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Introduction

Let us consider the sets of continuous, convex, starshaped, or superadditive
functions on [0, b] given by:

Cb)={f:[0,b) — R, f(0) =0, f continuous},

K(b) ={f € C0); fte+ (A —t)y) < tf(x)+(1—1)f(y), Y,y €[0,0],¢ € [0,1]},

,O<Jn<y§b}7
x

and
Sb)={feC®);f(z)+ fly) < flz+y),Vo,y,z+y € [0,b]},

respectively. A.M. Bruckner and E. Ostrow have proven in [1] the strict inclu-

e K(b) C S*(b) C S(b).

These inclusions were extended with some results of preservation of the above
properties by the arithmetic integral mean

A(f)(x)=i/0mf(t)dt-

A function f is said to have the property "P" in the mean if A(f) has the
property "P". Denoting by MK (b), MS*(b) and M S(b) the sets of functions
which are convex, starshaped, respectively superadditive in the mean, in [1] was
proved that

K(b) € ME(b) C §*(b) C S(b) C MS*(b) C MS(b),

which was named in [2] as the hierarchy of convexity of functions.
In [3] was proved a first hierarchy of convexity of sequences. Let us
consider the sets of convex, starshaped, or superadditive sequences given by:

K= {(an);o=0a Unt2 — 2an41 +ap > 0,m >0},

anp — Q Ap4+1 — @
S*:{(an)zo—o, n 0 < n-+ 0,7121},

n - n+1
S = {(an)?:0>an+m + a0 > an +am,n,me N}

We say that the sequence (a,)52, has the property "P" in the mean, if the
sequence (A;)52, has the property "P", where:

ao+ - +ap

A, =
n+1



Denoting by MK, MS* and M S the sets of sequences which are convex, star-
shaped, respectively superadditive in the mean, in [3] was proved that

KcMKcS*cScMS* cMS.

In [4] and [5] this hierarchy was generalized by proving that the sequence
(An)22, given by:
_ Poao + -+ ppap

Po+ -+ pn

is convex(or starshaped) for any convex (respectively starshaped) sequence (a,)22,

if and only if:
-1
pn:p0<u+n )TL>0
n

where u > 0 is arbitrary and:

n—1
v v 1
=1 = — — >1 R.
(0> ) (n) p kl;[o('u k)k>1, ve

An n>0

In this case: " k1
4, = Av = im0 U
(qun)

n

We say that the sequence (a,,)7% has the property ” P” in u-mean if (A})52, has
the property P. Denoting by M“ K, M*“S5* and M*"S the sets of sequences which
are convex, starshaped, respectively superadditive in u-mean, it was proved that
if 0 < v < u, then hold the strict inclusions:

KcM’Kc MK c S*Cc M"S* c M“S*.

The inclusion in S or M*S is more complicated to study. Some results can be
found in [6].

T am also the author or coauthor of other thirty papers with subject related
to the hierarchy of convexity of sequeces. We have studied high order hierar-
chies, hierarchy of supermultiplicity of sequences in a semigroup, inequalities, or
applications. Most of those papers were published with more than twenty years
ago, in Romanian of other less known journals. As I got demands of copies of
some of these papers, I decided to offer them with open access.
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THE REPRESENTATION OF n-CONVEX SEQUENCES

GH. TOADER

1. The mathematical literature is quite rich in papers which treat prob-
lems of the following type: for two sets of sequences, K’ and K” construct
a transformations A with the property that A(K’) C K”. Usually, such

a transformation is given by a triangular matrix:
1Pmill, i=1,....mform=12,...

i.e., to the sequence a = (a,,)_; is attached A(a) = (A;,(a))_; where:

Am(a') = Z Pm Q-
k=1

Many references to papers concerned to transformations that preserve
the n-convexity may be found in [3]. A characterization of such transfor-
mations is contained in [2], while [1] presents a characterization of the
transformations which map the set of p-monotone sequences in that of
g-monotone sequences.

Our aim is to construct a transformation of the set of n-positive se-

quences, R = {(a;n)%_, : a,, > 0 for m > n}, in the set K,, of n-convex
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sequences. In fact, the transformation is a bijection, so that it gives a rep-
resentation of n-convex sequences by means of n-positive sequences.
2. Let us to specify some notations and definitions used in what follows.

For a real sequence (a,,)$°_,, the n-th order difference is defined by:

(1) Ay, = @y, Ay = A" a0 — A" ay,.

Definition 1. A sequence (a,,)%_; is said to be convex of order n (or
n-convex) if A"a,, > 0 for all m.

The set of all n-convex sequences is denoted by K,,.

Definition 2. A sequence (¢,,)°_, is said to be n-positive if ¢,, > 0
for m > n.

3. Before giving the main result, which we have already announced,
let us state some auxiliary lemmas, interesting by themselves. Although
they are simple enough, we do not find them in the specialized literature.

Lemma 1. If

Ay, = Zbi for all m,
i=1
then

(2) A"a,, = A" b, for any m and any n > 1.

The proof is easy to do by induction. As a direct consequence we have:

Lemma 2. The sequence (a,,)3_, is n-convez, if and only if there is a

sequence (by,)o_, with the property that (b,,)%_, is convex of order n — 1

and such that

(3) Ay, = Zbi for allm > 1.
i—1

Because 0-convexity means positivity, we will prove by induction



Lemma 3. The sequence (a,,)5°_; is n-convez if and only if there is a

n-positive sequence (¢,,)5°_; such that:

(4> Am = idi,mch
=1

where the coefficients d; ,, do not depend on the two sequences.

Proof. By the lemma 2, a sequence (a} )>°_, is 1-convex, if and only

m/m=1
if there is a 1-positive sequence (c¢,,)5°_;, such that:
(5) a,ln:Zci for m > 1.
i=1

Then, by the same lemma, the sequence (a2 )%_, is 2-convex if and

only if:

(6) az, = Za},

where (al)®_, is 1-convex. So, there is a 1-positive sequence (cL )™
m/m=2 ) m/m=1

such that:
(7) Upy1 = Zc for m > 1.

Let us to denote aj = ¢; and ¢! = ¢;41 for i > 1. Then, the sequence

(m)s°_, is 2-positive and (7) becomes:
(7) ain:Zci for m > 2
i=2

and, by (6), we have for m > 2:

—l—Za —cl—l-Zch —01—1‘220],

=2 j=2 Jj=2 1=3



or:

8 2 = &
(®) m 01+Z(m—j+1)cj for m > 2.

Now suppose that a sequence is n-convex, if and only if there is a

n-positive sequence (¢,,)>_; such that:

m

Zp;fmci for m <n,
i=1

n
(9) Ay, = n—1 m
E q{‘mci—l—g rimci for m >mn,
i=1 i=n

3

where the coefficients p}', .. q",, and 7', are independent on the two se-
quences.

By the lemma 2, the sequence (a™)%°_; is convex of order n+ 1 if and

if 3 n \oo n \oo 1 .
only if is a sequence (a!,)%_, such that (a)°_, is n-convex and:

(10) artt = Z a’ for any m > 1.

m =
i=1

But then, as in (9), we must have a n-positive sequence (c},)>°_, such

that, for m > 1:

m

szmc; for m <n,
i=1

n —
(11) am+1 - n—1 m
n / n /
E 4G+ g TimC for m >mn.
i=1 i=n

If we denote:
ay =c; and ¢, = ¢;4q for i > 1

4



the sequence (c¢,,)°_; is n + 1-positive. Moreover, if we replace i + 1 by

i and, after that, m + 1 by m, from (11) we get for m > 2:

Zp?fl,mflci for m—1<n,
(12) a =

33

n m
g 41 mo1Ci T E T8 1m1C for m—12>mn.

i=2 i=n+1
From (10) and (12) we have:
a) for m = 1:

aytt =al = ey
b) for 1 <m < n+ 1:

”“—al—l—Za —cl—i—Zij Lio1C

=2 j=2

m m
=c+ Z Zp;ll,iflcg ZP”H

i=2 i=j
c) form>n+1:

”*1—a1+2a + Za

i=n-+i

_Cl+§ E pj 10— 1CJ+ E E qj 1,i— ICJ+ E :Tj 10— 165
=2 j=2 i=n+1 = j=n+1
_ n n n
SEED )V ITED 3 DY S it P
j=2 i=j 7j=2 i=n+1 j=n+1 i=j
n
_ n+1 n+1
=2l > e
Jj= j=n+1

This completes the induction and, moreover, gives us the following

recurrence relations:

(13) Pﬁ@l 1p;1_&1 ijlzlf0r2<j<m<n+1

=]



(14) ¢yl =q g = ij i Z g1y for2<j<nm;
i=j i=n+1

(15) it = er 1iog for j>n+1.

i=j
Using these relations, we may prove the following;:
Theorem 1. A sequence (a,,)>_, is n-convex, if and only if there is

a n-positive sequence (¢,,)50_, such that:

Z , Ci for m <n,
1—1

n— m-+n—i—
;(i—l)cﬁ_;( S )ci for m > n.
Proof. Let:
(17) so(m) =m, s;(m Zsj 1(2) for j > 1.

From (13) we have successively:

p711,m =Pim = 17
Zpu 1= Zpl,i—l = pom =m — 1 =50(m — 1),
=2
m
DP3m = sz,iq =P3m = Zso(i —2)=s1(m—2).
i=3 i=3

Now suppose that for any n and m:
(18) Pim = Djm = Sj—2(m —j +1).

Again by (13) we have then:

Piyim = Z Pt =Y siali—1—j+1)=pjrim
i=j+1 1=j+1



m—j
= sj0(i) = sj1(m — ),
=1
that is (18) is true for any j > 2.

Similarly, from (14) we have:

q711,m ={1,m = 1= P1m,

Zplz 1t Z i 1_Zplz 1= DP2,m-

i=n+1
Supposing:
(19) B = Pjm:
from (14) and (13) we have:

Arm = Z P 1‘1‘2(1,1 1= Z Pji— 1+ijz 1= Dj+1,m;

i=j+1 i=j+1
that is (19) holds.

As we saw in (8):

rim=m—j+1=s(m—j+1)for2<j<m.

From (15) we have for j > 3:

m m m—j+1
=S =y osli—j )= D soli)=si(m—j+1).
i=j i=j =1
Let us suppose that:
(20) T = Sp—a(m —j+1).
Then
m—j+1
nﬂ ng 1i— 1—an22—]+1) Z Sn—2(1),
i=1

that is, by induction for n, the assumption (20) is proved.

7



To finish the proof of the theorem, it is enough to determine the coef-
ficients si(m). We have:
- . L om(m+1) m+ 1
sim) =3 o) = 3o = M = (),

Let us suppose that:

1) som = (4 1),

k+1
Then:
- " i+ k m+k+1
=20 =3 (1) = ("5
=1 =1

From (9), (18), (19) and (21) we have (16).
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A HIERARCHY OF CONVEXITY FOR SEQUENCES

GH. TOADER

An interesting property, called in [4] "hierarchy of convexity", was
proved, for functions, by A.M. Bruckner and E. Ostrow in [3]. The main
aim of this paper is to prove that this hierarchy is also valid in the case
of sequences.

We begin by the definitions of sequence classes which we consider in
what follows. We also prove representation theorems for some of this
classes.

Definition 1. A sequence (a,,)>°, is called convex if its second order

differences:
(1) A2%a, = apig — 20p41 + Gy

are positive for any n > 0.
Although we have given in [7] a general representation theorem, for
making a minor change in the formulation of the result, we prefer, in this

particular case, to deduce it from the following;:

1



Lemma 1. If the sequence (a,)52 is given by:

n

(2) an =Y (n—k+1)b

k=0
(3) AQan == bn+2.

The proof follows by a simple computation, hence it is omitted. Because
the relation (2) is equivalent with:

n—1

(2) by = ao, bn:an—Z(n—k—l—l)bkfornzl

k=0
any sequence may be represented in this form and from lemma 1 we
deduce:
Lemma 2. The sequence (a,)>2, is convex if and only if b, > 0 for
n > 2 in the representation (2).

Definition 2. A sequence (a,,)2, is called starshaped if it satisfies:

ap-1— @ an — a
nl 0o Oforanynzz

(4)

n—1
Remark 1. As it was proved by N. Ozeki (see [5]), a convex sequence
(@), with ag = 0, has the property:

An—1 < Gn

n—1"mn

(4)

Although this property may be easily put in connection with the similar
property of functions, the definition of starshaped sequences we have not
found neither in [5] nor elsewhere. We prefer the relation (4) instead of

(4°) to allow ag # 0.



Lemma 3. The sequence (a,)52, is starshaped if and only if it may be

represented by:

(5) ap =N C_]: - (TL — 1)60
k=1

with ¢, > 0 for k > 2.

Proof. We denote ¢y = ay and ¢; = ay. From (4), for n = 2, we have:
as > 2a1 — ag = 2¢1 — Cg
that is, there exists a number ¢y > 0 such that:
as = 2¢1 — cg + o = 2(c1 + ¢2/2) — co.

Suppose that (5) is valid for a natural n. From (4), for n + 1, we have:

n+1 1
apy1 2 ap — —ag
n
that is, for some ¢, 1 > 0:
n+1 1
Qpt1 = Cny1 T Qp — ﬁao

" n -1 1 e
:an—l—(n—l—l)Zf—( —i—g)CO:(n—{—l)Zf—nCO
k=1

n
k=1

So, the lemma is proved by induction.
Lemma 4. If the sequence (a,)%, is represented by (5), then:

n

A2n:n e —
(6) a Cn+2 n+1

Cn+1-

Definition 3. The sequence (a,,)>, is called superadditive if it verifies:

(7) Qpim + ag > ap + a,,, for any n,m € N,

3



Remark 2. As it is done in [2] for functions, we added the term ag
in the first side of the relation (7) to avoid the restriction: ag < 0. As a
matter of fact, this change is unimportant since from (7) follows that the

sequence (a,)> , given by a,, = a, — ao, satisfies the usual relation:
/ / !/
(7/) an+m Z Ay, + Ay -

The following result, deduced from [6], is easily to check up:
Lemma 5. The sequence (a,)22, is superadditive if it may be repre-

sented by:
(8) ag = dp, an:do—l—i[ﬁ} dy, form>1
k=1 k

with dy, > 0 for k > 1, where [z] denotes the integer part of x.
Remark 3. Any sequence (a,)°, may be represented by (8). It is

superadditive if and only if every d,, verifies:

oz S (-1 [42])

but (9) becomes d,, > 0 only for prime values of n.

Definition 4. The sequence (a,,)° , has the property "P" in the mean,
if the sequence (A,,)S°, has the property "P", where:

ag+ - +ay

1 A =
(10) " n+1

Lemma 6. The sequence (a,)2, is mean-convez if and only if it may

be represented by:
(11) a, = Z(Qn —k+1)ey

with e, > 0 for k > 2.



Proof. By lemma 2, the sequence (a,)2, is mean-convex if and only

if the sequence (A,,)°, may be represented under the form:

n

(12) An = (n—k+1)e

k=0

with ex > 0 for £ > 2. From (10) we have:
(13) ag = Ao, ap = (n+1)A, —nA, ; forn>1.

Combining (12) and (13), by a simple calculation we get (11).
Lemma 7. If the sequence (ay)e, is represented by means of (11),

then:

(14) A’a, = (n+ 3)enia — Nepir.

Lemma 8. The sequence (a,)>2, is mean-starshaped if and only if it

may be represented by:

n—1 f
15 an=(M+1)fr+2n> £ —(2n—1
(15) (n+ o203 = n = Ui

where fr. >0 for k > 2.

The proof is based, like that of lemma 6, on the relation (13), and uses
for A,, the representation (5).

In what follows we denote by S1, S5, S3, S4, S5 and Sg the sets of convex,
mean-convex, starshaped, superadditive, mean-starshaped, respectively
mean-superadditive sequences. The main result, similar to that of [3], is
given by the following:

Theorem. The following inclusions:
(16) 51C52C53CS4CS5C56

5



hold, each of them being strictly.
Proof. (i) Let us suppose that the sequence (a,)S%, is represented as

in (2) and also as in (11). Then, from (3) and (14) we deduce:
(17) bn+2 = (TL + 3)€n+2 — Neny1

that is:

by = 3ez and (n + 3)e,t2 = bpyo + nepi.

So, if b, > 0 for n > 2, then e,, > 0 for n > 2. By lemmas 2 and 6,
if the sequence (a,)2, is convex, it is mean-convex, i.e. S; C Sy. The
inclusion is strictly because we have, for example, b = 4e3 — e, and so
es =1 and e3 = 0 give us b3 = —1 < 0.

(ii) Let us represent the sequence (a,), under the forms (11) and
(5). From (14) and (6) we have:

n

—Cn
n+1 +1

(18) (Tl + 3)en+3 — N€pt+1 = Cpy2 —
that is:
o =3ey, c3=4de3+1/2 e

and:
n—1

1
Cp = (TL + 1)671 + m %(k) - 1)€k
what may be proved by induction. So, e, > 0 for n > 2 implies ¢, > 0

for n > 2, i.e. by lemmas 3 and 6, S5 C S3. On the other hand, for ¢, = 3
and c3 = 0, we have e3 = —1/8 < 0, that is the above inclusion is strictly.
(iii) Let us suppose that the sequence (a,)$°, is in Ss5. Then, on the

basis of the representation given by the lemma 3:

n+m m—+n

Ck Ck
Gppm — Qg — Gy — Ay =N E E—Fm g ?ZO

6



that is (@)%, is in Sy. The inclusion S3 C Sy is strictly because the

sequence with the general term a,, = [n/2] is, by lemma 5, in Sy but:

as — Qo a9 — Qg 1
- -~ <0
3 2 6

so that it is not in Sj3.

(iv) Let the sequence (a,)32, be in Sy. Then:

an+ag>ap+a,_pfork=1...,n—1

that is:
n—1
(n—1)(a, + ag) > 2 Zak
k=1
or:
9 n—1
ap > n_lzak—ao.
k=1
So:
n 9 n—1
Zak—nao (1—i— )Zak—(n+l)a0
A, — Ay o n-1/3

n n(n+1) = n(n+1)

n—1
Z ar — (n— 1)ag
_ k=1 _ An—l - AO
n(n—1) n—1
i.e. (an)i,is in S5. The inclusion Sy C Ss is, in his turn, strictly because

if (a,)$%, is represented through (5) we have:
4
a4+a0—a3—a1:5c4—§c3+02 <0

forcy =c =0, c3=1.



(v) The inclusion S5 C Sg follows from (iii). His strictness also follows

by taking A, = [n/2], that is:

an = (n+1) [g} —n[n;1]

which gives a sequence in Sg but not in S;.

Remark 4. As follows from [5], N. Ozeki has proved, by other means,
the inclusion S; C S5, and, in the case ag = 0, S7 C S3.

Remark 5. If we set the sequence (a,)2, in the form (15), we have:

Aptm + Qo — Qp — Ay = n(fner - fn) + m(fn+m - fm)

n+mflf m+n71f
k k
n+m n m 2 7 2 5 -
+foim + fo fm 20 ) k+mz 3
k=n-+1 k=m+1

Taking into account the inclusion Sy C S5, this means that in order
to get a superadditive sequence (a,)>°, it is necessary to use in (15)
a sequence (f,)5, with f,, > 0 for n > 2, and it is sufficiently that
the sequence (f,,)>°; be increasing. In spite of this result and that given
in the remark 3, we have unfortunately no satisfactory formula for the
representation of superadditive sequences.

Remark 6. The theorem may be used to simplify some of the proofs

from [3].
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a-CONVEX SEQUENCES

GH. TOADER

In [3] we have shown that the "hierarchy of convexity" established
for functions by A.M. Bruckner and E. Ostrow in [1], is also valid for
sequences. In [4] we have extended this hierarchy, inserting between the
set of convex sequences and that of starshaped sequences an infinity
of sets of sequences, namely sequences with convex weighted arithmetic
means. In this paper we also insert an infinity of sets of sequences between
the set of convex sequences and that of starshaped sequences, by defining
a-convex sequences. Such a definition was given for analytic functions by
P.T. Mocanu in [2].

Let us recall the following:

Definition 1. A sequence (a,)52, is called:

a) convex, if:
(1) A?a, = Gpio — 20511 + an > 0, for n > 0;

b) starshaped, if:

(2) Gnt1 = do > an—a(], for n > 1.
n+1



Now for any « € [0, 1] we give the following:

Definition 2. A sequence (a,)>2, is called a-convex if the sequence:

(a(anH —ap) + (1 — )= “0)::

n
is increasing.
Obviously we have:

Lemma 1. The sequence (a,)2, is a-convez, if and only if:

Ap+1 — Ao Qp — Qo
3 A?a, + (1 — + —
(3) i an + ( a)( n+1 n

)20, forn > 1.

Lemma 2. The sequence (a,)%, is a-convex if and only if the se-

quence:
(an — ao + afn(ant1 — an) — (an — a0)])nZ
18 starshaped.
It can be also proved:
Lemma 3. Any a-convex sequence is starshaped.

Lemma 4. The sequence (a,)5%, is a-convez (for a > 0) if and only

if it may be represented by:

(4) —nz — (n —1)by, forn >0
with

1
(5) bpio > |1 — m bnt1, forn >0, by > 0.

Theorem. If a sequence if a-convex, then it is also B-convex for any

0<p<a



Remark. Obviously 1-convexity means convexity and O-convexity
means starshapedness. So, the theorem gives an infinite chain of sequence
classes between the set of convex sequences and that of starshaped se-

quences. Every inclusion is proper because of (5).
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A TRANSFORMATION THAT PRESERVES SOME
SEQUENCE CLASSES

GH. TOADER

ABSTRACT. Se demonstreazd ci dacd transformarea (2) pistreazd
clasa de siruri definitd de (9), atunci ponderile p,, sunt de forma (4).

Aplicdm rezultatul la girurile a-convexe.

In [2] are exposed more results on convex sequences, that is sequences

(xn)5°, with the property:
(1) A%2, = pio — 20p41 + 2, > 0 for n > 0.

Some of these results deal with the preservation of convexity by matrix
transformations and particularly by weighted arithmetic means. So is the
following characterization theorem from [7], which we present in the form
given in [1] because in [7] the sequences are indexed starting from 1 not
from 0 as we do. The difference seems minor but it allows a simplification
of the results.

Theorem 0. The sequence (X)), given by:

_p0x0++pnxn
Po+ -+ Da

(2) Xn forn>0

1



is convex for any convex sequence (,)5%, if and only if:

n—1

H(kpo +p1)

(3) by = k:on'pn_l — forn>2
70

with pg > 0 and p; > 0 arbitrary.
In [4] we put (3) in the form:

(4) pn=p0<u+n_1) for n >0
mn

where u > 0 is arbitrary (in fact it is p;/po) and:

(5) <g>=1, (Z)z%;ﬁ(v—k)forkzZI,veR.

=0

In this form, the proof of Theorem 0 is simpler and (2) becomes:
A
> o
k=0 "
(6) Xy == :
uU+n
(")

In [5] we proved that (4) characterizes also the transformations that

preserve starshaped sequences, i.e. sequence (x,,)% , with the property:

xOZOfornzl.

Tp+1 — Lo Tp —
7 D'z, = 2% —
() n n+1 n

In what follows we generalize the necessity part of the result to some
other sequence classes.

For some fixed functions a,b,c,d : N — R, let us denote:
(8) Tx, = a(n)rpo +b(n)T,1 + c(n)x, + d(n)zg
and consider the set:

(9) S ={(xn)2y; Tx, >0, Vn>0}.

2



Theorem 1. If (kn)>2, € S for any k € R and for (,)2, € S, (2)

n=0

gives an (X)), in S, then there is an u > 0 such that the weights p,

be given by (4).
Proof. We first observe that (kn)2, € S for any real k, if and only if:

n=0

(10) a(n)(n+2)+bn)(n+1)+c(n)n=0.

Then, denoting by:

Xn _ i:O
Z pi
=0

from the hypothesis we deduce that (X)), is in S. Taking v = p1/po,

U
P1 = PoU = Po 1)

As for n = 0, (10) becomes:

we have:

2a(2) + b(2) = 0

and
k 2
Xo=0, X, = u’ X2:]€u]90—+p2
1+u po(1+u) + p2
we have:
up0+2p2 u
TXy =k |a(2 +b(2
0 [a( )p0(1+u)+p2 ( )1+u]
2 2
_ ka(?) Up0+ P2 . U
po(l+u)+p 1+u

So T'Xy > 0 for any k, if and only if:

(upo + 2p2) (1 + ) — 2u[po(1 + u) + p2] = 0

3



or:

Cu(l+uw)  fu+l
P2 = 5 Po = Po 9 .

Assume (4) valid for n < m + 1. Then:

~ (uti—1 (u+i—1
£00) £00)
_ ; ! _ ; i—1 kum

X, = = .
u+m u-+m u—+1
() ()

In the same manner:
ku(m + 1)

u+1

Xm—|—1 =

and
u+m+1

um( . ) + (m + 2)pps2
Xm+2 =k .

u+m+1 n
Do m+1 Pm+2

Hence, by (10):

u+m-+1 +( +2>
u m m
Tx ka(m) Po m P2 u(m + 2)
m = ka(m —
u+m-+1 u—+1
Do + Pm+2
m—+1

and so T'X,, > 0 for any k if and only if it is zero, that is:

Ptz = Po— l(m+2)(u+m+1> _<m+1>(u+m+1>}

m+ 2 m+1 m+1

B u+m-+1
= Do m 42 .

So, by induction, (4) is valid for any n.

In [6] we have given the following:

Definition. The sequence (z,)5°, is called a-convex (with o > 0) if:
(11) alA’z, + (1 — a)D'z, >0 for n > 0.

4



Consequence. If (X,,)%°, given by (2) is a-convex for any a-convex
sequence (z,,)9%, then there is an u > 0 such that p, be given by (4).

Proof. For z,, = kn, we have:
aA’r, + (1 — a)D'z, =0

so that it is a-convex and we may apply Theorem 1.
In [3] we have considered, beside convex and starshaped sequences,
also superadditive sequences, that is sequences (x,,)22, that satisfy:

(12) Tnim + To > T, + Ty, for any n,m > 0.

Although their definition is not of the form (8) and (9), may be proved:

Theorem 2. If (X)), given by (2) is superadditive for any superad-
ditive sequence ()2, then p, are of the form (4) for some u > 0.

As we stated above, for convex and starshaped sequences we proved
in [4] and [5] a converse of Theorem 1. In the case of superadditivity we
can prove only the weaker result:

Lemma. If (x,), satisfies:
(13) Tnt1 + X9 > Ty + 71

and (X)), is given by (6), for some uw > 0, then this also verifies the
relation (13).

Proof. From (13) we have:

Tpe1 — Tk > (n—k+ 1) (21 — x0)

5



and so:

X1 +Xo— X, —X; =

U+n\ e (u+k—1
(n+1) Z( k ><xn+1 _xk) Lo — 1

k=0

u+n\/u+n+1 tu u—+1
n n+1

e e (1) () s
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SOME GENERALIZATIONS OF CONVEXITY FOR
SEQUENCES

GH. TOADER AND §. TIGAN

In [1] it is defined the mean-convexity and it is proved that this gen-
eralizes the convexity.
A sequence (a,)%, is called mean-convex if the sequence (C,,)%°, of

Cesaro means

Qo + -+ Qp,
1 Cph=——""7—
(1) n+1
is convex, that is:
(2) AQCH = Cn+1 — 20n+1 + Cn Z 0, Vn Z 0.

The first generalization that we propose in this paper consists in the

substitution of (1) by a simpler mean:

G + (n41
3 A, = "=
3) .
or, more generally by:
(4) Ap _ an + pan+1

n 1+p Y



where p is a given nonnegative real number.

It is easy to prove:

Theorem 1. If the sequence (a,), is convex then (AR)*, is also
convez, for any p > 0.

Remark 1. If we denote by S the set of convex sequences and by
S7 = {lan)nZo : (A7)Z0 € ST,
the Theorem 1 means:
(5) S CSP ¥ p>0.

It is also easy to prove the following representation theorem:

Theorem 2. The sequence (a,)>>, belongs to SP if and only if

n
Qp = E bk:7
k=0

where the sequence (b, + pb,+1)5°, is nondecrasing.
Remark 2. As it was proved in [1], the sequence (AP)>°  is convex if

and only if:

n

(6) AP = Z(n —k+ 1)k, ¢ >0, for k> 2.
k=0

Using this result we may find simpler representation theorems. So we
have:
Theorem 3. The sequence (a,), belongs to S* if and only if:

n—1

1—-k

(7) Uy = 22 [%] e+ (=1)"co, ¢ >0 fork >2
k=0

(I | denotes the integer part).



Remark 3. It is easy to see that there is no inclusion relation between
SP and S?if p # q. Also there is no relation between a set SP with p > 0
and the set of starshaped sequences, or that of superadditive sequences
(see [3]).

From this point of view, the mean (1) is better than (3), because for
the mean (1) such relations between SP and S? are valid (see [1]).

Remark 4. The mean (3) may be also generalized by iteration, or by

taking:

T
L

(4/) An = Apyig-

| =

Il
=)

Another generalization of convexity is given by the following:

Definition 1. The sequence (a,)52, is called weakly quasi-convex if
(8) a, <max{a,_1,a,41}, Vn > 1.

If the equality is excluded from (8) the sequence (a,)>2, is called
strictly quasi-convex.

We have directly:

Theorem 4. The sequence (a,)%, is

a) weakly qausi-convex if and only if:

(9) an =Y b,
k=0

where by, > 0 implies by, > 0, for k> 1;
b) strictly quasi-convex if and only if in (9), by > 0 implies by, > 0,

for k > 1, and at most one by, is zero.

3



Definition 2. The sequence (a,)>°, is unimodal (strictly unimodal)
if (ar)j_, is nonincreasing (decreasing) and (ay)72,,,; is nondecreasing
(respectively, increasing), for some n > 0.

Consequence 1. The sequence (a,)52, is strictly quasi-convex if and
only if it is strictly unimodal.

Remark 5. An unimodal sequence is weakly quasi-convex but the
converse assertion is false. For instance, the sequence: 2,1,2,2,1,22.1,...1s
weakly quasi-convex but it is not unimodal. To amend this situation, we
consider also the following:

Definition 3. The sequence (a,)2, is called quasi-convex if for any

0 <n<m< p, we have:
(10) am < max{an,,a,}.

Theorem 5. The sequence (a,)>2, s quasi-convex if and only if in
the representation (9), by > 0 implies by,; > 0, for any k,i > 1.

Consequence 2. The sequence (a,,)%, is quasi-convex if and only if
it is unimodal.

Theorem 6. The following implications hold:

a) strictly convex = strictly quasi-convez;

b) convexr = quasi-convex;

c) strictly quasi-conver = quasi-convex;

d) quasi-conver = weakly quasi-conver.

Theorem 7. If the sequence (a,)S%, is quasi-convex (weakly quasi-
convex, respectively strictly quasi-convex) then so is also the sequence
(A7)Zo, for any p = 0.

It can be proved as in the case of the functions (see [2]) the following:

4



Theorem 8. If (a,)5°, is a positive convex sequence and (b,)> is a
strictly positive, concave sequence, then the sequence (a,/b,)3, is quasi-

COMVVET.
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ON SOME INEQUALITIES INVOLVING CONVEX
SEQUENCES

D. ANDRICA, I. RASA AND GH. TOADER

(CLUJ-NAPOCA)

Several inequalities connected with convex sequences are known. Let
us mention those of Nanson [4], Steinig [6] and Ozeki (see [2]). In what
follows, we shall use a simple method which allows the substitution of

the conditions

(1) A2a, = Gpio — 20511 + an >0, forn > 1,
that characterize convex sequences, by

(2) m < A%a, < M, forn > 1.

The obtained inequalities are not only more general, but, as we shall
see on some examples, they strengthen the initial inequalities. The same

method was used for functions in [5] and [1].

1



Before presenting the main results, let us give a representation theorem
of sequences that satisfy (2). A more general result is given in [7], but we
sketch here the proof which is simple in this particular case.

Theorem 1. The real sequence (a,,)n>1 satisfies (2) if and only if there

is a sequence (b,)n>1 which verifies

(3) m<b, <M, forn>2

such that

(4) a, =Y (n—Fk+1)bg, for anyn > 1.
k=1

Proof. Any sequence (a,),>; may be written as (4) by taking

n—1

by = ay, bn:an—Z(n—qul)bk, for n > 2.
k=1
Because (4) implies
(5) A2an - bn+2

the conditions (2) and (3) are equivalent.

The method which gives the results what follow is based on a simple
remark: if the sequence (a,),>1 satisfies (2), then the sequences (¢,)n>1
and (d,)n>1 given by

2 2

n n
=a, —m— = M— —
(6) Cn = Gp — M 5 d, 5 an

are convex. So, we can apply to these the results valid for convex se-
quences. To complete the proofs one requires only some simple calcula-

tions which we omit. As a matter of fact, we content ourselves to present



for exemplification only two results: the first obtained from the inequality
of Nanson [4], the second from that of Steinig [6].
Theorem 2. If the sequence (a,)n>1 satisfies (2), then for any n > 1

hold
(7) 2n—|—1m§a1+a3—|—~~+a2n+1_a2+a4—|—-~—|—a2n < 2n+1M
6 n+1 n 6
and
n(2n +1
(8) %mgal_a2+a3_a4+"‘+a2n+l

_aitagt - F A < n(2n + 1)

M
n+1 - 6

Applications. Let a, = a"!. Then A%a, = a" *(a —1)% If a > 1,
then m = (a — 1)? and (7) gives us
(9) (a—1)°

This is an improvement of an inequality of Wilson (see [3]).

From (8) it follows

1+a?+-+ad ata’+ - +a®!  2+1
n+1 n - 6

o 1+ad 4 Fa™ S n(2n +1)
n+1 - 6

(10) 1—a+a*—a*+---+a (a—1)?

which is an improvement of an inequality of Steinig [6]. If 0 < a < 1,
then m =0 and M = (a — 1)?, so that (7) and (8) give
l+a?+-+a” ata’+---+a™ ' _2m+1

11) 0< o
(1) o<t . BEIES PR
respectively

1 2 . 2n
(12) 0<l—a+a®—a*+ - +a*> +a® + +a

< n(2n + 1)

< 5 (a—1)2



[1]

2]
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GENERALIZED CONVEX SEQUENCES

GH. TOADER

The notion of convexity was generalized in many ways. Some of these
generalizations are based on the geometric interpretation of convexity
and resort to an alteration of the finite differences. In this case it was
impossible to transpose them for high order convexities. In this paper,
we propose another generalization of convexity based on the notion of
finite differences. For the moment we study the convexity of sequences of
elements of an abelian group.

Let (X, +) be an abelian group and (z,,)>_; a sequence of elements of

X. With usual notations, we define the finite differences by the relations:
(1) A%, =z, A"z, = A"z, — A"z, for n > 0.

One proves by induction, as in the classical case, the validity of the
following relation:
2) A2 =31 (" )2
i=0 !
where the second member must be interpreted in the natural way by
means of the operation of the group. In fact, finite differences defined for

sequences of elements of a commutative field was considered previously



by M.D. Torres in [10], but obviously a group structure is enough for our
purpose.

Let P be an arbitrary proper subset of X.

o)
m=1

Definition 1. The sequence (x,,) is said to be P — n-convex if
A"z, € P for any m.

Before passing to the study of the notion just introduces, let us give
some examples.

Example 1. For the group (R, +) with P = R, we obtain the usual
n-convexity (see [5] for more references).

Example 2. In the same group, for P = {0} we obtain n-polynomial
sequences (met especially in the case of functions). Particularly, for n = 2
one get the arithmetical progressions.

Example 3. Ju.N. Subbotin has considered in [8] the set of the se-
quences with the property: |A"x,,| < 1 for any m. This may be obtained
by choosing P = [—1,1].

Example 4. The case (R—{0},-) with P = [1, 00) corresponds to log-
arithmic n-convexity. In fact, one obtains a generalization of this because
the sequences so defined need not to be positive.

Example 5. In the same group, but with P = {1} we obtain sequences
which can call logarithmic n-polynomial. Particularly, for n = 2 one get
geometrical progressions.

Example 6. In the group (Q —{0}, -) with P = N we obtain sequences
which we name n-divisible.

Remark 1. Although the way which we have chosen to arrive at the

definition 1 is suitable, the following method may be regarded more nat-

ural. Let (P, +) be a semigroup and (z,,)%°_; be a sequence of elements



of P. We say that x,, has finite difference of first order if there is d € P
such that x,,,1 = x,, + d. In this case we denote d by Alx,,. Similarly
may exist the differences of higher order. A sequence is named n-convex
if all his elements have differences of order n. This method is suggested
by example 6.

Remark 2. Analogously, we may define the convexity of a function
with values in a group (in which we have fixed certain subset P).

Although the definition 1 seems to be too general, we may transpose for
it all the results which we obtained in [9] concerning the representation
of m-convex sequences. We begin with the following useful result which
is easy to prove by induction:

Lemma 1. If the sequences (2,,)5°_; and (ym)so_, are related by:

(3) xm:Zyiform21
i=1

then:

(4) A"z, = A"y forn > 1.

As a direct consequence, we have:

Lemma 2. The sequence (x,,)>°_, is P—n-convex if and only if there is
a sequence (Ym)oo_, such that holds (3) and (ym)5e_y be P—n—1-convez.

To formulate the following result (which may be obtained by successive

application of lemma 2) we need the following:

oo
m=1

Definition 2. The sequence (y,,) is a n — P sequence if y,,, € P

for m > n.



Lemma 3. There are the natural numbers p}}, ; (for any n,m and i <
m) such that a sequence (,,)%_, is P — n-convez if and only if it may

be represented by:

m
(5) Ty = prn’iyi for any m

=1

with a n — P sequence (Y,,)_;.

In [9] we have determined the numbers py;, ; for the usual case of n-
convex sequences (example 1). We shall see that they are generally valid.
We prove first:

Lemma 4. For an arbitrary sequence (y,)5o_,, define the sequence

(xm);.r?:1 by
( m
m—1
Z < ; )yz fOT m<n
—1 \! 7 1
n—1 m '
n—1 n+m-—1—1
i=1 <i_1>yi+;< n—1 >yi Jor m >n.
Then:
(7) A" = Ypam for any m > 1
and
™) Akay = Ypr1 for k < n.



Proof. We shall prove only the relations (7) for m < n. The other
cases may be proved analogously. From (2) and (6) we have:

o S ()5 (1)

j=0 i=1

n n—1 . m+j . .
i (n m+j—1 m+n+j—1—1
E —1)" E ; E ;
+j=nm( ) (‘7> =1 ( i—1 >y i i=n < n—1 ’

or, changing the order of addition:

“Taner ()72

g 2 ()"

Jj=i—m

n+m . .
_fn\/m+n+j—i—1
_1)d
+zylﬂzm (j)( o )
the first sum missing for m = 1. Because, for any m and n we have:

(8) Zm: ( )(”ZO:O, itk <mand k<n

=0

(as is proved, for example, in [7] p.48), the first sum is zero. Making in
the other two sums the changement of variable: j =i — m + k, by (8),
we get (7).

So we get the coefficients py, ; from lemma 3, that is:

Theorem 1. A sequence (1,,)5°_; is P — n-convex if and only if there
is an — P sequence (Y,)_, such that (6) holds.

Remark 3. In the usual case of n-convex sequences, in [9] we found the
representation (6) by induction from lemmas 2 and 3. Taking in account

the lemma 4, we can obtain a similar representation by solving the system

5



of equations (7) and (7°) (see [1]). Prof. A. Lupas pointed out to me "the
fundamental formula of transformation of divided differences" given by
T. Popoviciu in [6], from which (6) may be also deduced if we make the
notations (7) and (7). In [2] and [3] may be also found some formulas
related to Popoviciu’s formula.

Remark 4. As is usually done in defining the logarithmic-convexity
(see [4] for am-convexity also), we may assume that the transformed
sequence, by some fixed function, is convex. That is, given the set M,
the group (X, +), the set P C X, and the function f: M — X, we may
define the f — F' — n-convexity of a sequence (x,,)>°_, from M, taking
A, = f(x,). For example, for f: R—{0} — R defined by f(z) = 1/z
and the addition on R, we obtain "harmonic progressions" for P = {0}
and a related convexity for P = [0,00). If f is injective, we may obtain

also the representation of such sequences using f~!: f(M) — M.
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STARSHAPED SEQUENCES

GH. TOADER

In [4] we have shown that the "hierarchy convexity" established, for
the functions by A.M. Bruckner and E. Ostrow in [1], is also valid for se-
quences. Starting from a property proved in [7] and generalized in [2], we
have extended in [6] this hierarchy, inserting between the set of convex se-
quences and that of starshaped sequences an infinity of sets of sequences.
In this paper we prove similar results for starshaped sequences.

Let us recall some definitions and some results from [4] and [6] which
we need in what follows.

Definition 1. A sequence (a,)52, is called:

a) convex, if:
(1) A?a, = Gpio — 20511 + an > 0, for n > 0;
b) starshaped, if it satisfies:

(2) D'a, = Gnt1 = do _ &n = G0 >0, for n > 1;
n+1 n




¢) superadditive, if:
(3) (pim + ag > ap + a,y,, for any n and m.

Definition 2. The sequence (a,)3, has the property "P" in the mean,
if the sequence (A,,)°, has the property "P", where:

agt+ta,

4 A
(4) " n+1

, for n > 0.

Remark 1. Denoting by 57, 55, .55,54, 55 and Sg the sets of convex,
mean-convex, starshaped, superadditive, mean-starshaped, respectively
mean-superadditive sequences, we have proved in [4] the proper inclu-

sions:
(5) 51C52C53CS4CS5C86.

As it is shown in [3], N. Ozeki has proved that S; C Sy and, if ag = 0,
S1 C Ss. As a matter of fact, we attached ag in (2) and (3) just to allow
ap # 0 in (5).

Remark 2. Instead of the arithmetic mean (4), in [7] is considered

the weighted mean:

Z :p0a0+"'+pnan
Y Pt tpa

(6)

with p, > 0 for n > 0. The result from [7] was put in [6] in the following

o0

simpler form: the sequence (A,)5°, is convex for any convex (a,)>, if

and only if there is an u > 0 such that:

-1
(7) nf=m<u+z >,brn21

2



v v 1 n—1
= — o > .
(8) <0> 17 <n) n! kli[O(/U k)J for n — 17 veR

In this case:

(9) A, = At =

Definition 3. The sequence (a,)5, is u-mean-convex if (A%)%, is
convex. The set of all u-mean-convex sequences is denoted by S5
In [6] we have proved:

Theorem 1. If 0 < v < u, then hold the strict inclusions:

(10) S1 C S; C S; C Sg.

For some fixed functions f, g, h,k : N — R, let us denote by:
(11) Ta, = f(n)anta + g(n)ans1 + h(n)a, + k(n)ag
and consider the set:

(12) S={(an)y: Ta, >0, ¥ n>0}.

We have proved in [5] the following general result:
Lemma 1. If (cn)%, € S for any real ¢ and if (6) gives an (A,)°%,
in S for any (a,);2, from S, then there is an u > 0 such that the weights

P, be given by (7).



Consequence. If (A4,)%, given by (6) is starshaped for any star-
shaped (a,,)%, then the weights p,, are given by (7) with u > 0 adequate
chosen.

Definition 4. The sequence (a,)S%, is u-mean-starshaped if (A%) .

given by (9) is starshaped. The set of u-mean-starshaped sequences is
denoted by S¥.
Lemma 2. The sequence (a,)5%, is u-mean-starshaped if and only if

it may be represented by:

(13) ap = cg, a1 = (1+1/u)e; — co/u,

n 1
an:(1+—>cn—|—n<1+—>
U U

where ¢, > 0 for k > 2.

n—1
c—k—<n—1—|—ﬁ)00, form > 2
k u

(]

k=1

Proof. As it is proved in [4], a sequence (a,)>, is starshaped if and

only if it may be represented by:
(14) a,=nY ——(n—1)b

with by, > 0 for n > 2. So, (a,)$%, is u-mean-starshaped if and only if

(A1)$e, may be represented by:

(14" Al =n c_; —(n—1)co
k=1

with ¢ > 0 for k& > 2. But, from (9), we have:
<u—|—n—1>an _ (u—l—n)Az— (u+n—1)AZ1
n n n—1

(15) a4y = (1 + —) At %Ag,l.

that is:



From (14’) and (15) we get (13).
Remark 3. It was proved in [4] that if the sequence (a,,)>; is repre-
sented by (14), then:

n

1 A%q, = bpig — ——
(16) “ 2+

D,

It is easy to check also the following results:

Lemma 3. If the sequence (a,,)52, is represented by (13), then:

2
(17) AZ(Z() = (1 + E) Co,
2 2
AQan:<1—|—n+ )Cn+2_ n (1+ n—|—3>
u n-+1 u
Cns1 + ———Cn, forn >0,

Theorem 2. If 0 < v < u, then the strict inclusions hold:

(18) Sy C Sg C S

Proof. (i) Let us suppose that the sequence (a,)2, is represented as
in (13) and also as in (14). This may be done for every sequence. Then,

from (16) and (17) we deduce:

2
b2 = <]_ —+ —) Co
u
and

b D= (14252 o - 2 (142222
n+2 n+1 n+l — U n+2 n+1 U n+1

n—1

Cn
u

5



for n > 1, which give, by induction:

-2
.o = u n(n — 2)

— Uy, L forn > 2.
u+n +(u+n)(n—1)c b for =

So, if b, > 0 for n > 2, we obtain, step by step, ¢, > 0 for n > 2. That

is S5 C S¢. The inclusion is proper because we have:

2
b3: <1+§> C3 — —Co
U 3u

which yields b3 < 0 for ¢ =1 and ¢3 = 0.
(ii) Now suppose that the sequence (a,)3, is represented by (13) and
by:

(13’) ag = do, ap = (1 + l/U)dl — do/U,

n—1

1 d

an:(1+n/v)dn+n(1+;> f—(n—l%—%)do, for n > 2.
k=

1

From (17) we have:
(14+2/u)ca = (1 +2/v)dy

and for n > 1:

n+2 n 2n+ 3 n—1
1+ Cn+2 — 1+ Cnt1 + Cn
U n+1 U U

2 2 3 —1
v v v

n+1

So, again by induction:

v(u+n) v(u—v) nl <= (k —1)cg
n u(v +n) u n—lgk!(v—}—k)...(v—i—n)

6



Since u > v, if ¢, > 0 for n > 2, then d, > 0 for n > 2. Hence, by
Lemma 2, S C S¥. The inclusion is proper because:

u(v + 3) 3 u(v—u)

3B T w9

C3 = 2

and d3 = 0, dy > 0 give c3 < 0.
Remark 4. For u = 1, S = Ss, so that Sy C Si. By Theorem 2, we

have also:
(19) Sy C S, for 0 <u< 1.

As we shall prove by the following examples, there is no inclusion
between Sy and S¢ for u > 1.

Example 1. For a,, = [n/2], where [z] denotes the integer part of z,
we have:

u(l — u)

DlAu:
2 6(u+2)(u+3)

so that (a,)%, is in Sy (see [4]) but not in S¥ for u > 1.

Example 2. For an arbitrary sequence of the form (13) we have:

uw—mn?+3n—1
u(n —1)

n
Ap + Qg — Gp1 — A1 = (1—|——> cn + Cn—1
U

n—2
1 Ck
1+ - —.
+(1+31) X3
k=2
For any u > 0 there is an ng such that n3 — 3n + 1 > u. Hence, if we

take ¢, = 0 for k # ng — 1 and ¢,,_1 = 1, we get a sequence (a,)>, in

S¥ but not in Sy.



[1]

2]
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ON p,¢-CONVEX SEQUENCES

L. Z. MILOVANOVIC, J. E. PECARIC AND GH. TOADER
(NIS, BEOGRAD, CLUJ-NAPOCA)

In this paper we give the representation and some properties of p, ¢-
convex, of p, g-starshaped and of p, ¢-superadditive sequences. We also
prove some relations among their classes.

The p, g-differences are natural generalizations of finite differences (of

order two). They are defined for any real sequence (a,)n>0 by:

(1) qu(an) = ant2 — (P + Q)ant1 + Pgay.
Definition 1. A real sequence (a,),>¢ is called p, g-convex if:
(2) L,,(ay,) >0, Vn>0.

For some problems about p, g-differences and p, g-convex sequences one
can consult the papers [1], [2] and [3].
An example of p, g-convex sequence, which plays an important place

in what follows is given by the following result that is easy to verify.

1



Lemma 1. The sequence:

P2 i p#q
(3) wy, = —q
np"t,if p=gq
satisfies the relation:
(4) L, (w,) =0, Vn>0.

Theorem 1. The sequence (a,)n>0 8 p, g-convex if and only if it may

be represented by:

(5) ap, = Zwmwlbm n=>0
i=0

where w; is given by (3) and

(6) b; >0 fori > 2.

Proof. Any sequence (a,,),>o may be represented by (5) with a invari-

ant sequence (b, ),>o. Because from (5) and (4) we get:
(7) Lpg(an) =bpy1, n>0

the conditions (7) and (6) and equivalent.

Corollary 1. A sequence (a,)n>0 Satisfies the relation:
(7" Ly, (a,)=0,Vn=>0
if and only if it may be represented by:
(7") An, = Wpy1bo + wyby
where by and by are arbitrary real numbers.

2



Lemma 2. A sequence (ay)n>0 verifies:

Qp, — UYn Q Ap, — YnQi
8) 17 Y190 o, On T Unl0 s g

Wn+1 Wnp,
where (Yn)n>1 15 @ given real sequence, if and only if (a,),>0 can be rep-

resented by:

n

C;
(9) Ap = Wn Z u_ + (yn - wnyl)c()

i=1 ¢

where 1o = 1 and

(10) a; >0 fori> 2.

The proof may be done by induction. It is also easy to verify:

Corollary 2. If (a,)n>0 is represented by (9), then:

Wn,

(11) qu(an) = Cptr2 — P9q Cnt1 T qu(yn>00‘

Wn+1

Lemma 3. The relation (8) is wverified by any pq-convex sequence

(an)n>0 if and only if:

(12) Lyq(yn) =0, ¥ 0 > 0.

Proof. If the sequence (ay,),>0 is pg-convex and verifies (8), by (7) and
(11) we have:
wn
-~ bnt1 + Lypg(vn)co.

Then (6) implies (10) if and only if holds (12).

(13) bnt2 = Cnt2 — g

3



Remark 1. So (y)n>0 is given by (5”). Toget y, = 1,V nifp =q =1,
we choose by = 1 and by = —(p + ¢)/2, that is:

Pt +q"
(14) Y=

Definition 2. The sequence (a,,),>0 is called pg-starshaped if it verifies
(8), where (y,)n>0 is given by (14).

Remark 2. So, a pg-starshaped sequence is represented by (9) and
(10). If we denote by K, the set of all pg-convex sequences and by S,
the set of all pg-starshaped sequences, from Lemma 3, we deduce:

Theorem 2. Holds the strict inclusion:

(15) Kpy C S}

Definition 3. The sequence (a,),>o is said to be pg-superadditive if

it satisfies the relation:

(16) Ap+m — YnQm — YmQn + (Qynym - yn+m>a0 Z 0

for any n,m > 0.
Let us denote by S, the set of all pg-superadditive sequences.

Theorem 3. Holds the inclusion:

(17) Spq C Spg-

Proof. For n = 0, (16) is verified for any sequence. Suppose 0 < n <

m. As:

(18) YnWm + YmWn = Wnim

4



if (an)n>o is given by (9), then:
n+m

C;
Aptm — YnGm — Ynlp + (Zynym - yn+m)a0 = YmWnp Z E
i=n+1 °

which is positive because of (10).
Remark 3. For p = ¢ = 1, all the result of this paper were proved in
[4].
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STARSHAPEDNESS AND SUPERADDITIVITY
OF HIGH ORDER OF SEQUENCES

GH. TOADER
(CLUJ-NAPOCA)

1. The convexity of high order of sequences is well known (see [2]). In
[6] we have also defined a starshapedness (of order two) which may be
extended to an arbitrary order.

In what follows, by (a,) we mean a real sequence for n = 0,1,.... The

finite differences of the sequence (a,,) are defined inductively by:
(1) A, = a,, A¥a, = Afa,1 — Afa,, k>0, n>0.

Definition 1. A sequence (a,,) is said to be convex of order r if A"a,, >
0 for any n > 0.

Let us denote by K, the set of all convex of order r sequences. In [7]
we have proved the following:

Lemma 1. A sequence (ay,) is in K, if and only if it may be represented

by:

g e G 1

k=0



where by, > 0 for k > r.

Consequence 1. If (a,) is represented by (2), then:
(3) Ara/n = bn+7"
Definition 2. The sequence (a,) is said to be starshaped of order r if

Ap+1 — Ao
—— | e K, 4.
( n+1 ) !

If we denote by S} the set of all starshaped of order r sequences, from
Lemma 1 we obtain:

Lemma 2. A sequence (a,) € S¥ if and only if it may represented by:

_ — k-2
(4) an:nZ(n+T , )ck+co, n>0
r —

k=1
with ¢, > 0 for k > r.

Consequence 2. If the sequence (a,) is represented by (4) then:
(5) A'a, = (n+7r)epyr —NCpyr_1, n>0.

Proof. Applying (3) to (4) we get:

(6) Ar—l Ap41 — Ao

nt1 o

Putting 2o = ap and 2,1 = (an41 — ag)/(n + 1), we have:
n =NTy +ag, n >0
and so:
A"a, = nA"z, + rAT 2,00 = nACnpro1 + TCniy

which gives (5).

In [7] we have also proved the following:

2



Theorem 1. The sequence (A,,) given by:
_ DoGo + -+ + Ppan

7 A , pi>0fori>0
(7) oot xp, o PiTO0S
is convex of order r for any (a,) € K, if and only if there is ann > 0
such that:
—1
®) po=m(" ) orn =
where:
—1)...(v— 1
o (V) -1 (V) lmnt D ver
0 n n!

If it is so, then:

(7) A, = A" — "0<u+l/z—1)ak/(u—nkn>'

k=

If we denote by M"K, the set of all sequences (a,,) such that (7’) gives
a sequence (A%) in K., in [7] was proved:
Lemma 3. A sequence (a,) is in M“K, if and only if it may be rep-
resented by:
“n4r—k=2\(n+r—k—1 n
(10) an:;< +r_2 > (%Jra)dk, n>0
where di, > 0 for k > 0.

Consequence 3. If (a,) is given by (10) then:

_n—l—r+u n

(11) ATa/n dn+r — _dn+1“717 n 2 0.
u

Theorem 2. For any u > 0 hold the following strict inclusions:

(12) K, ¢ MK, C S*.



Proof. The first inclusion was proved in [7]. To prove the second,
suppose (a,) be represented by (10) and by (4). This is possible for any
sequence. Then (11) and (5) gives:

(13) wdnﬂ" - %dnﬂ‘fl = (n+71)cnir —nCyr—1, n2>0.

Thus ¢, = [(r +u)/(ru)]d, and generally, by induction:

n+r+u

T+k
Cntr = —7 (n+ n+r+nzk|r+k

So, if d,, > 0 it follows also ¢, > 0 for n > r, thus the inclusion
is proved. That it is strictly also follows from (13) by choosing ¢, =
1/r 4+ 1/u, ¢,41 = 0, because we get d,. 3 = —1/r.

Remark 1. For sequences with ayp = 0, the inclusion K, C S}, was
proved in [1], although the definition of starshapedness of order r is miss-
ing there.

2. In fact, the starshapedness is a convexity with one point fixed.
So that we can consider also other types of starshapedness, fixing more
points, as was done for functions in [3]. Starting from the following for-

mula for divided differences:
[0, T1, .. s [l = [To, .-, X3 [Tpgas - -+, Ty 5 f]]
we have:
0,1,...,p,n+p+1,....n+r; fl=n+p+1,...,n+r;[0,1,...,p,z; f]].

As:

[07]‘7"'7p7x;f]:



_ (_1)p - (_1)1 (p) f(l’) — f(Z)
- T —1
we give the following:
Definition 3. The sequence (a,,) is called (p + 1)-starshaped of order

r (with p+ 1 < r) if the sequence:

(S () e

belong to K,_,_.
If we denote by S¥TV* the set of all (p + 1)-starshaped of order r
sequences, we have:

p+1)*

Lemma 4. The sequence (a,) belongs to ¢ if and only if it may

be represented by:
n! (=1)P i(P\ _Cpi
n = e O A
¢ (n—p—1"! p Z( )<z>n—z

" mtr—p—i—2
e (I e

i=p+1

where cp; > 0 fori > 7.
Proof. By definition, the sequence (a,) € SP™™* if and only if (a,,,) €

K,_,_1, where:

(15) (1P ¢ (1) (P) Qoo = @i Nl pi
= iJn+p—i+1 (n+p+1)!

2

Sy (it

=0

From Lemma 1, we have thus:

_n n+r—p—~k—-2\,
(16) e Bl (A I



with ¢, > 0 for & > r — p — 1. Putting ¢,; = a; for ¢ = 0,...,n and
Cppriv1 =€, for i =0,...,n, from (15) and (16) we get (14).
Consequence 4. If (a,) is represented by (14) then:

mininp+l} An\ (r+n—-1
(17) Aa,=(p+1)! > (—1)1( ) (p 1 i>cp7,ﬂ+nj.

J=0 J

Proof. If we denote by:
(18) (a)o=1, (a)p=ala+1)...(a+k—1),
and also by:
Ty =0n, N=0,....D, Tnipt1 =7Tpn, n=0,...

from (15) we have:

in = (0= pyrn + LSy (PP 5
P pl = i n—1 " -
As A(n—p)pr1=(p—i4+2)i(n —p+1)p—it1 for i <p+1 (and zero
for i > p + 1), and from (16) we have A" P 'a,, = ¢, ,, that is

—p—1 _ )
AT 1 = Cppgr, We get:

p+1

r . . »
(19) Ala, = Z (l> (p—i+2)i(n—p+i)p i1 AP +lcp,n+rfp+ifl-

1=0



Of course, for n <p, (n —p+i)p_iz1 =0if i =0,...,p —n, thus:

n+1
n_(+1) n! i
AT’ n = Ap i+ i
’ i:pz;H(i)(p—i—l—l)!(n—p-|—i_1)! Cp,ntr—pti—1

- r n .
- (™A,
(ot e Jor (D)o,

S

= (p+1)! g(—l)”‘icp,r+i (7;) ; (p —n ij + 1) (@ :7)

n . /n r+1
— (p+ S (=1
D (Z-)(p_nﬂ-ﬂ)%

In the last equality we have used Vandermonde’s relation (see [5]).
Putting n — i = j, we get (17), because min{n, p+ 1} = n in this case. If
n > p, (19) leads again to (17), on the same way with min{n,p + 1} =
p+ 1.

Remark 2. For p = 0, we have S}* = S* and the relations (14) and
(17) one reduces to (4) and (5).

Theorem 3. For any 1 < p <r — 2, we have:

(20) spr ¢ S,

Proof. Consider a sequence (a,) represented by (14) for p and p + 1.
Then (17) gives:

@) Sy ()5 e

= p—J



min{n,p+1} n rm— j
=(p+1) Z (—1) (j) (p L j)cmmj.

j=0
Denote:

n
_ r+k
(22) Cprin = E Ty mCptrtk, N1 >0.

n 7’+n—j
j . p1r+nj

N
n\(r+n-—y L
(p—l—l (j) (p—l—l—j) g Ty gp—jCp—1,r+k

For n < p, we have:

k=0

or
ok n r+k
k) \p—n+k)Ptrtk
= r+n—)
r+k
~(p+1) Z SO () (et
Thus, for £k =0,...,n we must have:
X T+ =\ ik (—=1)"k /n r+k
x = .
J=0 p+1—34)7" 7 p+1 \k)\p—n+k
So, for k =n we get 2717 = 1/(r — p+ n), and generally:
1 n r—p+n
24 = — .
(24) rin k+1<kz)/< k+ 1 )

Analogously, for n > p, from (21) we get:

P .
(n\[(r+n—)
S0 () (75T e
=0 J p—=J
n—j

(n\ (r+n—j i
w00 () (T St e
, JJ\p+t1—j)~



or

> () (0 e

k=n—p
n min{n—k,p+1} n b — j
=(p+1 Cp—1,r 1)/ (. )
(p )kz:;p 1r+k ; ( )(]><p+1_]) r+n—j
Thus:
as n\(r+n-—yj
25 —1)7( " otk =0, fork=0,...,n—p—1
5 3 () (LT et »

and

ok n\[(r+n—j
26 —1)7( . EER sy

_(—1)”*’“ n r+k B
=1 ) pontr) k=n-—p,...,n.

As above, we get :U:if; >0, thus ¢,,, > 0if ¢,_1,, > 0 for n > r and so

e

the desired inclusion.

3. In the hierarchy of convexity from [6] appears also the superadditiv-
ity. To extend it at an arbitrary order r, we have as model the inequalities
proved for functions (convex of order ) by T. Popoviciu in [4] and much
later by P. M. Vasi¢ in [9]. So we give the following:

Definition 4. The sequence (a,) is superadditive of order r if for any

indices ny,...,n, > 0 holds:
(27) Z(_l)r_k Z iy +ni,, >0
k=0 (i1-ik)

k

i1,...,1 from 1, ..., 7 and reduces at ag for k = 0.

r
where the second sum is extended to ( ) possible choices of indices

9



Remark 3. Let us denote by S, the set of all superadditive of order r
sequences. For r = 2 we have proved in [6] that Ky C S5 C Ss. Also, for

r = 3, we have proved in [8] that:
(29) K3 C S5 C S3C S2*

The properties proved in [4] and [9] for functions means that: K, C S,.

From Theorem 2 and Theorem 3 we have:

(29) K,.cS*cS*c...c s
From (28) we suppose that hold also the inclusion:

(30) Si cS. C S£i+1)*

but we can’t yet prove it.
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ON A GENERAL INEQUALITY FOR CONVEX
SEQUENCES

GH. TOADER, J.E. PECARIC, 1.Z. MILOVANOVIC

The finite differences of a real sequence a = (ay,as, ..., ) are defined

by:
A'a, = ani1 — an, A™a, = AY(A™ tay), V™a, = (—1)"A"a,.

The sequence « is said to be convex of order m if A™a,, > 0 for n > 1.
In [2] J.E. Pecari¢ proved the following:
Theorem 1. Let p = (p1,...,pn) be a real n-tuple (n > m). The

iequality:

(1) zn: pia; >0
=1

holds for every sequence a convex of order m, if and only if:

n

(2) d (i-1)¥p;=0, k=01,...,m—1

i=1



(3) D (i—k+m—-1)"p; >0, k=m+1,...n
i=k

where:

(4) 2O =1, 2™ =g@z-1.. . (z—k+1), k>1

Remark. An analogous result was proved for functions (convex of
order m) by T. Popoviciu (see [3] and [1]). Using a method from [4], we
can give the representation of the n-tuple p.

Theorem 2. The inequality (1) holds for any sequence a, convex of

order m, if and only if:

(5) pe=V"qw, k=1,....n

where:

(6) g =0, fork=1,....mandk=n-+1,...,n+m
and

(7) G >0, fork=m+1,...,n.

Proof. If we put:

n

®) > (i—k+m—1)""p=(m-1)"Vg, k=m+1,... n
i=k

then (3) is equivalent to (7) and (2) gives the first part of (6). To get (5)
from (8) for k=n—m+1,...,n, we must add the second part of (6).

2
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ON THE HIERARCHY OF CONVEXITY
OF ORDER THREE OF SEQUENCES

GH. TOADER

1. In the paper [4] we have proved a hierarchy of convexity for se-
quences, analogous with that known for functions. In this paper we prove
similar properties in the case of the convexity of order three. This case
underlines more clear the way for further generalizations.

Let a = (a,) (n =0,1,...) be a real sequence. The finite differences

of the sequence (a,) are defined inductively by:

(1) A, = a,, A"a, = A¥a, — AFa, (kK>0, n>0).

Definition 1. A sequence (a,,) is said to be convex of order 3 if A3a,, >
0, for any n > 0.

Simplifying a result from [5], we have:

1



Lemma 1. If the sequence (a,) is given by:

Consequence 1. The sequence (a,) is convex of order 3 if and only
if in his representation (2) it has b, > 0 for n > 3.

In [4] we have introduced the following notion:

Definition 2’. The sequence (a,) is called starshaped if it satisfies

(4) Ont1 — %0 > an—ao? for n > 1.
n+1

Remark 1. As (4) means that the sequence ((a,+1 — ao)/(n+ 1)) is
increasing, that is convex of order 1, we extend this definition to the
following:

Definition 2. The sequence (a,,) is called starshaped of order 3 if the
sequence ((an+1 — ag)/(n 4+ 1)) is convex (of order 2).

Lemma 2. The sequence (a,,) is starshaped of order 3 if and only if it

may be represented by:

(5) an=nY (n—k+1)c,+co, forn>0
k=1

where ¢, > 0 for k > 3.

Consequence 2. If the sequence (a,,) is represented by (5), then:

(6) A3a, = (n 4 3)chys — NCpya, 1 > 0.

2



Proof. From (5) we have:

Ala, = (n+1)cp + Z(Qn —k+2)c

k=1
then:
n+1
A2a,, = (n+2)cpyo +2 Z Ch
k=1
and so (6).

Remark 2. In the hierarchy of convexity occurs also the superaddi-

tivity: a sequence (a,) is called superadditive if:
(7" Gpim + Gg > Ay + Gy, for any n,m > 0.

We introduce here an analogous notion for order three:
Definition 3. The sequence (a,) is called superadditive of order 3 if

it satisfies the relation:

3
(7) Prmp(@) = Cngmip = Gngpm — Gmip — Qpyn + Qn + G+ ap — ag > 0

for any n,m,p > 0.
Remark 3. The relation (7) suggests Elawka’s inequality (see [2]).
Definition 4. The sequence (a,,) is said to be 2-starshaped of order 3

if it satisfies the relation:

ant+3 — Qg Ap42 — A1
8 > f > 0.
(®) nt3 = ntl 0o o=
Lemma 3. The sequence (a,) is 2-starshaped of order 3 if and only if

it may be represented by:

(9) an:n(n—l)de+nd1—(n—1)d0, n>0
k=2

where di, > 0 for k > 3.



Proof. Any sequence may be represented by (9). Then:

Gp43 — Ao Gp42 — a1
n+3 n+1

= (n+2)dni3

which shows that (8) is equivalent with d,, > 0 for n > 3.

Consequence 3. If a sequence (a,,) is represented by (9) then:
(10)  A®a, = (n+2)(n+3)dpys — 2n(n + 2)dyi2 +n(n — 1)dyyq.

Let us denote by K3, S5, S3 and S2* the sets of sequences convex
of order 3, starshaped of order 3, superadditive of order 3, respectively
2-starshaped of order 3.

Theorem 1. Hold the following inclusions:

(11) K3 C S C S5 C S3*.

Proof. a) Any sequence (a,) may be represented by (2) and by (5).
Then from (3) and (6) we get:

bpiz = (n+ 3)Cpig — nCpi2, n > 0.

If (a,) is in K3, then b, > 0 for n > 3, thus ¢3 = b3/3 > 0 and by
mathematical induction ¢, > 0 for n > 3. So (a,) is also in Sj.

b) If (a,) is represented by (5) and ¢, > 0 for n > 3 then:

3 —

Dn,m,p<a) -
n+p n+p+m n+m 7]
:n[nz cr+ Z (n+m+p—k+1)ck—Z(n—irm—k—l—l)ck
k=n+1 k=n+p+1 k=n+1 |
m+n n+m+p m+p T
+m|p Z cr+ Z (n—#m—i—p—k—i—l)ck—Z(m—kp—kﬁLl)c;c
k=m+1 k=n+m+1 k=m+1 J




p+m m~+p+n p+n

n Z cr+ Z (n+m+p—k+1)c,— Z (n+p—Fk+1)c

k=p+1 k=m-+p+1 k=p+1
Supposing n < m < p < m + n:

P mp(@) =Y n(k—n—1)c,+ Z (k—n+1)+m(k —m—1)]c
k=n+1 k=m+1
n+m
—i—Z E—=n—1)+mk—m-—1)4+plk—p—1)]ck
k=p+1
n—+p m—+p
+ Z 2nm + p(k —p—1)]cp + Z n(n+2p+2m—k+1)c
k=n+m+1 k=n+p+1
m-+p+n
+ Y (ntmApntmtp—k+ 1)
k=m-+p+1

Asn >1and ¢ > 0 for k > 3, we get D3, (a) > 0. Similarly may
be proved the case n < m < n+m < p. If we have an equality between
the parameters, one or more sums will not appear in the expression of

D3 (a). Thus Si C Ss.

n,m,p

c¢) From (7) we have:
Qp — Ap—1 — Qfy1 — Ak + Ak + Q-1 + a1 —ag >0
for k=1,...,n — 2. By addition we get:
(n—2)(a, —an_1+ a1 —ag) +2(a; —an_1) >0

which is (8).
Remark 4. If ay = 0, the inclusion K3 C S5 was proved in [4], by
other means, even in the case of the convexity of order r. For functions,

the inclusion K, C S, was also proved by T. Popoviciu in [3] and much

later by P.M. Vasi¢ in [7].



2. The hierarchy of convexity from [4] was enlarged in [6]. Let us to
complete also (11) in the same manner. For this, to any sequence (a,,)

and any real u > 0, we attach the sequence (AY) given by:

2) A,Z:Xn:(“,]z_l)ak/(“;")

where:

(13) (8)217 (z>:u<v—1)...(u—n+1)/n!, n>1, VveR.

Definition 5. The sequence (a,) has the property P in the u-mean if
the sequence (AY) has the property P.

Let us to denote by M“Kj, M"S;, M"S; and M“S3* the sets of
sequences which are convex, starshaped, superadditive respectively 2-
starshaped of order 3 in the u-mean.

Lemma 4. The sequence (a,) is in M"Kjs if and only if it may be
represented by:

(14) anzi(n+1—k)(%+ngk+1)ek

k=0

with e, > 0 for k > 3.
Proof. The sequence (a,,) is in M“K3 if and only if (A¥) is in K3, that

is:

“~ (n—k+2
(15) AZzZ(n §+ )ek, e > 0, for k > 3.

But (12) gives:
n
(16) a, = Ay + E(AZ — A ).

From (15) and (16) we get (14).



Similarly we can prove:
Lemma 5. A sequence (ay,) is in M"S5 if and only if it may be repre-

sented by:

(17) ap =1 (n—k+1—l—

with fr >0 for k > 3.
Lemma 6. A sequence (a,,) is in M*s2* if and only if it may be rep-

resented by:

(18) a, =n(n—1) <1 -+ %) In

+n(n —1) (1 + %) igk + (14 1/ung; — (n — 1+ n/u)go

where g, > 0 for k& > 3.
Consequence 4. If the sequence (a,,) is given:

a) by (14), then:

(19) Ada, = (n +3 + 1) €nt3 — E€n+2, for n > 0;
U U
b) by (17), then:
+ 3
(20) Ada, = (n+3) (1 4+ ” ) Jots

2 5 -1
—-n (1+ n; >fn+2+%fn+lv TLZO,

c) by (18), then:

1) 8%, = 1+ +3) (1+ 552 s

3n 47
—n(n+2) <2+ n; )gm

7




+n(n —1) <1+3n+5> -

Gnt1 — E(n —1)(n—2)g,, n>0.
Theorem 2. For any u > 0, hold the following inclusions:
Ks < S < S < S8

(22) N N N
M'Ky C M"S; C M“S3 C M“S%*

Proof. a) Let (a,) be represented by (2) and by (14). Then (3) and
(19) give:

3
(23) byig = (”Z + 1> Cnis — %em, n>0.

That is, if by > 0 for £ > 3, it follows that e, > 0 for & > 3. By
Consequence 1 and Lemma 3, it results the inclusion K3 C M“Ks3.

b) If (ay) is represented by (5) and by (17), from (6) and (20) follows:

(24) (n + 3)Cn+3 — NCpy2 = (n + 3) <1 + I Z 3) fn+3

-n <1 + ZHJ 5> fn+2 + H(TL - 1)fn+1/u'

We get f3 = u/(u + 3)c3 and generally, by induction:

n+2

un(n —1)...(k—2)

u
fn+3—u+n+3cn+3+kz_;(u+n+3)...(u+k)ck

so that ¢ > 0 implies f, > 0, for £ > 3. By Lemma 2 and Lemma 5, we
have S5 C M"S3.

c¢) Suppose (a,,) represented by (9) and by (18). From (10) and (21)
we have:

(25) (n+2)(n+3)dyis — 2n(n + 2)dy2 +n(n — 1)dyyg =

8



3n+7
— 0+ D0+ sl +2) (24 25T ) g,

3n+5

tn(n — 1) (1 + ) s — n(n — 1)(n — 2)/ugn.

That is g3 = u/(u + 3)ds and generally, supposing g, = Zxﬁdk, we
k=3
get, by induction:
n+2
u un(n —1)...(k—2)
n == —dn + .
I g kz:; (u+n+3)...(utk) "

So, if d, > 0 for k£ > 3, we have also g, > 0 for £ > 3. By Lemma 3
and Lemma 6, S2* C M“S2*. The other inclusions from (22) were proved
in Theorem 1, or are its direct consequences.

Remark 5. It is natural to suppose also the inclusion S3 C M"S;3
but we cannot yet prove it. In exchange we give the following additional
results:

Theorem 3. Hold the following inclusions:

and
(27) M"S; C S§*.

Proof. a) Let (a,) be represented by (14) and by (5). Then (19) and
(6) give:

(28) (u+n+3)/ue,ts —njuenis = (N + 3)Chig — NCpya, 1 >0

9



that is c3 = (u + 3)/3ues and generally:

n+2

Cn+3—u<n+3) n+3 Z(n—|—3)(n—|—2)/€

€.
k=3

So, if e, > 0 for n > 3, we have also ¢, > 0 for n > 3. By Lemma 3
and Lemma 2 we get (26).
b) If (ay) is given by (17) and (9), the relations (20) and (10) give:

(29) (n+3)(u+n+3)/ufoys —n(u+2n+5)/ufprs+n(n —1)/ufnrs

=(n+2)(n+3)dnis —2n(n +2)dy2 +n(n — 1)dyp1, n>0.

Thus:
u+n-+3 u+1 Ak
dpig = ————— [ k—2)f.
+ u(n+2)f+3+u(n+1)(n+2);( Vi

So, again, f; > 0 implies d; > 0 for £ > 3 and by Lemma 5 and
Lemma 3 we have (27).

Theorem 4. If0 < u < v then:

M'K; C M'S; C M'S; C MvS3
(30) N N n
M'Ky C M"S; C M“S3 C M“S%*

Proof. a) Let (a,) be represented by (14) and by:

B n n-—~k ,
(14) an:Z(nnLl—k)(;nL 5 —I—l)ek.

k=0

Then, by (19) we have:

(w+n+3)/ueniz — nfuenis = (v+n+3)/ve, 3 —njve, .,

10



and so:
n+2

u(v+n+3) nn—1)...(k=2) ,
v(u+n+3) Curs (v u/vz u+n+3 (u+k)ek'

En+3 =

As v > u, if e/, > 0 for n > 3, we have also e, > 0. By Lemma 4,
MYK3 C M"Ks;.
b) Now let (a,) be represented by (17) and also by:

(17') —nZ(n—k+1+2n >f,g+f5.

k=1
From (20) we have:

(n+3)(u+n+3)/ufors —n(u+2n+5)/ufniz +n(n—1)/ufnis

=n+3)(v+n+3)/vfrs—n(v+2n+5)/vf, .o +nn—1vf ;.

As above we get:

n—+2

_ulv+n+3) RS nn—1)...(k—=2)
f"+3_v(u—l—n+3)f”+3+(v )/;(u+n+3)...(u+k)fk

thus, by Lemma 5: M"S; C M*"S3.
c) If (ay) is represented by (18) and by:

n—1

(18)  ap=n(n—1) <1+%>g;+n(n—1) (1+%>Zg;

1
n(l—l—;) g1 — (n—1+n/v)g,

from (21) we get:
(n+2)(n+3)(u+n+3):ugus—nn+2)(2u-+3n+7): ug,io
+n(n —1)(u+3n+5) : ugyr1 — n(n —1)(n —2) : ug,
=n+2)n+3)(v+n+3):vg,,.5s—nn+2)(2v+3n+7) vy, .,

11



+n(n—1)(v+3n+5) :vg, ; —n(n—1)(n—2) :vg,.
Thus:

u(v+n+3), W UZ nn—1)...(k—=2) ,

)9n+3+ u+n—|—3 (u—l—k)gk

g"+3:v(u+n+3

and, by Lemma 6, M?S2* C M"S2*.

Remark 6. The method of demonstration can be used to prove the
strictness of all the inclusions.

These inclusions (together with those left yet unproved) show a large
hierarchy for the convexity of order three. In what follows we show that
it is the largest possible of this type.

Theorem 5. If the sequence (A,) given by:

p0a0+"'+pnan
Po+ -+ D

n>0

? -

(31) A, =

(where p > 0 for n > 0) is convex (starshaped, superadditive respectively
2-starshaped) of order 3 for any sequence (a,) with the same property,

then the sequence (p,) must be of the form:

1
(32) pnzpo(u+z ) n >0

where u = py : Po.

Proof. The sequence (a),) given by:
(33) a, =cn(n—1)

is in K3 (thus it is also in S3, in S3 and in S%*) so that (A),) given by:
¢y ii—1)p
(31) A, =
>_p
i=0

12




must be in S2* for any ¢ € R. But this happens if and only if:

n+3 n+2
Yoili—p Y ili-p
=2 _ =2
(34) e ——, forany n > 0.

(n+3)Zpi (n+1)ZpZ~

For n = 0 we have thus the condition:

_ 2pa(po + p1 +p2)

35 =

(35) b 3(po +p1)
Analogously:

(33) ar =cn

gives a sequence in K3, so that:

(31") R
>
1=0

defines a sequence in S3* for any ¢, which implies:

n+3 n+2
> >
i=1 1 i=1 b1

P Tl | M2 potp

(n+3)2pi Zpi

For n = 0 this gives:

(34) n>0.

(po + p1 + p2)[p2(4po + p1) — p1(po + p1)]
3[(po + p1)? — pop2]

(35,) P3 =
From (35) and (35’) we have successively:

2p2[(po + p1)* — pop2] = (Po + p1)[p2(4po + p1) — p1(po + p1)]

13



and
2p0p3 — p2(po + p1)(p1 — 2po) — p1(po +p1)* =0

that is:

_ pi(po +p1)
Pp=—.
2po

Putting v = p; : po, we get (32) for n = 0, 1,2 and 3 (the last one from
(35)). Supposing (32) valid for n < m + 2 we obtain:

Al =cnn—1u: (u+2), forn <m+2

and
u+m+ 2
Al a=c [(m+2)(m+3)pm+3 +p0u(u+1)< o )] /
/ N u+m+ 2
Pm+3 Po m + 9
because:

(36) ~(v+k\  [(v+n+1
—\ k B n '
That is (34) becomes:

(m +2)(m + 3)pm+s + pou(u + 1)(“+Z+2> u(m + 2)

u+m+2 w42
m + 2

(m+3) lpm+3 + o (

which gives for p,, ;3 the same representation (32).
Remark 7. If p, is given by (32), then (31) becomes (12) because of
(36).

14
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A GENERAL HIERARCHY OF CONVEXITY
OF SEQUENCES

GH. TOADER

1. INTRODUCTION

In this paper we define some measures: of the convexity, of the star-
shapedness and of the superadditivity of a sequence. For sets, a measure
of nonconvexity was given by J. Eisenfeld and V. Kalshmikantham in
[2]. But our definitions are like that given by Gr.S. Sildgean in [3] for
complex functions. That is, they offer the possibility of evaluation of the
deviation from a given property, but also of his strengthening. So we use
them to introduce more classes of sequences and then we prove a hierar-
chy among them. This generalizes the hierarchy proved in [4] (which is
similar with that given for functions by A.M. Bruckner and E. Ostrow in

[1]) and even that from [5].



2. NOTATIONS AND DEFINITIONS

For a real sequence a = (ax)x>o we consider the following differences:

Ci(a) = ait2 — 20,41 + a;

Ai+2 — Qo Q41 — Qo
DZ'CZ = as
(a) 142 141

and
Piji(a) = aj+j — a; — aj + ao.
With their help, we can define the well known classes of sequences:

K={a:Cia) >0, Vi>0}

S*={a:Di(a) >0, Vi>0}

and
S={a:Pj(a) >0, Vij>O0}

that is the sets of convex, starshaped, respectively superadditive se-

quences. We shall consider also the class:
W ={a: Ps(a) >0, Vi>0}

of weak superadditive sequences.
They suggest also the definition of the following measures:

a) of convexity, given by:

kn(a) = inf{C;(a) : 0 <i<n—2}
b) of starshapedness, given by:

sy(a) =1inf{D;(a) : 0 <i<n-—2}

2



¢) of superadditivity, given by:
sn(a) = nf{Fj;(a)/ij : 0 <, jyi+j < n};
d) of weak superadditivity, given by:
wy(a) = inf{P;(a)/i: 0 <i < n}.

These measures permit the consideration of the following classes of

sequences:
Kyp ={a: k.(a) > p}
Sy = {a:s,(a) > p}
Swp ={a: su(a) = p}
and

Wop = {a : wy(a) > p}.

For p = 0 and n arbitrary we get the previous classes.

3. MAIN RESULTS

We begin by indicating a method for the determination of the above

measures for a given sequence.

3.1. Lemma. a) If the sequence a is represented by:

(1) a;=>» (i—j+1)b, 0<i<n
§=0
then:
kn(a) =inf{b; : 2 <i <n};

3



b) If a is given by:

(2) a; =1y cjtc, 0<i<n, Y ¢=0 i<l
j=1

=1
then:
sy(a) =1inf{c; : 2 <1i < n};

c¢) If a is represented by:
(3) a;=> fitifi—(i-1)fo, 0<i<n
j=2

then:
wp(a) =inf{f;/(i —1):2 <i<n}

Proof. From (1) we have: C;(a) = b;12. From (2) also: D;(a) = ¢;49,
and from (3): Pj1(a) = fiy1. All these give the desired conclusions.

3.2. Theorem. For any sequence a we have:

(4) kn(a) < 2s3(a) < sp(a) < wp(a).

Proof. Any sequence a may be represented by (1) and so, for i < n—2:
i+2 i+2

B 1 - kn(a) o1 .
Pl = nare U g 40 Y T

which gives the first part of (4). Similarly, using (2), we have, for i+j < n:

i+j Jjt+i
Pyla)=iY _ a+j Y a>2ijs(a)

I=i+1 I=j+1
which gives the second part of (4). The last inequality from (4) is obvi-

ously.



3.3. Corollary. For every natural n and every real p hold the following

inclusions:

Kop C S0 C Spp C Wiy,

3.4. Remark. This result is more eloquent than a similar one from

14].

4. WEIGHTED ARITHMETIC MEANS

In [6] are characterized the weight sequences p = (p;)i>0 with the

property that the sequence A = (4;);>0 given by:

(5) Ai = (poay + -+ +piai) /(po + -+ + i)

is convex for any sequence a = (a;);>0. In [5], we have specified and
extended this result. Now we want to generalize the result to the classes
defined here, giving also a simpler proof.

4.1. Theorem. If the sequence A given by (5) is in Ko, Sky, Sno Te-
spectively Whyo for any sequence a from the same set, then there is an

u > 0 such that:
—1

(6) pi:po(u+l. >, 0<1<n
1

where:

Proof. For any ¢ € R, the sequence a given by a; = ct, ¢ > 0 is in

Ko, Sos Sno and W,,o. By the hypothesis and Corollary 3.3, the sequence

5



A given by:

(o) ()

is in W,,o. But ¢ being of arbitrary sign, this implies that, for ¢ < n:

(7) (Zi_—l;jpj)/(:i;pj)_(;jpj) (ij) 0+p1 - 0.

For ¢« = 1 we get:

p2 = p1(po + p1)/2p0-

Putting p1/po = u, we have (6) for i < 2. Supposing it valid for i < m

;(U—J}-]) _ <v+2+1>

the relation (7) becomes for i = m:

[pou (uer_ﬂD +(m+ 1)pm+1} / [Po (u ;m) + pm+1] =

uU—+m / uU—+m i U
=u
m—1 m u+1

which gives py,+1 of the form (6).
4.2. Remark. Taking p,, of the form (6), A; becomes:

) Ai:A?:Zi:(quj’—l)aj/(uH)

J=0

and using;:

If we denote by A* = (A¥);>0, we can consider also the following

measures (of u-mean):

kn(a) = ka(A%), 53%(a) = s,(A"), sp(a) = sn(AY), wy(a) = wn(A").

n n

6



4.3. Theorem. For any sequence a = (a;);>0 and any 0 < v < u, we

have the following relations:

(9) kn(a) < (1+2/u)ky(a) < (14 2/v)k;(a) < 2s;,(a)
(10) sp(a) < (1+2/u)sp*(a) < (142/v)s;’(a)
and

(11) wn(a) < (1+2/u)wy(a) < (1+2/v)w;(a).

Proof. i) Let a be given by (1) and A" by:

(12) A=) (i—j+1)dy, i>0.

J=0

Then we have:
(13) a; = (14 i/u) A — (ifu) ALy = [i(1+ 1/u) — j + 1)dY

J=0

and so:
(1) Cila) = bz = [+ (1 +2) /uldyy — (/u)dlyy, 020

which gives, by mathematical induction:

Hence, for + < n:

P I u(i —2)! : <u—|.—j—1)]kn(a): P

u+i  (u+i)...(u+2)4

and Lemma 3.1 gives the first inequality from (9).

7



ii) Taking (12) for u and v, (14) gives:

1+ 2 1 142 1
(1"" u ) y+2_ad?+1:(1+7) ;}+2_;;}+1

and by induction

o v(ut+i+2) v i..(G—1) u
di+2—mdi+2+(u_v)a;<U+Z‘+2)...(U+j)dj‘

So, for i <mn —2:
" v u+i+2+ (u — v)i! i vt+yg—1 k" (a)
2 = | it 2 (U+@'+2)...(v—|—2)j J—2 "

v(u+2),,

kf(a)

Cufv+2) "

and applying again Lemma 3.1 we have the second inequality from (9).
iii) Taking v instead u in (13), we have for i < n:

i+2

Dy(a) = dfo/v+1/[(i + 1) +2)] Y (j — Ddj = (1/v +1/2)k; (a)

=2

that is the third inequality from (9).
iv) If a is given by (2), then:

- u+i\ ox (utj—1
AZ:u_FljZ:;CJ—U/( ; >Z( j—2 >Cj+CO

=2

and thus:

UCi+2 u AR u+jg—1
D;(A%) = —F : , ’
(4% u+i+2+W+2mu+H2);;<]—2 )b

1

8



Hence, for i < n:

i+1

u u u+j—1
D;(AY) > —— + . > ( . ) s (a)
u+i+2 (u+2)(u+z.+2) =\ J-2

U
u—+ 2

7

sp(a)
which gives the first inequality from (10).
v) Let A" be given by:

(15) A =iy el el
j=1

Then, as in (13):

i—1
(16) a; = i(1+iju)el +i(1+1/u) Y el +ef
j=1
and so:
19 2 + 3 i1
(17) Ci(a) = (i+2) (1 + %) €irp—1 (1 + Z; ) e;-ﬁrl—Z(Z ” ) 4

Taking (15), (16) and (17) for v and v, we get:

. i+2\ . (. 2+3\ ., ili—1),
(z+2)(1+7)ei+2—2(1+ " )eiﬂ—k " el =

. 142 , 2+ 3 i(i—1)
:(2+2><1+T>€;}+2_Z<1+ " >€f+1+ ( " )ei

hence, by mathematical induction:

i+1 . .
v v(ut+i+2) v — i...(j—1) "
%= Yt Ty ; Writ2). (vtj)?
which gives, as in ii), the second inequality from (10).

9




(vi) If a is given by (3) and A" by:

(18) A=Y gy +igi — (i~ L)gg
j=2
we have, as in (13):
i—1
a; = (1+i/u)g! + gt +i(1+ 1/u)gy — [i(1+ 1/u) — 1]gq
=2

thus:

tip1 —a; = (L4 (1 4+ 1)/u)gisy — (i/u)gi" + (1 + 1/u)(97 — g5)
and taking into account (3):
(19) firn = QA+ (i +1)/u)giyy — (i/w)g, =2

As g8 = (u/(u+ 2)) fa, we get for i < n:
i1

e u, (1—1)...j ‘
g, —u+ifz+u;(u+i)...(u+j)f]

i—1

u(i—1)+uz( (i—1)...j (j—l)] (@) = i ()=

u+2

w4+ uti)...(u+j)

=2
which gives the first inequality from (11).

vii) Considering (18) for u and v, we have from (19):

1+1 1 1+ 1 1
122y u w1 v _ Lo s
( + U )gH—l ugz ( + v )gz—i—l nga (=

and
o V(ut2),
gQ_U(U+2)g2.
So, for 1 < n:
. i—1
v(u+1) v (i—1)...75 .
- N Z+ Uu—7v)—

9 u(v+z)g ( )u]_2 (v+1) ..(U—i—])gj

10



thus the second inequality from (11).
If we denote by M"K,,, M"S} , M"S,, and M"W,, the sets of the

np’
sequences a with the property that the sequence A", associated by (8),
belongs to Ky, Sy, ,, Snp respectively W,,,, we have the following:

4.4. Corollary. For any 0 < v < u, n € N and p € R, denoting by
pxu=pu/(u+2), hold the following inclusions:

Konp C MKy pu C M Ky €550 © MUSE oy, © MUSE 0.

N N N
Snp MuSn,p*u MUSn,p*’u
N N N

Wnp C M Wn,p*u C M Wn,p*v

4.5. Remark. Among these sets may exist also other inclusions. For
example, in [4] it was proved that for v = 1 (which corresponds to the

usual arithmetic mean in (8)) and p = 0:
Kno C M*K,g C SFy C Spo € MYS*, C M'S,0.

Hence S,0 C M"S}, for v < 1. In [5] it is proved that there is no

relation between SnO and M"S}, for u > 1.
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ON THE REPRESENTATION OF CONVEX SEQUENCES

J. E. PECARIC, GH. TOADER AND I. Z. MILOVANOVIC
(BEOGRAD, CLUJ-NAPOCA, NIS)

Let (am)n>1 be a sequence of real numbers and the operator A* defined

as usual by:
AOa'm = Um, Ak—’_la'm = Akam—‘rl - Akama k Z 0.

The sequence (@, )n>1 is said to be convex of order n (or n-convex) if
A"a,, > 0 for m > 1.
In [1] it was proved the following identity:

sz’ai = ZZ (;: 11>piAk1G1
i=1

k=1 =1

S
k=n+1 =1

For py =--- = pn_1 = 0 and p,, = 1, we obtain the Taylor’s formula

for sequences:

(1) =3 (Z‘_‘f) AR,



n—1

“ — k-1
+ Z <m+n )A”ak_n, form >n
1

and
(2) am:;(z__l>Ak Yay, form < n.

In [4] it is given the following definition: a sequence (¢;,),>1 is said to
be n-positive if ¢,, > 0 for m > n. The formulas (1) and (2) suggest the
following representation of n-convex sequences:

Theorem 1. A sequence (a,)n>1 is n-convez if and only if there is a
n-positive sequence (Cpm)n>1 such that:

/ m
m—1
Z( 1>ci, for m<n
/L_

=1

(3) A =

Z(?_1>Ci+ Z (m+:_ll )Ci, for m > n.

\ =1 i=n+1

Lemma 1. If the sequence (a,,)m>1 is represented by (3), then for

k=1,....,n—1:
( m+k m—1
Z . Ci, for m<n—k+2
, i—k—1
i=k+1
(4) AFq,, = zn: m—1
' i—k—1 C;
i=k+1
m-+k
1
+Z (m;—_nk_l )ci, for m>n—k+2
\ i=n—+1
and
(5) A*a,, = coyn, form>1, k=n.

2



Proof. The relation (4) can be proved by induction. As:

m+n—1

n—1
A" a,, = E G
1=n

we have also (5).

From (1), (2) and Lemma 1 it results not only Theorem 1 but also the
following generalization of it:

Theorem 2. A sequence (ay,)m>1 i convex of order p,p +1,...,n
if and only if it may be represented by (3) with a p-positive sequence
(Cm)m>1-

In [4] and [6] are given two other representation theorems but they
cannot be generalized as was (3) in the theorem 2 (or it is more difficult
to do it).

In [6] it is given the following definition: a sequence (a,)m>1 is said to
be starshaped of order n if ((a,1+1 — a1)/m);,>1 is convex of order n — 1.
From Theorem 2 we obtain:

Theorem 3. A sequence (a,,)m>1 is starshaped of orders p,p+1,...,n

if and only if there is a p-positive sequence (d,,)m>1 such that:

((m—l)i(m_2>dj+d1, for m<n

J—2

+dy, for m >n.

N (mAn—j—2
+,Z ( n—2 )dj




If (am)m>1 1s given by (3) then, for N > m:
N

N n _1 n N tn—i—1

t=n+1 m=t

From Theorem 2, we obtain so a result from [3]:

Theorem 4. The inequality:

N
(7) > mm >0
m=1

holds for every sequence (ay,)m>1 convex of orders p,p+1,...,n if and

only if (qm)N>, satisfies:

N m—1
Z( >qm:0f0ri:1,...,p
1—1

m=t

il m—1
Z( 1>qm20f0ri:p+1,...,n
AN
N )
—i—1
Z(er”f >qm20,f0ri:n+1,...,N.
n_

m=t

Similarly, from Theorem 3 we get a result from [2]:
Theorem 5. The inequality (7) holds for every sequences (ay)m>1
starshaped of orders p,...,n if and only if (qgn)Y_, satisfies:

N N

m— 2 )
qu:(), Z(m_l)(j_2>qm:0f0rj:27"'7p7

m=1 m=j



N .
-2
Z(m—1)<m+” 23 >qm20forj:n+1,...,N.

Finally we remark that all these results may be generalized following

the ideas from [5]. Also the operator A¥ may be replaced by V*.
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THE RESOLUTION OF SOME INEQUATIONS
WITH FINITE DIFFERENCES

GH. TOADER

Let us consider the linear equation with finite differences:
p ‘ p
(1) Ly(wn) =Y cilNw, = diwny; =0, n>0,
i=0 =0

where d, and dy does not vanish. As one knows (see [1]), the resolution

of this equation is related to the solutions of the algebraic equation:

(2) Lp(tn>/tn - zp:dz‘ti = dp ﬁ(t — ;).

In what follows, we shall deal with the set of convex sequences in

respect to the operator L,, that is:
Kty ... ty) ={(xn)iy : Lp(z,) >0, 0 <n<m-—p}

or:
K(ti,...,ty) = {(zp)n>0 1 Lyp(zs) >0, n >0}

The case t; = --- =t, = 1, corresponds to the usual convexity of order

p (that is L, = AP). In [8] we have proved that a sequence = = (z,)n>0

1



is convex of order p if and only if it may be represented by:

n _._1
xnzz<n+p i >y with y; > 0 for i > p.
i=0 p—1

Such representations were also given in [10], in the case p = 2, for any
t; and t5. We want to extend this result to the general case.

A leading part will be played by the sequence (u,),>o defined by:
Ly(u,)=0,Yn>0; ug="---=uy2=0, up_g =1/d,.

For example, if t; = --- =t,, then u, = (ﬁf/dp)( " 1) and if t; # t;
p —
for i # 7, then

p P
(1/dp) >~ | tr/ T (tx — 1)
k=1 =1
£k
Lemma 1. If:
(2> Tpn = Zun—l—p—i—lyi
i=0
then:

Lp(xN) = Yn+p-

Proof. From (1) and (2) we have:

n+j

Zd Zun+]+p i—1Yi

n

n+p p
(Zd Un+j+p—i— 1> Yi + Z < Z djun+j+l)—i—1> Yi

=0 i=n+1 \j=n+1
n p—1 —
= L (un—|—p i— 1 g § d; Uptj—k—1 | Yn+k + d pUp—1Yn+p = Yn+p-
=0 k=1



Remark 1. As from (2) we obtain:

n—1

Yn = dp Tp — Tn—1 — E (unerfifl - un+pfi72)yi

i=0
it results the following:
Lemma 2. Let P C R. We have L,(z,) € P for every n > 0, if and
only if (x,)n>0 is represented by (2) with y; € P fori > p.

Lemma 3. The sequence (x,),>0 verifies the equation:
L,(x,) =2, n>0

if and only if it is represented by (2) with y; = z;—, fori > p.
Theorem 1. The sequence (x,)7% belongs to Kp(ti,...,t,) if and
only if it may be represented by (2) with y; > 0 for p <i<m —p.
Remark 2. Some other sequences can also be represented using (2).
For example, in [9] we have given the following definition: the sequence
T = (x,)n>0 is starshaped of order p if AP} (2,41 — x0)/(n+ 1)) >0,
for n > 0. So, the sequence x is starshaped of order p if and only if it

may be represented by:
n+p k— .
—yo—i-nz Yk, with y, >0 for k > p.

Remark 3. In what follows, we are interested in the determination of

the dual cone of K,,(t1,...,%,), i.e.

n=0

K (ti,...,t,) = {(an)zl_o ; Zanxn >0, Ve Km(tl,...,tp)}.

As it is stated even in [2], results of this nature were obtained for the

first time by T. Popoviciu (see [7]).



Theorem 2. The sequence (ay)l, belongs to K} (t1,...,t,) if and

only if it satisfies the relations:

(3) Zanun+p_k_1 =0 fork=0,...,p—1
n==k
and
(4) Z Anlptp—t—1 > 0 fork=p,....,m.
n=~k

Proof. From (2) we have:

m m n m m
(5) Z anTy = Z Qp, Z Untp—k—1Yk = Z Yk Z Un+p—k—10an > 0.
n=0 k=0 k=0 =k

n=0
As yy, is of arbitrary sign for £k = 0,...,p— 1, but it is nonnegative for
k = p, the relation (5) is equivalent with (3) and (4).
Remark 4. For L, = AP the result may be find in [2] (in the special
case p = 2) and in [6] (in the general case). In [10] we have put the result
in a more convenient form. We want to do the same thing for the general

case. For this we need the operator:
p
L;(In) = de,jl'nJrj.
j=0

Theorem 3. The sequence (ay)l, belongs to K} (ti,...,t,) if and
only if it may be represented by:

(6) an = Ly(bn), forn=0,...,m
with

(7) b, >0 forp<n<m; b,=0forn<p-—1orn>m.



Proof. If we put:

(8) > tnipokran = b
n=~k
from (3) and (4) we have (7). But (8) may be written as:
Up—1 Up Up+1 ---  Uptm—1 Qo bo
0 Up1 Uy ... Upym2 a | by
i 0 0 0 Up—1 | | m | _bm_

which gives:

ao dp dp,1 dp,Q R 0 b(]
aq o 0 dp dp—l ce 0 bl
am | L O 0 0 .. dy || bn|

that is (6).

Remark 5. If L, = AP, then L} = VP = (—1)?AP, and we get the
result from [10]. The transition from the conditions (3) and (4) to (6) and
(7) remind the Minkowski-Farkas Lemma [11], but it does not represent
a simple consequence of it, we needing the conditions b, = 0 for n =
0,...,p—1.

Remark 6. Let the triangular matrix ) = (q"’k)zzg’l’”" It defines

a transformation in the set of sequences: to any sequence x = (,)n>0

corresponds the sequence X = Q(z) = (X,,)n>0 given by:

k=0

We have the following problem: what are the matrices () with the
property that x € K,,(t1,...,t,) implies Q(z) € K,,(t1,...,t,). For this

5



we need:
n-+i

Zd ZQn+z ETE
n+p
= Z (Zdzqnﬂk) Ty + Z ( Z diGn; i ) x>0

k=0 \1:=0 k=n+1 —-n
for any 0 < n < m—pif x € K,(t1,...,t,). This means that the

sequences a” = (a);2¥ given by:

Zdzqnﬂk, for k=0,...,n+p, j =max{0,k —n}
i=j
belong to K (t1,...,tp). From (3) and (4) we have the following:
Theorem 4. The sequence X given by (9) is in K, (t1,...,t,) for any
x € Kp(ty,...,t,) if and only if:

n4+1t

Zd Zuker 1-1Gn+ik = 0, [=0,....,p—1

n+i

Zd Zu’“ﬂ’ 1-1@n+ik >0, l=p,....,n+p, j=max{0,1—n}
for e;ery()gngm—p.

Remark 7. For L, = AP such results may be found in [3] and [4] and
for Ly arbitrary in [5]. We want to put the result in another form, using
the theorem 3.

Theorem 5. The matriz ) has the property Q(z) € K, (t1,...,t,) for
any x € Ky (t,...,t,) if and only if, for every 0 < n < m — p, there is
a nonnegative sequence V" = (v} )g>o such that vi =0 for k < p and for

k > n + p, with the property that:

qunﬂk vp), fork=0,...,n+p, j =max{0,k —n}.



Remark 8. So ¢; ; may be chosen arbitrarily for  =0,...,p — 1 and

7 =0,...,7 and then, taking v" as it is requested by the theorem 5, we

can build, step by step, ¢, forn =p,p+1,... and k=0,...,n.

[1]
2]

[3]

[10]

[11]
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ON SOME PROPERTIES OF CONVEX SEQUENCES

GH. TOADER

In [4] we have shown that the "hierarchy of convexity" established
for the functions by A.M. Bruckner and E. Ostrow in [1], is also valid
for sequences. Particularly we have proved that every convex sequence
is mean-convex and every mean-convex sequence is starshaped. Starting
from a property proved in [5], in this paper we shall extend this hierarchy,
inserting between the set of convex sequences and that of starshaped
sequences an infinity of sets of sequences.

Let us recall some definitions and some results.

Definition 1. A sequence (a,)52, is called:

a) convex, if:
(1) A?a, = Gpyo — 20511 + an > 0, for n > 0;

b) mean-convex, if the sequence (A,)>, is convex, where:

a0+...+an

(2) A = n+1

, for n > 0;

c) starshaped, if it satisfies:

(3) ap—1 — Qo < Qp —

CL()7 for n > 2.
n—1




Remark 1. We adopted (3) instead of:

(p—1 ap,
3 < —
(3) n—1"n

to allow ag # 0.

We have proved in [4] representation formulas for these sequence
classes. They are contained in the following:

Theorem 1. A sequence (a,,)>2, is convez, mean-convex, respectively

starshaped if and only if it may be represented by:

n

(4) an =Y (n—k+ 1),

(5) a, = Z(Qn —k+1)c
respectively:
d
k=1
with by, >0, ¢, > 0 and di, > 0 for k > 2.

Remark 2. If the sequence (a,)5%, is represented by (4), (5) or (6)
then:

(7) A2an = bn+27
(8) A’a,, = (n+ 3)cny2 — NCpy1
respectively:
n
(9) A26Ln = dn+2 - nt 1dn+1.



Using these relations we have proved in [4] the validity of the strict

inclusions:
(10) Sl C Sg C 53

where 57, 55 and S3 denote the sets of convex, mean-convex, respectively
starshaped sequences. By other means N. Ozeki has proved (see [3]) that
S1 C Sy, and, if ag =0, S; C Ss.

Remark 3. We want now to recall the result from [5] mentioned before,
but it is more convenient for us to present it in the form given in [2]
because in [5] the sequence is indexed starting from 1 not from 0 as we
do. The result is given by the following:

Theorem A. The sequence (A,)52, given by

Z :p0a0+"'+pnan

11
) po+ -+ p

, form >0

is convex for any convexr sequence (a,)>>, if and only if:

n—1

[T (kpo + 1)

(12) Pn = k:OHT> forn > 2
0

with pg > 0 and p; > 0 arbitrary.
We want to put (12) in a more natural form and also to simplify the
proof of Theorem A given in [5]. We begin with:

Lemma 1. In order that the sequence (A,,)5, given by (11) be convex

for any convex sequence (ay)5%, it is necessary that:

—1
(13) pn:po(u+z ),fornzo

3



where u > 0 is arbitrary, and:

(14) (g) =1, C;) = %:11(1) — k), forn>1 velR

In this case:

A, = A" = . (15)

Proof. We proceed by induction. If we put p;/py = u, then p; =

1
sequence (a,)2, given by a, = cn is convex for any real ¢, the attached

Polh = Po (u) Suppose (13) is valid for n = 0,1,...,m,m + 1. Since the

sequence (A,)%2, must also be convex. We have:
L fut+k—1 L fut+k—1
2 (T (e
Am— _k:()
N (ut+k—1 u+m
2 m
. u—i—k:—l) u+m
cu
kz:;< k=1 Cu(m—l)_cum
u u+m\  u+l
m
because:
 (v+k v+m+1
R 2 ()=

By the same way:




and
u+m+1
cupo o +c(m + 2)pmia2

A =
e utmE1\
Po m1 Pm+2
that is:
c m + 2 pots [u+m—+1
A%A,, = - :
" u+m+1 [u+1pm+2 m—l—l( m )}
Do + Dm+2
m+1

Since c is arbitrary, we have A%2A,, > 0 if and only if the expression in

brackets vanishes, that is:

B u(u+ 1) u+m+1\ (u+m+1
P2 = PO T 1Y (m + 2) m P e )

We will prove the sufficiency of the condition (13) in a more general
context (Theorem 3).

Definition 2. A sequence (a,)>°, is called u-mean-convex if the se-
quence (A%)>, given by (15) is convex. The set of all u-mean-convex
sequences is denoted by S5.

Theorem 2. A sequence (ay)5, is u-mean-convex if and only if it
may be represented by:

(17) anzzn:{TL(l—l-%)—k—i—l}Ck

k=0
where ¢ > 0 for k > 2.

Proof. From (15) we have:
<u—|—n—1>an _ (u—l—n)Az— (u+n—1)AZ1
n n n—1

(18) a4y = (1 + —) At %Ag,l.

that is:



If (A¥), € Sy, by Theorem 1, it may be represented by:

n

AZ:Z(n—k—i—l)ck, ¢ > 0 forn > 2.
k=0

Hence we obtain from (18);

o= (142 eut S [(142) -k~ 2 1]

n—1

n n
<+u ck—i—g n + +u Ck

k=0
which is (17).

Remark 4. For u =1, S¥ = S,, and (17) reduces to (5).
Lemma 2. If the sequence (a,)5% is represented by (17), then:

n

2
(19) A%a, = <1 + nt ) Cny2 — —Cny1, forn >0,
U U

Proof. we have directly from (17):

n+1 - 1
Gpi1 — Qp = (1—1— " >C"+1+;(1+E)Ck

and then:

A2an - (a'n—l—Z - an—l—l) - (a'n—i—l - an)

n+ 2 1 n+1
=1+ Copzt+ ([ 14+ — )1 — | 1+ Cnt1
u u u

that is (19).

Theorem 3. If 0 < v < u, then we have the strict inclusions:

(20) S1 C Sy C S5 CSs.



Proof. (i) Let us suppose that the sequence (a,)$%, is represented as

in (4) and also as in (17). This may be done for every sequence. Then

from (7) and (19) we deduce:

2
(21) bnyo = (1 + nT ) Cnt2 — ECnH, forn >0
u u

that is:

2 2
u u u

So, if b, > 0 for n > 2, then ¢, > 0 for n > 2. By the theorems 1 and
2, if the sequence (a,,)>2, is convex, it is u-mean-convex, i.e. S; C S¥ for

any u > 0. The inclusion is proper because we have, for example:

1
b3:<1+§>63——02
u u

which with ¢ = 1 and ¢3 = 0 yields b3 = —1/u < 0.
(ii) Now suppose that the sequence (a,)32, is represented by (17) and
by:

. 1
From (19) we have:

n+2 n n+2 n
(22) (1 + > Cn+2 — —Cpy1 = (]_ + ) €n+2 — —€pt1
Uu u v v

for n > 0, which gives successively:

~v(u+2)
2= u(v + 2)02’
oy — v( +3)C3 v(u — )




and supposing:

v(u+n+1) n
(23) Cni1 = EU T 1 Cn+1 + Z Ty, +1

one obtains also:

v(u+n+2) n n un .
€n = —F—=0( ———=€, I —— )
P uw+n+2) " vt n+2 ™ wwtn+2) M
~v(ut+n+2) vn(u —v) = N na
_u(v-I—n—I—2)Cn+2+u(v+n+2)(v+n+1)07“rl Zv+n—|—2 ko Che

That is, by induction, if u > v all the coefficients z*! in (23) are
positive and so if ¢,, > 0 for n > 2 then e,, > 0 for n > 2. By Theorem 2
this means S5 C S3. The inclusion is proper because:

u(v + 3)6 u(v —u) .
v(w+3) " vu+2)(u+3)

C3

and ez = 0, e5 > 0, for example, give c3 < 0.
(i) If (a,)S2, is represented by (17°) and by (6), from (9) and (19) it

results:

n+2 n n
(24) (1 + ” > €nt2 = TEnt1 = dpyo — - 11

2
d2: <1+_>627
v
3 1
d3: (1+—)63—|——62
v 2

for n > 0, or:

and generally:




which may be proved by induction. As above, e, > 0 for n > 2 implies

d, > 0 for n > 2, that is, by the theorem 1 and 2, S5 C Ss. Since:

3 v
(1+;) €3 —dg— mdg,

dz = 0 and dy > 0 give ez < 0, that is the above inclusion is proper.

Remark 5. The first inclusion, S; C Sy, gives implicitely the suffi-
ciency part of the theorem A.

We finish by giving another result which combines the convexity and
the starshapedness.

Theorem 4. If the sequence (a,)2, is convex, then for any integers
n>2and0<q<n-—2and any real s > 0 we have:

an = Agy1 + 8(agr1 — aq) s dn-1 — ag1 + 8(ag1 — ag)
n—q—1+s - n—q—2+s

(25)

Proof. Since for any k > 0 we have: ag o — 2ag1 + ax > 0, then for
any pr > 0and any 0 < g <n—2:

n—2

(26) Zpk+2(ak+2 — 2ap11 +ai) >0
k=q

or:
n n—1 n—2
E DSk — 2 E Pr+10) + E Pry2ar > 0
k=q+2 k=qg+1 k=q

that is, if ¢ <n —4:

(27) PnQn + (pnfl - 2pn)an71

n—2

+ Z (Pk = 2pks1 + Prsa)ar + (Pgr3 — 2pgy2)agin + Pgraty > 0.
k=q+2



Choose the sequence (py);_,, o such that:
pk_zpk+1 +pk+2:07 forkZQ+2v"'7n_2
that is:
Pk = Pg+2 + (K — ¢ — 2)(pgt3 — Pgt2)
or denoting: p,io =p > 0, pyrs — Pgr2 = r > 0, we have from (27):
[p+(n—q—2)rlan —[p+ (n—q—Drlap-1+ (r —p)ags1 + pag = 0
or:
p
[p+(n—q—2)r] [an — Qgt1 T+ ;(%H - aq)]
p
>[p+(n—qg—1)r] [an—l — Ggy1 + ;(aq+1 - Clq)]

and hence we have (25) for s = p/r. For ¢ =n — 2 and ¢ = n — 3, (25)

may be put in the form:
ap — 20p—1 + Ap—2 >0
respectively:
sl(an — apn_1) — (ap_—o — an_3)] + (an — 2a,_1 + ap_2) >0

that is (25) is valid also for them.
Taking s = 1 we obtain the following:

Corollary. If the sequence (a,)%, is convexr and 0 < g < n — 2, then:

ap, — Qg S (p—1 — Qg

25’ )
(5> n—q ~n—1—gq

10
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ON AN INEQUALITY OF NANSON

L. Z. MILOVANOVIC, J. E. PECARIC AND GH. TOADER
(NIS, BEOGRAD, CLUJ-NAPOCA)

In this paper we give a generalization of the following inequality of
Nanson [1] (see also [2]) for the case of p, g-convex sequences:

Theorem 1. If the real sequence a = (ay,...,as,41) 1S convez, then

a1+a3—|—---—|—agn+1 >CLQ+CL4+"'+CL2n
n+1 - n

(1)

with equality if and only if a represents an arithmetic progression.
Definition. A real sequence a = (ay,as,...) is p,g-convex (p,q > 0)

if L,q(an) > 0 for n > 1, where

(2) Lpg(an) = apia — (p+ @)ani1 + pgay.

Remark 1. For p = ¢ = 1 we get the usual notion of convexity. In

[4] we have shown that a remarkable place in the theory of p, g-convex

1



sequences is played by the sequence w = (wy, wo, ... ) given by

P it p#g
(3) wy, = P—q
np"t  if p=gq.

For example, we have proved:

Lemma 1. The sequence a satisfies the relation
(4) Ly(a,) =0, n=1,...,n
if and only if
(5) ap = UWy + VWpa1

where u and v are arbitrary real numbers.
Theorem 2. If the real sequence a = (aq,aq, ..., a,11) 1S P, g-conver,

then:

(pq)"ar + (pg)" taz + - -+ + azni1
wnJrl

(6)

< (pg)" tas + (pg)" 2as + - -+ + asn
> ”

with equality if and only if a satisfies (4).
Proof. Since
agpy1 — (P + @)agk + pgag—1 >0, k=1,...,n
and
agk+2 — (p+9)a2k+1 +pqa2k 207 k= ]_,...771—]_,

we have the inequalities:

“w W —
(7) Z (kpq)k_kfl (agk+1 — (p+ q)ask + pgagg—1) >0
k=1



and

1
WpWp—

k
(pq)k; 1 (a2k+2 - (p + Q)a2k+1 + pqagk) > 0.

3
|

(8)

=
Il

1

Because:

9) W1 Wp—k — PQUEWy—f—1 = Wy

adding (7) and (8) we obtain:

n+1
A2k—1 A2k
pqwn — Wp el
,; (pg)"~ o Z (pg)*~
which is (6).
Remark 2. For
(10) Sp=wW1+ -+ w,
we have
(11) Lyy(sn) = 1.

So we obtain the following:

Lemma 2. If the real sequence a = (ay,as,...) satisfies:
(12) m < Ly,(an) <M, n=12...
then the sequences (by,) and (c,), n =1,2,..., given by
(13) b, = Ms, —a,, ¢,=a,—ms,,

are p, q-Conver.

Theorem 3. If the sequence a satisfies (12), then

(pQ) a1+ -+ azar1  (PQ)" ‘az + - + a2

(14)  mz, <
Wn+1 Wp,

< Mz,



where

n—1
th*‘jiZ(pQ)n_kUMllUn—k+1-%1Un—k)
(15) Zn = Al

Wn Wk

Proof. Because (b,) and (¢,), n = 1,2,..., given by (13), are p, g-
convex, we may apply (6). Taking into account (11), we can make with
(sk), k =1,2,..., the same operations as in the proof of Theorem 2 and
we get (14) and (15).

Corollary. Since forp=q =1, w, =n, (6) becomes (1) and (14) an

. . . 2n+1
inequality proved in [3], where z, = e
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CONVEX SEQUENCES AND FOURIER SERIES

GH. TOADER

1. INTRODUCTION

In their book [11], A.W. Roberts and D.E. Varberg have proposed, for
an independent study project, the convex sequences and have given as
basic references two books on trigonometric series: [1] of N.K. Bary and
[19] of A. Zygmund. In what follows, we use the results given in these
books and also in that of R. Edwards [4], regarding the properties of con-
vex sequences useful in Fourier series. We remind also some recent papers
which define other classes of sequences. For the first two of these classes

we give representation theorems and study some of their properties.

2. NOTATIONS AND DEFINITIONS

Given the sequence (a,),>o we consider the first and the second finite
differences:

Aan = Qp+1 — Qn

1



and

2
A%, = Gpio — 20p41 + Q-

In what follows we shall refer at a lot of sequence classes. We give
now some of them, which are well known: the set of all real sequences,
that of bounded sequences, of convergent sequences, of null-sequences,
of decreasing sequences, of sequences with bounded variation, of convex

sequences and of quasiconvex sequences, respectively:

S={a: a=(ap)n>0, an € R}
B={aeS: Im, |a,| <m,¥ n>0}
C={a€eB: a,—1 forn— oo}
Co={a€eB: a, — 0, for n — oo}

D={a€S: a1 <a,, forn>0}

BV:{aGS: Z|Aanl<oo}

n>0

K={a€S: A%, >0, forn >0}

Q= {ae S Z(n+1)]A2an| <oo}.

n>0
Let us also denote by Ay = AN Cpy, where A is any class of sequences.
Before ending, we remark that quasiconvexity is also used in another

sense, analogues with that given for functions (see [16]).

2



3. TRIGONOMETRIC SERIES

For a given sequence a € S, we consider the trigonometric series:

a0/2+§ @y, COS N, E a,, sin nx

n>1 n>1

which are usually called cosine respectively sine series.
For their convergence it is necessary that the sequence a € Cj. If

Z la,| < oo the series converge absolutely, but this condition is too
n>0
strongly. Using Abel’s lemma, in [1] it is proved that if a € BV} the

series converge at least for x # 2kw, k € Z. This happens for example
for sequences from Dy.

But, even if the series are convergent, they are not necessarily Fourier
series. For the sine series in [1] it is proved that it is a Fourier series if

and only if: Z a,/n < oo. If we pass to the cosine series, this condition
n>1
is only sufficient (to be a Fourier series) and other sufficient conditions

(other classes of sequences) may be also find. The first one was K given
by W.H. Young in [18]. The second was @)y finded by A.N. Kolmogorov
in [10]. The third example is the class Ty of S.A. Telyakovskii [14]: the
sequence a = (a,,),>0 belongs to T if there is a sequence b = (b,,)n>0 € Do

such that |Aa,| < b, and an < 00. Other classes were given in [3],
n>0

[5], [6], [7], [8], [9], [13] and their relationships are analysed in [17].
For some of these classes it is also proved that the convergence of the
Fourier series to the limit function holds even in the L! norm if and only

if: lim a,lnn =0 (see [1] and []2]).

n—oo



4. BOUNDED CONVEX SEQUENCES

In [4] it is proved that if the sequence a is convex and bounded, then

it is decreasing, lim nA, = 0 and Z(n +1)A%a, = ag — lim a,,.
n—oo

n—oo
n>0
Taking into account the result from [15] we obtain the following rep-
resentation theorem for such sequences.
4.1. Theorem. The sequence a = (ap)n>0 i in K N B if and only if

there is a sequence b = (b,)n>0 such that:

n

(1) an:Z(n—k+1)bk, n >0
k=0

(2) b, >0 fork >2

(3) ank—M), n — 0o
k=0

and

(4) > (k+ Dbgga < 0.
k>0

Proof. Any sequence a may be represented by (1). As this gives:

n+1
Aa,, = Z bi, and A2a,, = b9
k=0

the sequence is convex if and only if holds (2). From AZa, > 0 for n >0
we get:

Aag < Aa; <--- < Aa, < ...

If Aa, = ¢ > 0 for some p > 0, it results that Aa,, > c for n > p, thus:

n—1 p—1

(5) an:ao—i—ZAakzao—l—ZAak—l—(n—p)c, n>p

k=0 k=0

4



hence a,, — oo for n — oo.

So Aa, <0 for n > 0 and hence Aa, — 1 <0 (n — o00). If I <0, we
have Aa, <1 < 0, for every n > 0, thus a, < ag + nl and so a,, — —o0
(n — o0). Hence if a € BN K, the sequence (Aay,),>0 increases at zero.

Thus a € DN B C C. From (5) we have:
D (—Aay) <00, (—Aax)izo € Do
k=0

and by the theorem of Olivier (see [12]), we have nAa,, — 0, that is (3).
Applying to (5) Abel’s summation formula, we get:

n—1 n—2
(6) Ay — Gy = Z Aay, = nAa,_1 — Z(/{ + 1)A%qy,
k=0 k=0

and from (3) we have:

Z(k +1)A%ay, = ap — lim a,

n—00
k=0

which gives (4).
Conversely, if (a,)n>0 is given by (1), then (2) guarantees that it is
from K, while (3), (4) and (6) give:

lim ap = Qg — Z(kf + 1)bk+2

k>0

that isa € C' C B.
4.2. Corollary. The following inclusion holds:

KNnBCcCNDNBVNQ.



4.3. Corollary. The sequence a belongs to Kq if and only if there is a
sequence b such that (1), (2), (3) hold and

(4) > (k4 Dbgsz = ap.

k>0

4.4. Theorem. The sequence a is quasiconvex if and only if there is

a sequence b such that hold: (1) and

(7) D (4 Dbsa| < oo

n>0

Proof. Any sequence may be represented by (1) and it implies A%a,, =
bn12, which gives the equivalence.

4.5. Theorem. If the sequence a is quasiconvex, then the following
properties are equivalent:

(i) a € BV

(i1) a € B

(i17) (nAay)n>0 € B.

Proof. The implication (i) = (ii) holds for any sequence a from S as:

n—1
ag + Z Aak
k=0

(ii) = (iii) Suppose a given by (1) and:

n—1
|an| = <laol+ ) |Aaxl, n>0.
k=0

jan] S MY 0> 0; ) (n+1)|bpsa| < L.

n>0

Then:

n+1

k=0

InAay| =




n+1 n+1 n+1

=13 "=k 20— (2o +ba) + > (k=1 — > by

k=0 k=2 k=2
n+1 n+1
< anga] + | + > (k= D)ol + > b < 2(M + L).
k=2 k=2

(iii) = (i) Suppose:
Z(n+ 1)|A%a,| < L; |nla,| <M, Vn>0.
n>0
From Abel’s summation formula, in [4] it is proved that for any a € S:
> 1Aa] < (n+1)|Aay| + Y E|A%a|
k=0 k=0

and so:

> |Aay| <2M + L.

k>0
In [4] it is proved the "only if" part of the following:
4.6. Theorem. The sequence a € Q) if convergent if and only if:

(nAan)nzo e (.

Proof. As a € (), the series: Z(n + 1)A®a,, is absolutely convergent
n>0
and so the affirmation follows from (6). Moreover, we have:

lim a, = ag — Z(n +1)A%a,,.
n—00 >0
4.7. Corollary. The sequence a belongs to Qg if and only if there is a
sequence b such that hold (1), (7), (3) and (4’).
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JESSEN’S INEQUALITY FOR SEQUENCES

GH. TOADER

ABSTRACT. In lucrare se demonstreazi ci o functionali liniard si
continud A este pozitivd pentru orice sir convex de ordin n dacd si
numai dac# ea verifici relatiile (5) gi (6) pentru girurile "test" ce au

componentele date de (1).

A very large extension of the well known inequality of Jensen for convex
function was given by B. Jessen in [2]. Some generalizations of Jessen’s
inequality are analysed in [1]. In [8] we have succeeded in transposing the
result to convexity of higher order. We have proved that a function f is

convex of order n if and only if:
f(A(e)) < A(f)  (where e(x) = )
for every continuous linear functional A with the properties:
p(A(e)) = A(p), V p polynomial of degree n — 1

and



where
w?(:z:):{o for = <c
(x —c)" ! for z>c
To pass to sequences, we must note that the inequality of Jessen has
generally no meaning in this case. But, as we have remarked in [8], there is
a bijection between the functionals which satisfy Jessen’s inequality and
the positive functionals on the set of convex functions. For sequences we
follow this second way, which was initiated by T. Popoviciu (see [6]). For
"finite" sequences some results are given in [9]. A possibility for passing
to infinite sequences was remarked in [3] and used in [4] and [5].
Let K, be the space of all n-convex sequences, that is of sequences

(Zm)m>0 with the property that A"z, > 0 for every m, where:
onm = Ty, Anxm = Anilmerl - Anilxma n > 1.

In [7] we have given the following result:

Theorem 1. A sequence (zp,)m>o s in K, if and only if it may be

" m+n—k—1
xm—z< n—1 )yk

where yi, > 0 for k > n.

represented by:

This result may be put in another form. In the vector space S of all

sequences, it is considered the metric d defined by:

d _ 9~k |z — Yk
(@9) ; 1+ |2k — il

for © = (zx)r>0 and y = (Yx)x>o0-

If we consider the sequences e, = (€}, )k>0 given by:
e =1, eg%k:()fork;ém

2



we have, for any sequence x = (xx)>0:

P o0
r = lim E TReD = E Tie)
p—00
k=0 k=0
where the limit is taken in the metric d. For n-convex sequences we look
for other "basic" sequences.

For an n > 0, let us consider the sequences ey, = (e}, ;)r>0 With the

components:

(1) eﬁ,kZ(n_erk_l)

n—1

where (7;) = 0 if m < k. It can be proved that, for every fixed n, the

sequences e, e} ... give a base for S (as it was for n = 0).

We may use A as an operator, A : S — S, given by:
Az = (Axy)k>o, for x = (xx)k>0.
We have: Ae?, = e~" and so:
APep =ep ™, 1<p<n.
If we denote by:
Sy ={x= ()0 x>0, Vk>0}
the set of n-convex sequences is given by:
K,={zeS: A"v e S,}.
For the sequence:
Tm =Yoo + -+ Ymep,, M>N
we have:
AT = yned 4+ A Y€ = Y,y Ym, 0, .. .)

3



and so we get the following:

Theorem 2. The sequence x is in K,, if and only if:

(2) r = lim (yoeg + - + Ymer), Ym >0 form >n.

Using the representation theorem, we can prove the following result:
Theorem 3. Let the functional A : S — R be superadditive, positively
homogeneous and upper semicontinuous. In order that A(x) > 0 for every

r € K, it is necessary and sufficient that:

(3) Aer) >0 form >0
and
(4) A(—ep) >0 for0 <m < n.

Proof. From the theorem 2 we have that e € K,, V m > 0 and
—el' € K, for 0 < m < n, so that the conditions (3) and (4) are necessary.
They are also sufficient. Indeed, let us take an = € K,,. By the theorem

2 we have (2), which gives:
Ayoes + -+ + Ymen) = Alyoes) + -+ + Alymey,)

= |yo| A((sgnyo)eg) + -+ + |Yn—1|A((sg0yn—1)es 1)
+ynAer) + -+ + ynA(elr) > 0.

As A is upper semicontinuous, it follows that A(z) > 0.
Consequence. Let A : S — R be a continuous linear functional. In

order that A(z) > 0 for every x € K, it is necessary and sufficient that:
(5) A(el) >0 form>n

4



and

(6)

[1]
2]

[3]

[4]

[5]

Aler) =0for 0 <m <n.
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1. Let us consider the linear recurrence of order p:

p
(1) Ly(z,) = Zdjxn-i—j =0, n=0

where d, = 1 and dy # 0. As it is known (see [2]), the representation of
the sequences which satisfy this relation is related to the solutions of the

algebraic equation:

(2) St /1 = zp: ﬁ t—t;)

7=0

For example, we shall use the sequence (u,),>o defined by:

(3) Ly(u,) =0, Yn>0, up="---=up2=0, up_; = 1.



If the roots of (2) are s; multiple of order ¢;, for i = 1,...,r (with
¢+ -+ ¢ = p), then:

Un = ZPl(TL)S?
i=1
where P; is a polynomial of degree ¢; and
ZPi(j)sg =u;for j=0,...,p—1.
i=1
So, if r =1, that is t; = --- = ¢, = s, then:
o
U, = S
p—1
and if r = p, that is t; # t; for ¢ # j, then:

p p
wn =Y |t/ ][t — )
j=1 i=1
1#j
References to other methods of representation of recurrent sequences
may be found in [1].
Our basic method of study is furnished by the following result which
may be proved by simple computation (see [16]):

Lemma 1. If the sequence (x,,)n>0 is represented by:
(4) Tp = Zun—l—p—i—lyi
i=0
where (u,)n>o 15 given by (3), then:

Lp(Tn) = Ynip-

If (z,)n>0 is given, then (y,),>0 may be found, step by step, from (4),
so that we get:



Lemma 2. Let P C R. In order that L,(x,) € P for everyn > 0 it
is necessary and sufficient that (z,),>0 be represented by (4) with y; € P
for i >p.

Corollary 1. The sequence (x,,)n>0 verifies the relations:
Ly(xp) =2, n>0

if and only if it is represented by (4) with y; = z;_, fori > p.
Corollary 2. The sequence (x,,)n>0 verifies the relation (1) if and only
if it is represented by:

p
(5) Ty = Zun-i-p—i—lyi-
=0

On the vector space S of all sequences, let us consider the shift operator

E defined for any x = (x,,),>0 by:

/ / / /
Ex=1"=(2))n>0, 25=0, x,=x,1, n>1

If we define the sequence:

(6) U’ = (Up-14n)n>0

the relation (5) may be written as:
-1
T = y; B'uP

i

=

I
=)

where E°z = x and £’ is obtained by the composition of i exemplars of
E. Thus we have:

Corollary 3. The sequences:

uP, BuP, ... EPluP



form a basis for the subspace of sequences which verify (1).
2. In what follows, we shall deal with the cone of convex sequences in

respect to the operator L,, that is:
Kon(Ly) = {(@)i + Ly(wa) >0, 0 < n<m—p)

K(Ly) = {(@)az0 ¢ Ly(wa) =0, n >0},

The case t; = --- = t, = 1 corresponds to the usual convexity of
order p as L, = AP (see [12]). We have given the representation of these
(ordinary) convex sequences in [15], for the case p = 2 (and Lq arbitrary)
in [9] and for the general case in [16]. This follows from Lemma 1.

Theorem 1. a) The sequence (x,)"_, belongs to K,,(Ly) if and only
if it may be represented by (4), with y; > 0 for p <i < m —p.

b) The sequence (xy)n>0 belongs to K(L,) if and only if it may be
represented by (4) with y; > 0 for i > p.

The result from part b) may be reformulated if we consider (as it was

done in [5] and then in [10], [11] and [17]) the metric d on S, defined by:

[ee)

n 1Tn —Yn
dry) = S Lol

for x = (xp)n>0 and y = (yn)n>0. Let us also put:
Ly(z) = (Lp(zn))nz0-

We have at once:

Lemma 3. If u? is given by (6) then:
Ly(E*uP) =0 for0<k<p—1

4



and

Lp(Ekup) = (6n,k—p)n20 Jork>p

where 0,1 is Kronecker’s symbol.

Theorem 2. The sequence x belongs to K(L,) if and only if:

(7) r = lim x":Zx”
n=0
where

" = ZykEkup, with yi, > 0 for k> p
k=0
and the limit is taken in respect to the metric d.
Proof. As E™uP has the first n components zero, any sequence x is

the limit of such a linear combination (in fact, x and ™ have the same

first n 4+ 1 components). But

L,(x") = (Yp,--+Yn,0,0,...) = Ly(2)

so that z is in K(L,) if and only if y, > 0 for n > p.
3. In [16] we have also characterized the elements of the dual cone of

K,,(L,) that is:

Ko(Ly) = {(an)nm_o : Zakxk >0, V (zk)ito € Km(Lp)} .

k=0
As it is stated in [3], such results were obtained for the first time for
convex functions by T. Popoviciu (see [14] for more references).
They were transposed for convex sequences by J.E. Pecari¢ in [13].
A constructive characterization is given in [20]. The representation for

p =2 is given in [8]. The general case follows easy from Theorem 1.

5



Theorem 3. The sequence (a,)n-, belongs to K}, (L,) if and only if it

satisfies the relations:

Zanunﬂg,k,l =0for0<k<p-1

n==k

and

m
Z UplUnip-k-1 > 0 forp <k <m.

n=~k

Using Theorem 2 we can transpose the result for the case of m infinite.
But, as in [17] we want to deal with a more general case. We remind some
definitions. The functional A : S — R is said to be:

a) superadditive, if:
Alz+y) > Alx) + Ay), Y 2,y € S;
b) positively superhomogeneous, if:
Alaz) > aA(zx), Vx €S, a>0;
c) upper semicontinuous, if:
(8) limsup A(z") < A <T}LI£30 x") .
Theorem 4. Let A : S — R be a superadditive, positively superho-

mogenous, upper semicontinuous functional. In order that A(x) > 0 for

every x € K(L,) it is necessary and sufficient that:
(9) A(Ekup) >0 fork>0
and

(10) A(=E*uP) > 0 for 0 < k < p.

6



Proof. From the theorem 2, we have E*u? € K(L,) for k > 0 and also
—F*u, € K(L,) for 0 < k < p, so that the conditions (9) and (10) are
necessary. They are also sufficient. For an = € K(L,) we have (7) and so,
for n > p:

A(x") = Alyou? + yi Bul + -+ - + yo E"uP)
> A(you”) + Ay EuP) + - - + Ay E"u”)
> |yol A(sgnyo)u”) + -+ + [yp-1|A((sgnyp-—1) B~ 'u”)
Ty A(EUP) + -+ + Y A(E"uP) > 0
thus, from (8), A(x) > 0.

Corollary 4. Let A: S — R be a linear and continuous functional. In
order that A(x) > 0 for every x € K(L,) it is necessary and sufficient
that:

A(E*uP) =0 for0 <k <p
and

A(E*uP) > 0 for k > p.

We remark that in this corollary R can be replaced by an arbitrary
linear topological space with a "positive" cone.
If we don’t work with divergent series, Corollary 4 takes the following

form. Let us denote:

K*(L,) = {a = (an)n>0, I N0 : a, =01if n > nyg

o0

and ax = Zanxn >0, Vo= (Tn)>0 € K(Lp)}.

n=0



Corollary 5. The finally null sequence a belongs to K*(L,) if and only
aE*uP =0 for0 <k <p
and

aE*u? >0 for k > p.

We point out that these results generalize the corresponding theorems
from [5] and [17].
4. We can further generalize these results as follows. Let A : S — §

be a continuous linear operator on S and L, L;, two linear recurrences

of the form (1). The problem is when holds:
(11) A(K(Ly)) C K(Ly).

Theorem 5. If A: S — S is a linear continuous operator, then (11)

holds if and only if:
k
L, (A(E™P)) =0 for0 <k <p

and

L) (A(E*u)) > 0 for k > p.

Proof. As E*u? € K(L,) for k > 0 and —E*u? € K(L,) for 0 <
k < p, the conditions are necessary. They are also sufficiently. Indeed, let

x € K(Ly,). By (7), x = lim 2", where 2" = ZykEku” and y; > 0 for
k=0
k > p. So:

Ly (Ax)) = lim Li(A(z,))

4 n—oo

8



= lim > ye- Ly (A(E*) = Tim Sy L (A(E*?)) > 0.
k=0 k;:p
We remark that A is usually given by a double infinite matrix A =

(@nk)nk>0 Wwith the property that for any n > 0 there is a k, such that

an, = 0 for k > ky. If x = (21)k>0 then

Ax) = (Z anka:k)

The case of triangular matrices, that is k, = n, was studied, for L, =

n>0

L, = A in [4] and [7]. His special case of generalized arithmetic means
is effectively solved: the case p = 2 in [21] and in an improved form in
[18], while the general case was initiated in [6] and accomplished in [19].
We shall give this result in the next paragraph. Also, the case Ly = L
is studied in [8].

5. Let ¢ = (gn)n>0 be a sequence of positive numbers. It defines an
operator @) : S — S by: if ¥ = (2,)n>0 then Q(x) = X = (X,,)n>0 I8
given by:

Xo = (qowo + -+ + @uwn) /(@0 + -+ + ).

We denote by L, = K(AP) the set of (ordinary) p-convex sequences.
In [19] we have proved that Q(K,) C K, if and only if:

-1
(12) qnqu(U+n ) n>1
n

with v = ¢1/qo, where:

(w> . Cj) _ww— D)ot

n!

Let us denote by MV K, the set of sequences x with the property that
Q(x) € K,, where ¢ is given by (12). In [19] it is proved that x € MK,

9



if and only if:

= — k-2 k-1
xnzz nEp Mp—+ﬁ 2g, 2z > 0for k> p.
— p—2 p—1 v
This may be transcript as follows:

Lemma 4. The sequence x belongs to M"K, if and only if:

- —1 k—p+1
T = {(1 + P ) E*uP + iEkup_l} 2k, 2k >0 for k> p.
v v

k=0

As in the other cases this gives:
Theorem 6. The linear continuous functional A : S — R wverifies the

condition A(x) > 0 for every x € MVK, if and only if:
(v+p—DAE" )+ (k—p+ DAE W) =0 for 0 < k<p
and

(v+p—DAE*P) + (k —p+ 1)AE ™) >0 for k > p.

In the special case p =2, v = 1 this result is given in [11].
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ON THE CONVEXITY OF HIGH ORDER
OF SEQUENCES

GH. TOADER

ABSTRACT. We improve some results of Lackovi¢ and Simi¢ [2] con-
cerning the weighted arithmetic means that preserve the convexity

of high order of sequences.

In [1] and [3] a characterization is given for triangular matrices which
define transformations in the set of sequences preserving convexity of
order r. In the particular case of weighted arithmetic means, explicit
expressions were given before in Lackovi¢ and Simi¢ [2]. In this paper we
improve the results from [2] generalizing some of the properties that we
proved in [7] for the convexity of order two.

At the beginning, let us specify some notation and definitions which
will be used throughout the paper.

Let a = (a,) (n =0,1,...) be areal sequence. The r-th order difference

of the sequence a is defined by:
(1) Aa, = a,, ATa,=A"ta,,1 —A"a,

(r=12,..., n=0,1,...).



Definition 1. A sequence a = (a,,) is said to be convex of order r if
ATa,, > 0 for all n € N.

Let p = (p,) be a sequence of positive numbers. If defines a transfor-
mation P in the set of sequences: any sequence a = (a,,) is transformed

into the sequence P(a) = A = (A,) given by:

o p0a0+"'+pnan

(2) An
po+ -+ b

(n=0,1,...)

Definition 2. The transformation P is said to be r-convex if the
sequence A = P(a) is convex of order r for any sequence a convex of
order r.

In [2] the following theorem is given:

Theorem 0. The transformation P is r-convex if and only if the se-
quence p = (py) 18 given by:

n—2
(’I“ — 1)!]77“,1

n — E+1 + -+ pr o)+ (r—1)p_
T kl:[; )(po Pr—2) + (r = 1)pres
form > r, with py, . ..,p,_1 arbitrary positive numbers.

Remark 1. For ag = 0 and a,, = (3 + 6n — 2n?)/3 if n > 1, we have
A3ay =1 and A3a,, = 0 if n > 1, so that the sequence (a,,) is convex of
order 3. Let us choose for r = 3: py = 6, p; = 1 and p; = 7/2. From (3)
we get p3 = 7/2 and so from (2), we have Ay =0, A; =1/3, Ay =1 and
As =1, that is A24y = —1. Hence the result from Theorem 0 is not valid
in this form. To amend it, we begin by putting (3) in a simpler shape.
For this we use the following notation:

” (u) . @ L) fumnd )

0 n!

where v is an arbitrary real number.
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Lemma 1. If the transformation P is r-convez, then the sequence (p,)

must be given by:

(5) pn:pr_l(“”‘l)/( " ),fmzr

n—r—+1 r—1

(6) U= (T - 1)pr71
Po+t -+ Pr2

, pe>0fork=0,...,r—1.

Proof. Because (5) is only a transcription of (3) using (4) and (6),
the result was proved in [2]. However we sketch here another proof by
mathematical induction. As in [2] we use the sequence a,, = cn(n —
1)...(n —r + 2) for which we have A"a,, = 0 for any n. Hence it is
convex of order r for any real ¢, and so must be (4,) too. But this
happens if and only if for ¢ = 1 we have A"A,, = 0 for any n. For n =0
we get p, = pr—1(u+7r—1)/r which is (5) for n = r. Suppose (5) is valid

for n < m. To obtain A, for r <n < m, we must calculate:

n r—2 n
Zpk = Zpk + Pt Zpk
k=0 k=0 k=r

r—1 ~— (u+r+i—1 r41
= Dr_ 1 ) )
b 1[ u * +;( 1+ 1 )/(z—i—l)

From this it can be shown, by mathematical induction, that:

u n—r-4+2 u+n n
(7) Zpk—pr—1 u <n—r+2)/(n—r—|—1>'

k=0

So:
_ |
An:u( n ) o<

ut+r—1\r—1 -

3



and

m—r+1

/ m—r—+2 U+ m / m N
Pr=1 u m—r+2 m—r+1) P

From A"A,, .11 =0, we obtain (5) for m + 1, and so for every n.

A1 = lprl(r—l)!( e )*pm+1(r_1)!(T—+11>]

Lemma 2. If the sequence (a,) is given by:

(8) anZi(nJr::]f_l)bk,

k=0
(9) Aran = bn—H’ (n = O, 1, N )

Remark 2. This result is connected with some relations from [1] and
[6]. Because any sequence may be put in the form (8), we obtain a rep-
resentation theorem simpler than that given in [6]:

Corollary 1. The sequence (a,,) is convex of order r if and only if in
its representation (8), it has b, > 0 forn > r.

Lemma 3. If the transformation P is r-convex, then for everyn < r:

n—1
(10) Zpk = np,/u.
k=0

Proof. Let (A,) be represented by:

(11) An:zn:(nJr::]f_l)ck.

k=0



Then:

1=0 =0
If
1 n—1
Gn = — Zpk
" k=0
then:
k=0

forn > 1 and ag = Ay = ¢y. So:

But, as it is proved in [5]:
Z(—l)j (n)jp =0forp<n
=0 J

and hence:

> (7)aw <o

j=0 J

for any polynomial () of degree less than n. So:

(12) i(—l)j(g <m+:__f_1) —0form=1,...r

=0 J



because:

S e ()

Jj=0

—j—1
and (m tr=d > is a polynomial of degree m — 1 in j. Hence:

S ()

() e

As the coefficient of ¢, is 14+¢q, > 0, A"ag > 0 implies A" Ag = ¢, > 0 if

Aao—CT+Z

C;

and only if the coefficients of ¢; are zero for i =0,...,r—1. Fori =r—1
we have: (r —1)¢, —rq,—; = 0 and as (6) means ¢,_; = (r—1)/u, we also
have ¢, = r/u. Assuming (10) valid forr—j (7 =0,...,m—1; m <r—1)

it may be deduced for r — m, because we have:

i ()(m+::2j_2)(r—j):0, form <7 —1

S () (5 )=

which may be verified as in (12).

and

Theorem 1. The transformation P is r-convex if and only if the se-

quence (py) s given by:

-1
(13) Pn = Do (u o >, forn > 1, with v = p1/po.
n



Proof. Necessity. Lemma 1 and Lemma 3 give the necessary conditions

(5) and (10). From (10) we have: u = p;/py for n = 1, and ps = u(py +

u—+1
P1>/2:]90( 5

_upo zm: u+k—1\ u u+m\ u+m
pm+1_m+1 L —pom+1 m = Do m 1

k=0

); supposing (13) valid for n < m <r — 1, (10) gives:

that is, (13) holds for n < r — 1. Hence, from (5) we also get:

B u+r—2 u—l—n—l/ n B u+n-—1
Pn = Po r—1 n—r+1 r—1 — Po n

for n >r.

Sufficiency. With (13), the sequence (2) becomes:

g(u+:—1>ak] /(u;l;n>

and so we have the relation:

(14) A, =

(15) a, = Ap +n(A, — An_1)/u, for n > 0.

Taking A,, of the form (11), from (15) we obtain:

n+r—k—-2\/(n+r—k—-1 n
1 - ntr—k-1_ ny_
(16) in Z( r—2 )( r—1 +u)ck
k=0

Because A" A,, = ¢, applying to (15) the known relation (see [4]):

r r ‘ B
A"(apby) = ZO: <i>AZanA’” bt

we obtain:

r o -1 —1
n n+r n+r—1, = L.
(17) Aa, = (n+r+ujuc nu Cpapo1, n>1

7



From the proof of Lemma 3 we have: A"ag = ¢,(r 4+ u)/u, that is (17)
is valid for n = 0 too. Assuming (a,) given by (8), (9) is valid; thus:

(18) by = (r+u)/u, bpir =n+1r+u)/uch, —n/ucnir—1.

Hence, if b, > 0 for n > r, then also ¢, > 0 for n > r; that is, if (a,,)
is convex of order r, so is (A,) too.

Remark 3. The sufficiency part of Theorem 1 was also proved in [1].
In what follows we improve also this result. Let us denote by K, the set
of all sequences convex of order r and by K" the set of all sequence (a,,)
with the property that (14) gives a sequence (4,) in K.

Theorem 2. If 0 < v < u then the following strict inclusions hold:

K, C K} CK,.

Proof. The first inclusion was proved in Theorem 1. Its strictness
follows from (18): the positivity of ¢, (n > r) does not imply that of b,,.
Now suppose (a,) given by (16) and also by:

" /n+r—k—2 n+r—k—1 n
n = — + — | dp.
a g ( N ) < S + v) k
k=0
So (17) holds and A"a,, = (n+r + v)v~'d, ., — nv"'d, 1 that is:
(n+71+2)/vdpir — 0  dyyp1 = (n+71 +w)u cppr — nU ey
Hence d, = —>cr and generally, by mathematical induction:
v

n—1
UTT+N Coypn  U—D Cri n v+r4+n
19) dyyyn = . + . . . ;
(19) drs v+r+n  w uv ;n—ﬂ—l(z)/(n—ﬂ—l)




that is, ¢, > 0 for n > r implies d,, > 0 for n > r and so, if (a,) is in

K’LL

», it is also in K. That the inclusion K} C K is strict follows also

from (19) as above.
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PROPERTIES OF BOUNDED CONVEX SEQUENCES
I. Z. MILOVANOVIC, M. A. KOVACEVIC, GH. TOADER

ABSTRACT. Some properties of the bounded convex sequences of or-
der m = 2 are considered in this paper. As it is shown, these proper-
ties are in direct connection with the convergence of a certain class

of series.

1. INTRODUCTION

When studying convergence conditions, summability and other prop-
erties of series the knowledge of sequence properties is of a decisive im-
portance. Due to their specific nature, different classes of sequences, for
example classes of bounded, convergent, convex, starshaped and other se-
quences (see for example [1]-[16]) are studied hardly. In this paper some
properties of bounded convex sequences with order of convexity m(= 2)

and their relation with a certain class of real series is considered.



Let us first introduce some notation and definitions. Denote by .S,, the

class of real sequences (a,,), n € Ny, with the following properties

(1.1) My<as M, n=0,1,... (M, My = const.),
and

(1.2) Va, 20, r=2,....m, (m=2), n=0,1,
where

Via, = (-1)"A"a,, (Aay = ani1 —an, Ala, = A(A" 1 ay)).

Let (s), = s(s+1)...(s+p—1) and V] = nr for each p =
r
1,2,..., s =0,1,..., n = 0,1,.... We shall also quote some results,

known in the literature which are in relation to those obtained in this
paper.

For sequences belonging to Sy class, the following result is proved in
paper [13]:

Theorem A. The sequence (ay,), n € Ny, belongs to Sy class if and

only if there is a sequence (b,), n € Ny, such that

n

a, = Z(n—k+1)bk, n =0,
k=0

b, >0 fork =2,

n
ng by — 0, n — oo,
k=0
o0

k=0

The following results can be found, for example in the paper [10]:
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Theorem B. Let the sequence (a,), n € Ny, satisfy the following
properties: lim a, = 0 and V?a, > 0 forn =0,1,.... Then Va, = 0,

nh_)rrolonVan—O and2n+l ZVan—ao

n=0

o0

Theorem C. For any convergent series Zan, we have na, — 0 in
the sense of Cesaro. i

The following result is given in monograph [3]:

Theorem D. If a sequence (a,), n € Ny, belongs to Sy class, then:

(a) the sequence (a,), n € Ny is decreasing;

(b) lim nVa, = 0;

n—oo

(c) the series Z(n +1)V2a, is a convergent one and its sum is ag —
n=0
lim a,.

n—oo

2. MAIN RESULTS

Before presenting the main results of this paper, we shall prove several
lemmas giving specific properties of the sequences belonging to .S, class.
Lemma 1. If a sequence (ay,), n € Ny, belongs to S,, (m > 2) class

then the following inequality

Vr (2r)!
< T < — n = — [H -
@1 0=V = (M MQ)V,?T - 2)r!(n +r+1),’

holds forr=1,...,m — 1.
Proof. As V'a, = 0, for r = 2,...,m the inequality

(2.2) Ve, 2V a (n=0,1,...)

3



is valid. According to Theorem D we conclude that the following impli-

cation
(2.3) (an) € S3 = Va, 20

holds.

As (ay), n € Ny, belongs to S, class V"a,, 2 0 holds for r = 2,... m,
then, taking into account (2.3), we prove the left inequality in (2.1). The
right side of the inequality (2.1) shall be proved by means of mathematical

induction. For » = 1 we have

(My = My)V,} = (My — My)(n+1)

=M (n+1)— My(n+1) Ziak—Mg(rH—l)

k=0
=Y (k+1)Vap + (n+ a0 — Map(n+1) = Va, Y _(k+1) = V;Vay,
k=0 k=0
ie.
Vl
0 é V@n é (Ml — M2)Vn2
Let us suppose that (2.1) is valid for some r =p (1 < p < m —2), ie.
Viy
(24) 0 é Vpan é (Ml — MQ)W

k

According to equality ZVZS = V! and the inductive assumption

=0
(2.4) we have

n n

(M — Mo)VPH = (M — M) Y VP 2)) VFVPay,

k=0



ie.,

p+1
Yo
V2p+2 ?
n

VPHa, > (M, — M)
which had to be proved.
Using Abel’s lemma we directly obtain the following result:
Lemma 2. For each sequence of real numbers (a,), n € Ny, the equal-
ity
n n—p-1 0
(25)  an=a0— Y VI Vi — > VIV, (Z = ) ,
k=1 k=0 k=1
holds, where p < n.
Lemma 3. Let the sequence (a,), n € Ny, belong to the class Sy,
(m 2 2). Then, equalities
(2.6) lim V¥ ,V*a, =0,

n—oo

fork=1,....m—1, and

(2.7) lim Y V" 'V™ay, = ag — lim a,
hold.

Proof. For m = 2 Lemma 3 is proved in Theorem A (i.e. Theorem D).
Assume that Lemma 3 holds for k£ = 1,...,m — 2. According to Lemma
2 we have:

m—2 n—m-+1
an, = Qg — Z V;f_kvkan,k — Z Vkm_Qmelak,
k=1 k=0

and by the inductive assumption

lim V¥ ,V*a, =0

n—oo



for k = 1,...,m — 2. On this basis, we conclude that the series
(o @]

Z V"2V 1q; is a convergent one. According to Theorem C we obtain
k=0
a sequence (nV,"2V™ lq,) ie. (V"1V™ q,) which tends to zero in

Cesaro sense. In other words the equality
‘/Om—lvmflao e Vnmflvmflan

2.8 li =0
(2.8) lim ] 7

holds. Let us prove that the sequence (V,""*V™1q, ) tends toward zero.
Assume that it is not true. Then, there would be a constant C(= 0)
such that beginning from some index n the inequality V"1V 1q, > C

holds. According to (2.2) for each k < n the following inequality

C
Amflak 2 vmflan z Vm_l
holds. On the other hand, the relation
m—1x7m—1 m—1y7rm—1 m
| VA T R ) VA AV, a”gc v _)97&0’
n+1 (n+ 1)Vt nmoom

is in opposition with equality (2.8). It contradicts the assumption that
the sequence (V™"V™ 'a,) does not tend to zero. It also means that
(2.6) holds even for k = m — 1. If we substitute p = m — 1 in (2.5), the
assumption (2.7) is directly obtained from the equality

n—m m—1
melvm o Vk Vk
k ap = ag — n—k Ap—f — Qp.
k=0 k=1

From paper [14] we directly obtain the following result.
Lemma 4. The sequence of real numbers (a,,), n € Ny, has the property

V'a, 2 0, if and only if there is a sequence (by,), n € Ny, so that b, =0

6



forn = r for which equality
(2.9) an = (=1)"> Vil
k=0

holds.

According to the given lemmas we immediately obtain the following
result:

Theorem 1. The sequence (a,), n € Ny, belongs to S,, class if and

only if there is a sequence (b,), n € Ny, such that:

n

(2.10) an = (=)™ Vo
k=0
(2.11) (=)™ VI >0 forj=2,...,m—1, n>j
k=0
(2.12) b, =0 for k = m,
(2.13) VELY Vi R0, fork=1,...,m—1,
=0
and
(2.14) ZVkm_lbk+m is convergent.
k=0

Corollary 1. The sequence of real numbers (a,), n € Ny, has the

following properties V'a, = 0, forr =2,...,m and lim a, = 0, if and

n—0o0

only if there is a sequence (b,), n € Ny, such that properties (2.10)-(2.13)
and Z Vkm_lbmm = ag are satisfied.

k=0



[14]

[15]
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A HIERARCHY OF SUPERMULTIPLICITY OF
SEQUENCES IN A SEMIGROUP

GH. TOADER

ABSTRACT. In this paper are defined the classes of convex, star-
shaped and supermultiplicative sequences in a semigroup. Also some

relations among them are proved.

1. INTRODUCTION

In [1] it was proved that all the convex functions are starshaped and
these are all superadditive. This property was named in [4] hierarchy of
convexity of functions. In [7] we have proved a similar property for real se-
quences and now we want to transpose it to sequences from a semigroup.
But it seems to me to be more adequate to call the property "hierarchy
of supermultiplicity" because all the sequences are supermultiplicative.

In the nest paragraph we shall given the notions relative to semigroups
which we need in what follows. Some of them are taken from [3] but
the others can be new because we couldn’t find them in the accessible
literature. Then we define the classes of convex, starshaped and super-
multiplicative sequences in a semigroup and prove some relations among

them.



2. SEMIGROUPS

By a semigroup (G, -) we shall mean a non-empty set G on which is
defined an associative binary operation. We suppose that the semigroup

is commutative and has an identity e, thus:
ex=ux, VxeQGqG.
A semigroup can have a zero, that is an element z with the property:
zx=2z, Vxed.

If zo = x, the element x is called idempotent.

A basic relation which we need in what follows is the divisibility:
abe= Iz e, b=ax.

Also, we shall consider semigroups in which some kinds of reductions
are valid.

Definition 1. The semigroup (G, -) is cancellative if:
(1) xa =xb=a=0.

We remind that for the product of n elements, each equal to x, it is
used the notation x™.

Definition 2. The semigroup (G, -) has radical if:
(2) =yt =>r=y.
Definition 3. The semigroup (G, -) preserves the divisibility if:

(3) z"y" = xly.

2



Remark 1. Some results are immediate. If (G, ) is a group then it
is cancellative and preserves the divisibility. If every element of (G,-) is
idempotent, the semigroup has radicals and preserves the divisibility but
is non cancallative. Also, if (G, -) has a zero element it is non cancellative.

We show by examples some relations between the three definitions.

Example 1. The ensemble of subsets of a non-empty set X with
respect to intersectuon is a non cancellative semigroup but which has
radicals and preserves the divisibility (any element is idempotent).

Example 2. The set of classes k of integers congruent modulo 4 with
respect to addition represents a cancellative semigroup which preserves

the divisibility (in fact it is a group) but which has no radical as:
2+2=0+0=0.
Example 3. In the semigroup generated by the transformation:

1 23 45
2 3 45 3

t =

in respect to composition, we have: (t2)%t = t? and (#?)® = ¢, but t2t* # t
for any k& > 0, thus the semigroup is non cancellative, has no radical and
do not preserves the divisibility.

To give examples of semigroups which satisfy all the conditions (1)-(3),
we consider also the next notion:

Definition 4. The semigroup (G,-) has the base B if it is satisfies

the following condition:

(4) VeeG—{e}, Im>1, I!py,...,pn € B,
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dk, .k, > 10 x:pr".
i=1

Remark 2. As in the case of a vectorial space, a base of a semigroup
generates him. From the unicity of the representation in (4), it follows
also that the base is an independent set in the sense that if p,q € B
then p 1 ¢" for no n > 1. We must suppose p° = e, V p € B. So we can
represent any two elements of G by the same elements of the base B but

with non-negative powers:

It remains true that © = y if and only if k; = h;, 2 =1,...,n. We have
also some consequences:

Lemma 1. If the semigroup (G,-) has a base, then hold the following
implications for every x,y,z € G, m,n > 1:

a) " =" =>n=m;

b) zz=yz=1=y;

)" =y"=x=y;

d) a"|y" = xly.

Proof. All the affirmations follow from the unicity of the representa-
tion in the base B. For example, for the last implication, we suppose that

y" = 2"z where:



Then nh; = nk; + j;, fort = 1,...,n. So j; = ng;, where g; = h; — k;,
and putting:

n
o= 1T
=1

we have y = zw, thus x|y.

Remark 3. Thus, if the semigroup has a base it is cancellative, has
radicals and preserves the divisibility. But, because of the property a),
it cannot be finite. Examples of semigroups with base are (N, +) with

B = {1} and (NN, -) with the base consisting of all prime numbers.

3. SEQUENCES IN A SEMIGROUP

Let (x,)n>1 be a sequence of elements of the semigroup (G, -).

Definition 5. The sequence (z,),>1 is convex if it verifies the relation:
(5) 22 |rp 111, V0 > 1.

Lemma 2. a) If:
(6) T, = Hy;”“, n>1
i=1

where (Y, )n>1 8 arbitrary, then the sequence (x,),>1 is convexr.
b) If (G,-) is cancellative, then every convex sequence may be repre-
sented by (6) with adequate (Yn)n>1-

Proof. a) From (6) we deduce:

2
Tp+1ln—1 = TpYn+1

that is (7).



b) For n =1, (6) is 1 = y1, which we consider. Suppose (6) valid for

n < m. Then (5) gives an ¥,,,1 such that:

m m—1

2(m—i+1 _
Hyi (mit )ym+1 = Tm41 H y;n !

=1 =1
and by cancellation we get (6) for n = m + 1.

Definition 6. A sequence (z,,),>; is called starshaped if:
(7) oy Hany, V> 1

Lemma 3. a) If the sequence (x,)n>1 is starshaped, then it may be

represented by:
(8) D! — ! Hz;ﬂ/i(i_n

with an adequate sequence (z)n>1-

b) If (G,-) has radicals and the sequence (x,)n>1 is represented by (8)
then it is starshaped.

Proof. a) We take z; = x1. Suppose (8) be valid for m — 1. Then (7)

gives a 2,,+1 such that:

m _ _m+1
xm—&-l =Ty, “m+l-

So:
. m+1 m+1)'/ i—1) (m 1)!
xm—&-l - m+1
that is (8).
b) From (8) we have:
xz;l _ x;n+1)(n71)!zr(1n71)!

and taking the (n — 1)!-th radical we get (7).
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Definition 7. A sequence (z,),>1 is called supermultiplicative if it

verifies the relation:
9) TnTom|Trgm, ¥ n,m > 1.

Remark 4. We can consider also the sequences (z,,),>0 but then the

relation (7) must be replaced by:

(7) 2 e, YV on >0
and (9) by:
(9 TnTom|TnimTo, ¥ n,m > 0.

Otherwise we must suppose xy = e.

Lemma 4. If the sequence (x,)n,>1 is given by:

(10) v = [[w, n>1
=1

where (wy,)p>1 18 an arbitrary sequence and [x] represents the integer part
of x, then it is supermultiplicative.

Proof. We can write:

n+m

tt = [ wlH
i=1
because [n/i] = 0 for i > n. As:
[(n+m)/i] = [n/i] + [m/i]

it follows (9).
Remark 5. In [6] we have stated that for (NN,-) the representation
(10) is also necessary for supermultiplicity. The problem was also posed

in [5] and a result analogous with that from (6) was "proved" in [2]. But
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as we have remarked in [7], a condition like (10) is not necessary even in
the case of the semigroup (R, 4). The affirmation is valid in all the cases.
Example 4. For a fixed p € G and the sequence of integers (¢;,),>1

we consider:

3 ciln/i]
Ty = pi=t .

If ¢, > 0, Vi, it follows that it is represented by (10) with:

Ci

w; =p-.

But the sequence (z,),>1 can be supermultiplicative also for some
negative values of ¢; and then it cannot be represented by (10). For

example we can take ¢c; = co = c3 =1 = —c4 and then:

oz = T[] (7 [2])

to get a supermultiplicative sequence.

4. A HIERARCHY OF SUPERMULTIPLICITY OF SEQUENCES

Let us denote by K, S* and S the set of convex, starshaped respective
supermultiplicative sequences from (G,-). Let also denote by K’ and
S* the set of sequences from (G,-) which may be represented by (6)
respectively by (8).

Theorem. a) For every semigroup (G,-) hold the inclusions:
(11) K' c S8*cs”.
b) If (G, -) preserves the divisibility, then holds also:

(12) S¥ S



Proof. a) If the sequence (x,),>1 is in K’, it may be represented by

(6) and so:
n
n—1 _ _n k—1
Ly, = Tp—1 H Yy
k=2

thus it belongs to S*. The second inclusion follows from Lemma 3.

b) From (8) we get:

m+n—1
(m+n=1)! _ _(m4n—1)! _ (m+n—1)! m(m+n—1)!/k(k—1)
m+n = Ty T “k
k=m+1
n+m—1
n(m4+n—1)!/k(k—1) _(m+n—2)!
I«
k=n+1

and as the semigroup preserves the divisibility, we deduce that the se-
quence (z,),>1 is supermultiplicative, that is we get (12).
Corollary. If the semigroup (G,-) is cancellative and preserves the

divisibility then hold the inclusions:

KcsS* cs.

Proof. Indeed, then K = K’ and (11) and (12) are valid.

Remark 6. In the case (R, +) more results may be found in [7].
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INVARIANT TRANSFORMATIONS
OF p,-CONVEX SEQUENCES

GH. TOADER

1. INTRODUCTION
A sequence a = (a,),>0 is called p, g-convex if:
qu(an) = Qp+y2 — (p + Q)an+1 +pqan 2 07 Vn 2 0.

The set of p, g-convex sequences is denoted by K,,,. For p = ¢ we have
proved in [4] the following:
1.1. Theorem. If the sequence P(a) = (Ay)n>0 given by:

(1) A, = (pop"ao + pip" tay + -+ 4 puan)/(po+ - + pp)

is in Ky, for every a = (an)n>0 from K,,, then there is an u > 0 such

that:

(2) Pnzpo<u+n_1>,Vn20,



where:
v _ 1 vy _v v—1 a1
0 n n\n—1

Are also known more general transformations of following type: given
an infinite triangular positive matrix P = (pur)o<k<n and a sequence

a = (ay)n>0, one defines the transformed sequence P(a) = (A,)n>0 by:

(3) An = ankak-
k=0

One knows more characterizations of matrices p which give invariant

transformation of K, that is with the property:
(4) a€ K,;= P(a) € K,

(see for example [1], [2] or [3]). But non of them offers concret examples
like (2) for p # g. As we have shown in [4] there is no example similar
with (1) in this case. It is the aim of this paper to give an example of
invariant transformation of K, for p # ¢ which has a form more general

than (1) but more special than (3).

2. RESuULTS

We need a notation and some results which are well known or may be

found in [4]. Let us denote:
Kfy = {w = (Wa)uso : Lpg(wa) =0, ¥ 0 > 0}.

2.1. Lemma. The sequence w = (wn)n>o belongs to KJ for p # q if
and only if there are the numbers A and B such that:

w, = Ap™ + Bq", ¥V n > 0.



2.2. Lemma. If the transformation defined by (3) satisfies (4) then it

verifies also:

0 0
(5) w e K, = Pw) € K,.

2.3. Theorem. For p # q there are sequences (pr)r>o and (2n)n>0

such that the transformation P(a) = (Ap)n>0 given by
(6) An = Zpk@n—k/zm n>0
k=0

has the property (5).

Proof. Taking into account Lemma 1, we must find A, B,C, D such

that:

(7) > pep" /20 = Ap" + Bq"
k=0

and

(8) Zpkq”_k/zn = Cp" + Dq".
k=0

Letting po = 29 = 1, for n = 0 and n = 1 we find from (7) and (8)
that:

A= (p+p—qz)/xp—q),
B=(pxn—p—p)/alp—q),
C=(q+p—qz)/xp—q),

D= (pza—q—p)/alp—q).

3



Subtracting (8) from (7) we get:

n—1

= (" =) /(A= C)p" + (B - D)g")

k=0

n—1 n—1
=2 (prkp"l’“ —q Zpkq””) /" —q")
k=0 k=0
= 21(p2a1(Ap" " + B¢") — qza 1 (CP" " + Dg" ) /(0" — ¢")

= 212,1(p" ' (Ap — Cq) + ¢" ' (Bp — Dq))/ (" — ¢").
Thus:

Zn=2Zn1((p+q+p) " —¢" ") —pez (0" — ") /(0" — ).

For n = 2 we get:

n=up+q+m)/(p+aq).

If we put:
pr=r(p+q)
it follows:
29 =2z1(r +1).
Then:

23 =2((P° + ) (r +1) +pg(2r + 2 — 21))/(p* + pq + 7).

If we choose:

znn=r—+1
we have:
2= (r+1?2 2= (r+1)>
and generally:

9) Zp = Zn_1(r+1)=(r+1)".

4



From (7) we have:
n—1
pn = (Ap" + Bg")zn —p Y _pip" "
k=0

= (A" + Bq")zo — p(Ap" ™! + Bq" )20
= (L+7)" ((Ap" + Bg")(r + 1) — p(Ap" " + Bq" ™))
= (r+ 1" (rAp" + B¢" (¢ +rq—p))
thus
po=(r+1)" Q"+ "+ (" =)/ (0 - q)).
So, with (pn)n>0 given by (10) and (z,),>0 by (9), r arbitrary, the
transformation defined by (6) verifies (5).
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LOGARITMICALLY CONVEX SEQUENCES

GH. TOADER

1. INTRODUCTION

Let (an)n>0 be a real sequence of strictly positive numbers. It is called

convex if:

an+1_2an+an—1 Z 0: vV n Z 1
and logarithmically convex (see [1]) if:
ay < p_10pi1, V0> 1.

As it is easy to see, the sequence (a,),>0 is logarithmically convex if
and only if (log a,),>0 is convex so that it is also called log-convex.

We can remark that the sequence (a,),>o is convex if and only if:

an < A(an-1,an41), Y0 >1

1



and it is log-convex if and only if:
Qp, S G(anflaan+l)7 Vn 2 1

where A and G denote the arithmetic mean respectively the geometric
mean.

In what follows we define the convexity in respect to an arbitrary
mean, generalizing the above convexities. Also we transpose for this case
some results proved in [2] for the usual convexity. By example we define
starshapedness and superadditivity and establish some relations between

them.

2. MEANS

We begin by giving some definitions and results related to means. By

a mean we understand a function M : R? — R, with the property:
min(a, b) < M(a,b) < max(a,b), V a,b > 0.
For example, the power means are defined by:
P.(a,b) = ((a" +b")/2)Y", for r # 0
and
Py(a,b) = G(a,b) = (ab)*/?.
We have also:

P,=Aand P.y =H (the harmonic mean).

More generally, for a strictly monotonic function f : R, — R, we get

a quasi-arithmetic mean (see [1]) defined by:

Ap(a,b) = £ ((f(a) + £(0)/2).
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For f = f,, where f.(x) = 2" if r # 0 and fo(x) = logz, we have
Ag, = P,.

Given two means M and N we write M < N if M(a,b) < N(a,b) for
a # b. For example (see again [1]) we have Ay < A, if and only if f

1

is increasing and fg~! is Jensen concave or f is decreasing and fg~! is

Jensen convex. As a consequence we have:

P.< P, iff r < s.

3. M-CONVEX SEQUENCES

Let M be a mean. We consider the following:

3.1. Definition. The sequence (a,,),>o is called M-convex if:
Qp, S M(an—17an+1)7 Vn Z 1.

Of course, A-convexity means convexity and G-convexity is log-
convexity. Also for M = max we get the quasi-convexity which we have
studied in [4]. For M = min we obtain only constant sequences.

We denote by KM the set of M-convex sequences. Directly from the
definition we get the following result.

3.2. Lemma. If the means M and N are in the relation M < N then

it 18 valid the inclusion:

KM C KN.

3.3. Consequence. We have the inclusions:

KHC KGC KA



and more generally:

KAf - KAg

if f is increasing and fg~' is concave or f is decreasing and fg~! is
convex.

Also, as we did in [4] in the case of quasi-convexity, we can define a
stronger variant of convexity.

3.4. Definition. The sequence (a,,),>0 is strongly M-convex if:
an < M(ay,,a,), for 0 <m <n <p.

We denote by s K M the set of strongly M-convex sequences. Of course,

for every mean M we have:
sKM C KM

and generally the inclusion is proper. For example, the sequence given
by:

a,=n, n>0
belongs to KA but not to sKA. So a convex sequence doesn’t satisfy:
an < (am + ap)/2, for 0 < m < n < p arbitrary
but, as we have proved in [3] it verifies the relations:
an < ((p —n)am + (n—m)a,)/(p—m), 0<m<n<p.
Analogously, a log-convex sequence has the property:

ap, " < ap Ma, " for 0 <m < n <p.



4. STARSHAPEDNESS AND SUPERADDITIVITY

In [2] we have considered together with the set of convex sequences

K = KA, the set of starshaped sequences:
S* ={(an)n>0 1 (an —ao)/n < (ani1 —ao)/(n+1), n =1}
and that of superadditive sequences:
S ={(an)n>0: An~+ am > Apim + ag, ¥V n,m > 1}
Also we have proved the inclusions:
(1) KcCS cS.

Let f be strictly increasing. We remark that the sequence (ay,),>o is

Aj-convex if:

(2) flan) < (f(an-1) + f(ani1))/2.

We can give also the following:

4.1. Definition. The sequence (a,,),>1 is said to be Aj-starshaped if:

(3) flan)/n < flansa)/(n+1), Vo =1

and it is called Ag-superadditive if it satisfies:

(4) flan) + flam) < flan-m), ¥V n,m = 1.

For f decreasing we take the converse inequalities in (2), (3) and (4).

Let us denote by S*A; the set of A-starshaped sequences and by
S Ay the set of As-superadditive sequences. From (1) we deduce also the
inclusions:

KAf C S*Af C SAf
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For example if f = log we get the implications:
a2 < Gy 1py1, Y0 >1= a}/“ < aiﬁf?ﬂ), Vn>1

= Unlm < Apam, ¥V n,m > 1.

Given two strictly monotonic functions f and g, we have in Conse-

quence 3.3 conditions for the validity of the inclusion:
KA rC K Ag.

Similarly we have:
4.2. Lemma. If f and g are strictly increasing and gf ' is positively
subhomogeneous, then:

S*A; C 5°A,.

Proof. If the sequence (a,),>1 belong to S*A; then:

flan) < flania)n/(n+1).

As gf~! is increasing and positively subhomogeneous, we get:

9(an) < gf " ((n/(n + 1)) f(ans1)) < (/(n +1))g(an+1)

thus (a,)n>1 is also in S*A,.
4.3. Lemma. If f and g are increasing and gf~! is superadditive,

then:
SAy C SA,.

Proof. If
fansm) > flan) + f(am)

6



as gf ! is increasing and superadditive, we have:

9(@nym) > gfil(f(an) + flam)) > g(an) + glam).

Also we have some variants in the case when one or two of the functions
f and g are decreasing.

For example we have the inclusions:

KH c S*H Cc SH
N U U
K c § c S
but no relation between S* and S*G or S*G and S*H.
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PROBLEMS AND SOLUTIONS

This section publishes problems and solutions believed to be new
and interesting. Problems are designated by P1,P2,..., and solutions
by P1S1,P2S2...., and remarks by P1R1,P2R2,.... Correspondence re-
garding this section should be sent to the Problems Editor, Professor S.A.
Vanstone, Department of Combinatorics and Optimization, University of
Waterloo, Waterloo, Ontario, Canada, N2L3G1. In case several similar
solutions are received, solutions may be edited by credits given to the

individual contributors.
P279S2 - Gh. Toader (Cluj-Napoca, Romania)

In answering a problem of T. Popoviciu, we proved in [3] the following

result. A sequence of positive integers (a, : n > 1) has the property

(1) anam|an+m7 n,m >1

if and only if there exists a sequence of natural numbers (b, : n > 1) such

that

n

(2) a, =[]0/, n>1

i=1



We have also proposed that the same problem be studied in an ar-
bitrary semigroup. As we remarked in [4], for the case of the additive
semigroup of positive real numbers, a representation similar to (2) is
sufficient but not necessary for the corresponding relation (1).

At the 24-th International Symposium on Functional Equations, R. D.
Snow raised the same question (see [2]) and a solution was published in
[1].

The sequence (a, : n > 1) has the property (1) if and only if it can be
represented by

> ¢i(pi)[n/g]
(3) (n = sz‘ ’
i

where (p; : j > 1) is the sequence of prime numbers, (¢; : j > 1) is a
sequence of natural numbers and the product over 7 is finite.

As is easy to verify, the representations (2) and (3) are equivalent.
They are sufficient but not necessary for the validity of (1). The last

assertion is proved by a simple counter-example. If we take
ay = 2, a9 = 23, as = 25, ay = 26

we can continue to get a sequence which satisfies (1) but in the represen-

tation given by (3) we have
Cl = Cy =C3 = —C4 =

That is, ¢4 < 0.
Instead of these inexact results we can prove only the following less

effective characterization.



Theorem. The sequence (a, : n > 1) has the property (1) if and only

if in its representation

(4) an = szm

the sequences (i, : n > 1) are superadditive for every fized value of i.

Remark. The sequence (g, : n > 1) can be represented by
Qin = Zcij[n/j]-
j=1
As a consequence of (4) above, it is superadditive if and only if
n—1
Cin = — Iin n/k| —|p/k]l — [(n —p)/k])ci. | .
i (;([ /K] = /K] ~ (n — p)/) )

Of course, this last inequality is true if ¢;, > 0 for all n,:, but this is

necessary only for prime values of n.
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1. INTRODUCTION

Let S be the set of all real sequences a = (ag, a1, ... ), Si the set of all
convex sequences (S C S) and Sy the set of all mean-convex sequences,
ie. A= (A, A1,...) €Sy, where

a+ - +ay

A, =
n+1

(n=0,1,...).

The set S of all sequences becomes a vector space if it is supplied
by addition and multiplication by scalars in the usual way. Namely, for
A € R and arbitrary z,y € S, where z = (z¢,x1,...) and y = (Yo, ¥1, - - - )
we put Az = (Azg, Axy,...), ¢ +y = (xo + Yo, 21 + Y1, ... ). Denote by

en = (enos €n1, - - . ) where

0, n#k
Cnk =
1, n=k



the basic sequences in S. (For example e = (1,0,...), e; = (0,1,...)).

Metric in S is introduced as follows

+o00
1.1 d.y) =S ok el
(1) ) = 32

It is easy to see that every sequence u = (ug, u1,...) from the metric

space (5, d) is the limit of sequences

(1.2) u™ = Zukek
k=0

in the sense of metric (1.1), i.e. lim d(u(™, u) = 0.

Therefore, every u € S can be represented in the form

“+o0o
(1.3) u= Zukek.
k=0

+oo —+00 —+o00
Let B, = Zen, B, = Znen and W, = Z(2k —n + 1)eg for
n=0 n=0 k=n

n =2,3,... Let L be linear operator defined on S with values in F'(D)
- the set of all real functions f : D — R, where D C R. We also suppose
that L is continuous, i.e. for every a(™ — a (n — +00), it holds that
L(a™) — L(a) (n — +00).

The purpose of this work is to determine the necessary and sufficient

conditions for a real sequence p = (po, p1,. .. ) such that the inequality

(1.4) Zpkak Z O,
k=0

holds for all sequences a = (ag, ay,...) € Sy. Besides, we shall state the
necessary and sufficient conditions for linear operator L, defined on S5,

to be positive.



2. MAIN RESULT

Theorem 1. Let p = (po,p1,...) € S be given arbitrary. Inequality
(1.4) holds for every sequence a from Sy if and only if the following

conditions

k=0

(2'2) kak = O,
k=1

n

(2.3) > (2 —k+1)p; >0 fork=2.3,....n,

=k
are fulfilled.

Proof. Suppose that (1.4) holds. The sequences a = (c¢,¢,...) and
—a = (—c¢,—¢,...), c = const., belong to S, so necessity of (2.1) follows.
Further, a = (0,1,...) and —a = (0, —1,...) also belongs to S so, from
(1.4) we get that (2.2) is necessary. Finally, the sequences a = (ag, ay, ... )
whereag =---=a, =0,a0; =2j—-k+1,j=k+1,...,nand bk =1,...,n
belong to Sy so, conditions (2.3) are necessary too.

The sufficiency of the conditions (2.1), (2.2), (2.3) is a consequence of
the following identity:

Zpkak = Qo Zpk + 2(AA) Z kpx,
k=0 k=0 k=0

+ Zn: (Zn:(% —k+ 1)pj> AAy. O

k=2 \j=k
Remark 1. Results, analogous to those explained in Theorem 1, but

for different classes of sequences are proved in [1-10].
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Theorem 2. a) Every sequence a™ = (aé"), aﬁ"), ...) of the form

(24)  aW=aME +ME +> "W, (n=0,1,...)
k=2

where o™, 3™ € R, %in) >0 (k=0,1,...) for fixzed n, is mean-convez.
b) Every sequence a € Sy is a limit (in d-metric) of sequences u(™
given by (2.4).
c) Let L : S — F(D) be a continuous linear operator. Then, for every

a (a € S) the implication
(2.5) a€Sy= Lla) >0
holds, if and only if

(2.6) L(Ey) = L(Ey) =0 and L(W,,) >0 forn=2,3,...

Proof. a) This assertion follows from (2.4) directly.

b) In virtue of representation

n—1
an = ag + 2n(AAg) + Y (2n — k — 1)AA,

k=0

(see [11]), we get

+o0 n—2
a = apey + aje; + Z (ao +2nAAp + Z(Qn -k - 1)A2Ak) €n

n=2 k=0

+o0o +oo +o0 +oo
= qp Z en + 2A A Znen + Z (Z(Zk —n+ 1)ek> A%A, .
n=0 n=0 n=2

k=n
Using this identity we can get, that every sequence a € Ss, is a limit

of sequences a™, where

a(") = aoEO + 2E1AAO + Z WkA2A]€,2

k=2



in metric space (Ss, d).

c¢) Suppose that (2.5) holds. By the fact that the sequences +Ey, —Ep,
+FEy, —FEy, W, forn =2,3,..., belong to S, we get that the conditions
(2.6) are necessary. If we suppose that the conditions (2.6) are fulfilled,
then

n—-4o0o n—-+400

L(a) = L( lim a(”)) = lim L(a™)

= lim | a™L(E)+B"LE) +> LW | >0
k=2

n—-+o0o

from which we see that the conditions (2.6) are sufficient. [J
Remark 2. Results, analogous to those explained in Theorem 2, but

for different classes of sequences are proved in [2], [5].
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A MEASURE OF CONVEXITY OF SEQUENCES

GH. TOADER

1. INTRODUCTION

In [1] a hierarchy of convexity of functions is proved which we have
transposed in [4] for convexity of sequences and in [3] for p, g-convexity
of sequences. But this hierarchy is also related to some linear transforma-
tions that preserves the convexity. Though there are some characteriza-
tions of such transformations (see [2] and [6]) there is no concrete example
in the case of p, g-convexity. We shall give here such examples in the case
p = q. We have generalized the result of [4] in [5] with the help of a mea-
sure of convexity. We want to transpose it now to p, p-convexity which
we call here only p-convexity. In fact it can be deduced from ordinary

convexity by some transformations. But we give here direct proofs.

2. A HIERARCHY OF pP-CONVEXITY OF SEQUENCES

For a real sequence z = (z;);>0 we consider the p-differences (of order
two) defined by:

Cpi(T) = Ty — 2pTin1 + D7

1



The sequence x is called p-convex if ¢,;(z) > 0, V ¢ > 0. This is a
generalization of the convexity which corresponds to p = 1. In [3] we have
also defined generalizations of starshapedness and of superadditivity: the

sequence z is said to be p-starshaped if:
dyi(%) = (2i22/P""? = 20) /(1 +2) = (i1 /P = 20) /(i +1) 20, Vi >0
or p-superadditive if:
Apij(T) = Tipj — pixj —pa; +prg >0, Vi, j>0.
We shall denote by K, S; and S, the sets of p-convex, p-starshaped

respectively p-supperadditive sequences. Let us consider also the set of

weakly p-superadditive sequences:
W, ={z; apn(x) >0, Vi>0}.

The first form of the hierarchy of p-convexity is represented by the

following chain of inclusions:
(1) K, C S5, CS5,CW,.
We don’t prove it now because we shall give stronger results in what
follows.
3. A MEASURE OF p-CONVEXITY

As we have done in [5] for the case p = 1, we define the following
measures:
(a) of p-convexity, by:
Epn(2) = min{(c,ix)/p'*?, 0 <i <n—2}
(b) of p-starshapedness, by:

Spn () = min{2d,(r), 0 <i <n—2}

2



(c) of p-superadditivity, by:
Spn(T) = min{apij(x)/ijpiﬂ, 0<i,j,i+7<n}
(d) of weakly p-superadditivity, by:
Wy (1) = min{a, (z)/ip™, 0 <i < n}.

Lemma 1. (a) If the sequence x is represented by:

(2) vi=Y (i—j+1)p b

=0
then:
Epn () = min{b;/p’, 2 <i < n}.
(b) If x is given by:

Tr; — Zpl Zb] — (Z — 1)pzbo
j=1
then:
Spn(T) = min{2b;, 2 <i <nj.
(c) If x is given by:

(4) zi =Y p b +ip by — (i — 1)p'bo

=2
then:

Wy (7) = min{b;, 1 /ip"t, 1 <i < n}.

Proof. From (2) we have:
Cpi(T) = bito

from (3):
dpi(T) = bita

3



and from (4) also:
apil (ZL’) = bi—f—l‘

Lemma 2. For every sequence x, every p > 0 and n > 2, we have:

(5) Fpn () < 53, (2) < $pn (@) < wpn ().

Proof. Every sequence x may be represented by (2) and so, for i <

n—2:
B 1 iz by () 2 B
W) = T2 ;U Vo 2 vy ;(9 D

which gives the first part of (5). But the sequence x may be also repre-

sented by (3) and so:

i+j J+i
k=i+1 k=j+1

which gives the second inequality from (5). The last one is obvious.

Remark 1. The defined measures permit the consideration of the

following classes of sequences:
Koan = {53 kpn(2) > a}
St = {1 $pu(a) > a)
Span = {; spn() > a}
Woan = {x; wpn(x) > a}.

If the corresponding conditions are fulfilled for any n we renounce at
this index getting the sets: K, S;a, Spe and W,,. For a = 0 we find also

the sets from (1). But from Lemma 2 we have the following generalization

of (1).



Theorem 1. For every p > 0, n > 2 and a real, hold the following

inclusions:

(6) Kpan C Shun C Span C Wan.

pan

Remark 2. Let us consider also the following classes of sequences:
K, = {z; ¢pi(x) =0, Vi>0}
Sp0 ={; dypi(z) =0, Vi>0}
Sp = {5 ayij(x) =0, Vi,j >0}
W2 = {z; apa(x) =0, Vi>0}
Z,={r; 3a,beR, z; =p'(ai +b), Vi>0}.

From Lemma 1 we deduce that Kg = S;O = Z,. Also Z, C SS C WZS)

and from:
Cpi(®) = @111 (7) — payia(v)
we deduce W) C K, thus:
0 _ ox0 _ o0 __ 0 __
Kp—Sp —Sp_Wp = Z,.
4. INVARIANT TRANSFORMATIONS

In [5] are indicated all the weight sequences a = (a;);>o which define a

transformation T, of sequence by T, (x) = (X;)i>0, where:
(7) XZ-:(a0x0+---+aixi)/(ag+~~+ai)

with the property that it preserves the classes K7y, S7, 51 or Wi. In [2]
and [6] one can found characterization of such transformations (even of
more general type) which preserves the p-convexity, but no example is

known. One reason may be that there is no transformation of type (7).

5



A more general transformation may be given by a triangular matrix

A= (aij)ogjgi putting TA(ZL‘> = (Xi>i20 where:
Xi = aigro + - + @i
Lemma 3. If the transformation T4 preserves one of the sets K, S,
Sp or W, then it preserves also the set Z,.

Proof. If, for example, T4 preserves K,, then for every z € Z, C K,

we have:
cpi(Ta(Ex)) = £epi(Ta(z)) >0, Vi>0
that is Ty (z) € K} = Z,.
Lemma 4. If the transformation T, given by T,(x) = (X;)i>0, where:

X; = (ajxo + aj—1m1 + -+ -+ apx;) /(1 + 1)

preserves the set Z, then:

i
a; = Aop .

Proof. If T,(Z,) C Z,, there are the real numbers A, B, C' and D such

that:

(8) iaop' + -+ +a;_1p = (i + 1)p'(Ai + B)
and

(9) agp' + -+ a;_1p+a; = (i + 1)p'(Ci + D).

For i = 0 and i = 1 it follows:
A=ay/2, B=0, C=(a1—ap)/2p, D =ag

and for 7 = 2:

2
a1 = app, G2 = aop -



Subtracting (8) from (9) we get:
a; = aopp'(i — 1) +a1p” (i — 2) + -+ + a;_9p® — ao(i +1)(i — 2)p'/2
which gives, by mathematical induction:
a; = aop'.

This result suggests to consider a more general case.

Theorem 2. If the transformation T, given by T,(z) = (X;)i>0, with:
(10) Xi = (aopil’o + (llpi_llﬁl +-- 1+ aixi)/(ao + -+ Cli)

preserves the set Z,, then there is a v > 0 such that:

v+1—1
7

@)= ()=(2) =

Proof. We must find the numbers A and B such that:

(11) ai:ao( >,vz20

where

(12) (zaz + (Z — 1)ai_1 + -+ al)pi = (CLO + -+ CLZ)(AZ -+ B)pz
For i = 0 we have B = 0 and for i = 1 we get also A = a;/(ag + a1).
Then 7 = 2 gives:
Qa9 = al(ao + CL1)/26L0

and putting a; = vay we have (11) for ¢ < 2. From (12) we deduce:

i—1

a; =Y (iv—k(v+1))ap/i

k=0



which gives relation (11) for every i. For this one used the mathematical

induction and the relation:

;C;jj) _ <v+§+1).

Remark 3. Taking in (10) a; as given by (11), it becomes:
v : v + ) — 1 i—q v + Z
(13) Xi:Xi:Z( i )p ﬂxj/< Z. )
=0

Writing XV = (X?);>0 = A,(x) we can consider the following measures

(in v-mean) of sequences:

Fpn (@) = Fpn (X7), 530 (2) = 5, (X7),

pn

Spn (2) = 8pn(XT), wp, (2) = wpn (X°).

pn pn

Theorem 3. For any sequence x = (x;);>0 and any 0 < v < u we have

the following relations:

(14) kpn () < (1+2/u)ky, (2) < (14 2/v)ky,(2) < 55, (2) /D
(15) Spn(®) < (14 2/u)syi(x) < (1+2/v)s, ()

and

(16) wpn () < (14 2/u)w;jn(x) <(1+ 2/v)w;jn(x).

Proof. (i) Let = be given by (2) and X™ by:

(17) Xp=> (i—j+1)p by, i>0.

=0



Then from (13) we have also:

7

19) = XY =X = D+ L) =+ 1y
‘7:

and so:

(19) cpi(T) = bipa = (14 (i +2) /)b,y — ipbi'y 1 /u.

This gives, step by step:

Jj=2

-~ u u(i — 2)! L futj—1 o
_<u+i+(u+i)...(u+2)z< j—2 ))kpN($)—mkpn($)

and hence, by Lemma 1, we have the first inequality from (14).
(ii) Taking (17) for v and u, (19) gives:

1+ 2 ? 1+ 2 l
(1 Tt ) biys — pb?ﬂ = (1 t ) biys — pbfﬂ

and so, by mathematical induction:

by 2) by — .1 b
;+§: v(u+i+2) z+§+(u_v)ﬂz i -1 %
P2 u(v+i+2)pit s (v+i+2)...(v+j)p

Hence, for : <n — 2:

biig v [fu+i+2 (u — v)i! o j—1
= > — A
pl+4_u<v+i+2+(v+z+2 (v+2) ; Jj—2 ()

v(u+2),,
u(v+2) k’m(z)

thus obtaining the second inequality from (14).

9



(iii) Taking v instead of u in (18), we have for ¢ < n:

dpi(w) = (1/v) (b} 2/p"") + (Z(J’ - 1)b§/p7> /(0 + 1) +2)).

=2

Hence:
dyi(z) /p* > (1/v + Z(j - 1)/(@+ 1)+ 2))) kpn ()

= (1/v+1/2)k,,(2)

that is the last inequality from (14).
(iv) If x is given by (3), then (13) gives:

Y U+ i\ o= (u+j—1 ui
XU fpi= b— bi—b —1
=t (o () S (5 e ()

Jj=2

thus:

da(x) = 2 . i ety
pi w442 <u+2)<u—l—i+2) = j—2 J

and so, for i <n — 2:

—_

71—

U U u+k+1
2l (X") > — + : ( > Spn ()
u+1i+2 (u+2)(u+§+2> p k
U *
- u+2sp”(x)

which gives the first inequality from (15).
(v) Let X* be given as in (3) by:

(20) Xy =ip" > by — (i = 1)p'ly.

10



Then as in (18) we have:

zi/p" =i(1+i/u)bf +i(1+1/u) ib;‘ + (1 —i(14+1/u))b;

Jj=1

and so:
cpi(2) /0" = (i42)(1+ (142) /u)blyy —i(1+(2i+3) Ju)bl,  +i(i — 1)bY /u.
Taking it for 0 < v < u, we get:
(i 4+2)(1+ (i +2)/u)by g —i(1+ (20 + 3) /u)bi'; + (i — 1)b Ju

= (i +2)(1+ (i 4+ 2) /)bl g — i(1 + (20 4 3) Jv)bY,, +i(i — 1)bY /v

thus, by mathematical induction:

o vutit2), v i1 u
o= ey e T ) )

which gives as in (ii) the second inequality from (15).

(vi) If x is given by (4) and X" by:

wi =Y P+ ip by — (i Dby’
j=2
we have as in (18):
i = 1 1 j
T = <1 + E) b§‘+;b§”pl_]+p’_li (1 + 5) by + (1 —i (1 + E)) bp’

and so, for 7 > 1:
(21) api(x) = biyy = ((L+ (i +1)/u)biyy — (pi/u)bf
and

apll(x) = bg = (1 + 2/’&)[);

11



By mathematical induction it follows that:

-1 i
u (t—1)...5p"7

by = b; . ~b;

Youti +u;(u+z)...(u—l—j)3

thus, using Lemma 1:

" i—1 . .
.bi _ u' . b; . (2—2)...(]—1) 'bj
(t—1p" wu+i(i—1)p

u u(i —2)! — (u+j—1 o
Z<u+i+(u+i) (u+2)22( j—2 ))wpn(x)—mwpn(x)

which gives the first inequality from (16).
(vii) Taking (20) for v and v, we have from (21):

(14 i+ 1)/u)biyy — (pifu)b = (1 + (i + 1) /0)biy — (pi/v)b], i =2

and
,_ v(ut2),
2 = 2
u(v+2)
So, step by step, we get for i < n:
B - (u—l—z) v(u—v Zz_i (i—1)...5p" b“
' (v—l—z)Z = (v+1) U+])
or, using again Lemma 1:
W o(uti) b +U(u—v)’i<i—2)...@_1) b
(—Dp W) D w0 @) wt)G-Dp

v(u+1) v(w—v)(i—2) <= (v+j—1 “
Z(u(v+i)+u(v+i) wr2) - (j—2 >)"”pn<)

Cv(u+2)
Cu(v+2) Wpn ()

getting the last inequality from (16).
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Remark 4. Let us denote by MKy, M*S’

pan?

M"Span and MWy,
the sets of sequences x with the property that the sequence X" given by
(13) belongs to Kpan, Spans Spans Wpan, respectively. For a = 0 and n un-
bounded, we denote them by MVK,, M"S;, M"S,, M"W,, respectively.
From Theorem 3 we have the following:

Corollary 1. For everyp > 0, 0 < v < u, n > 2 and a real, we have

the following inclusions:

Kpan C Mqu,af(u),n C MUKp7a(U)7n

N

* u Q* v *
Spapn CMSpap (u),n CMSpap (v),n

N N N
Sp,apQ,n M Spap M Spap

N N N

Weapzn C MUWp@pr(u)m - Manapzf(v),n

where f(n) =n/(n+2).

Corollary 2. For every p > 0 and 0 < v < u we have the inclusions:

K, C M"K,C M"K, C S, CM"S;, CM"S;

N N N

S,  M"S, MvS,
N N N

W, Cc M*W, C M'W,.

Remark 5. Among these sets other inclusions may also exist. For
example in [4] it is proved that for p = 1 and v = 1 (which corresponds

to the arithmetic mean):
KiCcM'K,cSfcS cM'S;cMS,.

13
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ALEXANDER’S OPERATOR FOR SEQUENCES

GH. TOADER
PRESENTED BY P. KENDEROV

ABSTRACT. In this paper we define two weak types of starshaped
sequences. One of them shows a close connection between starshaped
and superadditive sequences, while the other one is used for the de-
termination of linear operators which conserve some sequence classes.

We obtain so a discrete operator of Alexander type.

1. INTRODUCTION

Sequences with some special properties can occur in many unexpected

branches. For example, if the positive sequence (a,,),>1 has the property:
(/{3 + 1)ak+1 S k:ak, YV k Z 1,

then the complex function f defined by f(2) = 2 + a2 +... (a1 = 1) is
close-to-convex and a similar condition implies that f is a starlike func-
tion (see [6]). Also convex, quasiconvex and other sequences are used in
the theory of Fourier series (see [3] for many references), giving conditions

for summability.



In this paper we deal with more classes of sequences. The following

sets are well known (see for example [4]): the set of convex sequences:
K ={(zp)n>0: Tpi2 —2xp11 +x, >0, V0 >0}
and also that of superadditive sequences:
S ={(Tn)n>0: Tnim +To > Ty + T, ¥V n,m > 1}
In [7] we have considered the set of starshaped sequences:

S* ={(zn)n>0: (tn —x0)/n < (Tpy1 —x0)/(n+1), V> 1}

proving also that:
(1) KcsS*csS.

Then we have used in [9] a weaker form of superadditivity introducing

the set:
W ={(Tn)n>0: Tnt1+To > Ty +x1, VY > 1}

Here we define also two weaker kinds of starshapedness and establish
their relations with the previous notions.

In [10] there are characterized the weighted arithmetic means that
preserve the convexity. We have obtained a simpler characterization in
[8] and then we have proved that it is also valid for the preservation of
the starshapedness or the superadditivity (see [9]). In what follows we
want to determinate all the linear positive operators of another special
type which conserve one of the above properties. Thus we get a discrete
operator which resembles Alexander’s integral operator used in the theory

of complex functions (see for example [5]).
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2. WEAKLY STARSHAPED SEQUENCES

Define the following two sets of sequences:
Jt = {('xn)nZO D Tpm — To 2 TL(CL‘m - l'o), \ n,m > 1}
and
V= {(In)nzo DTy — T > n(lL‘l — ZL'()), Vn> 1}

The first of them can be considered as a Jensen starshapedness and

the second as a very weak kind of starshapedness. We have obviously:
StcJrcv®

but we want to combine it with (1). Before doing this we add also the

set of linear (or zero) sequences:
Z ={(xp)n>0: Ja, bR, x, =an+b, Vn >0}

Lemma 1. The following inclusions:

Z C K ¢ s c § c W
(2) N N
Jr o v
hold.
Proof. The inclusions S C J* and W C V* can be proved by mathe-

matical induction. The other relations are in (1) or are obvious.

Remark 1. The inclusions:

S*cScJ



show a close connection between starshapedness and superadditivity. In
fact a superadditivity sequence verifies even a stronger inequality than

that used in the definition of J*, namely:
T, — xo > [n/m|(zym — x9), n>m,

where [z] denotes the integer part of .
We have given in [7] a representation formula for sequences from K: a

sequence (z,),>o belongs to K is and only if

n

Ty = Z(n — k+ 1)y, with yp > 0 for k > 2.
k=0

Also we have used representation formulas for sequences from S* and
in [9] for those from W. We add here such formulas for sequences from
S, J* and V*. Each of them is easy to verify.

Lemma 2. Every sequence (x,,)n>0 can be represented by:

(3) Ty = nsz —(n—1)z, forn>0.
k=1

It belongs to:
i) S* if and only if

(4) 2k > 0 for k > 2;

ii) S if and only if

n+m m—4+n
n g ZEL+m g 2z >0, forn,m > 1,
k=n-+1 k=m-+1

iii) J* if and only if
(5) szzo,fornZLmZZ;
k=n+1



iv) W if and only if

n+1

NZpt1 + sz >0, forn>1;
k=2

v) V* if and only if

2n
Z 2z >0, forn > 1.
k=n+1

Remark 2. For sequences from W and V* we have also simpler rep-

resentations:
(6) T, = Zwk +nzy — (n — 1)zg, with w, >0, for k > 2,
k=2

respectively:
(7) Tp = vy +nzy — (n— 1)xp, with v, >0, for n > 2,

both valid for n > 2.

3. LINEAR OPERATORS

Let @ = (¢um)o<m<n be a strictly positive triangular matrix. For a

sequence = = (x,),>o consider the associated sequence L%(z) defined by:

LY(z) = ankxk, Vn>0.
k=0

We get so a linear operator L9 defined on the space of all real se-
quences with values in the same space. It is also isotonic, that is L%(z)
is positive if x is positive. Given a set X of sequences, an usual problem
is to characterize the matrices () with the property that X is invariant

under L%, that is L9(X) C X. We have such characterizations for the

5



set K of convex sequences (see [1] and [2]). We have also the following
general result:

Lemma 3. If one of the sets K,S5*, S, W, J* or V* is invariant under
L®, then Z is also invariant with respect to it.

Proof. Let x be an arbitrary sequence from Z. If the set
X e {K,S*, S, W, J*" V*}

is invariant under L9, as x € X, we have L9(z) € X. By (2) we get
LP(z) € V*. But —x also belongs to Z, which gives L%(z) € Z.

In what follows we want to give explicitly the matrices () with the
property that Z is invariant under L%, supposing Q) of some special types.
We begin with the case of weighted arithmetic means studied in [8] and
[10]. Let p = (pn)n>0 be a strictly positive sequence. For any sequence
x = (xn)n>0 we define the sequence AP(z) of weighted arithmetic means

of = by:
Zpkl'k
(8) Ab () = =—,
Zpk
k=0

We note that one can define a matrix ) using p by:

Vn>0.

P
k=0
Lemma 4. The inclusion:
9) AP(Z) C Z

6



s valid if and only if there is an u > 0 such that:

1
(10) pn:p0(u+n >,Vn20,
n

where

Proof. If (9) holds, we must have a,b € R such that:
Z ki
k=0
>
k=0

For n =0 we get b =0 and n = 1 gives a = p1/(po + p1) so that (11)

(11)

=an+0b, Vn>0.

becomes:
n np1 Zpk
12 kpy = —=" V> 0.
(12) > kp R >

k=0
Thus, by subtraction, we have:

n

(n+ 1)ppt1 = (p1/po) Zpk-

k=0

Denoting p;/po = u, we obtain, again by subtraction:

o = pn(u+n)
n+1 n+1

which gives (10).
Conversely, if p, is given by (10) then (9) is valid, because (12) means
AP(z) = (u/(u+ 1))z, where z = (n),>0.

7



The second case which we study is obtained by putting ¢,» = px. Thus

we have the linear operator B? defined by:

Bl (z) = Zpkxk, vV n>0.

k=0
We denote by:

Zo ={(zn)n>0: Fa,x, =an, ¥V n >0}
Lemma 5. i) There is no sequence p with property:
(13) BP(Z) C Z;
ii) The operator BP satisfies the inclusion:
BP(Zy) C Zy

if and only s

Pn=p1/n, ¥ n>1.

Proof. To obtain (13) it is necessary and sufficient that for arbitrary
a and b there exist constants c,d, e and f such that:

Zakpk:cn+d, prk:en—i-f, n > 0.
k=0 k=0

For n = 0 we have d = 0, bpg = f and for n > 1: anp, = ¢, bp, = e.
Since b # 0 leads to a contradiction, we must have b =0, e =0, ¢ = ap;
and p, = p1/n.

Remark 3. Taking p; = 1, we get an operator which we denote simply

by B, thus:

(14) B,(x) = zn:xk/a:, Vn>1.

8



As we pointed out in the introduction, this operator resembles Alexan-

der’s integral operator.

4. A HIERARCHY OF STARSHAPEDNESS

In what follows we want to investigate the sufficiency of the previous

conditions. First, we denote:
MYT ={z: AP(x) € T'},

where T is an arbitrary set of sequences and AP is given by (8) with p

taken as in (10). We have proved in [8] and [9] that:

K ¢ M*k ¢ S < S < W

(15) N N
Mvs* c M*S c M"W

that is, the condition is sufficient for the sets K,S* and W. We try
to extend this result by taking into account (2). But, as in the case of
the set S, we are not able to prove the inclusion J* C M".J* because
the representation given by (3) and (5) for the sequences of J* is too
complicated.

Lemma 6. For every u > 0 the inclusion:
V:c M*V*

18 valid.
Proof. Let © = (z,),>0 be an arbitrary sequence of V*. It may be

represented as in (7) by:
Ty = Up +nzy — (n— 1)x0

9



with vg = v; = 0 and v,, > 0 for n > 2. So:
(u+k—1>
n L Tl
A¥(x) =
n(7) ; u+n
n
(u+k—1>
n Vk
n
uU+n
n

= w, + nAj(z) — (n — 1)Af(z),

+ (z1 — zo)nu/(u+ 1) 4+ xg

B
Il
o

where wy = wy; = 0 and w,, > 0 for n > 2, that is A%(z) € V*.
To use the operator B given by (14), taking into account Lemma 5, we
must use only sequences which have the first item zero. So, for a given

set T of sequences, we denote by:
To=A{x = (xp)n>0, €T, xo =0}
its subset with desired property. Also we denote:
M°Ty = {z : B(z) € Ty}

We get the following characterizations:
Lemma 7. The sequence (x,),>1 belongs to:
i) MKy iff 2p11/(n+1) > x,/n, forn > 2;
i) MO°S; zﬁi(wn/n —x/k) >0 forn > 2;
iii) MOWy, Zjl%jn/n > x1 forn > 2;

) MOV, zﬁi(wk/k —x1) >0 forn > 2.
Proof. =

We have only to compute:

10



) Buy2(2) = 2Bnia(2) + Bu(®) = Tns2/(n+2) = @nsa /(0 +1);
nepy1/(n+1) Zl’k/k‘

ii) Bpii(x)/(n+ 1) — By(x)/n = " 1)

iii) Byi1(z) — By, (x) — Bl () = Tpi1/(n+ 1) — T

iv) By(x) —nB;(x ka/kz—mﬁl Z(xk/k—ml)

k=1

7

Lemma 8. The mcluszons

Ky c S < S < W, c Vg
(16) N N

MKy, c M°S; c M°S, ¢ M°W, Cc M°V;

hold.

Proof. The inclusions from the first and the second lines follow from

(2), while S§ € MKy and Vy C M°W, are proved in assertions i)

respectively iii) of Lemma 7.

Remark 4. It is easy to see that a superadditive sequence satisfies the

condition ii) of Lemma 7 for n = 2, 3,4, 5, so we conjecture that:

So € M°S;.

To the contrary, Wy ¢ M°S,. For example, the sequence z given by

1 =0, x, = 1 for n > 2, belongs to W, but not to M°S,.
Also we can combine the diagrams (15) and (16).

Lemma 9. For every u > 0 the inclusions:
MeSy; ¢ M"Sy, C MW, C M"Vy
N N N
MOSE ¢ MYS, € MW, C M°Vy

hold.

11



Proof. i) If z = (2,,)n>0 € M"S{, the using (3) and (4) we can repre-
sent A%(x) by:

Ar(x) = nsz, with z; > 0 for k& > 2.
k=1

But then, as in [9], we have:
n n
1 n:(1 —)A“ “ D ),
(17) v = (14 0) An(e) - P, @)

hence

Tp=n ((n — Dz, + (u+1) zk> /.
k=1
We deduce that:

o+ 1 1 = 2 n+1 " k-1
— =Y (g . > 0,
ntl 1y (+»u )ZH+- —L>

that is z € M°Sj.
ii) If z € M“Wj, we have by (6):

Al(x) = Zwk + nwy, with wy, > 0 for k> 2
k=2

if n > 2 and A}(z) = wy. Then z; = (14 1/u)w; and for n > 2, from
(17):
Tp = NWy + Zwk + %(wl +wy,) > n(l+ 1/u)w; = nay,
k=2
that is € M°W,.
iii) For x € M"V; we have from (7) AY(z) = v; and:

Apr(x) = v, + nvy, with v, >0 for n > 2.

12



So z; = (14 1/u)v;, and from (17):

n n 1
T, = <1+—)vn——vn1+n(1+—> V1.
U U U

Thus:

n

> (wn/k—m1) =va/u+ Y ve/k >0

k=2 k=2
and by Lemma 7, x € M°V.
We summarize the above results in the following:

Theorem. For arbitrary u > 0 we have the inclusions:

Kk ¢ S < S < W, < VW

N N
N MK, c M°S; < M°S, ¢ MW, c M°V;
U U U
M*K, C M*Sy < M"S, C M"W, MV
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SUPERMULTIPLICATIVE SEQUENCES
IN SEMIGROUPS

GH. TOADER

1. REAL SEQUENCES

In [1], solving the problem [2], the following result is proved:

Let (a,)n>1 be a sequence of real numbers satisfying the relation
pim < Ap + Gy, ¥ n,m > 1. Then
) syl

k=1 " k

We can analyse this result by taking into account some definitions and
results from [4]. There we have considered the sets of starshaped and of
superadditive sequences defined by

S*={<an>n>1: fn o Ontl Vnzl}

n ~—n+1’

respectively:
S =A{(an)n>1: Gnim = ap+ am, YV n,m>1}
and we have proved the proper inclusion

(2) S*C 8.



Now, multiplying inequality (1) by —1, we get
> (2-%)=20
k=1 "
which is obviously valid for any sequence from S*, but the result of [1]
means that it holds even for all sequences from S.

Starting from this remark, in [8] we have posed the problem of deter-

mination of positive weight sequences (py)g>1 with the property that:

(3) anpk(@—“—;)zo,wm

k=1
for every sequence (a,),>1 € S. In what follows we want to generalize
the results from [8] for the case of sequences in a semigroup which we

have considered in [5].

2. SEQUENCES IN A SEMIGROUP

Remarking that the relation > can be interpreted as a relation of divis-
ibility in the additive semigroup of the positive reals, we have transposed
in [5] some of the results of [4] for semigroups.

Let (G,-) be a semigroup, that is the binary operation - : G x G — G
is associative. We suppose also that the semigroup is commutative and
has an identity

We consider the usual divisibility relation
a3 ce G, b=ac.

Let (z,,),>1 be a sequence of elements of (G, -). In [5], we have called
this sequence:
a) starshaped if

n+1l|,.n .
y n o, V> 1,

2



b) supermultiplicative if
TnTom|Tnam, ¥V n,m > 1.

In what follows we replace the definition of starshapedness by a

stronger one:
ey, Yn<m

and denote by S¢ and Si the set of starshaped, supermultiplicative re-
spectively, sequences from (G, -).

If the semigroup has some properties, a relation like (2) can be valid.

For example, in [5] we have proved that if (G, -) preserves the divisi-
bility, that is

z"y" = xly
then
Se: C Sa

holds.

By analogy with relation (3), for every sequence (x,),>1 € S& and

every sequence of natural numbers ~1 we have
n)n>

n " ik%
(@ (szk) e
k=1

We denote by W the set of sequence (g,,),>1 of natural numbers with
the property that (4) is valid for every sequence (z,),>1 from Sg. We
remark that W is an "integer" cone, that is, it is closed with respect to
addition and multiplication by positive integer numbers.

Lemma 1. The constant sequence given by

G =2, Vn>1



belongs to We.

Proof. For every sequence (z,),>1 from Sg we have
xkxn—k|xn7 1 S k S n

thus

n

2|,.n+1
H xk|xn
k=1

n
n S 2k
2 k=1
k=1

Remark 1. In the case of usual superadditive sequences, we have

or

proved a similar result in [8].

Remark 2. For noninteger sequences (g )x>1, we must find other types
of formulations. So, for the sequence defined by ¢ = 1/k, we have the
following:

Conjecture. If the sequence (z,),>1 belongs to Sg, then, for every

n > 1, we have

(5) e

We can prove it for small values of n (say n < 10). For example, for
n =5 we use

T4w1|T5, Tox3|Ts, :leg]acg) and xi’]%

at the power 30, 40, 10 respectively 16 and then multiplied. Also we can
verify (5) for the sequences (z,,),>1 of the subset T of Si defined as

n
n

T = {(xn)nzl DX, = sz[’

=1

], w; € G, Vi,nzl},

where [z] denotes the integer part of x. We have proved in [5] that T¢ is

a proper subset of Sg.



Lemma 2. Fvery sequence (x,,),>1 of T verifies (5).

Proof. We have

now e\ E o S
lcr_[lmkk:r[(m[z]) ~ [

k=1 \i=1 i=1

thus (5) is fulfilled because

i
| —|
@.|pr
| I
A

<[2]. vniz1
1
(see [3]).

Remark 3. For the case of superadditive sequences we made this
conjecture in [7] and the corresponding special case of Lemma 2 we have
proved in [8].

Remark 4. In [6] another kind of starshapedness and superadditivity
related to the logarithmic convexity is defined. So, if the function f :
R; — R; is strictly increasing, we say that the sequence (a,),>1 is

i) f-starshaped if

f(a,) < flani1)
n — n+1

, Vn>1;

ii) f-superadditive if
flan) + flam) < f(ansm), ¥ n,m > 1.
For example, log-starshapedness means

al/m < a}l@(?ﬁl), Vn>1

and it implies log-superadditivity, i.e.
Ul < Qpim, ¥ n,m > 1.

5



By Lemma 1, this last relation implies

n
Hak < ag”“)/{ Vn>l1.
k=1

The conjecture means, for this case, that every log-superadditive se-

quence verifies

[Ta" <an ¥n>1,
k=1
which is obviously true for log-starshaped sequences.
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ON CHEBYSHEV’S INEQUALITY
FOR SEQUENCES

GH. TOADER

ABSTRACT. We give improved versions of Chebyshev’s inequality for

starshaped sequences, valid also for convex sequences.

1. INTRODUCTION

The classical Chebyshev’s inequality for sequences, as it may be found
in [4], asserts that is a = {a;|1 < j < n}and b = {b;|]1 < j < n} are
increasing sequences, then the following inequality is true:

(1) Z@Zbk SnZajbj.
j=1 k=1 j=1

For convex sequences a and b, Pecari¢ proved in [5] the analogous

inequality
(2) Y ajbi =) a; > be
j=1 j=1 k=1
12 < n+1 (. n+1
> — — N
>y () (- )

In [7] Seymour and Welsh give the following generalization of Cheby-

shev’s inequality: if p = {p;|1 < j < n} is log convex and a and b are

1



increasing sequences, then

(3) > pia; Y prbe <> pi > pragby.
=1 k=l k=1

j=1

In [1] Beck and Krogdahl proved a 2-dimensional version of this result.

But it is known (see [3]) that the inequality (3) is also valid for all
positive sequences p, and not only for those log convex. Moreover, in [2]
the relation (3) is proved under weaker conditions on a and b: replace
monotonicity by monotonicity in p-mean (to be explained below). Also
the classical Chebyshev’s inequaloty (1) was generalized in [6] in a similar
sense, but the result is not comparable with that of [2].

In this paper we want to improve (3) in the case of convexity, but of
the sequences a and b and not of p. In fact, the result is proved even for
starshaped sequences and not only for convex ones. We also generalize in

the same direction some results from [2], [6].

2. DEFINITIONS AND AUXILIARY RESULTS
A sequence a = {a;|1 < j <n} is said to be
i) convex, if

aj; +a;
J Jj+2
Ajp1 < =0

forj=1,...,n—2,
ii) log convex, if it is positive and
a?H <ajajp for j=1,...,n—2,
iii) starshaped, if
& o 4+

< ——forj=1,...,n—1.
J —J+1 J



We recall that a log convex sequence is also convex (as follows from
the inequality between the arithmetic and the geometric mean). Also we
have the following result.

Lemma 1. If the sequence a = {a;|1 < j < n} is conver and a; < as/2
then it 1s starshaped.

The proof can be done by induction. Usually, one supposes that the
sequence a starts, not with a;, but with ap = 0 (or ap < 0). This is only
to get the condition a; < ay/2.

Let p = {p;|1 < j < n} be a fixed positive sequence. The sequence

a = {a;|1 < j <n} is said to be increasing in p-mean if the sequence

J j "
<Z prax/ Zm)

k=1 k=1 j=1
is increasing. If p; = 1 for all j, we say that the sequence is increasing in
1-mean or simply increasing in mean. Of course, an increasing sequence
is increasing in p-mean.

The result of [2] cited above, may be formulated as follows.

Theorem A. If the sequences a and b are increasing in p-mean then
the inequality (3) is valid. If one of the sequences is increasing in p-mean
and the other is decreasing in p-mean then the reverse inequality holds.

To obtain an improved variant of this result for some sequences, we give
the following definition: the sequence a is said to be starshaped in p-mean
if the sequence {a;/j|1 < j < n} is increasing in p-mean. Obviously, we
have the following result.

Proposition. All starshaped sequences are starshaped in p-mean.

We need also the following results.



Lemma 2. The sequence a = {a;|1 < j < n} is increasing in p-mean

if and only if

J J
(4) (541 Zzpkak/zph Jorj=1,....,n—1
k=1 h=1

Proof. We have
j+1 j+1 j

J
Zpkak/ th - Zpk:ak:/ ij
k=1 h=1 k=1 h=1

J J J+1
. ( -3 zph> b/ S
k=1 h=1 k=1
which gives the desired result as the sequence p is positive.

Lemma 3. If the sequence a = {a;|1 < j < n} is increasing in p-mean
and the positive sequence ¢ = {q;|1 < j < n} is decreasing in p-mean,
then the sequence

J J "
Zkakak/ thQh
k=1 h=1 ;

J=1
18 1ncreasing.

Proof. We have to use only (4) and Theorem A.

Corollary 1. If the sequence a is increasing (starshaped) in p-mean,
then it is also increasing (respectively starshaped) in pg-mean for every
positive decreasing sequence q, where pq = {p;q;|1 < j < n}.

We also need the result of [6] given by:

Theorem B. If the sequence a verifies the conditions
g LS 0 <23 sorm <
—_— a. —_— a
L ) L orm <n
7=1 j=1
and the sequence b is increasing, then the inequality (1) is valid.

4



We see that (5) is a condition weaker than the 1-mean monotonicity,

because we compare all the means only with the last mean (n is fixed).

3. MAIN RESULTS

We want to prove (3), and even a stronger inequality, for starshaped
sequences.
Theorem 1. If the sequence p is positive and the sequences a and b

are starshaped then the following inequality holds:

n n n n 2 n
(6) > P> pia; y prbe < (Zﬂ%’) > pragby.
=1 =1 k=l j=1 k=1

Ifaj =b; =1 for 1 < j <n we have the inequality in (6).
Proof. Applying (3) for the weight sequence {;j?p;|1 < j < n} and the
increasing sequences {a;/j|1 < j <n} and {b;/j|1 < j <n} we get

(7) > ipja; Y kpkbe <57 > prarby.
i=1 K1 i1 k=l

Again (3) for the sequences {jp;|1 < j < n}, {a;/j|1 < j <n} and
{jl1 <j < n} gives
(8) > pjapd Kpe <> i Y kprar.
j=1 k=1 =1 k=1
Using (7) and (8), for a and b, we have (6).

Remark. From (3) we also deduce

n n n 2
S o> Kpe > <ijj> :
h=1 i=1

Jj=1

which means that (6) is really stronger than (3).

5



Remark 2. By Lemma 1, the inequality (6) is also valid for (log)
convex sequences with the property that a; < as/2.

Corollary 2. If the sequences a and b are starshaped, then

3n(n+1
(9) Z;CLJZ b < TBZ%’%‘-

Of course, (9) is obtained from (6) by taking p; = 1, for all j. On
the other hand, as (n+1)/(2n+ 1) < 2 for n > 2, from (9) we get an
improvement of (1) for starshaped (or convex) sequences:

Corollary 3. If the sequences a and b are starshaped then, forn > 1,

we have the inequality

n n

(10) Zaj Z bk S %n;ajbj.

j=1 k=1

We can replace 0.9 be a smaller constant ¢, if we desire the inequality
(10) only for n > ¢, and of course ¢, — 0.75 as ¢ — oc.

Let us consider the sequences ¢! = {j*|1 < j < n}, for i > 1.

Theorem 2. If the sequence p is positive and the sequences a and b
are starshaped in e*p-mean, then the inequality (6) is valid.

Proof. Using Theorem A for the sequences {a;/j|1 < j < n} and
{b;/j11 < j < n} and the weight sequence e’p, we get (7). Then, from
Corollary 1 we deduce that the sequences a and b are also starshaped in
e'p-mean. So, we can use again Theorem A for the sequences {a;/j|1 <
Jj < n} and e! and the weight sequence e'p obtaining (8). Employing it,
and a similar inequality for b, in (7) we have (6).

Also we can generalize Theorem B by introducing a weight sequence.

6



Theorem 3. If the sequence p is such that

ij>0f0rallm§n,

j=1

and a verifies the condition

(11) ijaj/Zpk < ijaj/Zpk for all m < n,
Jj=1 k=1 j=1 k=1

then the inequality (3) is valid for all increasing sequences b.

Proof. If we define P,, and A,, by

m m
P, = ij and A, = ijaj,
j=1 j=1

condition (11) becomes A,, < (P,a,)/P, and then we get

n n—1
ijajbj = Apb, — Z A (bmi1 — bin)
7j=1 m=1
n—1
2 bnAn - Z Pm(bm—H - bm)An/Pn
m—1

= (An/Pn) mebm

which is (3).

Remark 3. There is also a version of this theorem for starshaped se-
quences. On the other hand, in all the results of this paper the increasing
monotonicity can be replaced by decreasing monotonicity. In fact, it can
be generalized even by a property of synchronism. The sequences a and

b are synchronous if
(ai—aj)(bi—bj) >0 for 1 <j7j<j3<n.
If the above inequality is reversed so are the inequalities (1) and (3).

7
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ABSTRACT. In the paper there are generalized or adapted some re-

sults from the paper [1] to the case of a cone of sequences.
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1. INTRODUCTION

Let S,, denote the set of finite real sequences (ay)p_,. As it is known

(see [2]), a subset K, C S, is called a cone if:
(Pak)i—o € Ky, for every p >0, (ar)i—o € Ku.
The cone K, is convex if:
(a + br)py € K, for all (ar)i_g, (br)ieg € Kn.

The dual cone K of K, is defined by:

K, = {(pk:)Z’:o € Sy Zpkak >0, V (ak)i—o € Kn} :

k=0
As it is stated in [2], characterizations of the elements of a dual cone

were obtained for the first time for convex functions by T. Popoviciu

1



(see [5] for more references). They were transposed for convex sequences
by J.E. Pecari¢ in [4]. In [6] we can find more results and references to
papers in which it is determined the dual cone of some cones of sequences.
Essentially the cones K,, which are considered in these papers consist in
different kinds of convex or of starshaped sequences.

In this paper we want to generalize and to transpose to above context

the results from [1].

2. SOME RESULTS OF M.P. DRAZIN

The finite differences A* are defined for any sequence (a;);>o recur-

rently by:
AOCLZ' = a;, Alai = Q41 — G4, AkCLZ’ = AI(Ak_lCLZ‘), k Z 2, 1 2 0.

M.P. Drazin proved in [1] the following results:
i) For any sequence (a;);>o and any y holds:
> <n> v = (1" (n) (-1-yyA" ey, nz0. (1)
, ? ~ J
=0 7=0
i) I
(—1)”’jA”’jaj >0, for0<j<n,

with at least one inequality, then:

n

Z <n> yiai >0, fory > —1. (2
)

1=0

~—

iii) If:
A”’jaj >0, for 0 <y <mn,

2



with at least one inequality, then:
n .
1" ‘a; > 0, fi < —1. 3
3 (0 tor )
3. A NEW PROOF

Let us remind the following notation:
i) =i —1)... (i —k+1).

In [2] and [3] are given two identities which we can use for proving and
generalizing (1):

n

znzpiai = Z (% zn:i(k)pz) Alaq (1)
i=0 " i=k

k=0

and

> piai =) ((n _1 B > (- i)(”‘k)pi) (- PArta. (5)

1=0 k=0

For p; = (n) y', (5) becomes:
i

Enj <?)ya = (=" i(—l)’“ (Ek: (g:;) <’Z)y> A",

=0 k=0 =0
n n -
D ()[R
k=0

ie. (1).
Similarly, for p; = (n) y" ", (4) gives:
i

> (1= () urata



4. THE MAIN RESULTS

Let r = (1x)7_q, 7x € {0, 1} be a given sequence. We define:
Ko = {(ap)i_y: (1) A%ag >0, for 0 < k < n},

and
Ly = {(ap)i_y: (1) A" *q, >0, for 0 < k <n}.

Obviously K, , and L, , are convex cones. Using (4) we have the fol-

lowing result:

Theorem 1. If p (k=0,1,...,n) are real numbers such that:

(—1)" Zz’(k)pi >0, for0 <k <n,
i=k

then (px)i—o € K .-
Also, using (5) we get:
Theorem 2. If the real numbers pr (k=0,1,...,n) are such that:

k
(—1)rtnt Z(n — )" Kp, >0, for0 <k <n,
=0

then (pk)Z:O € L;kz,r'
Consequence. Let [ be a function continuous on [0,n], differentiable

n times in (0,n), positive for x = n and
(—1)*f®(x) >0, forl<k<m, n—k<z<n.

If the real numbers p, (k=10,1,...,n) are such that:

k

Z(n—i)(”’k)pi >0, fork=0,1,...,n (6)

=0



then:

ZPz’f(i) > 0.
=0

Proof. From (5) we have:

Zpif(i) =2 (Z(n - ¢)<nk)pi> (—1)"FA"E f(F).

=0
As it is proved in [1], for k = 0,1,...,n — 1, there is a x € (k,n) such
that:

3
—

=0

AR (k) = FOR) ().

We can consider also z,, = n and from (6) we get the result. [J

As an application, we can prove the following generalization of a propo-
sition from [1]:

Theorem 3. Let fi,..., f, be given continuous functions on the in-
terval 0 < x < n, each differentiable n times in the open interval and

positive for x = n; suppose also that:
k ¢(k) - A .
(=1)"f;7 (@) =20, j=1,...,¢s k=1,...,n; n—k <z <n.

If pp (k=0,1,...,n) are real numbers verifying (6) then:
n q
> (1T50) =0
i=0 j=1

As in [1], this result can be illustrated by the set of functions:

file) = (L+a2)™, j=1,....4
where a; and b; can be any positive numbers.
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LALESCU SEQUENCES
Gh. Toader

The convergence of some sequences related to the Lalescu sequences is studied.

The Romanian mathematical journal Gazeta Mathematicid (Bukarest) ap-
pears monthly since 1895. In one of the first volumes, more exactly in a number
from 1900 (see [6]), T.LALESCU has proposed, as problem 579, the study of a
sequence with the general term

L,="%/(n+1)! - Vnl

It is called now LALESCU sequence, at least by Romanian mathematicians,
and many variants of it have appeared during this century in the same journal. The
first one was considered as the problem 2042 (see [5]) and has the general term

In=mn+1)""(n+1)—nin.
We relate to them also a third sequence given by

(n+1)n o
In = —
nn—l (TL _ 1)n—2

which appears as the problem 4600 (see [7]). At the end of this paper we will give
some other sequences which have appeared in the last years.

We begin by indicating a general result giving the limit of a sequence which
looks like the sequences mentioned above. The method of proof is that used in the
first published solution for LALESCU’s problem. This was forget and many other
more sophisticated solutions were considered (see [1] for more information).

We study sequences with the general term

Tn = Yn — Zn

where
Yn

lim y, = lim z, = oo, lim = =1.
n—oo n—oo n—oo 2,

Theorem 1. If there exist the positive constants b and ¢ such that

b

lim Z—Z:z>0, lim (y—n) =y >0,

n—oo N°¢ n—oo \ Zn

1991 Mathematics Subject Classification: 40A05
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26 Gh. Toader

then
0 (c < b),
o ( y_] ey (e=0),
im (y, — 2n) =
nooo Y oo (e>by>1),
-0 (e>by<1).
Proof. We write
y_n —1 nb
Yn — Zn = Zn____ Zn Cbl yn
<yn) ne Zn
In | =
Zn
. t—1
and use the hypotheses and the well known result lim SrvEie 1
n—oo In
Example 1. The sequence
. (n+p" nn—h
n nn—k (’fl _ p)n—h—k

has a finite limit if and only if £ = 1 and in this case the limit is pe?(h 4+ k — p).
Indeed, in this case

(n+p)" n" "
Yn = Tk Zn = W
and so
lim y—Z =eP
n—oo N,
while

n

n h+k 2 o\ n—h—Fk
i (%) = ((52)7 (555) ) ameen
n—oo \ Zp n— 00 n n

Taking p = k = h = 1 we get the sequence (J,) with limit e.
To study the sequences (L, ) or (I,,) we want to apply Theorem 1 to a sequence

with the general term
Ty = "+\1/ Pn+1 — \n/ Qqn.-

Theorem 2. If the positive sequences (pn) and (q,) have the infinite limits and
for some ¢ > 0 satisfy

Pni1 an

lim —— =p >0, =qg>0
n=c0 N°py, Pn
then
0 (c< 1),
Sln= (e=1),
. —In- (c=
lim ("tl/pnﬂ— ."/qn): e q
nee o (e>1,g<e),
-0 (e>1,q>¢€°.
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Proof. We take y,, = "t/Ppnt1, 2n = &/ qn. Of course

. 1 . 1 1
lim dn+ — lim dn+1 Pnt1 Pn
n—0o0 Ny n—=00 Ppi1 NPp Qn

and so

nc
n

. . . dn+1 n
lim — = lim = lim —————
n—oo N° n—oo \/ "¢  n—oo (’fl + 1)(”‘1'1)0 qn

(n+1)c
= lim Lot n P
n—oo nfq, \n+1 e

We have used the well known implication

lim 22— o Lim vz, =1

n—oo Ty n— oo

Also

. Yn " s Pnt1 n* Pn e’
lim — = lim —_— = —.
n—oo \ 2, n—00 NPy, " Y/ Dni1 Gn q

thus we can apply Theorem 1 with b = 1.

We use in what follows only a special case of this result.
Consequence. If the positive sequence (py) is such that

lim Pri1

n—oo NPy,

=p>0

then

. p
lim ("t — YFn) = .

n—oo

With its help we can find the limit of some sequences given in the above
mentioned journal Gazeta Matematica. First of all, for p,, = n! we get the sequence
(L,,) with limit 1/e and for p, = n"*! we get (I,) with limit 1. If p, = n?"/n!

1
we have a sequence given in [2] with limit e. Taking p, =T (%) we get the

sequence from [4] having limit 1/e. Also for p, = v/n!n?" we have the sequence
given in [3] with limit 1/+/e and the list of examples can be continued.
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