cos
(
(n+ 1)x+

rπ

2

)

=
∞∑

k=n+1

(
Ak

k

)
∆
(
ak

k

)

Ak

k

D̃
(r+1)
k (x)− an+1

n+ 1
D̃(r+1)

n (x)

+n(n+ 1)ran+1 cos
(
(n+ 1)x+

rπ

2

)

=

∞∑

k=n+1

∆

(
Ak

k

) k∑

j=1

∆
(

aj

j

)

Aj

j

D̃
(r+1)
j (x)

+

(
An+1

n+ 1

) n∑

j=1

∆
(

aj

j

)

Aj

j

D̃
(r+1)
j (x)− an+1

n+ 1
D̃(r+1)

n (x)

+n(n+ 1)ran+1 cos
(
(n+ 1)x+

rπ

2

)
.

Now applying Abel’s transformation, Lemma 1.85 and Lemma 1.86 we get
∫ π

0

|t(r)(x)− [jcn(x)]
(r)|dx

≤
∫ π

0

∣∣∣∣∣∣

∞∑

k=n+1

∆

(
Ak

k

) k∑

j=1

∆
(

aj

j

)

Aj

j

D̃
(r+1)
j (x)

∣∣∣∣∣∣
dx

+

∫ π

0

∣∣∣∣∣∣

(
An+1

n+ 1

) n∑

j=1

∆
(

aj

j

)

Aj

j

D̃
(r+1)
j (x)

∣∣∣∣∣∣
dx

+

∣∣∣∣
an+1

n+ 1

∣∣∣∣
∫ π

0

∣∣∣D̃(r+1)
n (x)

∣∣∣ dx+ |n(n+ 1)ran+1|
∫ π

0

∣∣∣cos
(
(n+ 1)x+

rπ

2

)∣∣∣ dx

≤
∞∑

k=n+1

∣∣∣∣∆
(
Ak

k

)∣∣∣∣
∫ π

0

∣∣∣∣∣∣

k∑

j=1

∆
(

aj

j

)

Aj

j

D̃
(r+1)
j (x)

∣∣∣∣∣∣
dx

+
|an+1|
n+ 1

O((n+ 1)r+1 log n) + (n+ 1)r+1|an+1| ·
2

n+ 1
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= O
(

∞∑

k=n+1

(k + 1)r+2

∣∣∣∣∆
(
Ak

k

)∣∣∣∣+ (n+ 1)r+1|an+1|
)
,

since ∫ π

0

∣∣∣cos
(
(n+ 1)x+

rπ

2

)∣∣∣ dx ≤ 2

n+ 1
.

By assumption {an} ∈ SJr, then we can prove that the series

∞∑

k=1

(k + 1)2∆

(
Ak

k

)

converges and nr+1an = o(1) as n → ∞. So, it follows that ‖t(r) − [jcn]
(r)‖ =

o(1) as n→ ∞.

Also, the fact that t
(r)
n (x) is a trigonometric polynomial implies t(r) ∈

L1(0, π]. This conclusion verifies completely statement (ii).
Now,

‖t(r) − [Sc
n]

(r)‖ ≤ ‖t(r) − t(r)n + t(r)n − [Sc
n]

(r)‖
≤ ‖t(r) − t(r)n ‖+ ‖t(r)n − [Sc

n]
(r)‖

= ‖t(r) − t(r)n ‖+
∫ π

0

∣∣∣n(n+ 1)ran+1 cos
(
(n+ 1)x+

rπ

2

)∣∣∣ dx

= o(1) + n(n+ 1)r|an+1| ·
2

n+ 1
= o(1) as n→ ∞,

which completes the proof of (iii).
The proof of theorem is completed.

Remark 5.8. Putting r = 0 in the Theorem 5.7, we immediately obtain The-
orem 4.1.

5.4 L1-convergence of r−th derivative of modified sums
fn(x) with generalized quasi-convex coefficients

We consider cosine series

f(x) =
a0
2

+

∞∑

k=1

ak cos kx,

modified cosine sums,

fn(x) =
1

2

n∑

k=0

∆ (ak) +
n∑

k=1

n∑

j=k

∆ (aj) cos jx

and
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gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx,

and generalized quasi-convex sequences.

Definition 5.9. A sequence {uk} is said to be generalized quasi-convex se-
quence if

∞∑

k=1

kr+1|∆2ak| <∞,

for all r ∈ {0, 1, 2, . . .}.

Now we prove the following.

Theorem 5.10. Let {ak} be a generalized quasi-convex sequence. Then

(i) limn→∞ ‖f (r) − f
(r)
n ‖ = 0,

(ii) limn→∞ ‖f (r)−f (r)n ‖ = 0 =⇒ limn→∞ ‖f (r)−[gcn]
(r)‖ = 0 as limn→∞ nran =

0
(iii) limn→∞ ‖f (r) − S

(r)
n ‖ = 0 if and only if limn→∞ nran+1 log n = 0,

where r ∈ {0, 1, 2, . . .}.

Proof. (i) We have

fn(x) =
1

2

n∑

k=0

∆ (ak) +

n∑

k=1

n∑

j=k

∆ (aj) cos jx = Sn(x)− an+1Dn(x).

Then
f (r)n (x) = S(r)

n (x)− an+1D
(r)
n (x).

Clearly,
lim

n→∞
f (r)n (x) = lim

n→∞
S(r)
n (x) = f (r)(x), x ∈ (0, π].

Therefore,

f (r)(x)− f (r)n (x) =

∞∑

k=n+1

krak cos
(
kx+

rπ

2

)
+ an+1D

(r)
n (x)

= lim
m→∞

m∑

k=n+1

krak cos
(
kx+

rπ

2

)
+ an+1D

(r)
n (x).

Applying Abel’s transformation twice we have

f (r)(x)− f (r)n (x) =

∞∑

k=n+1

∆akD
(r)
k (x) + an+1D

(r)
n (x)

= lim
m→∞

[
m−1∑

k=n+1

∆akD
(r)
k (x) + amD

(r)
m (x)− an+1D

(r)
n (x)

]
+ an+1D

(r)
n (x)
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= lim
m→∞

[
m−1∑

k=n+1

∆akD
(r)
k (x) + amD

(r)
m (x)

]

= lim
m→∞

[
m−2∑

k=n+1

(k + 1)∆2akK
(r)
k (x) +m∆am−1K

(r)
m−1(x)

−(n+ 1)∆an+1K
(r)
n (x) + amD

(r)
m (x)

]

=
∞∑

k=n+1

(k + 1)∆2akK
(r)
k (x)− (n+ 1)∆an+1K

(r)
n (x).

Thus,

‖f (r) − f (r)n ‖ ≤
∞∑

k=n+1

(k + 1)|∆2ak|
∫ π

0

|K(r)
k (x)|dx

+(n+ 1)|∆an+1|
∫ π

0

|K(r)
n (x)|dx.

Since,

|∆an+1| =
∣∣∣∣∣

∞∑

k=n+1

∆2ak

∣∣∣∣∣ ≤
∞∑

k=n+1

k + 1

k + 1

∣∣∆2ak
∣∣

≤ 1

n+ 1

∞∑

k=n+1

(k + 1)
∣∣∆2ak

∣∣ ,

then

(n+ 1)|∆an+1|
∫ π

0

|K(r)
n (x)|dx

≤ (n+ 1) · 1

n+ 1

∞∑

k=n+1

(k + 1)
∣∣∆2ak

∣∣nr
∫ π

0

|Kn(x)|dx ≤ π
∞∑

k=n+1

kr+1
∣∣∆2ak

∣∣ ,

by Zygmund’s theorem.
So, we have obtained

lim
n→∞

‖f (r) − f (r)n ‖ = 0.

(ii) Subtracting

[gcn(x)]
(r) = S(r)

n (x)− an+1

n+ 1
D̃(r+1)

n (x)

from
f (r)n (x) = S(r)

n (x)− an+1D
(r)
n (x),
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and using the equality

D̃(r+1)
n (x) = (n+ 1)D(r)

n (x)− (n+ 1)K(r)
n (x),

we have
f (r)n (x)− [gcn(x)]

(r) = −an+1K
(r)
n (x),

which implies
‖f (r)n − (gcn)

(r)‖ = |an+1|‖K(r)
n (x)‖.

Whence, by Zygmund’s theorem

‖f (r) − (gcn)
(r)‖ ≤ ‖f (r) − f (r)n ‖+ ‖f (r)n − (gcn)

(r)‖
= o(1) + |an+1|‖K(r)

n (x)‖
= o(1) + nr|an+1|‖Kn(x)‖ = o(1) +O(nr|an+1|)
= o(1), as n→ ∞.

(iii) We have

‖S(r)
n − f (r)‖ = ‖S(r)

n − f (r)n + f (r)n − f (r)‖
≤ ‖S(r)

n − f (r)n ‖+ ‖f (r)n − f (r)‖
= ‖an+1D

(r)
n (x)‖+ ‖f (r)n − f (r)‖

= O(nr|an+1| log n) + o(1) = o(1), as n→ ∞.

Conversely, we have

O(nr|an+1| log n) ∼ ‖an+1D
(r)
n (x)‖ = ‖S(r)

n − f (r)n ‖
≤ ‖S(r)

n − f (r)n ‖+ ‖f (r)n − f (r)‖
= o(1) + o(1) = o(1), as n→ ∞,

by part (i) of the theorem.
The proof is completed.

Remark 5.11. It should be noted here that, if the part (i) can be proved for
any other classes of sequences, then the parts (i) and (ii) will always be true.

5.5 L1-convergence of r−th derivative of modified sums
fn(x) and gc

n
(x) with coefficients from the class Spα

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx,

fn(x) =
1

2

n∑

k=0

∆ (ak) +
n∑

k=1

n∑

j=k

∆ (aj) cos jx,
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gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx,

and {ak} any sequence from the class Spα.

Definition 5.12. The zero-sequence {un} is said to be in the class Spα, if
there exists a sequence {An} such that

(i) An ↓ 0 as n→ ∞,
(ii)

∑∞
n=0 n

αAn <∞, for some α ≥ 0, and

(iii) 1
n

∑n
k=1

|∆uk|
p

Ap

k

= O(1), 1 < p ≤ 2, as n→ ∞.

Next statement holds true.

Theorem 5.13. Let {ak} ∈ Spα, α ≥ 0, r ∈ {0, 1, 2, . . . , [α]} and nr|an+1| log n =
o(1) as n→ ∞. Then

(i) limn→∞ nα−r‖f (r) − f
(r)
n ‖ = 0,

(ii) limn→∞ ‖f (r) − [gcn]
(r)‖ = 0 as limn→∞ nran = 0.

Proof. (i) We have

f (r)n (x) = S(r)
n (x)− an+1D

(r)
n (x),

and

f (r)(x)− f (r)n (x) =

∞∑

k=n+1

krak cos
(
kx+

rπ

2

)
+ an+1D

(r)
n (x).

By making use of Abel’s transformation, get
∫ π

0

|f (r)(x)− f (r)n (x)|dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

∆akD
(r)
k (x)

∣∣∣∣∣ dx+ |an+1|
∫ π

0

|D(r)
n (x)|dx

≤
∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

D
(r)
k (x)

∣∣∣∣∣ dx+ |an+1|
∫ π

0

|D(r)
n (x)|dx

≤
∫ π

0

∣∣∣∣∣∣

∞∑

k=n+1

∆Ak

k∑

j=1

∆aj
Aj

D
(r)
j (x)

∣∣∣∣∣∣
dx

+An

∫ π

0

∣∣∣∣∣∣

n∑

j=1

∆aj
Aj

D
(r)
j (x)

∣∣∣∣∣∣
dx+ |an+1|

∫ π

0

|D(r)
n (x)|dx

≤
∞∑

k=n+1

|∆Ak|
∫ π

0

∣∣∣∣∣∣

k∑

j=1

∆aj
Aj

D
(r)
j (x)

∣∣∣∣∣∣
dx
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+An

∫ π

0

∣∣∣∣∣∣

n∑

j=1

∆aj
Aj

D
(r)
j (x)

∣∣∣∣∣∣
dx

+|an+1|
∫ π

0

|D(r)
n (x)|dx := I1 + I2 + I3.

For I1 we can write

I1 :=
∞∑

k=n+1

|∆Ak|
∫ π

k

0

∣∣∣∣∣∣

k∑

j=1

∆aj
Aj

D
(r)
j (x)

∣∣∣∣∣∣
dx

+

∞∑

k=n+1

|∆Ak|
∫ π

π
k

∣∣∣∣∣∣

k∑

j=1

∆aj
Aj

D
(r)
j (x)

∣∣∣∣∣∣
dx := I11 + I12.

Since {ak} ∈ Spα, α ≥ 0, r ∈ {0, 1, 2, . . . , [α]}, then it can be proved that
(see [41])

I11 = o(nr−α) and I12 = o(nr−α).

Also in the similar way we can get I2 = o(nr−α) and

I3 :=

∫ π

0

∣∣∣an+1D
(r)
n (x)

∣∣∣ dx = |an+1|
∫ π

0

∣∣∣D(r)
n (x)

∣∣∣ dx

≤ nr|an+1|
∫ π

0

|Dn(x)| dx ≤ nr|an+1| log n = o(1) and n→ ∞,

by given hypothesis.
Whence,

‖f (r) − f (r)n ‖ = o(nr−α) and n→ ∞.

(ii) Now we are going to prove that

‖f (r) − f (r)n ‖ = o(nr−α) =⇒ ‖f (r) − [gcn]
(r)‖ = o(1)

as nran = 0, n→ ∞.
As we have discussed in Theorem 5.10, part (ii), we have

f (r)n (x)− [gcn(x)]
(r) = −an+1K

(r)
n (x),

which implies
‖f (r)n − (gcn)

(r)‖ = |an+1|‖K(r)
n (x)‖.

Thus, by Zygmund’s theorem

‖f (r) − (gcn)
(r)‖ = ‖f (r) − f (r)n + f (r)n − (gcn)

(r)‖
≤ ‖f (r) − f (r)n ‖+ ‖f (r)n − (gcn)

(r)‖
= o(1) + |an+1|‖K(r)

n (x)‖
= o(1) + nr|an+1|‖Kn(x)‖
= o(1) +O(nr|an+1|)
= o(1), as n→ ∞,
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by given hypothesis.
The proof is completed.

5.6 L1-convergence of r-th derivative of modified sums
Ks

n
(x) with coefficients from the class (SC)r

Let

g(x) =
a0
2

+

∞∑

k=1

ak cos kx,

Ks
n(x) =

1

2 sinx

n∑

k=1

n∑

j=k

(∆aj−1 −∆aj+1) sin kx,

and {ak} any sequence from the class (SC)r, r ∈ {0, 1, 2, . . .}.

Theorem 5.14. Let {an} be a semi-convex zero sequence of order r, r ∈
{0, 1, 2, . . .}. Then [Ks

n(x)]
(r) converges to g(r)(x) in L1-norm.

Proof. We have

Ks
n(x) =

1

2 sinx

n∑

k=1

n∑

j=k

(∆aj−1 −∆aj+1) sin kx

=
1

2 sinx

[
n∑

k=1

(ak−1 − ak+1) sin kx− (an − an+2) D̃n(x)

]
.

Applying Abel’s transformation, we get

Ks
n(x) =

1

2 sinx

n∑

k=1

(∆ak−1 −∆ak+1) D̃k(x)

=
1

2 sinx

n∑

k=1

(
∆2ak−1 +∆2ak

)
D̃k(x).

Therefore,

[Ks
n(x)]

(r) =

n∑

k=1

(
∆2ak−1 +∆2ak

)
(
D̃k(x)

2 sinx

)(r)

. (5.1)

On the other side we have

Sn(x) =
1

sinx

n∑

k=1

ak cos kx sinx

=
1

2 sinx

n∑

k=1

ak [sin(k + 1)x− sin(k − 1)x]
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=
1

2 sinx

n∑

k=1

(ak−1 − ak+1) sin kx+ an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx

=
1

2 sinx

n∑

k=1

(∆ak−1 +∆ak) sin kx+ an+1
sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx
.(5.2)

Applying Abel’s transformation to the equality (5.2) we get

Sn(x) =
n∑

k=1

(
∆2ak−1 +∆2ak

) D̃k(x)

2 sinx

+(an − an+2)
D̃n(x)

2 sinx
+ an+1

sinnx

2 sinx
+ an

sin(n+ 1)x

2 sinx
.

Thus

S(r)
n (x) =

n∑

k=1

(
∆2ak−1 +∆2ak

)
(
D̃k(x)

2 sinx

)(r)

+ (an − an+2)

(
D̃n(x)

2 sinx

)(r)

+an+1

(
sinnx

2 sinx

)(r)

+ an

(
sin(n+ 1)x

2 sinx

)(r)

. (5.3)

By Lemma 1.88 and since (an) is semi-convex null sequence of order r, we
have

∣∣∣∣∣∣
(an − an+2)

(
D̃n(x)

2 sinx

)(r)
∣∣∣∣∣∣

= Or,ǫ

(∣∣(n+ 1)r+1 (an − an+2)
∣∣)

= Or,ǫ

(∣∣∣(n+ 1)r+1
∞∑

k=n

(∆ak −∆ak+2)
∣∣∣
)

= Or,ǫ

(∣∣∣(n+ 1)r+1
∞∑

k=n+1

(∆ak−1 −∆ak+1)
∣∣∣
)

= Or,ǫ

(
∞∑

k=n+1

kr+1|∆2ak−1 +∆2ak|
)

= o(1), n→ ∞. (5.4)

Also after some elementary calculations and by virtue of Lemma 1.88 we
obtain

an+1

(
sinnx

2 sinx

)(r)

+ an

(
sin(n+ 1)x

2 sinx

)(r)

= an+1



(
D̃n(x)

2 sinx

)(r)

−
(
D̃n−1(x)

2 sinx

)(r)


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+an



(
D̃n+1(x)

2 sinx

)(r)

−
(
D̃n(x)

2 sinx

)(r)



= an+1Or,ǫ

(
nr+1 + (n− 1)r+1

)
+ anOr,ǫ

(
(n+ 1)r+1 + nr+1

)

= Or,ǫ

(
(n+ 1)r+1 (an + an+1)

)

= Or,ǫ

(
(n+ 1)r+1 [(an − an+2) + (an+1 − an+3) + (an+2 − an+4) + · · ·]

)

= Or,ǫ

(
∞∑

k=n+1

kr+1|∆2ak−1 +∆2ak|+
∞∑

k=n+2

kr+1|∆2ak−1 +∆2ak|+ · · ·
)

= o(1), n→ ∞. (5.5)

Because of (5.4) and (5.5), when we pass on limit as n → ∞ to (5.1) and
(5.3), we get

g(r)(x) = lim
n→∞

S(r)
n (x)

= lim
n→∞

[Ks
n(x)]

(r) =

∞∑

k=1

(
∆2ak−1 +∆2ak

)
(
D̃k(x)

2 sinx

)(r)

. (5.6)

Using Lemma 1.88, from (5.3), (5.4) and (5.6), we obtain

∫ π

−π

∣∣∣g(r)(x)− [Ks
n(x)]

(r)
∣∣∣ dx

= 2

∫ π

0

∞∑

k=n+1

∣∣∆2ak−1 +∆2ak
∣∣
∣∣∣∣∣

(
D̃k(x)

2 sinx

)(r) ∣∣∣∣∣dx

= Or,ǫ

(
∞∑

k=n+1

kr+1
∣∣∆2ak−1 +∆2ak

∣∣
)

= o(1), n→ ∞.

The proof is completed.

Remark 5.15. If we take r = 0 in Theorem 5.14, then we obtain Theorem 4.7
and Corollary 4.8.

Corollary 5.16. Let (an) ∈ (SC)
r
, then the sufficient condition for L1-

convergence of the r-th derivative of the cosine series is nran log n = o(1)
as n→ ∞.

Proof. We have

∥∥∥g(r)(x)− S(r)
n (x)

∥∥∥ ≤
∥∥∥g(r)(x)− [Ks

n(x)]
(r)
∥∥∥+

∥∥∥[Ks
n(x)]

(r) − S(r)
n (x)

∥∥∥
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= o(1) +

∥∥∥∥∥∥
(an − an+2)

(
D̃n(x)

2 sinx

)(r)
∥∥∥∥∥∥

+

∥∥∥∥∥an+1

(
sinnx

2 sinx

)(r)

+ an

(
sin(n+ 1)x

2 sinx

)(r)
∥∥∥∥∥

≤ o(1) + an

∥∥∥D̃(r)
n (x)

∥∥∥
= o(1) +O (nran log n) = o(1), n→ ∞.

taking into account the Theorem 5.14 and Lemma 1.88.
The proof is completed.

5.7 L1-convergence of r−th derivative of modified sums
gc
n
(x) with coefficients from the class Sr

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

and

gcn(x) =
a0
2

+

n∑

k=1

n∑

j=k

∆

(
aj
j

)
k cos kx.

We also write f (r)(x) = limn→∞[Sc
n(x)]

(r), where [Sc
n(x)]

(r) denotes the
r−th derivative of the sum Sc

n(x) =
a0

2 +
∑n

k=1 ak cos kx.

Theorem 5.17. Let {ak} ∈ Sr, r ∈ {0, 1, 2, . . .}, and nr|an+1| log n = o(1)
as n→ ∞. Then [gcn(x)]

(r) converges to f (r)(x) in L1-norm.

Proof. First we have

gcn(x) = Sc
n(x)−

an+1

n+ 1
D̃′

n(x),

where D̃′
n(x) denotes the first derivative of the conjugate Dirichlet’s kernel.

So,

[gcn(x)]
(r) = [Sc

n(x)]
(r) − an+1

n+ 1
D̃(r+1)

n (x),

where [gcn(x)]
(r) and D̃

(r+1)
n (x) are r-th derivative of gcn(x) and D̃

′
n(x) respec-

tively.

Since {ak} ∈ Sr, r ∈ {0, 1, 2, . . .} is a zero sequence and D̃
(r+1)
n (x) is

bounded in (0, π], then

lim
n→∞

[gcn(x)]
(r) = lim

n→∞
[Sc

n(x)]
(r) = f (r)(x).
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For x 6= 0, it follows that

f (r)(x)− [gcn(x)]
(r) =

∞∑

k=n+1

akk
r cos

(
kx+

rπ

2

)
+
an+1

n+ 1
D̃(r+1)

n (x).

Applying the Abel’s transformation, we get

f (r)(x)− [gcn(x)]
(r) =

∞∑

k=n+1

∆akD̃
(r)
k (x)

−an+1D̃
(r)
n (x) +

an+1

n+ 1
D̃(r+1)

n (x).

So, we can write

∫ π

0

|f (r)(x) − [gcn(x)]
(r)|dx ≤

∫ π

0

∣∣∣∣∣

∞∑

k=n+1

Ak
∆ak
Ak

D̃
(r)
k (x)

∣∣∣∣∣ dx

+

∫ π

0

∣∣∣an+1D̃
(r)
n (x)

∣∣∣ dx+

∫ π

0

∣∣∣∣
an+1

n+ 1
D̃(r+1)

n (x)

∣∣∣∣ dx.

Now, applying Abel’s transformation again and using Lemma 1.85 and
Lemma 1.86, we obtain

∫ π

0

|f (r)(x) − [gcn(x)]
(r)|dx ≤

∫ π

0

∣∣∣∣
∞∑

k=n+1

∆Ak

k∑

µ=1

∆aµ
Aµ

D̃(r)
µ (x)

∣∣∣∣dx

≤
∞∑

k=n+1

∆Ak

∫ π

0

∣∣∣∣
k∑

µ=1

∆aµ
Aµ

D̃(r)
µ (x)

∣∣∣∣dx

+O(nr|an+1| log n) +O(nr|an+1| log n)

≤ C

∞∑

k=n+1

(k + 1)r+1∆Ak +O(nr|an+1| log n) = o(1),

as n→ ∞, taking into account that {ak} ∈ Sr and given hypothesis.
So, we have obtained

lim
n→∞

∫ π

0

|f (r)(x)− [gcn(x)]
(r)|dx = 0.

The proof is completed.

Corollary 5.18. Let {ak} ∈ Sr, r ∈ {0, 1, 2, . . .}, and nr|an+1| log n = o(1)
as n→ ∞. Then [Sc

n(x)]
(r) converges to f (r)(x) in L1-norm.

Proof. We notice that
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∫ π

0

|f (r)(x) − [Sc
n(x)]

(r)|dx ≤
∫ π

0

|f (r)(x)− [gcn(x)]
(r)|dx

+

∫ π

0

|[gcn(x)](r) − [Sc
n(x)]

(r)|dx

=

∫ π

0

|f (r)(x)− [gcn(x)]
(r)|dx+

∣∣∣∣
an+1

n+ 1

∣∣∣∣
∫ π

0

|D̃(r+1)
n (x)|dx.

So,
‖f (r)(x)− [Sc

n(x)]
(r)‖L1 = o(1) as n→ ∞,

if
|an+1|nr log n = o(1) as n→ ∞,

since
∫ π

0

∣∣∣an+1D̃
(r+1)
n (x)

∣∣∣ dx behaves as |an+1|nr log n for large values n.

The proof is completed.

5.8 L1-convergence of r−th derivative of modified sums
Nn(x) with r-quasi convex coefficients

Let

f(x) =
a0
2

+

∞∑

k=1

ak cos kx

and

Nn(x) = − 1
(
2 sin x

2

)2
n∑

k=1

n∑

j=k

(∆2aj−1 −∆2aj) cos kx+
a1(

2 sin x
2

)2 .

We also write f (r)(x) = limn→∞[Sc
n(x)]

(r), where [Sc
n(x)]

(r) denotes the
r−th derivative of the sum Sc

n(x) =
a0

2 +
∑n

k=1 ak cos kx.

Theorem 5.19. Let {an} be a r-quasi convex null sequence, then N
(r)
n (x)

converges to f (r)(x) in L1 norm.

Proof. From definition of Sn(x) we have:

Sn(x) =
1

(
2 sin x

2

)2
n∑

k=1

ak cos kx
(
2 sin

x

2

)2

= − 1
(
2 sin x

2

)2
n∑

k=1

ak[cos (k + 1)x− 2 cos kx+ cos (k − 1)x]

= − 1
(
2 sin x

2

)2
n∑

k=1

(ak−1 − 2ak + ak+1) cos kx
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− a0 cosx(
2 sin x

2

)2 +
an cos (n+ 1)x
(
2 sin x

2

)2 +
a1(

2 sin x
2

)2 − an+1 cosnx(
2 sin x

2

)2

= − 1
(
2 sin x

2

)2
n∑

k=1

∆2ak−1 cos kx− a0 cosx(
2 sin x

2

)2

+
an cos (n+ 1)x
(
2 sin x

2

)2 +
a1(

2 sin x
2

)2 − an+1 cosnx(
2 sin x

2

)2 .

Applying Abel’s transformation, we get

Sn(x) = − 1
(
2 sin x

2

)2
n−1∑

k=1

(∆2ak−1 −∆2ak)D̃k(x) +
∆2an−1D̃n(x)(

2 sin x
2

)2

− a0 cosx(
2 sin x

2

)2 +
an cos (n+ 1)x
(
2 sin x

2

)2 +
a1(

2 sin x
2

)2 − an+1 cosnx(
2 sin x

2

)2 .

Thus,

S(r)
n (x) = −

n−1∑

k=1

(∆2ak−1 −∆2ak)

(
D̃k(x)

4 sin2 x
2

)(r)

+∆2an−1

(
D̃n(x)

4 sin2 x
2

)(r)

+ an

(
cos (n+ 1)(x)

4 sin2 x
2

)(r)

+a1

(
1

4 sin2 x
2

)(r)

− an+1

(
cosnx

4 sin2 x
2

)(r)

.

On the other hand, applying the Abel’s transformation to the equality

Nn(x) = − 1
(
2 sin x

2

)2
n∑

k=1

n∑

j=k

(∆2aj−1 −∆2aj) cos kx+
a1(

2 sin x
2

)2 ,

we have

Nn(x) = −
n−1∑

k=1

(∆2ak−1 −∆2ak)
D̃k(x)

4 sin2 x
2

+
∆2an−1D̃n(x)(

2 sin x
2

)2 +
∆2anD̃n(x)(
2 sin x

2

)2 +
a1(

2 sin x
2

)2 ,

whose r-th derivative is the following

N (r)
n (x) = −

n−1∑

k=1

(∆2ak−1 −∆2ak)

(
D̃k(x)

4 sin2 x
2

)(r)

+∆2an−1

(
D̃n(x)

4 sin2 x
2

)(r)

+∆2an

(
D̃n(x)

4 sin2 x
2

)(r)

+ a1

(
1

4 sin2 x
2

)(r)

.
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Since {an} is r-quasi convex null sequence, then we have

∣∣∣∣∣∣
∆2an

(
D̃n(x)

2 sin2 x
2

)(r)
∣∣∣∣∣∣
= Or,ǫ

(∣∣nr
(
∆2an

) ∣∣)

= Or,ǫ

(∣∣∣nr
∞∑

k=n

(
∆2ak −∆2ak+1

) ∣∣∣
)

= Or,ǫ

(
∞∑

k=n

kr+1|∆2ak −∆2ak+1|
)

= Or,ǫ

(
∞∑

k=n

kr+1|∆ak −∆ak+1|
)

+Or,ǫ

(
∞∑

k=n

kr+1|∆ak+1 −∆ak+2|
)

= o(1), n→ ∞.

Also, after some elementary calculations, we obtain

an

(
cos (n+ 1)(x)

4 sin2 x
2

)(r)

− an+1

(
cosnx

4 sin2 x
2

)(r)

= an



(
Dn+1(x)

4 sin2 x
2

)(r)

−
(
Dn(x)

4 sin2 x
2

)(r)



−an+1



(
Dn(x)

4 sin2 x
2

)(r)

−
(
Dn−1(x)

4 sin2 x
2

)(r)



= anOr,ǫ

(
(n+ 1)r+1 − nr+1

)
− an+1Or,ǫ

(
nr+1 − (n− 1)r+1

)

= Or,ǫ (n
r (an − an+1))

= Or,ǫ

(
nr

∞∑

k=n

(∆ak −∆ak+1)

)

= Or,ǫ

(
∞∑

k=n

kr|∆ak −∆ak+1|
)

= o(1), n→ ∞,

and respectively

f (r)(x) = lim
n→∞

N (r)
n (x) = lim

n→∞
S(r)
n (x)

= −
∞∑

k=1

(∆2ak−1 −∆2ak)

(
D̃k(x)

4 sin2 x
2

)(r)

+ a1

(
1

4 sin2 x
2

)(r)

.
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Now using the above equalities we obtain

∫ π

−π

∣∣∣f (r)(x)−N (r)
n (x)

∣∣∣ dx

= 2

∫ π

0

∞∑

k=n

∣∣∆2ak −∆2ak+1

∣∣
∣∣∣∣∣

(
D̃k(x)

4 sin2 x
2

)(r) ∣∣∣∣∣dx

= Or,ǫ

(
∞∑

k=n

kr+1
∣∣∆2ak −∆2ak+1

∣∣
)

= o(1), n→ ∞.

The proof is completed.

Corollary 5.20. Let {an} be a r-quasi convex null sequence, then the neces-
sary and sufficient condition for L1-convergence of the r− th derivative of the
cosine series is nr+1|an| = o(1) as n→ ∞.

Proof. We have

∥∥∥f (r)(x)− S(r)
n (x)

∥∥∥

≤
∥∥∥f (r)(x)−N (r)

n (x)
∥∥∥+

∥∥∥N (r)
n (x)− S(r)

n (x)
∥∥∥

= o(1) +

∥∥∥∥∥∥
an

(
cos (n+ 1)x

4 sin2 x
2

)(r)
∥∥∥∥∥∥
+

∥∥∥∥∥∥
an+1

(
cosnx

4 sin2 x
2

)(r)
∥∥∥∥∥∥

+

∥∥∥∥∥∥
∆2an

(
D̃n(x)

4 sin2 x
2

)(r)
∥∥∥∥∥∥

≤ o(1) +

∥∥∥∥∥∥
an

(
cos (n+ 1)x

4 sin2 x
2

)(r)
∥∥∥∥∥∥
+

∥∥∥∥∥∥
an+1

(
cosnx

4 sin2 x
2

)(r)
∥∥∥∥∥∥

= o(1) +O
(
(n+ 1)r+1|an|

)
+O

(
(n+ 1)r+1|an+1|

)
= o(1), n→ ∞.

The proof is completed.



6

L1-convergence of single complex modified
sums

In this section we have collected all results regrading to L1-convergence of
complex modified trigonometric sums whose coefficients belong to some spe-
cific classes of real sequences.

6.1 L1-convergence of complex modified sums gn(C;x)
with coefficients from the class R∗

We consider the complex series

∞∑

|k|≤∞

cke
ikx,

its partial sums

Sn(C;x) =
∑

|k|≤n

cke
ikx,

and the complex modified sums

gn(C;x) = Sn(C;x) +
i

n+ 1

[
cn+1E

′
n(x)− cn+1E

′
−n(x)

]
,

with coefficients from the class R∗.
Regarding to this class we prove the following.

Theorem 6.1. Let {ck} ∈ R∗. Then there exists f(x) such that:

(i) limn→∞ gn(C;x) = f(x) for all 0 < |x| ≤ π,
(ii)f ∈ L1 and ‖gn(C;x)− f(x)‖ = o(1) as n→ ∞, and
(iii)limn→∞ ‖Sn(C;x)− f(x)‖ = 0 if and only if lim|n|→∞ cn log |n| = 0.
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Proof. (i) Using Abel’s transformation, we have

gn(C;x) = Sn(C;x) +
i

n+ 1

[
cn+1E

′
n(x)− cn+1E

′
−n(x)

]

= 2

n∑

k=1

∆
(ck
k

)
D̃′

k(x) +

n∑

k=1

∆

(
ck−1 − ck

k

)
iE′

k(x).

By Lemma 1.91 and changing the order of summation, we get

∞∑

k=1

∣∣∣∆
(ck
k

)
D̃′

k(x)
∣∣∣ ≤ C

|x|

∞∑

k=1

k
∣∣∣∆
(ck
k

)∣∣∣

≤ C

|x|

∞∑

k=1

∞∑

j=k

k

∣∣∣∣∆
2

(
cj
j

)∣∣∣∣

=
C

|x|

∞∑

j=1

(
j∑

k=1

k

)∣∣∣∣∆
2

(
cj
j

)∣∣∣∣

= O


 1

|x|

∞∑

j=1

j2
∣∣∣∣∆

2

(
cj
j

)∣∣∣∣


 <∞,

and

∞∑

k=3

∣∣∣∣∆
(
ck−1 − ck

k

)
iE′

k(x)

∣∣∣∣ ≤
C1

|x|

∞∑

k=3

k

∣∣∣∣∆
(
ck−1 − ck

k

)∣∣∣∣

= O
[

1

|x|

∞∑

k=3

k log k

∣∣∣∣∆
(
ck−1 − ck

k

)∣∣∣∣

]
<∞,

where C1 is a suitable constant.
These imply that

f(x) = 2

∞∑

k=1

∆
(ck
k

)
D̃′

k(x) + i

∞∑

k=1

∆

(
ck−1 − ck

k

)
iE′

k(x)

exists and consequently (i) follows.
(ii) For x 6= 0 and applying the Abel’s transformation, we have

f(x)− gn(C;x) = 2
∞∑

k=n+1

∆
(ck
k

)
D̃′

k(x) + i
∞∑

k=n+1

∆

(
ck−1 − ck

k

)
iE′

k(x)

= 2
∞∑

k=n+1

(k + 1)∆2
(ck
k

)
K̃ ′

k(x)− 2(n+ 1)∆

(
cn+1

n+ 1

)
K̃ ′

n(x)

+i

∞∑

k=n+1

∆

(
ck−1 − ck

k

)
iE′

k(x).
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Whence,

∫ π

−π

|f(x)− gn(C;x)| dx ≤ 2

∞∑

k=n+1

(k + 1)
∣∣∣∆2

(ck
k

)∣∣∣
∫ π

−π

∣∣∣K̃ ′
k(x)

∣∣∣ dx

+2(n+ 1)

∣∣∣∣∆
(
cn+1

n+ 1

)∣∣∣∣
∫ π

−π

∣∣∣K̃ ′
n(x)

∣∣∣ dx

+
∞∑

k=n+1

∣∣∣∣∆
(
ck−1 − ck

k

)∣∣∣∣
∫ π

−π

|E′
k(x)| dx.

By Lemma 1.94,
∫ π

−π
|K̃ ′

k(x)|dx = o(k). Also,

∣∣∣∣∆
(
cn+1

n+ 1

)∣∣∣∣ =
∣∣∣∣∣

∞∑

k=n+1

∆2

(
cn+1

n+ 1

)∣∣∣∣∣

≤
∞∑

k=n+1

k2

k2

∣∣∣∣∆
2

(
cn+1

n+ 1

)∣∣∣∣

≤ 1

(n+ 1)2

∞∑

k=n+1

k2
∣∣∣∣∆

2

(
cn+1

n+ 1

)∣∣∣∣

= o((n+ 1)−2),

by the hypothesis of the theorem.
Since Lemma 1.84 and Lemma 1.85 imply

∫ π

−π

|Ẽ′
−k(x)|dx = o(k log k),

then

‖f(x)− gn(C;x)‖ = o

(
∞∑

k=n+1

(k + 1)
∣∣∣∆2

(ck
k

)∣∣∣
)

+ o(1)

+o

(
∞∑

k=n+1

∣∣∣∣∆
(
ck−1 − ck

k

)∣∣∣∣ k log k
)

= o(1),

by hypothesis of the theorem.
Since gn(C;x) is a polynomial, it follows that f ∈ L1, which proves (ii).
(iii) We can write

‖f(x)− Sn(C;x)‖ ≤ ‖f(x)− gn(C;x)‖+ ‖gn(C;x)− Sn(C;x)‖
= ‖f(x)− gn(C;x)‖

+

∥∥∥∥
i

n+ 1

[
cn+1E

′
n(x)− cn+1E

′
−n(x)

]∥∥∥∥
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and
∥∥∥∥

i

n+ 1

[
cn+1E

′
n(x)− c−(n+1)E

′
−n(x)

]∥∥∥∥ = ‖gn(C;x)− Sn(C;x)‖

≤ ‖f(x)− Sn(C;x)‖+ ‖f(x)− gn(C;x)‖.

Since ‖f(x) − gn(C;x)‖ = o(1) as n → ∞, by (ii) and by Lemma 1.95,
then

lim
n→∞

∥∥∥∥
1

n+ 1

[
cn+1E

′
n(x)− c−(n+1)E

′
−n(x)

]∥∥∥∥ = 0

if and only if
lim

|n|→∞
cn log |n| = 0.

The proof is completed.

6.2 L1-convergence of complex modified sums gn(C;x)
with coefficients from the class K∗

In this unit we consider the complex series

∞∑

|k|≤∞

cke
ikx,

its partial sums

Sn(C;x) =
∑

|k|≤n

cke
ikx,

and the complex modified sums

gn(C;x) = Sn(C;x) +
i

n+ 1

[
cn+1E

′
n(x)− cn+1E

′
−n(x)

]
,

with coefficients from the class K∗ (see Definition 1.68).
Next, we prove the following theorem.

Theorem 6.2. Let {ck} ∈ K∗. Then for f ∈ L1(T), T = R
2πZ , we have:

(i) ‖gn(C;x)− f(x)‖ = o(1) as n→ ∞, and
(ii)limn→∞ ‖Sn(C;x)− f(x)‖ = 0 if and only if lim|n|→∞ cn+1 log |n| = 0.

Proof. Let λ > 1 and n > 1, then we have

V λ
n (C;x)− f(x) =

[λn] + 1

[λn]− n

[
σ[λn](x)− f(x)

]
− n+ 1

[λn]− n
[σn(x)− f(x)] ,

where
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V λ
n (C, x) =

1

[λn]− n

[λn]∑

k=n+1

Sk(C;x)

is known as truncated Cesàro means, and

σn(C;x) =
1

n+ 1

n∑

k=0

Sk(C;x).

Moreover, the difference V λ
n (C;x)− f(x) can be written as

V λ
n (C;x)− f(x) =

[λn]∑

|k|=n+1

[λn]− k + 1

[λn]− n
cke

ikx.

Next, we have

gn(C;x)− V λ
n (C;x) = −

[λn]∑

|k|=n+1

[λn]− k + 1

[λn]− n
cke

ikx

+
i

n+ 1

[
cn+1E

′
n(x)− cn+1E

′
−n(x)

]
.

Using summation by parts, we get

−
[λn]∑

k=n+1

[λn]− k + 1

[λn]− n
cke

ikx = −i
{

[λn]−1∑

k=n+1

[λn]− k + 1

[λn]− n
∆
(ck
k

)
E′

k(x)

+
1

[λn]− n

[λn]∑

k=n+1

(ck
k

)
E′

k(x)−
cn+1

n+ 1
E′

n(x)

}
.

Similarly, we have

−
[λn]∑

k=n+1

[λn]− k + 1

[λn]− n
c−ke

−ikx = −i
{

[λn]−1∑

k=n+1

[λn]− k + 1

[λn]− n
∆
(c−k

k

)
E′

−k(x)

+
1

[λn]− n

[λn]∑

k=n+1

(c−k

k

)
E′

−k(x)−
cn+1

n+ 1
E′

−n(x)

}
.

Therefore,

gn(C;x)− V λ
n (C;x) = i

[
[λn]−1∑

k=n+1

[λn]− k + 1

[λn]− n
∆
(ck
k

)
E′

k(x)

−
[λn]−1∑

k=n+1

[λn]− k + 1

[λn]− n
∆
(c−k

k

)
E′

−k(x)

]
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+i

[
1

[λn]− n

[λn]∑

k=n+1

(ck
k

)
E′

k(x)

− 1

[λn]− n

[λn]∑

k=n+1

(c−k

k

)
E′

−k(x)

]
.

Based on equality

E′
n(x)− E′

−n(x) = 2iD̃′
n(x),

we can write

gn(C;x)− V λ
n (C;x) = i

[
[λn]−1∑

k=n+1

[λn]− k

[λn]− n
∆
(ck
k

)
2iD̃′

k(x)

+

[λn]−1∑

k=n+1

[λn]− k

[λn]− n
∆

(
ck − c−k

k

)
E′

−k(x)

]

+i

[
1

[λn]− n

[λn]∑

k=n+1

(ck
k

)
2iD̃′

k(x)

+
1

[λn]− n

[λn]∑

k=n+1

(
ck − c−k

k

)
E′

−k(x)

]
.

Whence,

‖gn(C;x)− f(x)‖ ≤ ‖gn(C;x)− V λ
n (C;x)‖+ ‖V λ

n (C;x)− f(x)‖

≤ [λn] + 1

[λn]− n
‖σ[λn](C;x)− f(x)‖

+
n+ 1

[λn]− n
‖σn(C;x)− f(x)‖

+

∥∥∥∥∥2
[λn]−1∑

k=n+1

[λn]− k

[λn]− n
∆
(ck
k

)
D̃′

k(x)

+

[λn]−1∑

k=n+1

[λn]− k

[λn]− n
∆

(
ck − c−k

k

)
E′

−k(x)

∥∥∥∥∥

+

∥∥∥∥∥
2

[λn]− n

[λn]∑

k=n+1

(ck
k

)
D̃′

k(x)

+
1

[λn]− n

[λn]∑

k=n+1

(
ck − c−k

k

)
E′

−k(x)

∥∥∥∥∥
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≤ [λn] + 1

[λn]− n
‖σ[λn](C;x)− f(x)‖

+
n+ 1

[λn]− n
‖σn(C;x)− f(x)‖+ I1 + I2.

Let us estimate first the quantity I2. Namely, we have

I2 ≤ 2

[λn]− n

∥∥∥∥∥∥

[λn]∑

k=n

(ck
k

)
D̃′

k(x)

∥∥∥∥∥∥
+

1

[λn]− n

∥∥∥∥∥∥

[λn]∑

k=n

(
ck − c−k

k

)
E′

−k(x)

∥∥∥∥∥∥

= J11 +
1

[λn]− n

∥∥∥∥∥∥

[λn]∑

k=n

(
ck − c−k

k

)
E′

−k(x)

∥∥∥∥∥∥
,

where

J11 :=
2

[λn]− n

∥∥∥∥∥∥

[λn]∑

k=n

(ck
k

)
D̃′

k(x)

∥∥∥∥∥∥
.

Since,
(k + 1)Kk(x) = (k + 1)Dk(x)− D̃′

k(x),

where Kk(x) =
1
k

∑k
j=0Dj(x) is the Fejér kernel, and Kk(x) ≥ 0, then

D̃′
k(x) ≤ (k + 1)Dk(x).

This fact implies

J11 ≤ 2

[λn]− n

∥∥∥∥∥∥

[λn]∑

k=n

(k + 1)
(ck
k

)
Dk(x)

∥∥∥∥∥∥

≤ 2([λn] + 1)

[λn]− n

∥∥∥∥∥∥

[λn]∑

k=n

(ck
k

)
Dk(x)

∥∥∥∥∥∥
.

Now, we have

∫ π

0

∣∣∣∣∣∣

[λn]∑

k=n

(ck
k

)
Dk(x)

∣∣∣∣∣∣
dx =

∫ π
[λn]

0

∣∣∣∣∣∣

[λn]∑

k=n

(ck
k

)
Dk(x)

∣∣∣∣∣∣
dx

+

∫ π

π
[λn]

∣∣∣∣∣∣

[λn]∑

k=n

(ck
k

)
Dk(x)

∣∣∣∣∣∣
dx := In + Jn.

Since, for In we have

In ≤ C(p)

[λn]∑

k=n

∣∣∣ck
k

∣∣∣ ≤ C(p)[λn]


 1

[λn]

[λn]∑

k=n

∣∣∣ck
k

∣∣∣
p




1
p

,
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then

I11 ≤ C(p)[λn]


 1

[λn]

[λn]∑

k=n

∣∣∣ck
k

∣∣∣
p




1
p

,

where C(p) is a positive constant.
On the other hand, we have

Jn =

∫ π

π
[λn]

∣∣∣∣∣∣

[λn]∑

k=n

(ck
k

)
Dk(x)

∣∣∣∣∣∣
dx =

∫ π

π
[λn]

1

2 sin x
2

∣∣∣∣∣∣

[λn]∑

k=n

(ck
k

)
sin

(
k +

1

2

)
x

∣∣∣∣∣∣
.dx

After applying the Hölder’s inequality (1 < p ≤ 2) we obtain

Jn ≤
[∫ π

π
[λn]

(
1

2 sin x
2

)q

dx

] 1
q



∫ π

0

∣∣∣∣∣∣

[λn]∑

k=n

(ck
k

)
sin

(
k +

1

2

)
x

∣∣∣∣∣∣

p

dx




1
p

,

and then the Hausdorff-Young inequality, we have

Jn ≤ C(p)[λn]
1
q




[λn]∑

k=n

∣∣∣ck
k

∣∣∣
p




1
p

= C(p)[λn]


 1

[λn]

[λn]∑

k=n

∣∣∣ck
k

∣∣∣
p




1
p

,

where C(p) is a positive constant depending only in p and p+ q = pq.
Lemma 1.84 and Lemma 1.85 imply

‖E′
−k(x)‖ = O(k log k),

and hence

I2 ≤ C1[λn]

[λn]− n


 1

[λn]

[λn]∑

k=n

∣∣∣ck
k

∣∣∣
p




1
p

+
C2[λn]

[λn]− n


 1

[λn]

[λn]∑

k=n

(∣∣∣∣
ck − c−k

k

∣∣∣∣ k log k
)
 ,

where C1, C2 are positive constants.
Similarly, for I1, we have

I1 ≤ C3

[λn]∑

k=n

∣∣∣∣∆
(
ck − c−k

k

)∣∣∣∣ k log k + C4




[λn]∑

k=n

kp−1
∣∣∣ck
k

∣∣∣
p




1
p

,

where C1, C2 are positive constants.
Combining the above estimations, we get
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‖gn(C;x)− f(x)‖ ≤ [λn] + 1

[λn]− n
‖σ[λn](C;x)− f(x)‖

+
n+ 1

[λn]− n
‖σn(C;x)− f(x)‖+ I1 + I2

≤ [λn] + 1

[λn]− n
‖σ[λn](C;x)− f(x)‖

+
n+ 1

[λn]− n
‖σn(C;x)− f(x)‖

+
C1[λn]

[λn]− n


 1

[λn]

[λn]∑

k=n

∣∣∣ck
k

∣∣∣
p




1
p

+
C2[λn]

[λn]− n


 1

[λn]

[λn]∑

k=n

(∣∣∣∣
ck − c−k

k

∣∣∣∣ k log k
)


+C3

[λn]∑

k=n

∣∣∣∣∆
(
ck − c−k

k

)∣∣∣∣ k log k

+C4




[λn]∑

k=n

kp−1
∣∣∣ck
k

∣∣∣
p




1
p

.

Since, {ck} is a null sequence and λ > 1, we have

[λn]

[λn]− n
∼ λ

λ− 1
, n→ ∞,

and it follows that

lim
n→∞

[λn]

[λn]− n
cn = 0.

Based on this fact the quantity

[λn]

[λn]− n


 1

[λn]

[λn]∑

k=n

∣∣∣ck
k

∣∣∣
p




1
p

→ 0, n→ ∞.

Also, since f ∈ L1(T), it implies

‖σn(C;x)− f(x)‖ → 0, n→ ∞.

Now, using condition {ck} ∈ K∗, we obtain

lim
n→∞

‖gn(C;x)− f(x)‖ ≤ C3 lim
n→∞

[λn]∑

k=n

∣∣∣∣∆
(
ck − c−k

k

)∣∣∣∣ k log k

+C4 lim
n→∞




[λn]∑

k=n

kp−1
∣∣∣ck
k

∣∣∣
p




1
p

.
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In the last inequality we take the limit as λ → 1 and since {ck} ∈ K∗,
then

lim
n→∞

‖gn(C;x)− f(x)‖ = 0.

In the sequel, we notice that

‖Sn(C;x)− f(x)‖ ≤ ‖Sn(C;x)− gn(C;x)‖+ ‖gn(C;x)− f(x)‖

=

∥∥∥∥
i

n+ 1

[
cn+1E

′
n(x)− cn+1E

′
−n(x)

]∥∥∥∥+ ‖gn(C;x)− f(x)‖,

and
∥∥∥∥

i

n+ 1

[
cn+1E

′
n(x)− cn+1E

′
−n(x)

]∥∥∥∥ = ‖Sn(C;x)− gn(C;x)‖

≤ ‖gn(C;x)− f(x)‖+ ‖Sn(C;x)− f(x)‖.

Finally, since ‖gn(C;x) − f(x)‖ = o(1), as n → ∞, and with some slight
modifications in Lemma 1.95 we can show that

lim
n→∞

∥∥∥∥
i

n+ 1

[
cn+1E

′
n(x)− cn+1E

′
−n(x)

]∥∥∥∥ = 0 ⇐⇒ lim
|n|→∞

cn+1 log |n| = 0.

Subsequently, we have proved that

lim
n→∞

‖Sn(C;x)− f(x)‖ = 0 ⇐⇒ lim
|n|→∞

cn+1 log |n| = 0,

which implies the assertion (ii).
The proof is completed.

6.3 L1-convergence of complex modified sums kn(C;x)
with coefficients from the class J∗

Here we consider the complex series

∞∑

|k|≤∞

cke
ikx,

its partial sums

Sn(C;x) =
∑

|k|≤n

cke
ikx,

and the complex modified sums (which indeed are the complex form of the
modified sums kcn(x) and k

s
n(x))
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kn(C;x) = Sn(C;x) +
i

2 sinx

[
cne

i(n+1)x − c−ne
−i(n+1)x

+cn+1e
inx − c−(n+1)e

−inx

+(n+ 1)(cn − cn+2)e
i(n+1)x

+(n+ 1)(c−(n+2) − c−n)e
−i(n+1)x

]
,

with coefficients from the class J∗ (see Definition 1.69).
Next, we prove the following theorem.

Theorem 6.3. Let {ck} ∈ J∗. Then there exists f(x), x ∈ T = R
2πZ , so that:

(i) limn→∞ kn(C;x) = f(x) for |x| ∈ (0, π],
(ii)f ∈ L1(T) and ‖kn(C;x)− f(x)‖ = o(1) as n→ ∞,
(iii)‖Sn(C;x)− f(x)‖ = o(1) as |n| → ∞.

Proof. Since
∣∣∣ einx

2 sin x

∣∣∣ ≤ Mε for 0 < ε ≤ x ≤ π, and {ck} is a zero sequence,

then

lim
n→∞

kn(C;x) = lim
n→∞

Sn(C;x)

+ lim
n→∞

iMε(n+ 1)

2

[
(cn − c−n)− (cn+2 − c−(n+2))

]
,

where Mε > 0 is a constant depending only in ε > 0.
However, for n ≥ 1 we have

n(n+ 1)
cn − c−n

n
= n(n+ 1)

∞∑

k=n

∆

(
ck − c−k

k

)

≤
∞∑

k=n

k(k + 1)

(
Ak

k

)
= o(1), as n→ ∞,

by given hypothesis.
Therefore,

lim
n→∞

kn(C;x) = lim
n→∞

Sn(C;x) = f(x).

Now, we are going to show that f(x) exists in (0, π]. First, we can write

Sn(x) =

n∑

k=−n

cke
ikx = c0 +

n∑

k=1

(ck
k
keikx +

c−k

k
ke−ikx

)
.

Applying the summation by parts, we obtain

Sn(x) = c0 +

n−1∑

k=1

∆
(ck
k

)
(−iE′

k(x)) +
cn
n
(−iE′

n(x))
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+
n−1∑

k=1

∆
(c−k

k

)
(−iE′

−k(x)) +
c−n

n
(iE′

−n(x))

= c0 − i

n−1∑

k=1

[
∆
(ck
k

)
E′

k(x)−∆
(c−k

k

)
E′

−k(x)
]

−i cnE
′
n(x)− c−nE

′
−n(x)

n
.

Using Lemma 1.91 and {ck} ∈ J∗, we obtain

∞∑

k=1

∣∣∣∆
(ck
k

)
E′

k(x)−∆
(c−k

k

)
E′

−k(x)
∣∣∣ ≤ Mε

|x|

∞∑

k=1

k

∣∣∣∣∆
(
ck − c−k

k

)∣∣∣∣

≤ Mε

|x|

∞∑

k=1

kAk

k
=
Mε

|x|

∞∑

k=1

Ak <∞,

since by assumption
∑∞

k=1 kAk < ∞ and from obvious inequality Ak ≤ kAk

it holds that
∑∞

k=1Ak <∞.
Also, we have

∣∣∣∣−i
cnE

′
n(x)− c−nE

′
−n(x)

n

∣∣∣∣ ≤
nMε

|x|

∣∣∣∣
cn − c−n

n

∣∣∣∣ = o(1), n→ ∞.

Whence f(x) = limn→∞ Sn(C;x) exists and consequently (i) follows.
Further, for x 6= 0, consider

f(x)− kn(C;x) =

∞∑

|k|>n

cke
ikx

− i

2 sinx

[
cne

i(n+1)x − c−ne
−i(n+1)x

+cn+1e
inx − c−(n+1)e

−inx

+(n+ 1)(cn − cn+2)e
i(n+1)x

+(n+ 1)(c−(n+2) − c−n)e
−i(n+1)x

]
.

Using Abel’s transformation, again, we get

f(x)− kn(C;x) = i

∞∑

k=n+1

[
∆
(ck
k

)
E′

k(x)−∆
(c−k

k

)
E′

−k(x)
]

−i cn+1E
′
n(x) + c−nE

′
−n(x)

n+ 1

− i

2 sinx

[
cne

i(n+1)x − c−ne
−i(n+1)x
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+cn+1e
inx − c−(n+1)e

−inx

+(n+ 1)(cn − cn+2)e
i(n+1)x

+(n+ 1)(c−(n+2) − c−n)e
−i(n+1)x

]
,

and

‖f(x)− kn(C;x)‖

≤
∫ π

0

∞∑

k=n+1

∣∣∣∣∆
(
ck − c−k

k

)∣∣∣∣
Mεk

|x| dx+

∫ π

0

Mεn

|x|

∣∣∣∣
cn+1 − c−(n+1)

n+ 1

∣∣∣∣ dx

+

∫ π

0

∣∣∣∣
(cn+1 − c−(n+1)) + (n+ 2)(cn − c−n)− (n+ 1)(cn+2 − c−(n+2))

sinx

∣∣∣∣ dx.

Therefore, based on the assumption {ck} ∈ J∗, we find that

‖f(x) − kn(C;x)‖

≤
∫ π

0

∞∑

k=n+1

Ak

k

Mεk

|x| dx+

∫ π

0

Mε

|x|
∣∣cn+1 − c−(n+1)

∣∣ dx

+

∫ π

0

∣∣(cn+1 − c−(n+1)) + (cn+1 − c−(n+1))
∣∣

| sinx| dx

+

∫ π

0

∣∣(n+ 1)(cn − c−n)− (n+ 1)(cn+2 − c−(n+2))
∣∣

| sinx| dx

= O
(

∞∑

k=n+1

Ak log k

)

+o(log n(cn − c−n)) + o(log n(cn − c−n)) + o(log n(cn − c−n)).

For all n ≥ 1 we have that

log n(cn − c−n) ≤ n2
cn − c−n

n

≤
∞∑

k=n

k2∆
(ck
k

)

≤
∞∑

k=n

k2
(
Ak

k

)
= o(1), n→ ∞.

Subsequently, ‖f(x)− kn(C;x)‖ = o(1) as n→ ∞ and since kn(C;x) is a
polynomial, it follows that f ∈ L1(0, π], which proves the assertion (ii).

Further, we notice that

‖f(x)− Sn(C;x)‖ = ‖f(x)− kn(C;x) + kn(C;x)− Sn(C;x)‖
≤ ‖f(x)− kn(C;x)‖+ ‖kn(C;x)− Sn(C;x)‖
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≤ ‖f(x)− kn(C;x)‖+∥∥∥∥∥
i

2 sinx

[
cne

i(n+1)x − c−ne
−i(n+1)x

+cn+1e
inx − c−(n+1)e

−inx

+(n+ 1)(cn − cn+2)e
i(n+1)x

+(n+ 1)(c−(n+2) − c−n)e
−i(n+1)x

]∥∥∥∥∥.

Finally, using (ii) and some of above estimations, we obtain the conclusion
of the assertion (iii).

The proof is completed.

6.4 L1-convergence of complex modified sums Kn(C;x)
with coefficients from the class K

Here we consider the complex series

∞∑

|k|≤∞

cke
ikx,

its partial sums

Sn(C;x) =
∑

|k|≤n

cke
ikx,

and the complex modified sums (which indeed are the complex form of the
modified sums kcn(x) and k

s
n(x))

Kn(C;x) = Sn(C;x) +
i

2 sinx

[
cne

i(n+1)x − c−ne
−i(n+1)x

+cn+1e
inx − c−(n+1)e

−inx

+(cn − cn+2)En(x)

+(c−(n+2) − c−n)E−n(x)
]
,

with coefficients from the class K (see Definition 1.70), where

En(x) =

n∑

k=1

eikx, E−n(x) =

n∑

k=1

e−ikx.

We prove the following theorem.

Theorem 6.4. Let (ck) belongs to the class K. Then:

(i) limn→∞Kn(C;x) = f(x) exists for |x| ∈ (0, π],
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(ii) f ∈ L1(0, π] and ‖Kn(C;x)− f(x)‖ → 0, as n→ ∞,
(iii) ‖Sn(f ;x)− f(x)‖ → 0 as n→ ∞.

Proof. Firstly, we will show that f(x) exists on (0, π]. Indeed, it is clear that
we can write

Sn(x) =

n∑

k=−n

cke
ikx = c0 +

n∑

k=1

(ck
k
keikx +

c−k

k
ke−ikx

)

Applying the Abel’s transformation we obtain

Sn(x) = c0 − i

n−1∑

k=1

[
∆
(ck
k

)
E′

k(x)−∆
(c−k

k

)
E′

−k(x)
]

−i
[cn
n
E′

n(x)−
c−n

n
E′

−n(x)
]
.

Based on Lemma 1.91 we clearly have

|Sn(x)| ≤ |c0|+
n−1∑

k=1

[ ∣∣∣∆
(ck
k

)∣∣∣ |E′
k(x)|+

∣∣∣∆
(c−k

k

)∣∣∣ |E′
−k(x)|

]

+
|cn|
n

|E′
n(x)|+

|c−n|
n

|E′
−n(x)|

≤ |c0|+
Mrε

|x|

{
n−1∑

k=1

k

[ ∣∣∣∆
(ck
k

)∣∣∣+
∣∣∣∆
(c−k

k

)∣∣∣
]
+ |cn|+ |c−n|

}

≤ |c0|+
Mrε

|x|

{
2

n−1∑

k=1

Ak + 2

∞∑

k=n

Ak

}

≤ |c0|+
2Mrε

|x|

∞∑

k=1

kAk < +∞,

since (ck) ∈ K, and

|c±n| = n
∣∣∣c±n

n

∣∣∣ ≤ n

∞∑

k=n

∣∣∣∆
(c±k

k

)∣∣∣ ≤
∞∑

k=n

k

∣∣∣∣∆
(
c±j

j

)∣∣∣∣ ≤
∞∑

j=n

Ak.

Subsequently, limn→∞ Sn(x) = limn→∞Kn(C;x) = f(x) exists, because

of the boundedness of the functions einx

sin x ,
En(x)
sin x , E−n(x)

sin x on (0, π], and thus (i)
holds true.

Now we are going to prove (ii). Indeed, for x 6= 0 we have

f(x)−Kn(C;x) =

∞∑

k=n+1

(ck
k
keikx +

c−k

k
ke−ikx

)

− i

2 sinx
[cne

i(n+1)x − c−ne
−i(n+1)x + cn+1e

inx

−c−(n+1)e
−inx + (cn − cn+2)En(x) + (c−(n+2) − c−n)E−n(x)].
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Again, applying the Abel’s transformation to the above equality we obtain

f(x) − Kn(C;x)

= −i lim
p→∞

{
p−1∑

k=n+1

[
∆
(ck
k

)
E′

k(x)−∆
(c−k

k

)
E′

−k(x)
]

+
cp
p
E′

p(x)−
c−p

p
E′

−p(x)−
cn+1

n+ 1
E′

n(x) +
c−(n+1)

n+ 1
E′

−n(x)

}

− i

2 sinx
[cne

i(n+1)x − c−ne
−i(n+1)x + cn+1e

inx

−c−(n+1)e
−inx + (cn − cn+2)En(x) + (c−(n+2) − c−n)E−n(x)]

= −i
{

∞∑

k=n+1

[
∆
(ck
k

)
E′

k(x)−∆2
(c−k

k

)
E′

−k(x)
]

− cn+1

n+ 1
E′

n(x) +
c−(n+1)

n+ 1
E′

−n(x)

}
− i

2 sinx
[cne

i(n+1)x − c−ne
−i(n+1)x

+cn+1e
inx − c−(n+1)e

−inx + (cn − cn+2)En(x) + (c−(n+2) − c−n)E−n(x)].

Thus, using Lemmas 1.91 we get

|f(x) − Kn(C;x)| ≤
∞∑

k=n+1

[∣∣∣∆
(ck
k

)∣∣∣ |E′
k(x)|+

∣∣∣∆
(c−k

k

)∣∣∣ |E′
−k(x)|

]

+

∣∣∣∣
cn+1

n+ 1

∣∣∣∣ |E
′
n(x)|+

∣∣∣∣
c−(n+1)

n+ 1

∣∣∣∣ |E
′
−n(x)|

}

+
1

2| sinx| [|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|

+(|cn|+ |cn+2|)|En(x)|+ (|c−(n+2)|+ |c−n|)|E−n(x)|]

≤ Mrε

|x|

{
∞∑

k=n+1

k
[∣∣∣∆

(ck
k

)∣∣∣+
∣∣∣∆
(c−k

k

)∣∣∣
]

+
(
|cn+1|+

∣∣c−(n+1)

∣∣)
}

+
|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|

2| sinx|

+(|cn|+ |cn+2|)
∣∣∣∣
En(x)

2 sinx

∣∣∣∣+ (|c−(n+2)|+ |c−n|)
∣∣∣∣
E−n(x)

2 sinx

∣∣∣∣

≤ Mrε

|x|

[
2

∞∑

k=n

Ak +
(
|cn+1|+

∣∣c−(n+1)

∣∣)
]

+
|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|

2| sinx|

+(|cn|+ |cn+2|)
∣∣∣∣
En(x)

2 sinx

∣∣∣∣+ (|c−(n+2)|+ |c−n|)
∣∣∣∣
E−n(x)

2 sinx

∣∣∣∣ .



6.4 L1-convergence of complex modified sumsKn(C;x) with coefficients from the classK 241

Therefore, using Lemma 1.96 we obtain

‖f(x)−Kn(C;x)‖L1

≤ Mrε

[
2

∞∑

k=n

Ak

∫ π

0

dx

|x| +
(
|cn+1|+

∣∣c−(n+1)

∣∣)
∫ π

0

dx

|x|

]

+
|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|

2

∫ π

0

dx

| sinx|

+(|cn|+ |cn+2|)
∫ π

0

∣∣∣∣
En(x)

2 sinx

∣∣∣∣ dx+ (|c−(n+2)|+ |c−n|)
∫ π

0

∣∣∣∣
E−n(x)

2 sinx

∣∣∣∣ dx

≤ Mrε

[
2

∞∑

k=n

Ako(log k) +
(
|cn+1|+

∣∣c−(n+1)

∣∣) o (log n)
]

+
|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|

2
o (log n)

+(|cn|+ |cn+2|)o(n) + (|c−(n+2)|+ |c−n|)o(n).

Now we note that
∞∑

k=n

Ak log k ≤
∞∑

k=n

k2Ak = o(1),

and for m = n, n+ 1, n+ 2 we get

|c±m| logm ≤ m2
∣∣∣c±m

m

∣∣∣ ≤ m2
∞∑

j=m

∣∣∣∣∆
(
c±j

j

)∣∣∣∣

≤
∞∑

j=m

j2
∣∣∣∣∆
(
c±j

j

)∣∣∣∣ ≤
∞∑

j=m

j2
Aj

j
=

∞∑

j=m

jAj = o(1)

as n→ ∞.
Subsequently, we get

‖f(x)−Kn(C;x)‖L1 = o(1) as n→ ∞.

Using the latest equality and the fact that Kn(C;x) is a polynomial it
follows that f ∈ L1(0, π]. We proved (ii) entirely.

Finally, we will prove (iii). Namely, using some facts used above we have

‖f(x)− Sn(x)‖L1 ≤
∫ π

0

|f(x)−Kn(C;x)|dx+

∫ π

0

|Kn(C;x)− Sn(x)|dx

≤
∫ π

0

|f(x)−Kn(C;x)|dx+

∫ π

0

∣∣∣∣
i

2 sinx
[cne

i(n+1)x − c−ne
−i(n+1)x + cn+1e

inx

−c−(n+1)e
−inx + (cn − cn+2)En(x) + (c−(n+2) − c−n)E−n(x)]

∣∣∣∣dx
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≤
∫ π

0

|f(x)−Kn(C;x)|dx+ [|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|]
∫ π

0

dx

2| sinx|

+(|cn|+ |cn+2|)
∫ π

0

∣∣∣∣
En(x)

2 sinx

∣∣∣∣dx+ (|c−(n+2)|+ |c−n|)
∫ π

0

∣∣∣∣
E−n(x)

2 sinx

∣∣∣∣dx

≤
∫ π

0

|f(x)−Kn(C;x)|dx+ [|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|]o (log n)

+[|cn|+ |cn+2|+ |c−(n+2)|+ |c−n|]o (n)
= o(1) + o(1) + o(1) = o(1), n→ ∞.

The proof is completed.

6.5 L1-convergence of complex modified sums Kn(C;x)
with coefficients from the class K

2

We consider the complex series

∞∑

|k|≤∞

cke
ikx,

its partial sums

Sn(C;x) =
∑

|k|≤n

cke
ikx,

and the complex modified sums

Kn(C;x) = Sn(C;x) +
i

2 sinx

[
cne

i(n+1)x − c−ne
−i(n+1)x

+cn+1e
inx − c−(n+1)e

−inx

+(cn − cn+2)En(x)

+(c−(n+2) − c−n)E−n(x)
]
,

with coefficients from the class K2 (see Definition 1.71), where

En(x) =

n∑

k=1

eikx, E−n(x) =

n∑

k=1

e−ikx.

We prove the following theorem.

Theorem 6.5. Let (ck) belongs to the class K2. Then:

(i) limn→∞Kn(C;x) = f(x) exists for |x| ∈ (0, π],
(ii) f ∈ L1(0, π] and ‖Kn(C;x)− f(x)‖ → 0, as n→ ∞,
(iii) ‖Sn(f ;x)− f(x)‖ → 0 as n→ ∞.
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Proof. Firstly, we will show that f(x) exists on (0, π]. Indeed, it is clear that
we can write

Sn(x) =

n∑

k=−n

cke
ikx = c0 +

n∑

k=1

(ck
k
keikx +

c−k

k
ke−ikx

)

Applying twice the Abel’s transformation we obtain

Sn(x) = c0 − i

[
n−2∑

k=1

∆2
(ck
k

)
E

′

k(x) +∆

(
cn−1

n− 1

)
E

′

n(x)

]

+i

[
n−2∑

k=1

∆2
(c−k

k

)
E

′

−k(x) +∆

(
c−(n−1)

n− 1

)
E

′

−n(x)

]

+i
c−n

n
E′

−n(x)− i
cn
n
E′

n(x).

Based on Lemmas 1.91 and 1.92 we clearly have

|Sn(x)| ≤ |c0|+
n−2∑

k=1

[ ∣∣∣∆2
(ck
k

)∣∣∣ |E′

k(x)|+
∣∣∣∆2

(c−k

k

)∣∣∣ |E′

−k(x)|
]

+

[ ∣∣∣∣∆
(
cn−1

n− 1

)∣∣∣∣ |E
′

n(x)|+
∣∣∣∣∆
(
c−(n−1)

n− 1

)∣∣∣∣ |E
′

−n(x)|
]

+
|cn|
n

|E′
n(x)|+

|c−n|
n

|E′
−n(x)|

≤ |c0|+
Mrε

|x|

{
n−2∑

k=1

k2

[ ∣∣∣∆2
(ck
k

)∣∣∣+
∣∣∣∆2

(c−k

k

)∣∣∣
]

+n2

[ ∣∣∣∣∆
(
cn−1

n− 1

)∣∣∣∣+
∣∣∣∣∆
(
c−(n−1)

n− 1

)∣∣∣∣

]
+ |cn|+ |c−n|

}

≤ |c0|+
2Mrε

|x|

{
n−2∑

k=1

Ak

+2

∞∑

k=n−1

k2

[ ∣∣∣∆2
(ck
k

)∣∣∣+
∣∣∣∆2

(c−k

k

)∣∣∣
]
+ 2M

}

≤ |c0|+
2Mrε

|x|

{
5

∞∑

k=1

k2Ak + 2M

}
< +∞,

since (ck) ∈ K2, where M is a positive constant.
Subsequently, limn→∞ Sn(x) = limn→∞Kn(C;x) = f(x) exists, because

of the boundedness of the functions einx

sin x ,
En(x)
sin x , E−n(x)

sin x on (0, π], and thus (i)
holds true.

Now we are going to prove (ii). Indeed, for x 6= 0 we have
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f(x)−Kn(C;x) =

∞∑

k=n+1

(ck
k
keikx +

c−k

k
ke−ikx

)

− i

2 sinx
[cne

i(n+1)x − c−ne
−i(n+1)x

+cn+1e
inx − c−(n+1)e

−inx

+(cn − cn+2)En(x) + (c−(n+2) − c−n)E−n(x)].

Again, applying twice the Abel’s transformation to the above equality we
obtain

f(x)−Kn(C;x) = −i lim
p→∞

{
p−2∑

k=n+1

[
∆2
(ck
k

)
E

′

k(x)−∆2
(c−k

k

)
E

′

−k(x)
]

+∆

(
cp−1

p− 1

)
E

′

p−1(x)−∆

(
c−(p−1)

p− 1

)
E

′

−(p−1)(x)

+
cp
p
E′

p(x)−
c−p

p
E′

−p(x)

−∆
(cn
n

)
E

′

n(x) +∆
(c−n

n

)
E

′

−n(x)−
cn+1

n+ 1
E′

n(x)

+
c−(n+1)

n+ 1
E′

−n(x)

}
− i

2 sinx
[cne

i(n+1)x − c−ne
−i(n+1)x

+cn+1e
inx − c−(n+1)e

−inx

+(cn − cn+2)En(x) + (c−(n+2) − c−n)E−n(x)]

= −i
{

∞∑

k=n+1

[
∆2
(ck
k

)
E

′

k(x)−∆2
(c−k

k

)
E

′

−k(x)
]

−∆
(cn
n

)
E

′

n(x) +∆
(c−n

n

)
E

′

−n(x)

− cn+1

n+ 1
E′

n(x) +
c−(n+1)

n+ 1
E′

−n(x)

}

− i

2 sinx
[cne

i(n+1)x − c−ne
−i(n+1)x + cn+1e

inx − c−(n+1)e
−inx

+(cn − cn+2)En(x) + (c−(n+2) − c−n)E−n(x)].

Hence, using Lemmas 1.91 and 1.92 we get

|f(x)−Kn(C;x)| ≤
∞∑

k=n+1

[∣∣∣∆2
(ck
k

)∣∣∣ |E′

k(x)|+
∣∣∣∆2

(c−k

k

)∣∣∣ |E′

−k(x)|
]

+
∣∣∣∆
(cn
n

)∣∣∣ |E′

n(x)|+
∣∣∣∆
(c−n

n

)∣∣∣ |E′

−n(x)|

+

∣∣∣∣
cn+1

n+ 1

∣∣∣∣ |E
′
n(x)|+

∣∣∣∣
c−(n+1)

n+ 1

∣∣∣∣ |E
′
−n(x)|
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+
1

2| sinx| [|cn|+ |c−n|+ |cn+1|

+|c−(n+1)|+ (|cn|+ |cn+2|)|En(x)|
+(|c−(n+2)|+ |c−n|)|E−n(x)|]

≤ Mrε

|x|

{
∞∑

k=n+1

k2
[∣∣∣∆2

(ck
k

)∣∣∣+
∣∣∣∆2

(c−k

k

)∣∣∣
]

+n2
[∣∣∣∆

(cn
n

)∣∣∣+
∣∣∣∆
(c−n

n

)∣∣∣
]

+(n+ 1)
(
|cn+1|+

∣∣c−(n+1)

∣∣)
}

+
|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|

2| sinx|

+(|cn|+ |cn+2|)
∣∣∣∣
En(x)

2 sinx

∣∣∣∣

+(|c−(n+2)|+ |c−n|)
∣∣∣∣
E−n(x)

2 sinx

∣∣∣∣

≤ Mrε

|x|

[
2

∞∑

k=n

Ak + (n+ 1)
(
|cn+1|+

∣∣c−(n+1)

∣∣)
]

+
|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|

2| sinx|

+(|cn|+ |cn+2|)
∣∣∣∣
En(x)

2 sinx

∣∣∣∣

+(|c−(n+2)|+ |c−n|)
∣∣∣∣
E−n(x)

2 sinx

∣∣∣∣ .

Therefore, using Lemma 1.96 we obtain

‖f(x)−Kn(C;x)‖ ≤ Mrε

[
2

∞∑

k=n

Ak

∫ π

0

dx

|x|

+(n+ 1)
(
|cn+1|+

∣∣c−(n+1)

∣∣)
∫ π

0

dx

|x|

]

+
|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|

2

∫ π

0

dx

| sinx|

+(|cn|+ |cn+2|)
∫ π

0

∣∣∣∣
En(x)

2 sinx

∣∣∣∣ dx

+(|c−(n+2)|+ |c−n|)
∫ π

0

∣∣∣∣
E−n(x)

2 sinx

∣∣∣∣ dx



246 6 L1-convergence of single complex modified sums

≤ Mrε

[
2

∞∑

k=n

Ak log k

+(n+ 1)
(
|cn+1|+

∣∣c−(n+1)

∣∣) o (log n)
]

+
|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|

2
o (log n)

+(|cn|+ |cn+2|)o(n) + (|c−(n+2)|+ |c−n|)o(n).

Now we note that
∞∑

k=n

Ak log k ≤
∞∑

k=n

k2Ak = o(1),

and

(n+ 1)
∣∣c±(n+1)

∣∣ log n ≤ (n+ 1)3
∣∣∣∣
c±(n+1)

n+ 1

∣∣∣∣ ≤ (n+ 1)3
∞∑

k=n+1

∣∣∣∆
(c±k

k

)∣∣∣

≤ (n+ 1)3
∞∑

k=n+1

∞∑

j=k

∣∣∣∣∆
2

(
c±j

j

)∣∣∣∣

= (n+ 1)3
∞∑

j=n+1

(j − n)

∣∣∣∣∆
2

(
c±j

j

)∣∣∣∣

≤
∞∑

j=n+1

j4
∣∣∣∣∆

2

(
c±j

j

)∣∣∣∣

≤
∞∑

j=n+1

j4
Aj

j2
=

∞∑

j=n+1

j2Aj = o(1)

as n→ ∞. Subsequently, we get

‖f(x)−Kn(C;x)‖ = o(1) as n→ ∞.

Using the latest equality and the fact that Kn(C;x) is a polynomial it
follows that f ∈ L1(0, π].

Finally, we will prove (iii). Namely, using some facts used above we have

∫ π

0

|f(x)− Sn(x)|dx ≤
∫ π

0

|f(x)−Kn(C;x)|dx+

∫ π

0

|gcn(x)− Sn(x)|dx

≤
∫ π

0

|f(x)−Kn(C;x)|dx+

∫ π

0

∣∣∣∣
i

2 sinx
[cne

i(n+1)x

−c−ne
−i(n+1)x + cn+1e

inx − c−(n+1)e
−inx

+(cn − cn+2)En(x) + (c−(n+2) − c−n)E−n(x)]

∣∣∣∣dx
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≤
∫ π

0

|f(x)−Kn(C;x)|dx

+[|cn|+ |c−n|+ |cn+1|+ |c−(n+1)|]
∫ π

0

dx

2| sinx|

+(|cn|+ |cn+2|)
∫ π

0

∣∣∣∣
En(x)

2 sinx

∣∣∣∣dx

+(|c−(n+2)|+ |c−n|)
∫ π

0

∣∣∣∣
E−n(x)

2 sinx

∣∣∣∣dx

≤
∫ π

0

|f(x)−Kn(C;x)|dx+ [|cn|+ |c−n|+ |cn+1|

+|c−(n+1)|]o (log n)
+[|cn|+ |cn+2|+ |c−(n+2)|+ |c−n|]o (n)
= o(1) + o(1) + o(1) = o(1), n→ ∞.

The proof is completed.

6.6 L1-convergence of r-th derivative of the modified
sums gn(C;x) with coefficients from the class R∗(r)

We consider the complex series

∞∑

|k|≤∞

cke
ikx,

its partial sums

Sn(C;x) =
∑

|k|≤n

cke
ikx,

the complex modified sums

gn(C;x) = Sn(C;x) +
i

n+ 1

[
cn+1E

′
n(x)− cn+1E

′
−n(x)

]
,

and their the r-th derivative

g(r)n (C;x) = S(r)
n (C;x) +

i

n+ 1

[
cn+1E

(r+1)
n (x)− cn+1E

(r+1)
−n (x)

]
,

with coefficients from the class R∗(r), r = 0, 1, 2, . . ..
We prove the following.

Theorem 6.6. Let {ck} ∈ R∗(r), r = 0, 1, 2, . . .. Then there exists f(x) such
that:

(i) limn→∞ g
(r)
n (C;x) = f (r)(x) for all 0 < |x| ≤ π,
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(ii)f (r) ∈ L1 and ‖g(r)n (C;x)− f (r)(x)‖ = o(1) as n→ ∞, and

(iii)limn→∞ ‖S(r)
n (C;x)− f (r)(x)‖ = 0 if and only if lim|n|→∞ |n|rcn log |n| =

0.

Proof. (i) Applying Abel’s transformation, we have

g(r)n (C;x) = S(r)
n (C;x) +

i

n+ 1

[
cn+1E

(r+1)
n (x)− cn+1E

(r+1)
−n (x)

]

= 2
n∑

k=1

∆
(ck
k

)
D̃

(r+1)
k (x) +

n∑

k=1

∆

(
ck−1 − ck

k

)
iE

(r+1)
k (x).

By Lemma 1.91 and changing the order of summation, we get

∞∑

k=1

∣∣∣∆
(ck
k

)
D̃

(r+1)
k (x)

∣∣∣ ≤ C

|x|

∞∑

k=1

kr+1
∣∣∣∆
(ck
k

)∣∣∣

≤ C

|x|

∞∑

k=1

∞∑

j=k

kr+1

∣∣∣∣∆
2

(
cj
j

)∣∣∣∣

=
C

|x|

∞∑

j=1

(
j∑

k=1

kr+1

)∣∣∣∣∆
2

(
cj
j

)∣∣∣∣

= O


 1

|x|

∞∑

j=1

jr+2

∣∣∣∣∆
2

(
cj
j

)∣∣∣∣


 <∞,

and

∞∑

k=3

∣∣∣∣∆
(
ck−1 − ck

k

)
E

(r+1)
k (x)

∣∣∣∣ ≤
C1

|x|

∞∑

k=3

kr+1

∣∣∣∣∆
(
ck−1 − ck

k

)∣∣∣∣

= O
[

1

|x|

∞∑

k=3

kr+1 log k

∣∣∣∣∆
(
ck−1 − ck

k

)∣∣∣∣

]
<∞,

where C1 is a suitable constant.
Consequently,

f (r)(x) = 2
∞∑

k=1

∆
(ck
k

)
D̃

(r+1)
k (x) + i

∞∑

k=1

∆

(
ck−1 − ck

k

)
iE

(r+1)
k (x)

exists and consequently (i) follows.
(ii) Now for x 6= 0, we have

f (r)(x)− g(r)n (C;x)

= 2

∞∑

k=n+1

∆
(ck
k

)
D̃

(r+1)
k (x) + i

∞∑

k=n+1

∆

(
ck−1 − ck

k

)
iE

(r+1)
k (x)
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= 2

∞∑

k=n+1

(k + 1)∆2
(ck
k

)
K̃

(r+1)
k (x)− 2(n+ 1)∆

(
cn+1

n+ 1

)
K̃(r+1)

n (x)

+i

∞∑

k=n+1

∆

(
ck−1 − ck

k

)
iE

(r+1)
k (x).

Then,

∥∥∥f (r)(x)− g(r)n (C;x)
∥∥∥ ≤ 2

∞∑

k=n+1

(k + 1)
∣∣∣∆2

(ck
k

)∣∣∣
∫ π

−π

∣∣∣K̃(r+1)
k (x)

∣∣∣ dx

+2(n+ 1)

∣∣∣∣∆
(
cn+1

n+ 1

)∣∣∣∣
∫ π

−π

∣∣∣K̃(r+1)
n (x)

∣∣∣ dx

+

∞∑

k=n+1

∣∣∣∣∆
(
ck−1 − ck

k

)∣∣∣∣
∫ π

−π

∣∣∣E(r+1)
k (x)

∣∣∣ dx.

By Lemma 1.94, it holds
∫ π

−π
|K̃ ′

k(x)|dx = O(k), and by Bernstein’s in-
equality we obtain ∫ π

−π

|K̃(r)
k (x)|dx = O(kr).

Also,

∣∣∣∣∆
(
cn+1

n+ 1

)∣∣∣∣ =
∣∣∣∣∣

∞∑

k=n+1

∆2

(
cn+1

n+ 1

)∣∣∣∣∣

≤
∞∑

k=n+1

kr+2

kr+2

∣∣∣∣∆
2

(
cn+1

n+ 1

)∣∣∣∣

≤ 1

(n+ 1)r+2

∞∑

k=n+1

kr+2

∣∣∣∣∆
2

(
cn+1

n+ 1

)∣∣∣∣

= o((n+ 1)−r−2)

as n→ ∞.
Since Lemma 1.84 and Lemma 1.85 imply

∫ π

−π

|Ẽ(r+1)
−k (x)|dx = o(kr+1 log k),

then

‖f (r)(x)− g(r)n (C;x)‖ = o

(
∞∑

k=n+1

(k + 1)
∣∣∣∆2

(ck
k

)∣∣∣
)

+ o(1)

+o

(
∞∑

k=n+1

∣∣∣∣∆
(
ck−1 − ck

k

)∣∣∣∣ k
r+1 log k

)
= o(1),
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by hypothesis of the theorem.

Since g
(r)
n (C;x) is a polynomial, it follows that f (r) ∈ L1, which proves

(ii).
(iii) We can write

‖f (r)(x)− S(r)
n (C;x)‖ ≤ ‖f (r)(x)− g(r)n (C;x)‖+ ‖g(r)n (C;x)− S(r)

n (C;x)‖
= ‖f (r)(x)− g(r)n (C;x)‖

+

∥∥∥∥
i

n+ 1

[
cn+1E

(r+1)
n (x)− cn+1E

(r+1)
−n (x)

]∥∥∥∥

and
∥∥∥∥

i

n+ 1

[
cn+1E

(r+1)
n (x)− c−(n+1)E

(r+1)
−n (x)

]∥∥∥∥ = ‖g(r)n (C;x)− S(r)
n (C;x)‖

≤ ‖f (r)(x)− S(r)
n (C;x)‖+ ‖f (r)(x)− g(r)n (C;x)‖.

Since ‖f (r)(x)− g
(r)
n (C;x)‖ = o(1) as n→ ∞, by (ii) and by Lemma 1.95,

then

lim
n→∞

∥∥∥∥
1

n+ 1

[
cn+1E

(r+1)
n (x)− c−(n+1)E

(r+1)
−n (x)

]∥∥∥∥ = 0

if and only if
lim

|n|→∞
|n|rcn log |n| = 0.

The proof is completed.



7

L1-convergence of double modified
trigonometric sums

In this section we have written only few results regrading to L1-convergence
of some double modified trigonometric sums whose coefficients belong to some
classes of real sequences.

7.1 L1-convergence of double modified trigonometric
sums Xm,n(x, y)

For a function f1(x, y) with two independent variables x and y we write f1 ∈
L1(T 2) if

‖f1‖ =

∫∫

T 2

|f1(x, y)|dxdy < +∞,

where Q := [0, π]× [0, π].
Let us consider double cosine series of the form

f1(x, y) =

∞∑

j=1

∞∑

k=1

aj,k cos jx cos ky, (7.1)

with its partial sums

Scos
m,n(x, y) :=

m∑

j=1

n∑

k=1

aj,k cos jx cos ky, m, n ≥ 1,

and
f1(x, y) = lim

m+n→∞
Scos
m,n(x, y).

Then, we use double modified cosine sums

Xm,n(x, y) =
m∑

j=1

n∑

k=1




m∑

i=j

n∑

ℓ=k

∆1,1 (ai,ℓ cos ix cos ℓy)


 , (7.2)
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the partial sums of the series (7.1), and

f1(x, y) = lim
m+n→∞

Scos
m,n(x, y).

Moreover, we use the following class of numerical sequences:

Definition 7.1. A double null sequence {aj,k} of positive numbers is said to
belong to the class Jd if there exists a double sequence {Aj,k} such that

Aj,k ↓ 0, j + k → ∞, (7.3)

∞∑

j=1

∞∑

k=1

jkAj,k <∞, (7.4)

and ∣∣∣∣∆p,q

(
aj,k
jk

)∣∣∣∣ ≤
Aj,k

jk
, 1 ≤ p+ q ≤ 2 (7.5)

for any non-negative integers p, q and j, k ∈ {1, 2, 3, . . .}.

Now, we prove the following.

Theorem 7.2. If a double sequence {aj,k} belongs to the class Jd, then ‖f1−
Xm,n‖ → 0 as j + k → ∞.

Proof. Firstly, after some simple calculations we have

Xm,n(x, y) =
m∑

j=1

n∑

k=1




m∑

i=j

n∑

ℓ=k

∆1,1 (ai,ℓ cos ix cos ℓy)




=
m∑

j=1

n∑

k=1





m∑

i=j

[
n∑

ℓ=k

∆0,1 (∆1,0 (ai,ℓ cos ix cos ℓy))

]


=

m∑

j=1

n∑

k=1

{
m∑

i=j

(
∆1,0

(
ai,k cos ix cos ky

)

−∆1,0

(
ai,n+1 cos ix cos(n+ 1)y

))
}

=

m∑

j=1

n∑

k=1

{
aj,k cos jx cos ky − am+1,k cos(m+ 1)x cos ky

−aj,n+1 cos jx cos(n+ 1)y + am+1,n+1 cos(m+ 1)x cos(n+ 1)y
}

= Scos
m,n(x, y)−

m∑

j=1

n∑

k=1

{
am+1,k cos(m+ 1)x cos ky

+aj,n+1 cos jx cos(n+ 1)y
}
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+

m∑

j=1

n∑

k=1

am+1,n+1 cos(m+ 1)x cos(n+ 1)y

=

m∑

j=1

n∑

k=1

aj,k cos jx cos ky −m cos(m+ 1)x

n∑

k=1

am+1,k cos ky

−n cos(n+ 1)y

m∑

j=1

aj,n+1 cos jx

+mnam+1,n+1 cos(m+ 1)x cos(n+ 1)y. (7.6)

Moreover, the equality (7.2) can be rewritten as follows

Xm,n(x, y) =
m∑

j=1

n∑

k=1

(
aj,k
jk

)
(sin jx)′(sin ky)′

−m cos(m+ 1)x

n∑

k=1

am+1,k cos ky

−n cos(n+ 1)y

m∑

j=1

aj,n+1 cos jx

+mnam+1,n+1 cos(m+ 1)x cos(n+ 1)y. (7.7)

Applying double summation by parts to (7.7) we obtain

Xm,n(x, y) =
m−1∑

j=1

n−1∑

k=1

∆11

(
aj,k
jk

)
D̃′

j(x)D̃
′
k(y) +

m−1∑

j=1

∆10

(
aj,n
jn

)
D̃′

j(x)D̃
′
n(y)

+
n−1∑

k=1

∆01

(am,k

mk

)
D̃′

m(x)D̃′
k(y) +

am,n

mn
D̃′

m(x)D̃′
n(y)

−m cos(m+ 1)x
n∑

k=1

am+1,k cos ky − n cos(n+ 1)y
m∑

j=1

aj,n+1 cos jx

+mnam+1,n+1 cos(m+ 1)x cos(n+ 1)y =
7∑

s=1

Rs(x, y).

Based on Lemma 1.91 we have |D̃′
m(u)| ≤ Cεm

u , 0 < u ≤ π, therefore using
(7.4) and (7.5) we clearly have

|R1(x, y)| ≤
m−1∑

j=1

n−1∑

k=1

∣∣∣∣∆11

(
aj,k
jk

)∣∣∣∣ |D̃
′
j(x)||D̃′

k(y)|

≤ Cε

xy

m−1∑

j=1

n−1∑

k=1

(
Aj,k

jk

)
jk ≤ Cε

xy

∞∑

j=1

∞∑

k=1

Aj,k < +∞,
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for all x and y such that 0 < x ≤ π, 0 < y ≤ π.
Also, we have

|R2(x, y)| ≤
m−1∑

j=1

∣∣∣∣∆10

(
aj,n
jn

)∣∣∣∣ |D̃
′
j(x)||D̃′

n(y)|

≤ Cε

xy

m−1∑

j=1

∣∣∣∣∣

∞∑

k=n

∆11

(
aj,k
jk

)∣∣∣∣∣ jn

≤ Cε

xy

m−1∑

j=1

∞∑

k=n

∣∣∣∣∆11

(
aj,k
jk

)∣∣∣∣ jn

≤ Cε

xy

m−1∑

j=1

∞∑

k=n

Aj,k

jk
jn

≤ Cε

xy

m−1∑

j=1

∞∑

k=n

Aj,k

n
n

=
Cε

xy

m−1∑

j=1

∞∑

k=n

Aj,k → 0, as n→ ∞

uniformly in m and for all x and y such that 0 < x ≤ π, 0 < y ≤ π.
Similarly,

|R3(x, y)| ≤
Cε

xy

∞∑

j=m

n−1∑

k=1

Aj,k → 0, as m→ ∞

uniformly in n and for all x and y such that 0 < x ≤ π, 0 < y ≤ π.
Then based on Lemma 1.91 and on the fact that {ajk} is a double null

sequence we have

|R4(x, y)| =
am,n

mn

∣∣∣D̃′
m(x)

∣∣∣
∣∣∣D̃′

n(y)
∣∣∣ ≤ Cε

xy

am,n

mn
mn =

Cε

xy
am,n → 0,

as m+ n→ ∞, for all x and y such that 0 < x ≤ π, 0 < y ≤ π.
Next, since {ajk} ∈ Jd we have

|R5(x, y)| ≤ m

n∑

k=1

|am+1,k| = m(m+ 1)

n∑

k=1

∣∣∣∣
am+1,k

(m+ 1)k

∣∣∣∣ k

= m(m+ 1)

n∑

k=1

∣∣∣∣∣∣

∞∑

j=m+1

∆10

(
aj,k
jk

)∣∣∣∣∣∣
k

≤ m(m+ 1)

n∑

k=1

∞∑

j=m+1

∣∣∣∣∆10

(
aj,k
jk

)∣∣∣∣ k
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≤ m(m+ 1)

∞∑

j=m+1

n∑

k=1

Aj,k

jk
k

≤ m(m+ 1)

∞∑

j=m+1

n∑

k=1

Aj,k

m+ 1

≤ 1

2

∞∑

j=m+1

n∑

k=1

jAj,k → 0 as m→ ∞ (7.8)

uniformly in n and for all x and y such that 0 < x ≤ π, 0 < y ≤ π.
Similarly, we have verified that

|R6(x, y)| ≤
1

2

m∑

j=1

∞∑

k=n+1

kAj,k → 0 as n→ ∞ (7.9)

uniformly in m and for all x and y such that 0 < x ≤ π, 0 < y ≤ π.
Doing almost the same reasoning we have proved that

|R7(x, y)| ≤
1

4

∞∑

j=m+1

∞∑

k=n+1

jkAj,k → 0 as m+ n→ ∞ (7.10)

for all x and y such that 0 < x ≤ π, 0 < y ≤ π.
Subsequently,

lim
m+n→∞

Xm,n(x, y) = lim
m+n→∞

Scos
m,n(x, y) = f1(x, y)

exists and f1(x, y) ∈ L1(T 2).
Now, we consider

‖f1 −Xm,n‖ ≤
∫ π

0

∫ π

0

∣∣∣∣∣∣

∞∑

j=m+1

∞∑

k=n+1

∆11

(
aj,k
jk

)
D̃′

j(x)D̃
′
k(y)

∣∣∣∣∣∣
dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣∣

m∑

j=1

∆10

(
aj,n
jn

)
D̃′

j(x)D̃
′
n(y)

∣∣∣∣∣∣
dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣

n∑

k=1

∆01

(am,k

mk

)
D̃′

m(x)D̃′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣am,n

mk
D̃′

m(x)D̃′
n(y)

∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣∣

m∑

j=1

naj,n+1 cos jx cos(n+ 1)y

∣∣∣∣∣∣
dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣

n∑

k=1

mam+1,k cos(m+ 1)x cos ky

∣∣∣∣∣ dxdy
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+mn|am+1,n+1|
∫ π

0

∫ π

0

|cos(m+ 1)x cos(n+ 1)y| dxdy

≤
∫ π

0

∫ π

0

∣∣∣∣∣∣

∞∑

j=m+1

∞∑

k=n+1

(
Aj,k

jk

)
D̃′

j(x)D̃
′
k(y)

∣∣∣∣∣∣
dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣∣

m∑

j=1

(
Aj,n

jn

)
D̃′

j(x)D̃
′
n(y)

∣∣∣∣∣∣
dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣

n∑

k=1

(
Am,k

mk

)
D̃′

m(x)D̃′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣am,n

mk
D̃′

m(x)D̃′
n(y)

∣∣∣ dxdy (7.11)

+

∫ π

0

∫ π

0

∣∣∣∣∣∣

m∑

j=1

∞∑

k=n+1

jk2
Aj,k

jk
cos jx cos(n+ 1)y

∣∣∣∣∣∣
dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣∣

∞∑

j=m+1

n∑

k=1

jk2
Aj,k

jk
cos(m+ 1)x cos ky

∣∣∣∣∣∣
dxdy

+mn|am+1,n+1|
∫ π

0

∫ π

0

|cos(m+ 1)x cos(n+ 1)y| dxdy.

Applying Lemma 1.85, (7.4), and (7.5), we get

∫ π

0

∫ π

0

∣∣∣∣∣∣

∞∑

j=m+1

∞∑

k=n+1

jk

(
Aj,k

j2k2

)
D̃′

j(x)D̃
′
k(y)

∣∣∣∣∣∣
dxdy → 0 as m+ n→ ∞.

Thus, from these arguments and the given hypothesis all terms on the
right hand side of (7.11) tend to zero.

So,
‖f1 −Xm,n‖ → 0 as m+ n→ ∞.

The proof is completed.

Corollary 7.3. If a double sequence {aj,k} belongs to the class Jd, then
‖Scos

m,n − f1‖ → 0 as j + k → ∞.

Proof. According to (2.1) it is clear that

‖Scos
m,n − f1‖ = ‖Scos

m,n −Xm,n +Xm,n − f1‖
≤ ‖f1 −Xm,n‖+ ‖Xm,n − Scos

m,n‖
≤ ‖f1 −Xm,n‖

+

∫ π

0

∫ π

0

|m cos(m+ 1)x

n∑

k=1

am+1,k cos ky|dxdy
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+

∫ π

0

∫ π

0

|n cos(n+ 1)y

m∑

j=1

aj,n+1 cos jx|dxdy

+

∫ π

0

∫ π

0

|mnam+1,n+1 cos(m+ 1)x cos(n+ 1)y|dxdy

≤ ‖f1 −Xm,n‖

+

∫ π

0

∫ π

0

|m
n∑

k=1

am+1,k|dxdy

+

∫ π

0

∫ π

0

|n
m∑

j=1

aj,n+1|dxdy +
∫ π

0

∫ π

0

|mnam+1,n+1|dxdy.

Note that the first term tends to zero based on Theorem 7.2 as well as the sec-
ond, third and fourth terms according to some parts of the proof of Theorem
7.2.

The proof is completed.

7.2 L1-convergence of double modified trigonometric
sums fd

m,n
(x, y)

In this unit we consider double cosine series of the form

∞∑

j=0

∞∑

k=0

λjλkq
d
j,k cos jx cos ky (7.12)

on the positive quadrant Q := [0, π] × [0, π] of the two-dimensional torus,
where λ0 = 1

2 , λj = λk = 1, if j ≥ 1, k ≥ 1, and qdj,k are real coefficients.
The rectangular partial sums of the series (7.12) are

Sd
m,n(x, y) :=

m∑

j=0

n∑

k=0

λjλkq
d
j,k cos jx cos ky, m, n ≥ 0,

and let
fd(x, y) = lim

m,n→∞
Sd
m,n(x, y).

The differences ∆22q
d
j,k are defined by

∆22q
d
j,k :=

2∑

i=0

2∑

ℓ=0

(−1)i+ℓ

(
2

i

)(
2

ℓ

)
qdj+i,k+ℓ.

we will use the following class of double numerical sequences:
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Definition 7.4. A double sequence {qdj,k} of real numbers is said to belong to
the class Sjk if

qdj,k → 0, as max(j, k) → ∞,

and
∞∑

j=0

∞∑

k=0

(j + 1)(k + 1)|∆22q
d
j,k| ln(j + 2) ln(k + 2) <∞. (7.13)

Example 7.5. Let us define ∆22q
d
j,k := 1

(jk)4 for all j, k ≥ 1. It is obvious that

{qdj,k} belongs to the class Sjk.

In the sequel we will use the following double modified sine sums

fdm,n(x, y) =
1

4 sinx sin y

m∑

j=1

n∑

k=1

×
m∑

r=j

n∑

ℓ=k

∆1,1

[(
∆1,1

(
qdr−1,ℓ−1

)
sin rx sin ℓy

)]
, (7.14)

where qdj,k := 0 for either j = 0 or k = 0.

Some properties of the a sequence {qdj,k} that belongs to the class Sjk are
given in next statement.

Theorem 7.6. If {qdj,k} ∈ Sjk, then the following hold true:

(i)
m∑

j=0

(j + 1)|∆20q
d
j,n| ln(j + 2) ln(n) → 0 as n→ ∞

(ii)
n∑

k=0

(k + 1)|∆02q
d
m,k| ln(m) ln(k + 2) → 0 as m→ ∞

(iii)
msnr∆srq

d
m,n ln(m) ln(n) → 0 as min(m,n) → ∞,

where s, r ∈ {0, 1}.

Proof. (i) Applying the discrete summation by parts on the right side of the
equality

m∑

j=0

(j + 1)|∆20q
d
j,n| ln(j + 2) ln(n) = ln(n)

m∑

j=0

(j + 1)

∞∑

k=n

|∆21q
d
j,k| ln(j + 2),

we have
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ln(n)

m∑

j=0

∞∑

k=n

(j + 1)(k + 1)|∆22q
d
j,k| ln(j + 2)

+ ln(n)

m∑

j=0

n(j + 1)|∆21q
d
j,n| ln(j + 2)

≤
m∑

j=0

∞∑

k=n

(j + 1)(k + 1)|∆22q
d
j,k| ln(j + 2) ln(k + 2)

+n ln(n)
m∑

j=0

∞∑

k=n

(j + 1)|∆22q
d
j,k| ln(j + 2)

≤ 2

m∑

j=0

∞∑

k=n

(j + 1)(k + 1)|∆22q
d
j,k| ln(j + 2) ln(k + 2).

Now, the right side of last equality tends to zero, since {qdj,k} ∈ Sjk.
Consequently,

m∑

j=0

(j + 1)|∆20q
d
j,n| ln(j + 2) ln(n) → 0

independent on m as n→ ∞.
(ii) The proof can be done in the same lines as the proof of (i).
(iii) Case 1. When s = 1 and r = 1 we have

∆11q
d
m,n ln(m) ln(n) = ln(m) ln(n)

∞∑

j=m

∆21q
d
j,n

= ln(m) ln(n)

∞∑

j=m

∞∑

k=n

∆22q
d
j,k

≤ ln(m) ln(n)

mn

∞∑

j=m

∞∑

k=n

(j + 1)(k + 1)|∆22q
d
j,k|.

So,

mn∆11q
d
m,n ln(m) ln(n) ≤ ln(m) ln(n)

∞∑

j=m

∞∑

k=n

(j + 1)(k + 1)|∆22q
d
j,k| → 0

as min(m,n) → ∞.
Case 2. When s = 1, r = 0 or s = 0, r = 1, then it is clear that

qdm,n ln(m) ln(n) = ln(m) ln(n)
∞∑

j=m

∆10q
d
j,n = ln(m) ln(n)

∞∑

j=m

∞∑

k=n

∆11q
d
j,k.

Performing summation by parts we have
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qdm,n ln(m) ln(n) ≤ ln(m) ln(n)




∞∑

j=m

∞∑

k=n

k|∆12q
d
j,k|+

∞∑

j=m

n|∆11q
d
j,n|




= ln(m) ln(n)




∞∑

j=m

∞∑

k=n

k|∆12q
d
j,k|+ n

∞∑

j=m

∞∑

k=n

|∆12q
d
j,n|


 .

In last two series we apply summation by parts again in order to obtain

qdm,n ln(m) ln(n) ≤ ln(m) ln(n)

[
∞∑

j=m

∣∣∣∣∣

∞∑

k=n

jk∆22q
d
j,k −mk∆12q

d
j,k

∣∣∣∣∣

+n

∞∑

j=m

∣∣∣∣∣

∞∑

k=n

j∆22q
d
j,k −m∆12q

d
m,k

∣∣∣∣∣

]

≤ 4
∞∑

j=m

∞∑

k=n

(j + 1)(k + 1)|∆22q
d
j,k| ln(j + 2) ln(k + 2) → 0

as min(m,n) → ∞.
The proof is completed.

Now we prove the main statement of this unit.

Theorem 7.7. If a double sequence {qdj,k} ∈ Sjk, then for 0 < x, y < π the
following assertions hold true:

(i) The limit limm,n→∞ fdm,n(x, y) = fd(x, y) exists,

(ii) fd(x, y) ∈ L1(Q), and
(iii) ‖fdm,n − fd‖ → 0 as min(m,n) → ∞.

Proof. (i) The modified sums

fdm,n(x, y) =
1

4 sinx sin y

m∑

j=1

n∑

k=1

×
m∑

r=j

n∑

ℓ=k

∆1,1

[(
∆1,1

(
qdr−1,ℓ−1

)
sin rx sin ℓy

)]
,

which can rewritten as follows

fdm,n(x, y) =
1

4 sinx sin y

×
[

m∑

j=1

n∑

k=1

(
qdj−1,k−1 − qdj+1,k−1 − qdj−1,k+1 + qdj+1,k+1

)
sin jx sin ky

−
m∑

j=1

n∑

k=1

(
qdj−1,n − qdj+1,n − qdj−1,n+2 + qdj+1,n+2

)
sin jx sin(n+ 1)y
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−
m∑

j=1

n∑

k=1

(
qdm,k−1 − qdm+2,k−1 − qdm,k+1 + qdm+2,k+1

)
sin(m+ 1)x sin ky

+

m∑

j=1

n∑

k=1

(
qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2

)
sin(m+ 1)x sin(n+ 1)y

]

:= I1 − I2 − I3 + I4.

Moreover, the quantities I1, I2, I3 and I4 can be written as follows

I1 =
1

4 sinx sin y

[
m∑

j=1

n∑

k=1

(sin(k + 1)y − sin(k − 1)y)qdj−1,k sin jx

−
m∑

j=1

n∑

k=1

(sin(k + 1)y − sin(k − 1)y)qdj+1,k sin jx

−
m∑

j=1

(qdj−1,n − qdj+1,n) sin jx sin(n+ 1)y

−
m∑

j=1

(qdj−1,n+1 − qdj+1,n+1) sin jx sinny

]

=
1

2 sinx

m∑

j=1

n∑

k=1

(qdj−1,k − qdj+1,k) sin jx cos ky

− sin(n+ 1)y

4 sinx sin y

[
m∑

j=1

(sin(j + 1)x− sin(j − 1)x)qdj,n

−qdm,n sin(m+ 1)x− qdm+1,n sinmx

]

− sinny

4 sinx sin y

[
m∑

j=1

(sin(j + 1)x− sin(j − 1)x)qdj,n+1

−qdm,n+1 sin(m+ 1)x− qdm+1,n+1 sinmx

]

=
1

2 sinx

[
m∑

j=1

n∑

k=1

(sin(j + 1)x− sin(j − 1)x)qdj,k sin jx cos ky

−
n∑

k=1

qdm,k sin(m+ 1)x cos ky −
n∑

k=1

qdm+1,k sinmx cos ky

]

− sin(n+ 1)y

4 sinx sin y

[
m∑

j=1

(sin(j + 1)x− sin(j − 1)x)qdj,n
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−qdm,n sin(m+ 1)x− qdm+1,n sinmx

]

− sinny

4 sinx sin y

[
m∑

j=1

(sin(j + 1)x− sin(j − 1)x)qdj,n+1

−qdm,n+1 sin(m+ 1)x− qdm+1,n+1 sinmx

]

=

m∑

j=1

n∑

k=1

qdj,k cos jx cos ky

− sin(m+ 1)x

2 sinx

n∑

k=1

qdm,k cos ky −
sinmx

2 sinx

n∑

k=1

qdm+1,k cos ky

− sin(n+ 1)y

2 sin y

m∑

j=1

qdj,n cos jx− sinny

2 sin y

m∑

j=1

qdj,n+1 cos jx

+
sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
qdm,n +

sinmx sin(n+ 1)y

4 sinx sin y
qdm+1,n

+
sin(m+ 1)x sinny

4 sinx sin y
qdm,n+1 +

sinmx sinny

4 sinx sin y
qdm+1,n+1,

I2 =
n sin(n+ 1)y

4 sinx sin y

[
m∑

j=1

(sin(j + 1)x− sin(j − 1)x)qdj,n

− sin(m+ 1)xqdm,n − sinmxqdm+1,n

−
m∑

j=1

(sin(j + 1)x− sin(j − 1)x)qdj,n+2

+sin(m+ 1)xqdm,n+2 + sinmxqdm+2,n+2

]

=
n sin(n+ 1)y

4 sinx sin y

m∑

j=1

(qdj,n − qdj,n+2) cos jx

−n sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm,n+2)

−n sinmx sin(n+ 1)y

4 sinx sin y
(qdm+1,n − qdm+1,n+2),

I3 =
m sin(m+ 1)y

4 sinx sin y

n∑

k=1

(qdm,k − qdm+2,k) cos ky
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−m sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n)

−m sin(m+ 1)x sinny

4 sinx sin y
(qdm,n+1 − qdm+2,n+1),

and finally

I4 =
mn sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2).

Combining all the terms of I1, I2, I3, and I4 we obtain

fdm,n(x, y) = Sd
m,n(x, y) (7.15)

− sin(m+ 1)x

2 sinx

n∑

k=1

qdm,k cos ky −
sinmx

2 sinx

n∑

k=1

qdm+1,k cos ky

− sin(n+ 1)y

2 sin y

m∑

j=1

qdj,n cos jx− sinny

2 sin y

m∑

j=1

qdj,n+1 cos jx

+
sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
qdm,n +

sinmx sin(n+ 1)y

4 sinx sin y
qdm+1,n

+
sin(m+ 1)x sinny

4 sinx sin y
qdm,n+1 +

sinmx sinny

4 sinx sin y
qdm+1,n+1

−n sin(n+ 1)y

4 sinx sin y

m∑

j=1

(qdj,n − qdj,n+2) cos jx

+
n sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm,n+2)

+
n sinmx sin(n+ 1)y

4 sinx sin y
(qdm+1,n − qdm+1,n+2)

−m sin(m+ 1)y

4 sinx sin y

n∑

k=1

(qdm,k − qdm+2,k) cos ky

+
m sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n)

+
m sin(m+ 1)x sinny

4 sinx sin y
(qdm,n+1 − qdm+2,n+1)

+
mn sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2).

Taking into account that sinmx sinny
sin x sin y is bounded in (0, π)× (0, π), then we

conclude that

sin(m+ 1)x sinny

4 sinx sin y
qdm,n+1 → 0,

sinmx sinny

4 sinx sin y
qdm+1,n+1 → 0,
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sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
qdm,n → 0,

sinmx sin(n+ 1)y

4 sinx sin y
qdm+1,n → 0

as min(m,n) → ∞.
Applying twice the summation by parts we get

sin(m+ 1)x

2 sinx

n∑

k=1

qdm,k cos ky =
sin(m+ 1)x

2 sinx

[
n∑

k=1

(k + 1)∆02q
d
m,kFk(y)

+(n+ 1)∆01q
d
m,n+1Fn(y)− qdm,n+1Dn(y)

]

≤ |sin(m+ 1)x|
2| sinx|

[
n∑

k=1

(k + 1)|∆02q
d
m,k||Fk(y)|

+(n+ 1)|∆01q
d
m,n+1||Fn(y)|+ |qdm,n+1||Dn(y)|

]
,

where Fn(y) and Dn(y) are bounded on (0, π).
The use of Theorem 7.6 implies that all the above terms on the right side

of last inequality tend to zero. Thus

sin(m+ 1)x

2 sinx

n∑

k=1

qdm,k cos ky → 0 as min(m,n) → ∞.

Similarly, has been shown that

sinmx

2 sinx

n∑

k=1

qdm+1,k cos ky → 0,
sin(n+ 1)y

2 sin y

m∑

j=1

qdj,n cos jx→ 0,

and
sinny

2 sin y

m∑

j=1

qdj,n+1 cos jx→ 0 as min(m,n) → ∞.

Further, putting γn(x) :=
n sin(n+1)y
4 sin x sin y , and applying twice the summation

by parts to the equality

γn(x)

m∑

j=1

(qdj,n − qdj,n+2) cos jx = γn(x)

m∑

j=1

(∆01q
d
j,n +∆01q

d
j,n+1) cos jx

we have

γn(x)
m∑

j=1

(qdj,n − qdj,n+2) cos jx = γn(x)

[
m∑

j=1

(j + 1)(∆21q
d
j,n +∆21q

d
j,n+1)Fj(x)

+(m+ 1)(∆11q
d
m+1,n +∆11q

d
m+1,n+1)Fm(x)
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+(∆01q
d
m+1,n +∆01q

d
m+1,n+1)Dm(x)

]

≤ C

[
m∑

j=1

∞∑

k=n

(j + 1)(k + 1)|∆22q
d
j,k +∆22q

d
j,k+1|

+(m+ 1)n|∆11q
d
m+1,n +∆11q

d
m+1,n+1|

+n|∆01q
d
m+1,n +∆01q

d
m+1,n+1|

]
→ 0,

as min(m,n) → ∞ (by given hypothesis).
In the same lines we have concluded that

m sin(m+ 1)y

4 sinx sin y

n∑

k=1

(qdm,k − qdm+2,k) cos ky → 0

as min(m,n) → ∞.
Also, by Theorem 7.6, we have

n sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm,n+2)

=
n sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(∆01q

d
m,n +∆01q

d
m,n+1) → 0

as min(m,n) → ∞.
Reasoning in the same way we get

n sinmx sin(n+ 1)y

4 sinx sin y
(qdm+1,n − qdm+1,n+2) → 0,

m sin(m+ 1)y

4 sinx sin y

n∑

k=1

(qdm,k − qdm+2,k) cos ky → 0,

m sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n) → 0,

and

mn sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2)

=
mn sin(m+ 1)x sin(n+ 1)y

4 sinx sin y

×(∆11q
d
m,n +∆11q

d
m,n+1 +∆11q

d
m+1,n +∆11q

d
m+1,n+1) → 0

as min(m,n) → ∞.
Now (considering qd0,k = qdj,0 = 0, ∀j, k), we apply double summation by

parts to
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Sd
m,n(x, y) =

m∑

j=0

n∑

k=0

λjλkq
d
j,k cos jx cos ky,

which implies

Sd
m,n(x, y) =

m∑

j=0

n∑

k=0

∆11q
d
j,kDj(x)Dk(y) +

n∑

k=0

∆01q
d
m+1,kDm(x)Dk(y)

+

m∑

j=0

∆10q
d
j,n+1Dj(x)Dn(y) + qdm+1,n+1Dm(x)Dn(y).

Once again, we apply double summation by parts to the last equality to
obtain

Sd
m,n(x, y) =

m∑

j=0

n∑

k=0

(j + 1)(k + 1)∆22q
d
j,kFj(x)Fk(y)

+

n∑

k=0

(k + 1)(j + 1)∆12q
d
m+1,kFm(x)Fk(y)

+

m∑

j=0

(j + 1)(n+ 1)∆21q
d
j,n+1Fj(x)Fn(y)

+(m+ 1)(n+ 1)∆11q
d
m+1,n+1Fm(x)Fn(y)

+
n∑

k=0

(k + 1)∆02q
d
m+1,kDm(x)Fk(y) +

m∑

j=0

(j + 1)∆20q
d
j,n+1Fj(x)Dn(y)

+(n+ 1)∆01q
d
m+1,n+1Dm(x)Fn(y) + (m+ 1)∆01q

d
m+1,n+1Fm(x)Dn(y)

+qdm+1,n+1Dm(x)Dn(y)

≤
m∑

j=0

n∑

k=0

(j + 1)(k + 1)|∆22q
d
j,k||Fj(x)||Fk(y)|

+
n∑

k=0

(k + 1)(j + 1)|∆12q
d
m+1,k||Fm(x)||Fk(y)|

+
m∑

j=0

(j + 1)(n+ 1)|∆21q
d
j,n+1||Fj(x)||Fn(y)|

+(m+ 1)(n+ 1)|∆11q
d
m+1,n+1||Fm(x)||Fn(y)|

+

n∑

k=0

(k + 1)|∆02q
d
m+1,k||Dm(x)||Fk(y)|+

m∑

j=0

(j + 1)|∆20q
d
j,n+1||Fj(x)||Dn(y)|

+(n+ 1)|∆01q
d
m+1,n+1||Dm(x)||Fn(y)|+ (m+ 1)|∆01q

d
m+1,n+1||Fm(x)||Dn(y)|

+|qdm+1,n+1||Dm(x)||Dn(y)|.
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From the last inequality and the given assumptions we conclude that
Sd
m,n(x, y) converges to f

d(x, y) as min(m,n) → ∞. So,

fd(x, y) = lim
min(m,n)→∞

Sd
m,n(x, y) = lim

min(m,n)→∞
fdm,n(x, y)

exists.
(ii) In the equality

∫ π

0

∫ π

0

∣∣fdm,n(x, y)
∣∣ dxdy =

∫ π

0

∫ π

0

∣∣∣∣∣∣

m∑

j=0

n∑

k=0

qdj,k cos jx cos ky

∣∣∣∣∣∣
dxdy

we apply the double summation by parts to obtain

∫ π

0

∫ π

0

∣∣fdm,n(x, y)
∣∣ dxdy =

∫ π

0

∫ π

0

∣∣∣∣∣∣

m∑

j=0

n∑

k=0

(j + 1)(k + 1)∆22q
d
j,kFj(x)Fk(y)

∣∣∣∣∣∣
dxdy.

Since 1
π

∫ π

−π
Fj(x)dx = 1, then by given assumption

∫ π

0

∫ π

0

∣∣fdm,n(x, y)
∣∣ dxdy = O




m∑

j=0

n∑

k=0

(j + 1)(k + 1)
∣∣∆22q

d
j,k

∣∣

 <∞.

(iii) We have to show that under given assumptions ‖fdm,n − fd‖ → 0 as
min(m,n) → ∞. Indeed, we can write

‖fdm,n − fd‖ =

∥∥∥∥∥

∞∑

j=m+1

∞∑

k=n+1

qdj,k cos jx cos ky

+
sin(m+ 1)x

2 sinx

n∑

k=1

qdm,k cos ky +
sinmx

2 sinx

n∑

k=1

qdm+1,k cos ky

+
sin(n+ 1)y

2 sin y

m∑

j=1

qdj,n cos jx+
sinny

2 sin y

m∑

j=1

qdj,n+1 cos jx

− sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
qdm,n − sinmx sin(n+ 1)y

4 sinx sin y
qdm+1,n

− sin(m+ 1)x sinny

4 sinx sin y
qdm,n+1 −

sinmx sinny

4 sinx sin y
qdm+1,n+1

+
n sin(n+ 1)y

4 sinx sin y

m∑

j=1

(qdj,n − qdj,n+2) cos jx

−n sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm,n+2)
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−n sinmx sin(n+ 1)y

4 sinx sin y
(qdm+1,n − qdm+1,n+2)

+
m sin(m+ 1)y

4 sinx sin y

n∑

k=1

(qdm,k − qdm+2,k) cos ky

−m sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n)

−m sin(m+ 1)x sinny

4 sinx sin y
(qdm,n+1 − qdm+2,n+1)

−mn sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2)

∥∥∥∥∥

≤
∥∥∥∥∥

∞∑

j=m+1

∞∑

k=n+1

qdj,k cos jx cos ky

∥∥∥∥∥

+

∥∥∥∥∥
sin(m+ 1)x

2 sinx

n∑

k=1

qdm,k cos ky

∥∥∥∥∥+
∥∥∥∥∥
sinmx

2 sinx

n∑

k=1

qdm+1,k cos ky

∥∥∥∥∥

+

∥∥∥∥∥
sin(n+ 1)y

2 sin y

m∑

j=1

qdj,n cos jx

∥∥∥∥∥+
∥∥∥∥∥
sinny

2 sin y

m∑

j=1

qdj,n+1 cos jx

∥∥∥∥∥

+

∥∥∥∥∥
sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
qdm,n

∥∥∥∥∥+
∥∥∥∥∥
sinmx sin(n+ 1)y

4 sinx sin y
qdm+1,n

∥∥∥∥∥

+

∥∥∥∥∥
sin(m+ 1)x sinny

4 sinx sin y
qdm,n+1

∥∥∥∥∥+
∥∥∥∥∥
sinmx sinny

4 sinx sin y
qdm+1,n+1

∥∥∥∥∥

+

∥∥∥∥∥
n sin(n+ 1)y

4 sinx sin y

m∑

j=1

(qdj,n − qdj,n+2) cos jx

∥∥∥∥∥

+

∥∥∥∥∥
n sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm,n+2)

∥∥∥∥∥

+

∥∥∥∥∥
n sinmx sin(n+ 1)y

4 sinx sin y
(qdm+1,n − qdm+1,n+2)

∥∥∥∥∥

+

∥∥∥∥∥
m sin(m+ 1)y

4 sinx sin y

n∑

k=1

(qdm,k − qdm+2,k) cos ky

∥∥∥∥∥

+

∥∥∥∥∥
m sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n)

∥∥∥∥∥

+

∥∥∥∥∥
m sin(m+ 1)x sinny

4 sinx sin y
(qdm,n+1 − qdm+2,n+1)

∥∥∥∥∥
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+

∥∥∥∥∥
mn sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2)

∥∥∥∥∥

:=

16∑

s=1

Is.

Now, we have

I6 =

∥∥∥∥∥
sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
qdm,n

∥∥∥∥∥ = O(|qdm,n| lnm lnn) → 0

as min(m,n) → ∞.
Similarly, we get

I7 =

∥∥∥∥∥
sinmx sin(n+ 1)y

4 sinx sin y
qdm+1,n

∥∥∥∥∥→ 0,

I8 =

∥∥∥∥∥
sin(m+ 1)x sinny

4 sinx sin y
qdm,n+1

∥∥∥∥∥→ 0,

and

I9 =

∥∥∥∥∥
sinmx sinny

4 sinx sin y
qdm+1,n+1

∥∥∥∥∥→ 0

as min(m,n) → ∞.
Moreover,

I11 = O
(
|n(∆01q

d
m,n +∆01q

d
m,n+1)| lnm lnn

)

= O
(
|n(∆01q

d
m,n|+ |∆01q

d
m,n+1)| lnm lnn

)
→ 0

as min(m,n) → ∞.
In the same way we have verified that

I12 =

∥∥∥∥∥
n sinmx sin(n+ 1)y

4 sinx sin y
(qdm+1,n − qdm+1,n+2)

∥∥∥∥∥→ 0,

I14 =

∥∥∥∥∥
m sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n)

∥∥∥∥∥→ 0,

and

I15 =

∥∥∥∥∥
m sin(m+ 1)x sinny

4 sinx sin y
(qdm,n+1 − qdm+2,n+1)

∥∥∥∥∥→ 0

as min(m,n) → ∞.
For I16 we have
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I16 = O
(
|mn(∆11q

d
m,n +∆11q

d
m,n+1 +∆11q

d
m+1,n +∆11q

d
m+1,n+1)| lnm lnn

)
→ 0

as min(m,n) → ∞.
Applying the summation by parts to I2 we obtain

I2 =

∥∥∥∥∥
sin(m+ 1)x

2 sinx

[
n∑

k=1

∆01q
d
m,kDk(y) + qdm,n+1Dn(y)

]∥∥∥∥∥

=

∥∥∥∥∥
sin(m+ 1)x

2 sinx

[
n∑

k=1

(k + 1)∆02q
d
m,kFk(y) + (n+ 1)∆01q

d
m,n+1Fn(y) + qdm,n+1Dn(y)

]∥∥∥∥∥

= O
(
lnm

n∑

k=1

(k + 1)|∆02q
d
m,k|+ (n+ 1) lnm|∆01q

d
m,n+1|+ |qdm,n+1| lnm lnn

)
.

Consequently, the use of Theorem 7.6 implies

I2 =

∥∥∥∥∥
sin(m+ 1)x

2 sinx

n∑

k=1

qdm,k cos ky

∥∥∥∥∥→ 0

as min(m,n) → ∞.
Similarly, we have

I3 =

∥∥∥∥∥
sinmx

2 sinx

n∑

k=1

qdm+1,k cos ky

∥∥∥∥∥→ 0,

I4 =

∥∥∥∥∥
sin(n+ 1)y

2 sin y

m∑

j=1

qdj,n cos jx

∥∥∥∥∥→ 0,

and

I5 =

∥∥∥∥∥
sinny

2 sin y

m∑

j=1

qdj,n+1 cos jx

∥∥∥∥∥→ 0

as min(m,n) → ∞.
Now, for I10 can be written

I10 = O(n lnn)

∫ π

0

∣∣∣∣
m∑

j=1

(qdj,n − qdj,n+2) cos jx

∣∣∣∣dx

= O(lnn)

∫ π

0

∣∣∣∣
∞∑

j=1

∞∑

k=m

k(∆01q
d
j,k −∆01q

d
j,k+2) cos jx

∣∣∣∣dx,

which, after using the summation by parts, takes the following form

I10 = O(lnn)

∫ π

0

∣∣∣∣
∞∑

j=1

∞∑

k=m

k(∆11q
d
j,k −∆11q

d
j,k+2)Dj(x)

∣∣∣∣dx

= O(lnn)

∫ π

0

∣∣∣∣
∞∑

j=1

∞∑

k=m

k(∆12q
d
j,k +∆12q

d
j,k+2)Dj(x)

∣∣∣∣dx.
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Applying summation by parts, once again, we get

I10 = O(lnn)

∫ π

0

∣∣∣∣
∞∑

j=1

∞∑

k=m

(j + 1)k(∆22q
d
j,k +∆22q

d
j,k+1)Fj(x)

∣∣∣∣dx

= O




∞∑

j=1

∞∑

k=m

(j + 1)k
∣∣∆22q

d
j,k +∆22q

d
j,k+1

∣∣ ln(k + 2)




= O




∞∑

j=1

∞∑

k=m

(j + 1)(k + 1)
∣∣∆22q

d
j,k

∣∣ ln(k + 2)




+O




∞∑

j=1

∞∑

k=m

(j + 1)(k + 1)
∣∣∆22q

d
j,k+1

∣∣ ln(k + 2)


→ 0

as min(m,n) → ∞.
Similarly, we have verified that

I13 =

∥∥∥∥∥
m sin(m+ 1)y

4 sinx sin y

n∑

k=1

(qdm,k − qdm+2,k) cos ky

∥∥∥∥∥→ 0

as min(m,n) → ∞.
Finally, we have to show that

I1 =

∥∥∥∥∥

∞∑

j=m+1

∞∑

k=n+1

qdj,k cos jx cos ky

∥∥∥∥∥→ 0

as min(m,n) → ∞.
Namely, after performing double summation by parts twice, we have

I1 =

∥∥∥∥∥

∞∑

j=m+1

∞∑

k=n+1

∆11q
d
j,kDj(x)Dk(y)−

∞∑

k=n+1

∆01q
d
m+1,kDm(x)Dk(y)

−
∞∑

j=m+1

∆10q
d
j,n+1Dj(x)Dn(y) + qdm+1,n+1Dm(x)Dn(y)

∥∥∥∥∥

≤
∥∥∥∥∥

∞∑

j=m+1

∞∑

k=n+1

(j + 1)(k + 1)∆22q
d
j,kFj(x)Fk(y)

∥∥∥∥∥

+

∥∥∥∥∥

∞∑

k=n+1

(m+ 1)(k + 1)∆12q
d
m+1,kFm(x)Fk(y)

∥∥∥∥∥

+

∥∥∥∥∥

∞∑

j=m+1

(j + 1)(n+ 1)∆21q
d
j,n+1Fj(x)Fn(y)

∥∥∥∥∥
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+

∥∥∥∥(m+ 1)(n+ 1)∆11q
d
m+1,n+1Fm(x)Fn(y)

∥∥∥∥

+

∥∥∥∥∥

∞∑

k=n+1

(k + 1)∆02q
d
m+1,kDm(x)Fk(y)

∥∥∥∥∥

+

∥∥∥∥∥

∞∑

j=m+1

(j + 1)∆20q
d
j,n+1Fj(x)Dn(y)

∥∥∥∥∥

+

∥∥∥∥(n+ 1)∆01q
d
m+1,n+1Dm(x)Fn(y)

∥∥∥∥

+

∥∥∥∥(m+ 1)∆10q
d
m+1,n+1Fm(x)Dn(y)

∥∥∥∥

+

∥∥∥∥q
d
m+1,n+1Dm(x)Dn(y)

∥∥∥∥

= O
(

∞∑

j=m+1

∞∑

k=n+1

(j + 1)(k + 1)|∆22q
d
j,k|+ (m+ 1)(n+ 1)|∆11q

d
m+1,n+1|

+

∞∑

k=n+1

(k + 1)|∆02q
d
m+1,k| lnm+

∞∑

j=m+1

(j + 1)|∆20q
d
j,n+1| lnn

+(n+ 1)|∆01q
d
m+1,n+1| lnm+ (m+ 1)|∆10q

d
m+1,n+1| lnn

)

+|qdm+1,n+1| lnm lnn→ 0

by given assumptions and when min(m,n) → ∞.
As a conclusion, combining all the above terms, we obtain ‖fdm,n−fd‖ → 0

as min(m,n) → ∞.
The proof is completed.

Remark 7.8. As we know that if a double trigonometric series converges in
L1-norm to a function fd ∈ L1(Q), then it is a Fourier series of the function
fd. Consequently, according to Theorem 7.7 the series (7.12) is the Fourier
series of fd.

Corollary 7.9. If a double sequence {qdj,k} belongs to the class Sjk, then

‖Sd
m,n − fd‖ → 0 as min(m,n) → ∞.

Proof. It is clear that

‖fd − Sd
m,n‖ = ‖fd − fdm,n + fdm,n − Sd

m,n‖
≤ ‖fd − fdm,n‖+ ‖fdm,n − Sd

m,n‖ = ‖fd − fdm,n‖

+

∥∥∥∥∥
sin(n+ 1)y

2 sin y

m∑

j=1

qdj,n cos jx

∥∥∥∥∥+
∥∥∥∥∥
sinny

2 sin y

m∑

j=1

qdj,n+1 cos jx

∥∥∥∥∥
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+

∥∥∥∥∥
sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
qdm,n

∥∥∥∥∥+
∥∥∥∥∥
sinmx sin(n+ 1)y

4 sinx sin y
qdm+1,n

∥∥∥∥∥

+

∥∥∥∥∥
sin(m+ 1)x sinny

4 sinx sin y
qdm,n+1

∥∥∥∥∥+
∥∥∥∥∥
sinmx sinny

4 sinx sin y
qdm+1,n+1

∥∥∥∥∥

+

∥∥∥∥∥
n sin(n+ 1)y

4 sinx sin y

m∑

j=1

(qdj,n − qdj,n+2) cos jx

∥∥∥∥∥

+

∥∥∥∥∥
n sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm,n+2)

∥∥∥∥∥

+

∥∥∥∥∥
n sinmx sin(n+ 1)y

4 sinx sin y
(qdm+1,n − qdm+1,n+2)

∥∥∥∥∥

+

∥∥∥∥∥
m sin(m+ 1)y

4 sinx sin y

n∑

k=1

(qdm,k − qdm+2,k) cos ky

∥∥∥∥∥

+

∥∥∥∥∥
m sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n)

∥∥∥∥∥

+

∥∥∥∥∥
m sin(m+ 1)x sinny

4 sinx sin y
(qdm,n+1 − qdm+2,n+1)

∥∥∥∥∥

+

∥∥∥∥∥
mn sin(m+ 1)x sin(n+ 1)y

4 sinx sin y
(qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2)

∥∥∥∥∥

According to Theorem 7.7, all terms to the right side of last inequality
tend to zero as min(m,n) → ∞. Subsequently, the conclusion of this corollary
follows.

The proof is completed.
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75. F. Móricz, Integrability of double trigonometric series with special coefficients.
Anal. Math. 16 (1990), no. 1, 39–56.

76. J. Kaur, On L1-convergence of certain trigonometric series with special coeffi-
cients, PhD thesis no. 9051401, Punjab, 2009, India.

77. S. K. Chouhan, K. Kaur, S. S. Bhatia, Convergence and Summability of Fourier
Sine and Cosine Series with Its Applications. Proc. Nat. Acad. Sci. India Sect.
A 89 (2019), no. 1, 141–148.

78. S. K. Chouhan, J. Kaur, S. S. Bhatia, Extensions of Móricz classes and con-
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