Inequalities for Random Variables Over a Finite Interval

Neil S. Barnett Pietro Cerone Sever S. Dragomir

School of Computer Science & Mathematics, Victoria University, PO Box 14428, MC 8001, Melbourne, Victoria, Australia

E-mail address: {neil,pc,sever}@csm.vu.edu.au URL: http://rgmia.vu.edu.au

Contents

Preface v

Chapter 1. Ostrowski Type Inequalities for CDFs 1 1. An Inequality of the Ostrowski Type for CDFs 1 2. Random Variables whose PDFs Belong to L_∞ [a, b] 9 3. Random Variables whose PDFs Belong to L_p [a, b] , p > 1 16 4. Better Bounds for an Inequality of the Ostrowski Type 22

Chapter 2. Other Ostrowski Type Results and Applications for PDFs 29 1. Ostrowski’s Inequality for Functions of Bounded Variation 29 2. Inequalities for Absolutely Continuous Functions 37 3. Ostrowski’s Inequality for Convex Functions 47 4. A New Ostrowski Type Inequality and Applications 56 5. Some Inequalities Arising from Montgomery’s Identity 66

Chapter 3. Trapezoidal Type Results and Applications for PDFs 89 1. The Perturbed Trapezoid Formula and Applications 89 2. A Perturbed Inequality Using the Third Derivative 98 3. Bounds in Terms of the Fourth Derivative 105 4. More Bounds in Terms of the Fourth Derivative 113 5. A Trapezoid Inequality for Convex Functions 123 6. Generalizations of the Weighted Trapezoidal Inequality 129 7. More Generalizations for Monotone Mappings 134

Chapter 4. Inequalities for CDFs Via Grüss Type Results 143 1. Random Variables whose PDFs are Bounded 143 2. The Case of Absolutely Continuous PDFs 154 3. Some Elementary Inequalities 160 4. On an Identity for the Čebyšev Functional 167

Chapter 5. Elementary Inequalities for the Variance 185 1. Elementary Inequalities 185 2. Perturbed Inequalities 200 3. Further Inequalities for Univariate Moments 219

iv CONTENTS

Chapter 6. Inequalities for n-Time Differentiable PDFs 237 1. Random Variable whose PDF is n-Times Differentiable 237 2. Other Inequalities for the Expectation and Variance 252 Bibliography 273 Index 281

Preface

A chapter in the book “Inequalities Involving Functions and Their Integrals and Derivatives”, Kluwer Academic Publishers, 1991, by Mitrinović, Pečarić and Fink is devoted to integral inequalities involving functions with bounded derivatives, or, Ostrowski type inequalities. This topic has now become a special domain in the Theory of Inequalities, there having been published many powerful results and a large number of applications in Numerical Integration, Probability Theory and Statistics, Information Theory and Integral Operator Theory.

The first monograph devoted to Ostrowski type inequalities and applications for quadrature rules was written by members of the Research Group in Mathematical Inequalities and Applications (RGMIA, see http://rgmia.vu.edu.au) in 2002. The book was entitled “Ostrowski Type Inequalities and Applications in Numerical Integration”, edited by S.S. Dragomir & Th. M. Rassias, Kluwer Academic Publishers. The main aim of this monograph was to present some selected results of Ostrowski type inequalities for univariate and multivariate real functions and their natural application to the error analysis of numerical quadrature for both simple and multiple integrals as well as for the Riemann- Stieltjes integral. Due to space limitations, however, no attempt was made to present applications in other domains, more specifically, in Probability Theory.

It can be observed that Ostrowski type inequalities may also be successfully used to obtain various tight bounds for the expectation, variance and moments of continuous random variables defined over a finite interval. This had been noted in the late 1990’s by many authors including members of the RGMIA located at Victoria University, Melbourne, Australia (see for instance the RGMIA Res. Rep. Coll., http://rgmia.vu.edu.au/reports.html for the years 1998-1999). The domain is now rich with results whose beneficial value will increase by being presented in a unified manner. This will then provide to all interested in Inequalities in Applied Probability Theory & Statistics, a primer of results and techniques that may well need further attention and polishing so as to obtain the best possible bounds and estimates.

vi PREFACE

It is from this view point that the current book is written and it is intended to be useful to both graduate students and established researchers working in Probability Theory & Statistics, Analytic Integral Inequalities and their applications in demography, economics, physics, biology, and other scientific areas.

The chapter outlines are given below and it is intended that they can be read independently if desired.

The first two chapters are concerned with natural applications to cumulative distribution functions (CDFs) and expectations for random variables (RVs) over a finite interval. The results use the latest Ostrowski type integral inequalities for functions that are of: bounded variation, convex, Hölder continuous, Lipschitzian or absolutely continuous. The tools used are both the Riemann-Stieltjes integral and the Lebesgue integral. Chapter 3 investigates the use of trapezoidal or corrected trapezoidal type inequalities developed recently in parallel with Ostrowski type inequalities for various classes of functions including the ones mentioned previously, but also for classes of much smoother functions whose second, third or fourth derivatives belong to the Lebesgue spaces L_p for p = 1. Chapter 4, deals with Grüss type or pre-Grüss type integral inequalities which provide error bounds for approximating the integral mean of a product (of two functions) in terms of the product of the integral means (for each individual function). Such inequalities are useful when the integral means of the individual functions are known or are more convenient to calculate. They also provide more accurate approximations, since the bounds are expressed in terms of the oscillation of a function rather than its sup norm that is usually not as tight. Utilising this type of estimate, various bounds for mathematical expressions incorporating the CDFs and the expectations are provided. Elementary and simple-looking bounds for the variance of continuous RVs are presented in Chapter 5. The tools used here are mostly Grüss and pre-Grüss type inequalities and some recent results obtained by the authors in connection with the problem of bounding the Čebyšev functional in its integral version over finite intervals in terms of various quantities and under certain assumptions for the involved integrable functions. Finally, in Chapter 6, by employing Taylor type expansions for n-time differentiable CDFs, various bounds involving the variance of a continuous random variable defined on a finite interval that are more accurate in terms of order of convergence, are outlined.

The book is self-contained in the sense that the reader needs only to be familiar with basic real analysis, integration theory and probability theory. All inequalities used in the text are explicitly stated and appropriately referenced. A comprehensive list of references on which the

PREFACE vii

book is based is presented, complemented by other relevant literature that will allow the interested reader to be introduced to open problems, including the necessity to extend some of the obtained results to probability density functions defined on unbounded intervals.

Last, but no means least, the authors would like especially thank Professor George Anastassiou from Memphis University for his constant encouragement to write the book and whose numerous comments have been implemented in the final version.

The Authors Melbourne, November 2004

Ostrowski Type Inequalities for CDFs

1. An Inequality of the Ostrowski Type for CDFs 1.1. Inequalities. Let X be a random variable taking values in the finite interval [a, b], with cumulative distribution function (CDF) F (x) = Pr (X ≤ x) .

The following theorem holds [9].

Theorem 1. Let X and F be as above, then we have the inequality | |Pr (X ≤ x) − b − E (X) b − a | | (1.1) ≤ 1 b − a [ [2x − (a + b)] Pr (X ≤ x) +

∫_b a sgn (t − x) F (t) dt ]

≤ 1 b − a

[(b − x) Pr (X ≥ x) + (x − a) Pr (X ≤ x)] ≤ 1 2 + | x −^{a+b}_2 | (b − a)

for all x ∈ [a, b] . All the inequalities in (1.1) are sharp and the constant 1 2 is the best possible.

Proof. Consider the kernel p : [a, b]^2 → R given by

(1.2) p (x, t) := { t − a if t ∈ [a, x]

t − b if t ∈ (x, b] . The Riemann-Stieltjes integral

∫_b a p (x, t) dF (t) exists for any x ∈ [a, b] and the formula of integration by parts for Riemann-Stieltjes integral gives:

∫_b a p (x, t) dF (t)

(1.3) = ∫_x a (t − a) dF (t) +

∫_b x (t − b) dF (t) 1

2 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS

= (t − a) F (t)|^x_a −

∫_x a F (t) dt + (t − b) F (t)|^b_x −

∫_b x F (t) dt

= (b − a) F (x) −

∫_b a F (t) dt.

On the other hand, the integration by parts formula for the Riemann- Stieltjes integral also gives:

E (X) :=

∫_b a tdF (t) = tF (t)|^b_a −

∫_b a F (t) dt

(1.4)

= bF (b) − aF (a) −

∫_b a F (t) dt

= b −

∫_b a F (t) dt.

Now, using (1.3) and (1.4), we get the equality

(1.5) (b − a) F (x) + E (X) − b =

∫_b a p (x, t) dF (t)

for all x ∈ [a, b] .

Now, assume that Δ_n : a = x^{(n)}_0 < x^{(n)}_1 < ... < x^{(n)}_{n−1} < x^{(n)}n = b is a sequence of divisions with ν (Δ_n) → 0 as n → ∞, where

ν (Δ_n) := max { x^{(n)}_{i+1} − x^{(n)}_i : i = 0, ..., n − 1 } . If p : [a, b] → R is continuous on [a, b] and ν : [a, b] → R is monotonic nondecreasing, then the Riemann-Stieltjes integral

∫_b a p (x) dν (x) exists and | | ∫_b a p (x) dν (x) | | = | | | lim ν(Δ_n)→0

n−1∑ i=0 p ( ξ^{(n)}_i ) [ ν ( x^{(n)}_{i+1} ) − ν ( x^{(n)}_i )] | | | (1.6)

≤ lim

ν(Δ_n)→0

n−1∑ i=0 | |p ( ξ^{(n)}_i )| | ( ν ( x^{(n)}_{i+1} ) − ν ( x^{(n)}_i ))

= ∫_b a |p (x)| dν (x) .

1. AN INEQUALITY OF THE OSTROWSKI TYPE FOR CDFS 3

Using (1.6) we have: | | ∫_b a p (x, t) dF (t) | | (1.7) = | | ∫_x a (t − a) dF (t) +

∫_b x (t − b) dF (t) | | ≤ | | ∫_x a (t − a) dF (t) | | + | | ∫_b x (t − b) dF (t) | | ≤ ∫_x a |t − a| dF (t) +

∫_b x |t − b| dF (t) = ∫_x a (t − a) dF (t) +

∫_b x (b − t) dF (t)

= (t − a) F (t)|^x_a −

∫_x a F (t) dt

− (b − t) F (t)|^b_x +

∫_b x F (t) dt = [ [2x − (a + b)] F (x) −

∫_x a F (t) dt +

∫_b x F (t) dt ]

= [2x − (a + b)] F (x) +

∫_b a sgn (t − x) F (t) dt.

Using the identity (1.5) and the inequality (1.7), we deduce the first part of (1.1) .

We know that ∫_b a sgn (t − x) F (t) dt = −

∫_x a F (t) dt +

∫_b x F (t) dt.

As F (·) is monotonic nondecreasing on [a, b] , we can state that ∫_x a F (t) dt ≥ (x − a) F (a) = 0 and ∫_b x F (t) dt ≤ (b − x) F (b) = b − x

and then

∫_b a sgn (t − x) F (t) dt ≤ b − x for all x ∈ [a, b] .

4 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS

Consequently, we have the inequality

[2x − (a + b)] F (x) +

∫_b a sgn (t − x) F (t) dt

≤ [2x − (a + b)] F (x) + (b − x) = (b − x) (1 − F (x)) + (x − a) F (x) = (b − x) Pr (X ≥ x) + (x − a) Pr (X ≤ x) and the second part of (1.1) is proved.

Finally,

(b − x) Pr (X ≥ x) + (x − a) Pr (X ≤ x) ≤ max{b − x, x − a} [Pr (X ≥ x) + Pr (X ≤ x)] = 1 2 (b − a) + | |x − a + b 2 | | and the last part of (1.1) is also proved.

We now assume that the inequality (1.1) holds for a constant c > 0 instead of^1_2 , then, | |Pr (X ≤ x) − b − E (X) b − a | | (1.8) ≤ 1 b − a [ [2x − (a + b)] Pr (X ≤ x) +

∫_b a sgn (t − x) F (t) dt ]

≤ 1 b − a

[(b − x) Pr (X ≥ x) + (x − a) Pr (X ≤ x)]

≤ c + | x −^{a+b}_2 | b − a for all x ∈ [a, b] .

Choose the random variable X such that F : [0, 1] → R,

F (x) :=

0 if x = 0

1 if x ∈ (0, 1] . We then have:

E (X) = 0,

∫_1 0 sgn (t) F (t) dt = 1

and by (1.8) , for x = 0, we get

1 ≤ c + 1 2 which shows that c =^1_2 is the best possible value.

1. AN INEQUALITY OF THE OSTROWSKI TYPE FOR CDFS 5

Remark 1. Taking into account the fact that

Pr (X ≥ x) = 1 − Pr (X ≤ x) ,

then from (1.1) we get the equivalent inequality | |Pr (X ≥ x) − E (X) − a b − a | | (1.9) ≤ 1 b − a [ [2x − (a + b)] Pr (X ≤ x) +

∫_b a sgn (t − x) F (t) dt ]

≤ 1 b − a

[(b − x) Pr (X ≥ x) + (x − a) Pr (X ≤ x)] ≤ 1 2 + | x −^{a+b}_2 | b − a for all x ∈ [a, b] .

Remark 2. The following particular cases are also interesting:

(1.10) | |Pr ( X ≤ a + b 2 ) − b − E (X) b − a | | ≤ ∫_b a sgn ( t − a + b 2 ) F (t) dt ≤ 1 2 and (1.11) | |Pr ( X ≥ a + b 2 ) − E (X) − a b − a | | ≤ ∫_b a sgn ( t − a + b 2 ) F (t) dt ≤ 1 2 . The following corollary can be useful in practice (see also [9]).

Corollary 1. Under the above assumptions, we have 1 b − a [ a + b 2 − E (X) ] ≤ Pr ( X ≤ a + b 2 ) (1.12) ≤ 1 b − a [ a + b 2 − E (X) ] + 1.

Proof. From the inequality (1.10) , we get − 1 2 + b − E (X) b − a

≤ Pr ( X ≤ a + b 2 ) ≤ 1 2 + b − E (X) b − a .

6 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS But − 1 2 + b − E (X) b − a = −b + a + 2b − 2E (X) 2 (b − a) = 1 b − a [ a + b 2 − E (X) ]

and 1 2 + b − E (X) b − a

= 1 + b − E (X)

b − a − 1 2 = 1 +

2b − 2E (X) − b + a 2 (b − a)

= 1 + 1 b − a [ a + b 2 − E (X) ]

and the inequality is proved.

Remark 3. Let 0 ≤ ε ≤ 1, and assume that

(1.13) E (X) ≥ a + b 2 + (1 − ε) (b − a) ,

then

(1.14) Pr ( X ≤ a + b 2 ) ≤ ε.

Indeed, if (1.13) holds, then by the right-hand side of (1.12) we get Pr ( X ≤ a + b 2 ) ≤ 1 b − a [ a + b 2 − E (X) ] + 1 ≤ (ε − 1) (b − a) b − a

+ 1 = ε.

Remark 4. Also, if

(1.15) E (X) ≤ a + b 2 − ε (b − a)

then, by the right-hand side of (1.12) , Pr ( X ≤ a + b 2 ) ≥ [ a + b 2 − E (X) ] · 1 b − a ≥ ε (b − a) (b − a) = ε and so

(1.16) Pr ( X ≤ a + b 2 ) ≥ ε, ε ∈ [0, 1] .

1. AN INEQUALITY OF THE OSTROWSKI TYPE FOR CDFS 7

The following corollary is also interesting (see also [9]): Corollary 2. Under the assumptions of Theorem 1, 1 b − x

∫_b a [ 1 + sgn (t − x) 2 ] F (t) dt

(1.17) ≥ Pr (X ≥ x) ≥ 1 x − a

∫_b a [ 1 − sgn (t − x) 2 ] F (t) dt for all x ∈ (a, b) .

Proof. From the inequality (1.1) we have

Pr (X ≤ x) − b − E (X)

b − a ≤ 1 b − a [ [2x − (a + b)] Pr (X ≤ x) +

∫_b a sgn (t − x) F (t) dt ]

which is equivalent to

(b − a) Pr (X ≤ x) − [2x − (a + b)] Pr (X ≤ x) ≤ b − E (X) +

∫_b a sgn (t − x) F (t) dt, that is,

2 (b − x) Pr (X ≤ x) ≤ b − E (X) +

∫_b a sgn (t − x) F (t) dt. As b − E (X) =

∫_b a F (t) dt then from the above inequality we deduce the first part of (1.17) .

The second part follows by a similar argument from

Pr (X ≤ x) − b − E (X)

b − a ≥ − 1 b − a [ [2x − (a + b)] Pr (X ≤ x) +

∫_b a sgn (t − x) F (t) dt ] . The details are omitted.

8 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS

Remark 5. If we put x =^{a+b}_2 in (1.17) , then we get 1 b − a

∫_b a [ 1 + sgn ( t − a + b 2 )] F (t) dt

(1.18)

≥ Pr ( X ≥ a + b 2 )

≥ 1 b − a

∫_b a [ 1 − sgn ( t − a + b 2 )] F (t) dt.

1.2. Applications for a Beta Random Variable. A Beta random variable X with parameters (p, q) has the probability density function

f (x; p, q) := x^{p−1} (1 − x)^{q−1} B (p, q)

; 0 < x < 1,

where Ω = {(p, q) : p, q > 0} and B (p, q) :=

∫_1 0 t^{p−1} (1 − t)^{q−1} dt.

We have, further, that

E (X) = 1 B (p, q)

∫_1 0 x · x^{p−1} (1 − x)^{q−1} dx =

B (p + 1, q) B (p, q) , and so E (X) = p p + q . Let X be a Beta random variable with parameters (p, q) . Then we have: | | |Pr (X ≤ x) − q p + q | | ≤ 1 2 + | |x − 1 2 | | and | | |Pr (X ≥ x) − p p + q | | ≤ 1 2 + | |x − 1 2 | | for all x ∈ [0, 1] and particularly | |Pr ( X ≤ 1 2 ) − q p + q | | ≤ 1 2 and | | |Pr ( X ≥ 1 2 ) − p p + q | | ≤ 1 2 respectively.

The proof follows by application of Theorem 1.

2. RANDOM VARIABLES WHOSE PDFS BELONG TO L∞ [a, b] 9

2. Random Variables whose PDFs Belong to L_∞ [a, b] 2.1. Inequalities. Let X be a random variable with the probability density function f : [a, b] ⊂ R→R_+ and with cumulative distribution function F (x) = Pr (X ≤ x) .

The following theorem holds [13].

Theorem 2. Let f ∈ L_∞ [a, b] and put ‖f‖_∞ = sup_{t∈[a,b]}f (t) < ∞.

Then we have the inequality:

(1.19) | |Pr (X ≤ x) − b − E (X) b − a | | ≤ [ 1 4 + ( x −^{a+b}_2

)_2

(b − a)^2 ] (b − a) ‖f‖_∞

or equivalently,

(1.20) | |Pr (X ≥ x) − E (X) − a b − a | | ≤ [ 1 4 + ( x −^{a+b}_2

)_2

(b − a)^2 ] (b − a) ‖f‖_∞

for all x ∈ [a, b] . The constant^1_4 in (1.19) and (1.20) is sharp.

Proof. Let x, y ∈ [a, b], then

|F (x) − F (y)| = | | ∫_y x f (t) dt | | ≤ |x − y| ‖f‖_∞

which shows that F is ‖f‖_∞ −Lipschitzian on [a, b] .

Consider the kernel p : [a, b]^2 → R given by (1.2). The Riemann- Stieltjes integral

∫_b a p (x, t) dF (t) exists for any x ∈ [a, b] and the formula of integration by parts for Riemann-Stieltjes integral gives:

(1.21)

∫_b a p (x, t) dF (t) = (b − a) F (x) −

∫_b a F (t) dt.

The integration by parts formula also gives

(1.22) E (X) = b −

∫_b a F (t) dt.

Now, using (1.21) and (1.22), we get the equality

(1.23) (b − a) F (x) + E (X) − b =

∫_b a p (x, t) dF (t) ,

for all x ∈ [a, b] .

Now, assume that

Δ_n : a = x^{(n)}_0 < x^{(n)}_1 < ... < x^{(n)}_{n−1} < x^{(n)}_n = b

10 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS

is a sequence of divisions with ν (Δ_n) → 0 as n → ∞, where

ν (Δ_n) := max { x^{(n)}_{i+1} − x^{(n)}_i : i = 0, ..., n − 1 } . If p : [a, b] → R is Riemann integrable on [a, b] and ν : [a, b] → R is L-Lipschitzian (Lipschitzian with the constant L), then we have | | ∫_b a p (x) dν (x) | | (1.24) = | | | lim ν(Δ_n)→0

n−1∑ i=0 p ( ξ^{(n)}_i ) [ ν ( x^{(n)}_{i+1} ) − ν ( x^{(n)}_i )] | | | ≤ lim

ν(Δ_n)→0

n−1∑ i=0 | |p ( ξ^{(n)}_i )| | ( x^{(n)}_{i+1} − x^{(n)}_i ) | | | ν ( x^{(n)}_{i+1} ) − ν ( x^{(n)}_i ) x^{(n)}_{i+1} − x^{(n)}_i | | |

≤ L lim

ν(Δ_n)→0

n−1∑ i=0 | |p ( ξ^{(n)}_i )| | ( x^{(n)}_{i+1} − x^{(n)}_i ) = L ∫_b a |p (x)| dx.

Applying the inequality (1.24) for the mappings p (x, ·) and F (·) ,we get | | ∫_b a p (x, t) dF (t) | | ≤ ‖f‖_∞

∫_b a |p (x, t)| dt

= ‖f‖_∞ [∫_x a (t − a) dt +

∫_b x (b − t) dt ]

= ‖f‖_∞ [ (x − a)^2 + (b − x)^2 2 ]

= [ 1 4 (b − a)^2 + ( x − a + b 2 )_2]

‖f‖_∞

for all x ∈ [a, b] .

Finally, by the identity (1.23) we deduce that for all x ∈ [a, b], | |F (x) − b − E (X) b − a | | ≤ [ 1 4 + ( x −^{a+b}_2

)_2

(b − a)^2 ] (b − a) ‖f‖_∞

which proves (1.19) .

Now, taking into account the fact that

Pr (X ≥ x) = 1 − Pr (X ≤ x) ,

the inequality (1.20) is also obtained.

2. RANDOM VARIABLES WHOSE PDFS BELONG TO L∞ [a, b] 11

To prove that the constant^1_4 is best, assume that the inequality (1.19) holds with a constant c > 0, that is,

(1.25) | | |Pr (X ≤ x) − b − E (X) b − a | | | ≤ [ c + ( x −^{a+b}_2

)_2

(b − a)^2 ] (b − a) ‖f‖_∞

for all x ∈ [a, b] .

Assume that X_0 is a random variable having the probability density function f_0 : [0, 1] → R given by f_0 (t) = 1, then we find that

Pr (X_0 ≥ x) = x, (x ∈ [0, 1]), E (X_0) = 1 2 , and ‖f_0‖_∞ = 1.

Consequently, (1.25) becomes | |x − 1 2 | | ≤ c + ( x − 1 2 )_2

for all x ∈ [0, 1] .

Choosing x = 0, we get c ≥^1_4 and the result is proved.

The above theorem has some interesting corollaries for the expectation of X (see also [13]).

Corollary 3. Under the above assumptions, we have the double inequality

(1.26) b − 1 2 (b − a)^2 ‖f‖_∞ ≤ E (X) ≤ a + 1 2 (b − a)^2 ‖f‖_∞ .

Proof. We know that a ≤ E (X) ≤ b.

Now, choose x = a in (1.19) to obtain | |b − E (X) b − a | | ≤ 1 2 (b − a) ‖f‖_∞

that is, b − E (X) ≤ 1 2 (b − a)^2 ‖f‖_∞ , which is equivalent to the first inequality in (1.26) .

Also, choose x = b in (1.19) to get | |1 − b − E (X)

b − a | | ≤ 1 2 (b − a) ‖f‖_∞

which reduces to:

E (X) − a ≤ 1 2 (b − a)^2 ‖f‖_∞ ,

proving the second inequality (1.26).

12 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS

Remark 6. We know that 1 = ∫_b a f (x) dx ≤ (b − a) ‖f‖_∞

which gives ‖f‖_∞ ≥ 1 b − a . If we assume that ‖f‖_∞ is not too large, say,

(1.27) ‖f‖_∞ ≤ 2 b − a , then a + 1 2 (b − a)^2 ‖f‖_∞ ≤ b and b − 1 2 (b − a)^2 ‖f‖_∞ ≥ a which shows that the inequality (1.26) is a tighter inequality than a ≤ E (X) ≤ b when (1.27) holds.

Another equivalent inequality to (1.26) , which can be more useful in practice, is the one following (see also [13]).

Corollary 4. With the above assumptions,

(1.28) | |E (X) − a + b 2 | | ≤ (b − a)^2 2 ( ‖f‖_∞ − 1 b − a ) . Proof. From the inequality (1.26), b − a + b 2 − 1 2 (b − a)^2 ‖f‖_∞ ≤ E (X) − a + b 2 ≤ a − a + b 2 + 1 2 (b − a)^2 ‖f‖_∞ ,

giving, − (b − a)^2 2 ( ‖f‖_∞ − 1 b − a ) ≤ E (X) − a + b 2 ≤ (b − a)^2 2 ( ‖f‖_∞ − 1 b − a ) , which is exactly (1.28) .

This corollary provides the mechanism for finding a sufficient condition, in terms of ‖f‖_∞ , for the expectation E (X) to be close to the midpoint of the interval,^{a+b}_2 (see also [13]).

2. RANDOM VARIABLES WHOSE PDFS BELONG TO L∞ [a, b] 13

Corollary 5. Let X and f be as above and ε > 0. If

(1.29) ‖f‖_∞ ≤ 1 b − a + 2ε (b − a)^2

then, | |E (X) − a + b 2 | | ≤ ε. The proof is obvious and hence the details are omitted. The following corollary of Theorem 2 also holds (see also [13]).

Corollary 6. Let X and f be as above, then: | |Pr ( X ≤ a + b 2 ) − 1 2 | | (1.30) ≤ 1 4 (b − a) ‖f‖_∞ + 1 b − a | |E (X) − a + b 2 | | ≤ 3 4 (b − a) ‖f‖_∞ − 1 2 . Proof. If we choose x =^{a+b}_2 in (1.19) , then we have: | |Pr ( X ≤ a + b 2 ) − b − E (X) b − a | | ≤ 1 4 (b − a) ‖f‖_∞ ,

which is clearly equivalent to | |Pr ( X ≤ a + b 2 ) − 1 2 + 1 b − a ( E (X) − a + b 2 )| | ≤ 1 4 (b − a) ‖f‖_∞ .

Using the triangle inequality, we get | |Pr ( X ≤ a + b 2 ) − 1 2 | | = | |Pr ( X ≤ a + b 2 ) − 1 2 + 1 b − a ( E (X) − a + b 2 )

− 1 b − a ( E (X) − a + b 2 )| |

14 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS ≤ | |Pr ( X ≤ a + b 2 ) − 1 2 + 1 b − a ( E (X) − a + b 2 )| | + | | 1 b − a ( E (X) − a + b 2 )| | ≤ 1 4 (b − a) ‖f‖_∞ + 1 b − a | |E (X) − a + b 2 | | ≤ 3 4 (b − a) ‖f‖_∞ − 1 2 and the desired inequality is obtained.

Remark 7. A similar result applies for Pr ( X ≥ a + b 2 ) , and the details are omitted.

Finally, the following result holds (see also [13]). Corollary 7. Let X and f be as above, then:

(1.31) | |E (X) − a + b 2 | | ≤ 1 4 (b − a)^2 ‖f‖_∞ + (b − a) | |Pr ( X ≤ a + b 2 ) − 1 2 | | . Proof. As in the above Corollary 6, we have 1 b − a | |E (X) − a + b 2 | | ≤ | |Pr ( X ≤ a + b 2 ) − 1 2 + 1 b − a ( E (X) − a + b 2 )| | + | |Pr ( X ≤ a + b 2 ) − 1 2 | | ≤ 1 4 (b − a) ‖f‖_∞ + | |Pr ( X ≤ a + b 2 ) − 1 2 | | , from which we get (1.31) .

Remark 8. If we assume that f is continuous on [a, b] , then F is differentiable on (a, b) and we get, in view of Ostrowski’s inequality, (see for instance [86]), | |F (x) − 1

b − a

∫_b a F (t) dt | | ≤ [ 1 4 + ( x −^{a+b}_2

)_2

(b − a)^2 ] (b − a) ‖f‖_∞

2. RANDOM VARIABLES WHOSE PDFS BELONG TO L∞ [a, b] 15

for all x ∈ [a, b] .

Using the identity (1.22) we recapture the inequality (1.19) and (1.20) for random variables whose probability density functions are continuous on [a, b] .

2.2. Application for a Beta Random Variable. Assume that X is a Beta random variable with parameters (p, q) as defined in (1.2). We observe that for 0 < p < 1,

‖f (·, p, q)‖_∞ = sup_{x∈(0,1)} [ x^{p−1} (1 − x)^{q−1} B (p, q) ] = ∞.

Assume that p, q ≥ 1, then we find that

df (x, p, q) dx = 1 B (p, q) [ (p − 1) x^{p−2} (1 − x)^{q−1} − (q − 1) x^{p−1} (1 − x)^{q−2} ]

= x^{p−2} (1 − x)^{q−2}

B (p, q)

[(p − 1) (1 − x) − (q − 1) x] = x^{p−2} (1 − x)^{q−2}

B (p, q)

[− (p + q − 2) x + (p − 1)] .

We observe that for p, q > 1,^{df(x,p,q)}_{dx} = 0 if and only if x_0 =^{p−1}_{p+q−2} . We therefore have^{df(x,p,q)}_{dx} > 0 on (0, x_0) and^{df(x,p,q)}_{dx} < 0 on (x_0, 1) . Consequently, we see that

‖f (·, p, q)‖_∞ = f (x_0; p, q) =

(p − 1)^{p−1} (q − 1)^{q−1} B (p, q) (p + q − 2)^{p+q−2} . On the other hand we have

E (X) = 1 B (p, q)

∫_1 0 x · x^{p−1} (1 − x)^{q−1} dx =

B (p + 1, q) B (p, q) . Upon employing the familiar relationships B (p, q) =^{Γ(p)Γ(q)}_{Γ(p+q)} and Γ (z + 1) = zΓ (z), (z ∈ C� {−1, −2, −3, ...}), where Γ denotes the well-known Gamma Function, it is easy to see that

E (X) = p p + q . Finally, using Theorem 2, we can state the following.

16 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS

Let X be a Beta random variable with the parameters (p, q), (p, q) ∈ [1, ∞) × [1, ∞), then we have the inequality | |Pr (X ≤ x) − q p + q | | ≤ [ 1 4 + ( x − 1 2 )_2]

(p − 1)^{p−1} (q − 1)^{q−1} B (p, q) (p + q − 2)^{p+q−2} and | |Pr (X ≥ x) − p p + q | |

≤ [ 1 4 + ( x − 1 2 )_2]

(p − 1)^{p−1} (q − 1)^{q−1} B (p, q) (p + q − 2)^{p+q−2}

where x ∈ [0, 1] . In particular, | |Pr ( X ≤ 1 2 ) − q p + q | | ≤ 1 4 · (p − 1)^{p−1} (q − 1)^{q−1} B (p, q) (p + q − 2)^{p+q−2} and | |Pr ( X ≥ 1 2 ) − p p + q | | ≤ 1 4 · (p − 1)^{p−1} (q − 1)^{q−1} B (p, q) (p + q − 2)^{p+q−2} ·

3. Random Variables whose PDFs Belong to L_p [a, b] , p > 1 3.1. Inequalities. The following theorem holds [76].

Theorem 3. Let X be a random variable with the probability density function f : [a, b] ⊂ R→R_+ and with cumulative distribution function F (x) = Pr (X ≤ x) . If f ∈ L_p [a, b] , p > 1, then we have the inequalities | |Pr (X ≤ x) − b − E (X) b − a | | (1.32) ≤ q q + 1

‖f‖_p (b − a)^{1q} [( x − a b − a

) 1+q_q + ( b − x b − a

) 1+q_q ]

≤ q q + 1

‖f‖_p (b − a)^{1q}

for all x ∈ [a, b] , where^1_p +^1_q = 1.

3. RANDOM VARIABLES WHOSE PDFS BELONG TO Lp [a, b] , p > 1 17

Proof. By Hölder’s integral inequality we have

|F (x) − F (y)| = | | ∫_y x f (t) dt | | (1.33) ≤ | | ∫_y x dt | | 1 q | | ∫_y x |f (t)|^p dt | | 1 p

≤ |x − y|^{1q} ‖f‖_p ,

for all x, y ∈ [a, b] , where p > 1,^1_p +^1_q = 1 and

‖f‖_p := (∫_b a |f (t)|^p dt

)^1_p

is the usual p−norm on L_p [a, b] .

The inequality (1.33) shows, in fact, that the mapping F (·) is of the r − H−Hölder type, i.e.,

(1.34) |F (x) − F (y)| ≤ H |x − y|^r , for all x, y ∈ [a, b]

with 0 < H = ‖f‖_p and r =^1_q ∈ (0, 1).

Integrating the inequality (1.33) over y ∈ [a, b] we get successively | |F (x) − 1 b − a

∫_b a F (y) dy | | (1.35) ≤ 1 b − a

∫_b a |F (x) − F (y)| dy ≤ 1 b − a

‖f‖_p

∫_b a |x − y|^{1q} dy = 1 b − a

‖f‖_p [∫_x a (x − y)^{1q} dy +

∫_b x (y − x)^{1q} dy ]

= 1 b − a

‖f‖_p [ (x − a)^{1q +1} 1 q + 1 + (b − x)^{1q +1} 1 q + 1 ]

= q q + 1 · 1 b − a

‖f‖_p [ (x − a)^{1q +1} + (b − x)^{1q +1} ]

= q q + 1

‖f‖_p (b − a)^{1q} [( x − a b − a

) 1_{q +1} + ( b − x b − a

) 1_{q +1}]

for all x ∈ [a, b] .

Since

E (X) = b −

∫_b a F (t) dt

then, by (1.35) , we get the first inequality in (1.32) .

18 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS

For the second inequality, we observe that ( x − a b − a

) 1_{q +1} + ( b − x b − a

) 1_{q +1}

≤ 1, for all x ∈ [a, b]

and the theorem is completely proved.

Remark 9. The inequalities (1.32) are equivalent to | |Pr (X ≥ x) − E (X) − a b − a | | (1.36) ≤ q q + 1

‖f‖_p (b − a)^{1q} [( x − a b − a

) 1+q_q + ( b − x b − a

) 1+q_q ]

≤ q q + 1

‖f‖_p (b − a)^{1q} , for all x ∈ [a, b] .

Corollary 8. ([76]) Under the above assumptions, we have the double inequality (1.37) b− q q + 1

‖f‖_p (b − a)^{1+ 1q} ≤ E (X) ≤ a+ q q + 1

‖f‖_p (b − a)^{1q +1} .

Proof. We know that a ≤ E (X) ≤ b. Now, choose in (1.32) x = a to get | |b − E (X) b − a | | ≤ q q + 1

‖f‖_p (b − a)^{1q}

i.e., b − E (X) ≤ q q + 1

‖f‖_p (b − a)^{1+ 1q} ,

which is equivalent to the first inequality in (1.37) .

Alternatively, let x = b in (1.32) to give: | |1 − b − E (X)

b − a | | ≤ q q + 1

‖f‖_p (b − a)^{1q} so E (X) − a ≤ q q + 1

‖f‖_p (b − a)^{1q +1} ,

which is equivalent to the second inequality in (1.37) .

Remark 10. By Hölder’s integral inequality, 1 = ∫_b a f (t) dt ≤ (b − a)^{1q} ‖f‖_p ,

which gives ‖f‖_p ≥ 1 (b − a)^{1q} .

3. RANDOM VARIABLES WHOSE PDFS BELONG TO Lp [a, b] , p > 1 19

Now, if we assume that ‖f‖_p is not too large, such that

(1.38) ‖f‖_p ≤ q + 1 q · 1 (b − a)^{1q} then we get a + q q + 1

‖f‖_p (b − a)^{1q +1} ≤ b and b − q q + 1

‖f‖_p (b − a)^{1+ 1q} ≥ a,

which shows that the inequality (1.37) is a tighter inequality than a ≤ E (X) ≤ b when (1.38) holds.

Another equivalent inequality to (1.37) , which can be more useful in practice, is the following (see also [76]):

Corollary 9. With the above assumptions, we have:

(1.39) | |E (X) − a + b 2 | | ≤ (b − a) [ q q + 1

‖f‖_p (b − a)^{1q} − 1 2 ] . Proof. From (1.37) we have: b − a + b 2 − q q + 1

‖f‖_p (b − a)^{1+ 1q}

≤ E (X) − a + b 2 ≤ a − a + b 2 + q q + 1

‖f‖_p (b − a)^{1+ 1q} .

That is, b − a 2 − q q + 1

‖f‖_p (b − a)^{1+ 1q}

≤ E (X) − a + b 2 ≤ − b − a 2 + q q + 1

‖f‖_p (b − a)^{1+ 1q} ,

which is equivalent to | |E (X) − a + b 2 | | ≤ q q + 1

‖f‖_p (b − a)^{1+ 1q} − b − a 2 = (b − a) [ q q + 1

‖f‖_p (b − a)^{1q} − 1 2 ]

and the inequality (1.39) is proved.

20 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS

This corollary provides the possibility of finding a sufficient condition, in terms of ‖f‖_p (p > 1) , for the expectation E (X) to be close to the interval midpoint,^{a+b}_2 (see also [76]).

Corollary 10. Let X and f be as above and ε > 0. If

‖f‖_p ≤ q + 1 2q · 1 (b − a)^{1q} + ε (q + 1) q (b − a)^{1+ 1q} then | | |E (X) − a + b 2 | | ≤ ε. The details are omitted.

The following corollary of Theorem 3 also holds (see also [76]):

Corollary 11. Let X and f be as above, then: | |Pr ( X ≤ a + b 2 ) − 1 2 | | ≤ q 2^{1q} (q + 1)

‖f‖_p (b − a)^{1q} + 1 b − a | | |E (X) − a + b 2 | | | . Proof. If, in (1.32) , x =^{a+b}_2 , we get | |Pr ( X ≤ a + b 2 ) − b − E (X) b − a | | ≤ q 2^{1q} (q + 1)

‖f‖_p (b − a)^{1q} ,

which is clearly equivalent to: | |Pr ( X ≤ a + b 2 ) − 1 2 + 1 b − a ( E (X) − a + b 2 )| | ≤ q 2^{1q} (q + 1)

‖f‖_p (b − a)^{1q} .

Using the triangle inequality, this becomes: | |Pr ( X ≤ a + b 2 ) − 1 2 | | = | |Pr ( X ≤ a + b 2 ) − 1 2 + 1 b − a ( E (X) − a + b 2 )

− 1 b − a ( E (X) − a + b 2 )| |

3. RANDOM VARIABLES WHOSE PDFS BELONG TO Lp [a, b] , p > 1 21 ≤ | |Pr ( X ≤ a + b 2 ) − 1 2 + 1 b − a ( E (X) − a + b 2 )| | + 1 b − a | |E (X) − a + b 2 | | ≤ q 2^{1q} (q + 1)

‖f‖_p (b − a)^{1q} + 1 b − a | |E (X) − a + b 2 | | and the corollary is proved.

Finally, the following result also holds (see also [76]):

Corollary 12. With the above assumptions, we have: | |E (X) − a + b 2 | | ≤ q 2^{1q} (q + 1)

‖f‖_p (b − a)^{1+ 1q}

+ (b − a) | |Pr ( X ≤ a + b 2 ) − 1 2 | | . The proof is similar and we omit the details. For some related results see [25].

3.2. Applications for A Beta Random Variable. Let X be a Beta Random Variable with parameters (s, t) as defined in (1.2). Observe that, for p > 1,

‖f (·; s, t)‖_p = 1 B (s, t) (∫_1 0 τ^{p(s−1)} (1 − τ)^{p(t−1)} dτ

)^1_p

= 1 B (s, t) (∫_1 0 τ^{p(s−1)+1−1} (1 − τ)^{p(t−1)+1−1} dτ

)^1_p

= 1 B (s, t)

[B (p (s − 1) + 1, p (t − 1) + 1)]^{1p} ,

provided p (s − 1) + 1, p (t − 1) + 1 > 0, namely,

s > 1 − 1 p and t > 1 − 1 p . Now, using Theorem 3, we can state the following:

22 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS

Let p > 1 and X be a Beta random variable with the parameters (s, t) , s > 1 −^1_p , t > 1 −^1_p , then we have:

(1.40) | |Pr (X ≤ x) − t s + t | |

≤ q q + 1 [ x^{1+qq} + (1 − x)^{1+qq} ] [B (p (s − 1) + 1, p (t − 1) + 1)]^{1p} B (s, t) for all x ∈ [0, 1] . In particular, we have | |Pr ( X ≤ 1 2 ) − t s + t | |

≤ q 2^{1q} (q + 1)

[B (p (s − 1) + 1, p (t − 1) + 1)]^{1p} B (s, t) . The proof follows by Theorem 3 choosing f (x) = f (x; s, t) , x ∈ [0, 1] and taking E (X) =^s_{s+t} .

4. Better Bounds for an Inequality of the Ostrowski Type 4.1. Introduction. In 1938, A. Ostrowski [112] (see also [110, p.

468]) proved the following inequality

(1.41) | |f (x) − 1

b − a

∫_b a f (t) dt | | ≤ 1 4 + ( x −^{a+b}_2 b − a )_2 (b − a) M

for all x ∈ [a, b], provided that f is differentiable on (a, b) and |f^′ (t)| ≤ M for all t ∈ (a, b).

Using the following representation, which has been obtained by Montgomery in an equivalent form [110, p. 565],

(1.42) f (x) − 1 b − a

∫_b a f (t) dt = 1 b − a

∫_b a p (x, t) f^′ (t) dt

for all x ∈ [a, b], provided that f is absolutely continuous on [a, b] and

p (x, t) := t − a if t ∈ [a, x]

t − b if t ∈ (x, b}

, (x, t) ∈ [a, b]^2 ,

we can put, in place of M in (1.41), the sup norm of f^′, namely, ‖f^′‖_∞ where ‖f^′‖_∞ := ess sup_{t∈[a,b]} |f^′ (t)| ,

4. BETTER BOUNDS FOR AN INEQUALITY OF THE OSTROWSKI TYPE 23

provided that f^′ ∈ L_∞ [a, b].

In [88], Dragomir and Wang, using the Grüss inequality, proved the following perturbed version of Ostrowski’s inequality:

(1.43) | |f (x) − 1 b − a

∫_b a f (t) dt − f (b) − f (a) b − a ( x − a + b 2 )| | ≤ 1 4 (b − a) (Γ − γ)

for all x ∈ [a, b], provided the derivative f^′ satisfies the condition

(1.44) γ ≤ f^′ (t) ≤ Γ on (a, b) .

Using a pre-Grüss inequality, Matić, Pečaric and Ujević [108] improved the constant^1_4 , in the right hand member of (1.43), with the constant^1_4^√_3 .

An upper bound in terms of the second derivative has been pointed out by Barnett and Dragomir in [12].

For two mappings g, h : [a, b] → R, define the Čebyšev functional as (1.45) T (g, h) := 1 b − a

∫_b a g (t) h (t) dt − 1 b − a

∫_b a g (t) dt · 1 b − a

∫_b a h (t) dt,

provided the involved integrals exist.

By use of (1.45), we improve the Matić-Pečaric-Ujević result by providing a better bound for the first membership of (1.43) in terms of Euclidean norms. Since the bound in (1.43) will apply for absolutely continuous mappings whose derivatives are bounded, the new inequality will also apply for the larger class of absolutely continuous mappings whose derivative f^′ ∈ L_2 [a, b].

4.2. The Results. The following theorem holds [23].

Theorem 4. Let f : [a, b] → R be an absolutely continuous mapping whose derivative f^′ ∈ L_2 [a, b], then we have the inequality | |f (x) − 1 b − a

∫_b a f (t) dt − f (b) − f (a) b − a ( x − a + b 2 )| | (1.46)

≤ (b − a) 2 √ 3 [ 1 b − a

‖f^′‖^2 − ( f (b) − f (a) b − a

)_2]^1_2

24 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS ( ≤ (b − a) (Γ − γ) 4 √ 3 if γ ≤ f^′ (t) ≤ Γ for a.e. t on [a, b] )

for all x ∈ [a, b].

Proof. Using Korkine’s identity,

(1.47) T (g, h) = 1 2 (b − a)^2

∫_b a ∫_b a (g (t) − g (s)) (h (t) − h (s)) dtds,

we obtain from (1.45) and (1.47),

(1.48) 1 b − a

∫_b a p (x, t) f^′ (t) dt − 1 b − a

∫_b a p (x, t) dt · 1 b − a

∫_b a f^′ (t) dt = 1 2 (b − a)^2

∫_b a ∫_b a (p (x, t) − p (x, s)) (f^′ (t) − f^′ (s)) dtds. As 1 b − a

∫_b a p (x, t) f^′ (t) dt = f (x) − 1 b − a

∫_b a f (t) dt, 1 b − a

∫_b a p (x, t) dt = x − a + b 2 and 1 b − a

∫_b a f^′ (t) dt = f (b) − f (a) b − a , then, by (1.48), we get the identity,

(1.49) f (x) − 1 b − a

∫_b a f (t) dt − f (b) − f (a)

b − a ( x − a + b 2 )

= 1 2 (b − a)^2

∫_b a ∫_b a (p (x, t) − p (x, s)) (f^′ (t) − f^′ (s)) dtds

for all x ∈ [a, b].

4. BETTER BOUNDS FOR AN INEQUALITY OF THE OSTROWSKI TYPE 25

Using the Cauchy-Buniakowski-Schwartz inequality for double integrals, we can write,

(1.50) 1 2 (b − a)^2

∫_b a ∫_b a (p (x, t) − p (x, s)) (f^′ (t) − f^′ (s)) dtds

≤ ( 1 2 (b − a)^2

∫_b a ∫_b a (p (x, t) − p (x, s))^2 dtds

)^1_2

× ( 1 2 (b − a)^2

∫_b a ∫_b a (f^′ (t) − f^′ (s))^2 dtds

)^1_2 . However, 1 2 (b − a)^2

∫_b a ∫_b a (p (x, t) − p (x, s))^2 dtds = 1 b − a

∫_b a p^2 (x, t) dt − ( 1 b − a

∫_b a p (x, t) dt )2

= 1 b − a [∫_x a (t − a)^2 dt +

∫_b x (t − a)^2 dt ] − ( x − a + b 2 )_2

= 1 b − a [ (x − a)^3 + (b − x)^3 3 ] − ( x − a + b 2 )_2 = (b − a)^2 12 and 1 2 (b − a)^2

∫_b a ∫_b a (f^′ (t) − f^′ (s))^2 dtds = 1 b − a

‖f^′‖^2 − ( f (b) − f (a) b − a

)_2 . Consequently, by (1.49) and (1.50), we deduce the first inequality in (1.46).

If γ ≤ f^′ (t) ≤ Γ for a.e. t ∈ (a, b), then, by the Grüss inequality, we have: 0 ≤ 1 b − a

∫_b a (f^′ (t))^2 dt − ( 1 b − a

∫_b a f^′ (t) dt )2 ≤ 1 4 (Γ − γ)^2 ,

and the last inequality in (1.46) is obtained.

26 1. OSTROWSKI TYPE INEQUALITIES FOR CDFS

Corollary 13. ([23]) With the above assumptions, from (1.46) with x =^{a+b}_2 , we have the mid-point inequality | |f ( a + b 2 ) − 1 b − a

∫_b a f (t) dt | | (1.51)

≤ (b − a) 2 √ 3 [ 1 b − a

‖f^′‖^2 − ( f (b) − f (a) b − a

)_2]^1_2 ( ≤ (b − a) (Γ − γ) 4 √ 3 if γ ≤ f^′ (t) ≤ Γ a.e. t on [a, b] ) . Remark 11. Since L_∞ [a, b] ⊂ L_2 [a, b] (and the inclusion is strict), then we remark that the inequality (1.46) can be applied also for the mappings f whose derivatives are unbounded on (a, b), but f^′ ∈ L_2 [a, b].

4.3. Applications for CDFs. Let X be a random variable having the PDF f : [a, b] → R_+ and cumulative density function F : [a, b] → [0, 1], i.e.,

F (x) =

∫_x a f (t) dt, x ∈ [a, b] .

We have the following inequality [23].

Theorem 5. With the above assumptions and if the PDF f ∈ L_2 [a, b], then we have the inequality | |F (x) − b − E (X) b − a − 1 b − a ( x − a + b 2 )| | (1.52) ≤ 1 2 √ 3 [ (b − a) ‖f‖^2 − 1

] 1_2 ( ≤ (b − a) (M − m) 4 √ 3 if m ≤ f ≤ M a.e. on [a, b] )

for all x ∈ [a, b], where E (X) is the expectation of X.

Proof. Put F instead of f in (1.46), to get | |F (x) − 1

b − a

∫_b a F (t) dt −

F (b) − F (a) b − a ( x − a + b 2 )| | (1.53)

≤ (b − a) 2 √ 3 [ 1 b − a

‖f‖^2 − ( F (b) − F (a)

b − a

)_2]^1_2 ( ≤ (b − a) (M − m) 4 √ 3 if m ≤ f (t) ≤ M a.e. t on [a, b] ) .

4. BETTER BOUNDS FOR AN INEQUALITY OF THE OSTROWSKI TYPE 27

As F (a) = 0, F (b) = 1, and ∫_b a F (t) dt = b − E (X) ,

then, by (1.53), we easily deduce (1.52).

Corollary 14. ([23]) With the above assumptions, we have: | |Pr ( X ≤ a + b 2 ) − b − E (X) b − a | | (1.54) ≤ 1 2 √ 3 [ (b − a) ‖f‖^2 − 1

] 1_2 ( ≤ (b − a) (M − m) 4 √ 3 where m ≤ f ≤ M are as above ) . Let X be a Beta random variable with parameters (p, q), then we know that E (X) = p p + q and ‖f (·; p, q)‖^2 =

∫_1 0 x^{2(p−1)} (1 − x)^{2(q−1)} B^2 (p, q) dx =

B (2p − 1, 2q − 1) B^2 (p, q) . By Theorem 5, we then have the inequality,

(1.55) | |Pr (X ≤ x) − p p + q

− x + 1 2 | |

≤ 1 2 √ 3 · [B (2p − 1, 2q − 1) − B^2 (p, q)]^{12} B (p, q) for all x ∈ [0, 1].

CHAPTER 2

Other Ostrowski Type Results and Applications for PDFs

1. Ostrowski’s Inequality for Functions of Bounded Variation

1.1. Introduction. In [59], the author proved the following inequality of the Ostrowski type for functions of bounded variation.

Theorem 6. Let f : [a, b] → R be a function of bounded variation on [a, b] and denote by

⋁_b a (f) its total variation on [a, b] . For any x ∈ [a, b], one has the inequality:

(2.1) | |f (x) − 1 b − a

∫_b a f (t) dt | | ≤ [ 1 2 + | | | x −^{a+b}_2 b − a | | | ]_b ⋁ a (f) .

The constant^1_2 is best possible in the sense that it cannot be replaced by a smaller one.

The above inequality (2.1) has, as a particular case, the mid-point inequality.

The corresponding version for the generalised trapezoid inequality was obtained in [36].

Theorem 7. With the assumptions in Theorem 6,

(2.2) | |(x − a) f (a) + (b − x) f (b) b − a − 1 b − a

∫_b a f (t) dt | |

≤ [ 1 2 + | | | x −^{a+b}_2 b − a | | | ]_b ⋁ a (f) for any x ∈ [a, b] .

Here the constant^1_2 is also the best possible in the above sense.

The above inequality (2.2) incorporates the trapezoid inequality. In [99], Guessab and Schmeisser developed a generalised model incorporating both the mid-point and trapezoid inequality as special cases. They have proved amongst others, the following companion of Ostrowski’s inequality.

30 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Theorem 8. Assume that the function f : [a, b] → R is of the M − r−Hölder type with r ∈ (0, 1], namely, (2.3) |f (t) − f (s)| ≤ M |t − s|^r for any t, s ∈ [a, b] . For each x ∈ [ a,^{a+b}_2 ] , one has the inequality

(2.4) | |f (x) + f (a + b − x) 2 − 1 b − a

∫_b a f (t) dt | |

≤ [ 2^{r+1} (x − a)^{r+1} + (a + b − 2x)^{r+1} 2^r (r + 1) (b − a) ] M. This inequality is sharp for each admissible x. Equality is obtained if and only if f = ±Mf_∗ + c, with c ∈ R and

(2.5) f_∗ (t) =

(x − t)^r , for a ≤ t ≤ x

(t − x)^r , for x ≤ t ≤^1_2 (a + b)

f_∗ (a + b − t) , for^1_2 (a + b) ≤ t ≤ b.

Remark 12. For r = 1, f is Lipschitzian with constant L > 0, and since

4 (x − a)^2 + (a + b − 2x)^2 4 (b − a) = 1 8 + 2 ( x −^{3a+b}_4 b − a )_2 (b − a)

then, by (2.4), we get the following companion of Ostrowski’s inequality for Lipschitzian functions,

(2.6) | | | f (x) + f (a + b − x) 2 − 1 b − a

∫_b a f (t) dt | | | ≤ 1 8 + 2 ( x −^{3a+b}_4 b − a )_2 (b − a) L,

for any x ∈ [ a,^{a+b}_2 ] . The constant^1_8 is the best possible in (2.6).

By substituting x =^{3a+b}_4 into the above inequality, we obtain the following trapezoid type inequality, which is the best in the class,

(2.7) | | | f (_{3a+b} 4 ) + f (_{a+3b} 4 ) 2 − 1 b − a

∫_b a f (t) dt | | | ≤ 1 8 (b − a) L.

The constant^1_8 here is also best possible in the above sense.

1. OSTROWSKI’S INEQUALITY FOR FUNCTIONS OF BOUNDED VARIATION31

For a recent monograph devoted to Ostrowski type inequalities, see [86].

The main aim of the next section is to provide a sharp bound for the difference f (x) + f (a + b − x) 2 − 1 b − a

∫_b a f (t) dt,

where f is assumed to be of bounded variation.

1.2. Some Integral Inequalities. The following identity holds [47].

Lemma 1. Assume that the function f : [a, b] → R is of bounded variation on [a, b] , then we have the equality

(2.8) 1 2 [f (x) + f (a + b − x)] − 1 b − a

∫_b a f (t) dt = 1 b − a [∫_x a (t − a) df (t) +

∫_{a+b−x} x ( t − a + b 2 ) df (t) + ∫_b

a+b−x

(t − b) df (t) ]

for any x ∈ [ a,^{a+b}_2 ] . Proof. Obviously, all the Riemann-Stieltjes integrals from the right hand side of (2.8) exist because the functions (· − a) , ( · −^{a+b}_2 ) and (· − b) are continuous on these intervals and f is of bounded variation.

Using the integration by parts formula for Riemann-Stieltjes integrals, we have, for any x ∈ [ a,^{a+b}_2 ] , that ∫_x a (t − a) df (t) = f (x) (x − a) −

∫_x a f (t) dt,

∫_{a+b−x} x ( t − a + b 2 ) df (t)

= f (a + b − x) ( a + b 2 − x ) − f (x) ( x − a + b 2 ) − ∫_{a+b−x} x f (t) dt and ∫_b

a+b−x

(t − b) df (t) = (x − a) f (a + b − x) −

∫_b

a+b−x

f (t) dt.

Summing the above equalities we deduce (2.8).

32 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Remark 13. A version of this identity for piecewise continuously differentiable functions has been obtained in [99, Lemma 3.2].

The following companion of Ostrowski’s inequality holds [47]. Theorem 9. Assume that the function f : [a, b] → R is of bounded variation on [a, b] , then we have the inequalities:

(2.9) | |1 2 [f (x) + f (a + b − x)] − 1 b − a

∫_b a f (t) dt | |

≤ 1 b − a [ (x − a) x⋁ a (f) + ( a + b 2 − x )_{a+b−x}⋁ x (f)

+ (x − a) b⋁ a+b−x (f) ]

≤

[ 1 4 + | | | x −^{3a+b}_4 b − a | | | ]_b ⋁ a (f) [ 2 ( x − a b − a

)_α + (_{a+b} 2 − x b − a

)_α] 1_α

× [[_x ⋁ a (f) ]_β + [_{a+b−x} ⋁ x (f) ]_β + [_b ⋁ a+b−x (f) ]_β]^1_β , if α > 1,^1_α +^1_β = 1 [ x − a +^{b−a}_2 b − a ] max {_x ⋁ a (f) ,^{a+b−x} ⋁ x (f) ,^b ⋁ a+b−x (f) }

for any x ∈ [ a,^{a+b}_2 ] , where

⋁_d

c (f) denotes the total variation of f on [c, d] . The constant^1_4 is the best possible in the first branch of the second inequality in (2.9).

Proof. We use the fact that for a continuous function p : [c, d] → R and a function v : [a, b] → R of bounded variation, one has the inequality

(2.10) | | ∫_d c p (t) dv (t) | | ≤ sup

t∈[c,d]

|p (t)| d⋁ c (v) .

Taking the modulus in (2.8) we have | |1 2 [f (x) + f (a + b − x)] − 1 b − a

∫_b a f (t) dt | |

1. OSTROWSKI’S INEQUALITY FOR FUNCTIONS OF BOUNDED VARIATION33 ≤ 1 b − a [| | ∫_x a (t − a) df (t) | | + | | ∫_{a+b−x} x ( t − a + b 2 ) df (t) | | + | | ∫_b

a+b−x

(t − b) df (t) | | ]

≤ 1 b − a [ (x − a) x⋁ a (f) + ( a + b 2 − x )_{a+b−x}⋁ x (f) + (x − a) b⋁ a+b−x (f) ]

=: M (x)

and the first inequality in (2.9) is obtained.

Now, observe that

M (x) ≤ 1 b − a max { x − a, a + b 2 − x } [_x⋁ a (f) +

a+b−x⋁

x (f) + b⋁ a+b−x (f) ]

= 1 b − a [ 1 4 (b − a) + | |x − 3a + b 4 | | ]_b⋁ a (f) and the first branch in the second inequality in (2.9) is proved.

Using Hölder’s discrete inequality we have (for α > 1,^1_α +^1_β = 1) that

M (x) ≤ 1 b − a [ (x − a)^α + ( a + b 2 − x )_α

+ (x − a)^α

] 1_α

× [_x ⋁ a (f) ]_β + [_{a+b−x} ⋁ x (f) ]_β + [_b ⋁ a+b−x (f) ]_β 1 β

giving the second branch in the second inequality.

Finally, we have

M (x) ≤ 1 b − a max {_x ⋁ a (f) ,

a+b−x⋁

x (f) , b⋁ a+b−x (f) }

× [ (x − a) + ( a + b 2 − x ) + (x − a) ] , which is equivalent to the last inequality in (2.9).

The sharpness of the constant^1_4 in the first branch of the second inequality in (2.9) will be proved in a particular case later.

34 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Corollary 15. With the assumptions in Theorem 9, we have the trapezoid inequality

(2.11) | |f (a) + f (b) 2 − 1 b − a

∫_b a f (t) dt | | ≤ 1 2 b⋁ a (f) .

The constant^1_2 is the best possible in (2.11).

Proof. The proof follows from the first inequality in (2.9) on choosing x = a. For the sharpness of the constant, assume that (2.11) holds with a constant A > 0, i.e.,

(2.12) | |f (a) + f (b) 2 − 1 b − a

∫_b a f (t) dt | | ≤ A b⋁ a (f) .

If we choose f : [a, b] → R with

f (x) =

1 if x = a,

0 if x ∈ (a, b) ,

1 if x = b, then f is of bounded variation on [a, b] and

f (a) + f (b) 2 = 1,

∫_b a f (t) dt = 0, and b⋁ a (f) = 2,

giving in (2.12) 1 ≤ 2A, thus A ≥^1_2 and the corollary is proved.

Remark 14. The inequality (2.11) was first proved in a different manner in [70].

Corollary 16. With the assumptions in Theorem 9, one has the midpoint inequality

(2.13) | |f ( a + b 2 ) − 1 b − a

∫_b a f (t) dt | | ≤ 1 2 b⋁ a (f) .

The constant^1_2 is the best possible in (2.13).

Proof. The proof follows from the first inequality in (2.9) on choosing x =^{a+b}_2 . For the sharpness of the constant, assume that (2.13) holds with a constant B > 0, so that

(2.14) | |f ( a + b 2 ) − 1 b − a

∫_b a f (t) dt | | ≤ B ·^b ⋁ a (f) .

1. OSTROWSKI’S INEQUALITY FOR FUNCTIONS OF BOUNDED VARIATION35

If we choose f : [a, b] → R with

f (x) =

0 if x ∈ [ a,^{a+b}_2 ) , 1 if x =^{a+b}_2 ,

0 if x ∈

(_{a+b}

2 , b ] , then f is of bounded variation on [a, b] , and f ( a + b 2 ) = 1,

∫_b a f (t) dt = 0, and b⋁ a (f) = 2,

giving in (2.14), 1 ≤ 2B, thus B ≥^1_2 .

Remark 15. The inequality (2.13) was first proved in a different manner in [58].

The best inequality we can get from Theorem 9, on using the bound provided by the first branch in the second inequality in (2.9), is incorporated in the following corollary [47].

Corollary 17. With the assumptions in Theorem 9, one has the inequality:

(2.15) | | | f (_{3a+b} 4 ) + f (_{a+3b} 4 ) 2 − 1 b − a

∫_b a f (t) dt | | | ≤ 1 4 b⋁ a (f) .

The constant^1_4 is best possible.

Proof. Follows by Theorem 9 on choosing x =^{3a+b}_4 . To prove the sharpness of the constant^1_4 , assume that (2.15) holds with a constant C > 0, so that

(2.16) | | | f (_{3a+b} 4 ) + f (_{a+3b} 4 ) 2 − 1 b − a

∫_b a f (t) dt | | | ≤ C · b⋁ a (f) .

Consider the function f : [a, b] → R, given by

f (x) =

1 if x ∈

{_{3a+b} 4 ,^{a+3b}_4 } , 0 if x ∈ [a, b] \

{_{3a+b} 4 ,^{a+3b}_4 } . Then f is of bounded variation on [a, b] , f (_{3a+b} 4 ) + f (_{a+3b} 4 ) 2 = 1,

∫_b a f (t) dt = 0

36 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

and_b ⋁ a (f) = 4,

giving in (2.16) 4C ≥ 1, thus C ≥^1_4 .

This example can be used to prove the sharpness of the constant^1_4 in (2.9) as well.

1.3. Applications for CDFs. Let X be a random variable taking values in the finite interval [a, b] , with probability density function f : [a, b] → [0, ∞) and with cumulative distribution function F (x) = Pr (X ≤ x) =

∫_x a f (t) dt.

We give the following theorem [47].

Theorem 10. With the above assumptions, | |1 2 [F (x) + F (a + b − x)] − b − E (X) b − a | | (2.17) ≤ 1 b − a {( 2x −

3a + b 4 ) [F (x) − F (a + b − x)] + (x − a) }

≤ 1 4 + | | | x −^{3a+b}_4

b − a | | | , for any x ∈ [ a,^{a+b}_2 ] , where E (X) denotes the expectation of X.

Proof. If we apply Theorem 9 for F, which is monotonic nondecreasing, we get | |1 2 [F (x) + F (a + b − x)] − 1 b − a

∫_b a F (t) dt | | (2.18) ≤ 1 b − a [ (x − a) F (x) + ( a + b 2 − x )

× (F (a + b − x) − F (x)) + (x − a) (1 − F (a + b − x)) ]

≤ 1 4 + | | | x −^{3a+b}_4

b − a | | | . Since

E (X) =

∫_b a tdF (t) = b −

∫_b a F (t) dt,

then by (2.18) we get (2.17) and the theorem is proved.

In particular, we have [47]:

2. INEQUALITIES FOR ABSOLUTELY CONTINUOUS FUNCTIONS 37

Corollary 18. With the above assumptions, | |1 2 [ F ( 3a + b 4 ) + F ( a + 3b 4 )] − b − E (X) b − a | | ≤ 1 4 . 2. Inequalities for Absolutely Continuous Functions 2.1. Some Integral Inequalities. The following identity holds [64].

Lemma 2. Assume that f : [a, b] → R is an absolutely continuous function on [a, b], then we have the equality

(2.19) 1 2 [f (x) + f (a + b − x)] − 1 b − a

∫_b a f (t) dt = 1 b − a

∫_x a (t − a) f^′ (t) dt + 1 b − a

∫_{a+b−x} x ( t − a + b 2 ) f^′ (t) dt + 1 b − a

∫_b

a+b−x

(t − b) f^′ (t) dt,

for any x ∈ [ a,^{a+b}_2 ] . Proof. Using the integration by parts formula for Lebesgue integrals, we have

∫_x a (t − a) f^′ (t) dt = f (x) (x − a) −

∫_x a f (t) dt,

∫_{a+b−x} x ( t − a + b 2 ) f^′ (t) dt

= f (a + b − x) ( a + b 2 − x )

− f (x) ( x − a + b 2 ) − ∫_{a+b−x} x f (t) dt and ∫_b

a+b−x

(t − b) f^′ (t) dt = (x − a) f (a + b − x) −

∫_b

a+b−x

f (t) dt.

Summing the above equalities, we deduce the desired identity (2.19).

Remark 16. The identity (2.19) was obtained in [99, Lemma 3.2] for the case of piecewise continuously differentiable functions on [a, b] .

The following result holds [64].

38 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Theorem 11. Let f : [a, b] → R be an absolutely continuous function on [a, b] , then, | |1 2 [f (x) + f (a + b − x)] − 1 b − a

∫_b a f (t) dt | | (2.20) ≤ 1 b − a [∫_x a (t − a) |f^′ (t)| dt + ∫_{a+b−x} x | |t − a + b 2 | | |f^′ (t)| dt +

∫_b

a+b−x

(b − t) |f^′ (t)| dt ]

:= M (x)

for any x ∈ [ a,^{a+b}_2 ] . If f^′ ∈ L_∞ [a, b] , then we have the inequalities

(2.21) M (x) ≤ 1 b − a [ (x − a)^2 2 ‖f^′‖_{[a,x],∞} + ( a + b 2 − x )_2 ‖f^′‖_{[x,a+b−x],∞}

+ (x − a)^2 2 ‖f^′‖_{[a+b−x,b],∞} ]

≤

[ 1 8 + 2

(_{x− 3a+b4} b−a )_2]

(b − a) ‖f^′‖_{[a,b],∞} [ 1 2^{α−1}

(_{x−a} b−a )_{2α} + (_{x− a+b2} b−a )_{2α}]^1_α

× [ ‖f^′‖^β_{[a,x],∞} + ‖f^′‖^β_{[x,a+b−x],∞} + ‖f^′‖^β_{[a+b−x,b],∞}

] 1_β

(b − a) if α > 1,^1_α +^1_β = 1, max { 1 2 (_{x−a} b−a )_2 , (_{x− a+b2} b−a )_2}

× [ ‖f^′‖_{[a,x],∞} + ‖f^′‖_{[x,a+b−x],∞} + ‖f^′‖_{[a+b−x,b],∞} ] (b − a)

for any x ∈ [ a,^{a+b}_2 ] . The inequality (2.20), the first inequality in (2.21) and the constant 1 8 are sharp.

Proof. The inequality (2.20) follows by Lemma 2 on taking the modulus and using its properties.

If f^′ ∈ L_∞ [a, b] , then

∫_x a (t − a) |f^′ (t)| dt ≤

(x − a)^2 2 ‖f^′‖_{[a,x],∞} ,

2. INEQUALITIES FOR ABSOLUTELY CONTINUOUS FUNCTIONS 39

∫_{a+b−x} x | |t − a + b 2 | | |f^′ (t)| dt ≤ ( a + b 2 − x )_2

‖f^′‖_{[x,a+b−x],∞} ,

∫_b

a+b−x

(b − t) |f^′ (t)| dt ≤

(x − a)^2 2 ‖f^′‖_{[a+b−x,b],∞}

and the first inequality in (2.21) is proved.

Denote

M̃ (x) := (x − a)^2 2 ‖f^′‖_{[a,x],∞} + ( a + b 2 − x )_2

‖f^′‖_{[x,a+b−x],∞} + (x − a)^2 2 ‖f^′‖_{[a+b−x,b],∞}

for x ∈ [ a,^{a+b}_2 ] . First, observe that

M̃ (x) ≤ max { ‖f^′‖_{[a,x],∞} , ‖f^′‖_{[x,a+b−x],∞} , ‖f^′‖_{[a+b−x,b],∞} }

× [ (x − a)^2 2 + ( a + b 2 − x )_2 + (x − a)^2 2 ]

= ‖f^′‖_{[a,b],∞} [ 1 8 (b − a)^2 + 2 ( x − 3a + b 4 )_2]

and the first inequality in (2.21) is proved.

Using Hölder’s inequality for α > 1,^1_α +^1_β = 1, we also have

M̃ (x) ≤ {[ (x − a)^2 2 ]_α + ( x − a + b 2 )_{2α} + [ (x − a)^2 2 ]_α} 1_α

× [ ‖f^′‖^β_{[a,x],∞} + ‖f^′‖^β_{[x,a+b−x],∞} + ‖f^′‖^β_{[a+b−x,b],∞}

] 1_β , giving the second inequality in (2.21).

Finally, we also observe that

M̃ (x) ≤ max { (x − a)^2 2 , ( x − a + b 2 )_2}

× [ ‖f^′‖_{[a,x],∞} + ‖f^′‖_{[x,a+b−x],∞} + ‖f^′‖_{[a+b−x,b],∞} ] . The sharpness of the inequalities mentioned follows from Theorem 11 for k = 1. We omit the details.

40 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Remark 17. If in Theorem 11 we choose x = a, then we get

(2.22) | |f (a) + f (b) 2 − 1 b − a

∫_b a f (t) dt | | ≤ 1 4 (b − a) ‖f^′‖_{[a,b],∞}

with^1_4 as a sharp constant (see for example [86, p. 25]).

If in the same theorem we now choose x =^{a+b}_2 , then we get | |f ( a + b 2 ) − 1 b − a

∫_b a f (t) dt | | (2.23) ≤ 1 8 (b − a) [ ‖f^′‖[_{a,} a+b_2 ]_{,∞} + ‖f^′‖[ a+b_{2 ,b}]_{,∞} ]

≤ 1 4 (b − a) ‖f^′‖_{[a,b],∞}

with the constants^1_8 and^1_4 being sharp. This result was obtained in [51].

It is natural to consider the following corollary.

Corollary 19. With the assumptions in Theorem 11, we have the inequality:

(2.24) | | | f (_{3a+b} 4 ) + f (_{a+3b} 4 ) 2 − 1 b − a

∫_b a f (t) dt | | | ≤ 1 8 (b − a) ‖f^′‖_{[a,b],∞} .

The constant^1_8 is the best possible.

The case when f^′ ∈ L_p [a, b] , p > 1 is embodied in the following theorem.

Theorem 12. Let f : [a, b] → R be an absolutely continuous function on [a, b] so that f^′ ∈ L_p [a, b] , p > 1. If M (x) is as defined in (2.20), then we have the bounds:

(2.25) M (x) ≤ 1 (q + 1)^{1q} [ ( x − a b − a

)_{1+} 1_q

‖f^′‖_{[a,x],p}

+ 2^{1q}

(_{a+b} 2 − x b − a

)_{1+} 1_q ‖f^′‖_{[x,a+b−x],p}

+ ( x − a b − a

)_{1+} 1_q

‖f^′‖_{[a+b−x,b],p} ] (b − a)^{1q}

2. INEQUALITIES FOR ABSOLUTELY CONTINUOUS FUNCTIONS 41

≤ 1 (q + 1)^{1q}

[ 2 (_{x−a} b−a )_{1+} 1_q

+ 2^{1q}

(_{a+b2 −x} b−a )_{1+} 1_q ]

× max { ‖f^′‖_{[a,x],p} , ‖f^′‖_{[x,a+b−x],p} , ‖f^′‖_{[a+b−x,b],p} } (b − a)^{1q} [ 2 (_{x−a} b−a )_{α+} α_q

+ 2^{αq}

(_{a+b2 −x} b−a )_{α+} α_q ]^1_α

× [ ‖f^′‖^β_{[a,x],p} + ‖f^′‖^β_{[x,a+b−x],p} + ‖f^′‖^β_{[a+b−x,b],p}

] 1_β

(b − a)^{1q} if α > 1,^1_α +^1_β = 1, max {( x−a b−a )_{1+} 1_q , 2^{1q}

(_{a+b2 −x} b−a )_{1+} 1_q }

× [ ‖f^′‖_{[a,x],p} + ‖f^′‖_{[x,a+b−x],p} + ‖f^′‖_{[a+b−x,b],p} ] (b − a)^{1q}

for any x ∈ [ a,^{a+b}_2 ] . Proof. Using Hölder’s integral inequality for p > 1,^1_p +^1_q = 1, we have

∫_x a (t − a) |f^′ (t)| dt ≤ (∫_x a (t − a)^q dt

) 1_q

‖f^′‖_{[a,x],p} =

(x − a)^{1+ 1q}

(q + 1)^{1q}

‖f^′‖_{[a,x],p} ,

∫_{a+b−x} x | |t − a + b 2 | | |f^′ (t)| dt ≤

(∫_{a+b−x} x | |t − a + b 2 | |^q dt

)^1_q ‖f^′‖_{[x,a+b−x],p}

= 2^{1q}

(_{a+b}

2 − x

)_{1+} 1_q

(q + 1)^{1q}

‖f^′‖_{[x,a+b−x],p} and ∫_b

a+b−x

(b − t) |f^′ (t)| dt ≤ (∫_b a+b−x

(b − t)^q dt

)^1_q

‖f^′‖_{[a+b−x,b],p} = (x − a)^{1+ 1q}

(q + 1)^{1q}

‖f^′‖_{[a+b−x,b],p} .

Summing the above inequalities, we deduce the first bound in (2.25).

The last part may be proved in a similar fashion to Theorem 11, and we omit the details.

42 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Remark 18. If in (2.25) we choose α = q, β = p,^1_p +^1_q = 1, p > 1, then we get the inequality

(2.26) M (x) ≤

2^{1q} (q + 1)^{1q} ( x − a b − a

)_{q+1} + (_{a+b}

2 − x b − a

)_{q+1} 1 q

× (b − a)^{1q} ‖f^′‖_{[a,b],p}

for any x ∈ [ a,^{a+b}_2 ] . Remark 19. If in Theorem 12 we choose x = a, then we get the trapezoid inequality

(2.27) | | | f (a) + f (b) 2 − 1 b − a

∫_b a f (t) dt | | | ≤ 1 2 · (b − a)^{1q} ‖f^′‖_{[a,b],p} (q + 1)^{1q} . The constant^1_2 is the best possible (see for example [86, p. 42]).

Indeed, if we assume that (2.27) holds with a constant C > 0, instead of^1_2 , i.e.,

(2.28) | |f (a) + f (b) 2 − 1 b − a

∫_b a f (t) dt | | ≤ C · (b − a) 1 q ‖f^′‖_{[a,b],p} (q + 1)^{1q} , then for the function f : [a, b] → R, f (x) = k | |x −^{a+b}_2 | | , k > 0, we have f (a) + f (b) 2 = k · b − a 2 , 1 b − a

∫_b a f (t) dt = k · b − a 4 , ‖f^′‖_{[a,b],p} = k (b − a)^{1p} ;

and by (2.28) we deduce | |k (b − a) 2 − k (b − a) 4 | | ≤ C · k (b − a) (q + 1)^{1q} ,

giving C ≥^{(q+1)} 1 q 4 . Letting q → 1+, we deduce that C ≥^1_2 , and the sharpness of the constant is proved.

2. INEQUALITIES FOR ABSOLUTELY CONTINUOUS FUNCTIONS 43

Remark 20. If in Theorem 12 we choose x =^{a+b}_2 , then we get the midpoint inequality | |f ( a + b 2 ) − 1 b − a

∫_b a f (t) dt | | (2.29) ≤ 1 2 · (b − a)^{1q} 2^{1q} (q + 1)^{1q} [ ‖f^′‖[_{a,} a+b_2 ]_{,p} + ‖f^′‖[ a+b_{2 ,b}]_{,p} ]

≤ 1 2 · (b − a)^{1q} (q + 1)^{1q}

‖f^′‖_{[a,b],p} , p > 1, 1 p + 1 q = 1.

In both inequalities the constant^1_2 is sharp in the sense that it cannot be replaced by a smaller constant.

To show this fact, assume that (2.29) holds with C, D > 0, i.e., | |f ( a + b 2 ) − 1 b − a

∫_b a f (t) dt | | (2.30)

≤ C ·

(b − a)^{1q} 2^{1q} (q + 1)^{1q} [ ‖f^′‖[_{a,} a+b_2 ]_{,p} + ‖f^′‖[ a+b_{2 ,b}]_{,p} ]

≤ D ·

(b − a)^{1q} (q + 1)^{1q}

‖f^′‖_{[a,b],p} .

For the function f : [a, b] → R, f (x) = k | x −^{a+b}_2 | , k > 0, we have f ( a + b 2 ) = 0, 1 b − a

∫_b a f (t) dt = k (b − a) 4 ,

‖f^′‖[_{a,} a+b_2 ]_{,p} + ‖f^′‖[ a+b_{2 ,b}]_{,p} = 2 ( b − a 2 ) 1_p k = 2^{1q} (b − a)^{1p} k,

‖f^′‖_{[a,b],p} = (b − a)^{1p} k;

and then by (2.30) we deduce k (b − a) 4 ≤ C · k (b − a) (q + 1)^{1q}

≤ D · k (b − a) (q + 1)^{1q} ,

giving C, D ≥^{(q+1)} 1 q 4 for any q > 1. Letting q → 1+, we deduce C, D ≥^1_2 and the sharpness of the constants in (2.29) is proved.

The following result is useful in providing the best quadrature rule in the class for approximating the integral of an absolutely continuous function whose derivative is in L_p [a, b] [64].

44 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Corollary 20. Assume that f : [a, b] → R is an absolutely continuous function so that f^′ ∈ L_p [a, b] , p > 1, then

(2.31) | | | f (_{3a+b} 4 ) + f (_{a+3b} 4 ) 2 − 1 b − a

∫_b a f (t) dt | | | ≤ 1 4 (b − a)^{1q} (q + 1)^{1q}

‖f^′‖_{[a,b],p} ,

where^1_p +^1_q = 1.

The constant^1_4 is the best possible.

Proof. The inequality follows by Theorem 12 and Remark 18 on choosing x =^{3a+b}_4 .

To prove the sharpness of the constant, assume that (2.31) holds with a constant E > 0, and so,

(2.32) | | | f (_{3a+b} 4 ) + f (_{a+3b} 4 ) 2 − 1 b − a

∫_b a f (t) dt | | | ≤ E ·

(b − a)^{1q} (q + 1)^{1q}

‖f^′‖_{[a,b],p} .

Consider the function f : [a, b] → R,

f (x) =

| |x − 3a + b 4 | | if x ∈ [a,^{a+b}_2 ] | |x − a + 3b 4 | | if x ∈ (^{a+b}_2 , b] .

It follows that f is absolutely continuous and f^′ ∈ L_p [a, b] , p > 1. We also have 1 2 [ f ( 3a + b 4 ) + f ( a + 3b 4 )] = 0, 1 b − a

∫_b a f (t) dt = b − a 8 , ‖f^′‖_{[a,b],p} = (b − a)^{1p} , and then, by (2.32), we obtain: b − a 8 ≤ E (b − a) (q + 1)^{1q}

giving E ≥^{(q+1)} 1 q 8 for any q > 1, i.e., E ≥^1_4 , and the corollary is proved.

2. INEQUALITIES FOR ABSOLUTELY CONTINUOUS FUNCTIONS 45

If one is interested in obtaining bounds in terms of the 1−norm for the derivative, then the following result may be useful [64].

Theorem 13. Assume that the function f : [a, b] → R is absolutely continuous on [a, b] . If M (x) is as in equation (2.20), then we have the bounds

(2.33) M (x) ≤ ( x − a b − a ) ‖f^′‖_{[a,x],1} + (_{a+b} 2 − x b − a ) ‖f^′‖_{[x,a+b−x],1} + ( x − a b − a ) ‖f^′‖_{[a+b−x,b],1}

≤

[ 1 4 + | | | x −^{3a+b}_4

b − a | | | ] ‖f^′‖_{[a,b],1} [ 2 ( x − a b − a

)_α + (_{a+b}

2 − x b − a

)_α] 1_α

× [ ‖f^′‖^β_{[a,x],1} + ‖f^′‖^β_{[x,a+b−x],1} + ‖f^′‖^β_{[a+b−x,b],1}

] 1_β

if α > 1,^1_α +^1_β = 1, [ x +^{b−3a}_2 b − a ] max [ ‖f^′‖_{[a,x],1} , ‖f^′‖_{[x,a+b−x],1} , ‖f^′‖_{[a+b−x,b],1} ] . The proof is as in Theorem 11 so we omit the details. Remark 21. By the use of Theorem 12, for x = a, we get the trapezoid inequality (see for example [86, p. 55])

(2.34) | |f (a) + f (b) 2 − 1 b − a

∫_b a f (t) dt | | ≤ 1 2 ‖f^′‖_{[a,b],1} .

If in (2.33) we also choose x =^{a+b}_2 , then we get the mid point inequality (see for example [86, p. 56])

(2.35) | |f ( a + b 2 ) − 1 b − a

∫_b a f (t) dt | | ≤ 1 2 ‖f^′‖_{[a,b],1} .

The following corollary also holds [64].

Corollary 21. With the assumption in Theorem 12, one has the inequality:

(2.36) | | | f (_{3a+b} 4 ) + f (_{a+3b} 4 ) 2 − 1 b − a

∫_b a f (t) dt | | | ≤ 1 4 ‖f^′‖_{[a,b],1} .

46 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

2.2. Applications for PDFs. Summarising some of the results in Section 2, we may state that for f : [a, b] → R being an absolutely continuous function, we have the inequality

(2.37) | |1 2 [f (x) + f (a + b − x)] − 1 b − a

∫_b a f (t) dt | |

≤

[ 1 8 + 2

(_{x− 3a+b4} b−a )_2]

(b − a) ‖f^′‖_{[a,b],∞} if f^′ ∈ L_∞ [a, b]

2^{1q}

(q+1)^{1q} [( x−a b−a )_{q+1} + (_{a+b2 −x} b−a )_{q+1}]^1_q (b − a)^{1q} ‖f^′‖_{[a,b],p} ,

if p > 1,^1_p +^1_q = 1, and f^′ ∈ L_p [a, b] ; [_1 4 + | |^{x− 3a+b4}_{b−a} | | ] ‖f^′‖_{[a,b],1} ,

for all x ∈ [ a,^{a+b}_2 ] . Now, let X be a random variable taking values in the finite interval [a, b] , with the probability density function f : [a, b] → [0, ∞) and with the cumulative distribution function F (x) = Pr (X ≤ x) =

∫_x a f (t) dt.

The following result holds [64].

Theorem 14. With the above assumptions, we have the inequality

(2.38) | |1 2 [F (x) + F (a + b − x)] − b − E (X) b − a | |

≤

[ 1 8 + 2

(_{x− 3a+b4} b−a )_2]

(b − a) ‖f‖_{[a,b],∞} if f ∈ L_∞ [a, b]

2^{1q}

(q+1)^{1q} [( x−a b−a )_{q+1} + (_{a+b2 −x} b−a )_{q+1}]^1_q (b − a)^{1q} ‖f‖_{[a,b],p} ,

if p > 1,^1_p +^1_q = 1, and f ∈ L_p [a, b] ; [_1 4 + | |^{x− 3a+b4}_{b−a} | | ] , for any x ∈ [ a,^{a+b}_2 ] . Proof. The proof follows by (2.37) on choosing f = F and taking into account that

E (X) =

∫_b a tdF (t) = b −

∫_b a F (t) dt.

In particular, we have [64]:

3. OSTROWSKI’S INEQUALITY FOR CONVEX FUNCTIONS 47

Corollary 22. With the above assumptions, we have

(2.39) | |1 2 [ F ( 3a + b 4 ) + F ( a + 3b 4 )] − b − E (X) b − a | |

≤ 1 8 (b − a) ‖f‖_{[a,b],∞} if f ∈ L_∞ [a, b] 1 4 ·^{(b−a)} 1 q (q+1)^{1q}

‖f‖_{[a,b],p} , if p > 1,^1_p +^1_q = 1, and f ∈ L_p [a, b] ; 1 4 . 3. Ostrowski’s Inequality for Convex Functions

3.1. Introduction. The result known in the literature as Ostrowski’s inequality [112], see (1.41) will again be utilised in this section.

The following Ostrowski type result holds (see [89], [90] and [92]).

Theorem 15. Let f : [a, b] → R be absolutely continuous on [a, b], then, for all x ∈ [a, b], we have:

(2.40) | |f (x) − 1

b − a

∫_b a f (t) dt | |

≤

[ 1 4 + (_{x− a+b2} b−a )_2]

(b − a) ‖f^′‖_∞ if f^′ ∈ L_∞ [a, b] ; 1 (p+1)^{1p}

[(_{x−a} b−a )_{p+1} + (_{b−x} b−a )_{p+1}]^1_p

(b − a)^{1p} ‖f^′‖_q if f^′ ∈ L_q [a, b] ,^1_p +^1_q = 1, p > 1;

[_1 2 + | |^{x− a+b2}_{b−a} | | ] ‖f^′‖_1 ;

where ‖·‖_r (r ∈ [1, ∞]) are the usual Lebesgue norms on L_r [a, b], i.e., ‖g‖_∞ := ess sup_{t∈[a,b]} |g (t)| and ‖g‖_r := (∫_b a |g (t)|^r dt

)^1_r

, r ∈ [1, ∞).

The constants^1_4 ,^1_{(p+1) 1p} and^1_2 are all sharp in the sense that they cannot be replaced by smaller quantities.

The above inequalities can also be obtained from Fink’s result in [96] on choosing n = 1 and performing some appropriate computations.

If we drop the condition of absolute continuity and assume that f is Hölder continuous, then we can state the following result (see [78]):

48 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Theorem 16. Let f : [a, b] → R be of r − H−Hölder type, i.e.,

(2.41) |f (x) − f (y)| ≤ H |x − y|^r , for all x, y ∈ [a, b] ,

where r ∈ (0, 1] and H > 0 are fixed, then, for all x ∈ [a, b] , we have the inequality:

(2.42) | |f (x) − 1

b − a

∫_b a f (t) dt | |

≤ H r + 1 [( b − x b − a

)_{r+1} + ( x − a b − a

)_{r+1}] (b − a)^r .

The constant^1_{r+1} is also sharp in the above sense.

Note that if r = 1, i.e., f is Lipschitz continuous, then we get the following version of Ostrowski’s inequality for Lipschitzian functions (with L instead of H) (see [71])

(2.43) | | |f (x) − 1 b − a

∫_b a f (t) dt | | | ≤ 1 4 + ( x −^{a+b}_2 b − a )_2 (b − a) L.

Here the constant^1_4 is also best.

Moreover, if one drops the continuity condition of the function, and assumes that it is of bounded variation, then the following result may be stated (see [59]).

Theorem 17. Assume that f : [a, b] → R is of bounded variation and denote by

⋁_b a (f) its total variation, then

(2.44) | |f (x) − 1 b − a

∫_b a f (t) dt | | ≤ [ 1 2 + | | | x −^{a+b}_2 b − a | | | ]_b ⋁ a (f)

for all x ∈ [a, b].

The constant^1_2 is the best possible.

If we assume that f is monotonically increasing, then the inequality (2.44) may be improved in the following manner [63] (see also [31]).

3. OSTROWSKI’S INEQUALITY FOR CONVEX FUNCTIONS 49

Theorem 18. Let f : [a, b] → R be monotonic nondecreasing, then for all x ∈ [a, b], we have the inequality: | |f (x) − 1 b − a

∫_b a f (t) dt | | (2.45) ≤ 1 b − a { [2x − (a + b)] f (x) +

∫_b a sgn (t − x) f (t) dt }

≤ 1 b − a

{(x − a) [f (x) − f (a)] + (b − x) [f (b) − f (x)]} ≤ [ 1 2 + | | | x −^{a+b}_2 b − a | | | ] [f (b) − f (a)] .

All the inequalities in (2.45) are sharp and the constant^1_2 is the best possible.

In the next section we establish an Ostrowski type inequality for convex functions. Applications for PDFs are also provided.

3.2. The Results. The following theorem providing a lower bound for the Ostrowski difference

∫_b a f (t) dt − (b − a) f (x) for convex function f (·) holds [53].

Theorem 19. Let f : [a, b] → R be a convex function on [a, b], then for any x ∈ (a, b) , we have the inequality:

(2.46) 1 2 [ (b − x)^2 f^′_+ (x) − (x − a)^2 f^′_− (x) ]

≤ ∫_b a f (t) dt − (b − a) f (x) .

The constant^1_2 in the left hand side of (2.46) is sharp.

Proof. It is easy to see that for any locally absolutely continuous function f : (a, b) → R, we have the identity

(2.47)

∫_x a (t − a) f^′ (t) dt +

∫_b x (t − b) f^′ (t) dt = f (x) −

∫_b a f (t) dt,

for any x ∈ (a, b) where f^′ is the derivative of f which exists a.e. on (a, b) .

Since f is convex, then it is locally Lipschitzian and thus (2.47) holds. Moreover, for any x ∈ (a, b) , we have the inequalities

(2.48) f^′ (t) ≤ f^′_− (x) for a.e. t ∈ [a, x]

50 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS and (2.49) f^′ (t) ≥ f^′_+ (x) for a.e. t ∈ [x, b] .

If we multiply (2.48) by t − a ≥ 0, t ∈ [a, x] , and integrate over [a, x], we get

(2.50)

∫_x a (t − a) f^′ (t) dt ≤ 1 2 (x − a)^2 f^′_− (x)

and if we multiply (2.49) by b − t ≥ 0, t ∈ [x, b] , and integrate over [x, b] , we also have

(2.51)

∫_b x (b − t) f^′ (t) dt ≥ 1 2 (b − x)^2 f^′_+ (x) .

Finally, if we subtract (2.51) from (2.50) and use the representation (2.47) we deduce the desired inequality (2.46).

Now, assume that (2.46) holds with a constant C > 0 instead of^1_2 , so that,

(2.52) C [ (b − x)^2 f^′_+ (x) − (x − a)^2 f^′_− (x) ] ≤ ∫_b a f (t) dt − (b − a) f (x) .

Consider the convex function f_0 (t) := k | t −^{a+b}_2 | , k > 0, t ∈ [a, b] , then

f^′_0+ ( a + b 2 ) = k, f^′_0− ( a + b 2 ) = −k, f_0 ( a + b 2 ) = 0 and ∫_b a f_0 (t) dt = 1 4 k (b − a)^2 .

If in (2.52) we choose f_0 as above and x =^{a+b}_2 , then we get C [ 1 4 (b − a)^2 k + 1 4 (b − a)^2 k ] ≤ 1 4 k (b − a)^2 ,

which gives C ≤^1_2 , and the sharpness of the constant is proved.

Now, recall the following inequality, which is well known in the literature as the Hermite-Hadamard inequality for convex functions, holds:

(HH) f ( a + b 2 ) ≤ 1 b − a

∫_b a f (t) dt ≤ f (a) + f (b) 2 . The following corollary which improves the first Hermite-Hadamard inequality (HH) holds [53].

3. OSTROWSKI’S INEQUALITY FOR CONVEX FUNCTIONS 51

Corollary 23. Let f : [a, b] → R be a convex function on [a, b], then 0 ≤ 1 8 [ f^′_+ ( a + b 2 ) − f^′_− ( a + b 2 )] (b − a)

(2.53) ≤ 1 b − a

∫_b a f (t) dt − f ( a + b 2 ) . The constant^1_8 is sharp.

The proof is obvious by the above theorem. The sharpness of the constant is obtained for f_0 (t) := k | t −^{a+b}_2 | , t ∈ [a, b] , k > 0.

When x is a point of differentiability, we can state the following corollary as well.

Corollary 24. Let f be as in Theorem 19. If x ∈ (a, b) is a point of differentiability for f, then

(2.54) ( a + b 2 − x ) f^′ (x) ≤ 1 b − a

∫_b a f (t) dt − f (x) .

Remark 22. If f : I ⊆ R → R is convex on I and if we choose x ∈I̊ (I̊ is the interior of I), b = x +^h_2 , a = x −^h_2 , h > 0, for a, b ∈ I, from (2.46), we have,

(2.55) 0 ≤ 1 8 h^2 [ f^′_+ (x) − f^′_− (x) ] ≤ ∫_{x+} h_2

x−^h_2

f (t) dt − hf (x) ,

and the constant^1_8 is sharp in (2.55).

The following result, providing an upper bound for the Ostrowski difference

∫_b a f (t) dt − (b − a) f (x) , also holds [53].

Theorem 20. Let f : [a, b] → R be a convex function on [a, b] , then for any x ∈ [a, b] , we have the inequality:

(2.56)

∫_b a f (t) dt − (b − a) f (x) ≤ 1 2 [ (b − x)^2 f^′_− (b) − (x − a)^2 f^′_+ (a) ] . The constant^1_2 is sharp.

Proof. If either f^′_+ (a) = −∞ or f^′_− (b) = +∞, then the inequality (2.56) evidently holds true.

Assume that f^′_+ (a) and f^′_− (b) are finite. Since f is convex on [a, b] , we have (2.57) f^′ (t) ≥ f^′_+ (a) for a.e. t ∈ [a, x]

52 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS and (2.58) f^′ (t) ≤ f^′_− (b) for a.e. t ∈ [x, b] .

If we multiply (2.57) by t − a ≥ 0, t ∈ [a, x] , and integrate over [a, x] , we deduce

(2.59)

∫_x a (t − a) f^′ (t) dt ≥ 1 2 (x − a)^2 f^′_+ (a)

and if we multiply (2.58) by b − t ≥ 0, t ∈ [x, b] , and integrate over [x, b] , we also have

(2.60)

∫_b x (b − t) f^′ (t) dt ≤ 1 2 (b − x)^2 f^′_− (b) .

Finally, if we subtract (2.59) from (2.60) and use the representation (2.47), we deduce the desired inequality (2.56).

Now, assume that (2.56) holds with a constant D > 0 instead of^1_2 , i.e.,

(2.61)

∫_b a f (t) dt − (b − a) f (x) ≤ D [ (b − x)^2 f^′_− (b) − (x − a)^2 f^′_+ (a) ] . If we consider the convex function f_0 : [a, b] → R, f_0 (t) = k | t −^{a+b}_2 | , then we have f^′_− (b) = k, f^′_+ (a) = −k and by (2.61) we deduce for x =^{a+b}_2 that 1 4 k (b − a)^2 ≤ D [ 1 4 k (b − a)^2 + 1 4 k (b − a)^2 ] , giving D ≥^1_2 , and the sharpness of the constant is proved.

The following corollary, related to the Hermite-Hadamard inequality, is interesting as well [53].

Corollary 25. Let f : [a, b] → R be convex on [a, b], then 0 ≤ 1 b − a

∫_b a f (t) dt − f ( a + b 2 ) (2.62) ≤ 1 8 [ f^′_− (b) − f^′_+ (a) ] (b − a)

and the constant^1_8 is sharp.

3. OSTROWSKI’S INEQUALITY FOR CONVEX FUNCTIONS 53

Remark 23. Denote B := f^′_− (b), A := f^′_+ (a) and assume that B ≠ A, i.e., f is not constant on (a, b), then

(b − x)^2 B − (x − a)^2 A

= (B − A) [ x − ( bB − aA B − A )]_2 − AB B − A

(b − a)^2

and by (2.56) we get

(2.63)

∫_b a f (t) dt − (b − a) f (x) ≤ 1 2 (B − A) {[ x − ( bB − aA B − A )]_2 − AB (B − A)^2

(b − a)^2 }

for any x ∈ [a, b] .

If A ≥ 0 then x_0 =^{bB−aA}_{B−A} ∈ [a, b] and by (2.63) we get, choosing x =^{bB−aA}_{B−A} , that

(2.64) 0 ≤ 1 2 AB B − A

(b − a) ≤ f ( bB − aA B − A ) − 1 b − a

∫_b a f (t) dt.

Remark 24. If f : I ⊆ R → R is convex on I and if we choose x ∈I̊, b = x +^h_2 , a = x −^h_2 , h > 0 such that a, b ∈ I, then from (2.56) we deduce:

0 ≤ ∫_{x+} h_2

x−^h_2

f (t) dt − hf (x)

(2.65) ≤ 1 8 h^2 [ f^′_− ( x + h 2 ) − f^′_+ ( x − h 2 )] ,

and the constant^1_8 is sharp.

3.3. Inequalities for Integral Means. The following result in comparing two integral means has been obtained in [53].

54 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Theorem 21. Let f : [a, b] → R be a convex function and c, d ∈ [a, b] with c < d, then we have the inequalities

a + b 2 · f (d) − f (c) d − c − df (d) − cf (c) d − c + 1 d − c

∫_d c f (x) dx

(2.66) ≤ 1 b − a

∫_b a f (t) dt − 1 d − c

∫_d c f (x) dx ≤ f^′_− (b) [ (b − d)^2 + (b − d) (b − c) + (b − c)^2 ] 6 (b − a) − f^′_+ (a) [ (d − a)^2 + (d − a) (c − a) + (c − a)^2 ] 6 (b − a) . Proof. Since f is convex, then for a.e. x ∈ [a, b], we have (by (2.54)) that

(2.67) ( a + b 2 − x ) f^′ (x) ≤ 1 b − a

∫_b a f (t) dt − f (x) .

Integrating (2.67) on [c, d] we deduce

(2.68) 1 d − c

∫_d c ( a + b 2 − x ) f^′ (x) dx ≤ 1 b − a

∫_b a f (t) dt − 1 d − c

∫_d c f (x) dx.

Since 1 d − c

∫_d c ( a + b 2 − x ) f^′ (x) dx = 1 d − c [( a + b 2 − d ) f (d) − ( a + b 2 − c ) f (c) +

∫_d c f (x) dx ]

then by (2.68) we deduce the first part of (2.66).

Using (2.56), we may write for any x ∈ [a, b] that

(2.69) 1 b − a

∫_b a f (t) dt − f (x) ≤ 1 2 (b − a) [ (b − x)^2 f^′_− (b) − (x − a)^2 f^′_+ (a) ] .

3. OSTROWSKI’S INEQUALITY FOR CONVEX FUNCTIONS 55

Integrating (2.69) over [c, d] , we deduce

(2.70) 1 b − a

∫_b a f (t) dt − 1 d − c

∫_d c f (x) dx ≤ 1 2 (b − a) [ f^′_− (b) 1 d − c

∫_d c (b − x)^2 dx

−f^′_+ (a) 1 d − c

∫_d c (x − a)^2 dx ] . Since 1 d − c

∫_d c (b − x)^2 dx =

(b − d)^2 + (b − d) (b − c) + (b − c)^2 3 and 1 d − c

∫_d c (x − a)^2 dx =

(d − a)^2 + (d − a) (c − a) + (c − a)^2 3 , then, by (2.70), we deduce the second part of (2.66).

Remark 25. If we choose f (x) = x^p, p ∈ (−∞, 0) ∪ [1, ∞)\ {−1} or f (x) =^1_x or even f (x) = − ln x, x ∈ [a, b] ⊂ (0, ∞) , in the above inequalities, then a great number of interesting results for p−logarithmic, logarithmic and identric means may be obtained. We leave this as an exercise for the interested reader.

3.4. Applications for PDFs. Let X be a random variable with the probability density function f : [a, b] ⊂ R → R_+ and with cumulative distribution function F (x) = Pr (X ≤ x) .

The following theorem holds [53].

Theorem 22. If f : [a, b] ⊂ R → R_+ is monotonically increasing on [a, b], then we have the inequality: 1 2 [ (b − x)^2 f_+ (x) − (x − a)^2 f_− (x) ] (2.71) ≤ b − E (X) − (b − a) F (x) ≤ 1 2 [ (b − x)^2 f_− (b) − (x − a)^2 f_+ (a) ] for any x ∈ (a, b) , where f_− (α) means the left limit in α while f_+ (α) means the right limit in α.

The constant^1_2 is sharp in both inequalities. The second inequality also holds for x = a of x = b.

56 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Proof. The proof follows by Theorem 19 and 20 applied to the convex cdf function F (x) =

∫_x a f (t) dt, x ∈ [a, b] and taking into account that ∫_b a F (x) dx = b − E (X) .

Finally, we state the following corollary for estimating the probability Pr ( X ≤^{a+b}_2 ) [53].

Corollary 26. With the above assumptions, we have

b − E (X) − 1 8 (b − a)^2 [f_− (b) − f_+ (a)]

(2.72)

≤ Pr ( X ≤ a + b 2 )

≤ b − E (X) − 1 8 (b − a)^2 [ f_+ ( a + b 2 ) − f_− ( a + b 2 )] . 4. A New Ostrowski Type Inequality and Applications 4.1. Introduction. Let the functional S (f; a, b) be defined by (2.73) S (f; a, b) = f (x) − M (f; a, b) , where

(2.74) M (f; a, b) = 1 b − a

∫_b a f (x) dx.

The functional S (f; a, b) represents the deviation of f (x) from its integral mean over [a, b].

In 1938, A. Ostrowski proved the following integral inequality [112] as mentioned earlier.

Theorem 23. Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b) and assume |f^′ (x)| ≤ M for all x ∈ (a, b), then the inequality

(2.75) |S (f; a, b)| ≤ [( b − a 2 )_2 + ( x − a + b 2 )_2] M b − a

holds for all x ∈ [a, b]. The constant^1_4 is best possible.

In a series of papers, Dragomir and Wang [89] – [92] proved (2.75) and other variants for f^′ ∈ L_p [a, b] for p ≥ 1, the Lebesgue norms making use of a Peano kernel approach and Montgomery’s identity [110,

4. A NEW OSTROWSKI TYPE INEQUALITY AND APPLICATIONS 57

p. 585]. Montgomery’s identity states that for absolutely continuous mappings f : [a, b] → R

(2.76) f (x) = 1 b − a

∫_b a f (t) dt + 1 b − a

∫_b a p (x, t) f^′ (t) dt,

where the kernel p : [a, b]^2 → R is given by

p (x, t) = { t − a, a ≤ t ≤ x ≤ b,

t − b, a ≤ x < t ≤ b.

If we assume that f^′ ∈ L_∞ [a, b] and ‖f^′‖_∞ := ess sup_{t∈[a,b]} |f^′ (t)| then

M in (2.75) may be replaced by ‖f^′‖_∞.

Dragomir and Wang [89] – [92], utilising an integration by parts argument, ostensibly Montgomery’s identity (2.76), obtained

(2.77) |S (f; a, b)|

≤

[(_{b−a} 2 )_2 + ( x −^{a+b}_2

)_2]_{‖f} ′_{‖∞}

b−a , f^′ ∈ L_∞ [a, b] ; [_{(x−a)q+1+(b−x)q+1} q+1 ] 1_{q ‖f ′‖p} b−a , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

[_{b−a} 2 + | x −^{a+b}_2

|]_{‖f} ′_{‖1} b−a ,

where f : [a, b] → R is absolutely continuous on [a, b] and the constants 1 4 ,^1_{(q+1) 1q} and^1_2 are all sharp.

In this section we obtain bounds for the deviation of a function from integral means that not necessarily cover the whole interval. The Ostrowski type results are recaptured as special cases. Following an identity obtained in Subsection 4.2 and the resulting bounds, perturbed results arising from the Chebychev functional are investigated in Subsection 4.3. The final Subsection 4.4 applies the results to the cumulative distribution function.

4.2. Results. We commence with the following identity which although of interest in itself, will be used to obtain bounds [28].

Lemma 3. Let f : [a, b] → R be an absolutely continuous mapping. Denote by P (x, ·) : [a, b] → R the kernel given by

(2.78) P (x, t) = α α+β (_{t−a} x−a ) , t ∈ [a, x] −β α+β (_{b−t} b−x ) , t ∈ (x, b]

58 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

where α, β ∈ R are nonnegative and not both zero, then the identity

(2.79)

∫_b a P (x, t) f^′ (t) dt

= f (x) − 1 α + β [ α x − a

∫_x a f (t) dt + β b − x

∫_b x f (t) dt ]

holds.

Proof. From (2.78), we have ∫_b a P (x, t) f^′ (t) dt = α α + β

∫_x a ( t − a x − a ) f^′ (t) dt − β α + β

∫_b x ( b − t b − x ) f^′ (t) dt = α α + β {( t − a x − a ) f (t)

]_x t=a − 1 x − a

∫_x a f (t) dt }

− β α + β {( b − t b − x ) f (t)

]_b t=x − 1 b − x

∫_b x f (t) dt } , where the integration by parts formula has been utilised on the separate intervals [a, x] and (x, b]. Simplification of the expressions readily produces the identity as stated.

Theorem 24. ([28]) Let f : [a, b] → R be an absolutely continuous mapping and define

(2.80) T (x; α, β) := f (x) − 1 α + β

[αM (f; a, x) + βM (f; x, b)] ,

where M (f; a, b) is the integral mean as defined by (2.74), then

(2.81) |T (x; α, β)|

≤ [α (x − a) + β (b − x)]^{‖f ′‖∞}_{2(α+β)} , f^′ ∈ L_∞ [a, b] ;

[α^q (x − a) + β^q (b − x)]^{1q ‖f ′‖p}_{(q+1) 1q (α+β)} , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; [ 1 +^{|α−β|}_{α+β}

]_{‖f ′‖1} 2 , where ‖h‖_· are the usual Lebesgue norms for h ∈ L_· [a, b].

4. A NEW OSTROWSKI TYPE INEQUALITY AND APPLICATIONS 59

Proof. Taking the modulus of (2.79) we have, from (2.80) and (2.74),

(2.82) |T (x; α, β)| = | | ∫_b a P (x, t) f^′ (t) dt | | ≤ ∫_b a |P (x, t)| |f^′ (t)| dt,

where we have used the well known properties of the integral and modulus.

Thus, for f^′ ∈ L_∞ [a, b] from (2.82) we have,

|T (x; α, β)| ≤ ‖f^′‖_∞

∫_b a |P (x, t)| dt

from which a simple calculation using (2.78) gives

∫_b a |P (x, t)| dt = α α + β

∫_x a t − a x − a dt + β α + β

∫_b x b − t b − x dt = [ α α + β

(x − a) + β α + β

(b − x)

] ∫_1 0 udu and hence the first inequality follows.

Further, using Hölder’s integral inequality, we have for f^′ ∈ L_p [a, b] from (2.82)

|T (x; α, β)| ≤ ‖f^′‖_p (∫_b a |P (x, t)|^q dt

)^1_q , where^1_p +^1_q = 1 with p > 1. Now

(α + β) (∫_b a |P (x, t)|^q dt

)^1_q

= [ α^q

∫_x a ( t − a x − a

)_q

dt + β^q

∫_b x ( b − t b − x

)_q dt ]^1_q

= [α^q (x − a) + β^q (b − x)]^{1q} (∫_1 0 u^qdu

)^1_q

and so the second inequality is obtained.

Finally, for f^′ ∈ L_1 [a, b] we have from (2.82) and using (2.78) |T (x; α, β)| ≤ sup_{t∈[a,b]} |P (x, t)| ‖f^′‖_1 ,

where

(α + β) sup_{t∈[a,b]} |P (x, t)| = max {α, β} = α + β 2 + | |α − β 2 | | and so the proof is completed.

60 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Remark 26. It should be noted, that from (2.80) and (2.73),

(2.83) (α + β) T (x; α, β) = αS (f; a, x) + βS (f; x, b)

and so from (2.77), using the triangle inequality,

(2.84) |(α + β) T (x; α, β)|

≤ α 2 (x − a) ‖f^′‖_{∞,[a,x]} +^β_2 (b − x) ‖f^′‖_{∞,[x,b]} , α (_{x−a} q+1 ) 1_q

‖f^′‖_{p,[a,x]} + β

(_{b−x} q+1 ) 1_q ‖f^′‖_{p,[x,b]} ,

α ‖f^′‖_{1,[a,x]} + β ‖f^′‖_{1,[x,b]} .

Further,

(2.85) |(α + β) T (x; α, β)|

≤ [α (x − a) + β (b − x)]^{‖f ′‖∞}_2 , f^′ ∈ L_∞ [a, b] ; [ α (_{x−a} q+1 ) 1_q + β (_{b−x} q+1 ) 1_q ]

‖f^′‖_p , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(α + β) ‖f^′‖_1 ,

where the expression (2.85) involving the ‖·‖_p norm is coarser.

The results of (2.84), in which the norms are evaluated over the two subintervals, although finer, do require more work.

Remark 27. It is possible to reduce the amount of work alluded to in Remark 26 by observing that,

αM (f; a, x) + βM (f; x, b)

= αM (f; a, x) + β b − x [∫_b a f (u) du −

∫_x a f (u) du ]

= [ α − β ( x − a b − x )] M (f; a, x) + β ( b − a b − x ) M (f; a, b)

= [α + β − βρ (x)] M (f; a, x) + βρ (x) M (f; a, b) ,

where

(2.86) ρ (x) = b − a b − x .

4. A NEW OSTROWSKI TYPE INEQUALITY AND APPLICATIONS 61

Thus, from (2.80), T (x; α, β) may be written in the following equivalent form

(2.87) T (x; α, β)

= f (x) − [( 1 − β α + β ρ (x) ) M (f; a, x) + β α + β ρ (x) M (f; a, b) ]

so that for fixed [a, b], M (f; a, b) is also fixed.

The following uniform bounds are valid [28].

Corollary 27. Let the conditions of Theorem 24 hold, then

(2.88) | |f (x) − 1 2 [M (f; a, x) + M (f; x, b)] | |

≤

(b−a)

4 ‖f^′‖_∞ , f^′ ∈ L_∞ [a, b] ; (_{b−a} q+1 ) 1_q

·^{‖f ′‖p}_2 , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1 2 . Proof. The result is readily obtained by allowing β = α in (2.81) so that the left hand side is T (x; α, α) from (2.80).

Corollary 28. ([28]) Let the conditions of Theorem 24 hold, then | | | f ( a + b 2 ) − 2 (b − a) (α + β) [ α ∫ a+b_2 a f (u) du + β

∫_b a+b 2 f (u) du ]| | |

(2.89) ≤

(b−a)

4 ‖f^′‖_∞ , f^′ ∈ L_∞ [a, b] ;

[α^q + β^q]^{1q}

(_{b−a}

2(q+1)

) 1_q

·^{‖f ′‖p}_{α+β} , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; [ 1 +^{|α−β|}_{α+β}

]_{‖f ′‖1} 2 . Proof. Placing x =^{a+b}_2 in (2.80) and (2.81) produces the results as stated in (2.89).

62 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Corollary 29. ([28]) If (2.88) is evaluated at the midpoint then | | |f ( a + b 2 ) − 1 b − a

∫_b a f (t) dt | | |

≤

(b−a)

4 ‖f^′‖_∞ , f^′ ∈ L_∞ [a, b] ;

(_{b−a} q+1 ) 1_q ·^{‖f ′‖p}_2 , f^′ ∈ L_p [a, b] ,

p > 1,^1_p +^1_q = 1;

‖f^′‖_1 2 . which is in agreement with (2.77) when x =^{a+b}_2 . The above result could also be obtained by taking α = β in (2.89) or equivalently α = β and x =^{a+b}_2 in (2.81).

4.3. Perturbed Results. Perturbed versions of the results of the previous section may be obtained by using Grüss type results involving the Chebychev functional

(2.90) T (f, g) = M (fg) − M (f) M (g)

with M (f) being the integral mean of f over [a, b].

For f, g : [a, b] → R and integrable on [a, b], as is their product, then

(2.91)

|T (f, g)| ≤ T^12 (f, f) T^12 (g, g) , Dragomir [54] for f, g ∈ L_2 [a, b] ;

≤^{Γ−γ}_2 T^12 (f, f) , Matić et al. [108] for γ ≤ g (t) ≤ Γ, t ∈ [a, b] , ≤^{(Γ−γ)(Φ−ϕ)}_4 , Grüss (see [109, 295-310]), ϕ ≤ f ≤ Φ, t ∈ [a, b] .

Dragomir [54] obtained numerous results when either f, g or both are known, although the first inequality in (2.91) has a long history (see for example [109, pp. 295-310]. The inequalities in (2.91), when proceeding from top to bottom, are in order of decreasing coarseness.

The following theorem is valid [28].

4. A NEW OSTROWSKI TYPE INEQUALITY AND APPLICATIONS 63

Theorem 25. Let f : [a, b] → R be an absolutely continuous mapping and α ≥ 0, β ≥ 0, α + β ≠ 0 then

(2.92)

| T (x, α, β) − (x − γ)^S_2 | ≤ (b − a) κ (x)

[_1 b−a ‖f^′‖^2 − S^2

] 1_2 , f^′ ∈ L_2 [a, b] ;

≤ (b − a) κ (x)^{Γ−γ}_2 , if γ < f^′ (t) < Γ, t ∈ [a, b] ;

≤ (b − a)^{Γ−γ}_4 ,

where, T (x, α, β) is as given by (2.80) or equivalently (2.87), γ = αa + βb α + β

, S = f (b) − f (a) b − a , (2.93)

κ^2 (x) = 1 3 [( α α + β

)_2

(x − a) + ( β α + β

)_2 (b − x) ] (2.94)

− ( x − γ 2 (b − a)

)_2 . Proof. Associating f (t) with P (x, t) and g (t) with f^′ (t), we obtain, from (2.78) and (2.90),

T (P (x, ·) , f^′ (·)) = M (P (x, ·) , f^′ (·)) − M (P (x, ·)) M (f^′ (·))

and so, on using identity (2.79),

(2.95) (b − a) T (P (x, ·) , f^′ (·)) = T (x, α, β) − (b − a) M (P (x, ·)) S

where S is the secant slope of f over [a, b] as given in (2.93). Now, from (2.79),

(b − a) M (P (x, ·)) =

∫_b a P (x, t) dt

(2.96) = α α + β

∫_x a t − a x − a dt − β α + β

∫_b x b − t b − x dt = (x − γ)

∫_1 0 udu and combining this with (2.94) gives the left hand side of (2.92).

64 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Now, for the bounds on (2.95) from (2.91) we have to determine T^12 (P (x, ·) , P (x, ·)) and ϕ ≤ P (x, ·) ≤ Φ. First, we note that

0 ≤ T^{12} (f^′ (·) , f^′ (·)) = [ M ( (f^′ (·))^2 ) − M^2 (f^′ (·))

] 1_2 (2.97)

= 1 b − a

∫_b a [f^′ (t)]^2 dt − (∫_b a f^′ (t) dt b − a )_2 1 2

= [ 1 b − a

‖f^′‖^2 − S^2

] 1_2

≤ ( Γ − γ 2 ) , where γ ≤ f^′ (t) ≤ Γ, t ∈ [a, b] .

Now from (2.78), the definition of P (x, t) , we have (2.98) T (P (x, ·) , P (x, ·)) = M ( P^2 (x, ·) ) − M^2 (P (x, ·)) where from (2.96),

M (P (x, ·)) = x − γ 2 (b − a) , and M ( P^2 (x, ·) ) = ( α α + β

)_2 ∫_x a ( t − a x − a

)_2

dt + ( β α + β

)_2 ∫_b x ( b − t b − x

)_2 dt = [( α α + β

)_2

(x − a) + ( β α + β

)_2

(b − x)

] ∫_1 0 u^2du.

Thus, substituting the above results into (2.98) gives

(2.99) 0 ≤ κ (x) = T^{12} (P (x, ·) , P (x, ·)) which is given explicitly by (2.94). Combining (2.95), (2.99) and (2.97) give, from the first inequality in (2.91), the first inequality in (2.92). Also, utilising the inequality in (2.97) produces the second result in (2.92).

Further, it may be noticed from the definition of P (x, t) in (2.78) that for α, β ≥ 0 and α and β not zero at the same time, Φ = sup_{t∈[a,b]} P (x, t) and ϕ = inf_{t∈[a,b]} P (x, t) ,

giving Φ =^α_{α+β} and ϕ =^{−β}_{α+β} .

4. A NEW OSTROWSKI TYPE INEQUALITY AND APPLICATIONS 65

Hence, from (2.95) and the last inequality in (2.91) we have the final result in (2.92) and the theorem is now proved.

4.4. An Application to the Cumulative Distribution Function. Let X be a random variable taking values in the finite interval [a, b] with cumulative distribution function F (x) = Pr (X ≤ x) = ∫_x a f (u) du, where f is a probability density function. The following theorem holds [28].

Theorem 26. Let X and F be as above, then

(2.100) |(α (b − x) − β (x − a)) F (x) − (x − a) [(α + β) (b − x) f (x) − β]|

≤ (b − x) (x − a) [α (x − a) + β (b − x)] ·^{‖f ′‖∞}_2 , f^′ ∈ L_∞ [a, b] ;

(b − x) (x − a) [α^q (x − a) + β^q (b − x)]^{1q} ·^{‖f ′‖p}_{(q+1) 1q} , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(b − x) (x − a) [α + β + |α − β|] ·^{‖f ′‖1}_2 , f^′ ∈ L_1 [a, b] .

Proof. The proof follows in a straightforward manner from (2.81) of Theorem 24.

Using (2.87) for T (x; α, β) and (2.88) we obtain, on using the fact that

∫_b a f (u) du = 1,

(α + β) (x − a) (b − x) T (x; α, β) = (α + β) (x − a) (b − x) f (x) − [α (b − x) − β (x − a)] F (x) − β (x − a) .

Thus,

− (α + β) (x − a) (b − x)

α (b − x) − β (x − a)

T (x; α, β)

= F (x) − (x − a) [ (α + β) (b − x) f (x) − β α (b − x) − β (x − a) ]

and so taking the modulus and using (2.81) gives the stated result.

66 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Corollary 30. ([28]) Let X be a random variable , F (x) the associated cumulative distribution function and f (x) the associated probability density function. We have,

(2.101) | | ( a + b 2 − x ) F (x) − (x − a) [ (b − x) f (x) − 1 2 ]| |

≤ (b − x) (x − a) (b − a) ·^{‖f ′‖∞}_2 , f^′ ∈ L_∞ [a, b] ;

(b − x) (x − a) (b − a)^{1q} ·^{‖f ′‖p}_{2(q+1) 1q} , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(b − x) (x − a) ·^{‖f ′‖1}_2 , f^′ ∈ L_1 [a, b] .

Remark 28. The above results allow the approximation of F (x) in terms of f (x). The approximation of R (x) = 1 − F (x) could also be obtained by a simple substitution. R (x) is of importance in reliability theory where f (x) is the PDF of failure.

Remark 29. We may take β = 0 in (2.80) and (2.81), whilst assuming that α ≠ 0, to give

(2.102) |F (x) − (x − a) f (x)|

≤ (x−a)^2

2 ‖f^′‖_∞ , f^′ ∈ L_∞ [a, b] ;

(x − a)^{1+ 1q} ·^{‖f ′‖p}_{(q+1) 1q} , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; (x − a) ‖f^′‖_1 , f^′ ∈ L_1 [a, b] .

which agrees with (2.77) for |S (f; a, x)|.

Remark 30. The perturbed results of Section 4.3 could also be applied here, however, this will not be pursued further.

Remark 31. We may replace f by F (see [9] for related results) in any of the equations (2.100) – (2.102) so that the bounds are in terms of ‖f‖_p, p ≥ 1.

5. Some Inequalities Arising from Montgomery’s Identity 5.1. Introduction. As mentioned earlier, the following identity, attributed to Montgomery, is well known in the literature (see [110, Chapter XVII, p. 565])

(2.103) f (x) = M (f; a, b) + κ (x) ,

5. SOME INEQUALITIES ARISING FROM MONTGOMERY’S IDENTITY 67

where, as earlier,

(2.104) M (f; a, b) = 1 b − a

∫_b a f (t) dt

is the integral mean,

(2.105) κ (x) =

∫_b a P (x, t) f^′ (t) dt,

and the Peano kernel P (x, t) is given by

(2.106) (b − a) P (x, t) := { t − a, a ≤ t ≤ x,

t − b, x < t ≤ b.

Recently, Dragomir and Wang [92] utilized (2.103)-(2.106) to prove Ostrowski’s inequality [96, p. 469] | |f (x) − 1 b − a

∫_b a f (t) dt | | ≤ M b − a [( b − a 2 )_2 + ( x − a + b 2 )_2] , where f : I ⊆ R → R is a differential mapping on I̊, the interior of I, and |f^′ (x)| ≤ M for all x ∈ [a, b], a < b ∈I̊. Many Ostrowski type results applied to numerical integration and probability have appeared in the literature (see for example [18] – [86] and the references therein).

It is the intention of the current section to develop, through the framework of Montgomery’s identity, a systematic study which produces some novel results and recaptures existing results as special cases. Bounds are obtained in terms of the Lebesgue norms of the first derivative.

In Subsection 5.2, results are obtained for a generalised Chebychev functional involving the integral mean of functions over different intervals. In particular, bounds are obtained for the difference of means over two different intervals, producing a generalisation of Mahajani type inequalities. In Subsection 5.3, we study bounds involving moments about any general parameter producing results for central moments and for moments about the origin as special cases. Bounds for the expectation and the variance are investigated, in particular, recapturing some earlier results and obtaining some previously unknown results.

5.2. Main Results and Some Ramifications. We start with the following theorem [32].

Theorem 27. Let f : [a, b] → R be an absolutely continuous mapping as is u : [α, β] → R with [α, β] ⊆ [a, b]. The following inequalities

68 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

hold,

(2.107) | | ∫_β α u (x) f (x) dx − M (f; a, b)

∫_β α u (x) dx | |

≤

‖f^′‖_∞ 2(b−a)

∫_β α |u (x)| [ (x − a)^2 + (b − x)^2 ] dx, f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p

(q+1)^{1q} (b−a)

∫_β α |u (x)| [ (x − a)^{q+1} + (b − x)^{q+1}

] 1_q dx, f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1 b−a ∫_β α |u (x)|

[_{b−a} 2 + | x −^{a+b}_2 |] dx, f^′ ∈ L_1 [a, b] ,

Proof. Using identity (2.103), we obtain, for a ≤ α < β ≤ b,

(2.108)

∫_β α u (x) f (x) dx

= M (f; a, b)

∫_β α u (x) dx +

∫_β α u (x) κ (x) dx,

and therefore

(2.109) | | | ∫_β α u (x) f (x) dx − M (f; a, b)

∫_β α u (x) dx | | | = | | ∫_β α u (x) κ (x) dx | | . Now,

(2.110) | | ∫_β α u (x) κ (x) dx | | ≤ ∫_β α |u (x)| |κ (x)| dx

and using the properties of modulus and Hölder’s integral inequality

|κ (x)| ≤

‖f^′‖_∞

∫_b a |P (x, t)| dt, f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p (∫_b a |P (x, t)|^q dt

) 1_q

, f^′ ∈ L_p [a, b] ,

p > 1,^1_p +^1_q = 1;

‖f^′‖_1 sup_{t∈[a,b]} |P (x, t)| , f^′ ∈ L_1 [a, b] ,

5. SOME INEQUALITIES ARISING FROM MONTGOMERY’S IDENTITY 69

and these reduce to,

(2.111) |κ (x)|

≤

‖f^′‖_∞ 2(b−a) [ (x − a)^2 + (b − x)^2 ] , f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p

(q+1)^{1q} (b−a) [ (x − a)^{q+1} + (b − x)^{q+1}

] 1_q , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1

b−a max {x − a, b − x} , f^′ ∈ L_1 [a, b] .

Substituting (2.111) into (2.110) and using identity (2.109) gives (2.107) on noting that for X, Y ∈ R,

max {X, Y } =

X + Y 2 + | |X − Y 2 | | . Hence, the theorem is proved.

Lemma 4. ([32]) Let f and u satisfy the conditions of Theorem 27, then the following identity is valid,

(2.112)

∫_β α u (x) f (x) dx = A (α, β) { M (f; a, b) + ∫_α a ( t − a b − a ) f^′ (t) dt −

∫_b β ( b − t b − a ) f^′ (t) dt }

+ 1 b − a

∫_β α [(t − a) A (t, β) − (b − t) A (α, t)] f^′ (t) dt,

where A (α, β) =

∫_β α u (x) dx and M (f; a, b) is defined in (2.104).

Proof. The proof is straight forward from identity (2.108) by an interchange of the order of integration of ∫_β α u (x) κ (x) dx,

where κ (x) is defined by (2.105).

(2.113)

∫_β α u (x) κ (x) dx

= ∫_β α u (x)

∫_x a ( t − a b − a ) f^′ (t) dtdx +

∫_β α u (x)

∫_b x ( t − b b − a ) f^′ (t) dtdx

= A (α, β)

∫_α a ( t − a b − a ) f^′ (t) dt +

∫_β α ( t − a b − a ) A (t, β) f^′ (t) dt

70 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

+ A (α, β)

∫_b β ( t − b b − a ) f^′ (t) dt +

∫_β α ( t − b b − a ) A (α, t) f^′ (t) dt.

Substitution into (2.108) produces (2.112).

Theorem 28. ([32]) Let f : [a, b] → R be an absolutely continuous mapping as is also u : [α, β] → R with [α, β] ⊆ [a, b]. The following inequalities are then valid.

(2.114) | | | ∫_β α u (x) f (x) dx − M (f; a, b) A (α, β) | | |

≤

‖f^′‖_∞ b−a {_{|A(α,β)|} 2 [ (α − a)^2 + (b − β)^2 ] + ∫_β α |ϕ (t)| dt } , f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p

b−a ·

{_{|A(α,β)|q} q+1 [ (α − a)^{q+1} + (b − β)^{q+1} ]

+ ∫_β α |ϕ (t)|^q dt

} 1_q

, f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1

b−a max { |A (α, β)| Θ, sup_{t∈[α,β]} |ϕ (t)| } , f^′ ∈ L_1 [a, b] ,

where ϕ (t) = (t − a) A (t, β) − (b − t) A (α, t)

(2.115) = | | t − a b − t A (α, t) A (t, β) | | and (2.116) Θ = b − a 2 − β − α 2 + | |b + a 2 − β + α 2 | | . Proof. From identity (2.112)

(2.117)

∫_β α u (x) f (x) dx − M (f; a, b) A (α, β) = R,

where

(2.118) R = A (α, β) {∫_α a ( t − a b − a ) f^′ (t) dt +

∫_b β ( t − b b − a ) f^′ (t) dt }

+ 1 b − a

∫_β α ϕ (t) f^′ (t) dt,

with ϕ (t) being as given by (2.115).

5. SOME INEQUALITIES ARISING FROM MONTGOMERY’S IDENTITY 71

Now, taking the modulus of (2.117) and using the triangle inequality gives, from (2.118),

|R| ≤ |A (α, β)| { sup_{t∈[a,α]} |f^′ (t)| · 1 b − a · (α − a)^2 2 (2.119)

+ sup_{t∈[β,b]} |f^′ (t)| · 1 b − a · (b − β)^2 2 + sup_{t∈(α,β)} |f^′ (t)| 1 b − a

∫_β α ϕ (t) dt }

≤ ‖f^′‖_∞ b − a {[ (α − a)^2 + (b − β)^2 2 ] + ∫_β α |ϕ (t)| dt } . Substitution of (2.119) into (2.117) produces the first inequality in (2.114).

Further, from (2.117), using Hölder’s integral inequality

|R| ≤

‖f^′‖_p b − a { |A (α, β)|^q [∫_α a (t − a)^q dt

+ ∫_b β (b − t)^q dt ] + ∫_β α |ϕ (t)|^q dt

}^1_q , which, upon some simple calculations and substitution into (2.116), gives the second inequality in (2.114).

For the last inequality, from (2.118)

|R| ≤

|A (α, β)|

b − a [ (α − a)

∫_α a |f^′ (t)| dt + (b − β)

∫_b β |f^′ (t)| dt ]

+ 1 b − a sup t∈[α,β]

|ϕ (t)|

∫_β α |f^′ (t)| dt

≤ ‖f^′‖_1 b − a max { |A (α, β)| Θ, sup_{t∈[α,β]} |ϕ (t)| } , where Θ = max {α − a, b − β}.

On substitution of the last inequality into (2.117) and, using the fact that max {X, Y } =^{X+Y}_2 +

|_{X−Y} 2 | , X, Y ∈ R, we obtain the final inequality in (2.114).

Remark 32. The bound for the left hand side of (2.117) in terms of R as given by (2.118) was used so that a comparison could be made with the bounds obtained from Theorem 27. In Corollary 31, the first two

72 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

terms in (2.118) disappear on using particular choices of the parameters, and in Theorem 29, the terms constitute part of the expression to be approximated.

The following corollary gives an estimate of the error for the difference between weighted and unweighted integral means.

Corollary 31. ([32]) Let f, u : [a, b] → R be absolutely continuous mappings on [a, b]. Then

(2.120) | | | ∫_b a u (x) f (x) dx ∫_b a u (x) dx − ∫_b a f (x) dx b − a | | |

≤

‖f^′‖_∞ b−a ∫_b a |Φ (t)| dt, f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p b−a [∫_b a |Φ (t)|^q dt

] 1_q

, f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1

b−a sup_{t∈[a,b]} |Φ (t)| , f^′ ∈ L_1 [a, b] ,

where (2.121) Φ (t) = (t − a) H (t, b) − (b − t) H (a, t) with

(2.122) H (a, t) =

∫_t a u (x) dx ∫_b a u (x) dx and H (t, b) = 1 − H (a, t) .

Proof. Setting α = a and β = b in Theorem 28 produces the result (2.120) after some minor rearrangements.

Theorem 29. ([32]) Let f : [a, b] → R be an absolutely continuous mapping as is u : [α, β] → R with [α, β] ⊆ [a, b], then the following inequalities are valid.

|T | := | | ∫_β α u (t) f (t) dt − A (α, β)

(2.123)

× {[1 − (λ_1 + λ_2)] M (f; α, β) + λ_1f (α) + λ_2f (β)} | |

≤

‖f^′‖_∞ b−a ∫_β α |ϕ (t)| dt, f^′ ∈ L_∞ [α, β] ;

‖f^′‖_p b−a (∫_β α |ϕ (t)|^q dt

) 1_q

, f^′ ∈ L_p [α, β] , p > 1, 1 p +^1_q = 1;

‖f^′‖_1

b−a sup_{t∈[α,β]} |ϕ (t)| , f^′ ∈ L_1 [α, β] ,

5. SOME INEQUALITIES ARISING FROM MONTGOMERY’S IDENTITY 73

where

(2.124) A (α, β) =

∫_β α u (t) dt, λ_1 = α − a b − a

, λ_2 = b − β b − a , and ϕ (t) is as defined by (2.115).

Proof. From identity (2.112), we have

(2.125)

∫_β α u (t) f (t) dt

− A (α, β) { M (f; a, b) +

∫_α a ( t − a b − a ) f^′ (t) dt − ∫_b β ( b − t b − a ) f^′ (t) dt } = 1 b − a

∫_β α ϕ (t) f^′ (t) dt,

where A (α, β) is as given by (2.124), M (f; a, b) is as defined in (2.74) and ϕ (t) is as given by (2.115).

Simple integration by parts gives ∫_α a ( t − a b − a ) f^′ (t) dt = ( α − a b − a ) f (α) − 1 b − a

∫_α a f (t) dt and − ∫_b β ( b − t b − a ) f^′ (t) dt = ( b − β b − a ) f (β) − 1 b − a

∫_b β f (t) dt,

which, upon substitution into (2.125) produces the identity

(2.126)

∫_β α u (t) f (t) dt −

A (α, β) b − a × [∫_β α f (t) dt + (α − a) f (α) + (b − β) f (β) ]

= 1 b − a

∫_β α ϕ (t) f^′ (t) dt.

Now, allowing λ_1, λ_2 to be as given in (2.124), then, from (2.126),

(2.127)

∫_β α u (t) f (t) dt − A (α, β) { [1 − (λ_1 + λ_2)] 1 β − α × ∫_β α f (t) dt + λ_1f (α) + λ_2f (β) }

= 1 b − a

∫_β α ϕ (t) f^′ (t) dt.

74 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Taking the modulus of (2.127) and using the results from the proof of Theorem 28 involving the modulus and integral and, Hölder’s inequality, produces the results as stated in (2.123) involving the Lebesgue norms, for f^′ ∈ L_p [α, β], p ≥ 1.

Remark 33. The left hand side of (2.123) may be written in the form

(2.128) T = (β − α) T (u, f) + A (α, β) {λ_1 [M (f; α, β) − f (α)] +λ_2 [M (f; α, β) − f (β)]} , where T (g, h) is the Chebychev functional (see for example [109]) given by (2.129) T (g, h) = M (gh) − M (g) M (h) , where M (·) is the mean over some interval. Hence, the bounds of Theorem 29 may be viewed as bounds for a perturbed Chebychev functional. If λ_1 = λ_2 = 0, then there is no perturbation. If λ_1 = λ_2 = λ, say, then from (2.128)

(β − α) T (u, f) + 2λA (α, β) [ M (f; α, β) − f (α) + f (β) 2 ] , where the perturbation to the Chebychev functional involves the difference between the mean and the trapezoidal approximation of a function f (·).

If λ_1 = λ_2 =^1_2 , then, from the left hand side of (2.123), on division by β −α we obtain the difference between the average of the product of two functions and the average of one by the difference between the average and the trapezoidal approximation of another. If λ_1 = 0 (α = a) and λ_2 =^{b−x}_{b−a} (β = x), then from (2.123)

(2.130) T β − α

= M (uf; a, x) −

M (u; a, x) [( x − a b − a ) M (f; a, x) + ( b − x b − a ) f (x) ] , giving a convex combination between the mean of f (·) and evaluation at only one end point. In fact, from (2.123) T β − α

= M (uf; α, β) −

M (u; α, β) {[1 − (λ_1 + λ_2)] M (f; α, β) + λ_1f (α) + λ_2f (β)} ,

5. SOME INEQUALITIES ARISING FROM MONTGOMERY’S IDENTITY 75

giving a comparison between the mean of a product of two functions and the product of the mean of a function and a convex combination of the mean and the end point function evaluations of the other function.

The following corollary gives bounds for the difference between the mean of a function and the mean over a subinterval.

Corollary 32. ([32]) Let the conditions of Theorem 27 hold. Then, for [α, β] ⊆ [a, b]

(2.131) |M (f; α, β) − M (f; a, b)|

≤

‖f^′‖_∞ 2(b−a)(β−α) [M2 (α − a, β − a) + M2 (b − β, b − α)] ,

f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p

(q+1)^{1q} (b−a)(β−α)

[M_{q+1} (α − a, β − a) + M_{q+1} (b − β, b − α)]^{1q} ,

f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1

b−a ·

[_{(b−a)(β−α)} 2 + ∫_{β−} a+b_2

α−^{a+b}_2 |u| du ] , f^′ ∈ L_1 [a, b] ,

where M (f; ·, ·) is as defined by (2.74) and

(2.132) M_r (x_1, x_2) =

∫_{x2}

x_1

u^rdu = x^{r+1}_2 − x^{r+1}_1 r + 1 . Proof. The proof follows from Theorem 27. Placing u ≡ 1 gives the above results after some straight forward algebra and noting that from (2.132) ∫_β α [(x − a)^r + (b − x)^r] dx = M_r (α − a, β − a) + M_r (b − α, b − β) .

Corollary 33. ([32]) Let the conditions of Theorem 27 hold, then

(2.133) | | ∫_x a f (u) du − ( x − a b − a

) ∫_b a f (u) du | |

≤

‖f^′‖_∞ 6(b−a) [ (x − a)^3 + (b − a)^3 − (b − x)^3 ] , f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p

[(q+2)(q+1)]^{1q} (b−a) [ (x − a)^{q+2} + (b − a)^{q+2} − (b − x)^{q+2}

] 1_q , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1

b−a (x − a)

[_{(b−a)(x−a)} 2 + ∫_{x−} a+b_2

−^{b−a}_2 |u| du ] , f^′ ∈ L_1 [a, b] .

76 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Proof. Taking u ≡ 1 in Theorem 27 and placing β = x and α = a or taking β = x and α = a in Corollary 32 produces the results stated after some simplification.

M_r (0, x − a) + M_r (b − x, b − a) = (x − a)^{r+1} + (b − a)^{r+1} − (b − x)^{r+1} r + 1 gives the results as stated in (2.133).

Remark 34. An upper bound may be obtained from Corollary 32 when x_1 ≡ 0, i.e., if α = a and β = b. Taking x =^{a+b}_2 on the right hand side of Corollary 33 produces the result | | | ∫ a+b_2 a f(u)du− 1 2 ∫_b a f (u)du | | | ≤

(b−a)^2

6 ‖f^′‖_∞ , f^′ ∈ L_∞ [a, b] ;

(b−a)^{2q}

[(q+2)(q+1)]^{1q}

‖f^′‖_p , f^′ ∈ L_p [a, b] ,

p > 1,^1_p +^1_q = 1; 3 4 (_{b−a} 2 )_2

‖f^′‖_1 , f^′ ∈ L_1 [a, b] .

Furthermore, if f is a probability density function such that f : [a, b] → R_+ and

∫_b a f (t) dt = 1, then

∫_x a f (u) du = F (x), the cumulative density function and so Corollary 33 may be viewed as a first order approximation for F .

Corollary 34. ([32]) Let the conditions of Theorem 28 hold, then for [α, β] ⊂ [a, b], the following inequalities are valid.

(2.134) |M (f; α, β) − M (f; a, b)|

≤

‖f^′‖_∞ 2[b−a−(β−α)] [ (α − a)^2 + (b − β)^2 ] , f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p b−a [_{(α−a)q+1+(b−β)q+1}

(q+1)(1−ρ)

] 1_q

, f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1

b−a Θ, f^′ ∈ L_1 [a, b] ,

where ρ =^{β−α}_{b−a} and Θ = max {α − a, b − β} as given by (2.116).

Proof. Taking u ≡ 1 in Theorem 28 gives A (α, β) = β − α and for k ≥ 1,

∫_β α |Φ (t)|^k dt =

∫_β α |(t − a) (β − t) − (b − t) (t − α)|^k dt

(2.135)

5. SOME INEQUALITIES ARISING FROM MONTGOMERY’S IDENTITY 77 = ∫_β α |γt − c|^k dt,

where

(2.136) γ = b − a − (β − a) and c = αb − aβ.

Thus, from (2.135),

∫_β α |Φ (t)|^k dt = γ^k

∫ c_γ α ( c γ − t )_k

dt +

∫_β c γ ( t − c γ )_k dt

= (c − αγ)^{k+1} + (βγ − c)^{k+1} (q + 1) γ . Substituting for γ and c from (2.136) gives

∫_β α |Φ (t)|^k dt =

(β − a)^{k+1} [b − a − (β − α)] [ (α − a)^{k+1} + (b − β)^{k+1} k + 1 ]

and thus, from (2.114), after a little algebra, we obtain the first two inequalities for k = 1 and q respectively.

Now, for the third inequality, from (2.114) and (2.135), sup t∈[α,β]

|Φ (t)| = max {|γα − c| , |γβ − c|}

= (β − α) max {α − a, b − β} = (β − α) Θ, where Θ is as given by (2.116) and hence the corollary is proved.

Corollary 35. ([32]) Let the conditions of Theorem 28 hold, then

(2.137) | | ∫_x a f (u) du − ( x − a b − a

) ∫_b a f (u) du | |

≤ ‖f^′‖_∞^{(x−a)(b−x)}_2 , f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p

(q+1)^{1q}

·^{(x−a)(b−x)}

(b−a)^{1− 1q}

, f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1^{(x−a)(b−x)}_{b−a} , f^′ ∈ L_1 [a, b] .

Proof. Take u ≡ 1 in Theorem 28 with β = x and α = a, or, alternatively, and perhaps the easier route, take β = x and α = a in Corollary 34. This produces the result (2.137) on multiplication by x − a.

78 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Remark 35. The tightest bound from (2.137) is obtained by taking x =^{a+b}_2 to give | | | ∫ a+b_2 a f (u) du− 1 2 ∫_b a f (u) du | | | ≤ (b−a)^2

8 ‖f^′‖_∞ , f^′ ∈ L_∞ [a, b] ;

(b−a)^{1+ 1q}

4(q+1)^{1q}

‖f^′‖_p , f^′ ∈ L_p [a, b] ,

p > 1,^1_p +^1_q = 1; b−a 4 ‖f^′‖_1 , f^′ ∈ L_1 [a, b] .

It may be noticed that these bounds are sharper than those of Remark 34. As a matter of fact, it may be shown that the bounds given by Corollary 35 are better than those of (2.137) except for the case f^′ ∈ L_1 [a, b] for b − a <^4_3 .

Remark 36. If we allow

∫_b a f (u) du = 0, then Corollary 35 reproduces the results of a comprehensive article by Fink [96] dealing with Ostrowski, Mahajani and Iyengar type inequalities. In fact, the first inequality in (2.137) with

∫_b a f (u) du = 0 is superior to the Mahajani inequality

(2.138) | | ∫_x a f (x) dx | | ≤ (b − a)^2 8 ‖f^′‖_∞

except at x =^{a+b}_2 .

It is important to note that the Mahajani inequality (2.138) and the Mahajani type generalisations of Fink [96], which are recaptured as a special case of (2.137) (∫_b a f (u) du = 0 ) effectively involve obtaining bounds on the area over a specific subinterval [a, x] of [a, b]. The following corollary may be viewed as Mahajani type inequalities over any subinterval.

Corollary 36. ([32]) Let f : [a, b] → R be an absolutely continuous mapping with [α, β] ⊆ [a, b] and

∫_b a f (u) du = 0, then

(2.139) | | ∫_β α f (u) du | |

≤

ρ 2[1−ρ] [ (α − a)^2 + (b − β)^2 ] ‖f^′‖_∞ , f^′ ∈ L_∞ [a, b] ; ρ [_{(α−a)q+1+(b−β)q+1}

(q+1)(1−ρ)

] 1_q

‖f^′‖_p , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; ρ [_{b−a}

2 −^{β−α}_2 +

|_{b+a}

2 −^{β+α}_2 |] ‖f^′‖_1 , f^′ ∈ L_1 [a, b] ,

5. SOME INEQUALITIES ARISING FROM MONTGOMERY’S IDENTITY 79

where ρ =^{β−α}_{b−a} .

Proof. Corollary 34, putting

∫_b a f (u) du = 0 and multiplying both sides by β − α, readily produces the result (2.139).

Remark 37. If M (f; a, b) is taken to be zero in any of the earlier results, then they may be looked upon as weighted Mahajani type inequalities over arbitrary subintervals [α, β]. Further, the condition of ∫_b a f (u) du = 0 may be done away with if we consider a function shifted by its mean, that is, taking f (x) = g (x) −^1_{b−a}

∫_b a g (u) du.

The following theorem provides bounds in terms of Lebesgue norms over a subinterval [32].

Theorem 30. Let f : [a, b] → R be an absolutely continuous mapping as is also u : [α, β] ⊆ [a, b], then

(2.140) | | ∫_β α u (x) f (x) dx − M (f; a, b)

∫_β α u (x) dx | |

≤

‖S (f)‖_{∞,s}

∫_β α |u (x)| dx, f ∈ L_∞ [α, β] ;

‖S (f)‖_{p,s} (∫_β α |u (x)|^q dx

) 1_q , f ∈ L_p [α, β] , p > 1, 1 p +^1_q = 1;

‖S (f)‖_{1,s} sup_{x∈[α,β]} |u (x)| , f ∈ L_1 [α, β] ,

where M (f; a, b) is as given by (2.74),

(2.141) S (f (x)) = f (x) − M (f; a, b)

and ‖·‖_{p,s}, 1 ≤ p ≤ ∞ are the Lebesgue norms on the subinterval [α, β].

Proof. From (2.103) and (2.108) we obtain the identity

(2.142)

∫_β α u (x) f (x) dx − M (f; a, b)

∫_β α u (x) dx = ∫_β α u (x) S (f (x)) dx,

where S (f (·)) is a shift operator as defined by (2.141). From (2.142), using the properties of modulus and integral together with Hölder’s

80 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

integral inequality, gives | | ∫_β α u (x) S (f (x)) dx | |

≤

‖S (f)‖_{∞,s}

∫_β α |u (x)| dx, f ∈ L_∞ [α, β] ;

‖S (f)‖_{p,s} (∫_β α |u (x)|^q dx

) 1_q , f ∈ L_p [α, β] , p > 1,^1_p +^1_q = 1;

‖S (f)‖_{1,s} sup_{x∈[α,β]} |u (x)| , f ∈ L_1 [α, β] .

That is, substitution into the right hand side of the modulus of (2.142) gives (2.140) and the theorem is proved.

Remark 38. The equivalent of the shifted norms has appeared in the work of Dragomir and McAndrew [83] in which they obtained bounds for perturbed trapezoidal rules in terms of the norms of functions shifted by their average i.e., the Lebesgue norms of (2.141).

5.3. Results Involving Moments. In this section we investigate inequalities involving moments. Let

(2.143) m_n (γ) =

∫_β α (x − γ)^n f (x) dx and M_n (γ) =

∫_b a (x − γ)^n f (x) dx

with [α, β] ⊆ [a, b].

That is, m represents moments about γ over the subinterval [α, β] while M represents moments about γ over the interval [a, b]. It should be noted that if γ = 0, then (2.143) produces the moments about the origin, while taking γ = m_1 (0) (or γ = M_1 (0)) gives the central moments.

The following theorem holds [32].

Theorem 31. Let f : [a, b] → R be an absolutely continuous mapping with γ ∈ R and [α, β] ⊆ [a, b], then

(2.144) |m_n (γ) − M (f; a, b) A (α, β; γ)|

5. SOME INEQUALITIES ARISING FROM MONTGOMERY’S IDENTITY 81

≤

‖f^′‖_∞ 2(b−a) Ψ1 (a, α, β, b; γ) , f

′ ∈ L_∞ [a, b] ;

‖f^′‖_p

(q+1)^{1q} (b−a)

Ψ_q (a, α, β, b; γ) , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1

[_{Θ(α,β;γ)}

2 +^1_{b−a}

∫_{β−γ} α−γ |v|^n | v − (_{a+b} 2 − γ )| dv ] , f^′ ∈ L_1 [a, b] ,

where M (f; a, b) is as defined by (2.74),

(2.145) (n + 1) A (α, β; γ) = (β − γ)^{n+1} − (α − γ)^{n+1} ,

(2.146) Ψ_r (a, α, β, b; γ) = ∫_{β−γ} α−γ |v|^n [ (v + γ − a)^{r+1} + (b − γ − v)^{r+1}

] 1_r dv and (2.147) (n + 1) Θ (α, β; γ)

= (n + 1) A (α, β; γ) , γ ≤ α;

(β − γ)^{n+1} + (α − γ)^{n+1} , α < γ ≤ β;

(γ − α)^{n+1} − (γ − β)^{n+1} , γ > β.

Proof. Taking u (x) = (x − γ)^n in (2.107) readily gives the left hand side of (2.144) after some simple algebra. For 1 ≤ r < ∞ then the substitution v = x − γ into ∫_β α |x − γ|^n [ (x − a)^{r+1} + (b − x)^{r+1}

] 1_r dx produces Ψ_r (a, α, β, b; γ) as given by (2.146).

The last inequality is obtained on noting that

∫_β α |x − γ|^n dx =

∫_{β−γ} α−γ |v|^n dv

= ∫_{β−γ} α−γ v^ndv, γ ≤ α; ∫_{γ−α} 0 v^ndv +

∫_{β−γ} 0 v^ndv, α < γ ≤ β;

∫_{γ−α} γ−β v^ndv, γ > β,

which, on evaluation, produces Θ (α, β; γ) as given by (2.147).

Further,

∫_β α |x − γ|^n | x −^{a+b}_2 | dx produces the integral term in the third inequality of (2.144) on making the substitution v = x − γ.

82 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Theorem 32. ([32]) Let f : [a, b] → R be an absolutely continuous mapping γ ∈ R and [α, β] ⊆ [a, b], then

(2.148) |m_n (γ) − M (f; a, b) A (α, β; γ)|

≤

‖f^′‖_∞ b−a {_{|A(α,β;γ)|} 2 [ (α − a)^2 + (b − β)^2 ] +χ_1 (a, α, β, b; γ) } , f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p b−a {_{|A(α,β;γ)|}q q+1 [ (α − a)^{q+1} + (b − β)^{q+1} ] +χ_q (a, α, β, b; γ)

} 1_q , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1

b−a max { |A (α, β; γ)| Θ, sup_{t∈[α,β]} |ϕ (t)| } , f^′ ∈ L_1 [a, b] ,

where M (f; a, b) is as given by (2.74), (n + 1) A (α, β; γ) is as given by (2.145)

(2.149) χ_r (a, α, β, b; γ) = 1 (n + 1)^r

∫_{β−γ} α−γ | | (b − a) v^{n+1} + v [(α − γ)^{n+1} − (β − γ)^{n+1}]

+ (b − γ) (α − γ)^{n+1} − (γ − a) (β − γ)^{n+1} | |^rdv and (2.150) (n + 1) |ϕ (t)| = | | (b − a) (t − γ)^{n+1} + (t − γ) [(α − γ)^{n+1} − (β − γ)^{n+1}]

+ (b − γ) (α − γ)^{n+1} − (γ − a) (β − γ)^{n+1} | |. Proof. Taking u (x) = (x − γ)^n in (2.114) gives the left hand side of (2.148).

From (2.115), with u (x) = (x − γ)^n , we obtain

ϕ (t) = (t − a) A (t, β; γ) − (b − t) A (α, t; γ) ,

where A (α, β; γ) is as given by (2.145) and thus

(n + 1) |ϕ (t)| = | (t − a) [ (β − γ)^{n+1} − (t − γ)^{n+1} ] − (b − t) [ (t − γ)^{n+1} − (α − γ)^{n+1} ]|

5. SOME INEQUALITIES ARISING FROM MONTGOMERY’S IDENTITY 83

and so

(2.151) (n + 1) |ϕ (t)| = | (b − a) (t − γ)^{n+1} − [ (t − a) (β − γ)^{n+1} + (b − t) (α − γ)^{n+1} ]| , which produces (2.150) on expressing it as a polynomial in terms of t − γ.

Hence, ∫_β α |ϕ (t)|^r dt = 1 (n + 1)^r

∫_β α | | (b − a) (t − γ)^{n+1}

+ (t − γ) [ (α − γ)^{n+1} − (β − γ)^{n+1} ] + (b − γ) (α − γ)^{n+1} − (γ − a) (β − γ)^{n+1} | |^rdt,

which, on substitution of v = t − γ produces χ_r (a, α, β, b; γ) as defined in (2.149).

The last inequality in (2.148) is obtained from the third inequality in (2.114) and from (2.115) on taking u (x) = (x − γ)^n.

Remark 39. The above two theorems provide quite general results, producing bounds for the moments over a subinterval in terms of the L_p [a, b] norms of the derivative of the function. Taking α = a and β = b gives results involving M_n (γ) rather than m_n (γ) as defined by (2.143). As stated previously at the start of this section, taking γ = 0 and γ = m_1 (0) (or M_1 (0)) produces the moments about the origin and the central moments respectively. Taking n = 0 reproduces the corollaries of the previous section.

The following corollaries investigate in some detail a few specialisations. We restrict the examples to taking α = a and β = b.

Corollary 37. Let f : [a, b] → R be absolutely continuous and γ ∈ R, then

(2.152) | | | M_n (γ) − M (f; a, b)

(b − γ)^{n+1} − (a − γ)^{n+1} n + 1 | | |

≤

‖f^′‖_∞χ̃_1(γ)

n+1 , f^′ ∈ L_∞ [a, b] ;

‖f^′‖_pχ̃ 1 q q (γ)

n+1 , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1 sup_{t∈[a,b]}|ϕ̃(t)|

n+1 , f^′ ∈ L_1 [a, b] ,

84 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

where

(2.153) ϕ̃ (t) = (t − γ)^{n+1} − [( t − a b − a ) (b − γ)^{n+1} + ( b − t b − a ) (a − γ)^{n+1} ]

and (2.154) χ̃_r (γ) =

∫_b a | |ϕ̃ (t) | |^r dt.

Proof. Taking α = a and β = b in Theorem 32, we obtain ϕ̃ (t) =

(n+1)ϕ(t)

b−a from (2.151) as given in (2.153) and χ̃_r (γ) =^{(n+1)r}_{b−a} χ_r (a, a, b, b; γ) as shown by (2.154).

The results of Corollary 37 may be simplified if the nature of ϕ̃ (t) as given by (2.153) is known. The following lemma examines the behaviour of ϕ̃ (t).

Lemma 5. ([32]) For ϕ̃ (t) given by (2.153) we have

(2.155) ϕ̃ (t) < 0 n odd, any γ and t ∈ (a, b)

n even { γ < a, t ∈ (a, b) a < γ < b, t ∈ [c, b)

> 0, n even { γ > b, t ∈ (a, b) a < γ < b, t ∈ (a, c) .

where ϕ̃ (c) = 0, a < c < b and

c > γ, γ <^{a+b}_2

= γ, γ =^{a+b}_2

< γ, γ >^{a+b}_2 .

Proof. From (2.153), ϕ̃ (a) = ϕ̃ (b) = 0. Further,

(2.156) ϕ̃^′ (t) = (n + 1) (t − γ)^n −

(b − γ)^{n+1} − (a − γ)^{n+1} b − a and (2.157) ϕ̃^{′′} (t) = (n + 1) n (t − γ)^{n−1} .

Thus, for n odd, ϕ̃^{′′} (t) > 0, t ∈ [a, b] and so ϕ̃ (t) < 0 for t ∈ (a, b).

For n even, the behaviour depends also on γ and t. ϕ̃^{′′} (t) > 0 for any t ∈ [a, b] if γ < a and for t ∈ (c, b) if a < γ < b, where ϕ̃ (c) = 0. Thus, ϕ̃ (t) < 0 over these regions.

5. SOME INEQUALITIES ARISING FROM MONTGOMERY’S IDENTITY 85

Now ϕ̃^{′′} (t) < 0 for t − γ < 0 i.e., for t ∈ [a, b] if γ > b and for t ∈ (a, c) if a < γ < b, where ϕ̃ (c) = 0. Hence ϕ̃ (t) > 0 for these cases and the lemma is proved. It is straightforward to see that as ϕ̃ (a) = ϕ̃ (b) = 0 and ϕ is concave, then c relative to γ is as stated in the lemma.

Lemma 6. ([32]) For χ̃_1 (t) as given by (2.154) and (2.153), we have from

(2.158) χ̃_1 (t)

=

B−A 2 [B^{n+1} − A^{n+1}] −^{Bn+2−An+2}_{n+2} , { n odd and any γ n even and γ < a ;

2C^{n+2}−B^{n+2}−A^{n+2} n+2 +^1_{2(b−a)} {[ (b − a)^2 − 2 (c − a)^2 ] B^{n+1} + [ 2 (b − c)^2 − (b − a)^2 ]} A^{n+1}, n even and a < γ < b;

B^{n+2}−A^{n+2}

n+2 −^{B−A}_2 [B^{n+1} − A^{n+1}] , n even and γ > b,

where

(2.159)

B = b − γ, A = a − γ, C = c − γ,

C_1 =

∫_c a C (t) dt, C_2 =

∫_b c C (t) dt,

with C (t) =

(_{t−a} b−a ) B^{n+1} +

(_{b−t} b−a ) A^{n+1}

and ϕ̃ (c) = 0 with a < c < b.

Proof. From (2.153)

(2.160) ϕ̃ (t) = (t − γ)^{n+1} − C (t) ,

where C (t) is as given in (2.159).

Now, ∫_c a (t − γ)^{n+1} dt =

C^{n+2} − A^{n+2}

n + 2 , ∫_b c (t − γ)^{n+1} dt =

B^{n+2} − C^{n+2}

n + 2

and so ∫_b a (t − γ)^{n+1} dt =

B^{n+2} − A^{n+2}

n + 2 .

86 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

In addition,

C_1 =

∫_c a C (t) dt = 1 2 (b − a) { (c − a)^2 B^{n+1} + [ (b − a)^2 − (b − c)^2 ] A^{n+1} } , C_2 =

∫_b γ C (t) dt = 1 2 (b − a) {[ (b − a)^2 − (c − a)^2 ] B^{n+1} + (b − c)^2 A^{n+1} } , and C_1 + C_2 =

∫_b a C (t) dt =

B − A 2 ( B^{n+1} + A^{n+1} ) . Thus, using Lemma 5, (2.153), (2.154) and (2.160), we have the results as stated in the lemma, after some algebraic manipulation.

Lemma 7. ([32]) For ϕ̃ (t) as defined by (2.153), then

(2.161) sup_{t∈[a,b]} | |ϕ̃ (t) | |= C (t^∗)−^{Bn+1−An+1}

(n+1)(B−A) , n odd, n even and γ <a;

B^{n+1}−A^{n+1} (n+1)(B−A) − C (t

∗) n even and γ > b;

m_1+m_2 2 + |_{m1−m2} 2 | n even and a < γ < b,

where (t^∗ − γ)^n =^{Bn+1−An+1}

(n+1)(B−A) , C (t) is as defined in (2.159), m1 =

ϕ̃ (t∗_1), m_2 = −ϕ̃ (t∗_2) and t∗, t∗_1, t∗_2 are given by (2.162) and (2.163).

Proof. From Lemma 5, we know that ϕ̃ (a) = ϕ̃ (b) = 0 and so the maximum occurs at t^∗ where ϕ̃^′ (t^∗) = 0, that is, from (2.156)

(2.162) (n + 1) (t^∗ − γ)^n −

B^{n+1} − A^{n+1} B − A

= 0.

For n even and a < γ < b, then there are two solutions to (2.162). Let these be t^∗_1 and t^∗_2 with t^∗_1 < t^∗_2, i.e.

t^∗_1 = γ − ( B^{n+1} − A^{n+1} (n + 1) (B − A)

) 1_n , (2.163)

t^∗_2 = γ + ( B^{n+1} − A^{n+1} (n + 1) (B − A)

) 1_n . Now, using the fact that

max {m_1, m_2} = m_1 + m_2 2 + | |m^1 − m^2 2 | | ,

5. SOME INEQUALITIES ARISING FROM MONTGOMERY’S IDENTITY 87

the proof of the lemma is completed.

Corollary 38. ([32]) Let f : [a, b] → R_+ be an absolutely continuous PDF associated with a random variable X, then, the expectation E [X] satisfies the inequalities

| |E (X) − a + b 2 | |≤

(b−a)^3

6 ‖f^′‖_∞ , f^′ ∈ L_∞ [a, b] ;

(_{b−a} 2 )_{2+} 1_q [∫ π_4

0 sec^{2(q+1)} (θ) dθ

] 1_q

‖f^′‖_p , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(b−a)^2

8 ‖f^′‖_1 , f^′ ∈ L_1 [a, b] .

Proof. Taking n = 1 in Corollary 37 and Using Lemmas 5 - 7, gives the above results after some elementary algebra. In particular,

ϕ̃ (t) = t^2 − (a + b) t + ab = ( t − a + b 2 )_2 + ( b − a 2 )_2 . and t^∗, the one solution to ϕ̃^′ (t) = 0, is t^∗ =^{a+b}_2 .

Corollary 39. ([32]) Let f : [a, b] → R_+ be an absolutely continuous PDF associated with a random variable X, then the variance, σ^2 (X) is such that

(2.164) | σ^2 (X) − S |

≤

{_{C4}

2 −^1_{b−a} [ (c − a)^3 B^3 − (b − c)^2 A^3 ] + (B^2 + A^2)

(_{b−a} 2 )_2 −^{(AB)2}_2

}_{‖f ′‖∞}

3 , f^′ ∈ L_∞ [a, b] ; [∫_b a | |ϕ̂ (t) | |^q dt

] 1_{q ‖f ′‖p}

3 , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

[m_1 + m_2 + |m_2 − m_1|]^{‖f ′‖1}_6 , f^′ ∈ L_1 [a, b] , where S = B^3 − A^3 3 (b − a) , A = a − γ, B = b − γ, C = c − γ, γ = E [X] , c satisfies ϕ̂ (c) = 0, a < c < b, with and m_1 = ϕ̂ [ E [X] − S^12 ] , m_2 = ϕ̂ [ E [X] + S^12 ] ϕ̂ (·) as given by (2.128).

(2.165)

a < γ = E (X) < b.

88 2. OTHER OSTROWSKI TYPE RESULTS AND APPLICATIONS FOR PDFS

Proof. Taking n = 2 in Corollary 37 gives, from (2.153),

(2.166) ϕ̂ (t) = (t − γ)^3 + ( b − t b − a ) (γ − a)^3 − ( t − a b − a ) (b − γ)^3 ,

where a < γ = E (X) < b.

Now, from Lemmas 5 and 6 with n = 2 and a < γ < b gives

χ̃_1 (t) =

2C^4 − B^4 − A^4 4 (2.167) + 1 2 (b − a) {[ (b − a)^2 − 2 (c − a)^2 ] B^3 + [ 2 (b − c)^2 − (b − a)^2 ] A^3 } = C^4 2 − 1 b − a [ (c − a)^2 B^3 − (b − c)^2 A^3 ]

+ B − A 2 [ B^3 − A^3 ] − B^4 + A^4 4 . Now,

B − A 2 [ B^3 − A^3 ] − B^4 + A^4 4 = 1 4 { 2 (B − A) ( B^3 − A^3 ) − ( B^4 + A^4 )} = 1 4 [ B^4 + A^4 − 2AB ( B^2 + A^2 )] = 1 4 [( B^2 + A^2

)_2

− 2 (AB)^2 − 2AB ( B^2 + A^2 )] = 1 4 [( B^2 + A^2 ) (B − A)^2 − 2 (AB)^2 ] and so substitution into (2.167) gives the first inequality in (2.164) for f^′ ∈ L_∞ [a, b] on using (2.158) and the fact that B − A = b − a.

For f^′ ∈ L_p [a, b], the bound is not given explicitly but is as presented in (2.152) with ϕ̃ (t) replaced by ϕ̂ (t) from (2.166).

Now, for f^′ ∈ L_1 [a, b], using Lemma 6 with n = 2 and in particular (2.161) and (2.163) gives the stated result. The corollary is now completely established.

CHAPTER 3

Trapezoidal Type Results and Applications for PDFs

1. The Perturbed Trapezoid Formula and Applications 1.1. Introduction. In [80], the authors have pointed out the following trapezoid inequality in terms of the p−norms of the second derivative.

Theorem 33. Let f : [a, b] → R be a twice differentiable function on (a, b). Then we have the estimate

(3.1) | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] | |

≤

‖f^{′′}‖_∞

12 (b − a)^3 if f^{′′} ∈ L_∞ [a, b] ; 1 2 ‖f^{′′}‖_p [B (q + 1, q + 1)]^{1q} (b − a)^{2+ 1q} , if f^{′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^{′′}‖1

8 (b − a)^2 if f^{′′} ∈ L_1 [a, b] ; and B is the Beta function.

Using Grüss’ integral inequality, the following perturbed trapezoid inequality in terms of the upper and lower bounds of the second derivative, may be stated (see [80]):

Theorem 34. Let f : [a, b] → R be a twice differentiable function on (a, b) and assume that (3.2) γ := inf_{x∈(a,b)} f^{′′} (x) > −∞ and Γ := sup_{x∈(a,b)} f^{′′} (x) < ∞,

then we have the estimation,

(3.3) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | | ≤ 1 32 (Γ − γ) (b − a)^3 .

90 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

In [35], by the use of a finer argument based on a pre-Grüss inequality, the authors have improved (3.3) as follows.

Theorem 35. If f is as in Theorem 34, then

(3.4) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | | ≤ 1 24 √ 5 (b − a)^3 (Γ − γ) ,

where γ and Γ are given in (3.2).

Remark 40. Atkinson [5] defines the quadrature rule

P T (f; a, b) := b − a 2 [f (a) + f (b)] −

(b − a)^2 12 [f^′ (b) − f^′ (a)]

as a corrected trapezoidal rule and obtains it using an asymptotic error estimate approach which does not provide an expression for the error bound.

In this section we point out different bounds for the corrected trapezoidal rule. A natural application for the expectation of a random variable is also given.

1.2. The Results. We have the following representation [17]. Lemma 8. Let f : [a, b] → R be a differentiable function so that f^′ is absolutely continuous on [a, b], then we have the representation:

(3.5)

∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] = 1 2 ∫_b a (x − a) (b − x) {[f^′; a, b] − f^{′′} (x)} dx,

where [f^′; a, b] := f^′ (b) − f^′ (a) b − a is the divided difference.

Proof. By twice applying the integration by parts formula, we have (see for example [5]) that

(3.6)

∫_b a f (x) dx − b − a 2 [f (a) + f (b)] = − 1 2 ∫_b a (x − a) (b − x) f^{′′} (x) dx.

1. THE PERTURBED TRAPEZOID FORMULA AND APPLICATIONS 91

On the other hand, by the simple identity:

(3.7) 1 b − a

∫_b a h (x) g (x) dx − 1 b − a

∫_b a h (x) dx · 1 b − a

∫_b a g (x) dx = 1 b − a

∫_b a h (x) [ g (x) − 1 b − a

∫_b a g (y) dy ] dx, we can write

∫_b a (x − a) (b − x) f^{′′} (x) dx − ∫_b a (x − a) (b − x) dx · 1 b − a

∫_b a f^{′′} (x) dx = ∫_b a (x − a) (b − x) [f^{′′} (x) − [f^′; a, b]] dx,

which is clearly equivalent to:

(3.8)

∫_b a (x − a) (b − x) f^{′′} (x) dx =

(b − a)^2 6 [f^′ (b) − f^′ (a)] + ∫_b a (x − a) (b − x) [f^{′′} (x) − [f^′; a, b]] dx.

Combining (3.6) with (3.8), we deduce (3.5).

Using the above representation, we can state the following result on the error of the perturbed trapezoid formula [17]:

Theorem 36. With the assumptions of Lemma 8, we have

(3.9) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | |

≤ (b−a)^3

12 ‖f^{′′} − [f^′; a, b]‖_∞ if f^{′′} ∈ L_∞ [a, b] ; 1 2 [B (q + 1, q + 1)]^{1q} (b − a)^{2+ 1q} ‖f^{′′} − [f^′; a, b]‖_p , if f^{′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; 1 8 (b − a)^2 ‖f^{′′} − [f^′; a, b]‖_1 if f^{′′} ∈ L_1 [a, b] ,

92 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Proof. Using Lemma 8, we have

(3.10) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | | ≤ 1 2 ∫_b a (x − a) (b − x) |f^{′′} (x) − [f^′; a, b]| dx =: M.

It is obvious that M ≤ 1 2 ‖f^{′′} − [f^′; a, b]‖_∞ ·

∫_b a (x − a) (b − x) dx = (b − a)^3 12 ‖f^{′′} − [f^′; a, b]‖_∞

and the first part of (3.9) is proved.

Using Hölder’s integral inequality, we have for p > 1,^1_p +^1_q = 1, that

(3.11) M ≤ 1 2 (∫_b a (x − a)^q (b − x)^q dx

)^1_q

× (∫_b a |f^{′′} (x) − [f^′; a, b]|^p dx

)^1_p . Now, using the transformation x = (1 − t) a + tb, t ∈ [0, 1], we get (x − a)^q (b − x)^q = (b − a)^{2q} t^q (1 − t)^q , dx = (b − a) dt and thus

∫_b a (x − a)^q (b − x)^q dx = (b − a)^{2q+1}

∫_1 0 t^q (1 − t)^q dt

= (b − a)^{2q+1} B (q + 1, q + 1) .

Using (3.11) we deduce the second part of (3.9).

Finally, as M ≤ 1 2 sup_{x∈[a,b]} {(x − a) (b − x)}

∫_b a |f^{′′} (x) − [f^′; a, b]| dx = (b − a)^2 8 ‖f^{′′} − [f^′; a, b]‖_1

the theorem is completely proved.

The following corollary concerning the Euclidean norm is useful in practice.

1. THE PERTURBED TRAPEZOID FORMULA AND APPLICATIONS 93

Corollary 40. If f : [a, b] → R is such that f^{′′} ∈ L_2 [a, b], then we have the inequality:

(3.12) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | | ≤ (b − a)^3 2 √ 30 [ 1 b − a

‖f^{′′}‖^2 − [f^′; a, b]^2

] 1_2 . Proof. Choosing in (3.9) p = q = 2, we get

(3.13) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | | ≤ 1 2 [B (3, 3)]^{12} (b − a)^{2+ 12} ‖f^{′′} − [f^′; a, b]‖_2 .

However,

B (3, 3) = 1 30 , and ‖f^{′′} − [f^′; a, b]‖_2 = [∫_b a (f^{′′} (x) − [f^′; a, b])^2 dx

]^1_2

= [∫_b a (f^{′′} (x))^2 dx − 2

∫_b a f^{′′} (x) [f^′; a, b] dx + (b − a) [f^′; a, b]^2

]^1_2

= ( ‖f^{′′}‖^2 − 2 (b − a) [f^′; a, b]^2 + (b − a) [f^′; a, b]^2

) 1_2

= √ b − a ( 1 b − a

‖f^{′′}‖^2 − [f^′; a, b]^2

) 1_2 , then, by (3.13) we get (3.12).

Remark 41. (1) The Grüss integral inequality for a function g : [a, b] → R with −∞ < m ≤ g (x) ≤ M < ∞ for almost every x ∈ [a, b] states that (see for example [109, p. 296])

(3.14) 0 ≤ 1 b − a

‖g‖^2 − ( 1 b − a

∫_b a g (x) dx )2 ≤ 1 4 (M − m)^2 .

94 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Applying (3.14) for the mapping f^{′′} under the assumption that γ ≤ f^{′′} (x) ≤ Γ for a.e. x ∈ [a, b], we deduce ( 1 b − a

‖f^{′′}‖^2 − [f^′; a, b]^2

) 1_2 ≤ 1 2 (Γ − γ)

and then, by (3.12), we further deduce

(3.15) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | | ≤ (b − a)^3 4 √ 30 (Γ − γ) .

which is not as good as the result of (3.3).

(2) Chebychev’s inequality for a differentiable function g : [a, b] → R, with g^′ ∈ L_∞ [a, b] states that (see [109, p. 297])

(3.16) 0 ≤ 1 b − a

‖g‖^2 − ( 1 b − a

∫_b a g (x) dx )2 ≤ 1 12 (b − a)^2 ‖g^′‖^2_∞ .

Applying (3.16) for the mapping f^{′′} under the assumption that f^{′′′} ∈ L_∞ [a, b], we deduce, by (3.12), that

(3.17) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | | ≤ (b − a)^4 ‖f^{′′′}‖_∞ 12 √ 10 . (3) Lupaş’s inequality for a differentiable function f with f^{′′′} ∈ L_2 [a, b] states that (see [109, p. 301])

(3.18) 0 ≤ 1 b − a

‖g‖^2 − ( 1 b − a

∫_b a g (x) dx )2 ≤ b − a π^2

‖g^′‖^2 .

Applying (3.18) for the mapping f^{′′} under the assumption that f^{′′′} ∈ L_2 [a, b], we deduce, by (3.12), that

(3.19) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | | ≤ (b − a)^{72} ‖f^{′′′}‖_2 2π √ 30 . The following lemma of representation also holds [17].

1. THE PERTURBED TRAPEZOID FORMULA AND APPLICATIONS 95

Lemma 9. Let f : [a, b] → R be a differentiable function such that f^′ is absolutely continuous on [a, b]. We have the representation:

(3.20)

∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] = 1 2 ∫_b a ( x − a + b 2 )_2

[f^{′′} (x) − [f^′; a, b]] dx.

Proof. The identity (3.20) may be proven directly. A simpler proof uses Lemma 8 as follows. Since

(x − a) (b − x) = ( a − b 2 )_2 − ( x − a + b 2 )_2

and 1 2 ∫_b a (x − a) (b − x) {[f^′; a, b] − f^{′′} (x)} dx = 1 2 ∫_b a [( a − b 2 )_2 − ( x − a + b 2 )_2] {[f^′; a, b] − f^{′′} (x)} dx

= 1 2 ∫_b a ( a − b 2 )_2

{[f^′; a, b] − f^{′′} (x)} dx − 1 2 ∫_b a ( x − a + b 2 )_2

{[f^′; a, b] − f^{′′} (x)} dx = 1 2 ∫_b a ( x − a + b 2 )_2 {f^{′′} (x) − [f^′; a, b]} dx,

then by (3.5) we deduce (3.20).

The following result also holds [17].

Theorem 37. With the assumptions of Lemma 9, we have the inequality

(3.21) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | |

≤

(b−a)^3

24 ‖f^{′′} − [f^′; a, b]‖_∞ if f^{′′} ∈ L_∞ [a, b] ;

(b−a)^{2+ 1q} 8(2q+1)^{1q}

‖f^{′′} − [f^′; a, b]‖_p , if f^{′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(b−a)^2

8 ‖f^{′′} − [f^′; a, b]‖_1 .

96 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Proof. Using Lemma 9, we have:

(3.22) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | | ≤ 1 2 ∫_b a ( x − a + b 2 )_2 |f^{′′} (x) − [f^′; a, b]| dx =: N.

It is obvious that N ≤ 1 2 ‖f^{′′} − [f^′; a, b]‖_∞ ·

∫_b a ( x − a + b 2 )_2 dx = (b − a)^3 24 ‖f^{′′} − [f^′; a, b]‖_∞ .

Using Hölder’s integral inequality, we have for p > 1,^1_p +^1_q = 1, that

(3.23) N ≤ 1 2 (∫_b a | |x − a + b 2 | |^{2q} dx

) 1_q

× (∫_b a |f^{′′} (x) − [f^′; a, b]|^p dx

)^1_p . However, ∫_b a | |x − a + b 2 | |^{2q} dx = 2

∫_b a+b 2 ( x − a + b 2 )_{2q} dx = (b − a)^{2q+1} 4^q (2q + 1) and then, by (3.23), we deduce the second part of (3.21).

Finally, as

sup_{x∈[a,b]} | |x − a + b 2 | |^2 = (b − a)^2 4 , then N ≤ (b − a)^2 8 ‖f^{′′} − [f^′; a, b]‖_1 , proving the last part of (3.21).

Remark 42. It is obvious that the first inequality in (3.21) is better than the similar one in (3.9), while the last ones are identical.

Remark 43. A computer simulation for the functions 1 2 [B (q + 1, q + 1)]^{1q} and^1_8 ·^1_{(2q+1) 1q} shows that the latter is smaller for

1. THE PERTURBED TRAPEZOID FORMULA AND APPLICATIONS 97

any q > 1, but we do not have an analytic proof of this. We conjecture that the second inequality in (3.11) is better than the second inequality in (3.9) for every p > 1,^1_p +^1_q = 1.

For p = q = 2, we get the following particular case for the Euclidean norm [17]:

Corollary 41. If f : [a, b] → R is such that f^{′′} ∈ L_2 [a, b], then

(3.24) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | | ≤ (b − a)^3 8 √ 5 [ 1 b − a

‖f^{′′}‖^2 − [f^′; a, b]^2

] 1_2 . Remark 44. We note that (3.24) is a better result than the corresponding one in (3.12), and thus, we note the following better results via Grüss type inequalities.

If f^{′′} is such that γ ≤ f^{′′} ≤ Γ for a.e. x ∈ [a, b], then by Grüss’ (3.14), we have

(3.25) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | | ≤ (b − a)^3 (Γ − γ) 16 √ 5 . If f^{′′′} ∈ L_∞ [a, b], then by the Chebychev inequality (3.16), we have

(3.26) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | | ≤ (b − a)^4 ‖f^{′′′}‖_∞ 16 √ 15 . Finally, if f^{′′′} ∈ L_2 [a, b], then by the Lupaş inequality (3.18), we have:

(3.27) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^3 12 [f^′; a, b] | | | ≤ (b − a)^{72} ‖f^{′′′}‖_2 8π √ 5 .

98 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

1.3. Applications for Expectation. Let X be a random variable having the PDF, f : [a, b] → R and the cumulative distribution function F : [a, b] → [0, 1].

The following result holds [17].

Theorem 38. With the above assumptions and assuming, additionally, that the PDF is absolutely continuous on [a, b], then we have the inequality:

(3.28) | | | E (X) − a + b 2 − (b − a)^2 12 [f (b) − f (a)] | | |

≤

(b−a)^3

24 ‖f^′ − [f; a, b]‖_∞ if f^′ ∈ L_∞ [a, b]

(b−a)^{2+ 1q} 8(2q+1)^{1q}

‖f^′ − [f; a, b]‖_p if f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(b−a)^2

8 ‖f^′ − [f; a, b]‖_1 .

Proof. Applying Theorem 37 for the CDF, F , we may write

(3.29) | | | ∫_b a F (t) dt −

F (a) + F (b) 2 (b − a) +

(b − a)^2 12 [f (b) − f (a)] | | |

≤ (b−a)^3

24 ‖f^′ − [f; a, b]‖_∞

(b−a)^{2+ 1q} 8(2q+1)^{1q}

‖f^′ − [f; a, b]‖_p

(b−a)^2

8 ‖f^′ − [f; a, b]‖_1 .

However, F (a) = 0, F (b) = 1 and ∫_b a F (t) dt = b − E (X) ,

and then, by (3.29) we deduce the desired inequality (3.28).

2. A Perturbed Inequality Using the Third Derivative 2.1. Introduction. In [80], by the use of Grüss’ integral inequality, the authors obtained the following perturbed trapezoid inequality.

Theorem 39. Let f : [a, b] → R be a twice differentiable function on (a, b) and asume that

γ := inf_{x∈(a,b)} f^{′′} (x) > −∞ and Γ := sup_{x∈(a,b)} f^{′′} (x) < ∞,

2. A PERTURBED INEQUALITY USING THE THIRD DERIVATIVE 99

then we have the inequality

(3.30) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | | ≤ (b − a)^3 12 (Γ − γ) .

Using a finer argument based on a pre-Grüss inequality, Cerone and Dragomir [35, p. 121] improved the above result as follows.

Theorem 40. Let f have the properties of Theorem 39, then

(3.31) | | | ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | | ≤ 1 24 √ 5 (b − a)^3 (Γ − γ) .

The main aim of the next section is to point out some bounds for the left part of (3.31) in terms of the p−norms of f^{′′′} assuming that the function f is twice differentiable on (a, b) and that the second derivative is absolutely continuous on (a, b).

A number of applications are also pointed out.

2.2. A Perturbed Trapezoid Formula. The following representation lemma holds [14].

Lemma 10. Let f : [a, b] → R be such that the second derivative is absolutely continuous on [a, b], then we have the equality:

(3.32)

∫_b a f (t) dt − f (a) + f (b) 2 (b − a) +

(b − a)^2 12 [f^′ (b) − f^′ (a)] = 1 4 (b − a)

∫_b a ∫_b a (∫_t s ( u − t + s 2 ) f^{′′′} (u) du ) (t − s) dtds.

Proof. Integrating by parts, we have

I :=

∫_b a ∫_b a (∫_t s ( u − t + s 2 ) f^{′′′} (u) du ) (t − s) dtds = ∫_b a ∫_b a [ f^{′′} (t) + f^{′′} (s) 2 (t − s) −

∫_t s f^{′′} (u) du ] (t − s) dtds = ∫_b a ∫_b a [ f^{′′} (t) (t − s)^2 + f^{′′} (s) (t − s)^2 2

100 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

− (f^′ (t) − f^′ (s)) (t − s) ] dtds = 1 2 [∫_b a ∫_b a f^{′′} (t) (t − s)^2 dtds +

∫_b a ∫_b a f^{′′} (s) (t − s)^2 dtds ]

− ∫_b a ∫_b a (f^′ (t) − f^′ (s)) (t − s) dtds.

By symmetry,

J :=

∫_b a ∫_b a f^{′′} (t) (t − s)^2 dtds =

∫_b a ∫_b a f^{′′} (s) (t − s)^2 dtds,

and using Korkine’s identity or direct computation, we have

K :=

∫_b a ∫_b a (f^′ (t) − f^′ (s)) (t − s) dtds = 2 [ (b − a)

∫_b a f^′ (t) tdt −

∫_b a f^′ (t) dt ·

∫_b a tdt ] .

Then, I = J − K.

Since J = ∫_b a f^{′′} (t) (∫_b a (t − s)^2 ds ) dt = 1 3 [∫_b a f^{′′} (t) (b − t)^3 dt +

∫_b a (t − a)^3 f^{′′} (t) dt ]

= 1 3 [ f^′ (t) (b − t)^3 |_b a + 3

∫_b a (b − t)^2 f^′ (t) dt

+ f^′ (t) (t − a)^3 |_b a − 3

∫_b a (t − a)^2 f^′ (t) dt ]

= 1 3 [ − f^′ (a) (b − a)^3 + 3 [ f (t) (b − t)^2 |_b a − 2

∫_b a (b − t) f (t) dt ]

+f^′ (b) (b − a)^3 − 3 [ f (t) (t − a)^2 |_b a − 2

∫_b a (t − a) f (t) dt ]]

2. A PERTURBED INEQUALITY USING THE THIRD DERIVATIVE 101 = 1 3 [ [f^′ (b) − f^′ (a)] (b − a)^3 + 3 [ −f (a) (b − a)^2 + 2

∫_b a (b − t) f (t) dt ]

− 3 [ f (b) (b − a)^2 − 2

∫_b a (t − a) f (t) dt ]]

= 1 3 [f^′ (b) − f^′ (a)] (b − a)^3 − [ f (a) + f (b) 2 ] (b − a)^2 + 2 (b − a)

∫_b a f (t) dt and K = 2 [ (b − a) [ f (t) t | |^b a − ∫_b a f (t) dt ] − [f (b) − f (a)] b^2 − a^2 2 ]

= 2 [ (b − a) [ f (b) b − f (a) a −

∫_b a f (t) dt ]

− (b − a) [f (b) − f (a)] a + b 2 ]

= 2 (b − a) [ f (b) b − f (a) a −

∫_b a f (t) dt

− f (b) a + b 2 + f (a) a + b 2 ]

= (b − a)^2 [f (a) + f (b)] − 2 (b − a)

∫_b a f (t) dt,

then I = 1 3 [f^′ (b) − f^′ (a)] (b − a)^3

− 2 [f (a) + f (b)] (b − a)^2 + 4 (b − a)

∫_b a f (t) dt.

Dividing by 4 (b − a) we deduce the desired equality (3.32).

The following perturbed version of the trapezoid inequality holds [14].

102 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Theorem 41. Let f : [a, b] → R be such that the second derivative is absolutely continuous on [a, b], then we have | | | ∫_b a f (t) dt − f (a) + f (b) 2 (b − a) +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | | (3.33)

≤

1 16(b−a)

∫_b a ∫_b a |t − s|^3 ‖f^{′′′}‖_{[t,s],∞} dtds if f^{′′′} ∈ L_∞ [a, b] ; 1 8(q+1)^{1q} (b−a)

∫_b a ∫_b a |t − s|^{2+ 1q} ‖f^{′′′}‖_{[t,s],p} dtds

if f^{′′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; 1 8(b−a)

∫_b a ∫_b a (t − s)^2 ‖f^{′′′}‖_{[t,s],1} dtds

≤

(b−a)^4

160 ‖f^{′′′}‖_{[a,b],∞} if f^{′′′} ∈ L_∞ [a, b] ;

q^2(b−a)^{3+ 1q}

4(3q+1)(4q+1)(q+1)^{1q}

‖f^{′′′}‖_{[a,b],p} if f^{′′′} ∈ L_p [a, b] ,

p > 1,^1_p +^1_q = 1.

(b−a)^3

48 ‖f^{′′′}‖_{[a,b],1} ,

Proof. Denote

R (f; a, b) := 1 4 (b − a)

∫_b a ∫_b a (∫_t s ( u − t + s 2 ) f^{′′′} (u) du ) (t − s) dtds. As | | ∫_t s ( u − t + s 2 ) f^{′′′} (u) du | | ≤ ‖f^{′′′}‖_{[t,s],∞} | | ∫_t s | |u − t + s 2 | | du | | = (t − s)^2 4 ‖f^{′′′}‖_{[t,s],∞} , | | ∫_t s ( u − t + s 2 ) f^{′′′} (u) du | |

≤ ‖f^{′′′}‖_{[t,s],p} | | | ∫_t s | | |u − t + s 2 | | | q du | | | 1 q

= |t − s|^{1+ 1q}

2 (q + 1)^{1q}

‖f^{′′′}‖_{[t,s],q} , p > 1, 1 p + 1 q = 1

2. A PERTURBED INEQUALITY USING THE THIRD DERIVATIVE 103 and | | ∫_t s ( u − t + s 2 ) f^{′′′} (u) du | | ≤ sup

u∈[t,s] (u∈[t,s]) | |u − t + s 2 | | ‖f^{′′′}‖_{[t,s],1}

then we can state that

(3.34) | | ∫_t s ( u − t + s 2 ) f^{′′′} (u) du | |

≤

(t−s)^2

4 ‖f^{′′′}‖_{[t,s],∞} if f^{′′′} ∈ L_∞ [a, b] ;

|t−s|^{1+ 1q} 2(q+1)^{1q}

‖f^{′′′}‖_{[t,s],q} if f^{′′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

|t−s|

2 ‖f^{′′′}‖_{[t,s],1} .

Taking the modulus of R (f; a, b) we get, by (3.34),

|R (f; a, b)| ≤ 1 4 (b − a)

∫_b a ∫_b a |t − s| | | ∫_t s ( u − t + s 2 ) f^{′′′} (u) du | | dtds

≤ 1 4 (b − a)

1 4 ∫_b a ∫_b a |t − s|^3 ‖f^{′′′}‖_{[t,s],∞} dtds if f^{′′′} ∈ L_∞ [a, b] ; 1 2(q+1)^{1q}

∫_b a ∫_b a |t − s|^{2+ 1q} ‖f^{′′′}‖_{[t,s],p} dtds

if f^{′′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; 1 2 ∫_b a ∫_b a |t − s|^2 ‖f^{′′′}‖_{[t,s],1} dtds

which proves the first inequality in (3.33).

Now, consider the double integral

I_m :=

∫_b a ∫_b a |t − s|^m dtds = ∫_b a [∫_t a (t − s)^m ds +

∫_b t (s − t)^m ds ] dt = ∫_b a [ (t − a)^{m+1} + (b − t)^{m+1}

m + 1 ] dt =

2 (b − a)^{m+2} (m + 1) (m + 2)

for all m > 0.

104 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Using the above calculation for I_m, we have: ∫_b a ∫_b a |t − s|^3 ‖f^{′′′}‖_{[t,s],∞} dtds ≤ ‖f^{′′′}‖_{[a,b],∞}

∫_b a ∫_b a |t − s|^3 dtds = (b − a)^5 10 · ‖f^{′′′}‖_{[a,b],∞} ,

∫_b a ∫_b a |t − s|^{2+ 1q} ‖f^{′′′}‖_{[t,s],p} dtds ≤ ‖f^{′′′}‖_{[a,b],p}

∫_b a ∫_b a |t − s|^{2+ 1q} dtds = 2q^2 (b − a)^{4+ 1q} (3q + 1) (4q + 1)

· ‖f^{′′′}‖_{[a,b],p} and ∫_b a ∫_b a (t − s)^2 ‖f^{′′′}‖_{[t,s],1} dtds ≤ ‖f^{′′′}‖_{[a,b],1}

∫_b a ∫_b a (t − s)^2 dtds = (b − a)^4 6 · ‖f^{′′′}‖_{[a,b],1} ,

which give the last part of (3.33).

2.3. Applications for Expectation. Let X be a random variable having the PDF, f : [a, b] → R and the cumulative distribution function F : [a, b] → [0, 1].

Theorem 42. ([14]) With the above assumptions and, additionally, that the PDF, f is differentiable on [a, b] and f^′ is absolutely continuous, then

(3.35) | | | E (X) − a + b 2 − (b − a)^2 12 [f (b) − f (a)] | | |

≤

(b−a)^4

160 ‖f^{′′}‖_{[a,b],∞} if f^{′′} ∈ L_∞ [a, b] ;

q^2(b−a)^{3+ 1q} 4(3q+1)(4q+1)(q+1)^{1q}

‖f^{′′}‖_{[a,b],p} if f^{′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(b−a)^3

48 ‖f^{′′}‖_{[a,b],1} .

3. BOUNDS IN TERMS OF THE FOURTH DERIVATIVE 105

Proof. Applying Theorem 41 for F , we may write that

(3.36) | | | ∫_b a F (t) dt −

F (a) + F (b) 2 (b − a) +

(b − a)^2 12 [f (b) − f (a)] | | |

≤

(b−a)^4

160 ‖f^{′′}‖_{[a,b],∞} if f^{′′} ∈ L_∞ [a, b] ;

q^2(b−a)^{3+ 1q} 4(3q+1)(4q+1)(q+1)^{1q}

‖f^{′′}‖_{[a,b],p} if f^{′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(b−a)^3

48 ‖f^{′′}‖_{[a,b],1} .

However, F (a) = 0, F (b) = 1 and ∫_b a F (t) dt = b − E (X) ,

and then, by (3.36), we obtain the desired inequality (3.35).

3. Bounds in Terms of the Fourth Derivative 3.1. Introduction. Let f : [a, b] → R be a twice differentiable function on (a, b) and assume that

γ := inf_{x∈(a,b)} f^{′′} (x) > −∞ and Γ := sup_{x∈(a,b)} f^{′′} (x) < ∞.

Denote the ‘Corrected Trapezoid’ rule [5] by

(3.37) CT (f, a, b, f^′) := ∫_b a f (x) dx − b − a 2 [f (a) + f (b)] +

(b − a)^2 12 [f^′ (b) − f^′ (a)] .

In [80], by the use of Grüss’ integral inequality, the authors have proved (3.38) |CT (f, a, b, f^′)| ≤ K (b − a)^3 (Γ − γ) with K =^1_{12} .

Using a more careful analysis based on a pre-Grüss inequality, Cerone and Dragomir [35, p. 121], have shown that (3.38) holds with the better constant K =^1_{24}^√_5 .

A completely different upper bound for |CT (f, a, b, f^′)| has been obtained by the present authors by assuming the existence of absolutely continuous third derivatives [14], (3.39) |CT (f, a, b, f^′)|

106 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

≤

1 16(b−a)

∫_b a ∫_b a |t − s|^3 ‖f^{′′′}‖_{[t,s],∞} dtds if f^{′′′} ∈ L_∞ [a, b] ; 1 8(q+1)^{1q} (b−a)

∫_b a ∫_b a |t − s|^{2+ 1q} ‖f^{′′′}‖_{[t,s],p} dtds

if f^{′′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; 1 8(b−a)

∫_b a ∫_b a (t − s)^2 ‖f^{′′′}‖_{[t,s],1} dtds

≤

(b−a)^4

160 ‖f^{′′′}‖_{[a,b],∞} if f^{′′′} ∈ L_∞ [a, b] ;

q^2(b−a)^{3+ 1q}

4(3q+1)(4q+1)(q+1)^{1q}

‖f^{′′′}‖_{[a,b],p}

if f^{′′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(b−a)^3

48 ‖f^{′′′}‖_{[a,b],1} .

In [15], the authors have established the following bounds in terms of the fourth derivatives as well,

(3.40) |CT (f, a, b, f^′)|

≤

1 4(b−a)

∫_b a ∫_b a | | ∫_t s | u −^{t+s}_2 |_2 ‖ f^{(4)} ‖ [^{t+s}_2 ,u],∞ du | | |t − s| dtds

if f^{(4)} ∈ L_∞ [a, b] ; 1 4(b−a)

∫_b a ∫_b a | | ∫_t s | u −^{t+s}_2

|_{1+} 1_q ‖ f^{(4)} ‖ [^{t+s}_2 ,u],p du | | |t − s| dtds

if f^{(4)} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; 1 4(b−a)

∫_b a ∫_b a | | ∫_t s | u −^{t+s}_2 | ‖ f^{(4)} ‖ [^{t+s}_2 ,u],1 du | | |t − s| dtds

≤

1 48(b−a)

∫_b a ∫_b a |t − s|^4 ‖ f^{(4)} ‖ [t,s],∞ dtds if f

(4) ∈ L_∞ [a, b] ; q 2^{3+ 1q} (2q+1)(b−a)

∫_b a ∫_b a |t − s|^{3+ 1q} ‖ f^{(4)} ‖ [t,s],p dtds

if f^{(4)} ∈ L_p [a, b] , and p > 1,^1_p +^1_q = 1; 1 16(b−a)

∫_b a ∫_b a |t − s|^3 ‖ f^{(4)} ‖ [t,s],1 dtds

≤

‖f^{(4)}‖_{[a,b],∞}(b−a)^5

720 if f^{(4)} ∈ L_∞ [a, b] ;

q^3‖f^{(4)}‖_{[a,b],p}

2^{2+ 1q} (2q+1)(4q+1)(5q+1)

(b − a)^{4+ 1q} if f^{(4)} ∈ L_p [a, b] , and

p > 1,^1_p +^1_q = 1;

(b−a)^4‖f^{(4)}‖_{[a,b],1} 160

3. BOUNDS IN TERMS OF THE FOURTH DERIVATIVE 107

The main aim of the next section is to point out some new and better bounds for the functional CT (f, a, b, f^′) defined by (3.37) in terms of the p−norms of f^{(4)} assuming that the function f is three-times differentiable on (a, b) and the third derivative is absolutely continuous on (a, b).

Applications for estimating the expectation of a random variable are also pointed out.

3.2. The Results. The following lemma of representation holds [16].

Lemma 11. Let f : [a, b] → R be such that f^{(3)} : [a, b] → R is absolutely continuous on [a, b], then we have the equality:

(3.41) CT (f, a, b, f^′) = 1 8 (b − a)

∫_b a ∫_b a (∫_t s (u − s) (t − u) f^{(4)} (u) du ) (t − s) dtds

Proof. The following identity has been proven by Dragomir and Mabizela in [82]

(3.42) f (a) + f (b) 2 − 1 b − a

∫_b a f (x) dx = 1 2 (b − a)^2

∫_b a ∫_b a [f^′ (t) − f^′ (s)] (t − s) dsdt,

provided f : [a, b] → R is absolutely continuous on [a, b].

This identity can be easily verified by direct computation. Indeed, we have, successively,

∫_b a ∫_b a [f^′ (x) − f^′ (y)] (x − y) dxdy = ∫_b a ∫_b a [xf^′ (x) + yf^′ (y) − xf^′ (y) − yf^′ (x)] dxdy = 2 ∫_b a ∫_b a [xf^′ (x) − xf^′ (y)] dxdy = 2 ∫_b a ∫_b a xf^′ (x) dxdy − 2

∫_b a ∫_b a xf^′ (y) dxdy

108 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS = 2 [ bf (b) − af (a) − (b − a)

∫_b a f (x) dx ]

− ( b^2 − a^2 ) [f (b) − f (a)]

= (b − a)^2 [f (a) + f (b)] − 2 (b − a)

∫_b a f (x) dx.

Dividing both sides by 2 (b − a)^2 yields the required result.

Also, using the integration by parts formula twice, we obtain the identity

(3.43) 1 2 ∫_b a (x − a) (b − x) g^{′′} (x) dx = g (a) + g (b) 2 (b − a) −

∫_b a g (x) dx.

We have, by (3.43), that

f^′ (t) − f^′ (s) =

∫_t s f^{′′} (u) du = f^{′′} (t) + f^{′′} (s) 2 (t − s) − 1 2 ∫_t s (u − s) (t − u) f^{(4)} (u) du

and then, by (3.42)

f (a) + f (b) 2 (b − a) −

∫_b a f (x) dx

(3.44) = 1 2 (b − a)

∫_b a ∫_b a [ f^{′′} (t) + f^{′′} (s) 2 (t − s) − 1 2 ∫_t s (u − s) (t − u) f^{(4)} (u) du ] (t − s) dsdt = 1 2 (b − a)

∫_b a ∫_b a [ f^{′′} (t) + f^{′′} (s) 2 (t − s)^2 ] dsdt − 1 4 (b − a) × ∫_b a ∫_b a (∫_t s (u − s) (t − u) f^{(4)} (u) du ) (t − s) dsdt

= I − J, where

I := 1 2 (b − a)

∫_b a ∫_b a [ f^{′′} (t) + f^{′′} (s) 2 (t − s)^2 ] dsdt

3. BOUNDS IN TERMS OF THE FOURTH DERIVATIVE 109 and J := − 1 4 (b − a)

∫_b a ∫_b a (∫_t s (u − s) (t − u) f^{(4)} (u) du ) (t − s) dsdt.

Taking into account the symmetry of the integrand, we have

I := 1 2 (b − a)

∫_b a ∫_b a [ f^{′′} (t) (t − s)^2 ] dsdt = 1 2 (b − a)

∫_b a f^{′′} (t) (∫_b a (t − s)^2 ds ) dt = 1 2 (b − a)

∫_b a f^{′′} (t) [ (b − t)^3 + (t − a)^3 3 ] dt

= 1 2 (b − a) f^′ (t) (b − t)^3 + (t − a)^3 3 | | | b

a − ∫_b a f^′ (t) [ (t − a)^2 − (b − t)^2 ] dt ]

= 1 2 (b − a) { (b − a)^3 3 [f^′ (b) − f^′ (a)]

− f (t) [ (t − a)^2 − (b − t)^2 ] | |^b a − ∫_b a f (t) [2 (t − a) − 2 (t − b)] dt }

= 1 2 (b − a) { (b − a)^3 3 [f^′ (b) − f^′ (a)] − [ f (b) (b − a)^2 + f (a) (b − a)^2 + 2 (b − a)

∫_b a f (t) dt ]}

= (b − a)^2 6 [f^′ (b) − f^′ (a)] − f (a) + f (b) 2 (b − a) +

∫_b a f (t) dt.

If we insert I in (3.44), we deduce:

f (a) + f (b) 2 (b − a) −

∫_b a f (x) dx = (b − a)^2 6 [f^′ (b) − f^′ (a)] − f (a) + f (b) 2 (b − a) +

∫_b a f (t) dt − J,

which is equivalent to (3.41).

110 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

The following inequality holds [16].

Theorem 43. Let f : [a, b] → R be such that the third derivative is absolutely continuous on [a, b], then (3.45) |CT (f, a, b, f^′)|

≤

1 48(b−a)

∫_b a ∫_b a (t − s)^4 ‖ f^{(4)} ‖ [t,s],∞ dtds if f

(4) ∈ L_∞ [a, b] ;

[B(q+1,q+1)]^{1q}

8(b−a)

∫_b a ∫_b a |t − s|^{3+ 1q} ‖ f^{(4)} ‖ [t,s],p dtds

if f^{(4)} ∈ L_p [a, b] , and p > 1,^1_p +^1_q = 1; 1 32(b−a)

∫_b a ∫_b a |t − s|^3 ‖ f^{(4)} ‖ [t,s],1 dtds

≤

(b−a)^5 720 ‖ f^{(4)} ‖ [a,b],∞ if f

(4) ∈ L_∞ [a, b] ;

q^2(b−a)^{4+ 1q} [B(q+1,q+1)]^{1q}

4(4q+1)(5q+1) ‖ f^{(4)} ‖ [a,b],p if f

(4) ∈ L_p [a, b] , and p > 1,^1_p +^1_q = 1;

(b−a)^4 320 ‖ f^{(4)} ‖ [a,b],1 .

Proof. Define

U (t, s) :=

∫_t s (u − s) (t − u) f^{(4)} (u) du,

then

|U (t, s)| ≤ | | | ∫_t s |(u − s) (t − u)| | f^{(4)} (u) | du | | | (3.46)

≤

|t−s|^3 6 ‖ f^{(4)} ‖ [t,s],∞ if f

(4) ∈ L_∞ [a, b] ;

|t − s|^{2+ 1q} [B (q + 1, q + 1)]^{1q} ‖ f^{(4)} ‖ [t,s],p

if f^{(4)} ∈ L_p [a, b] , and p > 1,^1_p +^1_q = 1;

(t−s)^2 4 ‖ f^{(4)} ‖ [t,s],1 .

Using (3.41), we have

(3.47) | | | ∫_b a f (t) dt − f (a) + f (b) 2 (b − a) +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | | ≤ 1 8 (b − a)

∫_b a ∫_b a |U (t, s)| |t − s| dtds.

3. BOUNDS IN TERMS OF THE FOURTH DERIVATIVE 111

Now combining (3.46) with (3.47), we deduce the first inequality in (3.45).

Also, for a general r > 0, we have ∫_b a ∫_b a |t − s|^r dtds =

∫_b a (∫_t a (t − s)^r ds +

∫_b t (s − t)^r ds ) dt = 2 (b − a)^{r+2} (r + 1) (r + 2) . Applying this equality, we may state:

∫_b a ∫_b a (t − s)^4 ‖ f^{(4)} ‖ [t,s],∞ dtds ≤ ‖ f^{(4)} ‖ [a,b],∞

∫_b a ∫_b a (t − s)^4 dsdt = (b − a)^6 15 ‖ f^{(4)} ‖ [a,b],∞ ,

∫_b a ∫_b a |t − s|^{3+ 1q} ‖ f^{(4)} ‖ [t,s],p dtds ≤ ‖ f^{(4)} ‖ [a,b],p

∫_b a ∫_b a |t − s|^{3+ 1q} dtds = 2q^2 (b − a)^{5+ 1q} (4q + 1) (5q + 1) ‖ f^{(4)} ‖ [a,b],p and ∫_b a ∫_b a |t − s|^3 ‖ f^{(4)} ‖ [t,s],1 dtds ≤ ‖ f^{(4)} ‖ [a,b],1

∫_b a ∫_b a |t − s|^3 dtds = (b − a)^5 10 ‖ f^{(4)} ‖ [a,b],1 ,

and then the last part of (3.45) is obtained.

Remark 45. We observe that inequality (3.40) provides for the error estimate of the corrected trapezoidal formula, the bounds

B_1 :=

1 720 (b − a)^5 ‖ f^{(4)} ‖ [a,b],∞ if f

(4) ∈ L_∞ [a, b] ;

q^3(b−a)^{4+ 1q} 2^{2+ 1q} (2q+1)(4q+1)(5q+1) ‖ f^{(4)} ‖ [a,b],p if f

(4) ∈ L_p [a, b] , and p > 1,^1_p +^1_q = 1; 1 160 (b − a)^4 ‖ f^{(4)} ‖ [a,b],1 ,

112 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

while Theorem 43 provides the bounds

B_2 :=

1 720 (b − a)^5 ‖ f^{(4)} ‖ [a,b],∞ if f

(4) ∈ L_∞ [a, b] ;

q^2[B(q+1,q+1)]^{1q} 4(4q+1)(5q+1) (b − a)

4+^1_q ‖f (4)‖ [a,b],p if f

(4) ∈ L_p [a, b] , and p > 1,^1_p +^1_q = 1; 1 320 (b − a)^4 ‖ f^{(4)} ‖ [a,b],1 .

Comparing the first lines in B_1 and B_2 we see that they are equal, while comparing the last lines, we observe that the bound predicted by Theorem 43 is better.

If we define the following functions:

f (q) := q^3 2^{2+ 1q} (2q + 1) (4q + 1) (5q + 1) ,

g (q) := q^2 [B (q + 1, q + 1)]^{1q} 4 (4q + 1) (5q + 1) , then

h (q) = g (q) f (q)

= [B (q + 1, q + 1)]^{1q} 2^{1q} ( 2 + 1 q ) , q > 1.

The graph of h (q) , q ∈ (1, ∞) produced using Maple 6 shows that for all q > 1 we have h (q) < 1, suggesting that the bound B_2 of the new theorem is better than B_1 for q ∈ (1, ∞) . At this stage we do not have any analytic proof of this fact.

For p = q = 2, we obtain the following bounds in terms of the Euclidean norm:

B_1 = √ 2 495 (b − a)^{92} ‖ f^{(4)} ‖ [a,b],2

≈ 0.002851237020 (b − a)^{92} ‖ f^{(4)} ‖ [a,b],2 ,

B_2 = √ 30 2970

(b − a)^{92} ‖ f^{(4)} ‖ [a,b],2

≈ 0.001844183695 (b − a)^{92} ‖ f^{(4)} ‖ [a,b],2 ,

which shows that the bound B_2 is around 1.546 times better than B_1.

3.3. Applications for Expectation. Let X be a random variable having the PDF, f : [a, b] → R and the cumulative distribution function F : [a, b] → [0, 1].

We may state the following result [16].

4. MORE BOUNDS IN TERMS OF THE FOURTH DERIVATIVE 113

Theorem 44. With the above assumptions and with the PDF, f being twice differentiable on [a, b] and with f^{′′} absolutely continuous on [a, b], then

(3.48) | | | E (X) − a + b 2 − (b − a)^2 12 [f (b) − f (a)] | | |

≤ (b−a)^5

720 ‖f^{′′′}‖_{[a,b],∞} if f^{′′′} ∈ L_∞ [a, b] ;

q^2[B(q+1,q+1)]^{1q} (b−a)^{4+ 1q} 4(4q+1)(5q+1) ‖f

′′′‖_{[a,b],p} if f^{′′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(b−a)^4

320 ‖f^{′′′}‖_{[a,b],1} .

Proof. Applying Theorem 43 for F , we may write:

(3.49) | | | ∫_b a F (t) dt −

F (a) + F (b) 2 (b − a) +

(b − a)^2 12 [f (b) − f (a)] | | |

≤

‖f^{′′′}‖_{[a,b],∞}·(b−a)^5

720 if f^{′′′} ∈ L_∞ [a, b] ;

q^2[B(q+1,q+1)]^{1q} ‖f^{′′′}‖_{[a,b],p} 4(4q+1)(5q+1) (b − a)

4+^1_q if f ′′′ ∈ L

p [a, b] , p > 1,^1_p +^1_q = 1;

(b−a)^4‖f^{′′′}‖_{[a,b],1}

320 .

However, F (a) = 0, F (b) = 1 and

∫_b a F (t) dt = b − E (X) ,

and then by (3.49), we obtain (3.48).

4. More Bounds in Terms of the Fourth Derivative

4.1. Introduction. In [14], the authors pointed out the following estimate of the error in the perturbed trapezoid formula.

114 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Theorem 45. Let f : [a, b] → R be such that the second derivative is absolutely continuous on [a, b], then we have: | | | ∫_b a f (t) dt − f (a) + f (b) 2 (b − a) +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | | (3.50)

≤

1 16(b−a)

∫_b a ∫_b a |t − s|^3 ‖f^{′′′}‖_{[t,s],∞} dtds if f^{′′′} ∈ L_∞ [a, b] ; 1 8(q+1)^{1q} (b−a)

∫_b a ∫_b a |t − s|^{2+ 1q} ‖f^{′′′}‖_{[t,s],p} dtds if f^{′′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; 1 8(b−a)

∫_b a ∫_b a (t − s)^2 ‖f^{′′′}‖_{[t,s],1} dtds

≤

(b−a)^4

160 ‖f^{′′′}‖_{[a,b],∞} if f^{′′′} ∈ L_∞ [a, b] ;

q^2(b−a)^{3+ 1q} 4(3q+1)(4q+1)(q+1)^{1q}

‖f^{′′′}‖_{[a,b],p}

if f^{′′′} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(b−a)^3

48 ‖f^{′′′}‖_{[a,b],1} .

The main aim of this section is to point out some bounds for the left part of (3.50) in terms of the p−norms of f^{(4)} assuming that the function f is three-times differentiable on (a, b) and the third derivative is absolutely continuous on (a, b).

Applications for estimating the expectation of a random variable are also pointed out.

4.2. The Results. The following representation lemma holds [15].

Lemma 12. Let f : [a, b] → R be such that the second derivative is absolutely continuous on [a, b], then we have the equality:

(3.51)

∫_b a f (t) dt − f (a) + f (b) 2 (b − a) +

(b − a)^2 12 [f^′ (b) − f^′ (a)] = 1 4 (b − a)

∫_b a ∫_b a K (t, s) (t − s) dtds,

where K : [a, b]^2 → R, and

K (t, s) =

∫_t s ( u − t + s 2 ) ( f^{′′′} (u) − f^{′′′} ( t + s 2 )) du.

4. MORE BOUNDS IN TERMS OF THE FOURTH DERIVATIVE 115

Proof. We have: ∫_b a ∫_b a K (t, s) (t − s) dtds = ∫_b a ∫_b a (∫_t s ( u − t + s 2 ) f^{′′′} (u) du ) (t − s) dtds =: I as ∫_t s ( u − t + s 2 ) f^{′′′} ( t + s 2 ) du = 0.

Integrating by parts, we have I = ∫_b a ∫_b a (∫_t s ( u − t + s 2 ) f^{′′′} (u) du ) (t − s) dtds = ∫_b a ∫_b a [ f^{′′} (t) + f^{′′} (s) 2 (t − s) −

∫_t s f^{′′} (u) du ] (t − s) dtds = ∫_b a ∫_b a [ f^{′′} (t) (t − s)^2 + f^{′′} (s) (t − s)^2 2 − (f^′ (t) − f^′ (s)) (t − s) ] dtds = 1 2 [∫_b a ∫_b a f^{′′} (t) (t − s)^2 dtds +

∫_b a ∫_b a f^{′′} (s) (t − s)^2 dtds ]

− ∫_b a ∫_b a (f^′ (t) − f^′ (s)) (t − s) dtds.

By symmetry, we have

J :=

∫_b a ∫_b a f^{′′} (t) (t − s)^2 dtds =

∫_b a ∫_b a f^{′′} (s) (t − s)^2 dtds,

and using Korkine’s identity or direct computation, we have

K :=

∫_b a ∫_b a (f^′ (t) − f^′ (s)) (t − s) dtds = 2 [ (b − a)

∫_b a f^′ (t) tdt −

∫_b a f^′ (t) dt ·

∫_b a tdt ] .

116 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

I = J − K, since

J = ∫_b a f^{′′} (t) (∫_b a (t − s)^2 ds ) dt = 1 3 [∫_b a f^{′′} (t) (b − t)^3 dt +

∫_b a (t − a)^3 f^{′′} (t) dt ]

= 1 3 [ f^′ (t) (b − t)^3 |_b a + 3

∫_b a (b − t)^2 f^′ (t) dt

+ f^′ (t) (t − a)^3 |_b a − 3

∫_b a (t − a)^2 f^′ (t) dt ]

= 1 3 [ −f^′ (a) (b − a)^3 + 3 [ f (t) (b − t)^2 |_b a − 2

∫_b a (b − t) f (t) dt ]

+f^′ (b) (b − a)^3 − 3 [ f (t) (t − a)^2 |_b a − 2

∫_b a (t − a) f (t) dt ]]

= 1 3 [ [f^′ (b) − f^′ (a)] (b − a)^3 + 3 [ −f (a) (b − a)^2 + 2

∫_b a (b − t) f (t) dt ]

− 3 [ f (b) (b − a)^2 − 2

∫_b a (t − a) f (t) dt ]]

= 1 3 [f^′ (b) − f^′ (a)] (b − a)^3 − [ f (a) + f (b) 2 ] (b − a)^2 + 2 (b − a)

∫_b a f (t) dt

and

K = 2 [ (b − a) [ f (t) t | |^b a − ∫_b a f (t) dt ] − [f (b) − f (a)] b^2 − a^2 2 ]

= 2 [ (b − a) [ f (b) b − f (a) a −

∫_b a f (t) dt ]

− (b − a) [f (b) − f (a)] a + b 2 ]

= (b − a)^2 [f (a) + f (b)] − 2 (b − a)

∫_b a f (t) dt.

4. MORE BOUNDS IN TERMS OF THE FOURTH DERIVATIVE 117

Consequently, I = 1 3 [f^′ (b) − f^′ (a)] (b − a)^3

− 2 [f (a) + f (b)] (b − a)^2 + 4 (b − a)

∫_b a f (t) dt.

Dividing by 4 (b − a) we deduce the desired equality (3.51).

The following result can be stated [15]:

Theorem 46. Let f : [a, b] → R be such that the third derivative is monotonically increasing (decreasing) on [a, b] , then:

(3.52)

∫_b a f (t) dt ≥ (≤) f (a) + f (b) 2 (b − a) − (b − a)^2 12 [f^′ (b) − f^′ (a)] .

Proof. Since f^{′′′} is increasing (decreasing) on [a, b], then

(3.53) ( u − t + s 2 ) ( f^{′′′} (u) − f^{′′′} ( t + s 2 )) ≥ (≤) 0

for all u, t, s ∈ [a, b].

Now, using (3.53), we may state that

K (t, s) (t − s)

= (t − s)

∫_t s ( u − t + s 2 ) ( f^{′′′} (u) − f^{′′′} ( t + s 2 )) du ≥ (≤) 0

and using the representation (3.51) we deduce the desired inequality (3.52).

If we assume Hölder continuity for the third derivative, we may state the following result as well [15].

Theorem 47. Assume that f : [a, b] → R is such that (3.54) |f^{′′′} (t) − f^{′′′} (s)| ≤ H |t − s|^r for all t, s ∈ [a, b] , where H > 0 and r ∈ (0, 1] are given, then we have the inequality

(3.55) | | | ∫_b a f (t) dt − f (a) + f (b) 2 (b − a) +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | | ≤ H (b − a)^{r+4} 2^{r+2} (r + 2) (r + 4) (r + 5) .

118 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Proof. Using the representation (3.52) we have | | | ∫_b a f (t) dt − f (a) + f (b) 2 (b − a) +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | | ≤ 1 4 (b − a)

∫_b a ∫_b a | | ∫_t s | |u − t + s 2 | | × | |f^{′′′} (u) − f^{′′′} ( t + s 2 )| | du | | |t − s| dsdt

≤ H 4 (b − a)

∫_b a ∫_b a | | | ∫_t s | |u − t + s 2 | |^{r+1} du | | | |t − s| dsdt

= H 4 (b − a)

∫_b a ∫_b a |t − s|^{r+2} 2^{r+1} (r + 2)

|t − s| dsdt = H 4 (b − a)

∫_b a ∫_b a |t − s|^{r+3} 2^{r+1} (r + 2) dsdt =: B.

Now, consider the double integral ∫_b a ∫_b a |t − s|^m dtds =

∫_b a [∫_t a (t − s)^m ds +

∫_b t (s − t)^m ds ] dt = ∫_b a [ (t − a)^{m+1} + (b − t)^{m+1} m + 1 ] dt

= 2 (b − a)^{m+2} (m + 1) (m + 2) . Using this, we have

∫_b a ∫_b a |t − s|^{r+3} dsdt =

2 (b − a)^{r+5} (r + 4) (r + 5)

and then B = H 4 (b − a) 2^{r+1} (r + 2) · 2 (b − a)^{r+5} (r + 4) (r + 5) = H (b − a)^{r+4} 2^{r+2} (r + 2) (r + 4) (r + 5) , proving the desired inequality.

4. MORE BOUNDS IN TERMS OF THE FOURTH DERIVATIVE 119

Corollary 42. If f : [a, b] → R is such that f^{′′′} is Lipschitzian with the constant L > 0, then

(3.56) | | | ∫_b a f (t) dt − f (a) + f (b) 2 (b − a) +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | | ≤ L (b − a)^5 720 . Now, if we assume absolute continuity for the third derivative, we may point out the following estimate for the remainder in terms of the fourth derivative [15].

Theorem 48. Assume that f : [a, b] → R is such that the third derivative f^{′′′} is absolutely continuous on [a, b], then

(3.57) | | | ∫_b a f (t) dt − f (a) + f (b) 2 (b − a) +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | |

≤

1 4(b−a)

∫_b a ∫_b a | | ∫_t s | u −^{t+s}_2 |_2 ‖ f^{(4)} ‖ [^{t+s}_2 ,u],∞ du | | |t − s| dtds if f^{(4)} ∈ L_∞ [a, b] ; 1 4(b−a)

∫_b a ∫_b a | | ∫_t s | u −^{t+s}_2

|_{1+} 1_q ‖ f^{(4)} ‖ [^{t+s}_2 ,u],p du | | |t − s| dtds

if f^{(4)} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; 1 4(b−a)

∫_b a ∫_b a | | ∫_t s | u −^{t+s}_2 | ‖ f^{(4)} ‖ [^{t+s}_2 ,u],1 du | | |t − s| dtds

≤ 1 48(b−a)

∫_b a ∫_b a |t − s|^4 ‖ f^{(4)} ‖ [t,s],∞ dtds if f

(4) ∈ L_∞ [a, b] ; q 2^{3+ 1q} (2q+1)(b−a)

∫_b a ∫_b a |t − s|^{3+ 1q} ‖ f^{(4)} ‖ [t,s],p dtds

if f^{(4)} ∈ L_p [a, b] , and p > 1,^1_p +^1_q = 1; 1 16(b−a)

∫_b a ∫_b a |t − s|^3 ‖ f^{(4)} ‖ [t,s],1 dtds

≤

‖f^{(4)}‖_{[a,b],∞}(b−a)^5 720 if f^{(4)} ∈ L_∞ [a, b] ;

q^3‖f^{(4)}‖_{[a,b],p}

2^{2+ 1q} (2q+1)(4q+1)(5q+1)

(b − a)^{4+ 1q}

if f^{(4)} ∈ L_p [a, b] , and p > 1,^1_p +^1_q = 1;

(b−a)^4‖f^{(4)}‖_{[a,b],1} 160

120 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Proof. Using the representation (3.51), we have | | | ∫_b a f (t) dt − f (a) + f (b) 2 (b − a) +

(b − a)^2 12 [f^′ (b) − f^′ (a)] | | | ≤ 1 4 (b − a)

∫_b a ∫_b a | | | ∫_t s | |u − t + s 2 | | | | | ∫_u t+s 2 f^{(4)} (τ) dτ | | | du | | | |t − s| dtds

=: C.

However, | | | ∫_u t+s 2 f^{(4)} (τ) dτ | | | ≤ | |u − t + s 2 | | ‖f^{(4)}‖ [^{t+s}_2 ,u],∞ , | | | ∫_u t+s 2 f^{(4)} (τ) dτ | | | ≤ | | |u − t + s 2 | | | 1 q ‖ f^{(4)} ‖ [^{t+s}_2 ,u],p

and | | | ∫_u t+s 2 f^{(4)} (τ) dτ | | | ≤ ‖ f^{(4)} ‖ [^{t+s}_2 ,u],1

and thus, we may state that C ≤ 1 4 (b − a)

×

∫_b a ∫_b a | | ∫_t s | u −^{t+s}_2 |_2 ‖ f^{(4)} ‖ [^{t+s}_2 ,u],∞ du | | |t − s| dtds;

∫_b a ∫_b a | | ∫_t s | u −^{t+s}_2

|_{1+} 1_q ‖

f^{(4)} ‖ [^{t+s}_2 ,u],p du | | |t − s| dtds;

∫_b a ∫_b a | | ∫_t s | u −^{t+s}_2 | ‖ f^{(4)} ‖ [^{t+s}_2 ,u],1 du | | |t − s| dtds,

proving the first inequality in (3.57).

Now, observe that | | | ∫_t s | |u − t + s 2 | |^2 ‖f^{(4)}‖ [^{t+s}_2 ,u],∞ du | | | ≤ ‖ f^{(4)} ‖ [t,s],∞ | | | ∫_t s | |u − t + s 2 | |^2 du | | | = ‖ f^{(4)} ‖ [t,s],∞

|t − s|^3 12 ,

4. MORE BOUNDS IN TERMS OF THE FOURTH DERIVATIVE 121 | | | ∫_t s | |u − t + s 2 | |^{1+} 1 q ‖ f^{(4)} ‖ [^{t+s}_2 ,u],p du | | |

≤ ‖ f^{(4)} ‖ [t,s],p | | | ∫_t s | |u − t + s 2 | |^{1+} 1 q du | | | = ‖ f^{(4)} ‖ [t,s],p

|t − s|^{2+ 1q}

2^{1+ 1q} ( 2 +^1_q )

= ‖ f^{(4)} ‖ [t,s],p

q |t − s|^{2+ 1q}

2^{1+ 1q} (2q + 1) and | | ∫_t s | |u − t + s 2 | | ‖f^{(4)}‖ [^{t+s}_2 ,u],1 du | | ≤ ‖ f^{(4)} ‖ [t,s],1 | | ∫_t s | |u − t + s 2 | | du | | = ‖ f^{(4)} ‖ [t,s],1

|t − s|^2 4 and the second part of (3.57) is proved.

For the last part, we observe that

∫_b a ∫_b a |t − s|^4 ‖ f^{(4)} ‖ [t,s],∞ dtds ≤ ‖ f^{(4)} ‖ [a,b],∞

∫_b a ∫_b a (t − s)^4 dtds = ‖ f^{(4)} ‖ [a,b],∞ ·

(b − a)^6 15 ,

∫_b a ∫_b a |t − s|^{3+ 1q} ‖ f^{(4)} ‖ [t,s],p dtds ≤ ‖ f^{(4)} ‖ [a,b],p

∫_b a ∫_b a |t − s|^{3+ 1q} dtds = 2q^2 (b − a)^{5+ 1q} (4q + 1) (5q + 1) ‖ f^{(4)} ‖ [a,b],p

122 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS and ∫_b a ∫_b a |t − s|^3 ‖ f^{(4)} ‖ [t,s],1 dtds ≤ ‖ f^{(4)} ‖ [a,b],1

∫_b a ∫_b a |t − s|^3 dtds = ‖ f^{(4)} ‖ [a,b],1

(b − a)^5 10 . The proof is completed.

4.3. Applications for Expectation. Let X be a random variable having the PDF, f : [a, b] → R and the cumulative distribution function F : [a, b] → [0, 1].

We may state the following result [15].

Theorem 49. With the above assumptions and of the PDF, f is twice differentiable on [a, b] and f^{′′} is absolutely continuous on [a, b], then

(3.58) | | |E (X) − a + b 2 − (b − a)^2 12 [f (b) − f (a)] | | |

≤

(b−a)^5

720 ‖f^{′′′}‖_{[a,b],∞} if f^{′′′} ∈ L_∞ [a, b] ;

q^3(b−a)^{4+ 1q}

2^{2+ 1q} (2q+1)(4q+1)(5q+1)^{1q}

‖f^{′′′}‖_{[a,b],p} if f^{′′′} ∈ L_p [a, b] ,

p > 1,^1_p +^1_q = 1;

(b−a)^4

160 ‖f^{′′′}‖_{[a,b],1} .

Proof. Applying Theorem 48 for F , we may write:

(3.59) | | | ∫_b a F (t) dt −

F (a) + F (b) 2 (b − a) +

(b − a)^2 12 [f (b) − f (a)] | | |

≤

‖f^{′′′}‖_{[a,b],∞}·(b−a)^5

720 if f^{′′′} ∈ L_∞ [a, b] ;

q^3‖f^{′′′}‖_{[a,b],p}

2^{2+ 1q} (2q+1)(4q+1)(5q+1)^{1q}

(b − a)^{4+ 1q} if f^{′′′} ∈ L_p [a, b] ,

p > 1,^1_p +^1_q = 1;

(b−a)^4‖f^{′′′}‖_{[a,b],1}

160 .

However, F (a) = 0, F (b) = 1 and

∫_b a F (t) dt = b − E (X) , and so by (3.59), we obtain (3.58).

5. A TRAPEZOID INEQUALITY FOR CONVEX FUNCTIONS 123

5. A Trapezoid Inequality for Convex Functions

5.1. Introduction. The following integral inequality for the generalised trapezoid formula was obtained in [36] (see also [35, p. 68]):

Theorem 50. Let f : [a, b] → R be a function of bounded variation. We have the inequality

(3.60) | | ∫_b a f (t) dt − [(x − a) f (a) + (b − x) f (b)] | |

≤ [ 1 2 (b − a) + | |x − a + b 2 | | ]_b⋁ a (f) ,

holding for all x ∈ [a, b] , where

⋁_b a (f) denotes the total variation of f on the interval [a, b].

The constant^1_2 is the best possible.

This result may be improved if one assumes the monotonicity of f as follows (see [35, p. 76])

Theorem 51. Let f : [a, b] → R be a monotonic nondecreasing function on [a, b], then we have the inequality: | | ∫_b a f (t) dt − [(x − a) f (a) + (b − x) f (b)] | | (3.61)

≤ (b − x) f (b) − (x − a) f (a) +

∫_b a sgn (x − t) f (t) dt

≤ (x − a) [f (x) − f (a)] + (b − x) [f (b) − f (x)] ≤ [ 1 2 (b − a) + | |x − a + b 2 | | ] [f (b) − f (a)]

for all x ∈ [a, b].

The above inequalities are sharp.

If the mapping is Lipschitzian, then the following result holds as well [62] (see also [35, p. 82]).

Theorem 52. Let f : [a, b] → R be an L−Lipschitzian function on [a, b] , i.e.., f satisfies the condition:

(L) |f (s) − f (t)| ≤ L |s − t| for any s, t ∈ [a, b] (L > 0 is given),

124 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

then we have the inequality:

(3.62) | | ∫_b a f (t) dt − [(x − a) f (a) + (b − x) f (b)] | |

≤ [ 1 4 (b − a)^2 + ( x − a + b 2 )_2] L for any x ∈ [a, b].

The constant^1_4 is best in (3.62).

If we assume absolute continuity for the function f, then the following estimates in terms of the Lebesgue norms of the derivative f^′ hold [35, p. 93].

Theorem 53. Let f : [a, b] → R be an absolutely continuous function on [a, b], then for any x ∈ [a, b], we have

(3.63) | | ∫_b a f (t) dt − [(x − a) f (a) + (b − x) f (b)] | |

≤

[_1 4 (b − a)^2 + ( x −^{a+b}_2

)_2] ‖f^′‖_∞ if f^′ ∈ L_∞ [a, b] ; 1 (q+1)^{1q} [ (x − a)^{q+1} + (b − x)^{q+1}

] 1_q ‖f^′‖_p if f^′ ∈ L_p [a, b] ,

p > 1,^1_p +^1_q = 1; [_1 2 (b − a) + | x −^{a+b}_2 |] ‖f^′‖_1 ,

The next section points out some similar results for convex functions. Applications for probability density functions are also considered.

5.2. The Results. The following theorem providing a lower bound for the difference

(x − a) f (a) + (b − x) f (b) −

∫_b a f (t) dt

holds [49].

Theorem 54. Let f : [a, b] → R be a convex function on [a, b] , then for any x ∈ (a, b) we have the inequality

(3.64) 1 2 [ (b − x)^2 f^′_+ (x) − (x − a)^2 f^′_− (x) ]

≤ (x − a) f (a) + (b − x) f (b) −

∫_b a f (t) dt.

The constant^1_2 in the left hand side of (3.64) is sharp.

5. A TRAPEZOID INEQUALITY FOR CONVEX FUNCTIONS 125

The proof follows along similar lines to that of Theorem 19.

Proof. It is easy to see that for any locally absolutely continuous function f : (a, b) → R, we have the identity

(3.65) (x − a) f (a) + (b − x) f (b) −

∫_b a f (t) dt =

∫_b a (t − x) f^′ (t) dt

for any x ∈ (a, b) , where f^′ is the derivative of f which exists a.e. on [a, b] .

Since f is convex, then it is locally Lipschitzian and thus (3.65) holds. Moreover, for any x ∈ (a, b) , we have the inequalities: (3.66) f^′ (t) ≤ f^′_− (x) for a.e. t ∈ [a, x] and (3.67) f^′ (t) ≥ f^′_+ (x) for a.e. t ∈ [x, b] .

If we multiply (3.66) by x − t ≥ 0, t ∈ [a, x] and integrate over [a, x], we get

(3.68)

∫_x a (x − t) f^′ (t) dt ≤ 1 2 (x − a)^2 f^′_− (x)

and if we multiply (3.67) by t − x ≥ 0, t ∈ [x, b] and integrate over [x, b] , we also have

(3.69)

∫_b x (t − x) f^′ (t) dt ≥ 1 2 (b − x)^2 f^′_+ (x) .

Finally, if we subtract (3.68) from (3.69) and use the representation (3.65), we deduce the desired inequality (3.64).

Now, assume that (3.64) holds with a constant C > 0 instead of^1_2 , i.e.,

(3.70) C [ (b − x)^2 f^′_+ (x) − (x − a)^2 f^′_− (x) ] ≤ (x − a) f (a) + (b − x) f (b) −

∫_b a f (t) dt.

Consider the convex function f_0 (t) := k | t −^{a+b}_2 | , k > 0, t ∈ [a, b] , then

f^′_0+ ( a + b 2 ) = k, f^′_0− ( a + b 2 ) = −k,

f_0 (a) = k (b − a) 2 = f_0 (b) ,

∫_b a f_0 (t) dt = 1 4 k (b − a)^2 .

126 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

If in (3.70) we choose f_0 as above and x =^{a+b}_2 , then we get C [ 1 4 (b − a)^2 k + 1 4 (b − a)^2 k ] ≤ 1 4 k (b − a)^2 ,

giving C ≤^1_2 , and the sharpness of the constant is proved.

Now, recall that the following inequality holds, which is well known in the literature as the Hermite-Hadamard inequality for convex functions,

(H-H) f ( a + b 2 ) ≤ 1 b − a

∫_b a f (t) dt ≤ f (a) + f (b) 2 . The following corollary gives a sharp lower bound for the difference f (a) + f (b) 2 − 1 b − a

∫_b a f (t) dt.

Corollary 43. ([49]) Let f : [a, b] → R be a convex function on [a, b], then 0 ≤ 1 8 [ f^′_+ ( a + b 2 ) − f^′_− ( a + b 2 )] (b − a)

(3.71) ≤ f (a) + f (b) 2 − 1 b − a

∫_b a f (t) dt.

The constant^1_8 is sharp.

The proof is obvious by the above theorem. The sharpness of the constant is obtained for f_0 (t) = k | t −^{a+b}_2 | , t ∈ [a, b] , k > 0.

When x is a point of differentiability, we may state the following corollary as well [49].

Corollary 44. Let f be as in Theorem 54. If x ∈ (a, b) is a point of differentiability for f, then

(3.72) (b − a) ( a + b 2 − x ) f^′ (x)

≤ (x − a) f (a) + (b − x) f (b) −

∫_b a f (t) dt.

Remark 46. If f : I ⊆ R → R is convex on I and if we choose x ∈I̊ (I̊ is the interior of I), b = x +^h_2 , a = x −^h_2 , h > 0 is such that a, b ∈ I, then from (3.64) we may write

(3.73) 0 ≤ 1 8 h^2 [ f^′_+ (x) − f^′_− (x) ] ≤ f (a) + f (b) 2 · h −

∫_{x+} h_2

x−^h_2

f (t) dt

5. A TRAPEZOID INEQUALITY FOR CONVEX FUNCTIONS 127

and the constant^1_8 is sharp in (3.73).

The following result providing an upper bound for the difference

(x − a) f (a) + (b − x) f (b) −

∫_b a f (t) dt

also holds [49].

Theorem 55. Let f : [a, b] → R be a convex function on [a, b], then for any x ∈ [a, b] , we have the inequality:

(3.74) (x − a) f (a) + (b − x) f (b) −

∫_b a f (t) dt ≤ 1 2 [ (b − x)^2 f^′_− (b) − (x − a)^2 f^′_+ (a) ] . The constant^1_2 is sharp.

Proof. If either f^′_+ (a) = −∞ or f^′_− (b) = +∞, then the inequality (3.74) evidently holds true.

Assume that f^′_+ (a) and f^′_− (b) are finite. Since f is convex on [a, b] , we have (3.75) f^′ (t) ≥ f^′_+ (a) for a.e. t ∈ [a, x] and (3.76) f^′ (t) ≤ f^′_− (b) for a.e. t ∈ [x, b] .

If we multiply (3.75) by (x − t) ≥ 0, t ∈ [a, x] and integrate over [a, x] , then we deduce (3.77)

∫_x a (x − t) f^′ (t) dt ≥ 1 2 (x − a)^2 f^′_+ (a)

and if we multiply (3.76) by t − x ≥ 0, t ∈ [x, b] and integrate over [x, b] , then we also have

(3.78)

∫_b x (t − x) f^′ (t) dt ≤ 1 2 (b − x)^2 f^′_− (b) .

Finally, if we subtract (3.77) from (3.78) and use the representation (3.65), we deduce the desired inequality (3.74).

Now, assume that (3.74) holds with a constant D > 0 instead of^1_2 , i.e.,

(3.79) (x − a) f (a) + (b − x) f (b) −

∫_b a f (t) dt ≤ D [ (b − x)^2 f^′_− (b) − (x − a)^2 f^′_+ (a) ] .

128 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

If we consider the convex function f_0 : [a, b] → R, f_0 (t) = k | t −^{a+b}_2 | , then we have f^′_− (b) = k, f^′_+ (a) = −k and by (3.79) we deduce, for x =^{a+b}_2 , that 1 4 k (b − a)^2 ≤ D [ 1 4 k (b − a)^2 + 1 4 k (b − a)^2 ]

giving D ≥^1_2 , and the sharpness of the constant is proved.

The following corollary related to the Hermite-Hadamard inequality is interesting as well [49].

Corollary 45. Let f : [a, b] → R be convex on [a, b], then 0 ≤ f (a) + f (b) 2 − 1 b − a

∫_b a f (t) dt

(3.80) ≤ 1 8 [ f^′_− (b) − f^′_+ (a) ] (b − a)

and the constant^1_8 is sharp.

Remark 47. Denote B := f^′_− (b) , A := f^′_+ (a) and assume that B ≠ A, i.e., f is not constant on (a, b), then

(b − x)^2 B − (x − a)^2 A

= (B − A) [ x − ( bB − aA B − A )]_2 − AB B − A

(b − a)^2

and by (3.74) we get

(3.81) (x − a) f (a) + (b − x) f (b) −

∫_b a f (t) dt

≤ (B − A) [ x − ( bB − aA B − A )]_2 − AB (B − A)^2

(b − a)^2

for any x ∈ [a, b] .

If A ≥ 0, then x_0 =^{bB−aA}_{B−A} ∈ [a, b], and by (3.81) for x =^{bB−aA}_{B−A} we get

(3.82) 0 ≤ 1 2 · AB B − A

(b − a) ≤

Bf (a) − Af (b) B − A − 1 b − a

∫_b a f (t) dt

which is of intrinsic interest itself.

6. GENERALIZATIONS OF THE WEIGHTED TRAPEZOIDAL INEQUALITY129

5.3. Applications for PDFs. Let X be a random variable with probability density function f : [a, b] ⊂ R →[0, ∞) and with cumulative distribution function F (x) = Pr (X ≤ x) .

The following theorem holds [49].

Theorem 56. If f : [a, b] ⊂ R → R_+ is monotonically increasing on [a, b], then we have the inequality: 1 2 [ (b − x)^2 f_+ (x) − (x − a)^2 f_− (x) ] + x (3.83) ≤ E (X) ≤ 1 2 [ (b − x)^2 f_+ (b) − (x − a)^2 f_− (a) ] + x for any x ∈ (a, b) , where f_± (α) represent respectively the right and left limits of f in α.

The constant^1_2 is sharp in both inequalities. The second inequality also holds for x = a or x = b.

Proof. Follows by Theorem 54 and 55 applied for the convex cdf function F (x) =

∫_x a f (t) dt, x ∈ [a, b] and taking into account that ∫_b a F (x) dx = b − E (X) .

Finally, we may state the following corollary in estimating the expectation of X [49].

Corollary 46. With the above assumptions, we have 1 8 [ f_+ ( a + b 2 ) − f_− ( a + b 2 )] (b − a)^2 + a + b 2 (3.84)

≤ E (X) ≤ 1 8 [f_+ (b) − f_− (a)] (b − a)^2 + a + b 2 .

6. Generalizations of the Weighted Trapezoidal Inequality 6.1. Introduction. The classical trapezoid inequality states that if f^{′′} exists and is bounded on (a, b), then

(3.85) | | | ∫_b a f(x)dx − b − a 2 [f(a) + f(b)] | | | ≤ (b − a)^3 12 ‖f^{′′}‖_∞ .

Cerone-Dragomir-Pearce [36] proved the following trapezoid type inequality:

130 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Theorem 57. Let f : [a, b] → R be a mapping of bounded variation, then

(3.86) | | ∫_b a f(t)dt − [(x − a) f (a) + (b − x) f (b)] | |

≤ [ 1 2 (b − a) + | |x − a + b 2 | | ]_b⋁ a (f) ,

for all x ∈ [a, b] . The constant^1_2 is the best possible.

In this section, by following [119], we establish weighted generalizations of Theorem 57, and give several applications for r−moments, the expectation of a continuous random variable and for the Beta mapping.

6.2. Some Integral Inequalities. We may state the following result [119].

Theorem 58. Let g : [a, b] → R be non-negative and continuous and let h : [a, b] → R be differentiable such that h^′ (t) = g (t) on [a, b] . Suppose f is defined as in Theorem 57, then

(3.87) | | | ∫_b a f(t)g (t) dt − [(x − h(a)) f (a) + (h(b) − x) f (b)] | | | ≤ [ 1 2 ∫_b a g (t) dt + | |x − h(a) + h(b) 2 | | ]_b⋁ a (f) ,

for all x ∈ [h(a), h(b)] . The constant^1_2 is the best possible.

Proof. Let x ∈ [h(a), h(b)]. Using integration by parts, we have the following identity

∫_b a (x − h(t)) df (t)

(3.88)

= (x − h(t)) f (t) |_b a + ∫_b a f(t)g (t) dt = ∫_b a f(t)g (t) dt − [(x − h(a)) f (a) + (h(b) − x) f (b)] .

It is well known [4, p.159] that if μ, ν : [a, b] → R are such that μ is continuous on [a, b] and ν is of bounded variation on [a, b], then ∫_b a μ (t) dν (t) exists and [4, p.177]

(3.89) | | ∫_b a μ (t) dν (t) | | ≤ sup

x∈[a,b]

|μ (t)| b⋁ a (ν) .

6. GENERALIZATIONS OF THE WEIGHTED TRAPEZOIDAL INEQUALITY131

Now, using identity (3.88) and inequality (3.89), we have

(3.90) | | ∫_b a f(t)g (t) dt − [(x − h(a)) f (a) + (h(b) − x) f (b)] | |

≤ sup_{t∈[a,b]} |x − h(t)| b⋁ a (f) .

Since x − h(t) is decreasing on [a, b], h(a) ≤ x ≤ h(b) and h^′ (t) = g (t) on [a, b] , we have

sup_{t∈[a,b]} |x − h(t)| = max {x − h(a), h(b) − x}

(3.91) = h(b) − h(a) 2 + | |x − h(a) + h(b) 2 | | = 1 2 ∫_b a g (t) dt + | |x − h(a) + h(b) 2 | | . Thus, by (3.90) and (3.91), we obtain (3.87). Let g (t) ≡ 1, t ∈ [a, b] , h (t) = t, t ∈ [a, b] ,

f (t) =

0 as t = a 1 as t ∈ (a, b) 0 as t = b,

and x =^{a+b}_2 , then we can see that the constant^1_2 is the best possible. This completes the proof.

Remark 48. (1) If we choose g (t) ≡ 1, h (t) = t on [a, b], then the inequality (3.87) reduces to (3.86).

(2) If we choose x =^{h(a)+h(b)}_2 , then we get

(3.92) | | ∫_b a f(t)g (t) dt − f (a) + f (b) 2 ∫_b a g (t) dt | |

≤ 1 2 ∫_b a g (t) dt · b⋁ a (f) ,

which is the ”weighted trapezoid” inequality.

Under the conditions of Theorem 58, we have the following corollaries.

132 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Corollary 47. Let f ∈ C^{(1)} [a, b], then we have the inequality

(3.93) | | ∫_b a f(t)g (t) dt − [(x − h(a)) f (a) + (h(b) − x) f (b)] | | ≤ [ 1 2 ∫_b a g (t) dt + | |x − h(a) + h(b) 2 | | ] ‖f^′‖_1 ,

for all x ∈ [h(a), h(b)] .

Corollary 48. Let f : [a, b] → R be a Lipschitzian mapping with the constant L > 0, then we have the inequality

(3.94) | | ∫_b a f(t)g (t) dt − [(x − h(a)) f (a) + (h(b) − x) f (b)] | | ≤ [ 1 2 ∫_b a g (t) dt + | |x − h(a) + h(b) 2 | | ] (b − a) L,

for all x ∈ [h(a), h(b)] .

Corollary 49. Let f : [a, b] → R be a monotonic mapping, then we have the inequality

(3.95) | | ∫_b a f(t)g (t) dt − [(x − h(a)) f (a) + (h(b) − x) f (b)] | | ≤ [ 1 2 ∫_b a g (t) dt + | |x − h(a) + h(b) 2 | | ] · |f (b) − f (a)| ,

for all x ∈ [h(a), h(b)] .

Remark 49. The following inequality is well-known in the literature as the Fejér inequality (see for example [94]): f ( a + b 2 ) ∫_b a g (t) dt ≤

∫_b a f(t)g (t) dt

(3.96) ≤ f (a) + f (b) 2 ∫_b a g (t) dt,

where f : [a, b] → R is convex and g : [a, b] → R is non-negative integrable and symmetric to^{a+b}_2 . Using the above results and (3.92), we obtain the following error bound of the second inequality in (3.96), 0 ≤ f (a) + f (b) 2 ∫_b a g (t) dt −

∫_b a f(t)g (t) dt

(3.97) ≤ 1 2 ∫_b a g (t) dt · b⋁ a (f) ,

6. GENERALIZATIONS OF THE WEIGHTED TRAPEZOIDAL INEQUALITY133

provided that f is of bounded variation on [a, b].

Remark 50. If f is convex and Lipschitzian with the constant L on [a, b], g is defined as in Remark 49 and x =^{h(a)+h(b)}_2 , then we get from (3.94) and (3.96), 0 ≤ f (a) + f (b) 2 ∫_b a g (t) dt −

∫_b a f(t)g (t) dt

(3.98) ≤ (b − a) L 2 ∫_b a g (t) dt.

Remark 51. If f is convex and monotonic on [a, b], g is defined as in Remark 49 and x =^{h(a)+h(b)}_2 , then we get, from (3.95) and (3.96), 0 ≤ f (a) + f (b) 2 ∫_b a g (t) dt −

∫_b a f(t)g (t) dt

(3.99) ≤ |f (b) − f (a)| 2 ∫_b a g (t) dt.

Remark 52. If f is continuous, differentiable and convex on [a, b] and f^′ ∈ L_1 (a, b) , g is defined as in Remark 49 and x =^{h(a)+h(b)}_2 , then we get, from (3.93) and (3.96), 0 ≤ f (a) + f (b) 2 ∫_b a g (t) dt −

∫_b a f(t)g (t) dt

(3.100) ≤ ‖f^′‖_1 2 ∫_b a g (t) dt.

6.3. Some Inequalities for Random Variables. Throughout this section, let 0 < a < b , r ∈ R , and let X be a continuous random variable having the continuous probability density function g : [a, b] → R and the r−moment

E_r (X) :=

∫_b a t^rg (t) dt,

which is assumed to be finite. The following result holds [119].

Theorem 59. The inequality

(3.101) | |E_r (X) − a^r + b^r 2 | | ≤ 1 2 |b^r − a^r| ,

holds.

134 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Proof. If we put f (t) = t^r , h (t) =

∫_t a g (x) dx (t ∈ [a, b]) and x =^{h(a)+h(b)}_2 in Corollary 49, we obtain the inequality

(3.102) | | ∫_b a f(t)g (t) dt − f (a) + f (b) 2 ∫_b a g (t) dt | | ≤ 1 2 ∫_b a g (t) dt · |f (b) − f (a)| .

Since

∫_b a f(t)g (t) dt = E_r (X) ,

∫_b a g (t) dt = 1,

f (a) + f (b) 2 = a^r + b^r 2 , and |f (b) − f (a)| = |b^r − a^r| ,

(3.101) follows from (3.102), immediately. This completes the proof.

If we choose r = 1 in Theorem 59, then we have the following familiar inequality

(3.103) | |E (X) − a + b 2 | | ≤ b − a 2 . Theorem 60. ([119]) Let p, q ≥ 1, then the inequality

(3.104) | | |β (p, q) − 1 2np n−1∑ i=0 [ 1 − ( i n ) 1_p ]q−1

+ [ 1 − ( i + 1 n ) 1_p ]q−1 | | | ≤ 1 2np , holds for any positive integer n.

Proof. Let p, q ≥ 1. If we put a = 0, b = 1, f(t) = (1 − t)^{q−1}, g(t) = t^{p−1} and h (t) =^{tp}_p (t ∈ [0, 1]) in Corollary 49, we obtain the inequality (3.104). This completes the proof.

7. More Generalizations for Monotone Mappings 7.1. Introduction. The trapezoid inequality, states that if f^{′′} exists and is bounded on (a, b), then

(3.105) | | ∫_b a f(x)dx − b − a 2 [f(a) + f(b)] | | ≤ (b − a)^3 12 ‖f^{′′}‖_∞ .

Cerone and Dragomir [35] proved the following trapezoid type inequality:

7. MORE GENERALIZATIONS FOR MONOTONE MAPPINGS 135

Theorem A. Let f : [a, b] → R be a monotonic non-decreasing mapping, then | | ∫_b a f(t)dt − [(x − a) f (a) + (b − x) f (b)] | | (3.106)

≤ (b − x) f (b) − (x − a) f (a) +

∫_b a sgn (x − t) f (t) dt

≤ (x − a) [f (x) − f (a)] + (b − x) [f (b) − f (x)] ≤ [ 1 2 (b − a) + | |x − a + b 2 | | ] [f (b) − f (a)] ,

for all x ∈ [a, b]. The above inequalities are sharp.

In the next section, by following [120], we establish weighted generalizations of Theorem A, and give several applications for r−moments and the expectation of a continuous random variable , the Beta mapping and the Gamma mapping.

7.2. Some Integral Inequalities. The following result holds [120].

Theorem 61. Let g : [a, b] → R be non-negative and continuous with g (t) > 0 on (a, b) and let h : [a, b] → R be differentiable such that h^′ (t) = g (t) on [a, b] .

(a) Suppose f : [a, b] → R is a monotonic non-decreasing mapping, then | | ∫_b a f(t)g (t) dt − [(x − h(a)) f (a) + (h(b) − x) f (b)] | | (3.107)

≤ (h(b) − x) f (b) − (x − h(a)) f (a) + ∫_b a sgn ( h^{−1}(x) − t ) f (t) g (t) dt

≤ (x − h(a)) · [ f ( h^{−1}(x) ) − f (a) ] + (h(b) − x) · [ f (b) − f ( h^{−1}(x) )] ≤ [ 1 2 ∫_b a g (t) dt + | |x − h(a) + h(b) 2 | | ] · [f (b) − f (a)]

for all x ∈ [h(a), h(b)] .

(b) Suppose f : [a, b] → R is a monotonic non-increasing mapping, then | | ∫_b a f(t)g (t) dt − [(x − h(a)) f (a) + (h(b) − x) f (b)] | | (3.108)

136 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

≤ (x − h(a)) f (a) − (h(b) − x) f (b) + ∫_b a sgn ( t − h^{−1}(x) ) f (t) g (t) dt

≤ (x − h(a)) · [ f (a) − f ( h^{−1}(x) )] + (h(b) − x) · [ f ( h^{−1}(x) ) − f (b) ] ≤ [ 1 2 ∫_b a g (t) dt + | |x − h(a) + h(b) 2 | | ] · [f (a) − f (b)]

for all x ∈ [h(a), h(b)] .

The above inequalities are sharp.

Proof. (1) (a) Let x ∈ [h(a), h(b)]. Using integration by parts, we have the following identity

∫_b a (x − h(t)) df (t)

(3.109)

= (x − h(t)) f (t) | | | b

a + ∫_b a f(t)g (t) dt = ∫_b a f(t)g (t) dt − [(x − h(a)) f (a) + (h(b) − x) f (b)] .

It is well known [4, p. 813] that if μ, ν : [a, b] → R are such that μ is continuous on [a, b] and ν is monotonic non-decreasing on [a, b], then

(3.110) | | ∫_b a μ (t) dν (t) | | ≤ ∫_b a |μ (t)| dν (t) .

Now, using identity (3.109) and inequality (3.110), we have | | ∫_b a f(t)g (t) dt − [(x − h(a)) f (a) + (h(b) − x) f (b)] | | (3.111) ≤ ∫_b a |x − h(t)| df (t) = ∫_h−1_{(x)} a (x − h(t)) df (t) +

∫_b

h^{−1}(x)

(h(t) − x) df (t)

7. MORE GENERALIZATIONS FOR MONOTONE MAPPINGS 137

= (x − h(t)) f (t) | |^h −1(x)

a + ∫_h−1_{(x)} a f (t) g (t) dt

+ (h(t) − x) | |^b h^{−1}(x) − ∫_b

h^{−1}(x)

f (t) g (t) dt

= (h(b) − x) f (b) − (x − h(a)) f (a) + ∫_b a sgn ( h^{−1}(x) − t ) f (t) g (t) dt

and the first inequalities in (3.107) are proved.

As f is monotonic non-decreasing on [a, b] , we obtain

∫_h−1_{(x)} a f (t) g (t) dt ≤ f ( h^{−1} (x)

) ∫^{h−1(x)} a g (t) dt

= (x − h(a)) f ( h^{−1} (x) ) and ∫_b

h^{−1}(x)

f (t) g (t) dt ≥ f ( h^{−1} (x)

) ∫^b

h^{−1}(x)

g (t) dt

= (h(b) − x) f ( h^{−1} (x) ) , then

∫_b a sgn ( h^{−1}(x) − t ) f (t) g (t) dt

≤ (x − h(a)) f ( h^{−1} (x) ) + (x − h(b)) f ( h^{−1} (x) ) . Therefore,

(h(b) − x) f (b) − (x − h(a)) f (a)

(3.112) + ∫_b a sgn ( h^{−1}(x) − t ) f (t) g (t) dt

≤ (h(b) − x) f (b) − (x − h(a)) f (a)

+ (x − h(a)) f ( h^{−1} (x) ) + (x − h(b)) f ( h^{−1} (x) ) = (x − h(a)) · [ f ( h^{−1}(x) ) − f (a) ] + (h(b) − x) · [ f (b) − f ( h^{−1}(x) )] which proves that the second inequality in (3.107).

As f is monotonic non-decreasing on [a, b] , we have

f (a) ≤ f ( h^{−1}(x) ) ≤ f (b)

138 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS and (x − h(a)) · [ f ( h^{−1}(x) ) − f (a) ] (3.113) + (h(b) − x) · [ f (b) − f ( h^{−1}(x) )] ≤ max{x − h(a), h(b) − x} × [ f ( h^{−1}(x) ) − f (a) + f (b) − f ( h^{−1}(x) )] = [ h(b) − h(a) 2 + | |x − h(a) + h(b) 2 | | ] · [f (b) − f (a)] = [ 1 2 ∫_b a g (t) dt + | |x − h(a) + h(b) 2 | | ] · [f (b) − f (a)] .

Thus, by (3.111), (3.112) and (3.113), we obtain (3.107). Let g (t) ≡ 1, t ∈ [a, b] h (t) = t, t ∈ [a, b]

f(t) = { 0, t ∈ [a, b) 1, t = b

and x =^{a+b}_2 , then | | ∫_b a f(t)g (t) dt − [(x − h(a)) f (a) + (h(b) − x) f (b)] | | = (h(b) − x) f (b) − (x − h(a)) f (a) + ∫_b a sgn ( h^{−1}(x) − t ) f (t) g (t) dt

= (x − h(a)) · [ f ( h^{−1}(x) ) − f (a) ] + (h(b) − x) · [ f (b) − f ( h^{−1}(x) )] = [ 1 2 ∫_b a g (t) dt + | |x − h(a) + h(b) 2 | | ] · [f (b) − f (a)] = b − a 2 which proves that the inequalities (3.107) are sharp.

(b) If f is replaced by −f in (a), then (3.108) is obtained from (3.107).

This completes the proof.

Remark 53. If we choose g (t) ≡ 1, h (t) = t on [a, b], then the inequalities (3.107) reduce to (3.106).

7. MORE GENERALIZATIONS FOR MONOTONE MAPPINGS 139

Corollary 50. ([120]) If we choose x =^{h(a)+h(b)}_2 , then we get | | ∫_b a f(t)g (t) dt − f (a) + f (b) 2 ∫_b a g (t) dt | | (3.114) ≤ 1 2 ∫_b a g (t) dt · [f (b) − f (a)] + ∫_b a sgn ( h^{−1} ( h(a) + h(b) 2 ) − t ) f (t) g (t) dt ≤ 1 2 ∫_b a g (t) dt · [f (b) − f (a)]

where f and g are defined as in (a) of Theorem 61, and | | ∫_b a f(t)g (t) dt − f (a) + f (b) 2 ∫_b a g (t) dt | | (3.115) ≤ 1 2 ∫_b a g (t) dt · [f (a) − f (b)] + ∫_b a sgn ( t − h^{−1} ( h(a) + h(b) 2 )) f (t) g (t) dt ≤ 1 2 ∫_b a g (t) dt · [f (a) − f (b)]

where f and g are defined as in (b) of Theorem 61.

The inequalities (3.114) and (3.115) are the “weighted trapezoid” inequalities.

Note that the trapezoid inequality (3.114) and (3.115) are, in a sense, the best possible inequalities we can obtain from (3.107) and (3.108). Moreover, the constant^1_2 is the best possible for both inequalities in (3.114) and (3.115), respectively.

Remark 54. The following inequality is well-known in the literature as the Fejér inequality (see for example [94]): f ( a + b 2 ) ∫_b a g (t) dt ≤

∫_b a f(t)g (t) dt

(3.116) ≤ f (a) + f (b) 2 ∫_b a g (t) dt,

where f : [a, b] → R is convex and g : [a, b] → R is positive integrable and symmetric with respect to^{a+b}_2 .

140 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

Using the above results and (3.114) – (3.115), we obtain the following error bound of the second inequality in (3.116): 0 ≤ f (a) + f (b) 2 ∫_b a g (t) dt −

∫_b a f(t)g (t) dt

(3.117) ≤ 1 2 ∫_b a g (t) dt · [f (b) − f (a)] + ∫_b a sgn ( h^{−1}( h(a) + h(b) 2 ) − t ) f (t) g (t) dt ≤ 1 2 ∫_b a g (t) dt · [f (b) − f (a)]

provided that f is monotonic non-decreasing on [a, b]. 0 ≤ f (a) + f (b) 2 ∫_b a g (t) dt −

∫_b a f(t)g (t) dt

(3.118) ≤ 1 2 ∫_b a g (t) dt · [f (a) − f (b)] + ∫_b a sgn ( t − h^{−1}( h(a) + h(b) 2 ) ) f (t) g (t) dt ≤ 1 2 ∫_b a g (t) dt · [f (a) − f (b)]

provided that f is monotonic non-increasing on [a, b].

7.3. Some Inequalities for Random Variables. Throughout this section, let 0 < a < b , r ∈ R, and let X be a continuous random variable having the continuous probability density mapping g : [a, b] → R with g (t) > 0 on (a, b) , h : [a, b] → R with h^′ (t) = g (t) for t ∈ (a, b) and the r−moment

E_r (X) :=

∫_b a t^rg (t) dt,

which is assumed to be finite [120].

Theorem 62. The inequalities | |E_r (X) − a^r + b^r 2 | | (3.119) ≤ 1 2 (b^r − a^r) +

∫_b a sgn ( h^{−1} ( 1 2 ) − t ) t^rg (t) dt ≤ 1 2 (b^r − a^r) as r ≥ 0

7. MORE GENERALIZATIONS FOR MONOTONE MAPPINGS 141 and | |E_r (X) − a^r + b^r 2 | | (3.120) ≤ 1 2 (a^r − b^r) +

∫_b a sgn ( t − h^{−1} ( 1 2 )) t^rg (t) dt ≤ 1 2 (a^r − b^r) as r < 0,

hold.

Proof. If we put f (t) = t^r (t ∈ [a, b]) , h (t) =

∫_t a g (x) dx (t ∈ [a, b]) and x =^{h(a)+h(b)}_2 =^1_2 in Corollary 50, then we obtain (3.119) and (3.120). This completes the proof.

The following corollary which is a special case of Theorem 62.

Corollary 51. The inequalities | |E (X) − a + b 2 | | ≤ b − a 2 + ∫_b a sgn ( h^{−1} ( 1 2 ) − t ) tg (t) dt

(3.121) ≤ b − a 2 hold.

The following inequality, which is an application of Theorem 61 for the Beta mapping, holds:

Theorem 63. Let p, q > 0, then we have the inequality |β (p + 1, q + 1) − x|

(3.122)

≤ x +

∫_b a sgn [ t − ((p + 1) x)^{1p+1} ] t^p (1 − t)^q dt

≤ x + ( 1 p + 1

− 2x ) [ 1 − ((p + 1) x)^{1p+1}

]_q

≤ 1 2 (p + 1) + | |x − 1 2(p + 1) | | for all x ∈ [ 0,^1_{p+1} ] . Proof. If we put a = 0, b = 1, f(t) = (1 − t)^q, g(t) = t^p and h (t) =^{tp+1}_{p+1} (t ∈ [0, 1]) in Theorem 61, we obtain the inequality (3.122) for all x ∈ [ 0,^1_{p+1} ] . This completes the proof.

142 3. TRAPEZOIDAL TYPE RESULTS AND APPLICATIONS FOR PDFS

The following remark, which is an application of Theorem 63 for the Gamma mapping, applies:

Remark 55. Taking into account that β (p + 1, q + 1) =^{Γ(p+1)Γ(q+1)}_{Γ(p+q+2)} , the inequality (3.122) is equivalent to | |Γ(p + 1)Γ(q + 1) Γ(p + q + 2) − x | | ≤ x +

∫_b a sgn [ t − ((p + 1) x)^{1p+1} ] t^p (1 − t)^q dt

≤ x + ( 1 p + 1

− 2x ) [ 1 − ((p + 1) x)^{1p+1}

]_q

≤ 1 2 (p + 1) + | |x − 1 2(p + 1) | | i.e., |(p + 1)Γ(p + 1)Γ(q + 1) − x(p + 1)Γ(p + q + 2)| ≤ [ x + ∫_b a sgn [ t − ((p + 1) x)^{1p+1} ] t^p (1 − t)^q dt ] (p + 1)Γ(p + q + 2) ≤ [ x + ( 1 p + 1

− 2x ) [ 1 − ((p + 1) x)^{1p+1}

]_q] (p + 1)Γ(p + q + 2) ≤ [ 1 2 + | |x(p + 1) − 1 2 | | ] · Γ(p + q + 2)

and as (p + 1)Γ(p + 1) = Γ(p + 2), we get |Γ(p + 2)Γ(q + 1) − x(p + 1)Γ(p + q + 2)|

(3.123) ≤ [ x + ∫_b a sgn [ t − ((p + 1) x)^{1p+1} ] t^p (1 − t)^q dt ]

× (p + 1)Γ(p + q + 2) ≤ [ x + ( 1 p + 1

− 2x ) [ 1 − ((p + 1) x)^{1p+1}

]_q]

× (p + 1)Γ(p + q + 2) ≤ [ 1 2 + | |x(p + 1) − 1 2 | | ] · Γ(p + q + 2).

CHAPTER 4

Inequalities for CDFs Via Grüss Type Results

1. Random Variables whose PDFs are Bounded 1.1. Introduction. In papers [107, 108], Matić, Pečarić and Ujević proved the following inequality, which has been called the pre-Grüss inequality in [34]

(4.1) | | 1 b − a

∫_b a f (t) g (t) dt − 1 b − a

∫_b a f (t) dt · 1 b − a

∫_b a g (t) dt | |

≤ 1 2 (ϕ − γ) [ 1 b − a

∫_b a g^2 (t) dt − ( 1 b − a

∫_b a g (t) dt

)2]^1_2 , provided that γ ≤ f (t) ≤ ϕ a.e. on [a, b] and the integrals exist and are finite.

In [108], the authors used (4.1) to obtain some bounds for the remainder in certain Taylor like formulae whilst in [34], the authors applied (4.1) to estimation of the remainder in three point quadrature formulae.

Basically, (4.1) is a pre-Grüss inequality since, if we assume that α ≤ g (t) ≤ β a.e. in [a, b] , then, (see for example [67])

(4.2) 1 b − a

∫_b a g^2 (t) dt − ( 1 b − a

∫_b a g (t) dt )2 ≤ 1 4 (β − α)^2 ,

which, together with (4.1), gives the original Grüss inequality,

(4.3) | | 1 b − a

∫_b a f (t) g (t) dt − 1 b − a

∫_b a f (t) dt · 1 b − a

∫_b a g (t) dt | | ≤ 1 4 (ϕ − γ) (β − α) .

In [108], Matić, Pečarić and Ujević observed that if a factor is known, for example g (t) , t ∈ [a, b] , then instead of using (4.3) in estimating the difference 1 b − a

∫_b a f (t) g (t) dt − 1 b − a

∫_b a f (t) dt · 1 b − a

∫_b a g (t) dt, 143

144 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

it is better to use (4.1) [107].

In this section, by adopting this same approach, we obtain some inequalities for the expectation E (X) and cumulative distribution function F (·) of a random variable having the probability distribution function f : [a, b] → R. It is assumed that we know the lower and the upper bound for f, i.e., the real numbers γ, ϕ such that 0 ≤ γ ≤ f (t) ≤ ϕ ≤ 1 a.e. t on [a, b] . Some related results are also established.

1.2. Some Inequalities for Expectation and Dispersion. We start with the following result for expectation [20].

Theorem 64. Let X be a random variable having the probability density function f : [a, b] → R. Assume that there exist constants γ, ϕ such that 0 ≤ γ ≤ f (t) ≤ ϕ ≤ 1 a.e. t on [a, b] , then,

(4.4) | |E (X) − a + b 2 | | ≤ 1 4 √ 3 (ϕ − γ) (b − a)^2 .

Proof. If we put g (t) = t in (4.1), we obtain

(4.5) | | 1 b − a

∫_b a tf (t) dt − 1 b − a

∫_b a f (t) dt · 1 b − a

∫_b a tdt | |

≤ 1 2 (ϕ − γ) [ 1 b − a

∫_b a t^2dt − ( 1 b − a

∫_b a tdt )2]^1_2

and as ∫_b a tf (t) dt = E (X) , ∫_b a f (t) dt = 1, 1 b − a

∫_b a tdt = a + b 2 and 1 b − a

∫_b a t^2dt − ( 1 b − a

∫_b a tdt )2 = (b − a)^2 12 , then by (4.5) we deduce (4.4).

To point out a result for the p−moments of the random variable X, p ∈ R\ {−1, 0}, we need the following p−Logarithmic mean,

M_p (a, b) := [ b^{p+1} − a^{p+1} (p + 1) (b − a)

] 1_p , where 0 < a < b.

1. RANDOM VARIABLES WHOSE PDFS ARE BOUNDED 145

Theorem 65. ([20]) Let X and f be as in Theorem 64 and E_p (X) be the p-moment of X, i.e.,

E_p (X) :=

∫_b a t^pf (t) dt,

which is assumed to be finite, then:

(4.6) | E_p (X) − M^p_p (a, b) | ≤ 1 2 (ϕ − γ) [ M^{2p}_{2p} (a, b) − M^{2p}_p (a, b)

] 1_2 . The proof is obvious by (4.1) in which we choose g (t) = t^p, p ∈ R\ {−1, 0} .

If we consider the Logarithmic mean

M_{−1} (a, b) := L (a, b) = b − a ln b − ln a

, 0 < a < b

and define the (−1) −moment of the random variable X by

E_{−1} (X) :=

∫_b a f (t) t dt, then we can also state the following theorem [20].

Theorem 66. Let X and f be as in Theorem 64, then:

(4.7) | E_{−1} (X) − M^{−1}_{−1} (a, b) | ≤ 1 2 (ϕ − γ) [ M^{−2}_{−2} (a, b) − M^{−2}_{−1} (a, b)

] 1_2 , provided the (−1) −moment of X is finite.

The proof is obvious by (4.1) and so we omit the details. The following theorem also holds [20].

Theorem 67. Let X and f be as above. If

σ_μ (X) := [∫_b a (t − μ)^2 f (t) dt

]^1_2

, μ ∈ [a, b] ,

then we have the inequality, | | | σ^2_μ (X) − ( μ − a + b 2 )_2 − (b − a)^2 12 | | | (4.8)

≤ 1 2 (ϕ − γ) (b − a)^2 [ 1 3 ( μ − a + b 2 )_2 + 1 180 (b − a)^2

] 1_2

≤ 1 3 √ 5 (ϕ − γ) (b − a)^3 .

146 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

Proof. If we put g (t) = (t − μ)^2 in (4.1) we get

(4.9) | | 1 b − a

∫_b a f (t) (t − μ)^2 dt − 1 b − a

∫_b a f (t) dt · 1 b − a

∫_b a (t − μ)^2 dt | |

≤ 1 2 (ϕ − γ) [ 1 b − a

∫_b a (t − μ)^4 dt − ( 1 b − a

∫_b a (t − μ)^2 dt

)2]^1_2 , and as ∫_b a f (t) dt = 1, 1 b − a

∫_b a (t − μ)^2 dt =

(b − μ)^3 + (μ − a)^3

3 (b − a) = (b − μ)^2 − (b − μ) (μ − a) + (μ − a)^2 3 = ( μ − a + b 2 )_2 + (b − a)^2 12 ,

1 b − a

∫_b a (t − μ)^4 dt − ( 1 b − a

∫_b a (t − μ)^2 dt )2

= 1 45 [ 4 [ (b − μ)^2 − (μ − a)^2

]_2

+ 2 (b − μ)^2 (μ − a)^2 + (μ − a) (b − μ) [ (b − μ)^2 + (μ − a)^2 ]] := A.

(after considerable algebraic manipulation). However,

(b − μ)^2 − (μ − a)^2 = (b − a) (b + a − 2μ)

= 2 (b − a) ( b + a 2 − μ ) , (b − μ) (μ − a) = 1 4 (b − a)^2 − ( μ − a + b 2 )_2 , (b − μ)^2 + (μ − a)^2 = 1 2 (b − a)^2 + 2 ( μ − a + b 2 )_2 ,

1. RANDOM VARIABLES WHOSE PDFS ARE BOUNDED 147

giving,

A = (b − a)^2 45 [ 15 ( μ − a + b 2 )_2 + 1 4 (b − a)^2 ]

= (b − a)^2 [ 1 3 ( μ − a + b 2 )_2 + 1 180 (b − a)^2 ] .

Using the inequality (4.9), we deduce the desired inequality (4.8).

The best inequality we can obtain from (4.8) is that for which μ = a+b 2 and, therefore, we can state the following corollary (see also [20]).

Corollary 52. With the above assumptions and denoting σ_0 (X) := σ a+b_2 (X), we have the inequality:

(4.10) | | | σ^2_0 (X) −

(b − a)^2 12 | | | ≤ 1 12 √ 5 (ϕ − γ) (b − a)^3 .

The following theorem also holds [20].

Theorem 68. Let X and f be as above. If

(4.11) A_μ (X) :=

∫_b a |t − μ| f (t) dt, μ ∈ [a, b] ,

then we have the inequality

(4.12) | | | A_μ (X) − 1 b − a [ (b − a)^2 4 + ( μ − a + b 2 )_2]| | | ≤ 1 2 (ϕ − γ) (b − a) [ (b − a)^2 48

+ ( μ −^{a+b}_2 b − a

)_2 [ 1 2 (b − a)^2 + ( μ − a + b 2 )_2] 1 2 .

for all μ ∈ [a, b] .

148 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

Proof. If we put g (t) = |t − μ| in (4.1), we have

(4.13) | | 1 b − a

∫_b a |t − μ| f (t) dt − 1 b − a

∫_b a f (t) dt · 1 b − a

∫_b a |t − μ| dt | |

≤ 1 2 (ϕ − γ) [ 1 b − a

∫_b a |t − μ|^2 dt − ( 1 b − a

∫_b a |t − μ| dt

)2]^1_2

and as

∫_b a f (t) dt = 1, 1 b − a

∫_b a |t − μ| dt = 1 b − a [∫_μ a (μ − t) dt +

∫_b μ (t − μ) dt ]

= 1 b − a [ (b − μ)^2 + (μ − a)^2 2 ]

= 1 b − a [ (b − a)^2 4 + ( μ − a + b 2 )_2] ,

1 b − a

∫_b a (t − μ)^2 dt =

(b − μ)^3 + (μ − a)^3 3 (b − a) = (b − a)^2 12 + ( μ − a + b 2 )_2 ,

1 b − a

∫_b a (t − μ)^2 dt − ( 1 b − a

∫_b a |t − μ| dt )2

= (b − a)^2 12 + ( μ − a + b 2 )_2 − [ (b − a) 4 + 1 b − a ( μ − a + b 2 )_2]2

= (b − a)^2 48 + 1 2 ( μ − a + b 2 )_2 − 1 (b − a)^2 ( μ − a + b 2 )_4

= (b − a)^2 48 + ( μ −^{a+b}_2 b − a

)_2 [ 1 2 (b − a)^2 − ( μ − a + b 2 )_2] . Finally, using (4.13) we deduce the desired inequality.

1. RANDOM VARIABLES WHOSE PDFS ARE BOUNDED 149

Corollary 53. ([20]) The best inequality we can get from (4.12) is for μ = μ_0 :=^{a+b}_2 , giving:

(4.14) | |A_{μ0} (X) − b − a 4 | | ≤ 1 8 √ 3 (ϕ − γ) (b − a)^2 ,

where A_{μ0} (X) is as defined in (4.11).

Proof. Consider the mapping

g (μ) :=

(b − a)^2 48 + 1 2 ( μ − a + b 2 )_2 − 1 (b − a)^2 ( μ − a + b 2 )_4 . We have

dg (μ) dμ = ( μ − a + b 2 ) − 4 (b − a)^2 ( μ − a + b 2 )_3

= ( μ − a + b 2 ) [ 1 − 4 (b − a)^2 ( μ − a + b 2 )_2] . Note that^{dg(μ)}_{dμ} = 0 if μ = a or μ =^{a+b}_2 or μ = b and as

dg (μ) dμ < 0 for μ ∈ ( a, a + b 2 ) and dg (μ) dμ > 0 for μ ∈ ( a + b 2 , μ ) , we deduce that μ =^{a+b}_2 is the point realizing the global minimum on (a, b) and as g (μ_0) =^{(b−a)2}_{48} , the inequality (4.14) is indeed the best inequality we can get from (4.12).

Another inequality that can be useful for obtaining different inequalities for dispersion is the following weighted Grüss type result (see for example [50]).

Lemma 13. Let g, p : [a, b] → R be measurable functions such that α ≤ g ≤ β a.e., p ≥ 0 a.e. on [a, b] and

∫_b a p (x) dx > 0.

Then

(4.15) 0 ≤

∫_b a p (x) g^2 (x) dx ∫_b a p (x) dx − (∫_b a p (x) g (x) dx ∫_b a p (x) dx

)_2 ≤ 1 4 (β − α)^2 ,

provided that all the integrals in (4.15) exist and are finite.

Using the above lemma we prove the following result for dispersion [20].

150 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

Theorem 69. Let X be a random variable whose probability density function f is defined on the finite interval [a, b] and σ (X) < ∞. Then we have the inequality

(4.16) 0 ≤ σ^2_μ (X) − (E (X) − μ)^2 ≤ 1 4 (b − a)^2

for all μ ∈ [a, b] , or, equivalently,

(4.17) 0 ≤ σ (X) ≤ 1 2 (b − a) .

Proof. Choose in (4.15), g (x) = x − μ, p (x) = f (x) , then, obviously, sup_{x∈[a,b]} g (x) = b−μ, inf_{x∈[a,b]} g (x) = a−μ,

∫_b a f (x) dx = 1, and by (4.15), 0 ≤ ∫_b a (x − μ)^2 f (x) dx − (∫_b a (x − μ) f (x) dx )2 ≤ 1 4 (b − a)^2

and the inequality (4.16) is proved.

The following inequality connecting σ_μ (X) and A_μ (X) also holds (see also [20]).

Theorem 70. Let X be as in Theorem 69 and assume that σ_μ (X), A_μ (X) < ∞ for all μ ∈ [a, b] . We have the inequality,

(4.18) 0 ≤ σ^2_μ (X) − A^2_μ (X) ≤ 1 2 | |μ − a + b 2 | | for all μ ∈ [a, b] with A_μ(X) given in (4.11).

Proof. Choose in Lemma 13, p (x) = f (x) , g (x) = |x − μ| , μ ∈ [a, b], then

β = sup_{x∈[a,b]} g (x) = max {μ − a, b − μ} = b − a + |μ − a − b + μ| 2 , α = inf_{x∈[a,b]} g (x) = min {μ − a, b − μ} = b − a − |μ − a − b + μ| 2 , which gives us

β − α = 2 | |μ − a + b 2 | | . Applying (4.15), we deduce (4.18).

1. RANDOM VARIABLES WHOSE PDFS ARE BOUNDED 151

1.3. Some Inequalities for CDFs. The following theorem contains an inequality which connects the expectation E (X) , the cumulative distribution function F (X) :=

∫_x a f (t) dt and the bounds γ and ϕ of the probability density function f : [a, b] → R (see also [20]).

Theorem 71. Let X, f, E (X) , F (·) and γ, ϕ be as above, then:

(4.19) | |E (X) + (b − a) F (x) − x − b − a 2 | | ≤ 1 4 √ 3 (ϕ − γ) (b − a)^2 ,

for all x ∈ [a, b] .

Proof. The following identity was established by Barnett and Dragomir in [9]

(b − a) F (x) + E (X) − b =

∫_b a p (x, t) dF (t)

(4.20) = ∫_b a p (x, t) f (t) dt,

where

p (x, t) := t − a if a ≤ t ≤ x ≤ b

t − b if a ≤ x < t ≤ b . Applying the inequality (4.1) for g (t) = p (x, t) , we get

(4.21) | | 1 b − a

∫_b a p (x, t) f (t) dt − 1 b − a

∫_b a p (x, t) dt · 1 b − a

∫_b a f (t) dt | |

≤ 1 2 (ϕ − γ) [ 1 b − a

∫_b a p^2 (x, t) dt − ( 1 b − a

∫_b a p (x, t) dt

)2]^1_2 . Observe that 1 b − a

∫_b a p (x, t) dt = x − a + b 2 , ∫_b a f (t) dt = 1,

152 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS and D := 1 b − a

∫_b a p^2 (x, t) dt − ( 1 b − a

∫_b a p (x, t) dt )2

= 1 b − a [ (b − x)^3 + (x − a)^3 3 ] − ( x − a + b 2 )_2

= (b − x)^2 − (b − x) (x − a) + (x − a)^2 3 − ( x − a + b 2 )_2 . As a simple calculation shows that

(b − x)^2 − (b − x) (x − a) + (x − a)^2 = 3 ( x − a + b 2 )_2 + 1 4 (b − a)^2 ,

we get, D = 1 12 (b − a)^2 .

Using (4.21), we deduce (4.19).

Remark 56. If in (4.19) we choose either x = a or x = b, we get | |E (X) − a + b 2 | | ≤ 1 4 √ 3 (ϕ − γ) (b − a)^2 ,

which is the inequality (4.4).

Remark 57. If in (4.19) we choose x =^{a+b}_2 , then we get the inequality

(4.22) | |E (X) + (b − a) Pr ( X ≤ a + b 2 ) − b | | ≤ 1 4 √ 3 (ϕ − γ) (b − a)^2 .

The following theorem also holds (see also [20]).

Theorem 72. Let X, f, γ, ϕ and F (·) be as above, then we have: | |E (X) + b − a 2 F (x) − b + x 2 | | (4.23) ≤ 1 2 √ 3 (ϕ − γ) [ 1 4 (b − a)^2 + ( x − a + b 2 )_2]

≤ 1 4 √ 3 (ϕ − γ) (b − a)^2 ,

1. RANDOM VARIABLES WHOSE PDFS ARE BOUNDED 153

for all x ∈ [a, b].

Proof. We use the identity (4.20).

Applying the pre-Grüss inequality (4.1), we get, for x ∈ [a, b] , | | 1 x − a

∫_x a (t − a) f (t) dt

(4.24) − 1 x − a

∫_x a (t − a) dt · 1 x − a

∫_x a f (t) dt | | ≤ 1 2 (ϕ − γ) [ 1 x − a

∫_x a (t − a)^2 dt

− [ 1 x − a

∫_x a (t − a) dt

]_2]^1_2

= 1 4 √ 3 (ϕ − γ) (x − a)

and, similarly,

(4.25) | | 1 b − x

∫_b x (t − b) f (t) dt − 1 b − x

∫_b x (t − b) dt · 1 b − x

∫_b x f (t) dt | | | ≤ 1 4 √ 3 (ϕ − γ) (b − x) , x ∈ (a, b) .

From (4.24) and (4.25) we can write

(4.26) | | ∫_x a (t − a) f (t) dt − x − a 2 F (x) | | ≤ 1 4 √ 3 (ϕ − γ) (x − a)^2 and (4.27) | | ∫_b x (t − b) f (t) dt + b − x 2 (1 − F (x)) | | ≤ 1 4 √ 3 (ϕ − γ) (b − x)^2 ,

for all x ∈ [a, b].

154 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

Summing (4.26) and (4.27) and using the triangle inequality, we deduce that | | ∫_x a (t − a) f (t) dt +

∫_b x (t − b) f (t) dt − b − a 2 F (x) + b − x 2 | | (4.28) ≤ 1 4 √ 3 (ϕ − γ) [ (x − a)^2 + (b − x)^2 ]

= 1 2 √ 3 (ϕ − γ) [ 1 4 (b − a)^2 + ( x − a + b 2 )_2] . Evaluation at x = a or b produces the final inequality in (4.23).

Remark 58. If we choose in (4.23), either x = a or x = b, we get the inequality

(4.29) | |E (X) − a + b 2 | | ≤ 1 4 √ 3 (ϕ − γ) (b − a)^2

and thus recapture (4.4).

Remark 59. If we choose in (4.23), x =^{a+b}_2 , then we get

(4.30) | |E (X) + ( b − a 2 ) Pr ( X ≤ a + b 2 ) − a + 3b 4 | | ≤ 1 8 √ 3 (ϕ − γ) (b − a)^2 ,

which is the best inequality of this type that can be obtained.

2. The Case of Absolutely Continuous PDFs 2.1. Introduction. In [108], Matić, Pečarić and Ujević proved the following refinement of Čebyšev’s inequality which we call the “pre- Čebyšev” inequality

(4.31) | | 1 b − a

∫_b a f (x) g (x) dx − 1 b − a

∫_b a f (x) dx · 1 b − a

∫_b a g (x) dx | | ≤ 1 2 √ 3 (b − a) ‖f^′‖_∞

× [ 1 b − a

∫_b a g^2 (x) dx − ( 1 b − a

∫_b a g (x) dx

)2]^1_2 ,

2. THE CASE OF ABSOLUTELY CONTINUOUS PDFS 155

provided that f is absolutely continuous on [a, b] and all the integrals in (4.31) exist and are finite.

Matić, Pečarić and Ujević observed that: if a factor is known, say g (t) , t ∈ [a, b], then instead of using Čebyšev’s inequality to estimate the difference 1 b − a

∫_b a f (t) g (t) dt − 1 b − a

∫_b a f (t) dt · 1 b − a

∫_b a g (t) dt,

it is better to use (4.31). They demonstrated this by improving some results of the second author in [108] related to Taylor’s formula with integral remainder.

Using the same approach here, we obtain some inequalities for the expectation, E (X), and cumulative distribution function F (x) of a random variable having the probability density function f : [a, b] → R which is assumed to be absolutely continuous and whose derivative f^′ ∈ L_∞ [a, b].

2.2. Some Inequalities. We start with the following result for expectation [21].

Theorem 73. Let X be a random variable having the probability density function f : [a, b] → R. Assume that f is absolutely continuous on [a, b] and f^′ ∈ L_∞ [a, b] , then,

(4.32) | |E (X) − a + b 2 | | ≤ 1 12 (b − a)^2 ‖f^′‖_∞ .

Proof. If we put g (t) = t in (4.31),

(4.33) | | 1 b − a

∫_b a tf (t) dt − 1 b − a

∫_b a f (t) dt · 1 b − a

∫_b a tdt | |

≤ 1 2 √ 3 (b − a) ‖f^′‖_∞ [ 1 b − a

∫_b a t^2dt − ( 1 b − a

∫_b a tdt )2]^1_2 . However, 1 b − a

∫_b a t^2dt − ( 1 b − a

∫_b a tdt )2 = (b − a)^2 12 and so (4.32) is true.

Remark 60. We could obtain the same inequality by applying Čebyšev’s inequality. Note, however, that for further results, the pre-Čebyšev inequality provides better estimates than would be obtained using the classical result.

156 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

Theorem 74. ([21]) Let X and f be as above. If

σ_μ (X) := [∫_b a (t − μ)^2 f (t) dt

]^1_2

, μ ∈ [a, b] ,

then, | | | σ^2_μ (X) − ( μ − a + b 2 )_2 − 1 12 (b − a)^2 | | | (4.34)

≤ 1 2 √ 3 (b − a)^2 [ 1 3 ( μ − a + b 2 )_2 + 1 180 (b − a)^2 ] ‖f^′‖_∞ ≤ 1 3 √ 15 (b − a)^3 ‖f^′‖_∞ ,

for all μ ∈ [a, b].

Proof. If g (t) = (t − μ)^2 in (4.31), then,

(4.35) | | 1 b − a

∫_b a (t − μ)^2 f (t) dt − 1 b − a

∫_b a f (t) dt · 1 b − a

∫_b a (t − μ)^2 dt | | | ≤ 1 2 √ 3 ‖f^′‖_∞ [ 1 b − a

∫_b a (t − μ)^4 dt − ( 1 b − a

∫_b a (t − μ)^2 dt

)2]^1_2 . However, 1 b − a

∫_b a (t − μ)^2 dt = ( μ − a + b 2 )_2 + 1 12 (b − a)^2 and 1 b − a

∫_b a (t − μ)^4 dt − ( 1 b − a

∫_b a (t − μ)^2 dt )2

= 1 5 · (b − μ)^5 + (μ − a)^5 b − a − [ (b − μ)^3 + (μ − a)^3 3 (b − a)

]_2

= 1 45 [ 4 [ (b − μ)^2 − (μ − a)^2

]_2

+ 2 (b − μ)^2 (μ − a)^2

+ (μ − a) (b − μ) [ (b − μ)^2 + (μ − a)^2 ]] := A,

2. THE CASE OF ABSOLUTELY CONTINUOUS PDFS 157

which simplifies further to give: A = (b − a)^2 45 [ 15 ( μ − a + b 2 )_2 + 1 4 (b − a)^2 ]

= (b − a)^2 [ 1 3 ( μ − a + b 2 )_2 + 1 180 (b − a)^2 ] . Using (4.35), we deduce the desired inequality (4.34).

The best inequality we can obtain from (4.34) is that for which μ =^{a+b}_2 , giving the following corollary (see also [21]).

Corollary 54. With the above assumptions and denoting σ_0 (X) := σ a+b_2 (X),

(4.36) | | | σ^2_0 (X) −

(b − a)^2 12 | | | ≤ 1 12 √ 15 (b − a)^3 ‖f^′‖_∞ .

The following theorem provides an inequality that connects the expectation E (X) and the cumulative distribution function F (x) := ∫_x a f (t) dt of a random variable X having the PDF f : [a, b] → R (see also [21]).

Theorem 75. Let X be a random variable whose PDF, f : [a, b] → R is absolutely continuous on [a, b] and f^′ ∈ L_∞ [a, b], then,

(4.37) | |E (X) + (b − a) F (x) − x − b − a 2 | | ≤ 1 12 (b − a)^3 ‖f^′‖_∞

for all x ∈ [a, b].

Proof. We use the following equality established by Barnett and Dragomir in [9]

(b − a) F (x) + E (X) − b =

∫_b a p (x, t) dF (t)

(4.38) = ∫_b a p (x, t) f (t) dt,

where

p (x, t) := t − a if a ≤ t ≤ x ≤ b

t − b if a ≤ x < t ≤ b .

158 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

Now, if we apply the inequality (4.31) for g (t) = p (x, t), we obtain

(4.39) | | 1 b − a

∫_b a p (x, t) f (t) dt − 1 b − a

∫_b a p (x, t) dt · 1 b − a

∫_b a f (t) dt | | ≤ 1 2 √ 3 (b − a) ‖f^′‖_∞

× [ 1 b − a

∫_b a p^2 (x, t) dt − ( 1 b − a

∫_b a p (x, t) dt

)2]^1_2 .

Observe that 1 b − a

∫_b a p (x, t) dt = x − a + b 2 , and D := 1 b − a

∫_b a p^2 (x, t) dt − ( 1 b − a

∫_b a p (x, t) dt )2

= 1 b − a [ (b − x)^3 + (x − a)^3 3 ] − ( x − a + b 2 )_2

= 1 12 (b − a)^2 .

Using (4.39), we deduce (4.37).

Remark 61. If in (4.37) either x = a or x = b, | |E (X) − a + b 2 | | ≤ 1 12 (b − a)^3 ‖f^′‖_∞ ,

which is inequality (4.32).

Remark 62. If in (4.37) x =^{a+b}_2 , then

(4.40) | |E (X) + (b − a) Pr ( X ≤ a + b 2 ) − b | | ≤ 1 12 (b − a)^3 ‖f^′‖_∞ .

2. THE CASE OF ABSOLUTELY CONTINUOUS PDFS 159

Theorem 76. ([21]) Let X, F and f be as above, then, | |E (X) + b − a 2 F (x) − x + b 2 | | (4.41) ≤ 1 4 (b − a) ‖f^′‖_∞ [( x − a + b 2 )_2 + 1 12 (b − a)^2 ]

≤ 1 12 (b − a)^3 ‖f^′‖_∞

for all x ∈ [a, b].

Proof. Using the same identity of Barnett and Dragomir [9] as in Theorem 75 and applying the pre-Čebyšev inequality (4.31), for x ∈ [a, b] we get: | | 1 x − a

∫_x a (t − a) f (t) dt

(4.42) − 1 x − a

∫_x a (t − a) dt · 1 x − a

∫_x a f (t) dt | | ≤ 1 2 √ 3 (x − a) ‖f^′‖_∞

× [ 1 x − a

∫_x a (t − a)^2 dt − ( 1 x − a

∫_x a (t − a) dt

)_2]^1_2

= 1 12 (x − a)^2 ‖f^′‖_∞

and, similarly,

(4.43) | | 1 b − x

∫_b x (t − b) f (t) dt − 1 b − x

∫_b x (t − b) dt · 1 b − x

∫_b x f (t) dt | | ≤ 1 12 (b − x)^2 ‖f^′‖_∞ ,

for all x ∈ [a, b).

From (4.42) and (4.43) we can write

(4.44) | | ∫_x a (t − a) f (t) dt − x − a 2 F (x) | | ≤ 1 12 (x − a)^3 ‖f^′‖_∞

160 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS and (4.45) | | ∫_b x (t − b) f (t) dt + b − x 2 (1 − F (x)) | | ≤ 1 12 (b − x)^3 ‖f^′‖_∞ ,

for all x ∈ [a, b].

Summing (4.44) and (4.45) and using the triangle inequality, we deduce | | ∫_x a (t − a) f (t) dt +

∫_b x (t − b) f (t) dt − b − a 2 F (x) + b − x 2 | | ≤ 1 12 ‖f^′‖_∞ [ (x − a)^3 + (b − x)^3 ]

= 1 12 (b − a) ‖f^′‖_∞ [ 3 ( x − a + b 2 )_2 + 1 4 (b − a)^2 ]

= 1 4 (b − a) ‖f^′‖_∞ [( x − a + b 2 )_2 + 1 12 (b − a)^2 ] . Using the identity (4.38), the desired result (4.41) is obtained.

Remark 63. If in (4.41) either x = a or x = b, the inequality (4.32) is recaptured.

Remark 64. If in (4.41), x =^{a+b}_2 , then the best inequality of this type that can be obtained is: | |E (X) + b − a 2 Pr ( X ≤ a + b 2 ) − a + 3b 4 | | ≤ 1 48 (b − a)^3 ‖f^′‖_∞ .

3. Some Elementary Inequalities 3.1. Introduction. Let X be a continuous random variable having the probability density function f defined on a finite interval [a, b].

Using some tools from the theory of inequalities, namely Hölder’s inequality, pre-Grüss inequality, pre-Čebyšev inequality, Taylor’s formula with integral remainder, we point out some elementary inequalities linking the expectation and variance.

3.2. The Results. The following inequalities for the dispersion σ (X) hold [18].

Theorem 77. Let X be a continuous random variable defined on [a, b] having PDF, f, then:

(i) we have the inequality

(4.46) 0 ≤ σ (X) ≤ [b − E (X)]^{12} [E (X) − a]^{12} ≤ 1 2 (b − a)

3. SOME ELEMENTARY INEQUALITIES 161 and 0 ≤ [b − E (X)] [E (X) − a] − σ^2 (X)

(4.47)

≤ (b − a)^3 6 ‖f‖_∞

[B (q + 1, q + 1)]^{1q} (b − a)^{2+ 1q} ‖f‖_p if f ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1 where B (·, ·) is Euler’s Beta function.

(ii) If m ≤ f ≤ M a.e. on [a, b], then

(4.48) m (b − a)^3 6 ≤ [b − E (X)] [E (X) − a] − σ^2 (X) ≤

M (b − a)^3 6 and (4.49) | | | [b − E (X)] [E (X) − a] − σ^2 (X) −

(b − a)^2 6 | | | ≤ √ 5 (b − a)^3 (M − m) 60 . Proof. Note that:

∫_b a (b − t) (t − a) f (t) dt

(4.50) = ∫_b a [(b − E (X)) + (E (X) − t)] × [(E (X) − a) + (t − E (X))] f (t) dt

= (b − E (X)) (E (X) − a)

∫_b a f (t) dt

+ (E (X) − a)

∫_b a (E (X) − t) f (t) dt

+ (b − E (X))

∫_b a (t − E (X)) f (t) dt − ∫_b a (t − E (X))^2 f (t) dt = [b − E (X)] [E (X) − a] − σ^2 (X) since ∫_b a f (t) dt = 1 and

∫_b a (t − E (X)) f (t) dt = 0.

162 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

(i) Using the fact that ∫_b a (t − a) (b − t) f (t) dt ≥ 0,

it follows that

σ^2 (X) ≤ [b − E (X)] [E (X) − a] and so the first inequality in (4.46) is established.

The second inequality in (4.46) follows from the elementary result that

αβ ≤ 1 4 (α + β)^2 , α, β ∈ R

where α = b − E (X) , β = E (X) − a. The first inequality in (4.47) follows, since ∫_b a (t − a) (b − t) f (t) dt ≤ ‖f‖_∞

∫_b a (t − a) (b − t) dt = (b − a)^3 6 ‖f‖_∞ .

The second inequality is obvious by Hölder’s integral inequality, ∫_b a (t − a) (b − t) f (t) dt ≤ (∫_b a f^p (t) dt

)^1_p (∫_b a (t − a)^q (b − t)^q dt

)^1_q

= ‖f‖_p (b − a)^{2+ 1q} [B (q + 1, q + 1)]^{1q} .

(ii) The inequality (4.48) is obvious, taking into account that if m ≤ f ≤ M a.e. on [a, b] , then m (t − a) (b − t) ≤ (t − a) (b − t) f (t) ≤ M (t − a) (b − t) a.e. on [a, b], and by integrating over [a, b].

To prove (4.49), we use the following “pre-Grüss” inequality established in [108]

(4.51) | | 1 b − a

∫_b a h (t) g (t) dt − 1 b − a

∫_b a h (t) dt · 1 b − a

∫_b a g (t) dt | |

≤ 1 2 (ϕ − γ) [ 1 b − a

∫_b a g^2 (t) dt − ( 1 b − a

∫_b a g (t) dt

)2]^1_2 ,

3. SOME ELEMENTARY INEQUALITIES 163

provided that the mappings h, g : [a, b] → R are measurable, all the integrals involved in (4.51) exist and are finite and γ ≤ h ≤ ϕ a.e. on [a, b].

Choose in (4.51), h (t) = f (t) and g (t) = (t − a) (b − t), which then gives

(4.52) | | 1 b − a

∫_b a (t − a) (b − t) f (t) dt − 1 b − a

∫_b a (t − a) (b − t) dt · 1 b − a

∫_b a f (t) dt | | ≤ 1 2 (M − m) [ 1 b − a

∫_b a (t − a)^2 (b − t)^2 dt

− ( 1 b − a

∫_b a (t − a) (b − t) dt

)2]^1_2 . However, ∫_b a (t − a) (b − t) dt =

(b − a)^3 6 , ∫_b a f (t) dt = 1, ∫_b a (t − a)^2 (b − t)^2 dt = (b − a)^5

∫_1 0 t^2 (1 − t)^2 dt =

(b − a)^5 30 and 1 b − a

∫_b a (t − a)^2 (b − t)^2 dt − ( 1 b − a

∫_b a (t − a) (b − t) dt )2

= (b − a)^4 180 . Consequently, by (4.52), we deduce that | | | ∫_b a (t − a) (b − t) f (t) dt −

(b − a)^2 6 | | | ≤ 1 2 (b − a) (M − m) [ (b − a)^4 180 ] 1_2

= (b − a)^3 (M − m) 12 √ 5 . Using (4.50), we deduce (4.49).

164 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

With additional information about the derivative of f, we can state the following result which complements (4.49) (see also [18]).

Theorem 78. Assume that the PDF of X is absolutely continuous on [a, b].

(i) If f^′ ∈ L_∞ [a, b], then we have:

(4.53) | | | [b − E (X)] [E (X) − a] − σ^2 (X) −

(b − a)^2 6 | | | ≤ √ 30 720 ‖f^′‖_∞ (b − a)^3 .

(ii) If f^′ ∈ L_2 [a, b], then we have:

(4.54) | | | [b − E (X)] [E (X) − a] − σ^2 (X) −

(b − a)^2 6 | | | ≤ √ 5 60π ‖f^′‖_2 (b − a)^3 .

Proof.

(i) Use is made of the “pre-Čebyšev” inequality proved in [108] and given in (4.31). Now, if we choose h (t) = f (t), g (t) = (t − a) (b − t) in (4.31), we get | | | ∫_b a (t − a) (b − t) f (t) dt −

(b − a)^2 6 | | | ≤ ‖h^′‖_∞ (b − a) 2 √ 3 · (b − a)^2 12 √ 5 = (b − a)^3 ‖h^′‖_∞ 24 √ 30 . Using (4.50), we deduce (4.53).

(ii) For the second part of the theorem, we use the following “pre- Lupaş” inequality as stated in [108]

(4.55) | | 1 b − a

∫_b a h (t) g (t) dt − 1 b − a

∫_b a h (t) dt · 1 b − a

∫_b a g (t) dt | |

≤ b − a π ‖h^′‖_2 [ 1 b − a

∫_b a g^2 (t) dt − ( 1 b − a

∫_b a g (t) dt

)2]^1_2 ,

3. SOME ELEMENTARY INEQUALITIES 165

provided that g, h are as above and h^′ ∈ L_2 [a, b]. Now if we choose in (4.55) h (t) = f (t), g (t) = (t − a) (b − t), we obtain the desired inequality (4.54). The details are omitted.

Theorem 79. ([18]) Let X be a random variable and f : [a, b] → R its PDF. If f is such that f^{(n)} (n ≥ 0) is absolutely continuous on [a, b], then we have the inequality

(4.56) | | [E (X) − a] [b − E (X)]

− σ^2 (X) − n∑ k=0 (k + 1) (b − a)^{k+3} f^{(k)} (a) (k + 3)! | | |

≤

‖f^{(n+1)}‖_∞

(n+1)!(n+3)(n+4) (b − a)

n+4 if f^{(n+1)} ∈ L_∞ [a, b]

‖f^{(n+1)}‖_p(b−a)^{n+3+ 1q}

n!(nq+1)^{1q} (n+2+^1_q )(n+3+^1_q )

if f^{(n+1)} ∈ L_p [a, b] , p > 1

‖f^{(n+1)}‖_1(b−a)^{n+3}

n!(n+2)(n+3) if f

(n+1) ∈ L

1 [a, b] .

Proof. The following Taylor’s formula with integral remainder is well known in the literature (see for example [4]):

(4.57) f (t) = n∑ k=0 (t − a)^k k! f^{(k)} (a) + 1 n! ∫_t a (t − s)^n f^{(n+1)} (s) ds

for all t ∈ [a, b].

Since

(4.58) [E (X) − a] [b − E (X)] − σ^2 (X) =

∫_b a (t − a) (b − t) f (t) dt,

we have:

[E (X) − a] [b − E (X)] − σ^2 (X)

(4.59) = ∫_b a (t − a) (b − t)

[_n ∑ k=0 (t − a)^k k! f^{(k)} (a) + 1 n! ∫_t a (t − s)^n f^{(n+1)} (s) ds ] dt

166 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS = n∑ k=0 f^{(k)} (a) k! ∫_b a (t − a)^{k+1} (b − t) dt

+ 1 n! ∫_b a [ (t − a) (b − t)

∫_t a (t − s)^n f^{(n+1)} (s) ds ] dt. Using the transformation, t = (1 − u) a + ub, we have ∫_b a (t − a)^{k+1} (b − t) dt = (b − a)^{k+3}

∫_1 0 u^{k+1} (1 − u) du = 1 (k + 2) (k + 3)

and by (4.59), we deduce that | | | [E (X) − a] [b − E (X)] − σ^2 (X) − n∑ k=0 (k + 1) (b − a)^{k+3} f^{(k)} (a) (k + 3)! | | | ≤ 1 n! ∫_b a (t − a) (b − t) | | | ∫_t a (t − s)^n f^{(n+1)} (s) ds | | | dt =: M (a, b) .

However, for all t ∈ [a, b] we have | | ∫_t a (t − s)^n f^{(n+1)} (s) ds | | ≤ ∫_t a |t − s|^n | f^{(n+1)} (s) | ds ≤ sup_{s∈[a,b]} | f^{(n+1)} (s) | ∫^t a (t − s)^n ds ≤ ‖ f^{(n+1)} ‖ ∞ (t − a)^{n+1}

n + 1 . By Hölder’s integral inequality we have, | | ∫_t a (t − s)^n f^{(n+1)} (s) ds | |

≤ (∫_t a | f^{(n+1)} (s) |_p ds ) 1_p (∫_t a (t − s)^{nq} ds

) 1_q

≤ ‖ f^{(n+1)} ‖ p [ (t − a)^{nq+1} nq + 1

] 1_q , 1 p + 1 q = 1, p > 1

for all t ∈ [a, b].

4. ON AN IDENTITY FOR THE ČEBYŠEV FUNCTIONAL 167

Finally, we observe that | | ∫_t a (t − s)^n f^{(n+1)} (s) ds | | ≤ ∫_t a (t − s)^n | |f^{(n+1)} (s) | | ds

≤ (t − a)^n

∫_t a | f^{(n+1)} (s) | ds ≤ (t − a)^n ‖ f^{(n+1)} ‖ 1 for all t ∈ [a, b].

Consequently,

M (a, b) ≤ 1 n!

‖f^{(n+1)}‖_∞ n+1 ∫_b a (t − a)^{n+2} (b − t) dt

‖f^{(n+1)}‖_p

(nq+1)^{1q}

∫_b a (t − a)^{n+1+ 1q} (b − t) dt ‖ f^{(n+1)} ‖ 1 ∫_b a (t − a)^{n+1} (b − t) dt

= ‖f^{(n+1)}‖_∞

n+1 (b − a)^{n+4}

∫_1 0 u^{n+2} (1 − u) du

‖f^{(n+1)}‖_p

(nq+1)^{1q}

(b − a)^{n+3+ 1q}

∫_1 0 u^{n+1+ 1q} (1 − u) du ‖ f^{(n+1)} ‖ 1 (b − a)^{n+3}

∫_1 0 u^{n+1} (1 − u) du

and as ∫_1 0 u^{n+2} (1 − u) du = 1 (n + 3) (n + 4) , ∫_1 0 u^{n+1+ 1q} (1 − u) du = 1 ( n + 2 +^1_q ) ( n + 3 +^1_q ) and ∫_1 0 u^{n+1} (1 − u) du = 1 (n + 2) (n + 3) , the inequality (4.56) is proved.

Remark 65. A similar result can be obtained if use is made of a Taylor expansion around the point b.

4. On an Identity for the Čebyšev Functional

4.1. Introduction. For two measurable functions f, g : [a, b] → R, recall the Čebyšev functional,

(4.60) T (f, g) := M (fg) − M (f) M (g) ,

168 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

where the integral mean is given by

(4.61) M (f) = 1 b − a

∫_b a f (x) dx.

The integrals in (4.60) are assumed to exist.

Further, the weighted Čebyšev functional is defined by (4.62) T (f, g; p) := M (f, g; p) − M (f; p) M (g; p) , where the weighted integral mean is given by

(4.63) M (f; p) =

∫_b a p (x) f (x) dx ∫_b a p (x) dx . We note that, T (f, g; 1) ≡ T (f, g) and M (f; 1) ≡ M (f) .

Here we obtain bounds on the functionals (4.60) and (4.62) in terms of one of the functions, say f, being of bounded variation, Lipschitzian or monotonic nondecreasing.

This is accomplished by developing identities involving a Riemann- Stieltjes integral. The main results are obtained in Section 4.2, while in Section 4.3 bounds for moments about a general point γ are obtained for functions of bounded variation, Lipschitzian and monotonic. Cerone and Dragomir [32] obtained bounds in terms of the ‖f^′‖_p, p ≥ 1 where it necessitated the differentiability of the function f. There is no need for such assumptions in the work covered by the current development. A further application is given in Section 4.4 in which the moment generating function is approximated.

4.2. An Identity for the Čebyšev Functional. It is worthwhile noting that a number of identities relating to the Čebyšev functional already exist. The reader is referred to [109] Chapters IX and X. Korkine’s identity is well known, see [109, p. 296] and is given by

(4.64) T (f, g) = 1 2 (b − a)^2

∫_b a ∫_b a (f (x) − f (y)) (g (x) − g (y)) dxdy.

It is identity (4.64) that is often used to prove an inequality of Grüss for functions bounded above and below, [109].

The Grüss inequality is given by

(4.65) |T (f, g)| ≤ 1 4 ( Φ_f − ϕ_f ) ( Φ_g − ϕ_g ) where ϕ_f ≤ f (x) ≤ Φ_f for x ∈ [a, b].

4. ON AN IDENTITY FOR THE ČEBYŠEV FUNCTIONAL 169

If we let S (f) be an operator defined by (4.66) S (f) (x) := f (x) − M (f) , which shifts a function by its integral mean, then the following identity holds. Namely, (4.67) T (f, g) = T (S (f) , g) = T (f, S (g)) = T (S (f) , S (g)) , and so (4.68) T (f, g) = M (S (f) g) = M (fS (g)) = M (S (f) S (g)) since M (S (f)) = M (S (g)) = 0.

For the last term in (4.67) or (4.68) only one of the functions needs to be shifted by its integral mean. If the other is shifted by any other quantity, the identities still hold. A weighted version of (4.68) related to T (f, g) = M ((f (x) − κ) S (g)) for κ arbitrary was given by Sonin [118] (see [109, p. 246]).

The interested reader is also referred to Dragomir [67] and Fink [95] for extensive treatments of the Grüss and related inequalities.

The following lemma presents an identity for the Čebyšev functional that involves a Riemann-Stieltjes integral which was first introduced by Cerone in [29].

Lemma 14. Let f, g : [a, b] → R, where f is of bounded variation and g is continuous on [a, b], then

(4.69) T (f, g) = 1 (b − a)^2

∫_b a ψ (t) df (t) ,

where (4.70) ψ (t) = (t − a) A (t, b) − (b − t) A (a, t) with

(4.71) A (a, b) =

∫_b a g (x) dx.

Proof. From (4.69) integrating the Riemann-Stieltjes integral by parts produces 1 (b − a)^2

∫_b a ψ (t) df (t) = 1 (b − a)^2 { ψ (t) f (t)

]_b a − ∫_b a f (t) dψ (t) }

= 1 (b − a)^2 { ψ (b) f (b) − ψ (a) f (a) −

∫_b a f (t) ψ^′ (t) dt }

170 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

since ψ (t) is differentiable. Thus, from (4.70), ψ (a) = ψ (b) = 0 and so 1 (b − a)^2

∫_b a ψ (t) df (t) = 1 (b − a)^2

∫_b a [(b − a) g (t) − A (a, b)] f (t) dt = 1 b − a

∫_b a [g (t) − M (g)] f (t) dt

= M (fS (g))

from which the result (4.69) is obtained on noting identity (4.68).

The following well known lemmas will prove useful and are stated here for lucidity.

Lemma 15. Let g, v : [a, b] → R be such that g is continuous and v is of bounded variation on [a, b], then the Riemann-Stieltjes integral ∫_b a g (t) dv (t) exists and is such that

(4.72) | | ∫_b a g (t) dv (t) | | ≤ sup

t∈[a,b]

|g (t)| b⋁ a (v) .

Lemma 16. Let g, v : [a, b] → R be such that g is Riemannintegrable on [a, b] and v is L−Lipschitzian on [a, b], then

(4.73) | | ∫_b a g (t) dv (t) | | ≤ L ∫_b a |g (t)| dt

with v L−Lipschitzian if it satisfies

|v (x) − v (y)| ≤ L |x − y|

for all x, y ∈ [a, b].

Lemma 17. Let g, v : [a, b] → R be such that g is continuous on [a, b] and v is monotonic nondecreasing on [a, b], then

(4.74) | | ∫_b a g (t) dv (t) | | ≤ ∫_b a |g (t)| dv (t) .

It should be noted that if v is nonincreasing then −v is nondecreasing.

4. ON AN IDENTITY FOR THE ČEBYŠEV FUNCTIONAL 171

Theorem 80. Let f, g : [a, b] → R, where f is of bounded variation and g is continuous on [a, b], then

(4.75) (b − a)^2 |T (f, g)|

≤ sup_{t∈[a,b]} |ψ (t)|^b ⋁ a (f) , L ∫_b a |ψ (t)| dt, for f L − Lipschitzian, ∫_b a |ψ (t)| df (t) , for f monotonic nondecreasing.

Proof. Follows directly from Lemmas 14 – 17, that is, from the identity (4.69) and (4.72) – (4.74).

The following lemma gives an identity for the weighted Chebychev functional that involves a Riemann-Stieltjes integral [29].

Lemma 18. Let f, g, p : [a, b] → R, where f is of bounded variation and g, p are continuous on [a, b]. Further, let P (b) =

∫_b a p (x) dx > 0, then

(4.76) T (f, g; p) = 1 P^2 (b)

∫_b a Ψ (t) df (t) ,

where T (f, g; p) is as given in (4.62),

(4.77) Ψ (t) = P (t) Ḡ (t) − P̄ (t) G (t)

with

(4.78)

P (t) =

∫_t a p (x) dx, P̄ (t) = P (b) − P (t) and G (t) =

∫_t a p (x) g (x) dx, Ḡ (t) = G (b) − G (t) .

Proof. The proof follows closely that of Lemma 14. We first note that Ψ (t) may be represented in terms of only P (·) and G (·), namely,

(4.79) Ψ (t) = P (t) G (b) − P (b) G (t) .

172 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

It may further be noticed that Ψ (a) = Ψ (b) = 0. Thus, integrating from (4.76) and using either (4.77) or (4.79) gives 1 P^2 (b)

∫_b a Ψ (t) df (t) = −1 P^2 (b)

∫_b a f (t) dΨ (t) = 1 P^2 (b)

∫_b a [P (b) G^′ (t) − P^′ (t) G (b)] f (t) dt = 1 P (b)

∫_b a [ p (t) g (t) −

G (b) P (b) p (t) ] f (t) dt = 1 P (b)

∫_b a p (t) g (t) f (t) dt −

G (b) P (b) · 1 P (b)

∫_b a p (t) f (t) dt

= M (f, g; p) − M (g; p) M (f; p) = T (f, g; p) ,

where we have used the fact that^{G(b)}_{P (b)} = M (g; p) .

Theorem 81. ([29]). Let the conditions of Lemma 18 on f, g and p continue to hold, then

(4.80) P^2 (b) |T (f, g; p)|

≤ sup_{t∈[a,b]} |Ψ (t)|^b ⋁ a (f) , L ∫_b a |Ψ (t)| dt, for f L − Lipschitzian, ∫_b a |Ψ (t)| df (t) , for f monotonic nondecreasing.

where T (f, g; p) is as given by (4.62) and Ψ (t) = P (t) G (b)−P (b) G (t), with P (t) =

∫_t a p (x) dx, G (t) =

∫_t a p (x) g (x) dx.

Proof. The proof uses Lemmas 14 – 17 and follows closely that of Theorem 80.

Remark 66. If we take p (x) ≡ 1 in the above results involving the weighted Chebychev functional, then the results obtained earlier for the unweighted Chebychev functional are recaptured.

Grüss type inequalities obtained from bounds on the Chebychev functional have been applied in a variety of areas including obtaining perturbed rules in numerical integration, see for example [34]. In the following section the above work is applied to the approximation of moments. For other related results see also [18] and [33].

4. ON AN IDENTITY FOR THE ČEBYŠEV FUNCTIONAL 173

Remark 67. If f is differentiable then the identity (4.69) becomes

(4.81) T (f, g) = 1 (b − a)^2

∫_b a ψ (t) f^′ (t) dt

and so

(b − a)^2 |T (f, g)| ≤

‖ψ‖_1 ‖f^′‖_∞ , f^′ ∈ L_∞ [a, b] ;

‖ψ‖_q ‖f^′‖_p , f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; ‖ψ‖_∞ ‖f^′‖_1 , f^′ ∈ L_1 [a, b] ;

where the Lebesgue norms ‖·‖ are defined in the usual way.

The identity for the weighted integral means (4.76) and the corresponding bounds (4.80) will not be examined further here [29].

Theorem 82. Let g : [a, b] → R be absolutely continuous on [a, b] then for (4.82) D (g; a, t, b) := M (g; t, b) − M (g; a, t) ,

(4.83) |D (g; a, t, b)|

≤

(_{b−a} 2 ) ‖g^′‖_∞ , g^′ ∈ L_∞ [a, b] ;

[_{(t−a)q+(b−t)q} q+1 ] 1_q ‖g^′‖_p , g^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖g^′‖_1 , g^′ ∈ L_1 [a, b] ; ⋁_b

a (g) , g of bounded variation; (_{b−a} 2 ) L, g is L − Lipschitzian.

Proof. Let the kernel r (t, u) be defined by

(4.84) r (t, u) := u − a t − a

, u ∈ [a, t] ,

b − u b − t

, u ∈ (t, b]

then a straight forward integration by parts argument of the Riemann- Stieltjes integral over each of the intervals [a, t] and (t, b] gives the identity

(4.85)

∫_b a r (t, u) dg (u) = D (g; a, t, b) .

174 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

Now for g absolutely continuous then

(4.86) D (g; a, t, b) =

∫_b a r (t, u) g^′ (u) du

and so

|D (g; a, t, b)| ≤ ess sup_{u∈[a,b]} |r (t, u)|

∫_b a |g^′ (u)| du, for g^′ ∈ L_1 [a, b] ,

where from (4.84) (4.87) ess sup_{u∈[a,b]} |r (t, u)| = 1

and so the third inequality in (4.83) results. Further, using the Hölder inequality gives

|D (g; a, t, b)| ≤ (∫_b a |r (t, u)|^q du

)^1_q (∫_b a |g^′ (t)|^p dt

)^1_p (4.88)

for p > 1, 1 p + 1 q = 1,

where explicitly from (4.84) (∫_b a |r (t, u)|^q du

)^1_q (4.89)

= [∫_t a ( u − a t − a

)_q du +

∫_b t ( b − u b − t

)_q du ]^1_q

= [(t − a)^q + (b − t)^q]^{1q} (∫_1 0 u^qdu

)^1_q

= [ (t − a)^q + (b − t)^q q + 1

] 1_q . Also,

(4.90) |D (g; a, t, b)| ≤ ess sup_{u∈[a,b]} |g^′ (u)|

∫_b a |r (t, u)| du,

and so from (4.89) with q = 1 we get the first inequality in (4.83).

Now, for g (u) of bounded variation on [a, b] then from Lemma 15, equation (4.72) and identity (4.85) we have

|D (g; a, t, b)| ≤ ess sup_{u∈[a,b]} |r (t, u)| b⋁ a (g)

4. ON AN IDENTITY FOR THE ČEBYŠEV FUNCTIONAL 175

producing the fourth inequality in (4.83) on using (4.87). From (4.73) and (4.85) we have, by associating g with v and r (t, ·) with g (·),

|D (g; a, t, b)| ≤ L

∫_b a |r (t, u)| du

and so this, from (4.89) with q = 1, gives the final inequality in (4.83).

Remark 68. The results of Theorem 82 may be used to obtain bounds on ψ (t) since from (4.70) and (4.82)

ψ (t) = (t − a) (b − t) D (g; a, t, b) .

Hence, upper bounds on the Čebyšev functional may be obtained from (4.75) and (4.81) for general functions g. The following two sections investigate the exact evaluation (4.75) for specific functions of g (·).

4.3. Results Involving Moments. In this section bounds on n^{th} moments about a point γ are investigated. Define for n a nonnegative integer,

(4.91) M_n (γ) :=

∫_b a (x − γ)^n h (x) dx, γ ∈ R.

If γ = 0 then M_n (0) are the moments about the origin and γ = M_1 (0) are the central moments. Further, the expectation of a continuous random variable can be written as E (X) = M_1 (0). Also, the variance of the random variable X, σ^2 (X) = M_2 (M_1 (0)) .

The following corollary is valid [29].

Corollary 55. Let f : [a, b] → R be integrable on [a, b], then

(4.92) | |M_n (γ) − B^{n+1} − A^{n+1} n + 1

M (f) | |

≤ sup_{t∈[a,b]} |ϕ (t)| ·^1_{n+1}^b ⋁ a (f) , for f of bounded variation on [a, b] , L n + 1

∫_b a |ϕ (t)| dt, for f L − Lipschitzian, 1 n + 1

∫_b a |ϕ (t)| df (t) , for f monotonic nondecreasing.

where M_n (γ) is as given by (4.91), M (f) is the integral mean of f as defined in (4.61), B = b − γ, A = a − γ

176 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS and

(4.93) ϕ (t) = (t − γ)^n − [( t − a b − a ) (b − γ)^{n+1} + ( b − t b − a ) (a − γ)^{n+1} ] . Proof. From (4.75) taking g (t) = (t − γ)^n and using (4.60) and (4.61) gives

(b − a) |T (f, (t − γ)^n)| = | |M_n (γ) − B^{n+1} − A^{n+1} n + 1

M (f) | | .

The right hand side is obtained on noting that for g (t) = (t − γ)^n, ϕ (t) = −^{ψ(t)}_{b−a} .

Remark 69. It should be noted here that Cerone and Dragomir [32] obtained bounds on the left hand expression for f^′ ∈ L_p [a, b], p ≥ 1. They obtained the following Lemmas which are useful in procuring expressions for the bounds in (4.92) in more explicit form [29].

Lemma 19. Let ϕ (t) be as defined by (4.93), then

(4.94) ϕ (t) < 0 n odd, any γ and t ∈ (a, b)

n even { γ < a, t ∈ (a, b) a < γ < b, t ∈ [c, b)

> 0, n even { γ > b, t ∈ (a, b) a < γ < b, t ∈ (a, c)

where ϕ (c) = 0, a < c < b and

c > γ, γ <^{a+b}_2

= γ, γ =^{a+b}_2

< γ, γ >^{a+b}_2 .

4. ON AN IDENTITY FOR THE ČEBYŠEV FUNCTIONAL 177

Lemma 20. ([29]). For ϕ (t) as given by (4.93) then

(4.95)

∫_b a |ϕ (t)| dt

= B−A 2 [B^{n+1} − A^{n+1}] −^{Bn+2−An+2}_{n+2} , { n odd and any γ n even and γ < a ;

2C^{n+2}−B^{n+2}−A^{n+2}

n+2 +^1_{2(b−a)} {[ (b − a)^2 − 2 (c − a)^2 ] B^{n+1} + [ 2 (b − c)^2 − (b − a)^2 ]} A^{n+1}, n even and a < γ < b;

B^{n+2}−A^{n+2}

n+2 −^{B−A}_2 [B^{n+1} − A^{n+1}] , n even and γ > b,

where

(4.96)

B = b − γ, A = a − γ, C = c − γ,

C_1 =

∫_c a C (t) dt, C_2 =

∫_b c C (t) dt,

with C (t) =

(_{t−a} b−a ) B^{n+1} +

(_{b−t} b−a ) A^{n+1}

and ϕ (c) = 0 with a < c < b.

Lemma 21. ([29]). For ϕ (t) as defined by (4.93), then

(4.97) sup_{t∈[a,b]} | |ϕ̃ (t) | |

= C (t^∗) −^{Bn+1−An+1}

(n+1)(B−A) , n odd, n even and γ < a;

B^{n+1}−A^{n+1} (n+1)(B−A) − C (t

∗) n even and γ > b;

m_1+m_2 2 + |_{m1−m2} 2 | n even and a < γ < b,

where

(4.98) (t^∗ − γ)^n =

B^{n+1} − A^{n+1} (n + 1) (B − A) , C (t) is as defined in (4.96), m_1 = ϕ̃ (t^∗_1), m_2 = −ϕ̃ (t^∗_2) and t^∗, t^∗_1, t^∗_2 satisfy (4.98) with t^∗_1 < t^∗_2.

The following lemma is required to determine the bound in (4.92) when f is monotonic nondecreasing (Cerone and Dragomir [32] obtained bounds assuming that f was differentiable).

178 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

Lemma 22. The following result holds for ϕ (t) as defined by (4.93),

(4.99) 1 n + 1

∫_b a |ϕ (t)| df

= χ_n (a, b) , n odd or n even and γ < a,

−χ_n (a, b) , n even and γ > b,

χ_n (c, b) − χ_n (a, c) , n even and a < γ < b and for f : [a, b] → R, monotonic nondecreasing,

(4.100) 1 n + 1

∫_b a |ϕ (t)| df

≤

B(B^n−1)−A(A^n−1)

n+1 f (b) , n odd or n even and γ < a;

A(A^n−1)−B(B^n−1)

n+1 f (b) , n even and γ > b; [ B^{n+1} − C^{n+1} −^{(Bn−An)}_{b−a} (b − c)

]_{f(b)} n+1 n even and + [_{(Bn−An)}

b−a (c − a) − (C^{n+1} − A^{n+1})

]_{f(a)}

n+1 , a < γ < b,

where

χ_n (a, b) =

∫_b a [ (t − γ)^n −

(B^n − A^n) (n + 1) (b − a) ] f (t) dt,

(4.101)

A = a − γ, B = b − γ, C = c − γ. Proof. Let α, β ∈ [a, b] and

χ_n (α, β) = 1 n + 1

∫_β α |ϕ (t)| df = ϕ (α) f (α) − ϕ (β) f (β) n + 1 − ∫_β α [ (t − γ)^n −

(B^n − A^n) (n + 1) (b − a) ] f (t) dt

and χ_n (a, b) be as given by (4.101) since ϕ (a) = ϕ (b) = 0.

Further, using the results of Lemma 19 as represented in (4.94), and, the fact that 1 n + 1

∫_β α |ϕ (t)| df = { χ (α, β) , ϕ (t) < 0, t ∈ [α, β]

−χ (α, β) , ϕ (t) > 0, t ∈ [α, β] gives the results as stated.

4. ON AN IDENTITY FOR THE ČEBYŠEV FUNCTIONAL 179

We now use the fact that f is monotonic nondecreasing so that from (4.101)

χ_n (a, b) ≤ f (b)

∫_b a [ (t − γ)^n −

B^n − A^n (n + 1) (b − a) ] dt. Further,

χ_n (c, b) ≤ f (b)

∫_b c [ (t − γ)^n −

B^n − A^n (n + 1) (b − a) ] dt = f (b) [ B^{n+1} − C^{n+1}

n + 1 − (B^n − A^n) (b − c) (n + 1) (b − a) ]

and χ_n (a, c) ≥ f (a)

∫_c a [ (t − γ)^n −

B^n − A^n (n + 1) (b − a) ] dt = [ C^{n+1} − A^{n+1}

n + 1 − (B^n − A^n) (c − a) (n + 1) (b − a) ] f (a)

so the proof of the lemma is complete.

The following corollary gives bounds for the expectation [29]. Corollary 56. Let f : [a, b] → R_+ be a probability density function associated with a random variable X, then the expectation E (X) satisfies the inequalities

(4.102) | | |E (X) − a + b 2 | | |

≤ (b−a)^3 6 b⋁ a (f) , f of bounded variation, (_{b−a} 2 )_2

·^L_2 , f L − Lipschitzian, b−a 2 [a + b − 1] f (b) , f monotonic nondecreasing.

Proof. Taking n = 1 in Corollary 55 and using Lemmas 19 – 22 gives the results after some straightforward algebra. In particular,

ϕ (t) = t^2 − (a + b) t + ab = ( t − a + b 2 )_2 + ( b − a 2 )_2

and t^∗ the one solution of ϕ^′ (t) = 0 is t^∗ =^{a+b}_2 .

The following corollary gives bounds for the variance. We shall assume that a < γ = E [X] < b.

180 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

Corollary 57. ([29]). Let f : [a, b] → R_+ be the PDF associated with a random variable X. The variance σ^2 (X) is such that

(4.103) | σ^2 (X) − S |

≤

[m_1 + m_2 + |m_2 − m_1|]

⋁_b

a(f)

6 , f of bounded variation, {_{C2}

4 −^1_{b−a} [ (c − a)^3 B^3 − (b − c)^2 A^3 ] + (B^2 + A^2)

(_{b−a} 2 )_2

−^{(AB)2}_2 } ·^L_3 , f is L − Lipschitzian,

[B^3 − C^3 − (a + b) (b − c)]^{f(b)}_3 + [(a + b) (c − a) − (C^3 − A^3)]^{f(a)}_3 , f monotonic nondecreasing.

where S = (b − E (X))^3 + (E (X) − a)^3 3 (b − a) , m_1 = ϕ ( E (X) − S^{12} ) , m_2 = ϕ ( E (X) + S^{12} ) , ϕ (t) = (t − γ)^3 + ( b − t b − a ) (γ − a)^3 − ( t − a b − a ) (b − γ)^3 ,

A = a − γ, B = b − γ, C = c − γ, ϕ (c) = 0, a < c < b

and γ = E (X).

Proof. Taking n = 2 in Corollary 55 gives, from (4.93),

ϕ (t) = (t − γ)^3 + ( b − t b − a ) A^3 − ( t − a b − a ) B^3

where a < γ = E (X) < b.

From Lemma 21 and the third inequality in (4.97) with n = 2 we have, t^∗_1 = E [X] − S^{12} , t^∗_2 = E [X] + S^{12} ,

and hence the first inequality is shown from the first inequality of (4.92).

Now, if f is Lipschitzian, then from the second inequality of (4.92) with n = 2 and a < γ = E (X) < b, the second identity in (4.95) produces the reported result given in (4.103) after some simplification.

The last inequality is obtained from (4.100) of Lemma 22 with n = 2 and hence the corollary is proved.

4. ON AN IDENTITY FOR THE ČEBYŠEV FUNCTIONAL 181

4.4. Approximations for the Moment Generating Function. Let X be a random variable on [a, b] with probability density function h (x) then the moment generating function M_X (p) is given by

(4.104) M_X (p) = E [ e^{pX} ] = ∫_b a e^{px}h (x) dx.

The following lemma will prove useful in the proof of the subsequent corollary, as it examines the behaviour of the function θ (t) (4.105) (b − a) θ (t) = tA_p (a, b) − [aA_p (t, b) + bA_p (a, t)] , where

(4.106) A_p (a, b) = e^{bp} − e^{ap} p . Lemma 23. ([29]). Let θ (t) be as defined by (4.105) and (4.106) then for any a, b ∈ R, θ (t) has the following characteristics:

(i) θ (a) = θ (b) = 0, (ii) θ (t) is convex for p < 0 and concave for p > 0, (iii) there is one turning point at t^∗ =^1_p ln

(_{Ap(a,b)} b−a ) and a ≤ t^∗ ≤ b.

Proof. The result (i) is trivial from (4.105) using standard properties of the definite integral to give θ (a) = θ (b) = 0.

Now,

(4.107) θ^′ (t) =

A_p (a, b) b − a

− e^{pt}, θ^{′′} (t) = −pe^{pt}

giving θ^{′′} (t) > 0 for p < 0 and θ^{′′} (t) < 0 for p > 0 and (ii) holds.

Further, from (4.107), θ^′ (t^∗) = 0 where

t^∗ = 1 p ln ( A_p (a, b) b − a ) . To show that a ≤ t^∗ ≤ b it suffices to show that θ^′ (a) θ^′ (b) < 0 since the exponential is continuous. Here θ^′ (a) is the right derivative at a and θ^′ (b) is the left derivative at b.

Now,

θ^′ (a) θ^′ (b) = ( A_p (a, b) b − a

− e^{ap} ) ( A_p (a, b) b − a

− e^{bp} )

but A_p (a, b) b − a = 1 b − a

∫_b a e^{pt}dt,

182 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

the integral mean over [a, b] so that θ^′ (a) > 0, and θ^′ (b) < 0 for p > 0 and θ^′ (a) < 0 and θ^′ (b) > 0 for p < 0, giving t^∗ ∈ [a, b] where θ (t^∗) = 0.

Thus the lemma is now completely proved.

Corollary 58. ([29]). Let f : [a, b] → R be of bounded variation on [a, b] then

(4.108) | | ∫_b a e^{pt}f (t) dt − A_p (a, b) M (f) | |

≤

( m (ln (m) − 1) + be^{ap} − ae^{bp} b − a )_{⋁b} a(f)

|p| ,

(b − a) m

[(_{b−a} 2 ) p − 1

]_L |p| for f L − Lipschitzian on [a, b] , p |p| (b − a) m [f (b) − f (a)] , f monotonic nondecreasing,

where

(4.109) m =

A_p (a, b) b − a = e^{bp} − e^{ap} p (b − a) .

Proof. From (4.75) taking g (t) = e^{pt} and using (4.60) and (4.61) gives

(b − a) | T ( f, e^{pt} )| (4.110) = | | ∫_b a e^{pt}f (t) dt − A_p (a, b) M (f) | |

≤ sup_{t∈[a,b]} |θ (t)|

⋁_b a (f) , for f of bounded variation on [a, b] , L ∫_b a |θ (t)| dt, for f L − Lipschitzian on [a, b] , ∫_b a |θ (t)| df (t) , f monotonic nondecreasing on [a, b] ,

where the bounds are obtained from (4.75) on noting that for g (t) = e^{pt}, θ (t) =^{ψ(t)}_{b−a} is as given by (4.105) – (4.106).

The properties of θ (t) , expounded in Lemma 23, aid in obtaining explicit bounds from (4.110).

4. ON AN IDENTITY FOR THE ČEBYŠEV FUNCTIONAL 183

First, from (4.105), (4.106) and (4.109)

sup_{t∈[a,b]} |θ (t)| = |θ (t^∗)| = | |t^∗m − [ a A_p (t^∗, b) b − a + b A_p (a, t^∗) b − a ]| | = | |m p ln (m) − a p ( e^{bp} − m b − a ) − b p ( m − e^{ap} b − a )| | = | |m p (ln (m) − 1) + be^{ap} − ae^{bp} p (b − a) | | . In the above we have used the fact that m ≥ 0 and that pt^∗ = ln (m). Using (from Lemma 23) the result that θ (t) is positive or negative for t ∈ [a, b] depending on whether p > 0 or p < 0 respectively, the first inequality in (4.108) results.

For the second inequality, we have, from (4.105), (4.106) and Lemma 23, ∫_b a |θ (t)| dt = 1 |p| ∫_b a [ pmt − a ( e^{bp} − e^{tp} ) + b (e^{tp} − e^{ap}) b − a ] dt = 1 |p| [ pm ( b^2 − a^2 2 ) − ( ae^{bp} − be^{ap} ) − ∫_b a e^{pt}dt ]

= 1 |p| [ pm ( b^2 − a^2 2 ) − ( ae^{bp} − be^{ap} ) − (b − a) m ]

= 1 |p| [ (b − a) m ( a + b 2 p − 1 ) − ( ae^{bp} − be^{ap} )]

= 1 |p| [ e^{bp} − e^{ap} p ( a + b 2 p − 1 ) − ( ae^{bp} − be^{ap} )]

= 1 |p| ( e^{bp} − e^{ap}

) (b − a 2 − 1 p ) . Using (4.109) gives the second result in (4.108).

For the final inequality in (4.108) we need to determine

∫_b a |θ (t)| df (t) for f monotonic nondecreasing. Now, from (4.105) and (4.106) ∫_b a |θ (t)| df (t) =

∫_b a [ mt − be^{ap} − ae^{bp} p (b − a) − e^{pt} p ] df (t) = 1 |p| ∫_b a [ pmt + be^{ap} − ae^{bp} b − a

− e^{pt} ] df (t) ,

where we have used the fact that sgn (θ (t)) = sgn (p).

184 4. INEQUALITIES FOR CDFS VIA GRÜSS TYPE RESULTS

Integration by parts of the Riemann-Stieltjes integral gives ∫_b a |θ (t)| df (t)

(4.111) = 1 |p| {( pmt + be^{ap} − ae^{bp} b − a

− e^{pt} ) f (t)

]_b a − p ∫_b a [ m − e^{pt} ] f (t) dt }

= p |p| ∫_b a ( e^{pt} − m ) f (t) dt.

Now,

∫_b a e^{tp}f (t) dt ≤ f (b)

∫_b a e^{tp}dt = e^{bp} − e^{ap} p f (b) = (b − a) mf (b) and −m ∫_b a f (t) dt ≤ −m (b − a) f (a)

so that combining with (4.111) gives the inequalities for f monotonic nondecreasing.

Remark 70. If f is a probability density function then M (f) =^1_{b−a} and f is non-negative.

CHAPTER 5

Elementary Inequalities for the Variance

1. Elementary Inequalities 1.1. Introduction. In [18], the authors point out a number of inequalities for the expectation, E (X) and the variance, σ^2 (X) from which we cite only the following:

(5.1) 0 ≤ σ^2 (X) ≤ [b − E (X)] [E (X) − a] ≤ 1 4 (b − a)^2 ;

0 ≤ [b − E (X)] [E (X) − a] − σ^2 (X) ,

(5.2)

≤ (b − a)^3 6 ‖f‖_∞ ,

[B (q + 1, q + 1)]^{1q} (b − a)^{2+ 1q} ‖f‖_p ,

provided f ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

where B (·, ·) is Euler’s Beta function.

Moreover, if m ≤ f ≤ M a.e. on [a, b], then

(5.3) m (b − a)^3 6 ≤ [b − E (X)] [E (X) − a] − σ^2 (X) ≤

M (b − a)^3 6 , and (5.4) | | | [b − E (X)] [E (X) − a] − σ^2 (X) −

(b − a)^3 6 | | | ≤ √ 5 (b − a)^3 (M − m) 60 . In this section, following [6], we point out some additional elementary results.

1.2. The Results. The following lemma holds [6].

186 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

Lemma 24. Let X be a continuous random variable having the cumulative distribution function F : [a, b] → [0, 1], then, (5.5) σ^2 (X) = (b − E (X)) (E (X) − a) + 1 b − a

∫_b a ∫_b a (t − τ) (F (τ) − F (t)) dτdt.

Proof. Using integration by parts, we have

σ^2 (X) =

∫_b a (t − E (X))^2 dF (t)

(5.6)

= (t − E (X))^2 F (t) | |^b a − 2 ∫_b a (t − E (X)) F (t) dt

= (b − E (X))^2 − 2

∫_b a (t − E (X)) F (t) dt.

Further, using Korkine’s identity [105] 1 b − a

∫_b a h (t) g (t) dt = 1 b − a

∫_b a h (t) dt · 1 b − a

∫_b a g (t) dt + 1 2 (b − a)^2

∫_b a ∫_b a (h (t) − h (τ)) (g (t) − g (τ)) dτdt, we have (5.7)

∫_b a (t − E (X)) F (t) dt = 1 b − a

∫_b a (t − E (X)) dt

∫_b a F (t) dt + 1 2 (b − a)

∫_b a ∫_b a (t − τ) (F (t) − F (τ)) dτdt.

Since,

∫_b a (t − E (X)) dt =

(b − E (X))^2 − (E (X) − a)^2 2 = (b − a) ( b + a 2 − E (X) ) , and ∫_b a F (t) dt = b − E (X) ,

1. ELEMENTARY INEQUALITIES 187

then, by (5.6) and (5.7),

σ^2 (X) = (b − E (X))^2 − 2 [ b + a − 2E (X) 2 · (b − E (X)) + 1 2 (b − a)

∫_b a ∫_b a (t − τ) (F (t) − F (τ)) dτdt ]

= (b − E (X))^2 − (b + a − 2E (X)) (b − E (X)) − 1 b − a

∫_b a ∫_b a (t − τ) (F (t) − F (τ)) dτdt = (b − E (X)) (E (X) − a) − 1 b − a

∫_b a ∫_b a (t − τ) (F (t) − F (τ)) dτdt, and the lemma is proved.

Remark 71. Since the mapping F is monotonic nondecreasing on [a, b], then (5.8) (t − τ) (F (τ) − F (t)) ≤ 0 for all t, τ ∈ [a, b] ; which implies that (5.9) σ^2 (X) ≤ [b − E (X)] [E (X) − a] , an inequality that was proved in [18] and [7] using two different methods.

The inequality (5.9) can be improved as follows [6]. Theorem 83. With the assumptions in Lemma 24, (5.10) (b − E (X)) (E (X) − a) − σ^2 (X) ≥ 2 | | | ∫_b a |t| F (t) dt − 1 b − a

(b − E (X))

∫_b a |t| dt | | | ≥ 0.

Proof. In [66], Dragomir proved the following refinement of Čebyšev’s inequality (5.11) T (h, g) ≥ max {|T (h, |g|)| , |T (|h| , g)| , |T (|h| , |g|)|} ≥ 0, provided (h, g) are synchronous on [a, b], so that

(h (t) − h (τ)) (g (t) − g (τ)) ≥ 0 for all t, τ ∈ [a, b] and T (h, g) := 1 b − a

∫_b a h (t) g (t) dt − 1 b − a

∫_b a h (t) dt · 1 b − a

∫_b a g (t) dt.

188 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

If we define h (t) = t, t ∈ [a, b], then from (5.5)

T (h, F ) = 1 b − a

∫_b a ∫_b a (t − τ) (F (t) − F (τ)) dτdt = 1 b − a [ (b − E (X)) (E (X) − a) − σ^2 (X) ] . Now, from (5.11),

T (|h| , F ) = 1 b − a

∫_b a ∫_b a |t| F (t) dt − 1 (b − a)^2

∫_b a |t| dt

∫_b a F (t) dt,

T (h, |F |) = T (h, F ) , T (|h| , |F |) = T (|h| , F ) .

Using the result (5.11), we get (5.10).

Remark 72. If a ≤ b ≤ 0 or 0 ≤ a ≤ b, then the first inequality in (5.10) becomes an identity and is of no special interest. If a < 0 < b, however, then,

∫_b a |t| F (t) dt = −

∫_0 a tF (t) dt +

∫_b 0 tF (t) dt; 1 b − a

∫_b a |t| dt = 1 b − a [ − ∫_0 a tdt +

∫_b 0 tdt ] = 1 b − a [ a^2 + b^2 2 ] , and by (5.10), we get

(5.12) (b − E (X)) (E (X) − a) − σ^2 (X) ≥ 2 | | ∫_b 0 tF (t) dt −

∫_0 a tF (t) dt − a^2 + b^2 2 (b − a)

(b − E (X)) | | ≥ 0. Assume that f, f : [a, b] → (0, ∞) is the PDF of X, then the following theorem holds [6].

Theorem 84. With the assumptions in Lemma 24,

(5.13) (b − E (X)) (E (X) − a) − σ^2 (X)

≤ (b−a)^3

6 ‖f‖_∞ if f ∈ L_∞ [a, b] ;

2q^2(b−a)^{2+ 1q} (2q+1)(3q+1) ‖f‖p if f ∈ Lp [a, b] ,

p > 1,^1_p +^1_q = 1;

(b−a)^2 3 ; where ‖·‖_p (p ≥ 1) are the usual Lebesgue norms.

1. ELEMENTARY INEQUALITIES 189

Proof. Using (5.5), we may state that

0 ≤ (b − E (X)) (E (X) − a) − σ^2 (X)

(5.14) = 1 b − a

∫_b a ∫_b a (t − τ) (∫_t τ f (u) du ) dtdτ.

By the modulus property, we have

0 ≤ (b − E (X)) (E (X) − a) − σ^2 (X)

(5.15) = 1 b − a | | ∫_b a ∫_b a (t − τ) (∫_t τ f (u) du ) dtdτ | | ≤ 1 b − a

∫_b a ∫_b a |t − τ| | | ∫_t τ f (u) du | | dtdτ =: M.

If f ∈ L_∞ [a, b], then we can write, | | ∫_t τ f (u) du | | ≤ |t − τ| ‖f‖_∞ ,

for all t, τ ∈ [a, b], and so M ≤ 1 b − a

∫_b a ∫_b a |t − τ| |t − τ| ‖f‖_∞ dtdτ = ‖f‖_∞ b − a

∫_b a ∫_b a (t − τ)^2 dtdτ = ‖f‖_∞ (b − a)^3 6 . For the second part, we apply Hölder’s integral inequality to write: | | ∫_t τ f (u) du | | ≤ | | ∫_t τ du | | 1 q | | ∫_t τ f^p (u) du | | 1 p

≤ |t − τ|^{1q} (∫_b a f^p (u) du

)^1_p

= |t − τ|^{1q} ‖f‖_p ,

where p > 1,^1_p +^1_q = 1.

190 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

In addition, M ≤ 1 b − a

∫_b a ∫_b a |t − τ| |t − τ|^{1q} ‖f‖_p dtdτ = ‖f‖_p b − a

∫_b a [∫_t a (t − τ)^{1+ 1q} dτ +

∫_b t (τ − t)^{1+ 1q} dτ ] dt

= ‖f‖_p b − a

∫_b a (t − a)^{2+} 1 q + (b − t)^{2+ 1q} ( 2 +^1_q ) dt

= 2 ‖f‖_p (b − a)^{2+ 1q} ( 2 +^1_q ) ( 3 +^1_q ) ,

and the second inequality in (5.13) is proved.

Finally, M ≤ 1 b − a

∫_b a ∫_b a |t − τ| (∫_b a f (u) du ) dtdτ = 1 b − a

∫_b a [ (t − a)^2 + (b − t)^2 2 ] dt

= 1 2 (b − a) [ (b − a)^3 3 + (b − a)^3 3 ]

= (b − a)^2 3 , and the theorem is completely proved.

Using the Cauchy-Buniakowski-Schwartz inequality, we have the following inequality [6].

Theorem 85. If X and F are as in Lemma 24, then,

0 ≤ (b − E (X)) (E (X) − a) − σ^2 (X)

(5.16) ≤ (b − a)^2 √ 3 [ (b − a) ‖F ‖^2 − (b − E (X))^2

] 1_2

≤ (b − a)^3 2 √ 3 .

1. ELEMENTARY INEQUALITIES 191

Proof. Using the Cauchy-Buniakowski-Schwartz integral inequality for double integrals, we have

(5.17) | | ∫_b a ∫_b a (t − τ) (F (τ) − F (t)) dtdτ | |

≤ (∫_b a ∫_b a (t − τ)^2 dtdτ

)^1_2 (∫_b a ∫_b a (F (t) − F (τ))^2 dtdτ

)^1_2 . However, ∫_b a ∫_b a (t − τ)^2 dtdτ =

(b − a)^4 6 , ∫_b a ∫_b a (F (τ) − F (t))^2 dtdτ = 2 [ (b − a)

∫_b a F^2 (t) dt − (∫_b a F (t) dt )2]

= 2 [ (b − a) ‖F ‖^2 − (b − E (X))^2 ] , and, by (5.17), | | ∫_b a ∫_b a (t − τ) (F (τ) − F (t)) dτdt | | ≤ (b − a)^2 √ 3 [ (b − a) ‖F ‖^2 − (b − E (X))^2

] 1_2 , and the first inequality in (5.16) is proved.

To prove the last part of (5.16), we use the following Grüss type inequality:

(5.18) 1 b − a

∫_b a g^2 (t) dt − ( 1 b − a

∫_b a g (t) dt )2 ≤ 1 4 (ϕ − γ)^2 ,

provided that g ∈ L_2 (a, b) and γ ≤ g (t) ≤ ϕ a.e. for t ∈ (a, b).

From (5.18),

(b − a)

∫_b a F^2 (t) dt − (∫_b a F (t) dt )2 ≤ 1 4 (b − a)^2 ,

since sup_{t∈[a,b]} F (t) = 1 and inf_{t∈[a,b]} F (t) = 0.

If it is assumed that the mapping f is convex on [a, b], then the following result can be obtained as well [6].

192 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

Theorem 86. Assume that the PDF, f : [a, b] → (0, ∞) is convex, then, we have the inequality 1 b − a

∫_b a ∫_b a (t − τ)^2 f ( t + τ 2 ) dτdt

(5.19)

≤ [b − E (X)] [E (X) − a] − σ^2 (X) ≤ (b − a)^2 3 + σ^2 (X) − (b − E (X)) (E (X) − a) .

Proof. Using the Hermite-Hadamard inequality,

(5.20) f ( t + τ 2 ) ≤ ∫_τ t f (u) du τ − t ≤ f (t) + f (τ) 2 , for all t, τ ∈ [a, b], t ≠ τ, we have

(t − τ)^2 f ( t + τ 2 ) ≤ (t − τ) (F (t) − F (τ))

(5.21) ≤ f (t) + f (τ) 2 (t − τ)^2 ,

for all t, τ ∈ [a, b].

Integrating (5.21) on [a, b]^2 and using the representation (5.5), gives 1 b − a

∫_b a ∫_b a (t − τ)^2 f ( t + τ 2 ) dtdτ

(5.22) ≤ 1 b − a

∫_b a ∫_b a (t − τ) (F (t) − F (τ)) dtdτ

= [b − E (X)] [E (X) − a] − σ^2 (X) ≤ 1 b − a

∫_b a ∫_b a f (t) + f (τ) 2 (t − τ)^2 dtdτ.

Now,

∫_b a ∫_b a (t − τ)^2 [ f (t) + f (τ) 2 ] dtdτ

(5.23) = ∫_b a ∫_b a (t − τ)^2 f (t) dτdt =

∫_b a [∫_b a (t − τ)^2 dτ ] f (t) dt = ∫_b a [ (b − t)^3 + (t − a)^3 3 ] f (t) dt

1. ELEMENTARY INEQUALITIES 193 = (b − a) 3 ∫_b a [ (b − t)^2 − (b − t) (t − a) + (t − a)^2 ] f (t) dt = b − a 3 ∫_b a [ (b − a)^2 − 3 (b − t) (t − a) ] f (t) dt = (b − a)^3 3 − (b − a)

∫_b a (b − t) (t − a) f (t) dt = (b − a)^3 3 + (b − a) [ σ^2 (X) − (b − E (X)) (E (X) − a) ] , using an identity (see [18]).

Hence, 1 b − a

∫_b a ∫_b a (t − τ)^2 [ f (t) + f (τ) 2 ] dtdτ = (b − a)^2 3 + [ σ^2 (X) − (b − E (X)) (E (X) − a) ] , and the second part of (5.19) is proved.

Remark 73. The second inequality in (5.19) is equivalent to:

(5.24) [b − E (X)] [E (X) − a] ≤ σ^2 (X) + 1 6 (b − a)^2 .

Remark 74. For b − a <^{1√}_3 , the result of Theorem 87 is better than that of Theorem 86. For b − a >^{1√}_3 , the opposite applies. It must be remembered that Theorem 86 relies on f being convex whereas Theorem 85 does not.

The following representation for the absolutely continuous PDF, f : [a, b] → R holds [6].

Lemma 25. Let X be a random variable having the PDF, f : [a, b] → R absolutely continuous on [a, b], then, we have

(5.25) σ^2 (X) = (b − E (X)) (E (X) − a) −

(b − a)^2 6 + 1 2 (b − a)

∫_b a ∫_b a (t − τ) (∫_t τ ( u − t + τ 2 ) f^′ (u) du ) dtdτ.

Proof. We use the following identity which holds for the absolutely continuous mapping g : [a, b] → R

(5.26)

∫_b a g (u) du = g (a) + g (b) 2 (b − a) −

∫_b a ( u − a + b 2 ) g^′ (u) du,

194 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

and can be easily proven by using the integration by parts formula.

We know that

(E (X) − a) (b − E (X)) − σ^2 (X)

(5.27) = 1 b − a

∫_b a ∫_b a (t − τ)

∫_t τ f (u) du dtdτ = 1 b − a

∫_b a ∫_b a (t − τ) [ f (t) + f (τ) 2 (t − τ) − ∫_t τ ( u − t + τ 2 ) f^′ (u) du ] dtdτ = 1 b − a

∫_b a ∫_b a (t − τ)^2 ( f (t) + f (τ) 2 ) dtdτ − 1 b − a

∫_b a ∫_b a (t − τ) (∫_t τ ( u − t + τ 2 ) f^′ (u) du ) dtdτ.

However, observe that (see the proof of Theorem 86)

L := 1 b − a

∫_b a ∫_b a (t − τ)^2 ( f (t) + f (τ) 2 ) dtdτ

= σ^2 (X) + 1 3 [ (E (X) − b)^2 − (E (X) − a)

× (b − E (X)) + (E (X) − a)^2 ] . Using (5.27), we have

(E (X) − a) (b − E (X)) − σ^2 (X) = σ^2 (X) + 1 3 [ (E (X) − b)^2

− (E (X) − a) (b − E (X)) + (E (X) − a)^2 ] − 1 b − a

∫_b a ∫_b a (t − τ) (∫_t τ ( u − t + τ 2 ) f^′ (u) du ) dtdτ,

which is clearly equivalent to (5.25).

Using Lemma 25, we are able to obtain the following bounds [6].

Theorem 87. Assume that f is as in Lemma 25, then, we have the inequality

(5.28) | | | [b − E (X)] [E (X) − a] − σ^2 (X) −

(b − a)^2 6 | | |

1. ELEMENTARY INEQUALITIES 195

≤

‖f^′‖_∞

80 (b − a)^4 if f^′ ∈ L_∞ [a, b] ;

q^2‖f^′‖_p

2(3q+1)(4q+1)(q+1)^{1q}

(b − a)^{3+ 1q} if f^′ ∈ L_p [a, b] ,

p > 1,^1_p +^1_q = 1,

‖f^′‖_1

24 (b − a)^3 .

Proof. Using the equality (5.25), we may write

(5.29) | | | σ^2 (X) − (b − E (X)) (E (X) − a) +

(b − a)^2 6 | | | ≤ 1 2 (b − a)

∫_b a ∫_b a |t − τ| | | ∫_t τ ( u − t + τ 2 ) f^′ (u) du | | dtdτ := N.

Now, it may be easily shown that, | | ∫_t τ ( u − t + τ 2 ) f^′ (u) du | | ≤ ‖f^′‖_∞ | | ∫_t τ | |u − t + τ 2 | | du | | = ‖f^′‖_∞

(t − τ)^2 4 , for all t, τ ∈ [a, b].

Also, by Hölder’s integral inequality, we may write | | ∫_t τ ( u − t + τ 2 ) f^′ (u) du | |

≤ | | ∫_t τ |f^′ (u)|^p du | | 1 p | | ∫_t τ | |u − t + τ 2 | |^q du | | 1 q

≤ ‖f^′‖_p [ |t − τ|^{q+1} 2q (q + 1)

] 1_q

= ‖f^′‖_p

|t − τ|^{1+ 1q}

2 (q + 1)^{1q}

for all t, τ ∈ [a, b], and further, | | ∫_t τ ( u − t + τ 2 ) f^′ (u) du | | ≤ sup | |u − t + τ 2 | | ∫_t τ |f^′ (u)| du ≤ |t − τ| 2 ‖f^′‖_1 .

196 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

Consequently,

(5.30) | | ∫_t τ ( u − t + τ 2 ) f^′ (u) du | |

≤ ‖f^′‖_∞^{(t−τ)2}_4 if f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p^{|t−τ|1+} 1 q 2(q+1)^{1q}

if f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1, ‖f^′‖_1^{|t−τ|}_2 . if f^′ ∈ L_1 [a, b] .

Using (5.30), we may write, for f^′ belonging to the obvious Lebesgue space L_p [a, b], p ≥ 1,

(5.31) N ≤

‖f^′‖_∞ 8(b−a)

∫_b a ∫_b a |t − τ|^3 dtdτ,

‖f^′‖_p

4(q+1)^{1q} (b−a)

∫_b a ∫_b a |t − τ|^{2+ 1q} dtdτ,

‖f^′‖_1 4(b−a)

∫_b a ∫_b a (t − τ)^2 dtdτ.

Now, since some straight forward algebra shows that

∫_b a ∫_b a |t − τ|^3 dtdτ =

∫_b a [∫_t a (t − τ)^3 dτ +

∫_b t (τ − t)^3 dτ ] dt = ∫_b a [ (t − a)^4 + (b − t)^4 4 ] dt =

(b − a)^5 10 , ∫_b a ∫_b a |t − τ|^{2+ 1q} dtdτ = ∫_b a [∫_t a (t − τ)^{2+ 1q} dτ +

∫_b t (τ − t)^{2+ 1q} dτ ] dt = ∫_b a [ (t − a)^{3+ 1q} + (b − t)^{3+ 1q} 3 +^1_q ] dt =

2q^2 (b − a)^{4+ 1q} (3q + 1) (4q + 1) , and ∫_b a ∫_b a (t − τ)^2 dtdτ =

∫_b a [∫_t a (t − τ)^2 dτ +

∫_b t (τ − t)^2 dτ ] dt = ∫_b a [ (t − a)^3 + (b − t)^3 3 ] dt =

(b − a)^4 6 ,

1. ELEMENTARY INEQUALITIES 197

we obtain the desired inequality (5.28) from using (5.31) and (5.29).

The following representation for the mappings whose derivatives are absolutely continuous on [a, b] also holds [6].

Lemma 26. Let X be a random variable having the PDF f : [a, b] → R and with the property that f^′ : [a, b] → R is absolutely continuous on [a, b], then, we have

(5.32) σ^2 (X) = (b − E (X)) (E (X) − a) −

(b − a)^2 6 + 1 4 (b − a)

∫_b a ∫_b a (t − τ) × ∫_t τ (t − u) (u − τ) f^{′′} (u) du dt dτ.

Proof. We use the following identity which holds for the mappings g whose derivatives are absolutely continuous:

(5.33)

∫_b a g (u) du = g (a) + g (b) 2 (b − a) − 1 2 ∫_b a (b − u) (u − a) g^{′′} (u) du,

(proved by using the integration by parts formula twice).

We know that,

(b − E (X)) (E (X) − a) − σ^2 (X) = 1 b − a

∫_b a ∫_b a (t − τ)

∫_τ t f (u) du dt dτ,

and then, using the representation (5.33) written for f instead of g, and proceeding as in the proof of Lemma 25, we end up with the identity (5.32).

Using the representation of Lemma 26, we are able to obtain the following bounds [6].

Theorem 88. Assume that f is as in Lemma 26, then, we have the inequality

(5.34) | | | [b − E (X)] [E (X) − a] − σ^2 (X) −

(b − a)^2 6 | | |

198 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

≤

‖f^{′′}‖_∞

360 (b − a)^5 if f^{′′} ∈ L_∞ [a, b]

‖f^{′′}‖_q 2(4p+1)(5p+1) [B (p + 1, p + 1)] 1 p (b − a)^{4+ 1p}

if f^{′′} ∈ L_q [a, b] ,^1_p +^1_q = 1, p > 1;

‖f^{′′}‖_1

160 (b − a)^4 ,

where the p−norms are taken on the interval [a, b].

Proof. Using the equality (5.32), we may write | | | σ^2 (X) − [b − E (X)] [E (X) − a] −

(b − a)^2 6 | | | ≤ 1 4 (b − a)

∫_b a ∫_b a |t − τ| | | ∫_t τ (t − u) (u − τ) f^{′′} (u) du | | dt dτ

:= K.

First of all, let us observe that | | ∫_t τ (t − u) (u − τ) f^{′′} (u) du | | ≤ ‖f^{′′}‖_∞ | | ∫_t τ (t − u) (u − τ) du | | ≤ ‖f^{′′}‖_∞ 6 |t − τ|^3 ,

for all t, τ ∈ [a, b].

Further, by Hölder’s integral inequality, we obtain | | ∫_t τ (t − u) (u − τ) f^{′′} (u) du | | ≤ ‖f^{′′}‖_q | | ∫_t τ |t − u|^p |u − τ|^p du | | 1 p

= ‖f^{′′}‖_q |t − τ|^{2+ 1p} [B (p + 1, p + 1)]^{1p} ,

for all t, τ ∈ [a, b], where B is the Beta function of Euler and^1_p +^1_q = 1; p > 1.

Also, we have | | ∫_t τ (t − u) (u − τ) f^{′′} (u) du | | ≤ ‖f^{′′}‖_1 max_{u∈[τ,t]} |(t − u) (u − τ)| = |t − τ|^2 4 ‖f^{′′}‖_1 ,

for all t, τ ∈ [a, b].

1. ELEMENTARY INEQUALITIES 199

Consequently, we may state the inequality

(5.35) | | ∫_t τ (t − u) (u − τ) f^{′′} (u) du | |

≤ ‖f^{′′}‖_∞

6 |t − τ|^3 if f^{′′} ∈ L_∞ [a, b] ;

‖f^{′′}‖_q [B (p + 1, p + 1)]^{1p} |t − τ|^{2+ 1p} if f^{′′} ∈ L_q [a, b] , 1 p +^1_q = 1, p > 1;

|t−τ|^2

4 ‖f^{′′}‖_1 , for all t, τ ∈ [a, b].

Using (5.35) and the definition of K above, we may write

(5.36) K ≤

‖f^{′′}‖_∞ 24(b−a)

∫_b a ∫_b a (t − τ)^4 dt dτ if f^{′′} ∈ L_∞ [a, b] ;

‖f^{′′}‖_q 4(b−a) [B (p + 1, p + 1)] 1 p ∫_b a ∫_b a |t − τ|^{3+ 1p} dt dτ if f^{′′} ∈ L_q [a, b] ,^1_p +^1_q = 1, p > 1;

‖f^{′′}‖_1 16(b−a)

∫_b a ∫_b a |t − τ|^3 dt dτ.

Now, since some straightforward algebra shows that ∫_b a ∫_b a (t − τ)^4 dt dτ =

(b − a)^6 15 , ∫_b a ∫_b a |t − τ|^{3+ 1p} dt dτ = ∫_b a [∫_t a (t − τ)^{3+ 1p} dτ +

∫_b t (τ − t)^{3+ 1p} dτ ] dt = ∫_b a [ (t − a)^{4+ 1p} + (b − t)^{4+ 1p} 4 +^1_p ] dt

= 2 (b − a)^{5+ 1p} ( 4 +^1_p ) ( 5 +^1_p ) = 2p^2 (b − a)^{5+ 1p} (4p + 1) (5p + 1) , and ∫_b a ∫_b a |t − τ|^3 dt dτ =

∫_b a [∫_t a (t − τ)^3 dτ +

∫_b t (τ − t)^3 dτ ] dt = ∫_b a [ (t − a)^4 + (b − t)^4 4 ] dt =

(b − a)^5 10 , then by (5.36), we deduce the desired inequality (5.34).

200 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

2. Perturbed Inequalities

2.1. Introduction. In this section, we obtain some inequalities for the dispersion of a continuous random variable X having the PDF f defined on a finite interval [a, b].

Tools used include: Korkine’s identity, which plays a central role in the proof of Čebyšev’s integral inequality for synchronous mappings [109], Hölder’s weighted inequality for double integrals and an integral identity connecting the variance σ^2 (X) and the expectation E (X). Perturbed results are also obtained by using Grüss, Čebyšev and Lupaş inequalities. In the last part of this section, results from an identity involving a double integral are obtained for a variety of norms.

2.2. Some Inequalities for Dispersion. The following theorem holds [7].

Theorem 89. With the above assumptions, we have

(5.37) σ (X) ≤

√ 3(b−a)^2

6 ‖f‖_∞ provided f ∈ L_∞ [a, b] ; √ 2(b−a)^{1+ 1q}

2[(q+1)(2q+1)]^{2q}

‖f‖_p provided f ∈ L_p [a, b]

and p > 1,^1_p +^1_q = 1; √ 2(b−a) 2 . Proof. Korkine’s identity [105], is

(5.38)

∫_b a p (t) dt

∫_b a p (t) g (t) h (t) dt − ∫_b a p (t) g (t) dt ·

∫_b a p (t) h (t) dt = 1 2 ∫_b a ∫_b a p (t) p (s) (g (t) − g (s)) (h (t) − h (s)) dtds ,

which holds for the measurable mappings p, g, h : [a, b] → R for which the integrals involved in (5.38) exist and are finite. Choose in (5.38) p (t) = f (t), g (t) = h (t) = t − E (X), t ∈ [a, b] to get

(5.39) σ^2 (X) = 1 2 ∫_b a ∫_b a f (t) f (s) (t − s)^2 dtds .

2. PERTURBED INEQUALITIES 201

It is obvious that ∫_b a ∫_b a f (t) f (s) (t − s)^2 dtds

(5.40)

≤ sup

(t,s)∈[a,b]^2

|f (t) f (s)|

∫_b a ∫_b a (t − s)^2 dtds

= (b − a)^4 6 ‖f‖^2_∞ ,

and then, by (5.39), we obtain the first part of (5.37).

For the second part, we apply Hölder’s integral inequality for double integrals to obtain

∫_b a ∫_b a f (t) f (s) (t − s)^2 dtds ≤ (∫_b a ∫_b a f^p (t) f^p (s) dtds

)^1_p (∫_b a ∫_b a (t − s)^{2q} dtds

)^1_q

= ‖f‖^2_p [ (b − a)^{2q+2} (q + 1) (2q + 1)

] 1_q , where p > 1 and^1_p +^1_q = 1, and the second inequality in (5.37) is proved.

For the last part, observe that ∫_b a ∫_b a f (t) f (s) (t − s)^2 dtds ≤ sup_{(t,s)∈[a,b]2} |(t − s)|^2

∫_b a ∫_b a f (t) f (s) dtds

= (b − a)^2 , as ∫_b a ∫_b a f (t) f (s) dtds =

∫_b a f (t) dt

∫_b a f (s) ds = 1.

Using a finer argument, the last inequality in (5.37) can be improved as follows [7].

Theorem 90. Under the above assumptions, we have

(5.41) 0 ≤ σ (X) ≤ 1 2 (b − a) .

Proof. We use the following Grüss type inequality:

(5.42) 0 ≤

∫_b a p (t) g^2 (t) dt ∫_b a p (t) dt − (∫_b a p (t) g (t) dt ∫_b a p (t) dt

)_2 ≤ 1 4 (M − m)^2 ,

202 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

provided that p and g are measurable on [a, b] and that all the integrals in (5.42) exist and are finite,

∫_b a p (t) dt > 0 and m ≤ g ≤ M, a.e., on [a, b].

Choose in (5.42), p (t) = f (t), g (t) = t − E (X), t ∈ [a, b]. Observe that in this case m = a − E (X), M = b − E (X) and then, by (5.42) we deduce (5.41).

Remark 75. The same conclusion can be obtained for the choice p (t) = f (t) and g (t) = t, t ∈ [a, b].

The following result holds [7].

Theorem 91. Let X be a random variable having the PDF given by f : [a, b] ⊂ R → R_+, then, for any x ∈ [a, b] we have the inequality:

(5.43) σ^2 (X) + (x − E (X))^2

≤ (b − a)

[_{(b−a)2}

12 + ( x −^{a+b}_2

)_2]

‖f‖_∞ , provided f ∈ L_∞ [a, b] ;

[_{(b−x)2q+1+(x−a)2q+1}

2q+1

] 1_q

‖f‖_p provided f ∈ L_p [a, b] , p > 1, and^1_p +^1_q = 1;

(_{b−a} 2 + | x −^{a+b}_2 |)_2 . Proof. We observe that

∫_b a (x − t)^2 f (t) dt =

∫_b a ( x^2 − 2xt + t^2 ) f (t) dt

(5.44)

= x^2 − 2xE (X) +

∫_b a t^2f (t) dt,

and as

(5.45) σ^2 (X) =

∫_b a t^2f (t) dt − [E (X)]^2 ,

we get, by (5.44) and (5.45), that

(5.46) [x − E (X)]^2 + σ^2 (X) =

∫_b a (x − t)^2 f (t) dt,

which is of intrinsic interest itself.

2. PERTURBED INEQUALITIES 203

We observe that ∫_b a (x − t)^2 f (t) dt ≤ ess sup_{t∈[a,b]} |f (t)|

∫_b a (x − t)^2 dt

= ‖f‖_∞

(b − x)^3 + (x − a)^3 3 = (b − a) ‖f‖_∞ [ (b − a)^2 12 + ( x − a + b 2 )_2] , and the first inequality in (5.43) is proved.

For the second inequality, observe that by Hölder’s integral inequality,

∫_b a (x − t)^2 f (t) dt ≤ (∫_b a f^p (t) dt

)^1_p (∫_b a (x − t)^{2q} dt

)^1_q

= ‖f‖_p [ (b − x)^{2q+1} + (x − a)^{2q+1} 2q + 1

] 1_q , and the second inequality in (5.43) is established.

Finally, observe that,

∫_b a (x − t)^2 f (t) dt ≤ sup_{t∈[a,b]} (x − t)^2

∫_b a f (t) dt

= max { (x − a)^2 , (b − x)^2 } = (max {x − a, b − x})^2 = ( b − a 2 + | |x − a + b 2 | | )_2 , and the theorem is proved.

The following corollaries are easily deduced [7]. Corollary 59. With the above assumptions, we have

(5.47) σ (X) ≤

(b − a)^{12}

[_{(b−a)2}

12 + ( E (X) −^{a+b}_2

)_2]^1_2 ‖f‖^{12}_∞ provided f ∈ L_∞ [a, b] ;

[_{(b−E(X))2q+1+(E(X)−a)2q+1}

2q+1

] 1_{2q} ‖f‖^{12}_p if f ∈ L_p [a, b] , p > 1 and^1_p +^1_q = 1; b−a 2 + | E (X) −^{a+b}_2 | .

204 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

Remark 76. The last inequality in (5.47) is worse than the inequality (5.41), obtained by a technique based on Grüss’ inequality.

The best inequality we can get from (5.43) is the one for which x =^{a+b}_2 , and this applies for all the bounds since min x∈[a,b] [ (b − a)^2 12 + ( x − a + b 2 )_2] = (b − a)^2 12 ,

min x∈[a,b]

(b − x)^{2q+1} + (x − a)^{2q+1} 2q + 1 = (b − a)^{2q+1} 2^{2q} (2q + 1) , and min x∈[a,b] [ b − a 2 + | |x − a + b 2 | | ] = b − a 2 . Consequently, we can state the following corollary as well [7].

Corollary 60. With the above assumptions, we have the inequality:

(5.48) σ^2 (X) + [ E (X) − a + b 2 ]_2

≤

(b−a)^3

12 ‖f‖_∞ provided f ∈ L_∞ [a, b] ;

(b−a)^{2q+1} 4(2q+1)^{1q}

‖f‖_p if f ∈ L_p [a, b] , p > 1, and^1_p +^1_q = 1;

(b−a)^2 4 . Remark 77. From the last inequality in (5.48), we obtain

(5.49) σ^2 (X) ≤ (b − E (X)) (E (X) − a) ≤ 1 4 (b − a)^2 ,

which is an improvement on (5.41).

2.3. Perturbed Results Using Grüss Type inequalities. Grüss (see [98] or for example [114]) proved the following integral inequality which gives an approximation for the integral of a product in terms of the product of the integrals.

Theorem 92. Let h, g : [a, b] → R be two integrable mappings such that ϕ ≤ h (x) ≤ Φ and γ ≤ g (x) ≤ Γ for all x ∈ [a, b], where ϕ, Φ, γ, Γ are real numbers, then,

(5.50) |T (h, g)| ≤ 1 4 (Φ − ϕ) (Γ − γ) ,

2. PERTURBED INEQUALITIES 205

where

(5.51) T (h, g) = 1 b − a

∫_b a h (x) g (x) dx − 1 b − a

∫_b a h (x) dx · 1 b − a

∫_b a g (x) dx

and the inequality is sharp.

For a simple proof of this as well as for extensions, generalizations, discrete variants and other associated material, see [114], and [48], [85] where further references are given.

A ‘pre-Grüss’ inequality is embodied in the following theorem which was proved in [108]. It provides a sharper bound than the above Grüss inequality.

Theorem 93. Let h, g be integrable functions defined on [a, b] and let d ≤ g (t) ≤ D. Then,

(5.52) |T (h, g)| ≤

D − d 2 [T (h, h)]^{12} ,

where T (h, g) is as defined in (5.51).

Theorem 93 will now be used to provide a perturbed rule involving the variance and mean of a PDF (see [7]).

Theorem 94. Let X be a random variable having the PDF given by f : [a, b] ⊂ R → R_+, then for any x ∈ [a, b] and m ≤ f (x) ≤ M we have the inequality

|P_V (x)|

(5.53) := | | | σ^2 (X) + (x − E (X))^2 −

(b − a)^2 12 − ( x − a + b 2 )_2| | | ≤ M − m 2 · (b − a)^2 √ 45 [( b − a 2 )_2

+ 15 ( x − a + b 2 )]^1_2

≤ (M − m)

(b − a)^3 √ 45 .

206 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

Proof. Applying the ‘pre-Grüss’ result (5.52) by associating g (t) with f (t) and h (t) = (x − t)^2 , gives, from (5.50)-(5.52)

(5.54) | | ∫_b a (x − t)^2 f (t) dt − 1 b − a

∫_b a (x − t)^2 dt ·

∫_b a f (t) dt | | ≤ (b − a)

M − m 2 [T (h, h)]^{12} ,

where from (5.51)

(5.55) T (h, h) = 1 b − a

∫_b a (x − t)^4 dt − [ 1 b − a

∫_b a (x − t)^2 dt ]2 . Now, 1 b − a

∫_b a (x − t)^2 dt =

(x − a)^3 + (b − x)^3 3 (b − a)

(5.56) = 1 3 ( b − a 2 )_2 + ( x − a + b 2 )_2 , and 1 b − a

∫_b a (x − t)^4 dt =

(x − a)^5 + (b − x)^5 5 (b − a) , giving, from (5.55),

(5.57) 45T (h, h) = 9 [ (x − a)^5 + (b − x)^5

b − a ]

− 5 [ (x − a)^3 + (b − x)^3 b − a

]_2 . Let A = x − a and B = b − x in (5.57) to give

45T (h, h) = 9 ( A^5 + B^5 A + B ) − 5 ( A^3 + B^3 A + B

)_2

= 9 [ A^4 − A^3B + A^2B^2 − AB^3 + B^4 ] − 5 [ A^2 − AB + B^2

]_2 = ( 4A^2 − 7AB + 4B^2 ) (A + B)^2 = [( A + B 2 )_2

+ 15 ( A − B 2 )_2]

(A + B)^2 .

2. PERTURBED INEQUALITIES 207

Using the facts that A + B = b − a and A − B = 2x − (a + b) gives

(5.58) T (h, h) =

(b − a)^2 45 [( b − a 2 )_2

+ 15 ( x − a + b 2 )_2] , and from (5.56) 1 b − a

∫_b a (x − t)^2 dt =

A^3 + B^3 3 (A + B) = 1 3 [ A^2 − AB + B^2 ]

= 1 3 [( A + B 2 )_2 + 3 ( A − B 2 )_2] , giving

(5.59) 1 b − a

∫_b a (x − t)^2 dt =

(b − a) 12 2 + ( x − a + b 2 )_2 . Hence, from (5.54), (5.58) (5.59) and (5.46), the first inequality in (5.53) results. The coarsest uniform bound is obtained by taking x at either end point. Thus, the theorem is completely proved.

Remark 78. The best inequality obtainable from (5.53) is at x = a+b 2 giving

(5.60) | | | σ^2 (X) + [ E (X) − a + b 2 ]_2 − (b − a)^2 12 | | | ≤ M − m 12 (b − a)^3 √ 5 . The result (5.60) is a tighter bound than that obtained in the first inequality of (5.48) since 0 < M − m < 2 ‖f‖_∞.

For a symmetric PDF E (X) =^{a+b}_2 and so the above results would give bounds on the variance.

The following results hold if the PDF f (x) is absolutely continuous [7].

Theorem 95. Let the conditions on Theorem 92 be satisfied. Further, suppose that f is differentiable and is such that ‖f^′‖_∞ := sup_{t∈[a,b]} |f^′ (t)| < ∞,

then,

(5.61) |P_V (x)| ≤ b − a √ 12 ‖f^′‖_∞ · I (x) ,

where P_V (x) is given by the left hand side of (5.53) and,

(5.62) I (x) =

(b − a)^2 √ 45 [( b − a 2 )_2

+ 15 ( x − a + b 2 )_2]^1_2 .

208 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

Proof. Let h, g : [a, b] → R be absolutely continuous and h^′, g^′ be bounded, then, Čebyšev’s inequality holds (see [108])

T (h, g) ≤

(b − a)^2 √ 12 sup_{t∈[a,b]} |h^′ (t)| · sup_{t∈[a,b]} |g^′ (t)| .

Matić, (et al.) [108] proved that

(5.63) T (h, g) ≤

(b − a) √ 12 sup_{t∈[a,b]} |g^′ (t)| √ T (h, h).

Associating f (·) with g (·) and (x − ·)^2 with h (·) in (5.62) gives, from (5.54) and (5.58), I (x) = (b − a) [T (h, h)]^{12} , which simplifies to (5.62) and the theorem is proved.

Theorem 96. Let the conditions of Theorem 94 be satisfied. Further, suppose that f is locally absolutely continuous on (a, b) and let f^′ ∈ L_2 (a, b), then

(5.64) |P_V (x)| ≤ b − a π ‖f^′‖_2 · I (x) ,

where P_V (x) is the left hand side of (5.53) and I (x) is as given in (5.62).

Proof. The following result was obtained by Lupaş (see [108]). For h, g : (a, b) → R locally absolutely continuous on (a, b) and h^′, g^′ ∈ L_2 (a, b) , then

|T (h, g)| ≤

(b − a)^2 π^2

‖h^′‖_2 ‖g^′‖_2 , where

‖k‖_2 := ( 1 b − a

∫_b a |k (t)|^2 dt

)^1_2

for k ∈ L_2 (a, b) .

[108] further shows that

(5.65) |T (h, g)| ≤ b − a π ‖g^′‖_2 √ T (h, h).

Associating f (·) with g (·) and (x − ·)^2 with h in (5.65) gives (5.64), where I (x) is as found in (5.62), since from (5.54) and (5.58), I (x) = (b − a) [T (h, h)]^{12} . Let (5.66) S (h (x)) = h (x) − M (h) ,

2. PERTURBED INEQUALITIES 209

where

(5.67) M (h) = 1 b − a

∫_b a h (u) du,

then, from (5.51), (5.68) T (h, g) = M (hg) − M (h) M (g) .

Dragomir and Mc Andrew [83] have shown, that (5.69) T (h, g) = T (S (h) , S (g)) and have proceeded to obtain bounds for a trapezoidal rule. Identity (5.69) is now applied to obtain bounds for the variance [7].

Theorem 97. Let X be a random variable having the PDF f : [a, b] ⊂ R → R_+, then, for any x ∈ [a, b] the following inequality holds, namely,

(5.70) |P_V (x)| ≤ 8 3 ν^3 (x) ‖ ‖f (·) − 1 b − a ‖ ‖ ∞ , if f ∈ L_∞ [a, b] ,

where P_V (x) is as defined by the left hand side of (5.53), and ν (x) =^1_3

(_{b−a} 2 )_2 + ( x −^{a+b}_2

)_2 . Proof. Using identity (5.69), associated with h (·), (x − ·)^2 and f (·) with g (·), then,

(5.71)

∫_b a (x − t)^2 f (t) dt − M ( (x − ·)^2 )

= ∫_b a [ (x − t)^2 − M ( (x − ·)^2 )] [ f (t) − 1 b − a ] dt, where, from (5.67), M ( (x − ·)^2 ) = 1 b − a

∫_b a (x − t)^2 dt = 1 3 (b − a) [ (x − a)^3 + (b − x)^3 ] , and so

(5.72) 3M ( (x − ·)^2 ) = ( b − a 2 )_2 + 3 ( x − a + b 2 )_2 . Further, from (5.66), S ( (x − ·)^2 ) = (x − t)^2 − M ( (x − ·)^2 ) ,

210 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

and so, using (5.72)

(5.73) S ( (x − ·)^2 ) = (x − t)^2 − 1 3 ( b − a 2 )_2 − ( x − a + b 2 )_2 . Now, from (5.71) and using (5.46), (5.72) and (5.73), the following identity is obtained

(5.74) σ^2 (X) + [x − E (X)]^2 − 1 3 [( b − a 2 )_2 + 3 ( x − a + b 2 )_2]

= ∫_b a S ( (x − t)^2 ) ( f (t) − 1 b − a ) dt, where S (·) is as given by (5.73). Taking the modulus of (5.74) gives

(5.75) |P_V (x)| = | | ∫_b a S ( (x − t)^2 ) ( f (t) − 1 b − a ) dt | | . Observe that, under different assumptions with regard to the norms of the PDF f (x) , we may obtain a variety of bounds.

For f ∈ L_∞ [a, b] then,

(5.76) |P_V (x)| ≤ ‖ ‖f (·) − 1

b − a ‖ ‖ ∞ ∫_b a | S ( (x − t)^2 )| dt. Now, let

(5.77) S ( (x − t)^2 ) = (t − x)^2 − ν^2 = (t − X_−) (t − X_+) , where

ν^2 = M ( (x − ·)^2 ) = (x − a)^3 + (b − x)^3 3 (b − a)

(5.78) = 1 3 ( b − a 2 )_2 + ( x − a + b 2 )_2 , and (5.79) X_− = x − ν, X_+ = x + ν, then,

H (t) = ∫ S ( (x − t)^2 ) dt = ∫ [ (t − x)^2 − ν^2 ] dt (5.80) = (t − x)^3 3 − ν^2t + k,

2. PERTURBED INEQUALITIES 211

and so from (5.80) and using (5.77) - (5.78) gives,

∫_b a | S ( (x − t)^2 )| dt (5.81)

= H (X_−) − H (a) − [H (X_+) − H (X_−)] + [H (b) − H (X_+)] = 2 [H (X_−) − H (X_+)] + H (b) − H (a) = 2 { − ν^3 3 − ν^2X_− − ν^3 3 + ν^2X_+ }

+ (b − x)^3 3 − ν^2b +

(x − a)^3 3 + ν^2a = 2 [ 2ν^3 − 2 3 ν^3 ] + (b − x)^3 + (x − a)^3 3 − ν^2 (b − a) = 8 3 ν^3.

Thus, substituting into (5.76), (5.75) and using (5.78) readily produces the result (5.70) and the theorem is proved.

Remark 79. Other bounds may be obtained for f ∈ L_p [a, b], p ≥ 1, however, obtaining explicit expressions for these bounds is somewhat intricate and will not be considered further here. They involve the calculation of

sup_{t∈[a,b]} | (t − x)^2 − ν^2 | = max {| (x − a)^2 − ν^2 | , ν^2, | (b − x)^2 − ν^2 |} , for f ∈ L_1 [a, b] and (∫_b a | |(t − x)^2 − ν^2 | |^q dt

)^1_q , for f ∈ L_q [a, b],^1_p +^1_q = 1, p > 1, where ν^2 is given by (5.78).

2.4. Some Inequalities for Absolutely Continuous PDFs.

Lemma 27. Let X be a random variable whose probability density function f : [a, b] → R_+ is absolutely continuous on [a, b], then, we have the identity

(5.82) σ^2 (X) + [E (X) − x]^2 = (b − a)^2 12 + ( x − a + b 2 )_2

+ 1 b − a

∫_b a ∫_b a (t − x)^2 p (t, s) f^′ (s) dsdt,

212 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

where the kernel p : [a, b]^2 → R is given by

p (t, s) := s − a if a ≤ s ≤ t ≤ b,

s − b if a ≤ t < s ≤ b, for all x ∈ [a, b].

Proof. We use the identity (see (5.46))

(5.83) σ^2 (X) + [E (X) − x]^2 =

∫_b a (x − t)^2 f (t) dt,

for all x ∈ [a, b].

On the other hand, we know that (see for example [88] for a simple proof using integration by parts)

(5.84) f (t) = 1 b − a

∫_b a f (s) ds + 1 b − a

∫_b a p (t, s) f^′ (s) ds,

for all t ∈ [a, b].

Substituting (5.84) in (5.83) we obtain

σ^2 (X) + [E (X) − x]^2

(5.85) = ∫_b a (t − x)^2 [ 1 b − a

∫_b a f (s) ds + 1 b − a

∫_b a p (t, s) f^′ (s) ds ] dt = 1 b − a · 1 3 [ (x − a)^3 + (b − x)^3 ]

+ 1 b − a

∫_b a ∫_b a (t − x)^2 p (t, s) f^′ (s) dsdt.

Taking into account the fact that 1 3 [ (x − a)^3 + (b − x)^3 ] = (b − a)^2 12 + ( x − a + b 2 )_2 , x ∈ [a, b] ,

then, by (5.85) we deduce the desired result (5.82).

The following inequality for PDFs which are absolutely continuous and have the derivatives essentially bounded holds [7].

Theorem 98. If f : [a, b] → R_+ is absolutely continuous on [a, b] and f^′ ∈ L_∞ [a, b], i.e., ‖f^′‖_∞ := ess sup_{t∈[a,b]} |f^′ (t)| < ∞, then we have

2. PERTURBED INEQUALITIES 213

the inequality:

(5.86) | | | σ^2 (X) + [E (X) − x]^2 −

(b − a)^2 12 − ( x − a + b 2 )_2| | | ≤ (b − a)^2 3 [ (b − a)^2 10 + ( x − a + b 2 )_2] ‖f^′‖_∞

for all x ∈ [a, b].

Proof. Using Lemma 27, we have | | | σ^2 (X) + [E (X) − x]^2 −

(b − a)^2 12 − ( x − a + b 2 )_2| | | = 1 b − a | | ∫_b a ∫_b a (t − x)^2 p (t, s) f^′ (s) dsdt | | ≤ 1 b − a

∫_b a ∫_b a (t − x)^2 |p (t, s)| |f^′ (s)| dsdt ≤ ‖f^′‖_∞ b − a

∫_b a ∫_b a (t − x)^2 |p (t, s)| dsdt.

We have

I :=

∫_b a ∫_b a (t − x)^2 |p (t, s)| dsdt = ∫_b a (t − x)^2 [∫_t a (s − a) ds +

∫_b t (b − s) ds ] dt = ∫_b a (t − x)^2 [ (t − a)^2 + (b − t)^2 2 ] dt = 1 2 [∫_b a (t − x)^2 (t − a)^2 dt +

∫_b a (t − x)^2 (b − t)^2 dt ]

= (I_a + I_b) 2 . Let A = x − a, B = b − x then

I_a =

∫_b a (t − x)^2 (t − a)^2 dt = ∫_{b−a} 0 ( u^2 − 2Au + A^2 ) u^2du

214 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE = (b − a)^3 3 [ A^2 − 3 2 A (b − a) + 3 5 (b − a)^2 ] , and I_b =

∫_b a (t − x)^2 (b − t)^2 dt = ∫_{b−a} 0 ( u^2 − 2Bu + B^2 ) u^2du = (b − a)^3 3 [ B^2 − 3 2 B (b − a) + 3 5 (b − a)^2 ] . Now,

I_a + I_b 2 = (b − a)^3 3 [ A^2 + B^2 2 − 3 4 (A + B) (b − a) + 3 5 (b − a)^2 ]

= (b − a)^3 3 [( b − a 2 )_2 + ( x − a + b 2 )_2 − 3 (b − a)^2 20 ]

= (b − a)^3 3 [ (b − a)^2 10 + ( x − a + b 2 )_2] , and the theorem is proved.

The best inequality we can get from (5.86) is embodied in the following corollary [7].

Corollary 61. If f is as in Theorem 98, then we have

(5.87) | | | σ^2 (X) + [ E (X) − a + b 2 ]_2 − (b − a)^2 12 | | | ≤ (b − a)^4 30 ‖f^′‖_∞ .

We now analyze the case where f^′ is a Lebesgue p−integrable mapping with p ∈ (1, ∞).

Remark 80. The results of Theorem 98 may be compared with those of Theorem 95. It may be shown that both bounds are convex and symmetric about x =^{a+b}_2 . Further, the bound given by the ‘pre-Čebyšev’ approach, namely from (5.61)-(5.62) is tighter than that obtained by the current approach (5.86) which may be shown from the following. Let these bounds be described by B_p and B_c so that, neglecting the common terms

B_p = b − a 2 √ 15 [( b − a 2 )_2

+ 15Y

] 1_2 ,

2. PERTURBED INEQUALITIES 215 and B_c =

(b − a)^2 100 + Y,

where Y = ( x − a + b 2 )_2 . It may be shown through some straightforward algebra that B^2_c −B^2_p > 0 for all x ∈ [a, b] , so that B_c > B_p.

The current development does, however, have the advantage that the identity (5.82) is satisfied, thus allowing bounds for L_p [a, b], p ≥ 1 rather than the infinity norm.

The following result also holds [7].

Theorem 99. If f : [a, b] → R_+ is absolutely continuous on [a, b] and f^′ ∈ L_p, i.e.,

‖f^′‖_p := (∫_b a |f^′ (t)|^p dt

)^1_p

< ∞, p ∈ (1, ∞) ,

then we have the inequality

(5.88) | | | σ^2 (X) + [E (X) − x]^2 −

(b − a)^2 12 − ( x − a + b 2 )_2| | | ≤ ‖f^′‖_p (b − a)^{1p} (q + 1)^{1q} [ (x − a)^{3q+2} B̃ ( b − a x − a

, 2q + 1, q + 2 )

+ (b − x)^{3q+2} B̃ ( b − a b − x

, 2q + 1, q + 2 )] , for all x ∈ [a, b], when^1_p +^1_q = 1 and B̃ (·, ·, ·) is the quasi incomplete Euler’s Beta mapping:

B̃ (z; α, β) :=

∫_z 0 (u − 1)^{α−1} u^{β−1}du, α, β > 0, z ≥ 1.

Proof. Using Lemma 27, we have, as in Theorem 98, that

(5.89) | | | σ^2 (X) + [E (X) − x]^2 −

(b − a)^2 12 − ( x − a + b 2 )_2| | | ≤ 1 b − a

∫_b a ∫_b a (t − x)^2 |p (t, s)| |f^′ (s)| dsdt.

216 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

Using Hölder’s integral inequality for double integrals, we have ∫_b a ∫_b a (t − x)^2 |p (t, s)| |f^′ (s)| dsdt

(5.90) ≤ (∫_b a ∫_b a |f^′ (s)|^p dsdt

)^1_p (∫_b a ∫_b a (t − x)^{2q} |p (t, s)|^q dsdt

)^1_q

= (b − a)^{1p} ‖f^′‖_p (∫_b a ∫_b a (t − x)^{2q} |p (t, s)|^q dsdt

)^1_q , where p > 1,^1_p +^1_q = 1.

We have to compute the integral

D :=

∫_b a ∫_b a (t − x)^{2q} |p (t, s)|^q dsdt

(5.91) = ∫_b a (t − x)^{2q} [∫_t a (s − a)^q ds +

∫_b t (b − s)^q ds ] dt = ∫_b a (t − x)^{2q} [ (t − a)^{q+1} + (b − t)^{q+1}

q + 1 ] dt = 1 q + 1 [∫_b a (t − x)^{2q} (t − a)^{q+1} dt + ∫_b a (t − x)^{2q} (b − t)^{q+1} dt ] . Define

(5.92) E :=

∫_b a (t − x)^{2q} (t − a)^{q+1} dt.

If we consider the change of variable t = (1 − u) a + ux, we have t = a implies u = 0 and t = b implies u =^{b−a}_{x−a} , dt = (x − a) du, and then E = ∫ b−a_{x−a} 0 [(1 − u) a + ux − x]^{2q}

(5.93)

× [(1 − u) a + ux − a] (x − a) du

= (x − a)^{3q+2}

∫ b−a_{x−a} 0 (u − 1)^{2q} u^{q+1}du

= (x − a)^{3q+2} B̃ ( b − a x − a

, 2q + 1, q + 2 ) .

2. PERTURBED INEQUALITIES 217

Define

(5.94) F :=

∫_b a (t − x)^{2q} (b − t)^{q+1} dt.

If we consider the change of variable t = (1 − v) b + vx, we have t = b implies v = 0, and t = a implies v =^{b−a}_{b−x} , dt = (x − b) dv, and then F = ∫_0 b−a b−x [(1 − v) b + vx − x]^{2q}

(5.95)

× [b − (1 − v) b − vx]^{q+1} (x − b) dv

= (b − x)^{3q+2}

∫ b−a_{b−x} 0 (v − 1)^{2q} v^{q+1}dv

= (b − x)^{3q+2} B̃ ( b − a b − x

, 2q + 1, q + 2 ) . Now, using the inequalities (5.89)-(5.90) and the relations (5.91)-(5.95), since D =^1_{q+1} (E + F ) , we deduce the desired estimate (5.88).

It is natural to consider the following corollary [7].

Corollary 62. Let f be as in Theorem 99, then, we have the inequality:

(5.96) | | |σ^2 (X) + [ E (X) − a + b 2 ]_2 − (b − a)^2 12 | | |

≤ ‖f^′‖_p (b − a)^{2+ 3q} (q + 1)^{1q} 2^{3+ 2q}

[B (2q + 1, q + 1) + Ψ (2q + 1, q + 2)]^{1q} ,

where^1_p +^1_q = 1, p > 1 and B (·, ·) is Euler’s Beta mapping and Ψ (α, β) :=

∫_1 0 u^{α−1} (u + 1)^{β−1} du, α, β > 0.

Proof. In (5.88) put x =^{a+b}_2 and the right hand side is,

B̃ (2, 2q + 1, q + 2) =

∫_2 0 (u − 1)^{2q} u^{q+1}du = ∫_1 0 (u − 1)^{2q} u^{q+1}du +

∫_2 1 (u − 1)^{2q} u^{q+1}du

= B (2q + 1, q + 2) + Ψ (2q + 1, q + 2) .

218 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

The right hand side of (5.88) is thus

‖f^′‖_p

(_{b−a} 2 ) 3q+2_q

(b − a)^{1p} (q + 1)^{1q}

[2B (2q + 1, q + 2) + 2Ψ (2q + 1, q + 2)]^{1q}

= ‖f^′‖_p (b − a)^{2+ 3q} (q + 1)^{1q} 2^{3+ 2q}

[B (2q + 1, q + 2) + Ψ (2q + 1, q + 2)]^{1q} ,

and the corollary is proved.

Finally, as f is absolutely continuous, f^′ ∈ L_1 [a, b] and ‖f^′‖_1 = ∫_b a |f^′ (t)| dt, and we can state the following theorem [7].

Theorem 100. If the PDF, f : [a, b] → R_+ is absolutely continuous on [a, b], then

(5.97) | | | σ^2 (X) + [E (X) − x]^2 −

(b − a)^2 12 − ( x − a + b 2 )_2| | | ≤ ‖f^′‖_1 (b − a) [ 1 2 (b − a) + | |x − a + b 2 | | ]_2 , for all x ∈ [a, b].

Proof. As above, we can state that | | | σ^2 (X) + [E (X) − x]^2 −

(b − a)^2 12 − ( x − a + b 2 )_2| | | ≤ 1 b − a

∫_b a ∫_b a (t − x)^2 |p (t, s)| |f^′ (s)| dsdt

≤ sup

(t,s)∈[a,b]^2 [ (t − x)^2 |p (t, s)| ] 1 b − a

∫_b a ∫_b a |f^′ (s)| dsdt

= ‖f^′‖_1 G, where

G := sup

(t,s)∈[a,b]^2 [ (t − x)^2 |p (t, s)| ] ≤ (b − a) sup_{t∈[a,b]} (t − x)^2

= (b − a) [max (x − a, b − x)]^2

= (b − a) [ 1 2 (b − a) + | |x − a + b 2 | | ]_2 , and the theorem is proved.

3. FURTHER INEQUALITIES FOR UNIVARIATE MOMENTS 219

It is clear that the best inequality we can get from (5.97) is the one when x =^{a+b}_2 , giving the following corollary [7].

Corollary 63. With the assumptions of Theorem 100, we have:

(5.98) | | | σ^2 (X) + [ E (X) − a + b 2 ]_2 − (b − a)^2 12 | | | ≤ (b − a)^3 4 ‖f^′‖_1 .

3. Further Inequalities for Univariate Moments

3.1. Introduction. The aim of this section is to provide some additional inequalities on expectation utilising a generalisation of

(5.99) E(X) = b −

∫_b a F (x)dx

to higher moments, as well as providing some specific results for the extreme order statistics.

In addition, some results are obtained involving the covariance of two random variables using a bivariate generalisation of (5.99) and generalisations of the inequalities of Grüss and Ostrowski.

3.2. Univariate Results. Denote by M_n the n^{th} moment

∫_b a x^nf (x) dx which, using integration by parts, can be expressed as

(5.100) b^n − n

∫_b a x^{n−1}F (x) dx.

Consider now | | 1 b − a

∫_b a x^{n−1}F (x) dx − 1 (b − a)^2

∫_b a x^{n−1}dx

∫_b a F (x) dx | | for which various inequalities can be found. Before exploiting some of these, we express the difference in terms of the distributional moments. 1 (b − a)^2

∫_b a x^{n−1}dx

∫_b a F (x) dx =

(b^n − a^n) n (b − a)^2

{b − E (X)} .

We therefore have: | | 1 b − a

∫_b a x^{n−1}F (x) dx −

(b^n − a^n) n (b − a)^2

(b − E (X)) | | (5.101) = | | b^n n (b − a) − M_n n (b − a) − b (b^n − a^n) n (b − a)^2 + M_1 (b^n − a^n) n (b − a)^2 | | = | |ab (a^{n−1} − b^{n−1}) n (b − a)^2 − M_n n (b − a) + M_1 (b^n − a^n) n (b − a)^2 | |

220 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE = 1 n (b − a)^2

|a^n (b − M_1) − b^n (a − M_1) − M_n (b − a)| .

Now utilising various inequalities, we can obtain a number of results.

Pre-Grüss.

Using an inequality of [108] applied to (5.101), we have 1 n (b − a)^2

|a^n (b − M_1) − b^n (a − M_1) − M_n (b − a)|

(5.102)

≤ 1 2 [ 1 (b − a)

∫_b a x^{2(n−1)}dx − ( 1 (b − a)

∫_b a x^{n−1}dx

)2]^1_2

= 1 2 [ b^{2n−1} − a^{2n−1} (b − a) (2n − 1) − ( b^n − a^n n (b − a)

)_2]^1_2 . The special case when n = 2 gives: | a^2 (b − E (X)) − b^2 (a − E (X)) − (b − a) ( σ^2 + (E (X))^2 )|

≤ (b − a)^2 [ b^3 − a^3 3 (b − a) − ( b^2 − a^2 2 (b − a)

)_2]^1_2 , that is [19], | (b − E (X)) (E (X) − a) − σ^2 |

≤ (b − a)^2 [ b^2 + ab + a^2 3 − (b^2 + 2ab + a^2) 4 ] 1_2

= (b − a)^3 2 √ 3 , which is Theorem 3 of [6].

Pre-Chebychev.

Using a further result of [108] and (5.101) we can obtain 1 n (b − a)^2

|a^n (b − M_1) − b^n (a − M_1) − M_n (b − a)|

≤ (b − a) 2 √ 3 ‖f‖_∞ [ 1 (b − a)

∫_b a x^{2(n−1)}dx − ( 1 (b − a)

∫_b a x^{n−1}dx

)2]^1_2 ,

3. FURTHER INEQUALITIES FOR UNIVARIATE MOMENTS 221

giving

(5.103) |a^n (b − M_1) − b^n (a − M_1) − M_n (b − a)| ≤ n (b − a)^3 2 √ 3 ‖f‖_∞ [ b^{2n−1} − a^{2n−1} (b − a) (2n − 1) − ( b^n − a^n n (b − a)

)_2]^1_2 . The special case where n = 2 gives [19]: | (b − E (X)) (E (X) − a) − σ^2 | ≤ (b − a)^3 6 ‖f‖_∞

which was obtained by Barnett and Dragomir in [18].

3.3. Lipschitzian Mappings. If x^{n−1}F (x) is of the Lipschitzian type, then | x^{n−1}F (x) − y^{n−1}F (y) | ≤ L |x − y| ,

where L ≥ 0 in which case | |x^{n−1}F (x) − 1 b − a

∫_b a x^{n−1}F (x) dx | |

≤ L 2 [( x − a b − a

)_2 + ( b − x b − a

)_2]

(b − a) .

(Ostrowski’s inequality, [75].) Now, | |x^{n−1}F (x) − 1 b − a

∫_b a x^{n−1}F (x) dx | | = | |x^{n−1}F (x) − { b^n − M_n n (b − a) }| | and thus we have: | |x^{n−1}F (x) − { b^n − M_n n (b − a) }| | ≤ L 2 [( x − a b − a

)_2 + ( b − x b − a

)_2]

(b − a) .

If n = 2, then | |xF (x) − { b^2 − M_2 2 (b − a) }| | ≤ L 2 [( x − a b − a

)_2 + ( b − x b − a

)_2]

(b − a) .

Consider now the mapping F (x), x ∈ [a, b], then the mapping is Lipschitzian if there exists L > 0 such that

|F (x) − F (y)| ≤ L |x − y| .

222 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

Now, if F (·) is a cumulative distribution function, it is monotonic increasing between 0 and 1 over [a, b]. It is apparent that there exists z ∈ [x, y] such that

F (x) − F (y) x − y ≤ [ dF (x) dx ] x=z . Thus, if we choose L = max

[_{dF (x)} dx ] x=z for z ∈ [a, b], then this implies that F (x) is Lipschitzian, since

|F (x) − F (y)| ≤ ‖f‖_∞ |x − y| .

Consider similarly the mapping xF (x), it is also monotonic increasing and by the same token, there exists z ∈ [x, y] such that | |xF (x) − yF (y) x − y | | ≤ | | [ d (xF (x)) dx ] x=z | | . In addition, we have that | | [ d (xF (x)) dx ] x=z | | = | | [ F (x) + x dF (x) dx ] x=z | | and hence | |F (z) + z [ dF (x) dx ] x=z | | ≤ |F (z)| + | |z [ dF (x) dx ] x=z | | ≤ 1 + ‖f‖_∞ max {|a| , |b|} .

Thus, L can be taken to be

1 + ‖f‖_∞ max {|a| , |b|}

and then

|xF (x) − yF (y)| < [1 + ‖f‖_∞ max {|a| , |b|}] |x − y| ,

and so xF (x) is Lipschitzian.

Similarly it can be shown that x^{n−1}F (x) is Lipschitzian for n = 3, 4, . . .

Thus [19], | |xF (x) − { b^2 − M_2 2 (b − a) }| |

≤ 1 2 [1 + ‖f‖_∞ max {|a| , |b|}] [( x − a b − a

)_2 + ( b − x b − a

)_2] (b − a) .

3. FURTHER INEQUALITIES FOR UNIVARIATE MOMENTS 223

For x = a we get [19] | M_2 − b^2 | = | σ^2 + ( (E (X))^2 ) − b^2 | ≤ (b − a)^2 [1 + ‖f‖_∞ max {|a| , |b|}]

and for x = b we have [19] | 2b (b − a) − b^2 + M_2 | = | b^2 − 2ab + M_2 | = | b (b − 2a) + σ^2 + ( (E (X))^2 )| ≤ (b − a)^2 [1 + ‖f‖_∞ max {|a| , |b|}] .

3.4. Distributions of the Maximum, Minimum and Range of a Sample. Consider a continuous random variable X with a nonzero probability density function over a finite interval [a, b] and let X_1, X_2,. . . , X_n be a random sample . We investigate the distribution function of the maximum, minimum and the range of the random sample.

Maximum

Let the cumulative distribution function of the maximum be G (x), the probability density function be g (x), and the corresponding functions for X be F (x) and f (x). Then

G (x) = Pr [max ≤ x] = Pr [all X_1, . . . , X_n ≤ x] .

Therefore G (x) = [F (x)]^n and g (x) = n [F (x)]^{n−1} f (x).

Minimum

Let the cumulative distribution function of the minimum and the probability density function be H (x) and h (x) respectively. Therefore

H (x) = Pr [min ≤ x] = 1 − Pr [min ≥ x] = 1 − Pr [all X_1, . . . , X_n ≥ x] = 1 − [1 − F (x)]^n and h (x) = n [1 − F (x)]^{n−1} f (x) .

Range

Let the distribution function of the range be R (x) and the probability density function be r (x).

Now, consider

K (s, t) = Pr [max ≤ s, min ≤ t]

= Pr [max ≤ s] − Pr [max ≤ s, min ≥ t] = [F (s)]^n − Pr {t ≤ all X_1, . . . , X_n ≤ s} = [F (s)]^n − [F (s) − F (t)]^n .

224 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

Therefore, the joint probability density function of the extreme order statistics can be found by differentiating this with respect to s and t, giving

k (s, t) = n (n − 1) f (s) f (t) [F (s) − F (t)]^{n−2} , s > t

which for a random variable defined on [a, b] gives

r (x) = n (n − 1)

∫_{b−x} s=a f (s + x) f (s) [F (s + x) − F (s)]^{n−2} ds,

where 0 < x < b − a.

3.5. Application of the Grüss Inequality to Positive Integer Powers of a Function. As a preliminary to the proof of Grüss’ inequality we can establish the identity:

(5.104) 1 b − a

∫_b a g (x) f (x) dx

= p + ( 1 b − a

)_2 ∫_b a f (x) dx ·

∫_b a g (x) dx,

where it can be subsequently shown that

|p| ≤ 1 4 [Γ − γ] [Φ − ϕ] ,

and γ, Γ, ϕ, Φ are respectively lower and upper bounds of f (x) and g (x).

Applying this same identity to the square of a function, we have

(5.105) 1 b − a

∫_b a f^2 (x) dx = p_1 + ( 1 b − a

)_2 (∫_b a f (x) dx )2

Similarly, 1 b − a

∫_b a f^3 (x) dx = p_2 + 1 b − a

∫_b a f (x) dx · 1 b − a

∫_b a f^2 (x) dx

and using (5.104), we have

(5.106) 1 b − a

∫_b a f^3 (x) dx

= p_2 + p_1 b − a

∫_b a f (x) dx + ( 1 b − a

)_3 (∫_b a f (x) dx )3 .

3. FURTHER INEQUALITIES FOR UNIVARIATE MOMENTS 225

Continuing, we can show that for positive integers n, n ≥ 2

(5.107) 1 b − a

∫_b a f^n (x) dx − ( 1 b − a

)_n (∫_b a f (x) dx )n

= p_{n−1} + p_{n−2} ( 1 b − a

∫_b a f (x) dx )

+ p_{n−3} ( 1 b − a

∫_b a f (x) dx )2

+ · · · + p_1 ( 1 b − a

∫_b a f (x) dx

)n−2 , giving:| | | | 1 b − a

∫_b a f^n (x) dx − ( 1 b − a

)_n (∫_b a f (x) dx )n| | | ≤ |p_{n−1}| + |p_{n−2}| | | 1 b − a

∫_b a f (x) dx | | + . . .

+ |p_1| | | | ( 1 b − a

∫_b a f (x) dx )n−2| | | , where

|p_1| ≤ 1 4 (Γ − γ)^2 , γ < f (x) < Γ,

|p_2| ≤ 1 4 (Γ − γ) (Φ_1 − ϕ_1) , ϕ_1 < f^2 (x) < Φ_1,

|p_3| ≤ 1 4 (Γ − γ) (Φ_2 − ϕ_2) , ϕ_2 < f^3 (x) < Φ_2,

and so on.

Assuming that f (x) ≥ 0 and denoting

(_1 b−a ∫_b a f (x) dx

)_n by λ^n, we have | | | 1 b − a

∫_b a f^n (x) dx − ( 1 b − a

)_n (∫_b a f (x) dx )n| | | (5.108) ≤ 1 4 (Γ − γ) [ Γ^{n−1} − γ^{n−1} ] + 1 4 (Γ − γ) [ Γ^{n−2} − γ^{n−2} ] λ + 1 4 (Γ − γ) [ Γ^{n−3} − γ^{n−3} ] λ^2 + . . . + 1 4 (Γ − γ) (Γ − γ) λ^{n−2}

226 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE ≤ 1 4 (Γ − γ) n−1∑ i=1 ( Γ^{n−i} − γ^{n−i} ) λ^{i−1}.

Now, if f is a PDF, the right hand side reduces to 1 4 Γ n−1∑ i=1 Γ^{n−i} ( 1 b − a

)_{i−1}

= 1 4 Γ^n n−1∑ i=1 ( 1 Γ (b − a)

)_{i−1} = 1 4 Γ^n 1 − (_1

Γ(b−a)

)_{n−1}

1 −^1_{Γ(b−a)}

= Γ^n 4Γ^{n−2} (b − a)^{n−2} ( Γ^{n−1} (b − a)^{n−1} − 1 Γ (b − a) − 1 )

= Γ^2 4 (b − a)^{n−2} ( Γ^{n−1} (b − a)^{n−1} − 1 Γ (b − a) − 1 ) . If we now consider this inequality for an associated cumulative distribution function F (·), we have that λ = b − E (X)

b − a and the right hand side of (5.108) becomes 1 4 n−1∑ i=1 ( b − E (X) b − a

)_{i−1} = [ (b − a)^{n−1} − (b − E (X))^{n−1} ] 4 (E (X) − a) (b − a)^{n−2} . Thus, we have the two inequalities [19]:

(5.109) | | 1 b − a

∫_b a f^n (x) dx − ( 1 b − a )_n| |

≤ Γ^2 4 (b − a)^{n−2} ( Γ^{n−1} (b − a)^{n−1} − 1 Γ (b − a) − 1 )

and (5.110) | | 1 b − a

∫_b a F^n (x) dx − ( b − E (X)

b − a )_n| |

≤ [ (b − a)^{n−1} − (b − E (X))^{n−1} ] 4 (E (X) − a) (b − a)^{n−2} .

3. FURTHER INEQUALITIES FOR UNIVARIATE MOMENTS 227

Similarly, we can develop an inequality for 1 − F (x) by suitable substitution in (5.108), that is, λ = E (X) − a

b − a which gives [19] | | | 1 b − a

∫_b a (1 − F (x))^n dx − ( 1 b − a

∫_b a (1 − F (x)) dx )n| | | (5.111) = | | 1 b − a

∫_b a (1 − F (x))^n dx − ( E (X) − a b − a )_n| |

≤ [ (b − a)^{n−1} − (E (X) − a)^{n−1} ] 4 (b − a)^{n−2} (b − E (X)) . 3.6. Inequalities for the Expectation of the Extreme Order Statistics. As the PDF of the maximum is

g (x) = n [F (x)]^{n−1} f (x) ,

then

E [X_{max}] = n

∫_b a x [F (x)]^{n−1} f (x) dx.

Integrating by parts gives

E [X_{max}] = n [[ x n [F (x)]^n

]_b a − 1 n ∫_b a (F (x))^n dx ]

= b −

∫_b a F^n (x) dx

giving, from (5.110)

(5.112) | |b − E [X^{max}] b − a − ( b − E (X) b − a )_n| |

≤ [ (b − a)^{n−1} − (b − E (X))^{n−1} ] 4 (E (X) − a) (b − a)^{n−2}

and when E (X) =^{a+b}_2 , we have [19]

(5.113) | |b − E [X^{max}]

b − a − 1 2^n | | ≤ ( 2^{n−1} − 1

2^n ) .

228 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

Consider now E (X_{min}) = n

∫_b x=a xf (x) [1 − F (x)]^{n−1} dx. Integration by parts gives

E [X_{min}] = n [[ − x n [1 − F (x)]^n

]_b a + 1 n ∫_b a (1 − F (x))^n dx ]

and so

E (X_{min}) = a +

∫_b a (1 − F (x))^n dx.

Utilising (5.111) we have [19]

(5.114) | |E (X^{min}) − a

b − a − ( E (X) − a b − a )_n| |

≤ [ (b − a)^{n−1} − (E (X) − a)^{n−1} ] 4 (b − a)^{n−2} (b − E (X))

and when E (X) =^{a+b}_2 , we have, [19]

(5.115) | |E (X^{min}) − a b − a − 1 2^n | | ≤ ( 2^{n−1} − 1

2^n ) . 3.7. Applications to the Beta Distribution. The Beta probability density function is given by 1 B (α, β) x^{α−1} (1 − x)^{β−1} , 0 < x < 1, α, β > 0,

then clearly,

E (X) = 1 B (α, β)

∫_1 0 x^{α+1−1} (1 − x)^{β−1} dx = 1 B (α, β)

B (α + 1, β) = Γ (α + 1) Γ (α + β) Γ (α + β + 1) Γ (α) = αΓ (α) Γ (α + β) (α + β) Γ (α + β) Γ (α) = α (α + β) . Substituting a = 0, b = 1 and letting ‘Γ’≡ m, from (5.109) we obtain | | ∫_1 0 f^n (x) dx − 1 | | ≤ m^2 (1 − m^{n−1}) 4 (1 − m)

3. FURTHER INEQUALITIES FOR UNIVARIATE MOMENTS 229

and further, | | 1 B^n (α, β)

∫_1 0 x^{n(α−1)} (1 − x)^{n(β−1)} dx − 1 | | = | |B (n (α − 1) + 1, n (β − 1) + 1) B^n (α, β) − 1 | | ≤ m^2 (1 − m^{n−1}) 4 (1 − m) and m is the value of x for which f^′ (x) = 0, that is

(1 − x)^{β−1} (α − 1) x^{α−2} + x^{α−1} (β − 1) (1 − x)^{β−2} (−1) = 0.

x^{α−2} (1 − x)^{β−2} {(α − 1) (1 − x) − x (β − 1)} ,

i.e. m = α − 1 α + β − 2

, α, β > 1.

We then have the inequality [19]: | |B (n (α − 1) + 1, n (β − 1) + 1) B^n (α, β) − 1 | |

≤ (α − 1)^2 4 (α + β − 2) (β − 1) { 1 − ( α − 1 α + β − 2

)_{n−1}} . When α = β, the right hand side becomes^1_8 ( 1 −^1_{2n−1} ) . Consider now (5.112) when f (x) is the PDF of a Beta distribution.

This gives: | |1 − E (X_{max}) − ( 1 − α α + β )_n| | = | |1 − ( β α + β

)_n

− E (X_{max}) | |

≤ [ 1 − ( 1 −^α_{α+β}

)_{n−1}]

4 (_α α+β )

= (α + β)^{n−1} − β^{n−1} 4α (α + β)^{n−2} and when α = β, this becomes: | |1 − ( 1 2 )_n

− E (X_{max}) | | ≤ 1 −

(_1 2 )_{n−1} 2 and from (5.114) | |E (X_{min}) − ( α α + β )_n| | ≤ [ 1 − (_α α+β )_{n−1}]

4 ( 1 −^α_{α+β} ) = (α + β)^{n−1} − α^{n−1} 4β (α + β)^{n−2}

230 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

and when α = β | |E (X_{min}) − 1 2^n | | ≤ 1 −

(_1 2 )_{n−1} 2 . From these we can obtain further E (X_{min}) ≤^1_2 and^1_2 ≤ E (X_{max}) ≤ 3 2 − (_1 2 )_{n−1} . 3.8. Some Bounds for Joint Moments and Probabilities Using Ostrowski Type Inequalities for Double Integrals. The following result holds [19].

Theorem 101. Let X, Y be two continuous random variables x ∈ [a, b], y ∈ [c, d] with probability density function s f_1 (·) and f_2 (·) respectively and with joint probability density function f (·, ·) with associated cumulative distribution functions F_1 (·) , F_2 (·) and F (·, ·). It follows that

(5.116) E (XY ) = bE (Y ) + dE (X) − bd +

∫_b s=a ∫_d t=c F (s, t) dsdt.

This is a generalisation of the result

E (X) = b −

∫_b a F (s) ds

and is equivalent to:

(5.117) E (XY ) = bd − d

∫_b a F_1 (s) ds − b ∫_d c F_2 (t) dt +

∫_b s=a ∫_d t=c F (s, t) dsdt.

Proof. We have

E (XY ) =

∫_d t=c t {∫_b a sf (s, t) ds } dt and ∫_b a sf (s, t) ds = [ s ∫_s u=a f (u, t) du

]_b s=a − ∫_b s=a (∫_s u=a f (u, t) du ) ds = bf_2 (t) −

∫_b s=a (∫_s u=a f (u, t) du ) ds,

3. FURTHER INEQUALITIES FOR UNIVARIATE MOMENTS 231 so E (XY ) = b

∫_d c tf_2 (t) dt −

∫_d t=c t [∫_b s=a (∫_s u=a f (u, t) du ) ds ] dt = bE (Y ) −

∫_b s=a (∫_s u=a (∫_d t=c tf (u, t) dt ) du ) ds Now ∫_d t=c tf (u, t) dt = [ t ∫_t v=c f (u, v) dv

]_d t=c − ∫_d t=c (∫_t v=c f (u, v) dv ) dt = df_1 (u) −

∫_d t=c (∫_t v=c f (u, v) dv ) dt,

E (XY )

= bE (Y ) −

∫_b s=a (∫_s u=a { df_1 (u) −

∫_d t=c (∫_t v=c f (u, v) dv ) dt } du ) ds, = bE (Y ) − d

∫_b s=a F_1 (s) ds + ∫_d t=c (∫_b s=a (∫_t v=c (∫_s u=a f (u, v) du ) dv ) ds ) dt = bE (Y ) + dE (X) − bd +

∫_b s=a ∫_d t=c F (s, t) dsdt

and, equivalently,

E (XY ) = bd − d

∫_b a F_1 (s) ds − b

∫_d c F_2 (t) dt +

∫_b a ∫_d c F (s, t) dsdt.

In [11] Barnett and Dragomir proved the following theorem.

Theorem 102. Let f : [a, b] × [c, d] → R be continuous on [a, b] × [c, d], f^{′′}_{x,y} =^{∂2f}_{∂x∂y} exists on (a, b) × (c, d) and is bounded, i.e., ‖ f^{′′}_{s,t} ‖ ∞ := sup

(x,y)∈(a,b)×(c,d) | | | ∂^2f (x, y) ∂x∂y | | | < ∞

232 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

then we have the inequality:

(5.118) | | ∫_b a ∫_d c f (s, t) dsdt − [ (b − a)

∫_d c f (x, t) dt

+ (d − c)

∫_b a f (s, y) ds − (d − c) (b − a) f (x, y) ]| |

≤ [ 1 4 (b − a)^2 + ( x − a + b 2 )_2]

× [ 1 4 (d − c)^2 + ( y − c + d 2 )_2] ‖ ‖f^{′′}_{s,t}‖_∞

for all (x, y) ∈ [a, b] × [c, d].

If we apply this taking f (·, ·) to be a joint cumulative distribution function F (·, ·) with x = b, y = d we obtain | | ∫_b a ∫_d c F (s, t) dsdt − (b − a)

∫_d c F (b, t) dt

− (d − c)

∫_b a F (s, d) ds + (d − c) (b − a) | | ≤ 1 4 (b − a)^2 (d − c)^2 ‖ F^{′′}_{s,t} ‖ ∞ , that is | | ∫_b a ∫_d c F (s, t) dsdt − (b − a)

∫_d c F_2 (t) dt

− (d − c)

∫_b a F_1 (s) ds + (d − c) (b − a) | | ≤ 1 4 (b − a)^2 (d − c)^2 ‖ F^{′′}_{s,t} ‖ ∞ . Using (5.117), this gives | |E (XY ) + a

∫_d c F_2 (t) dt + c

∫_b a F_1 (s) ds − ad − bc + ac | | = |E (XY ) + aE (Y ) − cE (X) + ac| ≤ 1 4 (b − a)^2 (d − c)^2 ‖ F^{′′}_{s,t} ‖ ∞ = 1 4 (b − a)^2 (d − c)^2 ‖f‖_∞ ,

providing bounds for E (XY ) in terms of E (X) and E (Y ).

3. FURTHER INEQUALITIES FOR UNIVARIATE MOMENTS 233

Since Cov (X, Y ) = E (XY ) − E (X) · E (Y ) , we can write the left hand side alternatively as:

Cov (X, Y ) + [c − E (Y )] [a − E (X)] .

We can similarly extract other bounds from (5.118) in the situations where

(i) x = b, y = c, (ii) x = a, y = d, and (iii) x = a, y = c giving respectively

|E (XY ) − dE (X) − aE (Y ) + ad| ≤ 1 4 (b − a)^2 (d − c)^2 ‖f‖_∞ ,

|E (XY ) − cE (X) − bE (Y ) + bc| ≤ 1 4 (b − a)^2 (d − c)^2 ‖f‖_∞ and |E (XY ) − dE (X) − bE (Y ) + bd| ≤ 1 4 (b − a)^2 (d − c)^2 ‖f‖_∞ .

We can use the results of [77] by Dragomir, Cerone, Barnett and Roumeliotis to obtain further inequalities relating the first single and joint moments as well as some involving joint probabilities.

In [77], bounds were obtained for: | | 1 (b − a) (d − c)

∫_b a ∫_d c f (s, t) dsdt − f (x, y) | | namely M_1 (x) + M_2 (y) + M_3 (x, y) where these are as defined in [77]. For one particular case we have

M_1 (x) =

[_1 2 (b − a) + | x −^{a+b}_2 |] (b − a) (d − c) ‖ ‖∂f (s, t) ∂t ‖ ‖ 1 , M_2 (y) =

[_1 2 (d − c) + | y −^{c+d}_2 |] (b − a) (d − c) ‖ ‖∂f (s, t) ∂s ‖ ‖ 1 and M_3 (x, y) =

[_1 2 (b − a) + | x −^{a+b}_2 |] [_1 2 (d − c) + | y −^{c+d}_2 |] (b − a) (d − c) × ‖ ‖∂^2f (s, t) ∂s∂t ‖ ‖ 1 .

234 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

It follows then that if we choose f to be the joint cumulative distribution function, F (x, y), we can generate the following inequalities | | 1 (b − a) (d − c)

∫_b a ∫_d c F (s, t) dsdt | | ≤ M_1 (a) + M_2 (c) + M_3 (a, c) , and | | | ∫_b a ∫_d c F (s, t) dsdt − Pr {X ≤ x, Y ≤ y} | | | ≤ M_1 (x) + M_2 (y) + M_3 (x, y) .

The first of these simplifies to give [19]:

|E (XY ) − bE (Y ) − dE (X) + bd| ≤ (b − a) + (d − c) + (d − c) (b − a) .

3.9. Further Inequalities for the Covariance Using the Grüss Inequality. Consider functions f_1 (·), f_2 (·) and f (·, ·) where f_1 is integrable over [a, b], f_2 is integrable over [c, d] and f (x, y) is integrable for x ∈ [a, b] and y ∈ [c, d]. Consider the integral ∫_b a ∫_d c f_1 (s) f_2 (t) f (s, t) dsdt =

∫_b s=a f_1 (s) (∫_d t=c f_2 (t) f (s, t) dt ) ds. We have: 1 d − c

∫_d c f_2 (t) f (s, t) dt − ( 1 d − c

)_2 ∫_d c f_2 (t) dt

∫_d t=c f (s, t) dt

= p_1 (s) (say). Hence,

∫_b a ∫_d c f_1 (s) f_2 (t) f (s, t) dsdt = ∫_b a f_1 (s) { p_1 (s) (d − c) + 1 d − c

∫_d c f_2 (t) dt

∫_d c f (s, t) dt } ds = (d − c)

∫_b a p_1 (s) f_1 (s) ds + 1 d − c

∫_d c f_2 (t) dt

∫_d c (∫_b a f_1 (s) f (s, t) ds ) dt and where 1 b − a

∫_b a f_1 (s) · f (s, t) ds − 1 (b − a)^2

∫_b a f_1 (s) ds

∫_b a f (s, t) ds = p_2 (t) .

3. FURTHER INEQUALITIES FOR UNIVARIATE MOMENTS 235

Therefore

∫_b a ∫_d c f_1 (s) f_2 (t) f (s, t) dsdt

= (d − c)

∫_b a p_1 (s) f_1 (s) ds + 1 (d − c)

∫_d c f_2 (t) dt × ∫_d c [ (b − a) p_2 (t) + 1 b − a

∫_b a f_1 (s) ds

∫_b a f (s, t) ds ] dt = (d − c)

∫_b a p_1 (s) f_1 (s) ds + b − a (d − c)

∫_d c f_2 (t) dt

∫_d c p_2 (t) dt + 1 (b − a) (d − c)

∫_d c f_2 (t) dt

∫_b a f_1 (s) ds

∫_b a ∫_d c f (s, t) dsdt

and thus

(5.119) | | ∫_b a ∫_d c f_1 (s) f_2 (t) f (s, t) dsdt − 1 (b − a) (d − c)

∫_d c f_2 (t) dt

∫_b a f_1 (s) ds

∫_b a ∫_d c f (s, t) dsdt | | | ≤ (d − c) ‖p_1‖_∞

∫_b a |f_1 (s)| ds + (b − a) ‖p_2‖_∞

∫_d c |f_2 (t)| dt.

Case 1. Now, if f_1 (s) = s and f_2 (t) = t, and f (·, ·) is a joint probability density function, the left hand side becomes | |E (XY ) − 1 4 (d − c) (b − a) ( d^2 − c^2 ) ( b^2 − a^2 ) | | = | |E (XY ) − 1 4 (b + a) (d + c) | | .

|p_1 (s)| ≤ 1 2 ‖f‖_∞ [ (d^3 − c^3) 3 (d − c) − ( 1 d − c

∫_d c tdt )2]^1_2

(see [108])

= 1 2 ‖f‖_∞ [ (d − c) (d^2 + dc + c^2) 3 (d − c) − ( (d^2 − c^2) 2 (d − c)

)_2]^1_2

= 1 2 ‖f‖_∞ [ d^2 + dc + c^2 3 − (d + c)^2 4 ] 1_2

= 1 2 ‖f‖_∞ × 1 2 √ 3 [ d^2 − 2dc + c^2

] 1_2 = 1 4 √ 3 ‖f‖_∞ (d − c) .

236 5. ELEMENTARY INEQUALITIES FOR THE VARIANCE

Similarly,

p_2 ≤ a^2 − b^2 2 , a < 0, b < 0.

Now ∫_b a |f_1 (s)| ds = a^2 + b^2 2 , a < 0, b > 0

and similarly, ∫_d c |f_2 (t)| dt ≤ b^2 − a^2 2 , a > 0, b > 0.

Thus, we then have for a < 0, b > 0, c < 0, d > 0: | |E (XY ) − 1 4 (b + a) (d + c) | | ≤ 1 4 √ 3 ‖f‖_∞

(d − c)^2 (a^2 + b^2) 2 + 1 4 √ 3 ‖f‖_∞

(b − a)^2 (c^2 + d^2) 2 = 1 8 √ 3 [ (d − c)^2 ( a^2 + b^2 ) + (b − a)^2 ( c^2 + d^2 )] ‖f‖_∞ = 1 4 √ 3 [( a^2 + b^2 ) ( c^2 + d^2 ) + (ac + db) (ad + bc) ] ‖f‖_∞ .

Case 2. If f_1 (s) = s and f_2 (t) = 1, and f (·, ·) = tϕ (s, t) where ϕ (·, ·) is a joint probability density function, then the left hand side is: | | ∫_b a ∫_d c stϕ (s, t) dsdt −

(d − c) (b^2 − a^2) 2 (d − c) (b − a)

E (Y ) | | = | |E (XY ) − 1 2 (a + b) E (Y ) | | . p_2 is as above and

p_1 ≤ 1 2 ‖f‖_∞ [ 1 d − c

∫_d c dt − ( 1 d − c

∫_d c dt )2]^1_2 = 0 and hence [19] | |E (XY ) − 1 2 (a + b) E (Y ) | | ≤ (b − a)^2 (c^2 + d^2) 8 √ 3 ‖f‖_∞

when a < 0, b > 0, c < 0, d > 0.

CHAPTER 6

Inequalities for n-Time Differentiable PDFs

1. Random Variable whose PDF is n-Times Differentiable

1.1. Introduction. In [7], using the identity

(6.1) [x − E (X)]^2 + σ^2 (X) =

∫_b a (x − t)^2 f (t) dt

and applying a variety of inequalities such as: Hölder’s inequality, pre- Grüss, pre-Čebyšev, pre-Lupaş, or Ostrowski type inequalities, a number of results concerning the expectation and variance of the random variable X have been obtained.

For example,

(6.2) σ^2 (X) + [x − E (X)]^2

≤ (b − a)

[_{(b−a)2} 12 + ( x −^{a+b}_2

)_2] ‖f‖_∞ , if f ∈ L_∞ [a, b] ;

[_{(b−x)2q+1+(x−a)2q+1}

2q+1

] 1_q

‖f‖_p , if f ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

(_{b−a} 2 + | x −^{a+b}_2 |)_2 , for all x ∈ [a, b], which imply, amongst other things, that

(6.3) σ (X) ≤

(b − a)^{12}

[_{(b−a)2}

12 + [ E (X) −^{a+b}_2

]_2]^1_2 ‖f‖^{12}_∞ , if f ∈ L_∞ [a, b] ;

{_{[b−E(X)]2q+1+[E(X)−a]2q+1}

2q+1

} 1_{2q} ‖f‖^{12}_p , if f ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; b−a 2 + | E (X) −^{a+b}_2 | , and (6.4) σ^2 (X) ≤ [b − E (X)] [E (X) − a] ≤ 1 4 (b − a)^2 . 237

238 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

In this section more accurate inequalities are obtained by assuming that the PDF of X is n-time differentiable and that f^{(n)} is absolutely continuous on [a, b].

1.2. Some Preliminary Integral Identities. The following lemma, which is interesting in itself, holds [8].

Lemma 28. Let X be a random variable whose PDF f : [a, b] → R_+ is n-time differentiable and f^{(n)} is absolutely continuous on [a, b], then,

(6.5) σ^2 (X) + [E (X) − x]^2 = n∑ k=0 (b − x)^{k+3} + (−1)^k (x − a)^{k+3} (k + 3) k!

f^{(k)} (x)

+ 1 n! ∫_b a (t − x)^2 (∫_t x (t − s)^n f^{(n+1)} (s) ds ) dt for all x ∈ [a, b].

Proof. By Taylor’s formula with integral remainder, we recall that,

(6.6) f (t) = n∑ k=0 (t − x)^k k! f^{(k)} (x) + 1 n! ∫_t x (t − s)^n f^{(n+1)} (s) ds,

for all t, x ∈ [a, b].

Together with (6.1), we obtain

σ^2 (X) + [E (X) − x]^2

(6.7) = ∫_b a (t − x)^2

[_n ∑ k=0 (t − x)^k k! f^{(k)} (x) + 1 n! ∫_t x (t − s)^n f^{(n+1)} (s) ds ] dt = n∑ k=0 f^{(k)} (x)

∫_b a (t − x)^{k+2} k! dt

+ 1 n! ∫_b a (t − x)^2 (∫_t x (t − s)^n f^{(n+1)} (s) ds ) dt, and since

(6.8)

∫_b a (t − x)^{k+2} k! dt =

(b − x)^{k+3} + (−1)^k (x − a)^{k+3} (k + 3) k! , the identity (6.7) readily produces (6.5)

1. RANDOM VARIABLE WHOSE PDF IS n-TIMES DIFFERENTIABLE 239

We may state the following corollary as well [8].

Corollary 64. Under the above assumptions, we have

(6.9) σ^2 (X) + [ E (X) − a + b 2 ]_2

= n∑ k=0

[ 1 + (−1)^k ] (b − a)^{k+3} 2^{k+3} (k + 3) k!

f^{(k)} ( a + b 2 )

+ 1 n! ∫_b a ( t − a + b 2 )_2 (∫_t a+b 2 (t − s)^n f^{(n+1)} (s) ds ) dt.

The proof follows by using (6.7) with x =^{a+b}_2 . Another result is embodied in the following (see [8]).

Corollary 65. Under the above assumptions,

(6.10) σ^2 (X) + 1 2 [ (E (X) − a)^2 + (E (X) − b)^2 ]

= n∑ k=0 (b − a)^{k+3} (k + 3) k! [ f^{(k)} (a) + (−1)^k f^{(k)} (b) 2 ]

+ 1 n! ∫_b a ∫_b a K (t, s) (t − s)^n f^{(n+1)} (s) dsdt,

where

K (t, s) :=

(t−a)^2

2 if a ≤ s ≤ t ≤ b,

−^{(t−b)2}_2 if a ≤ t < s ≤ b.

Proof. In (6.5), choose x = a and x = b, giving

(6.11) σ^2 (X) + [E (X) − a]^2 = n∑ k=0 (b − a)^{k+3} (k + 3) k!

f^{(k)} (a)

+ 1 n! ∫_b a (t − a)^2 (∫_t a (t − s)^n f^{(n+1)} (s) ds ) dt,

240 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS and (6.12) σ^2 (X) + [E (X) − b]^2 = n∑ k=0 (−1)^k (b − a)^{k+3} (k + 3) k!

f^{(k)} (b)

+ 1 n! ∫_b a (t − b)^2 (∫_t b (t − s)^n f^{(n+1)} (s) ds ) dt. Adding these and dividing by 2 gives (6.10).

Taking into account that μ = E (X) ∈ [a, b], then we also obtain the following [8].

Corollary 66. With the above assumptions,

(6.13) σ^2 (X) = n∑ k=0 (b − μ)^{k+3} + (−1)^k (μ − a)^{k+3} (k + 3) k!

f^{(k)} (μ)

+ 1 n! ∫_b a (t − μ)^2 (∫_t μ (t − s)^n f^{(n+1)} (s) ds ) dt. Proof. The proof follows from (6.5) with x = μ ∈ [a, b]. We state the following lemma which is interesting in itself as well [8].

Lemma 29. Let the conditions of Lemma 28 relating to f hold, then, the following identity is valid (6.14) σ^2 (X) + [E (X) − x]^2 = n∑ k=0 (b − x)^{k+3} + (−1)^k (x − a)^{k+3} k + 3 · f^{(k)} (x) k! + 1 n! ∫_b a K_n (x, s) f^{(n+1)} (s) ds, where

(6.15) K (x, s) =

(−1)^{n+1} ψ_n (s − a, x − s) , a ≤ s ≤ x,

ψ_n (b − s, s − x) , x < s ≤ b, with

(6.16) ψ_n (u, v) = u^{n+1} (n + 3) (n + 2) (n + 1) · [ (n + 2) (n + 1) u^2 +2 (n + 3) (n + 1) uv + (n + 3) (n + 2) v^2 ] .

1. RANDOM VARIABLE WHOSE PDF IS n-TIMES DIFFERENTIABLE 241

Proof. From (6.5), an interchange of the order of integration gives 1 n! ∫_b a (t − x)^2 dt

∫_t x (t − s)^n f^{(n+1)} (s) ds = 1 n! { − ∫_x a ∫_s a (t − x)^2 (t − s)^n f^{(n+1)} (s) dtds + ∫_b x ∫_b s (t − x)^2 (t − s)^n f^{(n+1)} (s) dtds }

= 1 n! ∫_b a K̃_n (x, s) f^{(n+1)} (s) ds, where

K̃_n (x, s) = p_n (x, s) = −

∫_s a (t − x)^2 (t − s)^n dt, a ≤ s ≤ x,

q_n (x, s) =

∫_b s (t − x)^2 (t − s)^n dt, x < s < b.

To prove the lemma it is sufficient to show that K ≡ K̃.

Now,

p̃_n (x, s) = −

∫_s a (t − x)^2 (t − s)^n dt

= (−1)^{n+1}

∫_{s−a} 0 (u + x − s)^2 u^ndu

= (−1)^{n+1}

∫_{s−a} 0 [ u^2 + 2 (x − s) u + (x − s)^2 ] u^ndu = (−1)^{n+1} ψ_n (s − a, x − s) , where ψ (·, ·) is as given by (6.16).

Further, q̃_n (x, s) =

∫_b s (t − x)^2 (t − s)^n dt = ∫_{b−s} 0 [u + (s − x)]^2 u^ndu = ψ_n (b − s, s − x) , where, again, ψ (·, ·) is as given by (6.16). Hence, K ≡ K̃ and the lemma is proved.

242 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

1.3. Some Estimates. We are now able to obtain the following inequalities [8].

Theorem 103. Let X be a random variable whose probability density function f : [a, b] → R_+ is n-time differentiable and f^{(n)} is absolutely continuous on [a, b], then

(6.17) | |σ^2 (X) + [E (X) − x]^2

− n∑ k=0 (b − x)^{k+3} + (−1)^k (x − a)^{k+3} (k + 3) k!

f^{(k)} (x) | | |

≤

‖f^{(n+1)}‖_∞

(n+1)!(n+4) [ (x − a)^{n+4} + (b − x)^{n+4} ] , if f^{(n+1)} ∈ L_∞ [a, b] ;

‖f^{(n+1)}‖_p n!(n+3+^1_q ) [ (x−a)^{n+3+ 1q} +(b−x)^{n+3+ 1q} ]

(nq+1)^{1q}

, if f^{(n+1)} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^{(n+1)}‖_1

n!(n+3) [ (x − a)^{n+3} + (b − x)^{n+3} ] , if f^{(n+1)} ∈ L_1 [a, b] ,

for all x ∈ [a, b], where ‖·‖_p (1 ≤ p ≤ ∞) are the usual Lebesgue norms on [a, b].

Proof. By Lemma 28,

σ^2 (X) + [E (X) − x]^2

(6.18) − n∑ k=0 (b − x)^{k+3} + (−1)^k (x − a)^{k+3} k! (k + 3) f^{(k)} (x)

= 1 n! ∫_b a (t − x)^2 (∫_t x (t − s)^n f^{(n+1)} (s) ds ) dt := M (a, b; x) .

Clearly,

|M (a, b; x)| ≤ 1 n! ∫_b a (t − x)^2 | | ∫_t x (t − s)^n f^{(n+1)} (s) ds | | dt

≤ 1 n! ∫_b a (t − x)^2 [ sup_{s∈[x,t]} | f^{(n+1)} (s) | | | ∫_t x |t − s|^n ds | | ] dt

1. RANDOM VARIABLE WHOSE PDF IS n-TIMES DIFFERENTIABLE 243 ≤ ‖ f^{(n+1)} ‖ ∞ n! ∫_b a (t − x)^2 |t − x|^{n+1} n + 1 dt = ‖ f^{(n+1)} ‖ ∞ (n + 1)!

∫_b a |t − x|^{n+3} dt = ‖ f^{(n+1)} ‖ ∞ (n + 1)! [∫_x a (x − t)^{n+3} dt +

∫_b x (t − x)^{n+3} dt ]

= ‖ f^{(n+1)} ‖ ∞ [ (x − a)^{n+4} + (b − x)^{n+4} ] (n + 1)! (n + 4) , and the first inequality in (6.17) is obtained.

For the second, we use Hölder’s integral inequality to obtain

|M (a, b; x)| ≤ 1 n! ∫_b a (t − x)^2 | | ∫_t x |t − s|^{nq} ds | | 1 q | | ∫_t x | f^{(n+1)} (s) |_p ds | | 1 p dt

≤ 1 n! (∫_b a | f^{(n+1)} (s) |_p ds )^1_p ∫_b a (t − x)^2 |t − x|^{nq+1q} dt = 1 n! ‖ f^{(n+1)} ‖ p (nq + 1)^{1q}

∫_b a |t − x|^{n+2+ 1q} dt

= 1 n! ‖ f^{(n+1)} ‖ p (nq + 1)^{1q} [ (b − x)^{n+3+ 1q} + (x − a)^{n+3+ 1q} n + 3 +^1_q ] . Finally, note that

|M (a, b; x)| ≤ 1 n! ∫_b a (t − x)^2 |t − x|^n | | ∫_t x | f^{(n+1)} (s) | ds | | dt

≤ ‖ f^{(n+1)} ‖ 1 n! ∫_b a |t − x|^{n+2} dt = ‖ f^{(n+1)} ‖ 1 n! [ (x − a)^{n+3} + (b − x)^{n+3} n + 3 ] , and the third part of (6.17) is obtained.

It is obvious, that the best inequality in (6.17) is when x =^{a+b}_2 , giving Corollary 67 (see also [8]).

244 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

Corollary 67. With the above assumptions on X and f,

(6.19) | |σ^2 (X) + [ E (X) − a + b 2 ]_2

− n∑ k=0

[ 1 + (−1)^k ] (b − a)^{k+3}

2^{k+3} (k + 3) k!

f^{(k)} ( a + b 2 ) | | |

≤

‖f^{(n+1)}‖_∞

2^{n+3}(n+1)!(n+4) (b − a)

n+4 , if f^{(n+1)} ∈ L_∞ [a, b] ;

‖f^{(n+1)}‖_p

2^{n+2+ 1q} n!(n+3+^1_q )

·^{(b−a)n+3+} 1 q (nq+1)^{1q}

, if f^{(n+1)} ∈ L_p [a, b] , 1 p +^1_q = 1, p > 1;

‖f^{(n+1)}‖_1

2^{n+2}n!(n+3) (b − a)

n+3 , if f^{(n+1)} ∈ L_1 [a, b] .

The following corollary is interesting as it provides the opportunity to approximate the variance when the values of f^{(k)} (μ) are known, k = 0, ..., n (cf. [8]).

Corollary 68. With the above assumptions and μ =^{a+b}_2 , we have

(6.20) | | | σ^2 (X) − n∑ k=0 (b − μ)^{k+3} + (−1)^k (μ − a)^{k+3} (k + 3) k!

f^{(k)} (μ) | | |

≤

‖f^{(n+1)}‖_∞

(n+1)!(n+4) [ (μ − a)^{n+4} + (b − μ)^{n+4} ] , if f^{(n+1)} ∈ L_∞ [a, b] ;

‖f^{(n+1)}‖_p n!(n+3+^1_q ) · [ (μ−a)^{n+3+ 1q} +(b−μ)^{n+3+ 1q} ]

(nq+1)^{1q} , if f^{(n+1)} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^{(n+1)}‖_1

n!(n+3) [ (μ − a)^{n+3} + (b − μ)^{n+3} ] , if f^{(n+1)} ∈ L_1 [a, b] .

The following result also holds [8].

Theorem 104. Let X be a random variable whose probability density function f : [a, b] → R_+ is n-time differentiable and f^{(n)} is absolutely continuous on [a, b], then

(6.21) | |σ^2 (X) + 1 2 [ (E (X) − a)^2 + (E (X) − b)^2 ]

− n∑ k=0 (b − a)^{k+3} (k + 3) k! [ f^{(k)} (a) + (−1)^k f^{(k)} (b) 2 ]| | |

1. RANDOM VARIABLE WHOSE PDF IS n-TIMES DIFFERENTIABLE 245

≤

1 (n+4)(n+1)! ‖ f^{(n+1)} ‖ ∞ (b − a)^{n+4} , if f^{(n+1)} ∈ L_∞ [a, b] ; 1 n!(qn+1)^{1q} [(n+2)q+2]^{1q} ‖ f^{(n+1)} ‖ p (b−a)^{n+3+ 1q} (nq+1)^{1q} , if f^{(n+1)} ∈ L_p [a, b] , where p > 1,^1_p +^1_q = 1; 1 2n! ‖ f^{(n+1)} ‖ 1 (b − a)^{n+3} .

Proof. Using Corollary 65, | |σ^2 (X) + 1 2 [ (E (X) − a)^2 + (E (X) − b)^2 ]

− n∑ k=0 (b − a)^{k+3} (k + 3) k! [ f^{(k)} (a) + (−1)^k f^{(k)} (b) 2 ]| | | ≤ 1 n! ∫_b a ∫_b a |K (t, s)| |t − s|^n | f^{(n+1)} (s) | dsdt =: N (a, b) .

It is obvious that,

N (a, b) ≤ ‖ f^{(n+1)} ‖ ∞ 1 n! ∫_b a ∫_b a |K (t, s)| |t − s|^n dsdt = ‖ f^{(n+1)} ‖ ∞ 1 n! ∫_b a (∫_t a |K (t, s)| |t − s|^n ds +

∫_b t |K (t, s)| |t − s|^n ds ) dt = 1 n! ‖ f^{(n+1)} ‖ ∞ ∫_b a [ (t − a)^2 2 · (t − a)^{n+1}

n + 1 + (t − b)^2 2 · (b − t)^{n+1} n + 1 ] dt = 1 2 (n + 1)! ‖ f^{(n+1)} ‖ ∞ ∫_b a [ (t − a)^{n+3} + (b − t)^{n+3} ] dt = 1 2 (n + 1)! ‖ f^{(n+1)} ‖ ∞ [ (b − a)^{n+4}

n + 4 + (b − a)^{n+4}

n + 4 ]

= ‖ f^{(n+1)} ‖ ∞ (n + 4) (n + 1)!

(b − a)^{n+4} ,

so the first part of (6.21) is proved.

246 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

Using Hölder’s integral inequality for double integrals,

N (a, b) ≤ 1 n! (∫_b a ∫_b a | f^{(n+1)} (s) |_p dsdt

)^1_p

× (∫_b a ∫_b a |K (t, s)|^q |t − s|^{qn} dsdt

)^1_q

= (b − a)^{1p} ‖ f^{(n+1)} ‖ p n! · [∫_b a (∫_t a |K (t, s)|^q |t − s|^{qn} ds

+ ∫_b t |K (t, s)|^q |t − s|^{qn} ds ) dt ]^1_q

= (b − a)^{1p} ‖ f^{(n+1)} ‖ p n! · [∫_b a [ (t − a)^{2q}

2^q

∫_t a |t − s|^{qn} ds

+ (t − b)^{2q}

2^q

∫_b t |t − s|^{qn} ds ] dt ] 1_q

= (b − a)^{1p} ‖ f^{(n+1)} ‖ p n! · [∫_b a [ (t − a)^{2q} (t − a)^{qn+1} 2^q (qn + 1) + (t − b)^{2q} (b − t)^{qn+1} 2^q (qn + 1) ] dt ] 1_q

= (b − a)^{1p} ‖ f^{(n+1)} ‖ p n! · [ 1 2^q (qn + 1)

] 1_q

× [∫_b a (t − a)^{(n+2)q+1} dt +

∫_b a (b − t)^{(n+2)q+1} dt

]^1_q

= (b − a)^{1p} ‖ f^{(n+1)} ‖ p n! · [ 1 2^q (qn + 1)

] 1_q

× [ (b − a)^{(n+2)q+2} (n + 2) q + 2 + (b − a)^{(n+2)q+2} (n + 2) q + 2

] 1_q

= 2 ‖ ‖f (n+1) ‖ ‖_p (b − a)^{n+2+ 1}p^{+ 2}q

n!2 (qn + 1)^{1q} ((n + 2) q + 2)^{1q} = ‖ f^{(n+1)} ‖ p [ (b − a)^{n+3+ 1q} ] n! (qn + 1)^{1q} [(n + 2) q + 2]^{1q} ,

1. RANDOM VARIABLE WHOSE PDF IS n-TIMES DIFFERENTIABLE 247

and the second part of (6.21) is proved.

Finally, we observe that

N (a, b) ≤ 1 n! sup (t,s)∈[a,b]^2

|K (t, s)| |t − s|^n

∫_b a ∫_b a | f^{(n+1)} (s) | dsdt

= 1 n! (b − a)^2 2 · (b − a)^n (b − a)

∫_b a | f^{(n+1)} (s) | ds = 1 2n! (b − a)^{n+3} ‖ f^{(n+1)} ‖ 1 , which is the final result of (6.21).

The following particular cases can be useful in practical applications (see also [8]).

(1) For n = 0, (6.17) becomes

(6.22) | |σ^2 (X) + [E (X) − x]^2

− (b − a) [( x − a + b 2 )_2 + (b − a)^2 12 ] f (x) | | |

≤

‖f^′‖_∞ 4 [ (x − a)^4 + (b − x)^4 ] , if f^′ ∈ L_∞ [a, b] ;

q‖f^′‖_p 3q+1 [ (x − a)^{3+ 1q} + (b − x)^{3+ 1q} ] , if f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1

[_{(b−a)2}

12 + ( x −^{a+b}_2

)_2] , if f^′ ∈ L_1 [a, b] ,

for all x ∈ [a, b]. In particular, for x =^{a+b}_2 ,

(6.23) | | | σ^2 (X) + [ E (X) − a + b 2 ]_2 − (b − a)^3 12 f ( a + b 2 )| | |

≤

‖f^′‖_∞

32 (b − a)^4 , if f^′ ∈ L_∞ [a, b] ;

q‖f^′‖_p(b−a)^{3+ 1q}

2^{2+ 1q} (3q+1)

, if f^′ ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

‖f^′‖_1

12 (b − a)^3 ,

248 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

which is, in a sense, the best inequality that can be obtained from (6.22). If in (6.22) x = μ = E (X), then,

(6.24) | | | σ^2 (X) − (b − a) [( E (X) − a + b 2 )_2 + (b − a)^2 12 ] f (E (X)) | | |

≤

‖f^′‖_∞ 4 [ (E (X) − a)^4 + (b − E (X))^4 ] , if f^′ ∈ L_∞ [a, b] ;

‖f^′‖_p

(3+^1_q ) [ (E (X) − a)^4 + (b − E (X))^4 ] , if f^′ ∈ L_p [a, b] , p > 1,

‖f^′‖_1

[_{(b−a)2} 12 + ( E (X) −^{a+b}_2

)_2]

, if f^′ ∈ L_1 [a, b] .

In addition, from (6.21),

(6.25) | |σ^2 (X) + 1 2 [ (E (X) − a)^2 + (E (X) − b)^2 ]

− (b − a)^3 3 [ f (a) + f (b) 2 ]| | |

≤ 1 4 ‖f^′‖_∞ (b − a)^4 , if f^′ ∈ L_∞ [a, b] ; 1 n!2^{1q} (q+1)^{1q}

‖f^′‖_p (b − a)^{3+ 1q} , if f^′ ∈ L_p [a, b] , p > 1, 1 2 ‖f^′‖_1 (b − a)^3 , which provides an approximation for the variance in terms of the expectation and the values of f at the end points a and b.

We may now state and prove the following result as well (cf. [8]).

Theorem 105. Let X be a random variable whose PDF f : [a, b] → R_+ is n−time differentiable and f^{(n)} is absolutely continuous on [a, b], then,

(6.26) | |σ^2 (X) + (E (X) − x)^2

− n∑ k=0 (b − x)^{k+3} + (−1)^k (x − a)^{k+3} k + 3 · f^{(k)} (x) k! | | |

≤ [ (x − a)^{n+4} + (b − x)^{n+4}

] ‖_f (n+1)‖_∞

(n+1)!(n+4) ,

C^{1q} [ (x − a)^{(n+3)q+1} + (b − x)^{(n+3)q+1}

] 1_q ‖_f (n+1)‖_p n! , [_{b−a} 2 + | x −^{a+b}_2 |]_{n+3} · ‖f^{(n+1)}‖_1

n!(n+3) ,

1. RANDOM VARIABLE WHOSE PDF IS n-TIMES DIFFERENTIABLE 249

where

(6.27) C =

∫_1 0 [ u^{n+3} n + 3

+ 2 (1 − u) u^{n+2} n + 2

+ (1 − u)^2 u^{n+1} n + 1

]_q du. Proof. From (6.14),

(6.28) | |σ^2 (X) + (E (X) − x)^2

− n∑ k=0 (b − x)^{k+3} + (−1)^k (x − a)^{k+3} k + 3 · f^{(k)} (x) k! | | | = | | 1 n! ∫_b a K_n (x, s) f^{(n+1)} (s) ds | | . Now, on using the fact that from (6.15), (6.16), ψ_n (u, v) ≥ 0 for u, v ≥ 0, (6.29) | | | 1 n! ∫_b a K_n (x, s) f^{(n+1)} (s) ds | | | ≤ ‖ f^{(n+1)} ‖ ∞ n! {∫_x a ψ_n (s − a, x − s) ds + ∫_b x ψ_n (b − s, s − x) ds } . Further,

(6.30) ψ_n (u, v) = u^{n+3} n + 3

+ 2v u^{n+2} n + 2

+ v^2 u^{n+1} n + 1 , and so ∫_x a ψ_n (s − a, x − s) ds

(6.31) = ∫_x a [ (s − a)^{n+3} n + 3

+ 2 (x − s)

(s − a)^{n+2} n + 2

+ (x − s)^2

(s − a)^{n+1}

n + 1 ] ds = (x − a)^{n+4}

∫_1 0 [ λ^{n+3} n + 3

+ 2 (1 − λ) λ^{n+2} n + 2

+ (1 − λ)^2 λ^{n+1} n + 1 ] dλ, where we have made the substitution λ =^{s−a}_{x−a} .

250 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

Collecting powers of λ gives

λ^{n+3} [ 1 n + 3 − 2 n + 2 + 1 n + 1 ] − 2λ^{n+2} (n + 2) (n + 1) + λ^{n+1} n + 1 , and so, from (6.31),

∫_x a ψ_n (s − a, x − s) ds

(6.32)

= (x − a)^{n+4} { 1 n + 4 [ 1 n + 3 − 2 n + 2 + 1 n + 1 ]

− 2 (n + 3) (n + 2) (n + 1) + 1 (n + 2) (n + 1) }

= (x − a)^{n+4} (n + 4) (n + 1) . Similarly, on using (6.30),

∫_b x ψ_n (b − s, s − x) ds = ∫_b x [ (b − s)^{n+3} n + 3

+ 2 (s − x)

(b − s)^{n+2}

n + 2

+ (s − x)^2

(b − s)^{n+1} n + 1 ] ds, and making the substitution ν =^{b−s}_{b−x} gives ∫_b x ψ_n (b − s, s − x) ds

(6.33)

= (b − x)^{n+4}

∫_1 0 [ ν^{n+3} n + 3

+ 2 (1 − ν) ν^{n+2} n + 2

+ (1 − ν)^2 ν^{n+1} n + 1 ] dν = (b − x)^{n+4} (n + 4) (n + 1) , where we have used (6.31) and (6.32). Combining (6.32) and (6.33) gives the first inequality in (6.26).

1. RANDOM VARIABLE WHOSE PDF IS n-TIMES DIFFERENTIABLE 251

For the second inequality in (6.26), we use Hölder’s integral inequality to obtain

(6.34) | | 1 n! ∫_b a K_n (x, s) f^{(n+1)} (s) ds | |

≤ ‖ f^{(n+1)} (s) ‖ p n! (∫_b a |K_n (x, s)|^q ds

)^1_q . Now, from (6.15) and (6.30) ∫_b a |K_n (x, s)|^q ds =

∫_x a ψ^q (s − a, x − s) ds +

∫_b x ψ^q (b − s, s − x) ds = C [ (x − a)^{(n+3)q+1} + (b − x)^{(n+3)q+1} ] , where C is as defined in (6.27) and we have used (6.31) and (6.32). Substitution into (6.34) gives the second inequality in (6.26).

Finally, for the third inequality in (6.26), from (6.28), | | 1 n! ∫_b a K_n (x, s) f^{(n+1)} (s) ds | | (6.35) ≤ 1 n! {∫_x a ψ_n (s − a, x − s) | f^{(n+1)} (s) | ds + ∫_b x ψ_n (b − s, s − x) | f^{(n+1)} (s) | ds }

≤ 1 n! { ψ_n (x − a, 0)

∫_x a | f^{(n+1)} (s) | ds + ψ_n (b − x, 0)

∫_b x | f^{(n+1)} (s) | ds } , where, from (6.30),

(6.36) ψ_n (u, 0) = u^{n+3} n + 3 . Hence, from (6.35) and (6.36) | | | 1 n! ∫_b a K_n (x, s) f^{(n+1)} (s) ds | | | ≤ 1 n! max { (x − a)^{n+3}

n + 3 , (b − x)^{n+3} n + 3 } ‖ f^{(n+1)} (·) ‖ 1 = 1 n! (n + 3)

[max {x − a, b − x}]^{n+3} ‖ f^{(n+1)} (·) ‖ 1 ,

252 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

which, on using the fact that for X, Y ∈ R

max {X, Y } =

X + Y 2 + | |X − Y 2 | | gives, from (6.28), the third inequality in (6.26). The theorem is now completely proved.

Remark 81. The results of Theorem 105 may be compared with those of Theorem 103. Theorem 105 is based on the single integral identity developed in Lemma 29, while Theorem 103 is based on the double integral identity representation for the bound. It may be noticed from (6.17) and (6.26) that the bounds are the same for f^{(n+1)} ∈ L_∞ [a, b], that for f^{(n+1)} ∈ L_1 [a, b] the bound obtained in (6.17) is better and for f^{(n+1)} ∈ L_p [a, b], p > 1, the result is inconclusive.

2. Other Inequalities for the Expectation and Variance

2.1. Introduction. Based on the identity (see (5.46))

(6.37) σ^2 (T ) + [x − E (T )]^2 =

∫_b a (x − t)^2 f (t) dt,

Barnett et al. [7] obtained a variety of bounds on the left hand side of (6.37). Bounds involving higher order derivatives were obtained in [7], by substituting a Taylor series expansion for f (t) in (6.37), in terms of the L_p [a, b] norms of the resulting double integral.

Barnett and Dragomir [18] obtained further results for the variance based on the identity

(6.38) σ^2 (T ) + (E (T ) − b) (E (T ) − a) =

∫_b a (t − a) (t − b) f (t) dt.

The aim of the next section is to obtain a variety of bounds for the variance from an identity which regains (6.37) and (6.38) as special cases. Pre-Grüss, Čebyšev and Lupaş results are also obtained. Further, substitution of a Taylor expansion with integral remainder allows bounds to be obtained for the situation in which the PDF is n-time differentiable. Taking a convex combination of expansions about two separate points allows for further generalisations and a number of novel results.

2.2. Integral Identities. The following lemma is interesting in itself (see [33]).

2. OTHER INEQUALITIES FOR THE EXPECTATION AND VARIANCE 253

Lemma 30. Let f : [a, b] → R be a PDF of the random variable T , then, the following integral identity holds, involving the variance and expectation

(6.39) σ^2 (T ) + (E (T ) − α) (E (T ) − β) =

∫_b a (t − α) (t − β) f (t) dt,

where α, β ∈ [a, b] and α < β.

Proof. A simple expansion gives ∫_b a (t − α) (t − β) f (t) dt =

∫_b a [ t^2 − (α + β) t + αβ ] f (t) dt,

which, upon using the definitions of the second and first moment together with the fact that f (·) is a PDF over [a, b] , gives ∫_b a (t − α) (t − β) f (t) dt = σ^2 (T ) + M^2_1 − (α + β) M_1 + αβ

(6.40)

= σ^2 (T ) + (M_1 − α) (M_1 − β) , and hence (6.39) results on noting that M_1 = E [T ] and M_2 = σ^2 (T ) + M^2_1 .

Remark 82. If we take α = β = x, then identity (6.37) is recaptured from (6.39). If further, x = E (T ), then σ^2 results. Taking α = a and β = b in (6.39) gives the identity (6.38).

Another interesting identity follows (see [33]).

Lemma 31. Let T be a random variable whose PDF f : [a, b] → R is n-time differentiable and f^{(n)} is absolutely continuous on [a, b], then, the following identity holds for z ∈ [a, b] (6.41) σ^2 (T ) + (E (T ) − α) (E (T ) − β) = n∑ k=0 [U_{k+3} (b − z) − U_{k+3} (a − z)] f^{(k)} (z) k! + R_{n+1} (z) ,

where

(6.42) U_{r+1} (u) = u^{r−1} r (r^2 − 1) { r (r − 1) u^2 + 2 ( r^2 − 1 ) [ z − α + β 2 ] u + r (r + 1) αβ } , and (6.43) R_{n+1} (z) = 1 n! ∫_b a (t − α) (t − β) ρ_n (t, z) dt,

254 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

with

(6.44) ρ_n (t, z) =

∫_t z (t − s)^n f^{(n+1)} (s) ds.

Proof. Using Taylor’s formula with integral remainder and expanding about t = z gives

(6.45) f (t) = n∑ k=0 (t − z)^k k! f^{(k)} (z) + 1 n! ρ_n (t, z) ,

for all t, z ∈ [a, b] with ρ_n (t, z) being given by (6.44).

Substitution of (6.45) into (6.39) gives

σ^2 (T ) + (E (T ) − α) (E (T ) − β)

(6.46) = ∫_b a (t − α) (t − β)

{_n ∑ k=0 (t − z)^k k! f^{(k)} (z) + 1 n! ρ_n (t, z) } dt

= n∑ k=0 [∫_b a (t − α) (t − β) (t − z)^k dt ] f^{(k)} (z) k! + R_{n+1} (z) ,

where R_{n+1} (z) is as given by (6.43).

Now,

∫_b a (t − α) (t − β) (t − z)^k dt = ∫_{b−z} a−z u^k (u + z − α) (u + z − β) du = ∫_{b−z} a−z u^k [ u^2 − 2 [ z − α + β 2 ] u + αβ ] du = u^{k+3} k + 3 − 2 [ z − α + β 2 ] u^{k+2} k + 2

+ αβ u^{k+1} k + 1

]_{b−z} a−z , and therefore

(6.47)

∫_b a (t − α) (t − β) (t − z)^k dt = U_{k+3} (u)

]b−z a−z , where, after some simplification, U_{r+1} (u) is as given in (6.42). Substitution of (6.47) into (6.46) readily produces the result (6.41).

Remark 83. Taking α = β = z = x reproduces an identity obtained by Barnett et al. [7]. Placing α = a and β = b with z = x gives an n-time differentiable generalisation of identity (6.38) and is thus a generalisation of the result of Barnett and Dragomir [18].

2. OTHER INEQUALITIES FOR THE EXPECTATION AND VARIANCE 255

We may also state the identity (see [33]) incorporated in the following.

Lemma 32. Let T be a random variable with PDF f : [a, b] → R being n-time differentiable and f^{(n)} absolutely continuous on [a, b], then, the following identity holds (6.48) σ^2 (T ) + (E (T ) − α) (E (T ) − β) = n∑ k=0 { λ [V_{k+3} (b − α) − V_{k+3} (a − α)] f^{(k)} (α)

+ (1 − λ) [W_{k+3} (b − β) − W_{k+3} (a − β)] f^{(k)} (β) }

+ λR_{n+1} (α) + (1 − λ) R_{n+1} (β) , where

(6.49)

V_{k+3} (u) = u^{k+2} (k + 3) (k + 2)

[(k + 2) u − (β − α) (k + 3)] ,

W_{k+3} (u) = u^{k+2} (k + 3) (k + 2)

[(k + 2) u + (β − α) (k + 3)] ,

and R_{n+1} (·) is as given by (6.43).

Proof. From (6.44), on letting z = α, we obtain

(6.50) f (t) = n∑ k=0 (t − α)^k k! f^{(k)} (α) + 1 n! ρ_n (t, α) ,

where ρ_n (t, ·) is as given in (6.44).

Additionally, taking z = β in (6.44) produces

(6.51) f (t) = n∑ k=0 (t − β)^k k! f^{(k)} (β) + 1 n! ρ_n (t, β) .

If we let λ ∈ [0, 1] and evaluate λ·(6.50)+(1 − λ)·(6.51), we obtain

(6.52) f (t) = n∑ k=0 [ λp_k (t − α) f^{(k)} (α) + (1 − λ) p_k (t − β) f^{(k)} (β) ]

+ λ n! ρ_n (t, α) +

1 − λ n! ρ_n (t, β) , where (6.53) p_k (u) = u^k k! ,

256 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

and ρ_n (t, ·) is as given by (6.44).

Substitution of (6.52) into (6.39) gives

σ^2 (T ) + (E (T ) − α) (E (T ) − β) = ∫_b a (t − α) (t − β)

{_n ∑ k=0 [ λp_k (t − α) f^{(k)} (α)

+ (1 − λ) p_k (t − β) f^{(k)} (β) ] + λ n! ρ_n (t, α) +

1 − λ n! ρ_n (t, β) }

= n∑ k=0 (k + 1)

∫_b a [ λ (t − β) p_{k+1} (t − α) f^{(k)} (α)

+ (1 − λ) (t − α) p_{k+1} (t − β) f^{(k)} (β) ] dt + λR_{n+1} (α) + (1 − λ) R_{n+1} (β) ,

with R_{n+1} (·) as given by (6.43).

Now, using (6.53) ∫_b a (t − β) p_{k+1} (t − α) dt = 1 (k + 1)!

∫_b a (t − β) (t − α)^{k+1} dt = 1 (k + 1)!

∫_{b−α} a−α u^{k+1} [u − (β − α)] du,

and so, ∫_b a (t − β) p_{k+1} (t − α) dt = V_{k+3} (u)

]b−α a−α , where V_{k+3} (u) is as given by (6.49).

Similarly, interchanging α and β, ∫_b a (t − α) p_{k+1} (t − β) dt = 1 (k + 1)!

∫_{b−β} a−β u^{k+1} [u + (β − α)] du,

giving ∫_b a (t − α) p_{k+1} (t − β) dt = W_{k+3} (u)

]b−β a−β , where W_{k+3} (u) is as given by (6.49).

The lemma is thus completely proved.

Remark 84. It may be noted that, identity (6.48) is a generalization of (6.42) if α = β = z.

2. OTHER INEQUALITIES FOR THE EXPECTATION AND VARIANCE 257

2.3. Bounds Involving Lebesgue Norms of a Function . A number of bounds can be derived using the identities developed in Section 2.2 in terms of various norms. Here, ‖·‖_p, 1 ≤ p ≤ ∞ are the usual Lebesgue norms on [a, b] (see Theorem 84 and formula (5.49)).

The following result holds [33].

Theorem 106. Let f : [a, b] → R_+ be the PDF of the random variable T . Then, (6.54) | σ^2 (T ) + (E (T ) − α) (E (T ) − β) |

≤

{_1 3 [ (α − a)^3 + (b − β)^3 ] +^{β−α}_6 [ 3 (α − a)^2 + (b − β)^2 ]} ‖f‖_∞ , for f ∈ L_∞ [a, b] ; [ ψ_q (α − a) + B_q (β − α) + ψ_q (b − β)

] 1_q

‖f‖_p , if f ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

θ (a, α, β, b) ‖f‖_1 , f ∈ L_1 [a, b] , where α, β ∈ [a, b] and α ≤ β,

ψ_q (X) =

∫_X 0 u^q (u + β − α)^q du,

(6.55)

B_q (X) =

∫_X 0 u^q (β − α − u)^q du, and (6.56) θ (a, α, β, b)

= max { (α − a) (β − a) , ( β − α 2 )_2 , (b − α) (b − β) } . Proof. From identity (6.39), let

(6.57) R_0 (a, α, β, b) =

∫_b a (t − α) (t − β) f (t) dt,

and thus taking the modulus gives

(6.58) |R_0 (a, α, β, b)| ≤ ‖f‖_∞

∫_b a |(t − α) (t − β)| dt.

258 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

Now,

∫_b a |(t − α) (t − β)| dt

(6.59) = ∫_α a (α − t) (β − t) dt +

∫_β α (t − α) (β − t) dt + ∫_b β (t − α) (t − β) dt = ∫_{α−a} 0 u (u + β − α) du +

∫_{β−α} 0 u (β − α − u) du + ∫_{b−β} 0 u (u + β − α) du = 1 3 [ (α − a)^3 + (b − β)^3 ]

+ β − α 2 [ (α − a)^2 + (b − β)^2 ] + (β − α)^3 6 . A simple rearrangement of (6.59) and using (6.58) and (6.39) readily produces the first inequality in (6.54).

From (6.55), by Hölder’s integral inequality, we obtain |R_0 (a, α, β, b)| ≤ ‖f‖_p (∫_b a |(t − α) (t − β)|^q dt

)^1_q (6.60) := ‖f‖_p E^{1q}q (a, α, β, b) .

Then, E_q (a, α, β, b) =

∫_α a (α − t)^q (β − t)^q dt +

∫_β α (t − α)^q (β − t)^q dt + ∫_b β (t − α)^q (t − β)^q dt = ∫_{α−a} 0 [u (u + β − α)]^q du +

∫_{β−α} 0 [u (β − α − u)]^q du + ∫_{b−β} 0 [u (u + β − α)]^q du.

Hence, from (6.60), the second inequality in (6.54) results, where ψ_q (·) and B_q (·) are as defined in (6.55).

2. OTHER INEQUALITIES FOR THE EXPECTATION AND VARIANCE 259

For the last inequality in (6.54), observe from identity (6.39) and the inequality

|R_0 (a, α, β, b)| ≤ sup_{t∈[a,b]} |(t − α) (t − β)| ‖f‖_1 ,

that we have,

sup_{t∈[a,b]} |(t − α) (t − β)|

= max { sup t∈[a,α)

(α − t) (β − t) , sup_{t∈(α,β)} (t − α) (β − t) ,

sup_{t∈(β,b]} (t − α) (t − β) }

= max { (α − a) (β − a) , ( β − α 2 )_2 , (b − α) (b − β) }

= θ (a, α, β, b) ,

as given by (6.57) and hence the theorem is completely proved.

Remark 85. If α = β = x is taken in (6.54), then the results of Barnett et al. [7] based around the identity (6.37) are recaptured. In addition, if x = E (T ), then the bounds are on the variance alone. Taking α = a and β = b, the results of Barnett and Dragomir [18] are obtained. Some simplifications occur that have not as yet been developed, such as the result obtained from taking α = a and β = x.

Remark 86. The Euclidean norm is of special interest so that if p = 2 and f ∈ L_2 [a, b], then from (6.54), | σ^2 (T ) + (E (T ) − α) (E (T ) − β) | ≤ ‖f‖_2 [ψ_2 (α − a) + B_2 (β − α) + ψ_2 (b − β)]^{12} ,

where, from (6.55),

ψ_2 (X) =

X^3 30 [ 6X^2 + 15 (β − α) X + 10 (β − α)^2 ] , and B_2 (X) =

X^3 30 [ 6X^2 − 15 (β − α) X + 10 (β − α)^2 ] . In addition, if we take α = β = x, we obtain | σ^2 (T ) + (E (T ) − x)^2 | ≤ 1 √ 5 [ (x − a)^5 + (b − x)^5

] 1_2 ‖f‖_2 ,

260 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

and, for x = E (T ) ,

σ^2 (T ) ≤ 1 √ 5 [ (E (T ) − a)^5 + (b − E (T ))^5

] 1_2 ‖f‖_2 .

Taking α = a, β = b gives | σ^2 (T ) + (E (T ) − a) (b − E (T )) | ≤ (b − a)^{52} √ 30 ‖f‖_2 .

A pre-Grüss inequality is embodied in the following theorem. It provides a sharper bound than the Grüss inequality (see [109] for a statement of the Grüss inequality).

The following theorem was proven in [108] and is repeated here for convenience.

Theorem 107. Let h, g be integrable functions defined on [a, b] and let m ≤ g (t) ≤ M. Then,

(6.61) |T (h, g)| ≤

M − m 2 [T (h, h)]^{12} ,

where the Čebyšev functional, (6.62) T (h, g) = M (hg) − M (h) M (g) , with

(6.63) M (f) = 1 b − a

∫_b a f (x) dx.

We may now state and prove the following result [33]. Theorem 108. Let f : [a, b] → R_+ be a PDF of the random variable T and such that, for m ≤ f ≤ M, then

|T_p| := | |σ^2 (T ) + (E (T ) − α) (E (T ) − β) (6.64) − [ (b − a)^2 3 − ( α + β 2 − a ) (b − a) + (α − a) (β − a) ]| | | ≤ M − m 2 I (a, α, β, b) ,

where

(6.65) I (a, α, β, b) = (b − a)^2 √ 3 [ 4 15 (b − a)^2 − ( α + β 2 − a ) ( b − α + β 2 )] 1_2 .

2. OTHER INEQUALITIES FOR THE EXPECTATION AND VARIANCE 261

Proof. Applying the pre-Grüss result (6.61) by associating f (t) with g (t) and taking

(6.66) h (t) = (t − α) (t − β)

gives, on noting that M (f) =^1_{b−a} since f is a PDF,

(6.67) | | ∫_b a (t − α) (t − β) f (t) dt − M (h) | | ≤ (b − a)

M − m 2 [T (h, h)]^{12} ,

where, from (6.62),

(6.68) T (h, h) = M ( h^2 ) − [M (h)]^2 .

Now, from (6.66) and (6.68)

M (h) = 1 b − a

∫_b a (t − α) (t − β) dt

(6.69) = 1 D ∫_D 0 (u − A) (u − B) du,

where

u = t − a, D = b − a, A = α − a, B = β − a,

giving,

(6.70) M (h) =

D^2 3 − A + B 2 D + AB.

Further, following a similar argument to the above, M ( h^2 ) = 1 D ∫_D 0 (u − A)^2 (u − B)^2 du

(6.71) = 1 D ∫_D 0 [ u^2 − (A + B) u + AB

]_2 du = 1 D ∫_D 0 { u^4 + (A + B)^2 u^2 + (AB)^2 + 2 [ ABu^2 − AB (A + B) u − (A + B) u^3 ] } du

262 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS = 1 D ∫_D 0 { u^4 − 2 (A + B) u^3 + [ (A + B)^2 + 2AB ] u^2

− AB (A + B) u + (AB)^2 } du = D^4 5 − (A + B) 2 D^3 + [ (A + B)^2 + 2AB

] D^2 3 − AB

(A + B) 2 D + (AB)^2 .

Thus, from (6.67), (6.69) and (6.70), we have, after some algebra

T (h, h) =

D^2 3 [ 4 15 D^2 −

A + B 2 D + ( A + B 2 )_2] . Using the definitions (6.68), the inequality (6.66) and the identity (6.39), gives the result (6.64) and, after some algebra, the theorem is thus proved.

Remark 87. Taking α = a, β = b in (6.64)-(6.65) recaptures the results obtained by Barnett and Dragomir [18] while allowing α = β = x reproduces the results in Barnett et al. [7]. Note, from (6.65), that I (a, α, β, b) ≤^{2(b−a)3}_3^√_5 . In addition, note that if^{α+β}_2 =^{a+b}_2 in (6.65), then I (a, α, β, b) =

(b − a)^3 6 √ 3 , which is 4 times better.

The following theorem holds [33].

Theorem 109. Let f : [a, b] → R and suppose that f (·) is differentiable and is such that ‖f^′‖_∞ := sup_{t∈[a,b]} |f^′ (t)| < ∞,

then,

(6.72) |T_p| ≤ b − a √ 12 ‖f^′‖_∞ I (a, α, β, b) ,

where T_p is the perturbed result given by the left hand side of (6.64) and I (a, α, β, b) is as given by (6.65).

Proof. Let h, g : [a, b] → R be absolutely continuous and h^′, g^′ be bounded. Then, Čebyšev’s inequality holds (see [109])

|T (h, g)| ≤

(b − a)^2 √ 12 sup_{t∈[a,b]} |h^′ (t)| · sup_{t∈[a,b]} |g^′ (t)| .

2. OTHER INEQUALITIES FOR THE EXPECTATION AND VARIANCE 263

Matić et al. [108], using a pre-Grüss type argument proved that

|T (h, g)| ≤ b − a √ 12 sup_{t∈[a,b]} |g^′ (t)| √ T (h, h).

Thus, associating f (·) with g (·) and h (·) with (6.66) produces (6.72) where I (a, α, β, b) is as given by (6.65).

Another result is embodied in the following (see also [33]).

Theorem 110. Let f : [a, b] → R and suppose [α, β] ⊆ [a, b]. Further, suppose that f is locally absolutely continuous on (a, b) and let f^′ ∈ L_2 (a, b), then,

(6.73) |T_p| ≤ b − a π ‖f^′‖_2 I (a, α, β, b) ,

where T_p is the perturbed result given by the left hand side of (6.64) and I (a, α, β, b) is as given by (6.65).

Proof. The following result was obtained by Lupaş (see [109]). For h, g : (a, b) → R locally absolutely continuous on (a, b) and h^′, g^′ ∈ L_2 (a, b), then,

|T (h, g)| ≤

(b − a)^2 π^2

‖h^′‖_2 ‖g^′‖_2 ,

where

‖k‖_2 := ( 1 b − a

∫_b a |k (t)|^2 dt

)^1_2 for k ∈ L_2 (a, b) .

Moreover, Matić et al. [108] showed that

|T (h, g)| ≤ b − a π ‖g^′‖_2 √ T (h, h).

Now, associating f (·) with g (·) and h (·) as given by (6.66) produces (6.73) where I (a, α, β, b) is as found in (6.65).

2.4. Bounds Involving Lebesgue Norms of the n−th Derivative of a Function. In this section, bounds are obtained for f^{(n)} ∈ L_p [a, b], p ≥ 1 and n a non-negative integer.

The following result holds [33].

Theorem 111. Let T be a random variable whose PDF f : [a, b] → R is n-time differentiable and f^{(n)} is absolutely continuous on [a, b].

264 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

The following inequalities hold for z ∈ [a, b], T_n := | |σ^2 (T ) + (E (T ) − α) (E (T ) − β) (6.74) − n∑ k=0 [U_{k+3} (b − z) − U_{k+3} (a − z)] f^{(k)} (z) k! | | ≤ |R_{n+1} (z)|

≤

[ ϕ_{n+1} (a, α, z) − ϕ_{n+1} (α, β, z) + ϕ_{n+1} (β, b, z) ] × ‖f^{(n+1)}‖_∞

(n+1)! , f

(n+1) ∈ L

∞ [a, b] ; [ ϕ_{n+} 1_q (a, α, z) − ϕ_{n+} 1_q (α, β, z) + ϕ_{n+} 1_q (β, b, z) ]

× ‖f^{(n+1)}‖_p

n!(nq+1)^{1q}

, f^{(n+1)} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1; [ϕ_n (a, α, z) − ϕ_n (α, β, z) + ϕ_n (β, b, z)]

‖f^{(n+1)}‖_{1n!} , f^{(n+1)} ∈ L_1 [a, b] , where U_{k+3} (·) are as defined by (6.42), (6.75) ϕ_{n+γ} (x_1, x_2, z) = ∫_{x2−z}

x_1−z

|u|^{n+γ} (u + z − α) (u + z − β) du, x_1 ≤ x_2.

Proof. From identity (6.41), on taking the modulus, we have (6.76) T_n = |R_{n+1} (z)| , where R_{n+1} (z) is as given by (6.43) and (6.44). Now,

|R_{n+1} (z)| ≤ 1 n! ∫_b a |(t − α) (t − β) ρ_n (t, z)| dt

(6.77) ≤ 1 n! {∫_α a (α − t) (β − t) |ρ_n (t, z)| dt + ∫_β α (t − α) (β − t) |ρ_n (t, z)| dt + ∫_b β (t − α) (t − β) |ρ_n (t, z)| dt } .

2. OTHER INEQUALITIES FOR THE EXPECTATION AND VARIANCE 265

Further, using properties relating to the modulus and integral, and Hölder’s integral inequality, gives

|ρ_n (t, z)| ≤ sup_{s∈[z,t]} | f^{(n+1)} (s) | | | ∫_t z |t − s|^n ds | | , | | ∫_t z | f^{(n+1)} (s) |_p ds | | 1 p | | ∫_t z |t − s|^{nq} ds | | 1 q , |t − z|^n | | ∫_t z | f^{(n+1)} (s) | ds | | , and hence

(6.78) |ρ_n (t, z)| ≤ sup_{s∈[z,t]} | f^{(n+1)} (s)

|_{|t−z|}n+1 n+1 | | ∫_t z | f^{(n+1)} (s) |_p ds | | 1 p (_{|t−z|nq+1}

nq+1

) 1_q , | | ∫_t z | f^{(n+1)} (s) | ds | | |t − z|^n .

For f^{(n+1)} ∈ L_∞ [a, b] using (6.78) and (6.77) gives

|R_{n+1} (z)| ≤ ‖ f^{(n+1)} ‖ ∞ (n + 1)! [ ϕ_{n+3} (a, α, z) − ϕ_{n+3} (α, β, z) + ϕ_{n+3} (β, b, z) ] , where

ϕ_{n+1} (x_1, x_2, z) =

∫_{x2}

x_1

(t − α) (t − β) |t − z|^{n+1} dt,

which, on substitution of u = t − z, produces (6.75) with γ = 1 and so the first inequality in (6.74) is obtained.

For the second inequality in (6.74), substitution of the second inequality from (6.78) into (6.77) gives, after substitution of u = t − z,

|R_{n+1} (z)| ≤ ‖ f^{(n+1)} ‖ p n! (nq + 1)^{1q} × [ ϕ_{n+} 1_q (a, α, z) − ϕ_{n+} 1_q (α, β, z) + ϕ_{n+} 1_q (β, b, z) ] , where ϕ is as defined in (6.75).

Finally, the third inequality in (6.74) is obtained by placing the third inequality in (6.78) into (6.77). In the above, we have used the fact that the respective norm over any subinterval, as represented in (6.78), is less than or equal to the equivalent norm over [a, b].

Remark 88. Result (6.74) is very general, containing three parameters α, β and z to be specified besides the degree of differentiability of the PDF f.

266 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

Perturbed results on T_n as defined by (6.74) will now be obtained [33].

Theorem 112. Let f : [a, b] → R_+, a PDF of the random variable T , be such that d_{n+1} ≤ f^{(n+1)} (t) ≤ D_{n+1} for t ∈ [a, b], then,

(6.79) | |σ^2 (T ) + (E (T ) − α) (E (T ) − β)

− n∑ k=0 [U_{k+3} (b − z) − U_{k+3} (a − z)] f^{(k)} (z) k! + (−1)^n M (h)

× [ 1 − n∑ k=0 (b − z)^{k+1} + (−1)^k (x − a)^{k+1} (k + 1)! ] f^{(k)} (z) | |

≤ θ_n (z) 2 · I (a, α, β, b) ,

(6.80) where

M (h) =^{(b−a)2}_3 −

(_{α+β}

2 − a ) (b − a) + (α − a) (β − a) ,

U_{k+3} (·) are as defined in (6.42),

I (a, α, β, b) is as given by (6.65), and θ_n (z) = D_{n+1} (n+1)! [ (z − a)^{n+1} + (b − z)^{n+1} ] , n even, 1 (n+1)! max { (z − a)^{n+1} d_{n+1}, (b − z)^{n+1} D_{n+1} } , n odd .

Proof. Applying the pre-Grüss result (6.61) and associating^1_{n!} ρ_n (t, z) as given by (6.44) with g (t) and taking h (t) as defined in (6.66), gives

(6.81) | | ∫_b a (t − α) (t − β) ρ_n (t, z) n! dt − M (h) · 1 n! M (ρ_n (·, z)) | | ≤ Γ (z) − γ (z) 2 (b − a) [T (h, h)]^{12} ,

where T (h, h) is as defined in (6.68) and

(6.82) γ (z) ≤ ρ_n (t, z) n! ≤ Γ (z) , for t ∈ [a, b] .

2. OTHER INEQUALITIES FOR THE EXPECTATION AND VARIANCE 267

Further, M (h) is as given by (6.70) with A = α − a, B = β − a and D = b − a.

Now,

(b − a) n! M (ρ_n (·, z))

(6.83) = 1 n! ∫_b a ∫_t z (t − s)^n f^{(n+1)} (s) dsdt = 1 n! [∫_z a ∫_t z (t − s)^n f^{(n+1)} (s) dsdt + ∫_b z ∫_t z (t − s)^n f^{(n+1)} (s) dsdt ]

= 1 n! [ − ∫_z a ∫_s a (t − s)^n f^{(n+1)} (s) dtds + ∫_b z ∫_b s (t − s)^n f^{(n+1)} (s) dtds ]

= 1 n! [ (−1)^{n+1}

∫_z a (s − a)^{n+1} n + 1 f^{(n+1)} (s) ds

+ ∫_b z (b − s)^{n+1}

n + 1 f^{(n+1)} (s) ds ]

= (−1)^{n+1} [∫_b a f (t) dt − n∑ k=0 (b − z)^{k+1} + (−1)^k (x − a)^{k+1} (k + 1)! ] f^{(k)} (z) ,

where, to obtain the last result, we have used an identity obtained in Cerone et al. [41] (Lemma 2.1, equation (2.1)) involving an Ostrowski result for n-time differentiable functions.

We need to obtain the bounds on ρ_n (t, z) for all t ∈ [a, b]. We are given that

(6.84) d_{n+1} ≤ f^{(n+1)} (t) ≤ D_{n+1}.

For the case t ≥ z, from (6.84) we have

d_{n+1}

∫_t z (t − s)^n n! ds ≤ ρ_n (t, z) n! ≤ D_{n+1}

∫_t z (t − s)^n n! ds,

268 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

that is,

(t − z)^{n+1} (n + 1)!

d_{n+1} ≤ ρ_n (t, z) n! ≤ D_{n+1}

(t − z)^{n+1} (n + 1)!

, t ∈ [z, b]

and so for t ≥ z,

(6.85) 0 ≤ ρ_n (t, z) n! ≤ D_{n+1}

(b − z)^{n+1} (n + 1)! . For the situation t < z, two separate cases need to be considered, namely, whether n is even or odd.

From (6.84) we have

(6.86) d_{n+1}

∫_z t (t − s)^n n! ds ≤ − ρ_n (t, z) n! ≤ D_{n+1}

∫_z t (t − s)^n n! ds, and so, for n even

(z − t)^{n+1} (n + 1)!

d_{n+1} ≤ − ρ_n (t, z) n! ≤ (z − t)^{n+1} (n + 1)!

D_{n+1}, − (z − t)^{n+1} (n + 1)!

D_{n+1} ≤ ρ_n (t, z) n! ≤ − (z − t)^{n+1} (n + 1)!

d_{n+1}, t ∈ [a, z] ,

giving for any t ≤ z and n even

(6.87) −

(z − a)^{n+1} (n + 1)!

D_{n+1} ≤ ρ_n (t, z) n! ≤ 0.

If n is odd, then from (6.86) − (z − t)^{n+1} (n + 1)!

d_{n+1} ≤ − ρ_n (t, z) n! ≤ − (z − t)^{n+1} (n + 1)!

D_{n+1},

giving

(z − t)^{n+1} (n + 1)!

D_{n+1} ≤ ρ_n (t, z) n! ≤ (z − t)^{n+1} (n + 1)!

d_{n+1}, t ∈ [a, z] ,

and so for t < z and n odd

(6.88) 0 ≤ ρ_n (t, z) n! ≤ (z − a)^{n+1} (n + 1)!

d_{n+1}.

Thus, for n even, from (6.85) and (6.87), for all t ∈ [a, b]

(6.89) −

(z − a)^{n+1} (n + 1)!

D_{n+1} ≤ ρ_n (t, z) n! ≤ (b − z)^{n+1} (n + 1)!

D_{n+1}.

2. OTHER INEQUALITIES FOR THE EXPECTATION AND VARIANCE 269

For n odd, from (6.85) and (6.88), for all t ∈ [a, b]

0 ≤ ρ_n (t, z) n! (6.90) ≤ 1 (n + 1)! max { (z − a)^{n+1} d_{n+1}, (b − z)^{n+1} D_{n+1} } .

Using (6.89) and (6.90) gives, from (6.81) and (6.82), θ_n (z) = Γ (z) − γ (z) as defined in (6.80). Substitution of identity (6.41) into (6.81) and using the fact that I (a, α, β, b) = (b − a) [T (h, h)]^{12} , where h is as defined by (6.68), produces (6.79). We have further, in (6.83), used the fact that f is a PDF.

Remark 89. Čebyšev and Lupaş of Theorems 108 and 109 could be obtained here in a straightforward fashion for the expressions on the left of (6.79). The bound would be different and involve behaviour of f^{(n+2)} (·) instead of f^{(n+1)} (·). This, however, will not be pursued further.

Finally, we have (see also [33])

Theorem 113. Let T be a random variable with PDF f : [a, b] → R being n−time differentiable and f^{(n)} is absolutely continuous on [a, b]. The following inequality holds

κ_n := | |σ^2 (T ) + (E (T ) − α) (E (T ) − β) (6.91) − n∑ k=0 { λ [V_{k+3} (b − α) − V_{k+3} (a − α)] f^{(k)} (α)

+ (1 − λ) [W_{k+3} (b − β) − W_{k+3} (a − β)] f^{(k)} (β) }| |

≤ λ |R_{n+1} (α)| + (1 − λ) |R_{n+1} (β)|

270 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

(6.92) ≤

[ λY_{n+1} (α) + (1 − λ) Y_{n+1} (β) + ζ_{n+1} (β − α) ]

× ‖f^{(n+1)}‖_∞

(n+1)! , f

(n+1) ∈ L

∞ [a, b] ; [ λY_{n+} 1_q (α) + (1 − λ) Y_{n+} 1_q (β) + ζ_{n+} 1_q (β − α) ]

× ‖f^{(n+1)}‖_p

n!(nq+1)^{1q}

, f^{(n+1)} ∈ L_p [a, b] , p > 1,^1_p +^1_q = 1;

[λY_n (α) + (1 − λ) Y_n (β) + ζ_n (β − α)]

‖f^{(n+1)}‖_{1n!} , f^{(n+1)} ∈ L_1 [a, b] ;

where V_{k+3} (·), W_{k+3} (·) are as defined in (6.49) and (6.93) Y_{n+γ} (·) = A (· − a) + B (b − ·) with

(6.94)

A (u) =^{un+γ+2}

(n+γ+3)(n+γ+2) [(n + γ + 2) u + (β − α) (n + γ + 3)] ,

B (u) =^{un+γ+2}

(n+γ+3)(n+γ+2) [(n + γ + 2) u − (β − α) (n + γ + 3)] , and ζ_{n+γ} (β − α) = −2B (β − α) =^{−2(β−α)n+γ+2}

(n+γ+3)(n+γ+2) .

Proof. Rearranging identity (6.48) and using the triangle inequality produces inequality (6.91).

Now, from the right hand side of (6.74), let

X_{n+γ} (α) = χ_{n+γ} (a, α, β, b, α)

(6.95) = ϕ_{n+γ} (a, α, α) − ϕ_{n+γ} (α, β, α) + ϕ_{n+γ} (β, b, α) .

From (6.75),

ϕ_{n+γ} (a, α, α) =

∫_0 a−α |u|^{n+γ} u (u − (β − α)) du = ∫_{a−α} 0 u^{n+γ+1} (u + β − α) du = A (α − a) ,

ϕ_{n+γ} (α, β, α) =

∫_{β−α} 0 u^{n+γ+1} (u − (β − α)) du = B (β − α) ,

2. OTHER INEQUALITIES FOR THE EXPECTATION AND VARIANCE 271 and ϕ_{n+γ} (β, b, α) =

∫_{b−α} β−α u^{n+γ+1} (u − (β − α)) du = B (b − α) − B (β − α) .

Hence, substitution into (6.95) gives

X_{n+γ} (α) = A (α − a) − 2B (β − α) + B (b − α) and so (6.96) X_{n+γ} (α) = Y_{n+γ} (α) + ζ_{n+γ} (β − α) , as defined in (6.93) and (6.94).

Again, from the right hand side of (6.74) and (6.93), let X_{n+γ} (β) = χ_{n+γ} (a, α, β, b, β)

(6.97) = ϕ_{n+γ} (a, α, β) − ϕ_{n+γ} (α, β, β) + ϕ_{n+γ} (β, b, β) .

From (6.75)

ϕ_{n+γ} (a, α, β) =

∫_{α−β} a−β | |u^{n+γ} | | u (u + β − α) du

= ∫_{β−α} β−a u^{n+γ+1} (β − α − u) du = ∫_{β−a} β−α u^{n+γ+1} (u − (β − α)) du = B (β − a) − B (β − α) ,

ϕ_{n+γ} (α, β, β) =

∫_0 α−β | u^{n+γ} | u (u + β − α) du = ∫_{β−α} 0 u^{n+γ+1} (u − (β − α)) du = B (β − α) , and ϕ_{n+γ} (β, b, β) =

∫_{b−β} 0 |u|^{n+γ+1} (u + β − α) du = A (b − β) .

Hence, substitution into (6.97) gives

X_{n+γ} (β) = B (β − a) − 2B (β − α) + A (b − β) , and so, (6.98) X_{n+γ} (β) = Y_{n+γ} (β) + ζ_{n+γ} (β − α) .

272 6. INEQUALITIES FOR n-TIME DIFFERENTIABLE PDFS

On using (6.74) and (6.91), we have, from (6.96) and (6.98), λX_{n+γ} (α) + (1 − λ) X_{n+γ} (β) = λY_{n+γ} (α) + (1 − λ) Y_{n+γ} (β) + ζ_{n+γ} (β − α) , and so (6.92) is obtained for γ = 1,^1_q and 0 respectively.

Remark 90. Perturbed results on κ_n as defined in (6.92) may be obtained here in a similar fashion to those of Theorem 112. This, however, will not be pursued further.

Bibliography

[1] M.I. AGEEL, Variance upper bounds and a probability inequality for discrete α−unimodality, Appl. Math. (Warsaw), 27(4) (2000), 403-410.

[2] G.A. ANASTASSIOU, Multivariate Ostrowski type inequalities, Acta. Math.

Hung., 76 (1997), No. 4, 267-278.

[3] G.A. ANASTASSIOU, Ostrowski type inequalities, Proc. of the American Math. Soc., 123 (1995), No. 12, 3775-3781.

[4] T.M. APOSTOL, Mathematical Analysis, 2nd Edition, Addison Wesley Publishing Company, 1975.

[5] K.E. ATKINSON, An Introduction to Numerical Analysis, Wiley and Sons, Second Edition, 1989.

[6] N.S. BARNETT, P. CERONE and S.S. DRAGOMIR, Further inequalities for the expectation and variance of a random variable defined on a finite interval, RGMIA Res. Rep. Coll., 3(1) (2000), Article 14.

[7] N.S. BARNETT, P. CERONE, S.S. DRAGOMIR and J. ROUMELIOTIS, Some inequalities for the dispersion of a random variable whose PDF is defined on a finite interval, J. Ineq. Pure Appl. Math, 2 (1) (2001), Article 1,

http://jipam.vu.edu.au/v2n1. RGMIA Res. Rep. Coll., 2(7) (1999), Ar-

ticle 6., http://melba.vu.edu.au/~rgmia/v2n7.html [8] N.S. BARNETT, P. CERONE, S.S. DRAGOMIR and J. ROUMELIOTIS, Some inequalities for the expectation and variance of a random variable whose p.d.f. is n-time differentiable, J. Ineq. Pure Appl. Math, 1(2) (2000), Article 21, http://jipam.vu.edu.au/v1n2.

[9] N.S. BARNETT and S.S. DRAGOMIR, An inequality of Ostrowski type for cumulative distribution functions, Kyungpook Math. J., 39(2) (1999), 303-311. RGMIA Research Rep. Coll., 1(1) (1998), Article 1. [ONLINE]

http://rgmia.vu.edu.au/v1n1.html

[10] N.S. BARNETT and S.S. DRAGOMIR, An Ostrowski type inequality for a random variable whose probability density function belongs to L_∞ [a, b]. RGMIA Research Rep. Coll., 1(1) (1998), Article 3. [ONLINE

http://rgmia.vu.edu.au/v1n1.html].

[11] N.S. BARNETT and S.S. DRAGOMIR, An Ostrowski type inequality for double integrals and applications for cubature formulae, Soochow J. of Math., 27(1) (2001), 1-10.

[12] N.S. BARNETT and S.S. DRAGOMIR, An Ostrowski type inequality for mappings whose second derivatives are bounded and applications, Journal of the Indian Math. Soc., 66 (1999), 237-246. RGMIA Res. Rep. Coll., 1 (1998), No. 2, 69-70.

274 BIBLIOGRAPHY

[13] N.S. BARNETT and S.S. DRAGOMIR, An Ostrowski’s type inequality for a random variable whose probability density function belongs to L_∞ [a, b] , Nonlinear Anal. Forum, 5 (2000), 125-135.

[14] N.S. BARNETT and S.S. DRAGOMIR, A perturbed trapezoid inequality in terms of the third derivative and applications, Tamkang J. Math, 27(1) (2001), 1-10.

[15] N.S. BARNETT and S.S. DRAGOMIR, A perturbed trapezoid inequality in terms of the fourth derivative and applications, Korean J. of Comput. & Appl. Math., 9(1) (2002), 46-60.

[16] N.S. BARNETT and S.S. DRAGOMIR, Bounds in terms of the fourth derivative for the remainder in the corrected trapezoidal formula, Comp. Math. with Appl., 44 (2002), 595-605.

[17] N.S. BARNETT and S.S. DRAGOMIR, On the perturbed trapezoid formula, Tamkang J. of Math., 33(2) (2002), 119-128.

[18] N.S. BARNETT and S.S. DRAGOMIR, Some elementary inequalities for the expectation and variance of a random variable whose PDF is defined on a finite interval, RGMIA Res. Rep. Coll., 2(7) (1999), Article 12., [ONLINE

http://rgmia.vu.edu.au/v2n7.html].

[19] N.S. BARNETT and S.S. DRAGOMIR, Some further inequalities for univariate moments and some new ones for the covariance, RGMIA Res. Rep. Coll., 3(4) (2000), Article 13., http://rgmia.vu.edu.au/v3n4.html [20] N.S. BARNETT and S.S. DRAGOMIR, Some inequalities for random variables whose probability density functions are bounded using a pre-Grüss inequality, RGMIA Res. Rep. Coll., 2(6) (1999), Article 9. Kyungpook Math. J., 40(2) (2000), 299-311.

[21] N.S. BARNETT and S.S. DRAGOMIR, Some inequalities for random variables whose probability density functions are absolutely continuous using a pre-Čebyšev inequality, RGMIA Res. Rep. Coll., 3(1) (2000), Article 4. Tamkang J. of Math., 32(1) (2001), 55-60.

[22] N.S. BARNETT, S.S. DRAGOMIR and C.E.M. PEARCE, A quasi- trapezoid inequality for double integrals, submitted.

[23] N.S. BARNETT, S.S. DRAGOMIR and A. SOFO, Better bounds for an inequality of the Ostrowski type with applications, RGMIA Res. Rep. Coll., 3(1) (2000), Article 11. Demonstratio Mathematica, 34(3) (2001), 533-542.

[24] R. BHATIA and C. DAVIS, A better bound on the variance, Amer. Math.

Monthly, 107(4) (2000), 353-357.

[25] I. BRNETIĆ and J. PEČARIĆ, On an Ostrowski type inequality for a random variable, Math. Ineq. & Appl., 3(1) (2000), 143-145.

[26] T. CACOULLOS, Variance inequalities, characterizations, and a simple proof of the central limit theorem, Data analysis and statistical inference, 27-32, Eul, Bergisch Gladbach, 1992.

[27] T. CACOULLOS, N. PAPADATOS and V. PAPATHANASIOU, Variance inequalities for covariance kernels and applications to central limit theorems, Teor. Veroyatnost. i Primenen., 42(1) (1997), 195-201. Translation in Theory Probab. Appl., 42(1) (1997), 149-155.

[28] P. CERONE, A new Ostrowski type inequality involving integral means over end intervals, RGMIA Res. Rep. Coll., 4(2) (2001), Article 2. [ONLINE

http://rgmia.vu.edu.au/v4n2.html].

BIBLIOGRAPHY 275

[29] P. CERONE, On an identity for the Chebychev functional and some ramifications, J. Ineq. Pure and Appl. Math., 3(1) (2002), Article 4. [ONLINE

http://jipam.vu.edu.au/article.php?sid=157].

[30] P. CERONE, Weighted three point identities and their bounds, The SUT J.

of Math., 38(1), 17-37.

[31] P. CERONE and S.S. DRAGOMIR, Midpoint type rules from an inequalities point of view, in Analytic-Computational Methods in Applied Mathematics, G.A. Anastassiou (Ed), CRC Press, New York, 2000, 135-200.

[32] P. CERONE and S.S. DRAGOMIR, On some inequalities arising from Montgomery’s identity, RGMIA Res. Rep. Coll., 3(2) (2000), Article 4. [ONLINE

http://rgmia.vu.edu.au/v3n2.html]. J. Comp. Anal. & Applics., 5(4)

(2003), 341-367.

[33] P. CERONE and S.S. DRAGOMIR, On some inequalities for the expectation and variance, RGMIA Res. Rep. Coll., 3(1) (2000), Article 7. [ONLINE

http://rgmia.vu.edu.au/v3n1.html].

[34] P. CERONE and S.S. DRAGOMIR, Three point quadrature rules involving, at most, a first derivative, RGMIA Res. Rep. Coll., 2(4) (1999), Article 8.

http : //melba.vu.edu.au/~rgmia/v2n4.html

[35] P. CERONE and S.S. DRAGOMIR, Trapezoidal type rules from an inequalities point of view, in Analytic-Computational Methods in Applied Mathematics, G.A. Anastassiou (Ed), CRC Press, New York, 2000, 65-134.

[36] P. CERONE, S.S. DRAGOMIR and C.E.M. PEARCE, A generalised trapezoid inequality for functions of bounded variation, Turkish J. Math., 24(2) (2000), 147-163.

[37] P. CERONE, S.S. DRAGOMIR and J. ROUMELIOTIS, An inequality of Ostrowski type for mappings whose second derivatives are bounded and applications , Preprint. RGMIA Res. Rep Coll., 1(1) (1998), Article 4, 1998. [ONLINE] http://rgmia.vu.edu.au/v1n1.html [38] P. CERONE, S. S. DRAGOMIR and J. ROUMELIOTIS, An inequality of Ostrowski-Grüss type for twice differentiable mappings and applications, Preprint. RGMIA Res. Rep Coll., 1(2) (1998), Article 8, 1998. [ONLINE]

http://rgmia.vu.edu.au/v1n2.html

[39] P. CERONE, S. S. DRAGOMIR and J. ROUMELIOTIS, An Ostrowski type inequality for mappings whose second derivatives belong to L_p (a, b) and applications , Preprint. RGMIA Res. Rep Coll., 1(1) (1998), Article 5, 1998. [ONLINE] http://rgmia.vu.edu.au/v1n1.html [40] P. CERONE, S. S. DRAGOMIR and J. ROUMELIOTIS, On Ostrowski type for mappings whose second derivatives belong to L_1 (a, b) and applications , Preprint. RGMIA Res. Rep Coll., 1(2), Article 7, 1998. [ONLINE]

http://rgmia.vu.edu.au/v1n2.html

[41] P. CERONE, S.S. DRAGOMIR and J. ROUMELIOTIS, Some Ostrowski type inequalities for n−time differentiable mappings and applications, Demonstratio Mathematica, XXXII (4) (1999), 697-712. Preprint. RGMIA Res. Rep Coll., 1 (2) (1998), 51-66. [ONLINE]

http://rgmia.vu.edu.au/v1n2.html

[42] P. CERONE, S.S. DRAGOMIR, J. ROUMELIOTIS and J. SUNDE, A new generalization of the trapezoid formula for n-time differentiable mappings and applications, RGMIA Res. Rep. Coll., 2 (5) Article 7, 1999. [ONLINE]

276 BIBLIOGRAPHY

[43] P. CERONE, J. ROUMELIOTIS and G. HANNA, On weighted three point quadrature rules, ANZIAM J., 42(E) (2000), C340-361.

[44] W.Y. CHANG and D.St.P. RICHARDS, Variance inequalities for functions of multivariate random variables, Advances in stochastic inequalities (Atlanta, GA, 1997), 43-67, Contemp. Math., 234, Amer. Math. Soc., Providence, RI, 1999.

[45] I. CSISZÁR, Information-type measures of difference of probability distributions and indirect observations, Studia Math. Hungarica, 2 (1967), 299-318.

[46] S.W. DHARMADHIKARI and K. JOAG-DEV, Upper bounds for the variances of certain random variables, Comm. Statist. Theory Methods, 18(9) (1989), 3235-3247.

[47] S.S. DRAGOMIR, A companion of Ostrowski’s inequality for functions of bounded variation and applications, Preprint. RGMIA Res. Rep Coll., 5(Supp) (2002), Article 28. [ONLINE]

http://rgmia.vu.edu.au/v5(E).html

[48] S.S. DRAGOMIR, A generalization of Grüss’ inequality in inner product spaces and applications, J. Math. Anal. Appl., 237 (1999), 74-82.

[49] S.S. DRAGOMIR, A generalized trapezoid type inequality for convex functions, RGMIA Res. Rep Coll., 5(1) (2002), Article 9. [ONLINE]

http://rgmia.vu.edu.au/v5n1.html

[50] S.S. DRAGOMIR, A Grüss type integral inequality for mappings of r-Hölder’s type and applications for trapezoid formula, Tamkang J. of Math., 31(1) (2000), 43-47.

[51] S.S. DRAGOMIR, A refinement of Ostrowski’s inequality for absolutely continuous functions whose derivatives belong to L_∞ and applications, Libertas Math., 22 (2002), 49-64.

[52] S.S. DRAGOMIR, A Taylor like formula and application in numerical integration, submitted.

[53] S.S. DRAGOMIR, An Ostrowski type inequality for convex functions, Preprint. RGMIA Res. Rep Coll., 5(1) (2002), Article 5. [ONLINE

http://rgmia.vu.edu.au/v5n1.html]

[54] S.S. DRAGOMIR, Better bounds in some Ostrowski-Grüss type inequalities, Tamkang J. Math., 32(3) (2001), 211-216.

[55] S.S. DRAGOMIR, Grüss inequality in inner product spaces, The Australian Math. Gazette, 26 (2), 66-70, 1999. http://rgmia.vu.edu.au/v2n5.html [56] S.S. DRAGOMIR (Ed), Inequalities for Csiszár f−divergence in Information Theory, RGMIA Monographs, Victoria University, 2001 (http://rgmia.vu.edu.au/monographs/index.html).

[57] S.S. DRAGOMIR, New estimation of the remainder in Taylor’s formula using Grüss’ type inequalities and applications, Math. Ineq. & Appl., 2(2) (1999), 183-194.

[58] S.S. DRAGOMIR, On the midpoint quadrature formula for mappings with bounded variation and applications, Kragujevac J. Math., 22 (2000), 13-18.

[59] S.S. DRAGOMIR, On the Ostrowski’s integral inequality for mappings with bounded variation and applications, Math. Ineq. & Appl., 4(1) (2001), 59-66.

[60] S.S. DRAGOMIR, On the trapezoid formula for mappings of bounded variation and applications, Kragujevac J. Math., 23 (2001), 25-36.

BIBLIOGRAPHY 277

[61] S.S. DRAGOMIR, On the trapezoid quadrature formula and applications, Kragujevac J. Math., 23 (2001), 25-36.

[62] S.S. DRAGOMIR, On the trapezoid quadrature formula for Lipschitzian mappings and applications, Tamkang J. of Math., 30(2) (1999), 133-138.

[63] S. S. DRAGOMIR, Ostrowski’s inequality for monotonic mappings and applications, J. KSIAM, 3(1) (1999), 127-135.

[64] S. S. DRAGOMIR, Some companions of Ostrowski’s inequality for absolutely continuous functions and applications, Preprint. RGMIA Res. Rep Coll., 5(Supp) (2002), Article 29. [ONLINE]

http://rgmia.vu.edu.au/v5(E).html

[65] S.S. DRAGOMIR, Some discrete inequalities of Grüss type and applications in guessing theory, Honam Math. J., 21(1) (1999), 145-156.

[66] S.S. DRAGOMIR, Some improvement of Čebyšev’s inequality for isotonic functionals, Atti. Se. Mat. Fasc. Univ. Modena, 41 (1993), 473-481.

[67] S.S. DRAGOMIR, Some integral inequalities of Grüss type, Indian J. of Pure and Appl. Math., 31(4) (2000), 357-415.

[68] S. S. DRAGOMIR, The Ostrowski’s inequality for functions of bounded variation and applications, Math. Ineq. & Appl., (in press).

[69] S. S. DRAGOMIR, The Ostrowski’s inequality for Lipschitzian mappings and applications, Computers and Math. with Appl., 38 (1999), 33-37.

[70] S.S. DRAGOMIR, The Ostrowski integral inequality for mappings of bounded variation, Bull. Austral. Math. Soc., 60(1) (1999), 495-508.

[71] S.S. DRAGOMIR, The Ostrowski’s integral inequality for Lipschitzian mappings and applications, Comp. and Math. with Appl., 38 (1999), [72] S.S. DRAGOMIR, R.P. AGARWAL and N.S. BARNETT, Inequalities for beta and gamma functions via some classical and new integral inequalities, J. Inequal. Appl., 5(2) (2000), 103–165.

[73] S.S. DRAGOMIR, R.P. AGARWAL and P. CERONE, On Simpson’s inequality and applications, J. Inequal. Appl., 5(6) (2000), 533–579.

[74] S.S. DRAGOMIR and N. S. BARNETT, An Ostrowski type inequality for mappings whose second derivatives are bounded and applications, Preprint. RGMIA Res. Rep Coll., 1(2) (1998), Article 9, 1998. [ ONLINE]

http://rgmia.vu.edu.au/v1n2.html

[75] S.S. DRAGOMIR, N.S. BARNETT and P. CERONE, An n dimensional version of Ostrowski’s inequality for mappings of the Hölder type, Kyungpook Math. J., 40(1) (2000), 65-75.

[76] S.S. DRAGOMIR, N.S. BARNETT and S. WANG, An Ostrowski type inequality for a random variable whose probability density function belongs to L_p [a, b], p > 1, Mathematical Inequalities & Applications, 2 (1999), No. 4, 501-508.

[77] S.S. DRAGOMIR, P. CERONE, N.S. BARNETT and J. ROUMELIOTIS, An inequality of the Ostrowski type for double integrals and applications for cubature formulae, Tamsui Oxford J. Math. Sci., 16(1) (2000), 1-16.

[78] S. S. DRAGOMIR, P. CERONE, J. ROUMELIOTIS and S. WANG, A weighted version of Ostrowski’s inequality for mappings of Hölder type and applications in numerical analysis, Bull. Math. Soc. Sci. Math. Roumanie, 42 (50)(4) (1999), 301-314.

278 BIBLIOGRAPHY

[79] S.S. DRAGOMIR, P. CERONE and A. SOFO, Some remarks on the midpoint rule in numerical integration, Studia Univ. Babes-Bolyai Math., XLV(1) (2000), 63-74.

[80] S.S. DRAGOMIR, P. CERONE and A. SOFO, Some remarks on the trapezoid rule in numerical integration, Indian J. of Pure and Appl. Math., 31(5) (2000), 475-494. Preprint: RGMIA Res. Rep. Coll., 2(5), Article 1, 1999.

[81] S.S. DRAGOMIR, Y.J. CHO and S.S. KIM, Some remarks on the Milovanović-Pečarić Inequality and in Applications for special means and numerical integration., Tamkang J. Mathematics, 30(3) (1999), 203-211.

[82] S.S. DRAGOMIR and S. MABIZELA, Some error estimates in the trapezoidal quadrature rule, Tamsui Oxford Journal of Mathematical Sciences, 16(2) (2000), 259-272.

[83] S.S. DRAGOMIR and A. McANDREW, On trapezoid inequality via a Grüss type result and applications, Tamkang J. Mathematics, 31(3) (2000), 193-201. RGMIA Res. Rep. Coll., 2, 2(1999), Article 6. [ONLINE

http://rgmia.vu.edu.au/v2n2.html]

[84] S.S. DRAGOMIR and T.C. PEACHEY, New estimation of the remainder in the trapezoidal formula with applications, Studia Universitatis Babes-Bolyai Mathematica, XLV(4) (2000), 31-42. (http://rgmia.vu.edu.au/v1n2/trap1.dvi.)

[85] S.S. DRAGOMIR, J.E. PEČARIĆ and S. WANG, The unified treatment of trapezoid, Simpson and Ostrowski type inequality for monotonic mappings and applications, Preprint: RGMIA Res. Rep. Coll., 2(4), Article 3, 1999. [ ONLINE] http://rgmia.vu.edu.au/v2n4.html [86] S.S. DRAGOMIR and Th.M. RASSIAS (Ed.), Ostrowski Type Inequalities and Applications in Numerical Integration, Kluwer Academic Publishers, Dordrechy/Boston/London, 2002.

[87] S.S. DRAGOMIR and A. SOFO, An integral inequality for twice differentiable mappings and applications, Preprint: RGMIA Res. Rep. Coll., 2(2), Article 9, 1999. [ONLINE] http://rgmia.vu.edu.au/v2n2.html [88] S.S. DRAGOMIR and S. WANG, An inequality of Ostrowski-Grüss type and its applications to the estimation of error bounds for some special means and for some numerical quadrature rules, Computers Math. Applic., 33, 15-22, 1997.

[89] S.S. DRAGOMIR and S. WANG, A new inequality of Ostrowski’s type in L_1 norm and applications to some special means and to some numerical quadrature rules, Tamkang J. of Math., 28 (1997), 239-244.

[90] S. S. DRAGOMIR and S. WANG, A new inequality of Ostrowski’s type in L_p−norm, Indian J. Math., 40(3) (1998), 299-304.

[91] S.S. DRAGOMIR and S. WANG, An inequality of Ostrowski-Grüss type and its applications to the estimation of error bounds for some special means and for some numerical quadrature rules, Computers Math. Applic., 33 (1997), 15-22.

[92] S. S. DRAGOMIR and S. WANG, Applications of Ostrowski’s inequality to the estimation of error bounds for some special means and some numerical quadrature rules, Appl. Math. Lett., 11(1998), 105-109.

BIBLIOGRAPHY 279

[93] I. FEDOTOV and S. S. DRAGOMIR, An inequality of Ostrowski’s type and its applications for Simpson’s rule in numerical integration and for special means, Math. Ineq. Appl., 2 (1999), 491-499.

[94] L. FEJÉR, Uberdie Fourierreihen, II, Math. Natur. Ungar. Akad Wiss., 24 (1906), 369-390. [In Hungarian] [95] A.M. FINK, A treatise on Grüss’ inequality, T.M. Rassias (Ed.), Kluwer Academic Publishers, (1999).

[96] A.M. FINK, Bounds on the derivation of a function from its averages, Czechoslovak Math. J., 42 (1992), 289-310.

[97] R.D. FOLEY, T.P. HILL and M.C. SPRUILL, A generalization of Lévy’s concentration-variance inequality, Probab. Theory Related Fields, 86(1) (1990), 53-62.

[98] G. GRÜSS, Über das Maximums des absoluten Betrages von 1/ (b − a)

∫_b a f (x) g (x) dx − 1/ (b − a)^2

∫_b a f (x) dx

∫_b a g (x) dx, Math. Z., 39 (1935), 215-226.

[99] A. GUESSAB and G. SCHMEISSER, Sharp integral inequalities of the Hermite-Hadamard type, J. Approx. Th., 115 (2002), 260-288.

[100] C. HOUDRÉ and A. KAGAN, Variance inequalities for functions of Gaussian variables, J. Theoret. Probab., 8(1) (1995), 23-30.

[101] W. HÜRLIMANN, An elementary unified approach to some loss variance bounds, Schweiz. Aktuarver. Mitt., 1997(1), 73-88.

[102] J.B. KADANE, I. OLKIN and M. SCARSINI, Inequalities for predictive ratios and posterior variances in natural exponential families, J. Multivariate Anal., 33(2) (1990), 275-285.

[103] S. KARKIN, A general class of variance inequalities, Multivariate Analysis:

future directions (University Park, PA, 1992), 279-294, North-Holland Ser. Statist. Probab., 5, North-Holland, Amsterdam, 1993.

[104] D.P. KENNEDY and R.P. KERTZ, A prophet inequality for independent random variables with finite variances, J. Appl. Probab., 34(4) (1997), 945- 958.

[105] A.N. KORKINE, Sur une théorème de M. Tchebychef, C.R. Acad. Sci. Paris, 96 (1883), 316-327.

[106] A.F. MASHHOUR, Variance upper bounds and a probability inequality for discrete α−unimodality, Egyptian Statist. J., 39(2) (1995), 217-227.

[107] M. MATIĆ, J. E. PEČARIĆ and N. UJEVIĆ, Improvement and further generalisation of some inequalities of Ostrowski-Grüss type, Computers Math. Applic.

[108] M. MATIĆ, J. E. PEČARIĆ and N. UJEVIĆ, On new estimation of the remainder in generalized Taylor’s formula, Mathematical Inequalities and Applications, 2(3)(1999), 343-361.

[109] D.S. MITRINOVIĆ, J.E. PEČARIĆ and A.M. FINK, Classical and New Inequalities in Analysis, Kluwer Academic Publishers, Dordrecht/Boston/London, 1999.

[110] D.S. MITRINOVIĆ, J.E. PEČARIĆ and A.M. FINK, Inequalities for Functions and Their Integrals and Derivatives, Kluwer Academic Publishers, 1994.

[111] P. MUKHOPADHYAY, On some lower bounds for the variance of an estimating function, Int. J. Math. Stat. Sci., 9(2) (2000), 191-200.

280 BIBLIOGRAPHY

[112] A. OSTROWSKI, Über die Absolutabweichung einer differentienbaren Funktionen von ihren Integralmittelwert, Comment. Math. Hel, 10 (1938), 226- 227.

[113] V. PAPATHANASIOU, Variance bounds by a generalization of the Cauchy- Schwartz inequality, Statist. Probab. Lett., 7(91) (1988), 29-33.

[114] J.E. PEČARIĆ, F. PROSCHAN and Y.L. TONG, Convex Functions, Partial Orderings, and Statistical Applications, Academic Press, 1992.

[115] A.O. PITTINGER, Sharp mean-variance bounds for Jensen-type inequalities, Statist. Probab. Lett., 10(2) (1990), 91-94.

[116] B.L.S. PRAKASA RAO and M. SREEHARI, Chernoff-type inequality and variance bounds, J. Statist. Plann. Inference, 63(2) (1997), 325-335.

[117] H. SHIOYA and T. DA-TE, A generalisation of L_n divergence and the derivative of a new information divergence, Elec. and Comm. in Japan, 78 (7) (1995), 37-40.

[118] N.Ja. SONIN, O nekotoryh neravenstvah otnosjašcihsjak opredelennym integralam, Zap. Imp. Akad. Nauk po Fiziko-matem, Otd.t., 6 (1898), 1–54.

[119] K.L.-TSENG, G.-S. YANG and S.S. DRAGOMIR, Generalizations of weighted trapezoidal inequality for mappings of bounded variation and their applications, RGMIA Res. Rep. Coll., 6(1), Article 7, 2003. [ONLINE]

http://rgmia.vu.edu.au/v6n1.html

[120] K.L.-TSENG, G.-S. YANG and S.S. DRAGOMIR, Generalizations of weighted trapezoidal inequality for monotonic mappings and their applications, RGMIA Res. Rep. Coll., 6(2), Article 1, 2003. [ONLINE]

http://rgmia.vu.edu.au/v6n2.html

[121] B. VIDAKOVIC and A. DASGUPTA, Anirban lower bounds on Bayes risks for estimating a normal variance: with applications, Canad. J. Statist., 23(3) (1995), 269-282.

[122] A.T.K. WAN, Estimating the error variance after a pre-test for an inequality restriction on the coefficients, J. Statist. Plann. Inference, 52(2) (1996), 197- 213.

[123] Y. WANG and P. McDERMOTT, Uniformly more powerful tests for hypotheses about linear inequalities where the variance is unknown, Proc. American Math. Soc., 129 (2001), 10, 3091-3100.

Index

1−norm, 45 p−norm, 17, 89, 99, 114, 198 Čebyšev functional, 23, 167–169, 175, 260 weighted, 168 Čebyšev inequality, 208, 262 Čebyšev integral inequality, 200

absolutely continuous, 22, 23, 37, 38, 40, 43–47, 49, 57, 58, 63, 67, 70, 72, 78–80, 82, 83, 87, 90, 95, 98, 99, 102, 104, 105, 107, 110, 113, 114, 119, 122, 124, 125, 154, 155, 157, 164, 165, 173, 174, 193, 197, 207, 208, 211, 212, 215, 218, 238, 242, 244, 248, 253, 255, 262, 263, 269 asymptotic error, 90

beta random variable, 8, 15, 16, 21, 22, 27

central moments, 67, 80, 83, 175 continuous function, 32, 37 continuously differentiable, 32, 37 convex function, 47, 49–52, 54, 123– 128 corrected trapezoidal formula, 111 corrected trapezoidal rule, 90 covariance, 219, 234 cumulative distribution function, 1, 9, 16, 36, 46, 55, 57, 65, 66, 98, 104, 112, 122, 129, 144, 151, 155, 157, 186, 222, 223, 226, 230, 232, 234

differentiable function, 89, 90, 94, 95, 98, 105, 267 dispersion, 144, 149, 160, 200 divided difference, 90 division, 2, 10, 74

error bound, vi, 90, 132, 140 estimate, 72, 89, 90, 111, 113, 119, 124, 155, 217, 242 Euclidean norm, 23, 92, 97, 112, 259 Euler’s Beta function, 161, 185, 198 expectation, 11, 12, 20, 26, 36, 67, 87, 90, 98, 104, 107, 112, 114, 122, 129, 130, 135, 144, 151, 155, 157, 160, 175, 179, 185, 200, 219, 227, 237, 248, 252, 253 extreme order statistics, 227

Fejér inequality, 132, 139 finite interval, 1, 36, 46, 65, 150, 160, 200, 223 fourth derivative, 105, 106, 113, 119 function evaluation, 75

Gamma function, 15 Grüss inequality, 23, 25, 93, 98, 105, 168, 219, 224, 234, 260 Grüss type inequality, 201, 204

Hölder type, 30 Hölder’s discrete inequality, 33 Hölder’s inequality, 17, 18, 39, 41, 59, 68, 71, 74, 80, 92, 96, 162, 189, 195, 198, 201, 203, 216, 243, 246, 251, 258, 265 Hölder-type, 17 Hermite-Hadamard inequality, 50, 52, 126, 128, 192

identric mean, 55 integral identities, 238, 252

282 INDEX

integral means, 53, 72, 173 integration by parts, 1, 2, 9, 31, 37, 57, 58, 73, 90, 108, 130, 136, 173, 184, 186, 194, 197, 212, 219, 228 Iyengar type inequality, 78

joint moments, 230, 233 joint probability density function, 224, 230, 235, 236

Korkine’s identity, 24, 100, 115, 168, 186, 200

Lebesgue integral, vi, 37 Lebesgue norm, 47, 56, 58, 67, 74, 79, 80, 124, 173, 188, 242, 257, 263 Lebesgue space, 196 Lipschitzian, 9, 49, 123, 125, 168, 170– 173, 175, 179, 180, 182, 222 Lipschitzian constant, 10, 30, 119, 133 Lipschitzian function, 30, 48, 123 Lipschitzian mapping, 132, 221 logarithmic mean, 55, 145 lower bound, 49, 89, 124, 126, 224 Lupaş’s inequality, 94, 97, 200, 208, 252, 263

Mahajani inequality, 78 Mahajani type inequality, 67, 78 weighted, 79 midpoint inequality, 34, 43 moment generating function, 168, 181 moments about the origin, 67, 80, 83, 175 monotonic nondecreasing, 2, 3, 36, 49, 123, 168, 170–172, 175, 177–180, 182–184, 187 Montgomery identity, 56, 57, 66, 67

n-times differentiable, 248, 267, 269

Ostrowski difference, 49, 51 Ostrowski type inequality, 1, 56, 230, 237 better bounds, 22 Ostrowski’s inequality, 14, 29, 31, 32, 47, 56, 67, 221 perturbed version, 23

p-logarithmic mean, 55, 144

Peano kernel, 56, 67 perturbed inequality, 98 perturbed trapezoid formula, 89 perturbed trapezoidal rules, 80 piecewise continuous, 32, 37 polynomial, 83 pre-Čebyšev inequality, 154, 155, 160 pre-Grüss, 220 pre-Grüss inequality, 90, 99, 105, 143, 153, 160, 162, 205, 237, 252, 260 pre-Lupaş inequality, 164, 237 probability, 67 probability density function, 8, 9, 11, 16, 36, 46, 55, 65, 66, 76, 129, 133, 144, 150, 151, 155, 160, 179, 181, 184, 211, 223, 224, 228, 230, 235, 236, 242, 244

quadrature rule, 43, 90

r-moments, 130, 133, 135, 140 random variable, 1, 4, 8, 9, 11, 15, 16, 26, 36, 46, 55, 65, 66, 87, 90, 98, 104, 107, 112, 114, 122, 129, 130, 133, 135, 140, 144, 145, 150, 155, 157, 160, 165, 175, 179–181, 186, 193, 197, 200, 202, 205, 209, 211, 223, 224, 230, 237, 238, 242, 244, 248, 253, 255, 257, 260, 263, 266, 269 Beta, 15, 16, 22, 27 reliability theory, 66 remainder, 119, 143, 155, 160, 165, 238, 252, 254 Riemann-integrable, 10, 170 Riemann-Stieltjes integral, v, 1, 2, 9, 31, 168–171, 173, 184

second derivative, 89, 99, 102, 114 Sonin, 169 sup norm, 22 symmetric, 132, 139, 207, 214

Taylor expansion

with integral remainder, 252 Taylor formula

with integral remainder, 155, 160, 165, 238, 254 Taylor like formulae, 143 Taylor series expansion, 252

INDEX 283

Taylor xpansion, 167 third derivative, 98, 105, 107, 110, 114, 117, 119 total variation, 29, 32, 48, 123 Trapezoid formula

perturbed, 89 trapezoid inequality, 29, 34, 42, 45, 89, 98, 101, 129, 134, 139 weighted, 139 weighted , 131 trapezoidal approximation, 74 trapezoidal rule, 209 triangle inequality, 13, 20, 60, 71, 154, 160, 270

upper bound, 23, 51, 76, 105, 127, 144, 175, 224

variance, 87, 160, 175, 179, 180, 185, 200, 205, 207, 209, 237, 244, 248, 252, 253, 259

weighted trapezoid inequality, 129, 131, 139