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ABSTRACT. The Hermite-Hadamard double inequality is the first fundamental
result for convex functions defined on a interval of real numbers with a natural
geometrical interpretation and a loose number of applications for particular
inequalities. In this monograph we present the basic facts related to Hermite-
Hadamard inequalities for convex functions and a large number of results for
special means which can naturally be deduced. Hermite-Hadamard type in-
equalities for other concepts of convexities are also given. The properties of
a number of functions and functionals or sequences of functions which can
be associated in order to refine the H. — H. result are pointed out. Recent
references that are available online are mentioned as well.
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1. PREFACE v

1. Preface

As J.L.W.V. Jensen anticipated in 1906:

“Il me semble que la notion de fonction convexe est a peu prés aussi fondamen-
tale que celles-ci: fonction positive, fonction croissante. Si je ne tromp pas en ceci,
la notion devra trouver sa place dans les expositions élémentaires de la théorie des
fonctions réelles”
the concept of convex functions has indeed found an important place in Modern
Mathematics as can be seen in a large number of research articles and books
devoted to the field these days.

In this context, the Hermite-Hadamard inequality, which, we can say, is the first
fundamental result for convex functions with a natural geometrical interpretation
and many applications, has attracted and continues to attract much interest in
elementary mathematics.

Many mathematicians have devoted their efforts to generalise, refine, counter-
part and extend it for different classes of functions such as: quasi-convex functions,
Godunova-Levin class of functions, log-convex and r—convex functions, p—functions,
etc or apply it for special means (p—logarithmic means, identric mean, Stolarsky
means, etc).

The present work endeavours to present some of the fundamental results con-
nected to the Hermite-Hadamard inequality in which the authors have been involved
during the last ten years. It does not claim that it contains all the significant results
about Hermite-Hadamard (H. — H.) inequalities and their companions, but at least
it has those results that have natural applications for special means, which is a
subsequent aim of this work.

In the[Introduction] after considering some[historical considerations| we present
a number of fundamental facts as can be found in the book [147] which has devoted
almost a whole chapter to this important inequality in the larger context of convex
functions.

In Chapter [2] we consider some new generalisations related to the Hermite-
Hadamard inequality. Hadamard’s inferior and superior sums are introduced, re-
finements of the H. — H. inequality for modulus are presented and natural gener-
alisations for n—time differentiable functions and for isotonic linear and sublinear
functionals are pointed out. A large number of applications for special means are
obtained.

Chapter [3| is completely devoted to the functionals which can naturally be
associated to the H. — H. inequality. Their properties, such as: superadditivity,
monotonicity and supermultiplicity, are studied. The monotonicity and convexity
properties of other functions, defined in terms of simple or double integrals, are also
considered.

Chapter [4] contains some sequences of mapping defined in terms of multiple
integrals which refine the H. — H. inequalities. Their convergence to f (“TH’) is
investigated.

In Chapter [5} we present a number of H. — H. type inequalities which can be
obtained for functions that are: log-convex or r—convex, or belong to the class
of Godunova-Levin. Similar results for quasi-convex, p—functions, multiplicatively
convex, s—convex functions in the first and second sense and m—convex functions
are also derived. Generalisation for convex-dominated and Lipschitzian functions
and some applications are also presented.




vi CONTENTS

The last chapter, Chapter [6] is devoted to some recent result on Hermite-
Hadamard type inequalities for mappings of several variables, including functions
defined on a disk in a plane, functions defined on a ball in a space and a result for
convex domains in R3.

This book is intended for use in the fields of integral inequalities, approximation
theory, special means theory, optimisation theory, information theory and numerical
analysis.

The Authors,
Melbourne and Adelaide, December, 2000.



CHAPTER 1

Introduction

1. Historical Considerations

We start with the following historical considerations (see [112] and [147, p
137]).

On November 22, 1881, Hermite (1822-1901) sent a letter to the journal Math-
esis. An extract from that letter was published in Mathesis 3 (1883, p. 82). It
reads as follows:

“Sur deux limites d’une intégrale définie. Soit f (x) une fonction qui varie
toujours dans le méme sens de x = a, ax = b. On aura les relations

(1.1) (b—a)f (a+b> /f )dz < ( )f();rf()

ou bien

(b—a)f (a+b> /f iz > (b ) L QIO

swivant que la courbe y = f(x) tourne sa convexité ou sa concavité vers l'aze des
abcisses.
En faisant dans ces formules f(x) =1/ (1+z), a=0, b=z il vient

2 2

x
<log(l+z)<a——r .7
24g Slellte) <@

T 2(1 +2)

It is interesting to note that this short note of Hermite is nowhere mentioned in
mathematical literature, and that these important inequalities (of Hermite) are not
widely known as Hermite’s result. His note is recorded neither in the authoritative
journal Jahrbuch iber die Fortschritte der Mathematik nor in Hermite’s collected
papers, which were published “sous les auspices de I’Académie des sciences de Paris
par Emile Picard (1905-1917), membre de UInstitut.” In the booklet on Hermite
by Jordan and Mansion (1901), Mansion published a bibliography of Hermite’s
writings, but this note in Mathesis was not included [112]. Beckenbach, a leading
expert on the history and theory of complex functions, wrote that the first inequality
in was proved by Hadamard in 1893 [7] p. 441] and apparently was not aware
of Hermite’s result.

It should be mentioned that Fejér (1880-1959), while studying trigonometric
polynomials (1906), obtained inequalities which generalise that of Hermite, but
again Hermite’s work was not acknowledged. In its original form, Fejér’s result
reads [72] (see also [147, p. 138]):

THEOREM 1. Consider the integral fab f(z) g (z)dx, where f is a convex func-
tion in the interval (a,b) and g is a positive function in the same interval such

1



2 1. INTRODUCTION

that )
gt =gb—1), 0<t< 2 (ath),
i.e., y =g (x) is a symmetric curve with respect to the straight line which contains

the point (% (a+ b),O) and is normal to the x—axis. Under those conditions the
following inequalities are valid:

(1.2) f(“;”) /abg<x>dxs/abf<x>g<x>dxsm”””)/abgmdx.

2

Clearly, for g () =1 and = € (a,b), we obtain Hermite’s inequalities. There-
fore, Hermite’s important result in , which provides a necessary and sufficient
condition for a function f to be convex in (a,b), has not been credited to him
in mathematical literature. In fact, the term “convex” also stems from a result
obtained by Hermite in 1881 and published in 1883 as a short note in Mathe-
sis, a journal of elementary mathematics. There are results of lesser importance
which have received more attention in the area of inequalities, but unfortunately
this fundamental work of Hermite has been frequently cited without the correct
identification of its original author [112].

It is obvious that , is an interpolating inequality for

w3 (140) < Lot o)

More than twenty years after Hermite’s work was published, J. L. W. V. Jensen
(1905, 1906) defined convex functions (i.e., J—convex functions) using inequality
(1.3) [88]. His remark, which we cite here, was shown to be justified: “Il me semble
que la notion de fonction convezxe est a peu prés aussi fondamentale que celles-ci:
fonction positive, fonction croissante. Si je ne tromp pas en ceci, la notion devra
trouver sa place dans les expositions élémentaires de la théorie des fonctions réelles”
(Jensen, 1906).

Indeed, it is not easy to give a complete treatment of the literature when
studying convex functions, but the importance of Hermite’s result is obvious. Since
the inequalities in have been known as Hadamard’s inequalities, in this work,
following [112] and [147], we shall call them the Hermite-Hadamard inequalities,
or H. — H. inequalities, for simplicity.

REMARK 1. ([147), p. 140]) Note that the first inequality is stronger than the
second inequality in ; i.e., the following inequality is valid for a convex function
f:

(1.4) b—lafabf(m)dx_f<a;6> Sf(a);f(b)_bia/abf(m)dx.

Indeed, can be written as

2 b 1 a+b
i [twars g r@ro s (5],
which is
a;—b b
Ea/a f(x)dx—&—% a+bf(m)dx

b 2
< @ (5|5 (550) +rw]



2. CHARACTERISATIONS OF CONVEXITY VIA H. — H. INEQUALITIES 3

This immediately follows by applying the second inequality in twice (on the
interval [a, (a + b)/2] and [(a + b)/2,b]). By letting a = —1, b = 1, we obtain the
result due to Bullen (1978). Further on, we shall call as Bullen’s inequality.

2. Characterisations of Convexity via H. — H. Inequalities

In the classic book of Hardy, Littlewood, and Pélya ([84] p. 98]) the following
result in characterising the convex functions is given (see also [147), p. 139]):

THEOREM 2. A necessary and sufficient condition that a continuous function
f be convez in (a,b) is that

1 x+h
(1.5) f(x)g—/ f@®dt for a<x—h<z+h<b.
2h xz—h

It can be shown that this result is equivalent to the first inequality in (1.1))
when f is continuous on [a,b]. However, it remains unclear by who and when the
transition from the inequality (L.1) to the convexity criterion (1.5) was made [147]
p. 139].

For fe C(I),h>0,and z € I (h) = {t:t — h,t + h € I}, the operator S},
defined by

x+h
(1.6 Suto)=gp [ 1

—h
is often called a Steklov function , although it is an operator mapping C (I) into
C (I;). For a finite interval I = [a,b], the maximum value of h can be b*?“. In
this case, I; contains a single point and S; becomes a functional. The Hermite-
Hadamard inequality now has the form f (z) < Sy (f,z) for x € I; (h) and is
equivalent to the convexity of the function. The iterated Steklov operators (with
step h > 0) S (n € N) are defined by (see for example [147], p. 140]):

x+h

(1.7 Spf) = F @), S =g [ s (e

—h
where n € N, « € I, (h) = {t : t —nh,t + nh € I}. For convenience we write Sy
instead of S}, and becomes SY (f,x) < S} (f, ).

The following two theorems are generalisations of Theorem 2| (see for instance
147, p. 140)):

THEOREM 3. A function f € C(I) is convex iff for every h > 0 and x € I,, (h)
the inequality
(1.8) f (@) <8y (f. @)
holds for every fized n.

THEOREM 4. A function f € C(I) is convex iff for every h > 0 and x € I,, (h)
the inequality
(1.9) ShH(fix) < Sk (f )
holds for every fized n.

It is easy to see that Theorem [] generalises the convexity criterion based on

the inequality (1.5) (we obtain (1.5 by letting h — 0).
In Roberts and Varberg ([I58] p. 15]), the following result is given (see also
47, p. 147)).
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THEOREM 5. A function f € C'la,b] is convex iff for every s < t in [a,b] we
have

f&)+1@)
2

More general results are given by Rado ([I57, 1935]). In the following we
state some characterisation results given in this paper. Let f (z) be a positive and
continuous function on (a,b) and let u,v € R. We define (see for example [147] p
141))

(1.10)

(ﬁffhf(ﬁt)“dt)% for u#0

I(f,z,h,u) =
exp (ﬁ ffh log f (z +1) dt) for w=0;
(5 (x—h)" +f(:c+h)v)% for v#0
A(f,z,hv) = 1
(f (x+h)f(z—h)> for v=0.
Further, let E denote the set of all pairs (u,v) such that
(1.11) I(f,z,h,u) < A(f 2, h,v)

holds for all z and A satisfying a < z — h <  + h < b and all positive continuous,
and convex functions f on (a,b). Similarly, let E be the set of points on (u,v) such
that holds for all such x, h and all positive and continuous functions f on
(a,b). The main result in Rado’s paper [I57] concerns the explicit determination
of the sets E and E, and the following theorems is proved (see also [147, p. 142)):

THEOREM 6. (a) (u,v) belongs to E iff one of the following conditions is
satisfied:
(i) u< =2 andv > 0;
(i) —2<u< —% and v > "T“;
(iii) —% <u<1landv> 107;831) ; and
(iv) 1<u ande“T“.
(b) (u,v) belongs to E iff 3v —u —2 < 0.
In Theorem [5] if we replace the word “convexity” by “concavity”, the inequality
“I < A7 in by “I > A” and E,E by E* and E*, respectively, then the
following theorems are true (see for example [147] p. 142]):
THEOREM 7. (a) (u,v) belongs to E* iff one of the following conditions
is satisfied:
(i) u< -2 and v < “£2;
(ii) —2<u<—1 andv<0
(iii) —1 <u<-—%andv> wlogd .
) —

log(1+u)’
(iv gugl andvg “;2 and
(v) 1 S u and v§ loléé‘;ii).
(b) (u,v) belongs to E* iff 3v —u —2 > 0.

As a simple consequence of Theorems @-lzl, Rado (1935) proved the following
result.

THEOREM 8. Let f be a positive and continuous function on (a,b). Then
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(a) the inequality in is equivalent to the convezity of f iff (u,v) satisfies
the conditions:
(i) 3v—u—2—-0 and
(ii) either —2 < u < —% orl <wu<oo;
(b) the reverse inequality in is equivalent to the convexity of f iff (u,v)
satisfies the conditions
(i) 3v—u—2=0 and
(ii) either u < =2 or —% <u<l.
Another generalisation of the Hermite-Hadamard inequalities has been given
by Vasié¢ and Lackovi¢ (1974, 1976) [181] and Lupas (1976) [103] (see also [147 p.
143)):
THEOREM 9. Let p, q be given positive numbers and a1 < a < b < by. Then the
inequalities

b 1Aty b
(1.12) f <pa+q> < 7/ f(t) dt < M
p+yq 2y Ja—y p+q
hold for A = p;i'gb, y > 0, and all continuous convez functions f : [a1,b1] — R iff
b—a
1.13 y < ——min{p,q;}.
(1.13) T min {p.q)
REMARK 2. (a) Observe that may be regarded as a refinement of

the definition inequality for convez functions.

(b) Forp=q=1and y = b’?“, is the Hermite-Hadamard inequal-

ity. It is known that [147), p. 144] under that same conditions Hermite-
Hadamard’s inequality yields, the following refinement of :

a A+y
i g (BER) < [ S -y fa )
pf(a)+4qf ()
p+q

holds.

3. Some Generalisations

Generalisations of Theorem [J] for positive linear functionals were given by
Pecari¢ and Beesack in 1986 [142] (see also [147] p. 146]):

THEOREM 10. Let f be a continuous convez function on an interval I D [m, M],
where —oo < m < M < co. Suppose that g : E — R satisfies m < g (t) < M for all
teE,geL,and f(g) € L. Let A: L — R be an isotonic linear functional with
A(1) =1, and let p = py, ¢ = q4 be nonnegative real numbers (with p+q > 0) for
which

_ pm+qM
(1.15) Alg) = e
Then
pm + qM pf (m) +qf (M)
(110 PP <A ) < PHO LD,

THEOREM 11. Suppose that L satisfies conditions Li-Ls defined by
(L1) f,g € L implyaf +bg € L for all a,b € R;
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(Lo) 1 €L, that is, if f(t) =1 fort € E, then f € L;

(L3) feL, Ey € Athen fCg, € L;
on a nonempty set E and that f is a continuous convex function on an interval I,
while g,h € L with f(g), f(h) € L. Let A, B be isotonic linear functionals on L
for which A(1) = B(1) =1. If A(h) = B(g), E1 € A satisfies A(Cg,) > 0 and
A(Cg,) > 0 where E3 = E\E1, and if

A (hCg,) < A (hCg,)

(1.17) ACp) = g(t) < ACr) forallt € E,
then
(1.18) fA(R) <B((f)(9) < A(f (h)).

Note that again the inequality is a refinement of Jessen’s inequality and
is also a generalisation of an inequality obtained by Vasié¢, Lacovi¢, and Maksimovié
in 1980 [182] (see also [147| p. 147]).

In 1982, Wang and Wang [183] proved the following generalisation of Theorem
8]

THEOREM 12. Let f : [a,b] — R be a convezx function, x; € [a,b], and p; > 0
(i =0,...,n). Then the following inequalities are valid:

n L B1 B,
i=0 PiLi -1
(1.19) f (Zzno) < (B; — ) / / flzo (1 —1ty)
i=0Pi j=1 [e%} Qn
n—1 n
+Z$]‘ (1 7tj+1)t1...tj +$nt1t2...tn) Hdtl
j=1 i=1

I
(]
S.3
<”3
3

where

(1.20) (@i +6:) _ an:lp’“ fori=1,...,n
2 D ki1 Pk

and

(1.21) 0<a;<B; <1 for i=1,...,n.

For other remarks related to the above results, see [147) p. 148].

Another generalisation of the first inequality in was done by Neumann in
1986 [121].

Let z (t) = >.v_, a;t" (for 0 < u < v and a, € R) be an algebraic polynomial of
degree not exceeding v and let a = min{z (t) : ¢ <t < d},b=max{z (t) : c <t < d}
(see also [147, p. 149)).

THEOREM 13. Let f be a convex function on (a,b). Then

(1.22) f <§”: a,«mT> < /d M, (t) f <§”: aTtT> dt,

where M, is a B—spline and m, the rth generalised symmetric mean of to,. .. t,.

The following generalisation of the first inequality in (|1.1)) for convex functions
of several variables was given by Neuman and Pecarié¢ in 1989, [182] (see also [147]
p. 149)).
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THEOREM 14. Let f be a convex function on R¥ and let vol ([xo,...,xx]) > 0,
x; €ER*, i=0,1,...,n. Then
(1.23) fmey,...,mg,) < /Rk f (%17 . 73:?) M (x|xg, ..., %) dx,

where £; =1,2,...;i=1,2,... k.

Another result of this type is embodied in the following theorem (see [147) p.
150]):

THEOREM 15. Under the assumptions of Theorem[I], we have

1 < 1 <
(1.24) f <M gxz) < ka(x)M(x|xO7...,xk)dx gm;f(xi),
and the equality holds iff f € I, (R¥), where ], (R*) is the set of all

polynomials with degree of, at most 1.

As a special case, we obtain:

THEOREM 16. Let o = [xq,...,Xx|, where k > 1 and voly (¢) > 0. If f : 0 — R
is a convex function, then

k

1 1 1 o
R =t W e [ £oax < > 169
and equalities hold iff f € []; (R¥).

Let X = {x¢,...,xx} (n >k > 1), and assume that any subset that consists
of k + 1 points spans a proper simplex. Let X; = X\ {x;:0<j <n}. Then a
multivariate B—spline can be written as M (:|X) (with knot set X). Similarly, let
M (-|X;) denote the multivariate B—spline with knot set X;. For real numbers
Aoy« Ap with Z?:o A =1, lety :Z?:O Ajx; and let z :n%_l Z;‘L:o x;. The
following generalisation of Theorem [J] is a special case of a more general result of
Neuman (1990) [123] (see [147, p. 151]).

THEOREM 17. Let f be a convex function on R¥. Then

(1.26) ka(x)M(x|X)dx§j;)\j /ka(x)M<x\Xj> dx

holds iff y = z, and equality in holds iff f € I, (R¥).

Note that Neuman’s general inequality is also a generalisation of Fejér’s in-
equality given in .

For other results related to the Hermite-Hadamard inequality and a compre-
hensive list of references up to 1992, see the book [147]. For recent results, see [1],
2] - 3, [B], [73] — [77], [83], [100], [104], [108], [116] , [136] — [134], [141] -
[145], [154] and [I57] - [168].






CHAPTER 2

Some Results Related to the H. — H. Inequality

1. Generalisations of the H. — H. Inequality

1.1. Integral Inequalities. The following generalization of the first inequal-
ity due to Hermite-Hadamard holds:

THEOREM 18. Let f : I C R — R be a convex function on I and a,b el with
a <b. Then for all t € [a,b] and X € [f_ (t), fi (t)] one has the inequality:

(2.1) f(t)+)\<a;b )_b /f

PROOF. Let t € [a,b]. Then it is known [147, Theorem 1.6] that for all A €
[f’_ ), fL (t)] one has the inequality:

flx)y—f@) >XA(x—1t) forall x € [a,b].

Integrating this inequality on [a, b] over z we have

/abf(w)da:—(b—a)f(t)>)\(b_a)(a—2&—b_t>

and the inequality (2.1)) is proved. I

REMARK 3. Fort = a;b we get the first part of the H. — H. inequality.
COROLLARY 1. Let f be as above and 0 < a < b.

()Iff+<\ﬁ>>0 then

b_a/abf(z)defG/@);

() 17 £ (22) = 0, then

ba /f (2ibb)’

(¢) If f is differentiable in a and b then

b—a

b —a a —
[ r@azm @ r@ S o r ot
and

p< LW +I0) b_a/f o < T OLL@ .
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(d) If T; € [a b] are points of differentiability for f and p; > 0 are such that
Z p; >0 and

i=1
a+be xz Zi xz T,y

then one has the mequalzty:

x)dx > Pinz'f(xi)
" oi=1

REMARK 4. If we assume that f is differentiable on (a,b), we recapture some
of the results from [65] and [30].

The second part of the H. — H. inequality can be extended as follows [30]:

THEOREM 19. Let f and a,b be as above. Then for all t € [a,b] we have the
inequality:

(2.2)

- 2 +2 b—a

[ @< 10 L YOS @10 o),

b—a

PRrOOF. Taking into account that the class of differentiable convex functions
on (a,b) is dense in uniform topology in the class of all convex functions defined on
(a,b) , we can assume, without loss of generality, that f is differentiable on (a,b).
Thus we can write the inequality:

f@t)—f(x)>({t—=o)f () forall t,z € (a,b).
Integrating this inequality over z on [a, b] we get:
b b
@3 b-af@- [ f@dztGO-f@ - [ o @
As a simple computation shows us that

/abzf’(fv)dxf )~ af (a /f

then becomes
b
(b—a) f(t) —t(f(b) = f(a)+bf(b) —af(a) > 2/ f(z)da

which is equivalent to (2.2]) .

COROLLARY 2. With the above assumptions, and under the condition that 0 <
a < b, one has the inequality:

b
— a/ f (@) de < min {H; (a,b), Gy (a,b) , As (a,5)}

(2.4)

where:

2ab ) bf(b)—l—af(a)}
+ )
a+b b+a

NG a
[f(\/@) fi/)i:;f()}’

Hy (a,b) := % {f (

1
Gf (a,b) = 5
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and

2 2 2

REMARK 5. The inequality (2.4) for A (a,b) has been proved by P. S. Bullen
in 1978, [147, p. 140] and the inequality (2.4) for Gy (a,b) has been proved by J.
Sdndor in 1988, [167].

The following generalization of the above theorem has been proved by S.S.
Dragomir and E. Pearce in paper [65]:

A (a,b) 1[f<a+b)+f<b>+f<a>].

THEOREM 20. Let f: I CR — R be a convex function, a,b el with a < b and
x; € [a,b],p; > 0 with P, > 0. Then we have the following refinement of the second
part of the H. — H. inequality:

b
25 e RACLE
11 & 1
< 2{Pnzpif(xi)+ba[(b_xp>f(b)+(xp_a)f(a)]}
< Slf@+ s,

where

PROOF. As above, it is sufficient to prove (2.5|) for convex functions which are
differentiable on (a,b), then

fly)=f2) = f'(2)(y = 2) forall 2,y € (a,b).

Thus, we have:

f(z)— f(x) > f(x)(x; —x) for allie{1,...,n}.

Integrating on [a, b] over x we have:

b
fa) - [ f@yd

Y

/abxf'(x)dx

—a
b

= IO - F@) - 0F0) —af (@) + s [ af () dr.

b—a/,

By multiplying with p; > 0 and summing over ¢ from 1 to n, we obtain:

n b
5> onit ) - [ @
™ i=1 a

Lp

1 1o
(B = f @) = s 0 B —ef @)+ 5= [ F@)r

v
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where z,, is as above, from where we get

2 /abf(m)dx

b—a

< o S+ = w) )+ (- ) f (@)
=1

and the first inequality in (2.5]) is proved.
Let
b—ux; P~ .
a= ﬁ, 6= H7 x; € [a,b], i €{1,...,n}.
Then it is clear that o + 8 = 1 and by the convexity of f we have that
b—x; T, —a

I @)+ T )2 f (@)

for all ¢ € {1,...,n}. By multiplying with p; > 0 and summing over ¢ from 1 to n,
we derive:

1
b—a

(b= 2,) F a) + (2~ a) £ () = 5 > pif (1)

which is well known in the literature as the Lah-Ribari¢ inequality [114] p. 9].
Using the previous inequality, we have that:

2 S pif )+ 5 (b= ) £ () + (v — @) £ (a)]

<

= fla)+f(b).
Thus, the inequality (2.5]) is proved. I

COROLLARY 3. With the above assumptions for f,a,b and if t € [a,b], then we
have the inequality:

f@) 1 bf®)—af(a)—t(f®) = fla) _ fla)+f(0)

2 2 b—a 2

PrOOF. The argument follows by the above theorem if we choose x; = t,i €
{1,...,n}. We shall omit the details. I

REMARK 6. The inequality (2.5)) is also a generalization of Bullen’s result. We

recapture his result when x; = “‘2" i=1,...,n.

1.2. Applications for Special Means. Let us recall the following means for
two positive numbers.

(1) The Arithmetic mean
a+b

A= A(a,b):= , a,b>0;

(2) The Geometric mean

G =G (a,b) = Vab, a,b > 0;
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(3) The Harmonic mean

2ab
H=H(a,b) .= ——, a,b> 0;
(a7 ) a+ ba a, > Oa
(4) The Logarithmic mean
a if a=b
L=1L(ab):= , a,b>0,
lnll;:ilna if a 7& b’
(5) The Identric mean
a if a=b
I=1I(a,b):= . , a,b>0;

é (ab—:) Ui a #b
(6) The p-Logarithmic mean

a if a=b
L,=1L,(a,b):= N , a,b>0.
[%} " a#b
The following inequality is well known in the literature:
(2.6) H<GLSL<LI<A

It is also known that L, is monotonically increasing over p € R, denoting Ly = I
and L_; = L.

We shall start with the following proposition:

PROPOSITION 1. Letp € (—00,0)U[1,00)\ {—1} and [a,b] C (0,00). Then one
has the inequality:

(2.7) P >A—t

for allt € [a,b].
PROOF. If we choose in Theorem f i la,b] — [0,00), f(x) = 2P and p as

specified above, we get
b
L / aPde > P 4 ptP~ (a;rb —t)
1

b—a
b
b—a/a xPdr = L} (a,b) = LY
we get the desired inequality (2.7) . 1

REMARK 7. Using the above inequality we deduce the following particular re-
sults:

for all ¢t € [a,b].
As

Lk —IP Lb— P
pIP_l = —IZO,Wf —-L>0
and
P — QP P — HP
P >A-G>0, 2 >A-H>0

Gr 1 = =



14 2. SOME RESULTS RELATED TO THE H. — H. INEQUALITY

and
LY —aP LY —bP
>A-a>0,0< <b-—A
par~! pbr—!
respectively.

The following proposition also holds
PROPOSITION 2. Let 0 < a < b. Then for all t € [a,b] we have the inequality:
L—t A—1t
2. —_— < —
(2:8) L - t
PROOF. If we choose in Theorem (18] f (z) = 2,z € [a,b] we have:

b
1 d:p>1_1(a+b_t)’

which is equivalent to

S

and the inequality (2.8)) is proved. I

REMARK 8. Using the above inequality we can state the following interesting

inequalities:
L,-L _L,-A A-G _L-G
> >

r - L, G — L
and
A-H L—-—H L—-—a_ A-—a
> ) >
H — L L a
and
b—L _ b—-A
e
L — b

Finally, we have the following additional proposition:
PROPOSITION 3. Let 0 < a < b. Then one has the inequality

(2.9) Inl —Int < ?

for allt € [a,b].
PROOF. If we choose in Theorem [18] f (#) = —Inz, z € [a, b] we get

b
1 /lnxdacz—lnt—1 a+b—t
b—aJ, t 2

1
—Inl>—1Int— E(A—t)
which is equivalent to (2.9). I
REMARK 9. Using the inequality (2.9) we get that
—A b—A

L
InL,—-Inl > P >0, Inb—Inl > ——
L, b

which is equivalent to

and
A—-L A—-G

0<InlI—InL< ,0<InI —InG <
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and
A—a

0<InI—InH< A-

,0<Inl —Ilna <

a
respectively.

Now, we shall give some natural applications of Theorem

PROPOSITION 4. Letp € (—o0,0)U[1,00)\ {—1} and [a,b] C [0,00). Then one
has the inequality:
(2.10) - <p(Lp—trp})
for allt € [a,b].

PrOOF. If we choose in Theorem [19} f : [a,b] — [0,00), f (x) = =P (which is
convex) we get that:

1 /b rdp < P ! |:bp+1 aPt1 . bP — ap]
1’ —_— —_ .
a 2

b—a 2 b—a b—a
for all ¢ € [a,b].
As .
1 pprl — gptl
b_a/axpdzng,ib_a =(@+1)LY
and

bP — aP
b—a DD
we get from the above inequality that

) w1 , -
Ly < S+; [(p—!—l) Lp—tpr_l}
#Lr 1
= Ly LB —tIh- 1)
p ot 2p( 7

which is equivalent to (2.10]) .

REMARK 10. We have the following particular interesting inequality forp > 1:
01— A" <p(Lp—ALZTY), 0< Lf— 17 < p(Lh— LLIT)
and
0<Lp— 1 <p(Lp-1057), 0< 1p - 67 <p (L - GLCY)
respectively.
The following proposition also holds.
PROPOSITION 5. Let 0 < a < b. Then for all t € [a,b] we have the following
inequality:
t—-L _1 £-G?

. <=
(2.11) — o

PROOF. If we choose in Theorem (19 f (x = we have that
b 1
1 d:c<1 1 t(g—f)il t

a

[\

b—al,  ~28 2 b—a 2t ' 2ab’
That is,
1<1+t 1 1t 1
L2 2ab Lt " 2ab 20
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which is equivalent to (2.11]).

REMARK 11. The above inequality gives us the following particular interesting
results:

L,—L 1 L2-G?
<22 <-.-F >
Os=F =3 g =D
and
A-L 1 A2-G? I-L 1 I?-G?
0< <z , 0< <z
L 2 G? L 2 G2
and
2 _ g2 _
0<1 G°—H L—H
-2 G2 — L
respectively.

Finally, we have the following application of Theorem
PROPOSITION 6. Let 0 < a < b. Then one has the inequality
L—t
(2.12) —— <Inl —Int,
L
for allt € [a,b].

PROOF. If we choose in Theorem [19] f (z) = —Inz, z € [a,b] we get

1 /”1 gy < _mt 1bmb-—alna—t(nb—Ina)
_ . _mt 2
b—a /, = 2 2 b—a
I U S A WA TR
T T T2\ e 2\ b—a
Int 1 t
= —— ——Inlel —
5 g mlel @b+ 57,
which gives us
Int 1 t
— < - _Z —.
InT < 5 2(1—|—lnI)-§-2L

That is,
—2InI < —-Int—1—Inl+ %,

which is equivalent to

t

1—Z§1nl—lnt,

and the inequality is proved. I

REMARK 12. From the above inequality we deduce the following particular in-
equalities:

ogL_GglnI—lnG,ogL_H

<Inl-InH

and
A—L

>InA—-Inl>0.

In what follows we shall point out some natural applications of Theorem
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PROPOSITION 7. Let r € (—00,0) U [1,00)\ {—1} and [a,b] C [0,00). If x; €
la,b], pi >0 with P, :==>""" p; >0 (z =1, n) , then we have the inequality:

(2.13) L (a,b) = [Mf1 (@, )]
p

< r[[Le (@) = An (@,9) [Lroa (a,5)
< 24070 [Le(a,b) — [M]) @ip)]
where
Ay (2,p) = ;nzn;pixz

is the arithmetic mean and

, 1 n . '
M (a3 p) = <P ZW@-)
™oi=1

-

is the r—power mean.

PROOF. Choosing in Theorem f(x)=2a", x € [a,b], we get that

1 1 rooprHl - grtl b —ar
T < Z [l (- R .
b—a/axdx - 2[(M" (x,p)) L—— An (@:p) b—a
< AW ,a").
As . .
prtl —grt -
3. = Tt DI ()]
and )
" —a” e
7—— =7[Le1(a,0)] L
we get:
1 : r r e
Li(ab) < 5 |[MP@p)] + 0+ DL @b) = rd, @) L (a0)] ]

< A(b,a")
from where results the desired inequality N |
REMARK 13. If in we choose x; =t, i = 1,n, then we get
(2.14) Ll — " <r[Ll —tL'=Y < 2A(b",a") — LT — ", t € [a,b],

which counterparts the inequality (2.10) (for r =p).
The second inequality in (2.14) gives us the particular inequalities

0<r[Lr—ALIZ{] <24 (b ,a") — L] — A",
0<r[Ly—LL7}] <2A(b",a")— L] - L",
0<r[Ll—ILIZ}] <2A(b",a")— L. -1,
and
0<r[Ll—GLIZY] <2A(b",a") — LT — G
The following proposition holds:
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PROPOSITION 8. Let 0 < a < b, x; € [a,b], i = 1,n, p; >0, i = 1,n. Then
one has the inequality:

(2 15) H, (p7$) _L<a’7b) 1 Ay, (p7x) H, (pam) - G? (a’vb)
’ L (a,b) -2 G? (a,b)
Ala,b) Hy (p, ) — G* (a,b)
- G? (a,b) ’
where H, (p,z) is the harmonic mean. That is,
— | pml-1 -
o) = (M7 @p)] = = B
Proor. If we choose in Theorem f@)=1 2¢€lab], we get:
1 fPde 1 |1 Gpi 2 ;-1 1414
PG e a _ A b a| < a b
b—aj, x — 2 Pn;xi—i_bf n(x’mbfa - 2
That is,
1 gl- 1 +Hn(p,x) < A(a,b)7
L(a,b) = 2 [Hn(p,x)  G*(a,b) ] =~ G*(a,b)
from where we get
1 1 1 [A, (z,p) 1 Ala,b) 1
_ < Z. — < - .
L(a,b) H,(p,z) ~ 2 |G?>(a,b) H,(p,x)| ~ G?(a,b) Hy(p,x)

That is,

L(a,b)H, (p,x) ~ 2 G2 (a,b) H, (p,x)
A(a,b) H,, (p,7) — G* (a,b)

- G2 (a,b) H,, (p,x)

and the inequality is obtained. I

REMARK 14. If in (2.15) we choose x; =t, i = 1,n, then we get

t—L 1 t?-G* tA—-G?

(2.16) T S e ST

which counterparts the inequality .

The second inequality gives us the following particular results:

O<1~I2_G2 < TA - G? 0<1.LQ—G2 < LA - G?
-2 Gz - G 72 G2 G2

Finally, we also have the following proposition:

PROPOSITION 9. Let 0 < a < b and z; € [a,b], p; >0 (i =1,n) with P, > 0.

Then we have the inequality:

H, (p,x) — L(a,b) < 1 [An (x,p) Hy, (p,z) — G? (a,b)

, t € a,b],

L(a,b) — Ay, (z,p)
L(a,b)
InG? (a,b) —In1 (a,b) —In G, (p,z),

where G, (p, x) is the geometric mean. That is:

Gy (p,x) == <H xfl>

(2.17) InI(a,b) —InG, (p,z)

Y

Y

1
Pn
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PROOF. If we choose in Theorem f(x) =—Inz, x € [a,b] we obtain:

1 b
2 / (—lnx)dzx
—al,

1 1 < blnb—alna Inb—1Ina
< 7y m;p"m"“m‘f“n@m)m]
Inb—Ina
- 2
That is,
b
ﬁ/a Inzdxr > % [lnGn (p,x)+1n[e~](a,b)]m] >InG (a,b)
or .7)
1 1 1 A (x,p
> 1 Sz _Ln il :
In7(a,b) > 21nGn (p,z) + 5 —|—2lnI(a,b) 3L (ab) >InG (a,b)
That is,

1
ilnl(a,b) >

DN =

[mGn (p.7) +1— m] >InG (a,b) — %lnl(a,b)

or, additionally,

] 1 [L(a,b) — A, (z,p)
3 [In1(a,b) —InG, (p,x)] > ) [ L(a,b) ]

1 1
> InG(a,b) — §lnI(a,b) - §1DGn (p, )
and the inequality (2.17) is obtained. I
REMARK 15. If in (2.17) we put x; = t,i = 1,n, then we get

L—t
(2.18) 1n1—1nt2T21n02—1n1—1nt, t € [a,b],

which counterparts the inequality (2.12)) .
This last inequality also gives us the following particular inequalities

0<A_L<1 A do<t=F I
<—3—<h re? and0< —— <n 2 )
Furthermore,

A IA 1 I?
1 <exp Z_l Saandlgexp E_l ga.

2. Hadamard’s Inferior and Superior Sums

19

2.1. Some Inequalities. Let [a,b] be a compact interval of real numbers,

d:={z;]i =0,n} C [a,b], a division of the interval [a,b], given by
dia=zg<z1 <2< ..<Tp_1<zp,=b(n>1)
and f a bounded mapping on [a, b] . We consider the following sums [42]:

b= 31 (252 ) i =)

=0
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which is called Hadamard’s inferior sum, and

Hq(f) = 2 Hed +2f (i) (Tip1 — @)

which is called Hadamard’s superior sum. We also consider Darboux’s sums

n—1 n—1
sa(f) =Y mi(zinr = 2:),Sa (f) = Y Mi (@i — ;)
=0 i=0

where
m; = inf f(z), Mi= sup f(x),i=0,...,n—1.

r€[zi,Tip1] x€zs,xi41)

It is well-known that f is Riemann integrable on [a, b] iff
sup sq (f) = i%de(f) =IleR
d
In this case,

b
I= / f(z)dz.
The following theorem was proved by S. S. Dragomir in the paper [42].
THEOREM 21. Let f : [a,b] — R be a convex function on [a,b]. Then

(i) hq(f) increases monotonically over d. That is, for di C da one has
hd1 (f) Sh’dz (f),
(ii) Hgq(f) is decreasing over d;
(7it) We have the bounds

a+b

(2.19) 5

i%fhd(f):f< >,sgphd(f)= f(z)dz

and
b
(2.20) i%fHd (f) :/a f(x)dx, ﬁ s%p Hq(f) = J@+70)

PROOF. The proof is as follows.

(1) Without loss of generality, we can assume that d; C dy with dy = {zo, ..., zp}
and do = {xg, ..., Tk, Y, Tht 1y .oy Tn } Where y € [z, xp41] (0<k<n-—-1).

Then
hdz (f) - hd1 (f)
T +Y Y+ Th+1
= f <2> (y—ap)+ f <2+) (Th41 —¥)
+x
~f <y2k+1) (Tht1 — k) -
Let us put
o= Y — T B= Ti41 — Y
Th+1 — Tk Tk4+1 — Tk
and
_ Tr+Y L= Y+ Ti41
2 2 ’
Then

Tl + Tr41

atf=1, av+fy =
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and, by the convexity of f we deduce that af (z)+8f (z) > f (ax + 32).
That iS, hd2 (f) Z hdl (f) .
(it) For dy,ds as above, we have

Hd2 (f) _Hdl (f)

_|_f ($k) +2f (xk-i-l) (xk-l-l o xk)
@) @e k) f () (@ —y) + f (@) (v — ﬂfk).
2 2

Now, let a, 3 be as above and v = =y, v = Tp41. Then au + v = y
and by the convexity of f we have af (u) + Bf (v) > f(y). That is,
Hg, (f) < Hg, (f) and the statement is proved.
(#i1) Let d = {xg,...,zp} witha =129 <1 < .. <z, =b. Put p; i= 2,41 —x;,
(Ii+§7i+1)) i=0..

u; = , .-, — 1. Then, by Jensen’s discrete inequality we
have

n n

> Diti > pif (ug)

i=0 i=0

fl1= <=

> Di > pi

i=0 i=0
Since

n n b2 —a
szzb_a7zpzu1: 2 )
=0 =0

we can deduce the inequality

() = g,

If d = dy = {a,b}, we obtain

b () =0-a)f (57)

which proves the first bound in (2.19)) .
By the first inequality in the Hermite-Hadamard result, we have

i T T 1 Tt .
f(x —|—2x+1)< / f(z)dz,i=0,...,n—1,

Ti+1 — T

i

which gives, by addition,

> () -

< ;/ )dx:/af(:c)dr
a,

.

sa(f) < ha(f /f

ha (f)

for all d a division of
Since
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d is a division of [a,b], and f is Riemann integrable on [a, b] , that is,

/f
f)=/abf(:v)dw,

which proves the second relation in (2.19)) .
To prove the relation (2.20)), we observe, by the second inequality in the
Hermite-Hadamard result, that

/abf(:zz)dx - Z/m+

< Zf T; +2f (Ti41)

sup sa (

it follows that

sup hq (
d

=Hq(f),

(Tip1 — i)
=0

where d is a division of [a,b].
Since

Hq(f) < Sa(f)

for all d as above, and f is integrable on [a,b], we conclude that

:/abf(x)da:

Finally, as for all d a division of [a, b] we have d 2 dy = {a, b}, thus

fla) + f(b)
2

inf Hy (f)

L s Ha (1) =

and the theorem is proved.

The following corollary gives an improvement of the classical Hermite-Hadamard

inequality [42]:
COROLLARY 4. Let f:
a=x9 <21 <..<x, =bwe have

[a,b] — R be a convex mapping on [a,b].

n—1

ey g(*) < 52 Zf(?) (ri1 — )
< / e
< 1 g f -Ti +2f (xiJrl) ($i+1 —xi)
¢ @i
Define the sequences:
n—1 9 +1
()= 2 s (ar Tgt 0-0)

Then for all
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2121{ ( a))+f(a++(b—a))]
for n > 1.

The following corollary also holds [42].

and

COROLLARY 5. With the above assumptions, one has the inequality:

(222) (%) < mns
< H, (f)sw.
Moreover, one has the limits
1 b
(2.23) Jim ho ()= lim H, (f) = 2 [ f@)ds

PROOF. The inequality follows by for the division
d:= {mi:a—i—i(b—a)ﬁ:o,n}.
n
The relation is obvious by the integrability of f. We shall omit the details. I
Now, let us define the sequences:

1= 9i ,
()= g 3 f (04 o - a)) 2

=0

2n+1 [ (a—i—b—a))—%—f(a—%—z;l(b—a))}?
for n > 1.

COROLLARY 6. Let f : [a,b] — R be a convex mapping on [a,b]. Then we have:

(1) tn (f) is monotonic increasing;
(i) Ty (f) is monotonic decreasing;
(ii7) The following bounds hold:

and

T, (f

lim ¢, (f) =supt, ( /f
n—oo n>1 b—a

and
tm =m0 = [

PROOF. (i) and (ii) are obvious by (i) and (i) of Theorem [21] for
2t —
dy, = {3:z —a—|—2—n(b—a) |i=0,n} Cdpy1, neN.

(7i7) Tt follows from the bounds (2.19) and (2.20) and from the fact that f is
Riemann integrable on [a, b] .
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REMARK 16. The above result was proved in the paper [42].

2.2. Applications for Special Means. Let [a,b] be a compact interval of
real numbers and d € Div [a,b]. That is, d := {z;]i =0,n} C [a,b] is a division of
the interval [a,b] given by d :a = a0 < 21 < ... < Zp_1 < T, =b.

Define the sums

n—1
W=7 AP (2, w041) (i1 — )
i=0

and
H[p : ZA Lis z+1 xl"rl _xi)

where p € (—00,0) U [1,00) \ {71} .
For every d € Div [a, b], we have the inequality:

n—1
1
AP (a,b0) < b= ZAP (i Tiv1) (Tip1 — 23)
i=0
< LP (a b)
S ZA af,wf ) (Tipr — x5)
< Alfa, bp)
and the bounds
1
— sgp hElp] = LP (a,b)
and
b—amep] LY (a,b).
Now, let us define the sums; for 0 < a < b:
n-1 2 2
o Tit1 — gl 1 Lig1 — X3
2 - A - .
Z Tiy1 + ml d 2 Zz:; TiTiy1
We have the inequality
-1 2 = Tit1 -1
AN (ah) < <17 (a,b)

- b—ai:Ole—i—xi_

1 — Ti | — T 1
< <H b
- 2 (b — CL) ; TiTiy1 (a7 )

for all d € Div [a,b] and the bounds

1 -1 _
p—aswhy =17 (a.b)

and
me[ Uopt (a,b).
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Also, we can define the sequences

n—1 n—1
H([zo] = H [A (mivmiJrl)}(ZHlizi) 7th] = H G (xz‘,xiﬂ)](ziﬂimi)
i=0 1=0

for a division d of the interval [a,b] C (0, 00) .
Using the above results we have the inequality:

n-l Ti41l T
A@d) > [[A@nzg0)) 75 2 1(ab)
1=0
n—l Ti4l1— T4
> ]G @i zi) = >G(ab),
1=0

which follows by the inequality (2.21)) applied to the convex mapping f : [a,b] — R,
f(z)=—Inz.
By Theorem [21| we also deduce the bounds

i%f { 1:[ (A (xiaxz’ﬂ)]xiti;mi } =1(a,b)

=0

and

" { I } ).

d <o

3. A Refinement of the H. — H. Inequality for Modulus

3.1. Some Inequalities for Modulus. We shall start with the following
result containing a refinement of the second part of the H. — H. inequality obtained
by S. S. Dragomir [38]:

THEOREM 22. Let f: I C R — R be a convex function on the interval of real
numbers I and let a,b € I with a < b. Then we have the following refinement of the
right part of the H. — H. inequality:

(2.24) MORFL b_a/f

2
OB INC |dx] if f(a)=f()
| ok S el — 5 [P1f @lda] i F(a) # 5 0

PrOOF. By the convexity of f on I and the continuity property of modulus we
have:

tf(a)+ (1 =1) f(b) = f(tat (1 -1)D)
tf (@) + (1 =) f(b) = f(ta+ (1—-1)b)|
> |tf(a)+ A=) f ) =|f(ta+ (1 =)b)[[ >0
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for all a,b € I and t € [0,1].
Integrating this inequality on [0, 1] over ¢ we get the inequality:

f(a)/ tdt+f(b)/o (l—t)dt—/o fta+ (1—1t)b)dt
1

/|tf +(1=t)f (b)|dt7/ |f (ta+ (1 —1t)b)|dt|.
0

As it is easy to see that:
/ tdt = / (1-t)d

f(ta+(1—t — f
0 a

f(a) it f(b) = f(a)

and

1
[ @+ a-ord- o
’ T Jf) 2z i f(a) # £ (B)

1 b
| rtara=onia= = @)@

respectively, then the inequality (2.24]) is proved. I
The following corollary holds [38].

and

COROLLARY 7. With the above assumptions, and the condition that f (a +b—x) =

f(x) for all x € [a,b], we have the inequality:

b b
i [ F@dez | f@] - [ 1@l 20

A refinement of the left hand side of the Hermite-Hadamard inequality is em-
bodied in the following theorem by S. S. Dragomir [38].

THEOREM 23. With the assumptions of Theorem [23, we have the inequality:

(2.25) b_la/abf(a:)dxf<a;rb>
w-|r(%57)

bia/ab f(a;)+f(2a+b—x)
f(w)+f(y)‘_’f<w;y>H

ProoOFr. By the convexity of f we have that
2

f(fﬂ);f(y) _f(x;ry> o

> 0.

for all z,y € I.
Let usput x =ta+ (1 —t)b, y= (1 —t)a+ tb with t € [0,1]. Then we get
fta+ (1—t)b)+ f((1—t)a+tb) a+b
2 A
Hf(m+(1t)b)+f((1t)a+tb ‘ ‘f<a+b)H
2
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for all t € [0,1].
Integrating on [0, 1] we get that:

Jo Flta+(=t)b)dt+ [ fF(A=ta+th)dt  (a+b
(5)

2 2
/1 f(ta+(1_t)b)+f((1_t)a+tb)‘dt—‘f<a;_b)“.
0
However,
/fta+ (1—t)b)dt = /f 1—t)a+th)d bia/f

2
and denoting x :=ta+ (1 —t)b, t € [0,1], we also get that:
/1f@w+ﬂ—ﬂ®+f“1—ﬂa+w)
0

2
1 b
- b—a/a

f@)+ flat+b—x)
2
Thus, the inequality (2.25)) is proved. I

i

dx.

The following corollary also holds [38].

COROLLARY 8. With the above assumptions and if the condition that f (a + b — x) =

f(x) is satisfied for all x € [a,b], then we have the inequality:

L[ iwar- g () 2 |51 [rne- |7 (4]

3.2. Applications for Special Means. It is well-known that the following
inequality holds

> 0.

(G-1-A4) G (a,b) < I(a,b) < A(a,b)
where, we recall that
G (a,b) :== Vab
is the geometric mean,
1
L[\
I(a,b):=~-(—
o
is the identric mean, and
Amﬁy:a;b

is the arithmetic mean of the nonnegative real numbers a < b.
The following proposition holds [38].

ProPOSITION 10. Ifa € (0,1],b € [1,00) with a # b; then one has the inequal-
ity:
I(a,b) ] > 1

(2.26) Glad)

(Inb)? + (in o [(bbaaez_<a+b>) }
In ( b)

a

Zexp[

which improves the first inequality (G — I — A).



28 2. SOME RESULTS RELATED TO THE H. — H. INEQUALITY

PROOF. Let us assume that a € (0,1],b € [1,00) and a # b. Then we have for

the convex mapping f (z) = —Inz,z > 0:
: f()+f B lna+lnb 1 b
A . 2 —CL f 2 +b—a, alnxdm
1 Tab
= 7 4 [blnb—alna— (b—a)]—InG (a,b) =1n {G((‘ZL: b))] _
Denote
B = 7/ xdx——/ Inz|dz|.
F®) = f(a) Jsw) b—a/,
We have
Ina 2 9
/ o] dy = 00"+ (Ina)”
Inbd 2
and
b
/ [lnz|dz = In {aabbefzf(a%)}
and thus

2 2

_ |(mb)* + (na) __ln{(bbaaez_<a+b>)bla}
b2 '

n (3)

Using the inequality (2.24)) we can state that A > B > 0, and thus the proposition

is proved. |

Finally, we have the following proposition [38].
PROPOSITION 11. Let a,b € (0,00) with a # b. Then one has the inequality:

(2.27) 400 5 exp l bia/ab ln(\/:m>’dx— ‘ln (a;b)’

>1
I(a,b)
which improves the second inequality (G — I — A).

— i

PROOF. Denote for f(x) = —Ilnx,z > 0, that

c [A( {}f <a;rb>ln(a;b)ln1(a,b)
= I(ib)
A -l (3

1n¢§@+b—xﬂ@w—m(a;b)

By the inequality (2.25)) we have that C' > D > 0 and the proposition is proved. 1

and

D : =

f@)+flatb—x)
2

b—
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4. Further Inequalities for Differentiable Convex Functions

4.1. Integral Inequalities. Let us assume that I C R — R is a differentiable
mapping on I, and let a,b €I with a < b. If f* € L4 [a, )], then we have the equality

fl@+rm 1 f° 1 a+b\ .
(2.28) 5 _b—a/af(x)dx_b—a/a <x— 5 >f(x)dx
Indeed, by integrating by parts we obtain
b b b
[ (=) r@as = (a=0) 10| - [ @

b
= -l [

and the identity (2.28)) is proved.
The following theorem holds [34]:

THEOREM 24. If the mapping f is differentiable on I and the new mapping

o= (o= F) 1 @

is convex on [a,b], then we have the inequality:

—a a b
P @ ) = L );f(b) —bia/ f(z)dz > 0.

(2.29)

8
ProoF. Applying Hadamard’s and Bullen’s inequalities for the mapping ¢,
i.e.,
1] [a+b\  ¢(a)+eb) 1 /b a+b
— > >
2_¢< 2 >+ 2 Zpoa ), p@Wdze{ ),
we get

2 2 2

1 v.(wl(b)_wl(a))]>f(a)+f(b)_bia/abf(x)d$>07

and the inequality (2.29)) is proved. I

REMARK 17. The above theorem contains a sufficient condition for the differ-
entiable mapping f such that the second inequality in the H. — H. result remains
true.

In what follows, we need a lemma which is interesting in itself as it provides a
refinement of the celebrated Chebychev’s integral inequality (see also [66]).

LEMMA 1. Let f,g: [a,b] — R be two integrable mappings which are synchro-
nous, i.e., (f(z)—f(y)) (g(x)—gy)) = 0 for all z,y € [a,b]. We then have:

(2.30) C(f,9) =z max{|C(|f], D], [C(f], 9).1C(f, 19D} = 0,

where

Cf.g) = (ba>/abf<x>g<z>dx/abf@)dx/abg(x)dx.
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PRrROOF. As the mappings f, g are synchronous, we have that

0<(f(z)=fy)(g(x)—g(y) =I(f(x) = f W) (9 (=) —gW)l

On the other hand, by the continuity property of modulus, we have

|(f (x) = f W) (g (x) —g )] = [(lf @) = [f W) (g (@) =g ()]
and

I(f (x) = f () (g (@) =g @) = |(If (@)= 1f W) (g @) —g )

and

I(f (@) = f () (g(@) —g W) = I(f (@) = f ) (g (@)]—lg @]
for all z,y € [a,b].
Let us prove only the first mequahty in
Integrating on [a, b] over (z,y), we get

— / [ v (9(2) ~ g (v) drdy

(b)/ [ 105 @117 @D U9 @)1 - lg D ey

Y

b b
(b_l)/ / (If @) = 1f @)]) (lg @)| = g (4)]) ddy

As a simple calculation shows us that

b b
U9 =5 G | [ @1 o)y

CUslaD =5 e [ [ 07 @I=15 @D o @) lo ) ey

we deduce the first part of (2.30) . N

and

The following refinement of the H. — H. inequality holds [34].

THEOREM 25. Let f: I CR — R be a differentiable convex mapping on I and
a,b €l with a < b. Then, one has the inequality

oay  L@EI®

2

1 b a+bl, ,, 1, ]
At [t i @lae- [ 17 @l
a+b

ath b
B f®-f@ 1 V rdo— [ F@)d ]

1 b
s [ T @z max (4], Bl Cl} > 0

where

4 b_a a+b
2

o= [ (o) @l

and
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PROOF. As f is convex on I, the mappings f’ and (z — %) are synchronous
on [a,b] and we can apply Lemma Thus, we have:

(2.32) (b—a)/ab(a:—a;rb>f’(x)dx—/ab< —“b) /f
where

A::(b—a)/ab

b b b b
_a+ ’|f |dx—/a x—“; ‘dx/a \f (z)| da,

b b
x—a+b’f dm—/ x—a;b’dx/ I (z)dz
and
b b
om0 [ (o= 52 ) 17 @lde [ (a-252)d /|f )l da.
However,
b b
/a(x—a;b>dx:0and/a T —

Thus,

N
I
—
S
|
IS
S—
D\@

[we]
Il
—
>
\

o
S~—
| — |
g\

N
N
S
N |+
>~
\

8
~
=
—
&
QU
S
+
—

o
N
\

o
N |+
>~
~_
kﬁ
—
QU
| IS

and

0:=<b—a>/ab(x “*b)u()mx.

Using the inequality (2.32) we get

b
= (x—“;b> 7' (@) dw > max {|A],|B],|C]} = 0

where A, B, C are as given above. By the identity (2.28) we get (2.31]).
Hence, the proof is completed. I

REMARK 18. Taking into account that the class of differentiable convex func-
tions defined on I is dense in the class of all convex mappings defined on I, we can
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state that

f();rf /f
age b

. ‘f@):f(b) bl/ F (2 da - f(@dx]

for every f : I — R a convex function on I

The following theorem is interesting as well [34].

THEOREM 26. Let f : R — R be a differentiable mapping on f, a,b Ef, with
a <bandp>1. If |f'| is g—integrable on [a,b] where ¢ = p%v then we have the

inequality:
1 - a)® ‘
=3 (p+1)7

(2.33) f(a); 7@/ f@

PRrOOF. Using Holder’s integral inequality for p > 1 and ¢ > 1 with 1 >+ E =1
we can state that:

b
bia/ (m—a;—b> 1 (z)dx

1 b b
< <b—a/ x—a+ dx) ( /|f |qu>
However,
b P b P
b b
/ x—a+ der = 2/ (x—a+ ) dzx
a GTH? 2
B (b_a)PJrl
 (p+1)2r]
Thus,

1
q

a+b

pd.il?)é(bl
p+1 > (bia/b|f/(z)|qu>
o) (/ e |"dx> ,

1
2(p+1)
and the inequality (2.33]) is obtained by the utilization of the identity (2.28]). N

| (2 )qux>

Q= Q

(7
(3

'uh—\ '@\H

COROLLARY 9. With the above assumptions, and provided that f is convex on
1, we have the following reverse inequality:
( / 7 @) dx)

fla)+f(0
(2.34) 0< 5 _a/f

'd\»—t *d\»—t

M\H
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The following result is well-known in the literature as Griiss’ integral inequality:

LEMMA 2. Let f, g : [a,b] — R be two integrable functions such that o < f (z) <
¢, v<g(x) <T for all z € [a,b]. Then we have the inequality:

o [ r@ewan it [ @ i@

For the proof of this classical result see the monograph [114, p. 296] where
further details are given.
The following theorem holds [34]:

THEOREM 27. Let f : I C R — R be a differentiable mapping on f, a,b GIO,
witha < b and m < f' (z) < M for all z € [a,b]. If f' € L1 [a,b], then we have the
inequality

a b
(2.35) ‘f(>+f(b)—bia/f(x)dx

<16-0 7).

< (M—m)(b—a)'
- 4

2

PROOF. Define the mapping g (z) =z — 'ITH’,x € [a,b]. Then,

<b2a> Sg(z)gb;“

for all € [a,b]. Therefore, by Griiss’ inequality, we have that

b
bia/ (w—a;b) 1 (z)dz
b b b
L e o

(M —m)(b—a)
S T

Using the fact that
b
b
/a (x—a;r )dx:O,

and the identity (2.28)), we deduce the desired result (2.35) . B

COROLLARY 10. With the above assumptions, provided f is convex on f, we
have

fla+f®) 1 [ (f' (0) = f'(a) (b—a)
2 _b—a/af(x)d””g 1 ‘

REMARK 19. For a comprehensive list of results on the trapezoid inequality,
see the expository work by Cerone and Dragomir [15]. Most of those results can be

stated in the particular case of convex functions, but they will not be considered in
this book.

Now, we shall point out another identity which will allow us to establish some
new inequalities connected with the first part of the celebrated Hermite-Hadamard
integral inequality.

The following lemma is interesting [34].

(2.36) 0<
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LEMMA 3. Let f: I C R — R be a differentiable mapping on f, a,b Ef, with
a <band f' € Ly [a,b]. Then, one has the identity:

em () ik [r@a= i @ rwe

where

T —a,x € [a, GTH’)
p(z) = \
+
r—bx € [%, b]
ProoF. Using the formula for integration by parts, we have successively:

a+b a+b
2 2

[T ear@a="20 () - [ rwa

/b (e~ b) f (&) di = b;“f(“;b) —/;f(x)dw-

2

and

Adding the above two identities, we deduce
atb
2

/a (x—a)f’(x)dwﬁb (m—b)f’(x)dxz(b—a)f(a;rb> —/abf(a:)dx.

2

As it is clear that
a+b b

/abp(x)f/(:r)d:v:/a ’ (x—a)f’(x)d$+/ (= b) [ (z) da,

a+b
2

the required identity is proved. i

REMARK 20. It is obvious that we also have the representation:

e i [r@a-r () =0k [ewr @

a
where
a—x,x € [a7 aT‘H’)
q(x):=
b—z,x € [%"b, b]
which will be more appropriate, later, for our purposes.
REMARK 21. We obtain similar results if we choose

) T —a,r € [a, "T“’]
p(x) =
x—bxe (C‘T'H’, b]
and
a—T,rec [a, ‘%‘b)
q(x) = ,
b—x,x € [%, b]
respectively.

The following theorem also holds [34]:
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THEOREM 28. Let f : I C R — R be a differentiable mapping on I a,b EIO
with a < b and p > 1. If | f'| is g—integrable on [a,b] where ¢ = -L=, then we have

the inequality:
;
=~ 5 1 (/ |f |‘I ddf)
(p+1)»

(1)

Proor. Using Holder’s inequality we have that:

( /lp |”dx) x(bla/:|f’<m>|"dx>i

b atb b
/ Ip(2)|Pdz = / |z — al’ d:v—i—/ |z — b|” dx
a a atb

2
(b _ a)PJrl
2 (p+1)
Thus, the inequality (2.39)) is proved. I

(2.39) x)dz| <

However,

COROLLARY 11. With the above assumptions and provided that f is convex on
I, we have the reverse inequality

a+b 1( %
o5 g [ s s (1) < 2p+1;</ S |qu>

Finally, the following theorem also holds [34]:

THEOREM 29. Let f : I C R — R be a differentiable mapping on f, a,b Ef,
witha < b and m < f' () < M for all x € [a,b]. It f' € L1 [a,b], then we have the

inequality:
a+b
(5)-+

The proof is similar to the proof of Theorem [27| via Griiss’ identity (2.36]) . We
shall omit the details.

REMARK 22. For a comprehensive list of results on the mid-point inequality,
see the expository work by Cerone and Dragomir [16]. Most of those results can be
stated in the particular case of convex functions, but they will not be considered in
this book.

dx<

4.2. Applications for Special Means. We shall start with the following
proposition:
PROPOSITION 12. Let p > 1 and [a,b] C [0,00). Then we have the inequality:

2= 11 (ab)
2(p+1)

P
q

(2.40) 0 < A(a?, ) — L2 (a,b) <

=

where q := %.
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PROOF. By Theorem [26| applied to the convex mapping f (z) = P we have:

) 1
Py bP 1 1(b—a)? ‘
at+o /mpdx < f(ial |pxp*1|qu
2 b—a a 2 +1 r a

However,

b —q+1 _ ,pg—q+1 +1 _ op+1
/ L-Dagy — bpPa—a aP1—4 _ bp aP
a pg—q+1 p+1

and thus we have:

IN

A(aP,bP) — Lb (a,b)

and the inequality (2.40) is proved. 1

Another result which is connected with the logarithmic mean L (a,b) is the
following one:

ProOPOSITION 13. Let p > 1 and 0 < a < b. Then one has the inequality:

p+1

Ly (a,b)} ’

1-p

(241)  0<H(ab)- L7 (e < =]
2(p+1)»

PROOF. By Theorem [26| applied for the convex mapping f (z) := % we have:
1

g ati _mb-lna _ (b—a)% /bde
2 b—a (p+1)7 o T
However,
b
/ x™%dz = (b — a) L%:gg (a,b),
and as )
1—9q=PF1
1—p

we deduce that

)
B (b—a) e
" Tari [Li (a,b)} :

and the proposition is thus proved. |

The next proposition contains an inequality for the identric mean I (a,b).
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PROPOSITION 14. Let p > 1 and 0 < a < b. Then one has the inequality:

I (a, b) (b — a) ( ,p)
(242) 1< G(a,b) < m [L,p (a7b)] 1 ‘| .

PROOF. If we apply Theorem [26| for the convex mapping f () = —Ilnz,z > 0,

we have that
1
bdx\*
.zl

"=l "=

b —
/ 1nxdx_lna—i—lnbé}(b a)
a 2 2(p+1)

1(b—a)? (b—a)
2 (1)
3o (Lo (@)

(L7 (a,b)]7

from where results the inequality (2.42)).

Further on, we shall point out some natural applications of Theorem
The following proposition holds.

PRrROPOSITION 15. Let p > 1 and 0 < a < b. Then one has the inequality:
plp—1) 2 rp—
(2.43) OS/MMﬁQ—LﬂmMSA—Z——@—a)Qlﬁmm.
Proor. If we choose in Theorem f(z) = aP,p > 1, we have that pa?~! <
f' (z) < pbP~! for all x € [a,b]. Thus, by the inequality (2.35) we obtain:

p (P~ —a?7l) (b—a)
4

0 < A(ap’bp) - Lg (avb) <

R T =)

and the proposition is proved. i
For the logarithmic mean, we have the following result.
PROPOSITION 16. Let 0 < a < b. The we have the inequality

(b —a?) (b—a)

-1 -1
(2.44) 0<H '(a,b)— L " (a,b) < 1225
PROOF. Indeed, if we choose in Theorem [27] f (z) = 1, then we have
1 1 1
@Sl W=rmsp

and thus 2 )
1 1 —a
M=m=—5%027= T2
Using inequality (2.35) the proof is completed.
For the identric mean we have:

PROPOSITION 17. If0 < a < b, one has the inequality:

I (a,b) (b—a)?
(2.45) 1< Glab) < exp lm] .
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PROOF. Follows by Theorem 27} I
Now, if we use Theorem [28 we can state the following inequalities:

—a) L} (a,b)

0< A W) — 2 (a,b) < PO

2p+1)7
and )
0<H '(a,b) — L7 (a,b) < b-a . [L@H) (a,b)] "
2(p+1)» -
and
I(a b) — ) 1—9
1< L < L7?(a,b
= Gan) T p+1)r [ - (@ )} ’

respectively, where p > 1 and ¢ := p%'

On the other hand, if we apply Theorem 29} we have the following inequalities:

p(p—1 -
0 < A(aP,bP) = L5 (a,b) < % (b—a)* L¥~3 (a,b),

and (2 2)( )
b —a®) (b—a
—1 -1
OSH (a,b)_L (a,b)éw,
and ,
I(a,b) (b—a)
< <
1_G(a,b)_eXpl dab |’

respectively, where p > 1.

5. Further Inequalities for Twice Differentiable Convex Functions

5.1. Integral Inequalities for Twice Differentiable Convex Functions.
We shall start with the following well known lemma which is interesting in itself.

LEMMA 4. Let f: I CR — R be twice differentiable on I with f" integrable on
[a,b] CI. Then we have the identity:

b —a b
@) 5 [ @oa-0 @ ="t @ 6)- [ fdn

PROOF. Indeed, by an integration by parts, we have that

b
3 [ a2 @ de

2
b b
= @-Q0-07 @] - [ [20+@rb)f @ ds
b
_ %/ 22— (a+b)] f/ (v) da

DN —

b
= 3 l( l’—(aer))f(w)lZ—?/ f(l’)daf]

S

—a

- @) [ fwa

and the identity (2.46]) is proved. 1
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The following estimation result holds [50].

THEOREM 30. With the above assumptions, given that k < f"(z) < K on
[a,b], we have the inequality

—(12 a b —a2
Oof J@HIO L[ 020

PrOOF. We have
k(z—a)(b—z)<(x—a)(b—2)f" () < K(x—a)(b—1x)
for all = € [a,b]. Thus,

b b
g/ (w—a)(b—z)ds < %/ (@—a)(b—2) [ () do

(2.47) k-

A

K b
< E/a (x —a)(b—x)dx.

However, by (2.46))
1 (b—a)

b b
3 @-at-ar@a="52 @ o) - [ e

and , (b_a)3
/Q(a:—a)(b—x)dm: e

Hence, the inequality (2.47) is proved. I

COROLLARY 12. With the above assumption, given that || f"[| = sup,c(ap [f* (2)] <
oo, then we have the known inequality:

fl@+fm 1
5 i f(z)dx
a
The following result also holds.
THEOREM 31. Let f : I C R — R be as above. If we assume that the new

mapping ¢ : [a,b] = R, p(z) = (x —a) (b—z) f" (z) is convex on [a,b], then we
have the inequality:

—Cl2 a a b
iy o0 f,,( ;b) N f()—;f(b)_bia/ (oo

(bfa)zf,, a+b

8 2 ’

ProOOF. Applying the first inequality of Hermite-Hadamard for the mapping
(¢ we can state:

b 2
bia/a ap(x)da:z(p(a;—b):(b 4a) f,,(a-;b)

and, by Bullen’s inequality:

bia/absa(x)dx < ;{@(a;b)_’_@(a);—(p(b)]

(b—a)’

< 1"l :

(2.48) 5

Y
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and the inequality (2.49)) is proved. I

Another estimation result containing g—norms also holds [50].

THEOREM 32. With the above assumption, assuming that p > 1, ¢ := -2~ and

p—1
|f"| is g— Lebesque integrable on [a,b], then we have the inequality:

a b
(2.50) f();f(b)—bia/f(x)dx
< 0= Bo+Lp+ 1,

where B is Fuler’s Beta-function.

ProoFr. By (2.46) we have that:
b
GRS IR NP
—a ),

(2.51) 5

1
b—a

1
2

1 b P P % b " q %
< 2(b)</ (2 —a)” (b - a) dx) (/ 1" (@) dw> .

Note that for the last inequality we have used Hoélder’s inequality.
Denote x = (1 — t) a + tb. We have dx = (b — a) dt and then

b
/ (@ —a) (b—2) " (z) da

b
/(x—a)p(b—x)pdx
‘ 1
= (b—a)/ (1—=t)a+tb—a)’ (b—(1—t)a—tb)’dt
0

1
= (b—a)*"! / (1 —t)P dt
0
= (- Bp+1lp+1),
where
1
B(p,q) = / P (1 —t)T dt, pg >0
0

is Euler’s Beta function.
Using the inequality (2.51)) we deduce

fla+fe 1 [
| —b_a/af(a:)dx

2
(b 2p+1
—a)’? L
< e Be+Lp+ Ll I,
1 p+1

= ~(-a)% Be+Lp+ 17|,

and the theorem is proved. i
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REMARK 23. Ifp>1,pe N, as

B p! _ [
Blp+1lp+1)= P+1)..2p+1) (@p+1)

we deduce the estimation

fla+fe) 1 1 e | [pl]?
2 _b—a/a flyde)<50=a) 15 =5
which gives for p = 2 that
b % "
|f<a>;f<b>_bia/ Floyde| < L= I, V30

The following result also holds [50]:

41

THEOREM 33. Let f:I CR — R be twice differentiable mapping on I with f"

being integrable and v < f” (x) <T on [a,b] C1. Then one has the inequality

a b —a
(25 ‘f( HIO L [ @ =5 ) - 5 @)
(- a)’

< '—»).
S gy T
PRrOOF. By Griiss inequality, we have that

b
bia/ (x —a)(b—2) f" (z)dz

b b
_bia/ (x—a)(b—x)dawbia/ ' (x)dx
< E-nI-9),
where ,
L= swp {(r-a)(b-x)= "0
z€la,b]
and

I= inf {—a) (-2} =0,

where I',y are as above.
As a simple calculation shows us that

b _(b—a)g
/a(x—a)(b—x)dmf P

and by Lemma [4] we have that

1

b
I :m/a (z—a)(b—2z) f" (z)dzx

 fl+fm) 1t
- : —b_a/Gf(x)dx,
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we obtain
s L s @)
< é (b;a)Q (I' =)
That is,
-t -] < S ),

and the theorem is thus proved. i

The following lemma is itself interesting [40]

LEMMA 5. Let f,g : [a,b] — R be continuous on [a,b] and differentiable on
(a,b). If ¢’ (z) # 0 on (a,b) and

~

()
()

I <

<L on (a,b),

Q

then one has the inequality:

b b 2
(2.53) z {(b—a) / o (z) do — ( / g (@) da:) ]

<b—a>/abf<x>g<x>dx—/abfw)dx/abg(x)dx

b b 2
L [(b—a)/a o (z) do — (/ g(x)dx) ] .

PRroOF. First of all, we will show that for all z,y € [a, b] we have the inequality

IN

IN

(2.54)  U(g(x)—g®)* < (f(2)—f¥)(9(z)—g(y) <L(g(z)—g(y)>.

If g () = g (y), then the above inequality becomes an identity.
If g(x) # g(y), and (assume) x < y, then by Cauchy’s theorem , there exists an
¢ € (x,y) such that

f(x)_f(y) f/(g)E[Z,L},

9@ —gy) ¢

f@) = fy)
@) g =
If we multiply by (g (z) — g (y))2 > 0 we get (2.54) .
Now, if we integrate on [a,b]® we can state that
borb b b
[ @ -gw)dedy < [ [ (@) - 10) (60 - 9 w)dsdy

rf b / (9(@) — 9 (1) dedy.

and thus
l

AN

IA

IN
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As a simple calculation shows us that

;/ab/ab (9(x) — g ()" dzdy

- (b—a)/abg?(x)dx—(/:g<x>dw>2
and
[ @ 1w - ow
- <ba>/abf<z>g<x>dx/abf@)dx/abg(a:)dx,
the desired inequality is obtained. 1

REMARK 24. We shall show that the inequality (2.47) can also be proved by the
use of the above lemma. Indeed, we can state that:

oo (oot e [ (250

A
—
>
|
S
N—
T~
o
7 N
|
IS
| +
>
~__
=
—
&
jSH
S5
|
—
(=al
7 N
&
|
Q
v |+
>
~
U
S5
T~
o
il
—
K
N—
j=%
=

IN
=
—~
>
|
IS
N—
S~
o
/
|
IS
+
S8
~
[ )
QU
5
|
| —
T~
o
N
K
|
IS
B |+
S8
~
Q
S
| I

As a simple calculation shows us that

b
b
/ (x _at ) dx
a 2

b 2 _\3
/ G +5b i (b—a) ’

a 2 12

we get the inequality

G s(ba>/b (‘”Hb) Py < 0=

I
o

and

12 2

Now, if we use the identity

I+ 0 bia/abf(x)dm/ab (x“jb> 7 (@) do

we get the desired result.

The following theorem also holds [40].
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THEOREM 34. Let f: 1 C R —R be a twice differentiable mapping on I such
that k < f" (x) < K on [a,b] CI. Then one has the double inequality:

(2.55) g O ;;)4
) ;[f<a—2kb>+f(a);f(b)]_bia/abf(gc)dx
< K (b— )’
VTR

PROOF. Recall the identity (proved in Lemma |3)):

(2.56) f(a;—b>—bia/abf(x)dx

+b
1 =

b
= b_a/a (f—a)f'(w)dﬂc—kbia/ (z —b) f (z) dax.

a+b
2

If we now apply Lemma [f] we obtain:
b o5 = ?
k[(a—; —a)/ (x—a)de—</ (m—a)dm)]
+b 5 =B =
< (a2 —a)/ (x—a)f’(x)dx—/ (x—a)dx/ f(z)dx

K{(a;b—a>L @—ﬂfdx—(éﬁb@—aﬁm>1.

As a simple computation gives us:

a+b
2

IN

3 _ 3
’ (z—a)de = (b 24&)
and
& (b-a)’
; (r —a)dx = 3
and
;_b-a (b-a)’ (b—a)' (b—a)
T 24 64 192
thus we get that
(b—a)*
192
b—a [ b—a)’ b
< T ear@a- 51 (50) - )
(b—a)*

IN
8
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from where we derive

(257 o o)
< [T earma- () e
< K~(b;6“)2,

Similarly, the above lemma gives us that

k (b—“;b)/;(x—b)%—oab (:c—b)dx>2

IA
A~
S
|
Y
|+
S
~_
—
+ o
o
—
8
|
S
S~—
i
~—
&
Y
8
|
—
o
0D
\
=
Q.
S
\@
=
—~
&
Q.
S

As we have

and

/b (m—b)dwz—(b_a)2

a+b 8 ’
2

then, by the above inequality we can state that

< bga/;u—b)f'(x)dx—(b;“)? o-1(4)]

which is equivalent with

(b—a)’
(2.58) k- 9

bf/b (¢ —0) f () do— ¢ [f(b)f(“*b)}
- a)*
96

IN

K.
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If we now add the inequalities (2.57)) and (2.58)), taking into account the identity
(2.56)) , we obtain:
(b—a)

48

< /() -k [rwa- [ () - v @ o)

(b—a)
48
which is equivalent with the desired inequality (2.55) . 1

k -

IN

K-

The following two corollaries also hold.

COROLLARY 13. With the above assumptions, with the condition that || f"|| . <
oo, we have the inequality

s (4) OOl L e

COROLLARY 14. If f is twice differentiable on I and convex on this interval,
then we have the following converse of Bullen’s inequality:

0§§[f<“;b>+f();f(] /f )dz < ||| Bt 8a)2,

(b—a)®
48

<17l

where [a,b] C1.
The following result also holds [40]:

THEOREM 35. Let f : I C R — R be twice differentiable mapping on I and
E< f'(x) <K for all x € [a,b] CI. Then we have the inequality:

(2.59) R N Uk (ba).W/bf(x)dx

12
ooy
< A+k- T
where
4 =gle-alro-x (3] - v - s}
SO T@ 607 )k ()]
7O 7@ kb-a)
and

B o=plo-alk(59) s } Fo)- 7}

AT =@ = (b—a) [K (52) + ' @]}
Ko porsr

provided that:
fr o) =1 (a) #k(b—a) and f'(b) = f'(a) # K (b—a).
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PROOF. Let us denote

1 _b—a

b b
Iz [ @@ t-a)f @ ="ZE @+ f0) - [ f@a

For the last inequality we used Lemma [4]
It is easy to see that

b b
%/ (x—a)(b—2)(f" (2) — k) dz = I—k;é/ (x—a) (b— ) da
B (b—a)®
= Ik

and, similarly,

1 b 7 _ (b_a)z
5/@ (z—a)(b—2z) (K- f"(z))de =K - 5 - I

By the classical Chebychev integral inequality for asynchronous mappings we have
that:

b
(2.60) % / (x—a)(b—2a)(f" () — k)dx
o L@ —a) (" (@) k) de [} (b —2) (" (@) — k) do
S 2 I (7 (@) = k) da
and
1 b
(2.61) 3 (x—a)(b—x) (K — f"(x))dz
_ L) (K @) de [y (b—2) (K — f" (x)) do
< 3 .

JP (K — () da

By a simple calculation we get that:

b
/ (- a) (f" () — k) da
b

= (' (@)~ ka) (@ — ) — / (f () — k) de

a

1?2

= (f'(0) = kb) (b—a) - [f(b)—f(a)—k'2

]

= (f'(b)—kb)(b—a) - [f(b)—f(a)—k<b2;a2>]

o+ s@

= (b—a) [f’(b)—kb+lc-

= e-a|ro-r(*3H)|-¢e- s
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and

b
/ (b—2) (f" (2) — k) de
b

(' () — ka) (b — )", - / (f () — k) da

‘ b2_a2
2

]+f<b>—f<a>

= —(f'(a)=ka)(b—a)+ f(b) = f(a) = k-

a-+b
2

= (b—a) [—f’(a)—i—ka—k:-

= 00 |-r@-r 00 @

=@ b= |7 @+ k20

Using the inequality (2.60) we obtain:

k(b—a)?
12

I
Ho-olro-+(59)]-vo-rw)

AT —F @ = 0-a) [ @+ K52}
PO =@k

IN

That is,
k(b—a)’
12

and the right inequality in (2.59) is proved.
Similarly, we have that:

I<

+ A,

b
/ (—a) (K — " (x)) du

(Kb— ' () (b—a) — K -

S rm- @

(b—a) [Kb—f’(b)JrK-

N 0| R0

and
b
[ o=@~ @)y
— —-aEa-r@ k- C D @
b—a ,
o-alr- (50 +r@| 1o+ i@,
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Using the inequality (2.61)), we get that

. (-0’
12

< s{o-alx (50)-ro]+ro-r@)

{(b—a) [K-(%5%) + [ (a)] = F(b) + f(a)}
K- (b—a)—=f(b)+ [ (a) ’

-1

X

from where we get
(b—a)’

I>K-
12

+ B,

and the theorem is proved. i

The following corollary for convex mappings holds [40].

COROLLARY 15. If f is a twice differentiable convex mapping on f, and [a, b] Cf,
then we have the inequality

f();rf b—a/f

< -9 f 0 - fa)][f (b) -
= 2 (b—a)(f’(b) f'(a

provided that f' (b) # [ (a).

o
IN

fla) = (b—a) f'(a)]
) ’

5.2. Applications for Special Means. We shall start with the following
proposition:

PRrOPOSITION 18. Let p > 1 and 0 < a < b. Then we have the inequality:
(2.62) 0 < A(al,0P) — L (a,b)

1
< g(b*a)r"p(p*1)[B(p+1,p+1)] L’,ﬁ(@ 2 (a,b),
p—1

where B is FEuler’s Beta function.

PRrROOF. If we apply Theorem [32|for f (x) := zP on [a,b] we get that:
(263) 0 < A(a”,b") — Lb (a,b)

+1

< SO-a)F BE+Lp+ 1P (/ [p<p—1>:cp—2]qdw>q,

where B is Euler’s Beta function.
As

b ppa—2q+1 Pg—2q+1 —q+1 p—q+1
_ —a bP —a
/ P24y = = ,
a

pq—2q+1 - p—gq+1
and
pp—a+1 _ gp—q+1

p—q+1 :Lgig(aab)(bia)a
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we deduce, by (2.63) , that
0 < A(dl,bP)— Lb(a,b)

1 ptl 1 p—g 1
< S0=a [Blp+Lp+)Ppp-1)L,"%, (a,b)(b—a)s
1 1
= 5= a)’p(p—1)[B(p+1Lp+1)]” L%pf-f)) (a,b),
as
u:p—Z
q
and
p(p—2
p—q= ( %
p—1

and the proposition is proved. i

The following proposition also holds.
PROPOSITION 19. Let p > 1 and 0 < a < b. Then one has the inequality:

2 L(a,b)H (a,b)[B(p+1,p+1)]7
L3 3p (a”b) '

p+1

(2.64)  0< L(a,b)—H(a,b) < (b—a)

ProOOF. If we apply Theorem [32| for the function f (z) = L, we obtain:

:;7

(2.65) 0 < H '(a,b)— L ' (a,b)
1 ptl 1 b 94 ¢
< §(b—a) 7 [B(p+1p+1)]r (/a ngdfﬂ>
However,
b —3q+1 b —3q+1 —3¢+1
dx x4 b=29TF — g4 _3
Raiadi = =L"3%(a,b)(b—a).
/a .’I/'3q _3q+1 " _3q+1 73q (a‘7 )( a)

Then, by (2.65) we get that
0 < H'(a,b)— L' (a,b)

< G- - B+ Lp+ 1] L7, (0,0
_ [B(p+1Lp+ 1)
= 0 a)2 L? 4, (ab) 7

p+1

and the inequality (2.64) is obtained. I

The following inequality for the geometric and identric mean also holds:

PRrOPOSITION 20. Let p > 1 and 0 < a < b. Then we have the inequality:

[B(p+1,p+1)]5
L2_27'P (av b)

p+1

I(a,b)

(2.66) 1< Z D)

1
< exp 3 (b—a)®
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ProoF. If we apply Theorem for the convex mapping f(z) = —Ilnz, we

obtain:

0 < InI(a,b)—InG(a,b)

p+1

< %(b—a) 7 [B(p+1,p+1)]

S
7
—

o

8 la
5|8

~_
)

1 2 [Bp+1,p+1)7
= 5b-a) L2, (ab)
p+1

from where results the desired inequality (2.66) .

We shall now point out some applications of Theorem [33| for special means.
PROPOSITION 21. Let p > 2 and 0 < a < b. Then we have the inequality:

(2.67) AlaP,bP) — LE (a,b) — % (b—a)® L3 (a,b)
pp—1)(b-

a)s 3
< Li:?, (a, b) .

32
ProOF. If we choose in Theorem f(x) =2aP, p > 2, then

k=pp—1)a"2< f(@) <pp— )2 =K, z¢ab].

Applying inequality (2.52)) we get

(2.68) A(aP,bP) — LP (a,b) — pb—a) (Pt —aP™h)

As

and

12
< % (b—a)? (bP=2 —ar~?).
ot —aP™t = (p—1)LEZ3 (a,b) (b—a)

W2 —aP 2= (p-2) Lg:g (a,b) (b—a),

then, by (2.68]) we can conclude that the desired inequality (2.67)) holds true. I

(2.69)

[b%, a%} . That is, we can choose in the inequality (2.52)), k = b% and K =

The following proposition also holds.
PROPOSITION 22. Let 0 < a < b. Then we have the inequality:

(b—a)® A(a,b)L(a,b)H (a,b)
6 G* (a,b)

- (b—a)® L(a,b)H (a,b) [44% (a,b) — G*(a,b)]
= 16 GS (a, b) '

PRrROOF. If we choose in Theorem f(z) = L, then it is clear that f” (z) €
2
PER)

L(a,b) — H (a,b) —

to

obtain:

‘L‘l(a,b)—H‘l(a,b)—b_a<1 - 1)‘

12 \az B2
< b-a’ 2 2y
- 32 a3 b3
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That is,
2
1 1 (b—a)® a+b 1
(2.70) L™ (a,b) — H " (a,b) — 5 T
(b—a)® [ (b—a)(a®+ ab+b?)

- 16 a3b’3

_ (b—a)® (a®+ab+b?)

N 16 a3b3 '
However,

a® +b* 4 ab = (a +b)* — ab = 442 (a,b) — G? (a, b)
and thus (2.70) becomes
(b—a)> A(a,b)
6 G4 (a,b)
- a)® (442 (a,b) — G*(a,b))
- 16 G% (a,b) '

L~ (a,b) — H " (a,b) —

which is equivalent with

(b—a)® A(a,b)L(a,b)H (a,b)

L(a,b) — H (a,b) —

6 G* (a,b)
_ - a)®  (44%(a,b) — G*(a,b)) L (a,b) H (a,b)
= 16 GS (a,b) '

As a final application of Theorem [33] we have the following proposition:
PROPOSITION 23. Let 0 < a < b. Then

(2.71) In7 (a,b) —InG (a,b) — (b-a) | (b‘“)gA( b)
' @ CV TG @y = 12
PrOOF. If we choose in Theorem f(z) = —Inz, then f’(z) = 5 €

[, ] . That is, k = 35, K = 2, and by inequality (2.52) we obtain:

b2 a
b—a (1 1 b—a)® /1 1
— - — — < — — — .
In7(a,b) —InG(a,b) + 13 <b )‘_ 3 (b2 )

a a?

That is,
(b—a)’b+a
16 2

b—a)’
12ab

ln](a7b)—lnG(a,b)+< <

which is equivalent with the desired inequality (2.71) .

Finally, we shall point out some natural applications of Theorem [34] for special
means.
The following proposition holds:
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PROPOSITION 24. Let p > 2 and a,b € [0,00) with a < b. Then we have the
inequality:
pp—1)a"2(b—a)’
48

< % [AP (a,b) + A (a?,b")] — LF (a,b)

p(p—1)"2(b—a)’
48 '
The argument follows by Theorem applied for the mapping f (z) = 2P, p > 2
on |a,b].
[An]other inequality for the harmonic and logarithmic means is embodied in the
following proposition.
PROPOSITION 25. If0 < a < b, then:

<

(b—a)® 1., L -1 (b—a)’
- < — — < 7
s S 3 [A (a,b) + H (mb)} L™ (a,b) < a2
The proof is obvious by Theorem [34] applied for the mapping f (z) := 1, z €

[a,b].
Finally, we have:
PROPOSITION 26. If0 < a < b, then:

o l(b—af I(a,b) “ exp [(b_af]'

4802 | = G (A(a,b),G (a,b)) 4842

The proof goes by Theorem applied for the mapping f (z) = — Inx, we shall
omit the details.

REMARK 25. Similar results can be obtained from Theorem[35, but we omit the
details.

6. A Best Possible H. — H. Inequality in Fink’s Sense
6.1. Introduction. The H. — H. inequality is
fla)+ 7 (b)

(2.72) / <“;b) < i)

which holds for f convex. This inequality is a special case of a result of Fejer [72]

(2.73) f<“+b>/ dt</ FOpd < QTS0 Hf“/ Nors

a

x)dr <

which holds when f is convex and p is a nonnegative function whose graph is
symmetric with respect to the center “T'H’. As Fink noted in [73], one wonders
what the symmetry has to do with this result and if such an inequality holds for
other functions. In particular, one would like to have a result which cannot be
generalised by being a ‘best possible inequality’, see [76], [78] and [73]. Here it

would mean being able to prove the two statements.
(A) The inequality (2.73)) holds for all functions p € M if and only if f is

convex; and

(B) The inequality (2.73]) holds for all convex f if and only if p € M.

The problem is to find the correct class of functions or measures M. It turns
out that the class M will not be a subset of the positive measures.
To answer these questions, we will consider the following (see [T3]).
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6.2. The Lower Bound. For convenience, we will take the interval to be
[—1,1] and concentrate on the left hand inequality of first. To see that
symmetry is not essential in Fejer’s result, we first see how one might establish a
result in this direction. To do this, we will replace p (z) da by a nonnegative regular
Borel measure p with the requirement that fil dp (z) > 0.

Since f is convex, its graph lies above its tangent lines. Let y be an arbitrary
number in [—1,1] and write down this condition

(2.74) f@)>fw+fE-—y).

Let the moments of the measure be defined by P, = f_ll xkdp (x). If we integrate
the inequality (2.74) we arrive at

(2.75) / ) du(e)= £ ) Pock £ 0) (Pr = P).

This inequality holds for any y in [—1,1] so we may choose any y we please. But
we get the best one by maximizing the right hand side of this inequality. As-
suming that f has two derivatives, one gets the derivative of this quantity to be
1" (y) (P, — yFy). Since P, — Py < 0 and P, + Py > 0, the maximum is at yo = %.
So we arrive at

(2.76) | 11 f (@) du () > Pof (jj) |

Of course, if p is an even measure we have P, = 0 and Fejer’s result. At this
stage we are able to prove statement (A) (with replaced by (2.76)) if we take
M to be the nonnegative regular Borel measures. For the sufficiency is the above
argument and the necessity is obtained by taking the measure

(2.77) dp = ady + (1 —a)dy

for §, the unit mass at z and 0 < a < 1. Then becomes the convexity of f.
Of course the sufficiency in the statement (B) also is also obtained from the above
argument. It is the necessity that fails. That is, we cannot prove that if
holds for all convex f, then the measure must be nonnegative. This turns out to
be false. If we allow p to be a signed measure, the above proof fails since we may
not integrate an inequality. However, here is what we can prove. Let (EP for end
positive)

(EP) /_1(t—x)d,u(x)20 and /t (x—t)p(x) >0 for te[-1,1].

This condition will be revisited in the section on upper bounds (see [73]).
THEOREM 36. ([73]) Let f be continuous on [—1,1] and p a regular Borel
measure such that p[—1,1] > 0. Then

i) the inequality holds for all measures p satisfying (@ if and only
if F' is convex; and

ii) the inequality holds for all convex f if and only if 1 satisfies @
FEquality holds in for linear f.

PRrROOF. We first argue the sufficiency. For f convex, we can write

x

(2.78) f(x):aer(xfy)Jr/ (x —t)do ().

Y
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The nonnegative measure o, a and b depend on the choice of y. The reader may
take do to be f”(t)dt for first understanding. For the general case, a bounded
convex function f has a derivative f’ a.e. and f’ is an increasing function. So f’
can be written as b + f; do where do may contain point masses and b is the slope
of some supporting line at y. Then

(2.79) /_ J(@)dn(z) = (a=yh) Po-+ bPy + R

where R = f_ll f; (x —t)do (t) du (z) which can be written as

/_yl (/_tl(t—x)du(x)>da(t)+/yl (/tl(w—t)du(x)) do (t).

It is now obvious that ¢ > 0 and p €(EP)) make R > 0, and again we may choose
Yy = yo = % to get 1' (since @ = f(yo)). To prove the converse in i) we

observe that the measure defined in (2.77) is in (EP). To prove that if (2.76) holds
for all convex f then u €(EP|) we take for f(z) the function f(x) = (z —t), for
€ [-1,1]. Then

(2.80) /tl(x—t)du(x)z/_lldu<];;—t)+.

Since the right hand side is nonnegative, we get the second condition in (EP|). Note
that for t = —1, 1) reads P, + Py > 0 so that yg = % > —1. If t < yg then

(2.80) becomes

1 1 1
[ e-na@> [ win@ -t [ au).
t -1 -1
which becomes fjl (t — ) du (x) > 0, the first of 1) for t < yo. If t > yo we have

tPy > P;. The identity
t 1
[ t-njd@ = er-ry+ [ @-0du
—1 t

gives the first term in (EP)) as the sum of two positive terms. Note that at ¢ = 1
this condition gives Pp — P > 0oryp < 1. II

ExAMPLE 1. ([73])Let dp, (x) = (2% — a) dz, 0 <a < 3. Then

¢ 1 1 )
ﬁl(tfx)du(m):/t (scft)d,u(x):ﬁ(tzfl) and Py =P =0.

Thus, for 0 < a < % dp is not a nonnegative measure and

(2.81) /1 (>~ a) f () dz > 2 (; _ a) £(0)

—1

for any convex f. For a = % we have ,
1 1t
(2.82) / 2 f (z) dx > §/ f(x)dz
-1 -1

for any convex f.

REMARK 26. If f is concave, all of the above inequalities are reversed.
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6.3. The n!* Order Case. One can obtain inequalities with f” > 0 replaced
by f*+t1) > 0. For then, we look at the simple case when p > 0.

n_op(k)
(2.83) f(x)> Z f k'(y) (x — y)k
If 4 > 0 we have

1 ) 1
esy) [ a0 [ eyt i@ =,

If follows that (n+1) 1

THEOREM 37. ([73]) If n is even, f™*tY) >0 on [~1,1] and p > 0, then

(k)
(2.85) /f e >Zf [ (2 — 1) dpu (2)

with equality if f is a polynomial of degree n.

PROOF. If n is even, then ¢’ > 0 and thus we get the best inequality by taking
g(1)-1
THuEOREM 38. ([73]) If n is odd, f™+1) >0 on [~1,1] and u > 0 then

() (
(2.86) /f ) dp (x Zf (50) / (z —yo)* du (),

1
where f_ll (x —yo)" du (x) = 0.

PROOF. If n is odd then ¢’ has a factor fil (x — y)" du (x) which has opposite
signs at +1 and this factor has a derivative which is less than zero, so it has a
unique zero. This zero maximizes g (y). 1

(n+1)

This result is reversed if f < 0. Moreover, if p is even, then fil x"dp (z) =

0 if n is odd, so that py = 0.

REMARK 27. ([73]) If n =1 then becomes since yo = % in this

case.
ExXAMPLE 2. ([73]) If n is odd, 1 an even measure and f"+1 >0 then

(2k)
/ J@)du(a Zf@k)()/_l o du (@),

k=0

Having disposed of the easy case we look at the replacement of nonnegative
measures by signed measures. Here (2.83)) is replaced by

n )
(2.87) fo =W eyt R
k=0 ’

where

Rlz/z (Ji—t) f(n+1 ()dt

n!
THEOREM 39. (|73]) Let f € C™! [—1,1] and p a regular Borel measure. Then
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(1) The inequality holds for all y € [—1,1] and all f with f+1) >0 if
and only if p satisfies (@)n

(it) The inequality holds for all y € [—1,1] and measures u satisfying
n if and only if fO+1) > 0.

PROOF. Proceeding as in the proof of Theorem we arrive at

Ve
(2.88) R — /1 T/1(—1> (2 — )" dyu (2) dt
Lop(nt1) 5y 1
+/ fT'()/ (x —t)" dp (z) dt.
Y : t
So the sufficiency of (2.84)) is that

(EP,) /t (x —t)"du(x) >0 and /_1 (x —t)"dp(z) >0; te[-1,1].

The necessity is achieved by taking f(**1 (t) = dtg, i.e., f(t) = (t_;?)i. For then
R > 0 gives (EP)),,. '

To show that holding implies that f(**1) > 0, one needs to assume the
existence of f("*1. The (n+1)* divided difference g[x1,...,2,42] at distinct
points of a function ¢ is a linear combination of the values of g at these points.

That is,
n+2

glT1, ..., Xpia] = Zaixi
1

the coefficients being determined by the (n + 2) points 21, ..., Zp42. Consequently,

the measure du = Z;LJFQ a;0x; has the property that

1
glorenssl = [ g(@)duo).
—1
We take this measure in (2.84)). Now
(n+1)
_ 9" (s)
g [3]1, s ,In_g_Q} - <n+ 1)|

by a generalised mean value theorem. Consequently f_ll (z— y)k du(x) = 0 for

k=0,...,n and (2.84) becomes
1
f[‘rla"'7xn+2]:/ f(.'L')d,LL(LL')ZO
-1

Now, it is known that
FO ()
(n+ 1!

where the limit has all the z; — x. To complete the proof we must argue that this
measure y satisfies (EP)),,. Since we are assuming for all y € [—1,1], we may
take y = 1 so that n reduces to the simple condition f_ll (z—t); dp(x) >0,
see (2.88).

Now f_ll (z — ) dp (z) is the (n + 1)*" divided difference of the function (z — t)
as a function of z. This is the classical B—spline M (¢, xq, . .., Zn+2) which is known
to be nonnegative. See [169, page 2|. This completes the proof. I

limf[mlv"'vxn+2] =
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6.4. Upper Bounds. One could begin a study of the upper bound by using

(2.78) to compute

1+x 1—2x

fa) = £ () = f(=1) —— =h(z)

and then f_ll hdu (x) as a linear combination of f (y), f’'(y) as in formula
and an integral which is generally like R in . When one does this, the integral
terms turns out to be independent of y, and the coefficients of f (y) and f’ (y) are
zero. If R <0, one gets

[ @ ant) - LE @ p - (B52) <o

which replicates Fejer’s upper bound if p is nonnegative and even. The general
condition on p obtained in this way suggests a much easier proof and statement of
the theorem.

THEOREM 40. ([73]) Let f be a twice differentiable convex function and let
i be a measure such that the solution to the boundary value problem y"' = du;
y(=1) =y (1) =0, is less than or equal to zero on [—1,1], then

/fd<P SRS OIFIULIIC))

2

REMARK 28. ([73]) The meaning of the boundary value problem is this. Let
G (x,t) be the Green’s function for the problem Ly=y", y(1) =y (=1) =0 (note
the change in sign in L) then y (x f G (z,t)du(t) is a C' function satisfying
the boundary conditions and if du( ) =p(t)dt, y' = p a.e.. The boundary value
problem is self adjoint so G (z,y) = G (y, z).

PROOF OF THE THEOREM. Let y (z f G (z,t)du (t), then

/,1f”(x)y(x)dm:llf//(x)[lG(xvt)du(t)dz
/11 /IIG(:r,t) [ (z) dedp (t)/l1 </11G(t,x) £ (x) dx) du(t).

Now, f_ll G (t,z) f” (z)dz is a function whose second derivative is f” and whose
values at +1 are zero since G is the Green’s function. This function is

) -0t

. Thus we have

/f )dp (z f( )(P P — fél)(Po+P1)=/_1f”(56)y(9€)daj

Now f” > 0 and y < 0 by hypothesis. This completes the proof. I

Note that it can be verified that G < 0 so that if 4 > 0, then y < 0.
At this point it is instructive to look at the condition (EP|). The functions in

|) fjl (t —x)du (x) and ftl (x —t)du (x) are solutions of initial value problems
(respectively)

T=dpy (1) =y (-1)=0; y(1) =y (1) =0.
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For (EP)),, the initial value problem is

_1 n+1
y ) = (Gl ), du

n!
and y® (=1)=0; k=0,...,n; y® (1) =0, k = 0,...,n respectively.
ExXAMPLE 3. ([73]) Let p(z) = 2% — 1

5 Then y in Theorem 18
22

y(x):ﬁ(xz—l) <0.

Moreover, Py = % and P; =0 so we get
1
1 1 -1
1 6 6
for f convex. For a non-symmetric example, let p (z) = 2*> —x so that Py = —P; =
2. Then
3

1

y(x) = ﬁ(xzfl) (z—1)><0
and we have

/1 f (@) (2® —2)de < %f (1) for f conver.
-1

We cannot expect the result in Theorem [40] to be best possible. Convexity from
an inequality which is an upper bound on f seems impossible.

7. Generalised Weighted Mean Values of Convex Functions

7.1. Introduction. Let f(z) be a positive integrable function on the interval
[a, ], then the power mean of f(z) is defined as follows [83]

(ff fa(:c)dx> : , a#0,
b—a

b
p<f1f<>d> o
b—a

The generalized logarithmic mean (or Stolarsky’s mean) on the interval [a,b] is
defined for x > 0, y > 0 by

1
a _ g\ @D
<H> , a0l z—y#0;
a(r —y)

(2.89) Ma(f) =

y—m
Iy Iz’ a=0 z-y#0
(2.90) Sa(z,y) Y
1
1 xT (e—vy)
i ya 0421, Z'—y#o,
e \yY

x, z—1y=0.
In [I14] p. 12] and [190], Zhen-Hang Yang has given the following generaliza-
tions of the Hermite-Hadamard’s inequality (2.72)):
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If f(x) > 0 has derivative of second order and f”(x) > 0, for
A > 1, we have

a A
<mﬂ;ﬁ<mm<mmwm»Mm
xA—f—y)‘
N/\(xvy): 2 ’ )\?é()’
/Y, A=0;

(iii) For all real numbe; o, Mo(f) < Sav1(f(a), f(b));
(iv) For a > 1, f(a+ < M, (f) <Sa+1(f(a)7f(b))'
)

v) If f’(z) <0 for z € (a,b), the above inequalities are all reversed.

In [173], two-parameter mean is defined as

P( 1/(p—q)
<§ ;q ) ; p#q,
(2~91) Mp,q(f) =

p(f ff” fplnf() > =

When ¢ = 0, M, o(f) = M,(f); when f(z) = x, the two-parameter mean is
reduced to the extended mean values E(r, s;z,y) for positive z and y:

S _ .8 1/(s—r)
@) Brsen = [T EZD)T L sy 20
1 y'r — " 1/r
(2.93) E(r,0;2,y) = L : lny—lnx} ) r(x—y) # 0;
2z \ 1/("=y")
(294) E(T7T; (E7y) :—l/r (iyr) 5 T($ - y) 7é 0;
E(0,0;x,y):\/lﬂ ) x#y’
E(r,s;z,z) =z, x=1y.

In 1997, Ming-Bao Sun [I73] generalized Hermite-Hadamard’s inequality (2.72)
and the results derived by Yang in [114], [190] to obtain that, if the positive function
f(x) has derivative of second order and f”(x) > 0, then, for all real numbers p and

q,
(2.95) My, q(f) <E(p+ 1’(]+1§f(@)af(b))-
If f”(x) < 0, then inequality (2.95]) is reversed.

Recently Feng Qi introduced in [152, [153] the generalized weighted mean
values M, (r, s;z,y) of a positive function f defined on the interval between = and
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y with two parameters r, s € R and nonnegative weight p Z 0 by

Yy U su )
M) , (r—s)(@ —y) 0

(u)
Yo(u T ln
Mp,f(r,r;x,y)eXp(fxpru féu) ) r—y#0;

Mp,f(r,s;;v,x):f(m), r=y.

It is well-known that the concepts of means and their inequalities not only
are basic and important concepts in mathematics (for example, some definitions of
norms are often special means) and have explicit geometric meanings [I55], but
also have applications in electrostatics [149], heat conduction and chemistry [175].
Moreover, some applications to medicine are given in [21].

In this section, using the Chebychev integral inequality, suitable properties of
double integral and the Cauchy’s mean value theorem in integral form, the following
result is obtained (see [83]):

THEOREM 41. Suppose f(x) is a positive differentiable function and p(x) £ 0
an integrable nonnegative weight on the interval [a,b], if f'(x) and f'(x)/p(x) are
both increasing or both decreasing and integrable, then for all real numbers r and s,
we have

(%) M, 5(r,s;a,0) < E(r+1,s + 1; f(a), f());

if one of the functions f'(x) or f'(x)/p(x) is nondecreasing and the other nonin-
creasing, then the inequality Teverses.

u

My (1, s52,y) = (

(2.96)

7.2. Main Results. In order to verify Theorem (1] the following lemmas are
necessary [83].

LEMMA 6. Let G, H : [a,b] — R be integrable functions, both increasing or both
decreasing. Furthermore, let Q : [a,b] — [0, +00) be an integrable function. Then

b b b
(2.97) (b—a)/ Q(u)G(u)duZ/ Q(u)du/ G(u)du

with equality if and only if one of the functions G and H reduces to a constant.
If one of the functions of G or H is nonincreasing and the other nondecreasing,
then the inequality Teverses.

Inequality (2.97) is called the Chebychev integral inequality [95), [114], [83].

LEMMA 7 ([156]). Suppose that f(t) and g(t) > 0 are integrable on [a,b] and
the ratio f(t)/g(t) has finitely many removable discontinuity points. Then there
exists at least one point 0 € (a,b) such that

Ja f@de g0
[Poydr =0 g(t)’

We call Lemma [7] the revised Cauchy’s mean value theorem in integral form.

(2.98)

PROOF. Since f(t)/g(t) has finitely many removable discontinuity points, with-
out loss of generality, suppose it is continuous on [a, b]. Furthermore, using g(¢) > 0,
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from the mean value theorem for integrals in standard textbook of mathematical
analysis or calculus, there exists at least one point 8 € (a, b) satisfying

(2.99) /abf(t)dt - /ab(]gcgg)g(t)dt - géz))/abg(t)dt.

Lemma [7] follows. I

Proof of Theorem [41] It is sufficient to prove Theorem [I] only for s > r

and for f'(z) and ]; /((;)) both being increasing. The remaining cases can be done
similarly.

CASE 1. When s > r and f(a) # f(b), inequality is equivalent to

(2.100) / (@) f* (@) da / (@) (2)dz| < / " o) () / " b (o) f ()

Take G(x) = f*~" () <> J(@)/p(x) (being increasing) and Q(x) = p(a) " (x) >

0 in inequality (-) If f'(x) > 0, then f*~"(x) is increasing, inequality (2.100
holds. If f'(x) < 0, then f*~"(x) decreases, inequality (2.100) is still valid.

If f'(z) does not keep the same sign on (a,b), then there exists an unique
point 0 € (a,b) such that f'(x) > 0 on (6,b) and f'(z) < 0 on (a,0). Further, if
fla) < f(b), then there exists an unique point & € (6,b) such that f(§) = f(a).
Therefore, inequality (2.100) is also equivalent to

(2.101) / z)f*(z d:c/ (@) f(z)dx < /abp(x)fr(x)dx/; () f (z)dx

Using inequality (2.97 ' again produces

(2.102) / x)f*(x d:c/ () f (z)dx < /:p(:v)fr(:r)dx/: 2 (x) f (z)dx

For z € (a,8),y € (§,b), we have f'(y) > 0, f(z) < f(a) = f(§) < f(y) and
f57(x) < 57" (y), therefore, suitable properties of double integral leads to

/ 2)dz / Fr@r - [ " p(a) £ (@) /5 @) )

-/ / p() (@) " () () [F7 () — £ (9)] ey < 0.
[a,8]x [€,0]
From this, we conclude that inequality (2.101) is valid, namely, inequality
holds.

If f'(x) does not keep the same sign on (a,b) and f(b) < f(a), from the same
arguments as the case of f(b) > f(a), inequality ((2.100)) follows.

CASE 2. When s > r and f(a) = f(b), since f'(x) increases, we have f(x) <

f(a) = f(b),z € (a,b). From the definition of E(r,s;x,y), inequality () is equiva-
lent to

(2.103)

(2.104) My, ¢(r,s3a,b) < f(a) = f(b),
that is

b S(x)dx
(2.105) Ju PO @ por) _ pory,
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This follows from Lemma[7
The proof of Theorem [41]is completed. 1

7.3. Applications. It is well-known that mean Sj is called the logarithmic
mean denoted by L, and S the identric mean or the exponential mean by I.
The logarithmic mean L(z,y) can be generalized to the one-parameter means:

_ plyPt et Y
Jp(xvy) - (p—&—l)(y”—xp)’ x#:’% p#()? ]-a

(2.106) o
Jo(x7y) = L(SC,Z/), :]_1(1’7y) = 77
Jp(l‘7$) =XT.

Here, Jy/a(x,y) = h(x,y) is called the Heron’s mean and Jo(z,y) = c(x,y) the

centroidal mean. Moreover, J_s(z,y) = H(x,y), Ji(z,y) = A(x,y), J_1/2(x,y) =

G(z,y).
The extended Heron’s means hy,(z,y) is defined by

1 x1+1/n _yl+1/n

(2.107) hn(z,y) = 1l gl i

Let f and p be defined and integrable functions on the closed interval [a, b].
The weighted mean MUI(f;p;z,y) of order 7 of the function f on [a,b] with the
weight p is defined [I11] pp. 75-76] by
(2.108)

MU (fipyx,y) = <ff§2éggt)dt>l/r, r # 0;exp <fy 7 lnf ),r =

It is clear that MUI(f;p;x,y) = My ¢(r,0;2,y), E(r,s;2,y) = My z(r—1,s —
L;z,y), E(r,r+1;2,y) = J-(z,y). From these definitions of mean values and some
relationships between them, we can easily get the following inequalities [83]:

COROLLARY 16. Let f(x) be a positive differentiable function and p(x) # 0
an integrable nonnegative weight on the interval [a,b]. If f'(x) and f'(z)/p(x) are
integrable and both increasing or both decreasing, then for all real numbers r, s, we
have

11

Mp,f(é,—g;a,b <h(f@, SO, Myg(or —Tab) < ha(f(a), fB),

(2.109)
MU(fipra,b) < Spp1(fla), £(b)), M, £(0,~1;a,b) < L(f(a), f(b)),
M, £(0,0;a,b) < I(f(a), £(b)), M, (0, 1;a,b) < A(f(a), f(b)),
M, ;(—1,~1;a,b) < G(f(a), f(b)), M, (3, ~2;a,b) < H(f(a), f(b)),
h

M, ((2,1;a,b) < c(f(a),f(b)), M, ;(—1,-2;a,b) <

M, ¢(r,r +1;a,b) < Jr(f(a),f(b)).

If one of the functions f'(x) or f'(x)/p(x) is nondecreasing and the other nonin-
creasing, then all of the inequalities from (?77?) to reverse.
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REMARK 29. ([83]) If we take p(x) = 1 and special values of r and s in Theorem
or Corollary we can derive the Hermite-Hadamard’s inequality and
all of the related inequalities in [114, 173}, [190], and the like.

REMARK 30. ([83]) The mean M, ;(0,1;a,b) is called the weighted arithmetic
mean, My (—1,—1;a,b) the weighted geometric mean, My, ;(—3,—2; a,b) the weighted
harmonic mean of the function f(x) on the interval [a,b] with weight p(x), respec-
tively. So, we can seemingly call MUN(f;p;a,b), M, ¢(0,—1;a,b), M, ;(0,0;a,b),
Mpyf(%, % —1;a,b) and My, ¢(1,2;a,b) the weighted Stolarsky’s (or generalized log-
arithmic) mean, the weighted logarithmic mean, the weighted exponential mean, the
weighted Heron’s mean and the weighted centroidal mean of the function f(x) on

the interval [a,b] with weight p(x), respectively.

8. Generalisations for n—Time Differentiable Functions

8.1. A Generalisation for Positive Functionals. Let f : [a,b] — R be a
(continuous) convex function and L : C'[a,b] — R a positive, linear functional on
C'[a,b] — the space of all continuous functions defined on [a,b]. Let us denote by
ex () = 2%, 2 € [a,b], k € N.

THEOREM 42. ([166]) If the above conditions are satisfied, with L (eg) = 1,
then:

21100 F(L(e) <L) < Lier) [

f®)=f(a)]  bf(a)—af(b)
b—a }4— b—a )

PROOF. Since f is convex, it is well known that

F@=fw=fw@-y), syclab.
By setting y = L (e1) and applying the positive linear functional L we get L (f) >
J(L(er)) - Lieo) + f4 (L (e)) - (L (er) — Ler)) = f (L (ex)) by L (eo) = 1. This
gives the left side of (2.110), where clearly, from a < €1 (z) < b we have aL (eg) <
L(e1) < bL(ep), i-e., L(e1) € [a,b].
For the right side of let us consider the inequality

f@ <@l ponl@

which means intuitively that the graph of f on [a, b] is below the line segment joining
(a, f (a)) and (b, f (b)). From ey () =z, eg (x) = 1, x € [a, b] by application of L,
after simple calculations we get the desired result. i

REMARK 31. [166] 1) For L(f) = ﬁf:f(t) dt we have L (eq) = 1 and
L is positive linear functional. For this L, relation (2.110) exactly gives inequality

eD.
2) Letw; >0 (i=1,...,n) with > w; =1, and let a; € [a,b], i =1,...,n.
Let us define L(f) = > w;f (a;). Then clearly L is positive linear functional,

so by we get:
(2.111) f (Zwa)
i=1

A

]
&
~
B

IN

- f)—fla)] | bf(a)—af(d)
<Zwiai>{ b—a }—1— b—a
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for a convex function f : [a,b] — R. The left side of this relation is the well known
Jensen inequality for n numbers.

8.2. On an Inequality of Sandor and Alzer. In this subsection, following
[166], we shall present a unified method to prove certain generalisations of (2.72))
discovered by J. Séndor [167] and H. Alzer [2]. First we state two lemmas.

LEmMA 8. ([166]) For x € [a,b] one has
(b _ a,)'n/
gn—1

PROOF. We consider the functions h : [a,b] — R defined by h (z) = (x —a)" +
(b—=2)". Here h(a) = h(b) = (b—a)" and h (%2) = (g:f)l . Obviously, 1/ (z) =
n[2z — (a+b)] - q(x), with
)77.—2

(2.112)

<(@z-a)"+0b-2)"<(b-a)", n>1.

q(z):(xfa +(£E*a)n_g(bfx)+...+(bix)n—2>0’

so b (x) <0 for z < (a;rb); and b’ (z) > 0 for z > @ We get h(z) < h(a) for
z € [a, %] and h(z) < h(b) for z € [“E2,b]. In all cases h(z) < (b—a)" and

h(z) > 9" g

LEMMA 9. ([166]) For f € C™ [a,b] and t € [a,b] one has
b
(2.113) (—1)”/ f(z)dx
S [(t—ay’ (-’

7!

2

] A ORICS VA

1

+

n!

t b
/ (x—a)" f™ (z)dz + /t (x —b)" f™ () dw] .

PROOF. Applying the generalised partial integration formula (also called the
“Green-Lagrange identity”) we can write:

/ e a) 1 (2) da

= (t=a)" "V =nt—a)" ) +nm 1) (t—a)" 7 fO (1)
et (D=1 (n—k+ 1) (t—a)" . fORD @)

do (=Dl (t—a) f(t) + (—1)”/ nlf (z) dx
and likewise
b
JACEUSRICEE

= (=" W =nt =" W) (1) (E=b)" 7 FO (1)
it (D=1 (n—k+ 1) (=) p R ()

b
_|_..._|_(_1)”n!(t—b)f(t)+(—1)"/f n!f (z)dx.

Adding these two relations and dividing with n! we obtain (2.113]). 1
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We now prove the following.

THEOREM 43. ([166]). Let f € C%[a,b] with f@*) () > 0 for x € (a,b)
(k > 1, positive integer) and let t € [a,b] be arbitrary. Then:

(2.114) / f(z

Y

3!
i=1

2k

and

(2.115) / Iz

Z [(t —a) (- b)l] (—1)i! £ g

1!
i=1

s {00 [ 0= £ @] + S 0]}

IN

where

b b
St () = / (b— 2)% £ () dx — 2 / (b— )% FOO) () du.
If f3F) () > 0, the inequalities are strict.

PRrROOF. We apply Lemma |9| for n = 2k and first the right side of (2.112]), then
the left side of (2.112)). Since [, = f: — [, the theorem follows by simple compu-

tations. From the proofs of (2.112) and (2.113), we can see that for f*) (z) > 0,
x € (a,b), the inequalities in (2.114) and (2.115)) are strict. I

THEOREM 44. ([166]) Under the same conditions,

k-1 2j+1
(b—a)” Nf(a+b
210 me”” (37)
(b—a)QJJrl @) [(at+D
< [ Samlome (45)
1

- o (2k—1) _ r(2k-1)
A R OB Ol
PROOF. Let us apply Lemma |§| with ¢ = %“’. Since
b—a i_ a—2b i:2 b—a\’
2 2 2
for ¢ odd; and equals zero for ¢ even; with the notation ¢ = 25 + 1 we can easily
find the left side of (2.116]). In order to prove the right-hand side inequality, we
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can remark that (z — a)®* < (bga) if z € [a, 42], and (b — 2% < (M)zk

5 for

)

T € [“7%, b]. So, in all cases the 5ec0nd term is less than

2k 2k
a1 w1as = g O [ - 10 ).

REMARK 32. The left hand side of Theorem [/4) is due to J. Sdndor [167].
THEOREM 45. ([166]) With the same conditions,

2k

(2.117) % > L ;!a) 7670 (@) + (=) g6 )]
(b - a)Qk

+;¢3@6[ﬂ%*wm—ﬂ%*ww}

< /f
< 15O [ gy (ay o0 o],

i=1

If f3R) (z) > 0, the inequalities are strict.

PROOF. Setting ¢t = a and ¢t = b in (2.114]), after addition we get the left side

inequality. By doing the same thing with (2.115) we get the right hand side of

E1m9. 8

REMARK 33. The right side of is due to H. Alzer [2].

8.3. Some Related Inequalities. Finally, we will proved two related results
(see [166]).
THEOREM 46. If f € C"[a,b], then:

b
(2.118) |f<a;“b>—bia/ f (z)dz
b— ) lat L b
< Z % f(QJ)(a2 )‘—’—2”'71!/&

PrOOF. We apply Lemma |§| with t = “—H’. The modulus inequality for sums

(x)‘ dx

and integrals apphes at once the result if we observe that ( 5 )l - (agb)i =0, for

i even, and ( “) — (“71’) =2 ( “) otherwise. Note that 1 =2j+1<n&j <
[251], where [z] denotes the integer part of z. I

REMARK 34. For n =1 we obtain the inequality

(55 -k [ @<y [ @i

(2.119)
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for f € Cta,b]. This improves the relation

(2.120) 'f(“;b)'sia/abfwm;/abf%x)dx

which is known as the “Gallagher-Sobolev inequality” ([118]).
THEOREM 47. ([166]) If f € C™ [a,b] and | f™) (t)| < M for allt € [a,b], then

M (b _ a)n-‘rl

(2.121) n!

<

/abf(x)dﬁi

PROOF. The result follows by an application of Lemma [J] and the remark that
t b
/ (m—a)"dm—&—/ (b—x)" dx
a t

by Lemma 8 I

(t— a)l l_' (t— b)1‘| (_1)i f(¢_1) (t)

IN

b
/ (2 —a)" + (b— 2)"] do

(b _ a)nJrl

IN

COROLLARY 17. ([166]) Under the same conditions,

b n @ . i .
(2.122) 2/ f(x)dz + Z @ [(—1)1 FO7D () = fOY (a)}

oM (b—a)" ™!

<
n!

ProoOF. Using (2.121f) for ¢ = a and ¢t = b respectively, from the modulus
inequality we get relation (2.122]). i

9. The Euler Formulae and Convex functions

9.1. Introduction. Recently, Dragomir and Agarwal [47] considered the trape-
/14

zoid formula for numerical integration for functions such that ‘ f ‘ is a convex
function for some (¢ > 1). Their approach was based on estimating the difference
between the two sides of the right—hand inequality in the H. — H. inequality (2.72)).
Improvements of their results were obtained in [I35]. In particular, the following
tool was established.

18

. . /19
THEOREM 48. Suppose f :IC R — R is differentiable on I and that |f

convez on [a,b] for some q > 1, where a,b €l (a <b). Then

’

7@ +
2

, ‘q 1/q

/()

b—a
<
!

a b
(2123) |1 );Lf(b)—bia/ f(z)de

Some generalizations to higher—order convexity and applications of these results
are given in [19].
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In this section we consider further related results. The most natural nexus for
these developments would appear to be the well-known Euler formula

b Ly )kl
(2.124) f(z) = ﬁ/ f(t)dt—kz%
a k=1
< (5=2) [0 - 14D (w)

e [ [ (30 - (52

(see [94] p. 17]), which holds for every x € [a,b] and every function f : [a,b] — R
with n > 2 continuous derivatives. Here By () k > 0 is the kth Bernoulli polynomial
and By = Bj(0) = B(1) (k > 0) the kth Bernoulli number. We denote by Bj(-)
(k > 0) the function of period one with B} (z) = By(z) for 0 <z < 1.

For x = b and n = 2r, becomes

b
F0) = 5= [ f@yde+ [£6)  f(@)] By
2r—1 _a k—1
¢ 3 Co B[y o)
k=2

Since B = % and By = 0 for j > 1, this may be rearranged, after a change of

variable to s = gz:z; in the final term, as

f((l);‘f( / F(t dt+z ng FR=Y(p) — f(Qj‘l)(a)}

—a 2r
_(b(zr);/o F®(a+s(b—a)) [Ba (1 —5) — By, ds.

Here as subsequently an empty sum (in this case for » = 1) is interpreted as zero.
Further, Bs,(1 — s) = Ba,(s), so we may write this as the Euler trapezoidal
formula

r—1

b —a 7a2k 2 2k — 2%k —
[ taae = 201 -y Bk[f(’“ D () — £+ (q)

k=1

+(b—a)2T+1/O P (s) £ (a+ s (b— a))ds,

where Py (s) := [Bg(s) — Bg] /k! (k> 1) (see [8, p. 274]).

This has many applications and was the starting point of the analysis in [19],
where it was used to prove some integral inequalities germane to numerical inte-
gration. Analysis based on the trapezoidal formula devolves eventually on finding
a method for handling the uncompromising—looking final term.
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A natural quantity in the analysis in [19] is
b —
L o =1y { [ e = 250 1@ + 1)

r—1 _a 2k ;
+ Z (b (23{:)!3 k {f(%*l)(b) o f(%*l)(a)} } )
k=1

The results of [19] include in particular the following.

THEOREM 49. Suppose f : [a,b] — R is (2r + 2)—convex. Then

r |B 7’| T a+b
(2.125) (b— a)>t (2j)!f<2 ) ( 5 )
r41 [Bar| FC(0) + £ (a)
< L <(b—a)*! (2i)! 5 :

If f is (2r 4+ 2)—concave, the inequality is reversed.

THEOREM 50. Suppose [ : [a,b] — R is (2r)—times differentiable. If |f(2T)|q is
convez for some q > 1, then

|Ir| S (b _ a)2r+1 lBQT|

(2r)!

|f(2r)(a)|q + ’f(2r)(b)‘Q‘| 1/q
5 .

If ‘f(2r)| s concave, then

[Bar|

2r+1 2?”|

(2r (atDd
e (5]

The displayed inequalities are manifestly higher—order cousins of

In the next section we take a different path from , one leading to the
Euler midpoint formula instead of the Euler trapezoidal formula. In place of the
function P, of the trapezoidal formula, it turns out that we shall have recourse to

a+b—2t 1
&) =By | =—— | —Bar | = |-
- (522) e ()
We note that this does not change sign on the interval [a, b] and that it is symmetric
about t = @. Further

(—=1)" " 'po,(t) >0 for t € a,b].

In Subsection we explore briefly a third path, one that is associated with
the Euler—-Simpson formula.

The reader will have noted an asymmetry between the conditions applying in
the convex and concave cases of Theorem The reason is that if | f(27)|7 is concave
for some ¢ > 1, then | )| must also be concave (see [I9]). The omission of the
index ¢ in the concave case thus allows a weaker assumption to be made. This
motif occurs also in the present section.
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9.2. The Euler Midpoint Formula. Put x = @ and n = 2r in (2.124)).
Since Baj11 (%) =0 for j > 0, we obtain the Euler midpoint formula

(2.126) f(a;b> - b_la/bf(t)dwi(bz;]z);l
< (3 ) [1#0) - 1)

_(b_(;r)!r / eI 4)p

Note that Bsyy (%) = (1 — 21_2k) Bsy,.
For the sequel we shall utilise

I (a,b) == {/f dm—(b—a)f(a;_b>

Z Box( b — q)?F <1 B 22]}_1) [f(%_l)(b) _ f(zk—l)(a)} } ,

k=1

which serves the role assumed by I,. in [I9]. Where a fixed interval is understood,
we drop the argument from I.

THEOREM 51. ([20]) Suppose f : [a,b] — R is (2r 4+ 2)—convex. Then

B, 1 b
(2.127) (b= |<2;>!| (1 B 227"—1) ~ (tl;>
. i1 | Bar| L\ /200) + 127 (a)
< IF < (b—a)¥t! (2;)! (1 - 22r—1> 2 ’

If f is (2r 4+ 2)—concave, the inequality is reversed.

ProoF. We have from ([2.126]) that
b* 2r
i) 1=y / £ (2

—a 2r
- (bm? / f(”)(t) [par (1) dt

b—a)?r b b— —
_ ((2:;)'/(1 f2n (b_ia—i— Z_Zb> Ip2r ()| dt.

Using the discrete Jensen inequality for the convex function f(2"), we have
b
b—t t—a
2.12 G (. a ——— b)) |par(t)| dt
@120) [ (5 ) o)
bt

b —
£ [ o)l e+ 10 [

a
= @)K, + f@(b)Ky, say.

IA

(t)| dt.
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Since po,(t) is symmetric about ¢t = @ and has constant sign on [a, b], we
have K1 = K5. On the other hand

b b
K+ Ky = / |p2r(t)| dt = (—1)7‘_1/ pgr(t)dt
=)' (1-2""") (b—a)By
= (1=2"7"") | By, | (b—a),

so that

1
(2.130) K =Ky = 5 (1—2"%") |By| (b —a).

The second inequality in ([2.127)) follows at once from ([2.128])—(2.130]).

By Jensen’s integral inequality

b
b—t t—a
CLIN B .
(2.131) /a f (b a+ . b) |p2r(t)] dt

a
Jo (4 a2 0) Ipar ()]

a \b—a

b
(2K)
</a |p2r(t)| dt) f f; |p2r(t)‘ dt

= (1= g ) 1Bl G- (£2)).

The first inequality in (2.127) now derives from (2.128)), (2.130)) and (2.131). B

v

The proof of the following theorem is similar to that of the theorem above and
to that of [I9] Theorem 2].
THEOREM 52. (]20]) Suppose [ : [a,b] — R is (2r)-times differentiable.
(a) If | 379 is convex for some q¢ > 1, then

241 | Bar| <1 1 ) |72 (a)|" + | £ (b)) 1/q
(2r)! 92r—1 B .

(b) If ’f(zr)‘ is concave, then

Bo, | 1 a+b
*| < _ 2r+1 | 2r _ (er) (2107 .
|Ir| = (b a) (27,)! 1 922r—1 f 2

To obtain appropriate results for numerical integration from the Euler midpoint
formula, we apply the results above to each interval of the subdivision

7 < (b—a)

[a,a+ h],[a+ h,a + 2h],...,[a+ (n — 1)h,a + nh).

Let us denote

T(f:h) = h [;f(a) Y flat k) + %f(a+nh) ,
k=1

M(f;h) ::hZf(a—Hch—Z)
k=1
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a+nh
H, = (-1)""" {/ f(x)de — M(f;h)

r—1 B hzk
k=1
THEOREM 53. (a) ([201)If f : [a,a +nh] — R is (2r + 2)—convez, then

2r|BQT| 1 2r).
h (2r)! (1 a 227'—1> M (f( )’h)
o | Bar| 1 (2r).
s Hesh (2r)! (1_ 22r1> T<f ’h)'

(b) If f is (2r + 2)—concave, the inequalities are reversed.

PROOF. The result is immediate from Theorem since

H, = Z I*(a+ (m—1)h,a + mh).
m=1

THEOREM 54. ([20]) Suppose f :[a,a+ nh] — R is (2r)—times differentiable.
(a) If |f(2’")|q is conver for some q > 1, then

\H,| < nh2+! |£j;“!| (1 - 221_1> max{‘ 20 (a)‘ , ‘ £ (q + nh)’} :

(b) If |f(2’")| is concave, then

Ba,| 1
) < Bl () (|
‘ | = (27,)! < 227‘1) f

PROOF. The proof is as follows.

h)

|Hr| =

> Ira+ (m—1)h,a+mh)
m=1

< Y (a+ (m—1)h,a+mh)
m=1

" Bs, (2r) R)|? + | £ T
< Zh2r+1(2;)!(1212r)[|f (a+mh)| —|r|J2c (a+ (m—1)h)| ]

by Theorem [52| applied to each interval [a + (m — 1)h,a + mh]. Hence

m=1
|H ‘ < h2r+1 |BQT’| (1 _ 21727")
o= (2r)!
X Z max{‘f(zr)(a + mh)’ ) ‘f(QT)(a + (m— 1)h)’} .
m=1
q

The result of (a) now follows from the convexity of | f (2”’
The proof (b) is similar. I
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9.3. The Euler—Simpson Formula. If f is defined on an arbitrary finite

segment [a,b] and has 2r continuous derivatives there, then the Euler—Simpson
formula (see, for example, [94], p. 221]) states that

[ =" [y ar () + st

4 72_:1 — a QkBQk (1 - 22—2k) [f(Qk—l)(b) _ f(2k—1)(a):|
k=

2r+1
T Gl i 3% / 7@ (@ + u(b — @) F(u)du,

P =)+ 2 o (5 - u) e (5) |

Yor(u) = Bar(u) — B, and y3,.(u) = B,.(u) — Ba;.
It was proved in [94] p. 224] that F(1 —u) = F(u) and that (—1)""1F(u) > 0.
Also,

/01 |F(u)|du = (—1)"" /01 F(u)du
(e {/01 yaor (u)du + 2 /01 Yir (; - U) du = 2yzr (é) }
v s [t o (1))

(=1)""'{=3By, +4 (1 —27%") By, }
— (_1)r—1 (1 _ 22—2r) BQr _ (1 _ 22—27‘) |BZ7”|

where

and
! _ ! 71 2—2r
/0 u|F(u)|duf/O (1—w) |F(u)|duf2(1—2 ) |Bar| .

We can parallel the development of the previous subsection with the following
two theorems. Define

L =(—1>T—1{ /:m)dx—bga[f<a>+4f(”‘;b)+f<b>]

= (b_a>2k 2-2k 2k—1 2k—1
—Zw(l—z_ )sz{f( BRIOENE _)(a)}}.

k=2

THEOREM 55. ([20]) If f : [a,b] — R is (2r + 2)—convez, then
2—2r
N2+l (1_2 >|B2T| (2r) a+b
(b—a) s ! 2
12272 By, | f®(a) + f@0(b)
3(2r)! 2 '

S Lr S (b— a)2r+1(

If f is (2r 4+ 2)—concave, the inequalities are reversed.
THEOREM 56. ([20]) Suppose f : [a,b] — R is (2r)—times differentiable.
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(a) If |f(2’”)|q is conver for some q > 1, then

(1 _ 22—2r) |B27‘|
3(2r)!

(b) If |f(2”)| is concave, then

Lol < (b= a)*™!

2

‘f(Qr)(a)‘q + |f(2r)(b)’q‘| 1/q |

o1 1 —227% £ a+b
3(2r)! 2 )|

To obtain appropriate results for integration via the Simpson formula we apply
the above results to each interval of the subdivision

(L] < (b—a)

[a,a + 2h],[a + 2h,a + 4h], ..., [a + 2(n — 1)k, a + 2nh].

First we introduce

h

S(fih) izg

f(a)+f(a+2nh)+2i:f(a+2ih) +4z_:f(a+ (20 — 1)h)] )

=1

1

a+2nh r— 2k
X, ¢ o= (-1 { [ f@de-stgn -y ;2(’;;), (1 - 22-2)
a k=2 .

X Boy, {f(%_l)(a + 2nh) — f(%_l)(a)} } .
The following theorems apply.
THEOREM 57. ([20]) If f : [a,a + 2nh] — R is (2r + 2)—convez, then

vig, (L2277 B ",
() [ Bar| g5 M (175 20)
o (1-227%) (2r).

If f is (2r 4+ 2)—concave, the reverse inequalities hold.
THEOREM 58. ([20]) Suppose f : [a,a+ 2nh] — R is (2r)—times differentiable.
(a) If |f(2’")|q is conver for some q > 1, then
1— 22727")
X,| < 2h2r+1Br(7

1/q
X

2% @+ 2mb)|* + [ £ (a+ 2(m — 1)R)|?

m=1

< n(2h)H By, | Ogéi)f) max {\ f(2r)(a)‘ , \ £ (a + 2nh) \} .

(b) If ’f@")| is concave, then
1_22—27')
X, < (2 2’”+1B,.<7M ‘ @n.95) .
1X0] < (2R By 255 (|17 20)

The resultant formulae in Theorems [55}H58] when r = 2 and the sums in L, and
X, are empty are of special interest and we isolate them as corollaries.
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COROLLARY 18. ([20]) If f : [a,b] — R is 6—convez, then
(b — a)sf(4) (a -+ b>
2

2880

vt e (S5 +s0)] - [ s

(b—a)® fN(a) + ()
- 2880 2
If f is 6—concave, the reversed inequalities apply.
COROLLARY 19. ([20]) Suppose f : [a,b] — R is 4—times differentiable.

) If ’f(4)|q is convez for some q > 1, then

s +ar (“5°) +f(b)”

(b—a) [}f(‘* (@)|" + |f(4)(b)|q]1/q.

- 2880 2

) If |f(4)| s concave, then

/ ' fla)a

“ {f( >+4f(“+”) +f(b)H
bfa

a + b
- 2880

COROLLARY 20. ([20]) If f : [a,a + 2nh] — R is 6—convez, then

(2h)4 @. a+2nh (2h)4 ).
mM(f4,2h) gS(f,h)—/a F(z)de < 2880T(f4,2h).

If f is 6—concave, the inequalities are reversed.
COROLLARY 21. ([20]) Suppose f : [a,a + 2nh] — R is 4—times differentiable.

a) If ’f(4) |q is convez for some q > 1, then

a+2nh
[ f@ds - st

21)° = | [f D (a+2nh)|" + | fD(a +2(m - 1)h)| Y
2880 mz::l 2

< né;g(f max{‘f(4)(a)‘ , )f(4)(a+ Znh)‘} .

b) If ’f(4)| is concave, then

a+2nh
/ f(@)dz — S(f:h)| <

—~

IN
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10. H. — H. Inequality for Isotonic Linear Functionals

10.1. Inequalities for Isotonic Linear Functionals. In this section we
shall give some generalizations of the Hermite-Hadamard inequality for isotonic
linear functionals.

Let E be a non-empty set and let L be a linear class of real valued functions
g : E — R having the properties:

L1: f,g € L implies (af + bg) € L for all a,b € R;

L2: 1€L, that is, if f(¢) =1 (t € E) then f € L.

We also consider isotonic linear functionals A : L — R. That is, we suppose:

Al: A(af +bg) =aA(f)+bA(g) for f,ge L, a,beR,

A2: feL, f(t)>0on E implies A(f) > 0.

We note that common examples of such isotonic linear functionals A are given
by

Al(g) = / gdp or A(g) = prge,
E keE
where p is a positive measure on E in the first case and E is a subset of the natural
numbers N, in the second (py > 0,k € E).
We shall use the following result which is well-known in the literature as Jessen’s
Inequality (see for example [146] or [114], p. 47] and [23]):

THEOREM 59. Let L satisfy properties L1 and L2 on a non-empty set E and
suppose ¢ is a convex function on an interval I C R. If A is any isotonic functional;

with A (1) =1, then, for all g € L such that ¢ (g) € L, we have A(g) € I and

(2.132) ¢ (A(g)) < A(d(9))-
The following lemma holds [146]:

LEMMA 10. Let X be a real linear space and C' its convex subset. Then the
following statements are equivalent for a mapping f: X — R :

(2) f is convex on C,
(i) for all z,y € C the mapping gz : [0,1] = R, gz, (t) == ftz+ (1 —1t)y)
is convez on [0,1].

PROOF. “(i) = (i1)”. Suppose z,y € C and let t1,t2 € [0,1], A1, Ay > 0 with
)\1 + )\2 = 1. Then
Gzy (Mti + Xata) = f[(Aits + Xata) 2+ (1 — Aty — Aata) y]
= fl(tr+dat2)z + A (1 —t1) + A2 (1 —t2)] ¥
< Mf(hir+ (1 —t)y) + Aef (ar + (1 —t2)y).

That is, g, is convex on [0, 1].
“(i1) = (4)”. Now, let z,y € C and A1, A2 > 0 with Ay + A2 = 1. Then we have:

Faz+Xy) = far+(1—-A)Y) =Ggey A1+ X2-0)

That is, f is convex on C and the statement is proved. I

The following generalization of Hermite-Hadamard’s inequality for isotonic lin-
ear functionals holds [146]:
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THEOREM 60. Let f:C C X — R be a convex function on C, L and A satisfy
conditions L1, L2 and A1, A2, and h: E — R, 0 < h(t) <1, h € L is such that
9oy 0 h € L for x,y given in C. If A(1) = 1, then we have the inequality
(2133) f(A(M)z+ (A —-A(h)y) < Alf(hz+ (1 -h)y)

< AM)fx)+Q—AR)f(y).
PRroOOF. Consider the mapping g, : [0,1] = R, g5, (s) := f(sz+ (1 —s)y).

Then, by the above lemma, we have that g, , is convex on [0,1]. For all t € E we
have:

Gay (R () -1+ (1 =h(t))-0) <h(t)gay (1) + (1 =h(t))gey (0),

which implies that

A(Gay (h) < A(R) gay (1) + (1 = A(h)) gz y (0).-
That is,

Alf(hz+ (1 —h)y)] < Ah) f(z)+ 1 —A(h) f(y).
On the other hand, by Jessen’s inequality, applied for g, , we have:
gay (A(h)) < A(gay (h)),

which gives:

fA(M)z+ (1= A(h)y) < A[f (he + (1= h)y)]
and the proof is completed. |

REMARK 35. Ifh: E — [0,1] is such that A(h) = L, we get from the inequality

2
©.133) that

(2.134) f(x;_y> < A[f (ha t (1 nyy)] < DI
for all z,y in C.
Consequences
a) If A = fO, [0,1],h(t) = t,C = [z,y] C R, then we recapture from

([2.133)) the clabs1cal inequality of Hermite and Hadamard, because

/ft:c+ (1—1t)y) _x/f

) If A= %f =[0,Z] ,h(t) = sin®t,C C R, then, from (2.134) we get
92 32
f< ;—y)_ / f(xsinZt—i—ycosZt)dth,
™ Jo

z,y C which is a new inequality of Hadamard’s type. This is as
2 [Zsin’tdt = %
c) If A= fol,E = [0,1],h(t) = ¢t and X is a normed linear space, then

[2.134) implies that for f(z) = |z|’,z € X,p>1:
P P
[ e - e B

for all z,y € X.
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d) If A= Z: ={1,..,n}, Zt 2,C CR,n > 1, then from (2.134)

1
we also hav
f(“y) Si_zlf(“““‘“)y)fw

for all x,y € C, which is a discrete variant of the Hermite-Hadamard
inequality.
To give a symmetric generalization of the Hermite-Hadamard inequality, we
present the following lemma which is interesting in itself [23].
LEMMA 11. Let X be a real linear space and C be its convex subset. If f : C —
R is convex on C, then for all x,y in C the mapping g : [0,1] — R given by

Ge () = 3 1 (k4 (1= 0)9) 4 F (1= 0) o+ 1)

is also convex on [0,1]. In addition, we have the inequality

(2.135) f (I“Ly) <goy (1) < LI

2 2

forallz,y € C and t € [0,1].

PROOF. Suppose z,y € C and let t1,t2 € [0,1], o, > 0 and o + 8 = 1. Then

G,y (at1 + Bt2)
= S (ot fra) e+ (1 oty — i) )

+ (1 — oty — Bty)  + (aty + Bta) y)]
S (Fla(hz + (= 0)y) + B (o + (1~ 1) )]
+ fla((X =t1) + tizy) + B((1 — t2) z + t2y)])
%(af [tz + (1 —t1) y] + Bf [tz + (1 — t2) y]
+af[(1—t1) +tiay] + Bf[(1 —t2) x + tay])
= QGzy (1) + By (t2),

which shows that g, , is convex on [0, 1].
By the convexity of f we can state that

Yoy (1) = f (tx+(1—t)y+(1—t)x+ty)} f(x;y>

In addition,

IA

(
)

0oy (1)< 10 (@) + (1= 0)F () + (1= 1) £ () 1 ()] < LETTW)

for all ¢ in [0, 1], which completes the proof. I

REMARK 36. By the inequality (2.135) we deduce the bounds

f@)+fy) : <m+y)
SuUp gu (t) = and inf g, ., (t) = —
te[ol,)l]g ,y( ) 9 te[o,l]g 7y( )=1f B

for all x,y in C.



80 2. SOME RESULTS RELATED TO THE H. — H. INEQUALITY

The following symmetric generalization of the Hermite-Hadamard inequality
holds [23]:

THEOREM 61. Let f : C C X — R be a convex function on the convex set
C, where L and A satisfy the conditions L1, L2 and A1,A2. Also, h : E — R,
0<h(t)<1(t€eFE),andh € L issuchthat f(ha +(1—h)y), f((1—h)x+ hy)
belong to L for x,y fized in C. If A(1) =1, then we have the inequality:

(2.136) f (“y)

2
< SUFAM e+ Q- AM) )+ (- AR) 2+ ARy
< (AL (et (1= R)y)) + AL (L~ Rz + hy))
f @)+ )

<
o 2

PROOF. Let us consider the mapping g, : [0,1] — R given above. Then, by
the above Lemma we know that g, , is convex on [0, 1].
Applying Jessen’s inequality to the mapping g. , we get:

However,

9ay (A(h) = S [f (AR z+ (1 = AR)y) + f((1 - Ah)z+ A(h)y)]

DN | =

and

A(gay (1) = 3 (ALf (ha + (1= R)y)] + AT (L= )+ hy))

and the second inequality in (2.136|) is proved.
To prove the first inequality in (2.136)) we observe, by (2.135f) , that

f(‘r;y) < goy (A(R) as0< A(h) <1

which is exactly the desired outcome.
Finally, by the convexity of f, we observe that

F (1)) + £ (- By ny) < LT

on E.
By applying the functional A, since A (1) = 1, we obtain the last part of (2.136]) . I

REMARK 37. The above theorem can also be proved by the use of Theorem [60]
and by Lemma[Id. We shall omit the details.

Note that, if we choose A = fo yE=100,1],h(t) =t,C = [z,y] C R, we recap-
ture, by (2.136] m , the Hermite-Hadamard inequality for integrals. This is because

/fta:—i— (1—t)y)dt = /f (I—t)z+ty)d _m/f

Consequences
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a) Let h : [0,1] — [0,1] be a Riemann integrable function on [0,1] and
p > 1. Then, for all x,y vectors in the normed space (X;||-||) we have the
inequality:

z+y|”

2

[ m0e)+ (] )

- ’(/Olh(t)dt>x+(1_/01h(t)dt)y p]
% :/01|(h(’f))ﬂch(l—h(lt))y”dt+/01 (1= h(®)z + (h (D) y|? dt

" + llyl”
T

If we choose h (t) = t, we get the inequality obtained above

r+y
2

P 1 p p
< / [tz + (1 — t) y||” dt < &4l ‘; [yl
0

for all z,y € X.
b) Let f: C' C X — R be a convex function on the convex set C' of a linear
space X, t; € [0,1] (i =1,n). Then we have the inequality:

~
7 N
8
+
<
N———

n

) tiac‘f‘l ) (1_ti)y>+f<;2(1_ti)x+i§:tiy>1
i ; i=1

i=1

™
S|
i
—
S
T
—

n

(tix+ (1 —t)y) + > F (1 —t:)z + tiy)

i=1

g~
— ~

&H

B

\-/S
o4+ T

™
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If we put in the above inequality #; = sin® a;, a; € R (i = I,n), then we
have:
r+y
()
1
< < ( Zsm a1>x+< Zcos ai>y]
=1
< Zcos al> T+ ( Zsm ai> y])
1=1

< LS (enta) s+ (oo ar) )
i=1
+ f [(cos al) x+ (Sln az) y])
PNIOES (0}

[\

10.2. Applications for Special Means.

(1) For x,y > 0, let us consider the weighted means:
Ag (zyy) =ax+(1—a)y

and

—Qx

Gy (z,y) = z%
where « € [0,1].
If h: [0,1] — [0,1] is an integrable mapping on [0, 1], then, by Theorem
we have the inequality:

1
(2.137) Aj'ol n(tyar (T,Y) = exp {/0 In [Ap ) (2,9)] dt] > Gfol ntyde (T ) -

If f01 h(t)dt = %, we get

(2.138) A(z,y) > exp [/0 In [Ah(t) (x,y)] dt} > G (x,y)

which is a refinement of the classic A. — G. inequality.
In particular, if in this inequality we choose h (t) = ¢, t € [0,1], we
recapture the well-known result for the identric mean:

Az, y) > I(2,y) > G (2,y).

Now, if we use Theorem[61] we can state the following weighted refinement
of the classical A. — G. inequality:

(2.139) Azy) =2 G (Afol nyae () s Aptpyar (5 y))

Y

exp {/0 In [G (Anw) (2, y), An (v, 2))] dt}
G(z,y).

Vv



(2.140)

(2.141)

(2.142)

(2.143)

(2.144)
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If fol h(t)dt = %, then, by (2.139)) we get the following refinement of the
A. — G. inequality:

Amwmmummmwwwamwmﬂzmw»

If, in the above inequality we choose h () = t,t € [0, 1], then we get the
inequality

1
AmwmmumW%mwwmmwkamw

Some discrete refinements of A. — G. means inequality can also be done.
If = (x1,...,2,) € RY, we can denote by G, (Z) the geometric mean of

7, e, G (7) = ([T7y 2:)" -
If t = (t1,...,t) € [0,1]", we can define the vector in R’} given by
AE (fﬂ, y) = (Atl (Z,y) PR ) Atn (xa y))

where x,y > 0.
Applying, now, Theorem [60| for the convex mapping f (z) = —Inz and

the linear functional A := % 2:1 t;, we get the inequality
1=

Af (w,y) > Gy (Af (x,y)) > Gy (J),y)

where £ := 1 3" ¢, € [0,1] and z,y > 0.
i=1

1
If we choose t; so that t = %, we get

which is a discrete refinement of the classical A. — G. inequality.
In addition, if we use Theorem [61] we can state that

A(‘T7y) > Gy (A;(;v,y),Ag(y,x))

which is another refinement of the A. — G. inequality.

11. H. — H. Inequality for Isotonic Sublinear Functionals

11.1. Inequalities for Isotonic Sublinear Functionals. Let L be a linear
class of real-valued functions g : F — R having the properties:

(L1)
(L2)

f.g € Limply (af + Bg) € L for all o, 5 € R;
1€l,ie.,if f(t)=1forallt € E, then f € L.

An isotonic linear functional A : L — R is a functional satisfying the condi-

tions:
(A1)
(A2)

(A3)

Aaf+ Bg) =aA(f)+ BA(g) for all f,g € L and «, 5 € R;
If fe Land f >0, then A(f) > 0.

The mapping A is said to be normalized if

A1) =1.
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Isotonic, that is, order-preserving, linear functionals are natural objects in anal-
ysis which enjoy a number of convenient properties. Thus, they provide, for ex-
ample, Jessen’s inequality, which is a functional form of Jensen’s inequality and a
functional Hermite-Hadamard inequality.

In this section we show that these ideas carry over to a sublinear setting [64].
Let E be a non-empty set and K a class of real-valued functions ¢ : F — R having
the properties

(K1) 1€K;

(K2) f,g€ K imply f+g € K;

(K3) fe K impliesa-14+ - f € K for all a, 3 € R.

We define the family of isotonic sublinear functionals S : K — R by the
properties [64]

(S1) S(f+9) <S(f)+S(g) forall f,g € K;

(S2) S(af)=aS(f) forall « >0 and f € K;

(S3) If f>g,f,9 € K, then S(f) = 5(g).

An isotonic sublinear functional is said to be normalized if

(S4) S(1)=1

and totally normalized if, in addition,

(S5) S(-1)=-1.

We note some immediate consequences from (K2) and (K3), f —g belongs
to K whenever f,g € K, so that from (S1)

S =S((f—-9)+9) <S(f—-9)+5(9)

and hence
(S6) S(f—9)=S5(f)—S(9)if f,ge K.
Moreover, if S is a totally normalized isotonic sublinear functional, then
we have
(S7) S(a-1)=aforalla e R
and
(S8) S(f+a-1)=8(f)+aforall a€R.

Equation (S7) is immediate from (S2) when @ > 0. When o < 0 we have
S(a-1) =5((-a)-(-1) = (=) §(-1) = (=) (-1) = a.
Also, by (S6) and (ST7), we have for o € R
SUf-a-1)=25(f)+5(-a-1)=5() -
which by (S1) and (ST7)
S(Uf-a-1)<S(f)+5(-a-1)=5() -«
so that
S(f-—a-1)=5() -
Since this holds for all & € R, we have (S8).
It is clear that every normalized isotonic linear functional is a totally normalized
isotonic sublinear functional.

In what follows, we shall present some simple examples of sublinear functionals
that are not linear.
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EXAMPLE 4. Let Ay,...; A, : L — R be normalized isotonic linear functionals
and p; j € R (4,5 € {1,...,n}) such that

pij >0 foralli,j € {1,....,n} and pr- =1 forallje{l,..,n}.

i=1
Define the mapping S : L — R by

S(f) = max. {me }

Then S is a totally normalized isotonic sublinear functional on L. As particular
cases of this functional, we have the mappings

So (f) := max {A;(f)}

1<j<n

and

where ¢; > 0 for all i € {1,...,n} and Q; > 0 for j = 1,...,n. If we choose ¢; = 1
for allie{l,...,n}, we also have that

is a totally normalized isotonic sublinear functional on L.

ExXAMPLE 5. If Ay,..., A, are as above and A : L — R is also a normalized
isotonic linear functional, then the mapping

Sa(f) = Pi S pimax {4 (1), i (1)}

n

where p; > 0 (1 < ¢ <n) with P, = ) p; > 0, is also a totally normalized isotonic
i=1

sublinear functional.

The following provide concrete examples.

EXAMPLE 6. Suppose x = (x1,...,xn) and y = (y1,...,Yn) are points in R™.

Then the mappings
S(x) = 1I£1Ja<xn {Zpusz} )

n
where p; >0 and > p;; =1 forje{1,..,n},
i=1

So (z) := max {z;}

1<i<n

and

where ¢; > 0 and Q; > 0 for all i,j € {1,...,n}, are totally normalized isotonic
sublinear functionals on R™.



86 2. SOME RESULTS RELATED TO THE H. — H. INEQUALITY

Suppose ig € {1,..,n} is fixzed and p; > 0 for all i € {1,...,n}, with P, > 0.
Then the mapping

1 n
Siy (x) = B Zpi max {2, i}
"i=1

s also totally normalized.

EXAMPLE 7. Denote by R [a, b] the linear space of Riemann integrable functions
on [a,b]. Suppose that p € R[a,b] withp (t) > 0 for allt € [a,b]. Then the mappings
[Fp(t) f(t)dt
Jip(t

mE(ab]|: /f dt}

are totally normalized isotonic sublinear functionals on R[a,b].
If c € [a,b], then

Sp (f) = l
z (ab]

and

s1(f) =

fp max ( ()7f(t))dt
Jip ()

Sc,p (f) =

and

b
e () im g [ max (£ 0 f (0

are also totally normalized on R |a,b].

We can give the following generalization of the well-known Jessen’s inequality
due to S. S. Dragomir, C. E. M. Pearce and J. E. Pecari¢ [64]:

THEOREM 62. Let ¢ : [a, 0] C R — R be a continuous convex function and
f:E — [a,0] such that f,¢o f € K. Then, if S is a totally normalized isotonic
sublinear functional on K, we have S (f) € [«, 8] and:

(2.145) S(pof)=e(S(f)).
PROOF. By (S3) and (S7), a-1<f< -1 implies
0 =S(a-1)<S(f)<S(31) =5

so that S (f) € [o, 3] .
Set Iy (x) = x for all € [a,]. For an arbitrary but fixed ¢ > 0, we have by
convexity of ¢ that there exist real numbers u,v € R such that

(i) p< ¢ and
(@) p(S(f) > o (S(f)—q

where

p(t)=u-1+v-1(t).
If a < S(f) < B orif ¢ has a finite derivative in [«, 5], we can replace
(i) by p (S (f)) = ¢ (S(f)) - Now (i) implies po f < ¢o f. Hence, by (S3)

S(¢of)=S(pof)=5m -1+v-f).
If v > 0, by (S8) and (S2) we have
S(u-1+v-f)=u+vS(f)=p(S(f)),
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while if v < 0, by (S6), (S7) and (S2) we have
Su-1+v-f) = S(u-1—=v[f)Zu—=5(v|f)
= u—[[S(f) =u+0vS(f) =p(S(f))-

Therefore, we have in either case

S(pof)=eo(S(f) —qa

Since q is arbitrary, the proof is complete.

REMARK 38. If S = A, a normalized isotonic linear functional on L, then
(2.145)) becomes the well-known Jessen’s inequality.

The following generalizations of Jessen’s inequality for isotonic linear function-
als also hold:

COROLLARY 22. Let Ay, ..., A, : L — R be normalized isotonic linear function-
als and p; ; € R be such that:

pij = 0 and me» =1 foralli,je{l,..,n}.

i=1

If ¢ : [, B] = R is convex and [ : E — [a, (] is such that f,¢o f € L then:

o S} o ()

The proof follows by Theorem [62] applied for the following mapping

S = o, {pr }
which is a totally normalized isotonic sublinear functional on L.
REMARK 39. If Ay,..., Ay, ¢ and f are as above, then

max {A; (¢o f)} > ¢ ( magn{Ai (f)}>

1<j<n

1glja§Xn { ; 44 } 29 <1r<nja<xn { ; aidi })

where g; > 0 with Q; >0 for all i,j € {1,...,n}.
COROLLARY 23. If Ay, ..., An, & and f are as shown, p; > 0,7 € {1,...,n}, P, >
0 and A: L — R is also a normalized isotonic linear functional, then we have the

inequality

PinzpimaX{AWOf),Ai (pof)} Z¢<é2pimaX{A(f),Ai(f)}>.

and

The following reverse of Jessen’s inequality for sublinear functionals was proved

by S. S. Dragomir, C. E. M. Pearce and J. E. Pecari¢ in [64]:
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THEOREM 63. Let ¢ : [o, 8] C R — R be a convex function (o < ) and f :
E — [a, 0] such that ¢o f,f € K. Let A = sgn (¢ (8) — ¢ (). Then, if S is a
totally normalized isotonic sublinear functional on K we have

o B6(0)—ad(8) | 6(8) (o)
U5 S(eef) < 0L B Sg ().
PROOF. Since ¢ is convex on [a, 5] we have:
o) < r () + o (w),

where ©u < v < w and u < w.
Set u = a,v = f(t),w= (. Then

o) <5+ L2 9 1e 5
or, alternatively,
bop< (@) —00(B) | (A -6()

00—« 08—«
Applying the functional S and using its properties we have
Bé (a) —ag (B) ¢ (B) — ¢ ()
S(¢of) S( o 1+ i a 'f)
(o) ~a6(0) | ¢ ($0)-9(e) )
B f—a
Bp () —a¢(B) | |¢(B) — ()]
E eI

Hence, the theorem is proved. I

IN

—
—
—

(Af)-

REMARK 40. If S = A, and A is a normalized isotonic linear functional, then,
by (2.146)) we deduce the inequality

A (f) < {B-A(f)¢(a)+(A(f) —) 9 (8)}
- (6—a) '
Note that this last inequality is a generalization of the inequality
{(b—A(h)d(a) +(A(l) —a) 9 (b)}
A(o) < b —a)
due to A. Lupas. Here, E = [a,b] (—00o <a <b< o0), L satisfies (L1), (L2),

A : L — R satisfies (A1), (A2), A(1) = 1,¢ is convex on E and ¢ € L,l; € L,
where Iy (z) = z,x € [a,b].

By the use of Jessen’s and Lupag’ inequalities for totally normalized sublin-
ear functionals, we can state the following generalization of the classical Hermite-
Hadamard’s integral inequality due to S.S. Dragomir, C.E.M. Pearce and J.E.
Pecarié¢ [64].

THEOREM 64. Let ¢ : [a, 8] — R be a convex function and e : E — [a, (] a
mapping such that ¢ oe and e belong to K and let A := sgn (¢ (8) — ¢ (a)). If S is
a totally mormalized isotonic sublinear functional on K with

a+p a+
2 )

S(he)=A- and S (e) =
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then we have the inequality

(2.147) ¢(a;6)§5(¢oe)gw.

PROOF. The first inequality in (2.147) follows by Jessen’s inequality (2.145))
applied to the mapping e.

By inequality (2.146)), we have

B () —a¢(B) |, (¢(8) =9 () (B+a)

S TC R
6(0) + 6 (9)
2 b

and the statement is proved. I

REMARK 41. If S = A, ¢ is as above and e : E — [a, 3] is such that poe,e € L
and A(e) = “—'2"5, then the Hermite-Hadamard inequality

o(242) < A(p00 < LD100)

9

holds for normalized isotonic linear functionals (see also [146] and [23]).
REMARK 42. If in the above theorem we assume that ¢ (8) > ¢ (a), then we
can drop the assumption S (Ae) = \ - #

THEOREM 65. Let ¢, f and S be defined as in Theorem[63 with ¢ (3) > ¢ (cv).
Then

(2.148) S(e(f) <

{(B=5() () +(5(f) —a)¢(B)}
f—a '

The proof is a simple consequence of Theorem

Finally, we have the following result [64]:

THEOREM 66. Let the hypothesis of Theorem [69 be fulfilled and let T be an
interval which is such that T O ¢ ([ov, B]) . If F (u,v) is a real-valued function defined
onT x T and increasing in u, then

(2,149 FIS(6(),6(5 (1)
8 —x r—a«
< max P |20+ 50 (9).0@)
— uax F[66(@) + (1= 0)6(5) .6 (G + (1-6) 9).

PrOOF. By (2.148) and the increasing property of F'(-,y) we have

P[22 @+ 205,05 ()]

B8—a
T —

0—z
F .
Jmax, [6a¢(a) + ﬁfaqb(ﬁ),(b(x)
Of course the equality in (2.149) follows immediately from the change of variable

=22 sothat z =fa+ (1—0) Fwith0 <6 < 1. i

F[S(¢(f), e (SN <

IN




90

2. SOME RESULTS RELATED TO THE H. — H. INEQUALITY

11.2. Applications for Special Means.

(1)

Suppose that e € K,;p > 1,eP € K and S is as above. We can define the
mean

Ly (S,€) :=[S(e”)]7.
By the use of Theorem [64] we have the inequality

Ao, B) < Ly (S,e) < [A(a?, B7)]7 ,

provided that
o
S(e) = ‘;5 .
A particular case which generates in its turn the classical L,-mean is
where S = A, where A is a linear isotonic functional defined on K.
Now, if e € K is such that e~ € K, we can define the mean as

L(S,e):=1[5(e™")]
If we assume that S (—e) = —O‘Tw and S (e) = ”‘Tw, then, by Theorem
we have the inequality:
H (o, ) < L(S,e) < A(a, ).
A particular case which generalizes in its turn the classical logarithmic
mean is where S = A, where A is as above.

Finally, if we suppose that e € K is such that Ine € K, we can also define
the mean

-1

I(S,e) :=exp[-S(—1Ine)].
Now, if we assume that S (—e) = —O‘Qﬂ and S (e) = O‘—;B, then, by Theo-
rem [64] we get the inequality:

G(a,pB) <1(S,e) < A(a,B),

which generalizes the corresponding inequality for the identric mean.



CHAPTER 3

Some Functionals Associated with the H — H.
Inequality

1. Two Difference Mappings

Let f: I CR — R be a convex function on the real interval I and a,b el (I is
the interior of I) with a < b. We shall consider here the difference mappings L and
P defined by [48]:

(L) L:fab —R, L() ::f“);f(“) (t—a)—/ f(s)ds
and
(P) P:[a,b]eR,P(t)::/ f(s)ds—(t—a)f(tza).

We shall point out the main properties of these mappings, obtaining some refine-
ments of the H. — H. inequality.
The main properties of L are given in the following theorem [48]:

THEOREM 67. Let f, a, b be as above. Consider the mapping L defined in

. Then :
(i) L is non-negative, monotonically nondecreasing and convex on [a,b];
(i1) One has the following refinement of the Hermite-Hadamard inequality:

o [ w2 o [ (122) L0 W

b—a b—a 2
. f@rm)
- 2
for each y € [a,b].
(#i1) We have the inequalities:
(3.2) a-w(t—anu—a).w(s—a)
flat+ (A —-a)s)+ f(a)

- 5 [at 4+ (1 — ) s —a]

t s at+(1—a)s
> o f@dir-a) [ fyde- [ f (u) du,
for every t,s € [a,b] and each o € [0,1].

PRrROOF. (i) The fact that L is non-negative follows from the H. — H.
inequality.

91
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In order to prove the monotonicity and the convexity of L, we shall show
the following inequality

(3.3) L(z)—L(y)> (x—y) L (y)

holds, for all x,y € [a, b] .
Let us suppose that > y. Then we have:

34 L@ -1 =TT o) LW gy s

By the H. — H. inequality, we deduce
L)L) _ (@) +f(a)(—a

z—y - 2(z—y)
W+ f)y—a) f@)+ )
2(z —vy) 2 '

On the other hand, since f is convex, f) (y) exists for all y € [a,b) and
then a simple calculation yields

_ Wy —a) fly-fla)

(35) L () . 1Y e,
Therefore, the relation will be proved if we can demonstrate that
(3.6) A
Y r—y

> L) (y—a).
A simple calculation shows that

0@~ )
r—y
and then the relation (3.6) is equivalent with

which holds by the convexity of f.
The fact that (3.3)) holds also for y > = goes likewise and we shall omit
the details.

Consequently, the mapping L is convex on [a, b] .
Now, let x >y (x, y € [a,b]) . Since L is convex on [a,b] we have:

L(x)-Ly) _,, ., _ fWy—a—(f(y—[f(a)
xi_yzlur(y)—_'_ B)

)

>0

as, by the convexity of f we have:

fla)=f(y) = (a—y) fi(y) forally € [a,b],

and so L is nondecreasing on [a, b] .
(#4) By the H. — H. inequality we have:

0< L(y) <L) forall y € [a,].
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That is, we can deduce that

LOHI@ - [ e L0 /f

which gives us

[ 10is- [ 1< 0@, J0HI@,

2
Therefore,
’ fO)+fa) fy+fla) (y—a
ba/y fs)ds < 2 a 2 (ba)7

i.e., the second inequality in (3.1]).
By the H. — H. inequality we also have:

b_a/ ‘e d8+<b_ )f()+f()
s st [
- H(/yf(S)der/a f(s)ds>=

for all y € (a,b], and the first inequality in (3.1]) is also proved.
(#i7) The inequality (3.2) follows by the convexity of L, i.e.,

Lat+(1—a)s)<aL(t)+(1—a)L(s)
for all s,t € [a,b] and « € [0,1]. We shall omit the details.

Y

|
REMARK 43. Since L is nondecreasing, then we have the bounds:
inf L(t)=L(a)=0
t€la,b]
and
sup L(t) =)= 1O @ /f )ds > 0.
t€la,b] 2

REMARK 44. If f is a monotonic nondecreasing function on [a,b], then the

mapping D (t) = f f(u)du is convex on [a,b]. Consider the new mapping ¥ :
[a,b] — R gwen by

\I!(t):zw(t—a).

If [ is assumed to be conver and nondecreasing, then ® is also convex on [a,b],
and, by the inequality (3.2)) one has:

(3.7 V() +(1—-a)T(s) =T (at+(1—a)s)
> ad(t)+(1—a)®(s) — @ (at+ (1 —a)s) >0,
for all s,t € [a,b] and a € [0,1].
The main properties of P are given by the following theorem [48].
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THEOREM 68. Let f be as in Theorem[67 and consider the mapping P defined

i) P is non-negative and monotonically nondecreasing on [a, b ;
One has the inequality:

)
3.8) 0< P(t) < L(t) forallt e |a,b];
1i1)  We have the following refinement of the Hermite-Hadamard inequality:

(3.9) f(”‘;b> < b_la[(z)_a)f(a;b)—(y—@f(“‘gyﬂ

y b
+ﬁ/@ f(s)dsgﬁ/a f(s)ds,

for ally € [a,b].

PROOF. The proof is as follows.

(7) Clearly, by the H. — H. inequality, P is non-negative on [a,b] .
Let a < x <y <b. Then we have:

P -Pw = [ 1oa-w-ar(15) +@-ar (25,

2 2
By the Hermite-Hadamard inequality one has

/:f<s)dsz(y—x>f<x;y).

Hence, by the above inequality, we can state

P(y)— P(x)
2 (y_x)f<x—;-y) _(y—a)f<y;a>+(x—a)f(x;a).

Now, using the convexity of f, we get

()= ()
S e Co)

2(y —a) 2(y —a) 2
and then P (y) — P (z) > 0, which shows that P is nondecreasing on [a, ] .
(it) By the Hermite-Hadamard inequality we have:

tza/ajf(S)dngW

d
an 9 b ; <f(a7+t)_|_f(t)
t—a [a+t (5> S_f,

2
for all @ < ¢ < b. Summing these inequalities, we obtain

2 [ a+t\ | fla)+f(t)
<
t_a/af(s)dsf< 5 >+ 5 , t €la,b],
which implies the inequality (3.8]) .
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(797) The first inequality in (3.9) is derived from the fact that

y
/ f(s)ds>(y—a)f <y42ra> for all y € [a, b].
For the second inequality in (3.9)) , we use the fact that, by (7) :
0< P(y) < P(b) forall y € [a,b].
That is:

[ r@as-w-ar (5 < /f as—w-a7 (457).

which is clearly equivalent with the second part of (3 . .

REMARK 45. With the above assumptions one has:

inf P(t)=P(a)=0
ot (t) (a)

sup P (t /f )ds — ( —a)f(a;b)20.

te[a,b]

and

REMARK 46. The condition “f is convex on [a,b]” does not imply the convexity
of P on [a,b].
Indeed, if f (t) =1, t € [1,6], then f is convez on [1,6] and

2(t—1) 8t — (t+1)°

, P"(t) =
+1 ) 2 (t+1)°
and P" (5) < 0, which shows that P is not convex on [1,6].

The following proposition contains a sufficient condition for the convexity of P.

P (t)=Int —

PROPOSITION 27. Let f be twice differentiable on I and suppose that [ and f’
are convez on I. Then P is also convez on [a,b].

=0 () (57 ()
P'(t)=f" ()~ f (t;“) _ (t—f) 1% (t;a)

for all ¢t € [a,b], then, from the convexity of f’, we have that

f'(t)—f'(t—;a> > (t;a) I (t—;—a) for all ¢t € [a,b],

which implies that

t— t
P”(t)z( 4“) f”( ;a> for all £ € [a, 8],
as f is convex.

Consequently, P is convex on [a,b] and the statement is proved. I

PROOF. As

and
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1.1. Applications for Special Means. We define the mappings L, : [a,b] C
0,00) — R, given b
[0, ' 8 y

Ep (t):=(t—a) [A (tP,aP) — Lh (t,a)} , D€ (—00,0)U[1,00)\ {1}

and
E—l : [a, b} C [0, OO) - Rv
_ . (t—a)[L(t,a) — H (t,a)]
L) s =T oo
and

Ly : [a,b] C[0,00) — R,

=In [é((i’,z))} o ;

which come from for the convex mappings f (z) = 2P, f (z) = % and f(z) =
— In z, respectively.
The following proposition holds:

PROPOSITION 28. Let 0 < a < b and p € (—o0,0) U [1,00)\ {—1}. Then:

(i) L, is non negative, monotonically nondecreasing and convez on [a,b];
(#4) One has the following inequalities:

Lo (t)

b—vy y—a
p < p P P < p pp
Ly (a,b) < o— L (y,b) + 3 —_A(a",y7) < A(a”,07)

for ally € [a,b].
The proof follows by Theorem () and (i7) , applied for the convex mapping
f:a,b] = [0,00), f(x) = aP. We shall omit the details.
Using the same result we can state the next proposition.
PROPOSITION 29. Let 0 < a < b. Then
(i) The mapping L_, is nonnegative, monotonically nondecreasing and convex
on [a,b];
(ii) One has the inequality:
L™ (a,b) < Z:—ZL*I (y,b) %H*I (a,b) < H™* (a,b)
for all y € [a,b].
The proof is obvious by Theorem [67] applied for f : [a,b] C (0,00) — R, f (z) =

8=

PROPOSITION 30. Let 0 < a < b. Then
(i) The mapping Lg is nonnegative, monotonically nondecreasing and convex
on [a,b];
(#4) One has the inequality:
1(a,b) > [ (@)= [G (a,y) = > G (a,b)

The proof follows by Theorem|[67]applied for the mapping f : [a,b] — R, f (z) =
—Inz.
Now we can also define the following mappings

P, : [a,b C[0,00) =R,
Py(t) : =(t—a)[L}(a,t) — AP (a,t)],
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where p € (—00,0) U[1,00)\ {—1} and

Py, : [a,b] C[0,00) — R,

o A(a,t) — L(a,t)
P_y(t) : _(t—a)[ Al(a,t) L (a,t) }7

and
Py : [a,b] C[0,00) =R,
Aa, )]
P, =1
o0 nL(a,t)]
respectively.

The following proposition holds.
PROPOSITION 31. Let 0 <a <b and p € (—00,0) U[1,00)\{—1}. Then

(i) P, is nonnegative and monotonically nondecreasing on [a,b];
(ii) We have the inequality

A @) < (- a) A7 @0) — (5 - @) A7 (00)] + L0 1 ()

< Lj(a,b)

for all y € [a,b]
(13i) If p > 2, then P, is convex on [a,b].
The proof follows by Theorem [68 and Proposition [27] applied for the convex
function f : [a,b] — R, f (z) = zP.
Another result is embodied in the following proposition:

PROPOSITION 32. Let 0 < a <b. Then:

(i) The mapping P_1 is nonnegative and monotonically nondecreasing on
[a,b];
(i) We have the inequality

At apy< L[ bme yoae | umay g

“b—a|A(a,b) Aay)] b-a (a,y) < L7" (a,b)

for all y € [a,b].
Finally, we have
PROPOSITION 33. Let 0 < a < b. Then:

(i) The mapping Py is nonnegative and monotonically nondecreasing on [a, b] ;
(i) We have the inequality

A" 17" =
A(a,b)Z{[A(a} x [I (a,b)] > 1(a,b)
for ally € [a,b].

The proof follows by Theorem applied for the convex mapping f (z) = —Inz.
We shall omit the details.
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2. Properties of Superadditivity and Supermultiplicity

Suppose that f : I C R — R is a function defined on the interval I, a,b € I
with a < b. If f € Ly [a,b], then, we can consider the mappings

P(f;a,0) 5=/abf($)dx—(b—a)f<a;b)

and ,
b
e B o
The following theorem contains some properties of superadditivity and monotonic-
ity of the mappings P and L, [44]:
THEOREM 69. Let f: I CR — R be a convex function on I. Then

(i) For all a,b,c € I with a < ¢ < b one has the inequalities:

(3.10) 0< P(fia,¢)+P(f;e,b) < P(f;a,b)
and
(3.11) 0< L(fra,0)+ L(fib) < L(fra,).
(#4) For all [e,d] C [a,b] C I we have:
(3.12) 0< P(fic,d) < P(fa,b)
and
(3.13) 0< L(fie,d) < L(fia,b).
PROOF. (i) Let a < b and ¢ € [a,b]. Put o := =%, B = Il)’:g. Then

a+ =1 (a,f >0)and by the convexity of f written for x = ¢<¢, y =

%
c—a a+c b—c b+c
b—af< 2 >+b—af( 2 )

= af (@) +6f(y)

f(az + By)

f(c—a'a—kc_’_b—c.b—i—c)

[ V)

€ I, we have

Y

b—a 2 b—a 2
a+b
- (5
Now,

P(f;a,b) = P(f;a,¢c)— P(f;c,b)
_ (c—a)f<a;c>+(b—c)f(b;rc> —(b—a)f(a;b> >0

and the statement (3.10]) is proved.
Since f is convex on [a,b], then for all ¢ € [a, b] we have

1 1 1
a c b >0

fla) f) flo|
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ie.,
f(a)(b=c)+ [ (c) (b—a)+ [ (b) (c—a) = 0.
Therefore, we get
L(fvaab) *L(f,a,c) *L(f,C,b)
1
= lf@@®-c)+flc)(b-a)+f(b)(c—a) 20,
which shows that the inequality (3.11) holds.
(#4) Using the first part of Theorem [69] we have for [¢,d] C [a,b] that
P(fia,b) = P(f;a,c)+ P(fic,b) = P(f;a,¢) + P(f;c,d) + P(f;d,b)
which gives
P(f;a,b) = P(f;c.d) = P(f;a,¢)+ P(f;d,b) =0
and the inequality (3.12)) is proved.
The argument of (3.13)) goes likewise and we shall omit the details.

Now, suppose that f : I — (0, c0) is logarithmically convex on I. We can define
the following two mappings [44]:

b
D (f;a,b) :=exp [/ In lszg_l)l dm]

U (f;a,b) :=exp l/ In lf(a)f(b)] dx]

where a,b € I and a < b.
The following corollary is interesting:

COROLLARY 24. Let f: I CR —(0,00) be a logarithmically convez function.
Then:

(i) For all a,b,c € I with a < ¢ < b, one has the inequalities
®(fia,b) > @ (f;a,¢) @ (f;e,b) > 1

and

and
U (f;a,b) =¥ (fra,c) ¥ (f;c,0) > 1.
(#) For all a,b,c,d € I with [c,d] C [a,b], we have:
®(f;a,b) 2 @ (fic,d) 21 and ¥ (f;a,0) = ¥ (fic,d) = 1.
PrOOF. The argument goes by the above theorem on observing that:

P(in frab) i= /ablnf(:v)dx(ba)lnf (“;b> —/abln lsz(?’)] an.

That is,

® (f;a,b) = exp [P (In f;a,b)]
and

U (f;a,b) =exp[L(Inf;a,b)].
We shall omit the details. I
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For an arbitrary function f : I C R — R we can consider the following mapping

5(fi0.0)i= - a) | KO g (220Y],

The following proposition holds [44]:
PRrOPOSITION 34. If f: I CR — R is convex on I, then
(i) For alla <c<b,(a,b,cel) one has
0<S(fia,¢)+5(f,¢,0) <S(f;a,b).
(#4) For all [¢,d] C [a,b] we have:
0<S(f,¢,d) <S(f;a,b).
The proof is obvious by Theorem [69| on observing that:
S(f;a,b) =P (f;a,b)+ L(f;a,b).

Also, we can consider the functional;

o [rarm]
R(f;a,b):= lf(a;rb)]
for positive mappings f: I CR — (0, 00).
Taking into account that for this class of functions we have:
R(f;a,b) =®(f;a,b) ¥ (f;a,b) with a < b,
thus we can state the following corollary:

COROLLARY 25. If f: T CR —(0,00) is a logarithmically convex function on
I, then

(i) For all a,b,c € I with a < ¢ < b, one has
R(f;a,b) 2 R(f;a,¢)- R(f3e,b) 2 15
(i) For all [e,d] C [a,b] C I one has
R(f;c,d) < R(f;a,b).

Now, if we assume that f: I C R — R is a convex mapping on I and a,b € I
with a < b, we can also define the functionals as:

V(f;a,b) = lbia/abf(x)df—f(a;b>

a b (b—a)
W (f;a,b) = [f()Jrf(b)bia/f(z)dx] :

(b—a)

and

2

For these functionals, we can state and prove the following theorem [44].

THEOREM 70. Let f : I C R — R be a convex function on I. Then for all
a,b,c € I with a < c < b we have:

(3.14) V(fia,e) -V (fie,b) <V (f;a,b)
and

(3.15) W (fia,c)- W (f;e,b) < W (f;a,0).
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PrROOF. We observe that for all a < b we have:
P (f;a,0)]¢7"
V(f;a,b)=
(i) = | S

and (b
L(f;a,b)]"™
W (f;a,b) = | ———"= .
(i) = |5
To prove the inequality (3.14) , we use the inequality (3.10) as follows:

(3.16) V (f;a,b) = {

As 1
P(f;a,b) = (b—a) [V (f;a,b)]T 9,
thus, by (3.16) we obtain

(3.17) V (f;a,b)
1 1 (b—a)
(c—a) [V (f;a,0)]& @ + (b—c) [V (f;c,b)] T
B b—a
1 1 (b—a)
| e=a) [V (f;a,0)]FD + (b—c) [V (f;¢,b)]F
- (c—a)+(b—0) -
Using the well-known arithmetic mean-geometric mean inequality:
pr+qy

Pt g > xrpra - ypta
withp=c—a>0, ¢g=b—c>0and
z=[V(fia,]T , y=[V(f;c,b)]77,
we deduce:
(c—a) [V (f;0,0]T + (b—c) [V (f;¢,b)] 70
(c—a)+(b—c)

> [V (fra.0]=] " [V (fre.]77]

= V(f;a.9V(fieb)].
Now, using (3.17)) and (3.18)) we get (3.14]) .

The proof of the inequality (3.15) goes likewise via (3.11) and we shall omit the
details. 1

(3.18)

b—c
b—a

In what follows, let us suppose that f : I € R —(0,00) is logarithmically
convex on I. We can define the mappings:
f‘(lxl ] dx]
F(%5)

b
m(f;a,b) = (b—a)ln [bfa/ In
b

where a,b € I with a < b.

and
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The following corollary holds:

COROLLARY 26. Let f be as above. Then for all a < ¢ < b one has the
inequalities:

(3.19) 7(f;a,b) > 7(fia,¢) +7(f;¢,b)
and
(3.20) o(f;a,b) > o (fia,c)+o(f;eb).

The proof follows by the above theorem, taking into account that
7 (f;a,0) = In[V (In f; a, )]

and
o(f;a,b) =In[W (In f;a,b)].
Also, for a convex function f : I C R — R we can consider the functional

7 (f1a.b) ::{bia {f(a);f(b) _f<a_2|_b>:|}b—a.

The following proposition holds:

ProrosiTION 35. With the above assumptions, we have for a,b,c € I, with
a < c<b that:
Z(fia,¢) Z(f;e,0) < Z(f;a,b).
In addition, if we consider the functional

b—a
0 (fia,b):=(b—a)ln |In [W] 7
2

then we have the corollary:
COROLLARY 27. With the above assumptions, we have:

0(f;a,0) > 0(f;a,c) +0(f;c,b),
for all a,b,c € I, where a < ¢ < b.

2.1. Applications for Special Means. We shall start with the following
proposition:
PROPOSITION 36. Let p € (—00,0) U [1,00)\{—1}. Then
(1) For all 0 < a < ¢ < b one has the inequalities:

(b—a) [Lg (a,b) — AP (a,b)]
> (c—a) [Lg (a,c) — AP (a,c)] + (b—c) [Lg (c,b) — AP (c,b)]
> 0
and
(b—a) [A(a?,b") — LY (a, b))
> (c—a)[A(a”,cP) - Ly (a,¢)] + (b—c) [A(c”,bP) — Ly (c,b)].
(#4) For all0 < a < ¢ <d<b one has the inequalities:
(b—a) [LE (a,b) — AP (a,b)] > (d—c) [LE (c,d) — AP (¢,d)] >0
and
(b—a) [A(a”,0P) — L (a,b)] > (d—c) [A(cP,dP) — L} (¢c,d)] > 0.
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PrOOF. Consider the convex mapping f : (0,00) — R, f(x) = aP, p €
(—00,0) U[1,00)\ {—1}. A simple calculation shows us that

P(f;a,b) = (b—a) [L5 (a,b) — AP (a,b)]
and
L(f;a,b) = (b—a) [A(a?,b") = L} (a,b)] .

Now, using Theorem we can easily derive the above inequalities. i

Our next result which contains some new inequalities for logarithmic means,
L (a,b), is embodied in the following proposition:
ProrosiTION 37. We have:
(1) For all 0 < a < ¢ <b one has the inequalities:
(b—a) A(a,b) — L(a,b)
A(a,b) L (a,b)
Al(a,c) — L(a,c)

A(b,e) — L(b,c)

z =)ol T AGoL 0.0
> 0
and
L(a,b) — H (a,b)
=) b 7 (a.b)
L(a,c) — H (a,c) L(b,c) — H (b, c)
z (e=a) L(a,c) H (a,c) (b=c) L (b,c) H (b,c)
> 0.

(ii) For all0 < a <c¢<d<b one has the inequalities:

A(a,b) — L(a,b) A(c,d) — L(c,d)
A Y PRV AT Al dL(ed =

> (d- )

L(a,b) — H (a,b)

L(Cad) 7H(Cad)
=) T H @) =

L(c,d)H (¢,d) —

> (d—o)

PROOF. Consider the convex mapping

f:(O,oo)%R,f(m):%.

A simple calculation shows us that

P(fia.b) = (b—a) 2

and
L (CL, b) - H (CL, b)

Lfsa.b) = (b =a) = @)

Now, using Theorem [69} we can easily derive the above inequalities. NI

The following proposition contains some inequalities for identric means.

ProroOSITION 38. We have:
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(1) For all 0 < a < ¢ < b one has the inequalities:

0] [ 0]

and

[ém](ba) . [é((z:i))](ca) [I(c’b):|(bc)'

(7)) If0 <a<c<d<b, then:

el el

and
I(a,b)]®"® 2 [1ed) (d=c)
G (a,b) ~ |G (e, d) '
ProoF. Consider the convex function f : (0,00) = R, f (z) = —Inx. A simple

calculation shows us that

P(fia,b) =In [A (a,b)] (v-a)

and

L(f;a,b)=1In LI;(((ZL:Z;)J (b—a)

Now, using Theorem we can easily derive the desired inequality stated above. i

In what follows, we shall use Theorem [70] to point out some other inequalities
for the special means considered above.

PROPOSITION 39. Let p € (—o00,0) U [1,00)\ {—1}.
For all 0 < a < ¢ < b one has the inequalities:

(L5 (a,) — A7 (a,5)] "
> [LZ (a,¢) — A (a, c)} (c—a) [Lg (c,b) — AP (c, b)] (b—c)
> 0
and
[A(a,b7) — 13 (a,b)] "™
> [A (a?, ) — I (a, c)} (c—a) [A (P, bP) — L (c, b)] (b—c)
> 0.

ProOF. Consider the convex mapping f : (0,00) — R, f(z) = aP, p €
(—00,0)U[1,00)\ {—1}. A simple calculation shows us that

V(f;a,b) = [Lg (a,b) — AP (a, b)] (b—a)

and
W (f;a,b) = [A(a?,b") — L7 (a,5)] ™"

Now, using Theorem [70} we deduce the above inequalities. 1

The following proposition holds:
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PROPOSITION 40. For all 0 < a < ¢ <b one has the inequalities:
A(a,b) — L(a,b)]4™
Al(a,b) L(a,b)
{A (a,c) — L (a, c)} (e=a) {A (c,b) — L (c, b)] (b=e)
A

Z | A@ L o) A D) L(c,0)
> 0
and
]
L(a,c)— H (a,c) (=) rp, (¢,b) — H (e, b) (b=2)
; ([ L(a,c) H (a,c) } [ L(c,b) H (¢,b) ]

ProoOF. Consider the convex mapping f : (0,00) — R, f(z) = % A simple
calculation shows us that

oy [A0— L]
V(f7a7b)_|: A(a,b)L(aab) :|

and

L(a,b) ~ H(a,b)]"™"
ja,b) = .
Wifiab) { L (a, b) H (a, b)
Now, using Theorem we deduce the above inequalities. [

Finally, we can state that:

PROPOSITION 41. For all 0 < a < ¢ <b one has the inequalities:

(e [He]) = (e e]) (o)
(o [B8)" s ) (et

The proof is obvious and we shall omit the details.

and

3. Properties of Some Mappings Defined By Integrals

3.1. Fundamental Properties. Now for a given convex mapping f : [a, b] —
R, let H : [0,1] — R be defined by

H (1) ::bia/abf<tx+(1—t)a;b>dx.

The following theorem holds (see also [22], [45], [30] and [58]):
THEOREM 71. With the above assumptions, we have:

(1) H is convex on [0,1];
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(it) One has the bounds:

inf H(t):H(O):f<a+b>

t€[0,1] 2
and
1 b
sup H(t)=H (1) = / f(x)dx;
te[0,1] b—a/,
(i4i) H increases monotonically on [0,1];
(iv) The following inequalities
ey 2 e
a
21 < d
w20 1(50) = i fun S@
1
< / H(t) dt
0
1 a+b I
< —
<! (f( )i f(w)dx>
hold.
PROOF. (i) Tt is obvious by the convexity of f (see also [22]).

(#) We shall prove the following inequalities:

(3.22)  f (a;“b> < H()
1

t-

IN

b
< i [T

for all ¢t € [0,1].
By Jensen’s integral inequality [114] p. 45] we have that

f(l)lcl/ab[tm—&-(l—t)a;b]dm)
- f(a;_b>.

Now, using the convexity of f, we obtain

H (%) bia/ab[tx+(1—t)-f(a;b)}dx

H(t)

v

IA

- t~b_1a/abf(:c)da;+(1—t)~f<a—2i_b>

and the second inequality in (3.22) is also proved.
The last inequality is obvious as the mapping

bia/lef(x)d:c+(1_t).f(a-2Fb>

is monotonically increasing on [0, 1] .

g(t)=t-

b—a/abf(x)dz+(1_t).f<a;rb

)
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(797) We shall give here a simpler proof following the paper [22] (see also [45]).
As H is convex on (0,1), we have, for t1, to € (0,1] with to > ¢1, that

H(ty) —Ht)  H()-H(O) _ H(t) - f (%) >0
to — 11 - t1—0 t1 -
Consequently, H (to) — H (t1) > 0 for 1 > t5 > t; > 0, and the statement
is proved.

(iv) As H is convex on [0, 1], the Hermite-Hadamard inequalities yield that

1 b 2xr+a—+b
b—a/f( 1 )dm

= H(;)ag/lH(t)dtgH(O)—’—H(l)
0

2
1 a+b
2(f( 2 )+

bla/abf(m)d33>>

and the inequality (3.21]) is proved.

Now, we shall introduce another mapping which is connected with H and the
H. — H. result.

Let f: I C R— R be a convex function and a,b € I with a < b. Define the
mapping G : [0,1] — R, given by

G (1) ::% [f <ta+(1—t)a;b)—&—f((l—t)a;_b—i—tb)]

The following theorem contains some properties of this mapping [58]:
THEOREM 72. Let f and G be as above. Then

(1) G is convex and monotonically increasing on [0,1];
(i) We have the bounds:

inf G(t)G(O)f(a+b>

te[0,1] 2
and
sup G(t) =G (1) = 7f(a)—|—f(b);
t€[0,1] 2

(#i1) One has the inequality
H(t) <G(t) forallte|0,1];

(iv) One has the inequalities

(a+3b)
4

2 1 3a+b a—+3b
(3.23) ba/@a:b) f@)de < 2[]‘( - )+f( - )]
1

IA
M\?—‘O\

@

=

QU

Py

IN
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PROOF. (i) The convexity is obvious and we shall omit the details.
Now, since G is convex on [0, 1], we have for 1 > t5 > ¢; > 0 that

G(tz) ~G(h) _ G(t) =G (0) _ G(t)— [ (4

to — 11 - t1 ty

which shows us the monotonicity of G.
(#4) As f is convex on [a,b] , we have

G(f)zf[; (ta+(1—t)a;rl)+(1—t)a;b+tb)] :f(‘“f)

)20,

which implies that the first bound in (i7) holds.
On the other hand, we also have:

;{tf(a)Jr(lt)f<a;b)+(1t)f<a;rb>+tf(b)}

for all ¢t € [0,1], which implies that

G (t)

IN

G(t)gG(l):M,te[O,l]

and the second bound in (47) is hence proved.
(iii) Let us consider the mapping g : [a,b] — R, g (2) := f (tz + (1 —t) %E2).
Clearly, g is convex on [a,b], and by Hadamard’s inequality, one has

I b
10 = [ g < 19200 g
b—a /, 2
for all t € [0,1].
(iv) Since f is convex on [%, % , the H. — H. inequality shows the

first part of (3.23]) . The same inequality applied for the convex mapping
G yields the second part of the required inequality and we shall omit the
details.

Now, we shall consider another mapping associated with the Hermite-Hadamard
inequality given by L : [0,1] — R,

1 b
L) 2(1)_@/ [f (ta+ (1 —t)x) + f (1 —t)z + th)] dz

where f: I CR — R and a,b € I with a < b.
The following theorem also holds [58]:

THEOREM 73. With the above assumptions one has:

(i) L is convez on [0,1];
(#1) We have the inequalities:

(3.24) G@)<L(t)< ;:t '/bf(x)d:cht'f(a);f(b) < f(a)+ f(b)

s
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for all t € [0,1] and the bound:

(3.25) sup L(t) = fla)+ /) —2'_ ) ;
t€[0,1]
(#91) One has the inequalities:

H)+H(1-1) _

H(1—-t)<L(t) and 5 < L(t)

for allt €10,1].
PROOF. (7) Follows by the convexity of f.
(it) By Jensen’s integral inequality one has

L(t)

b b

> % [f (bia/a (1 t)erta]dx) +f (b—la/a (1 t):rthb]dx)]
= % [f (ta+(1—t)a;rb> +f <tb+(1—t) a;rbﬂ =G ().

By the convexity of f one has:

1 b
L(t) < 2(b—a)/a [(L—=2) f (@) +tf (a) + (1 — 1) f (z) +1f (b)] dx

1—t fla) + f(b)
= . dp +¢. 22222
— / f(2)da + :
for all t € [0,1].
The last part of (3.24) is obvious.
The bound (3.25)) follows from (3.24)) .

(7i7) By the convexity of f one has:

L) > 1 /abf(ta—k(l—t):ﬂ—k(l—t)x—ktb)dx

~— b—a 2

b
= bia/f((l—t)x—i-ta;b)dx
= H(1-1%).

For the second part one has:
Lt)>H(1—¢t) and L(t) >G(t)>H(t), t€]0,1]

and the theorem is proved.

Now, we shall introduce a new mapping defined by a double integral in con-
nection with the Hermite-Hadamard inequalities:

b b
Fi01] >R F () ::(b_la)Q/ / e+ (1= ) y) dedy

The following theorem holds [45] (see also [30]):
THEOREM 74. Let f :[a,b] — R be as above. Then
(i) F(r+Y)=F((L-7) foralire [O,%] and
F{t)=F(1—-1t) forallt €[0,1];
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(it) F is convex on [0,1];
(7i1) We have the bounds:

b
sup F(t)zF(O):F(l):bl /f(x)da:

te[0,1] —a

and

inf F(t)—F(1> —F(1 / / (“y) dxdy;
tel0,1] 2 (b—a

(iv) The following inequality holds:

f a+b <F 1
2 2
(v) F decreases monotonically on [0, %] and increases monotonically on [%, 1] ;

(vi) We have the inequality:
H(t) < F(t) foralltel0,1].

PROOF. (i) and (i7) are obvious by the definition of F' and by the convexity of

(791) For all x,y in [a,b] and ¢ in [0, 1] we have:
fle+ (A =t)y) <tf(z)+ (1 -1)f(y).
Integrating this inequality in [a,b] X [a, b] we get:

b b b b
//f(tx+<1—t>y>dxdy < / [t () + (1 1)  (3)] ddy

= (b—a) (x) dz,

a

which shows that F'(t) < F(0) = F (1) for all t € [0,1].
Since f is convex on [a,b] for all ¢t € [0, 1] and =,y € [a, b] we have:

FU e+ =0+ o+ 0= 0o > 7 (T5Y).

Integrating this inequality in [a, b] X [a, b], we deduce

[ ] (x5 oo

< 5/@/(1[f(t$+(1*t)y)Jrf(ter(l—t)x)]dxdy

_ /ab/abf(tx—k(l—t)y)dxdy

which implies that F (3) < F (t) for all t € [0,1], and the statement is
thus proved.
(iv) Using Jensen’s inequality for double integrals, we have

ot [ (5 yaears (2 [ (75 o)
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As a simple computation shows that

1 borb b
2// (m+y)dxdya+ )
b—a)?Jta Ja 2 2

the proof of the statement is thus completed.
(v) Since the function F is convex on [0, 1], we have for 1 > ¢t > t; > % that

Pt -Fn) | F)-F()
to — 11 o tl_l
Ft) == a)2f J f($+y)dxdy
tHh—1 -

which shows that F' increases monotonically on [%, 1] .

The fact that F' decreases monotonically on [ , 2] follows from the above
conclusion using statement (i) .
(vi) A simple computation shows that

b b
H(t):bia/ f(/ f(tac—l—(l—t)y)dy) dx.

Using Jensen’s integral inequality, we derive

b b
H(t) < bfa/a (bi/ f(m+<1t>y>dy> dz = F (1)

for all t € [0,1], and the proof of the theorem is thus completed.

In what follows, we shall point out some reverse inequalities for the mappings
H, G, L and F considered above.
We shall start with the following result [?] (see also [140]).

THEOREM 75. Let f : I C R — R be a convex mapping on I and a,b el with
a < b. Then we have the inequality'

(3.26) 0 < /f )dx — H (t)

b—a

< (1t)[ a); b_a/f ]

Proor. Taking into account that the class of differentiable convex mappings
on (a,b) is dense in uniform topology in the class of all convex functions defined on
(a,b) , we can assume, without loss of generality, that f is differentiable on (a,b).
Thus, we can write the inequality:

f@)—f)=(@—y)f (y) foral z,y€ (a,b).
This implies that:

Fara-0-25") - rwza-0("3"-2) 7@

for allt €10,1].
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for all x € (a,b) and t € [0,1] . Integrating this mequahty over x on [a, b] , we obtain

/f o > 1=t <a;rb—x)f'(x)dx
for all t € [0,1].

As a simple computation shows that

/ab(a;b ) dq;—/f Ydz — ( _a)f();f()’

the above inequality gives us the desired result - A |

COROLLARY 28. With the above assumptions, one has
(a+3b)

/ f dm_bgaﬂsﬁb) f (@) de

< ;[f(a);‘ _b—a/af(m)dx]'

REMARK 47. If in we choose t = 0, we obtain

ogbf/f )dz — <a+b)§f();f _a/f

which is the well-known Bullen result [147), p. 140].

Another theorem of this type in which the mapping G defined above is involved,
is the following one [25]:

0

IN

THEOREM 76. Let f : I CR — R be a convexr mapping on I and a,b el with
a < b. Then we have the inequality:

(3.27) OgH(t)—f(a;b>§G(t)—H(t)

for all t € ]0,1].

PRrROOF. As above, it is sufficient to prove the above inequality for differentiable
convex functions.
By the convexity of f, we have that

f(a;rb> —f(tx+(1—t) ;b) 2t<a;b—x)f’ (tx—i—(l—t)a;b)

for all z in (a,b) and t € [0,1].
Integrating this inequality over z on [a, b] one gets

f<a;b> “H(t)> bfa/ab<a;b—:z:>f’(tz+(1—t)a;rb>dx.

As a simple calculation (an integration by parts) yields that

t /ab<a+b_x)f'<tx+(1—t) ;r)dx— (t)—G(t), te[0,1],

b—a 2
then, the above inequality gives us the desired result (3.27)).

REMARK 48. If in the above inequality we choose t = 1, we also recapture
Bullen’s result [147, p. 140].
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Now, we shall investigate the case of the mapping F' defined by the use of
double integrals ([?] and [140])

THEOREM 77. Let f : I CR — R be a conver mapping on I and a,b el with
a < b. Then we have the inequality:

b
(328) 0 < bia/af(x)dx—F(t)

min{t,l—t}(f();—f —a/f )

PROOF. As above, it is sufficient to prove the above inequality for differentiable
convex functions.
Thus, for all z,y € (a,b) and f € [0, 1] we have:

flr+Q—=t)y)—fy) >t@x—y)f (y).

Integrating this inequality on [a, b]2 over z and y, we obtain

/b/bf(ta:—i-(l—t)y)dxdy—(b—a)/abf(g;)dx
// rT—y y) dxdy
for all t € [0,1].

As a simple computation shows that

// (x —y) f' (y) dedy = ( b—a/f dm_(b_a)qw’

the above inequality gives us that

b b
i/ f<w>dw—F<t>§t[f(a);f(”)—bla/ f(x)dx]

for all t € [0,1].
As F(t) = F(1—t) for all t € [0,1], if we replace in the above inequality ¢ with
1 — ¢ we get the desired result (3.28)). I

IN

for allt €10,1].

COROLLARY 29. With the above assumptions, one has:

b—a/f dx_b_ // <Hy>dxdy
< zlf( 7 _a/f ]

Now, let us define the mapping J : [0,1] = R, J(t) ;==L (1 —1), i.e

0

IN

b
J(t)Q(b_a)/a f (b2 + (L= 1) a) + f (b + (1~ £)b)] da,

where t € [0,1].
We have the following result [25]:
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THEOREM 78. Let f and a,b €1 be as above. Then we have the inequality:
(3.29) O0<F(t)—H(t)<J(t)—F(t)
for allt €10,1].

PROOF. As above, it is sufficient to prove the above inequality for differentiable

convex functions.
By the convexity of f on [a,b] we have that

f(tm—&-(l—t)a;b)—f(tx—i—(l—t)y)

> -0 f a0 (S50 -y)

for all 2,y € (a,b) and t € [0,1].
If we integrate over x and y on [a,b]®, we get that:

// (m+ (1-1)% b)dxdy //ftac—l— 1= 1) y) dady
> (1—t)L/Gf’<tx+(1—t>y>(“ b—y)dwdy

which gives us that:

0 < F(t)-H()

blt)2/b bf’ te + (1 —1t) )(

for all t € [0,1].
Define

“’) dady = A (1)

L (1) :=ﬁf[f’(zm(l—t)y)ydxdy

L(t) = — 1-t //f (tx 4 (1 — t)y) dedy.

Note that, for ¢t = 1, the 1nequahty is obvious. Assume that t € [0,1).
Integrating by parts, we get that:

and

b
/ ffte+ (1 —t)y)ydy

_ 2) b — —t)a+tr)a b
A t)bth)li_Jt"((l t)a+ ta) 71it/af((17t)y+t:c)dy.

Thus, we deduce that
b[Pf(te+ (1 —t)b)de —a [’ f(tx+ (1 —t)a)da
(b—a)®

I (t) = —F(t).

We also have

b - e o
/f'(tx+(1—t)y)dy:f(tm+(1 t)b) — f(tz+ (1 —1t)a)

1—-t¢

b
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and thus

[P fte+ Q= t)b)yde — [0 f (te+ (1 —t)a) do
(b—a)’ '

I (t) =

Now, we get that
b[)f(te+ (1 —t)b)de —a [’ f(te+ (1 —1t)a)de

AWM = o ~F (1)
Catb [P fGet(=t)b)d— [) f(te+(1-t)a)da
é (b—a)’
_ anfabf(m+(1_t)b)‘(iZ‘Fab)Q;f:f(tx—F(l—t)a)dxF(t)
= J(t)-F(t)

and the theorem is proved. i

COROLLARY 30. With the above assumptions, we have:

H)+H1—t) _LH)+L(1-1)

<F(t)—
0= F(®) 2 - 2

- F(t)
for allt €10,1].
Finally, the following theorem holds [25].

THEOREM 79. Let f : I CR — R be a convex function on I and a,b el with
a < b. Then one has the inequality

(330) 0 < F(t)—F(i)

1 1— 9 ta+(1—t)b
)[(1—2t)2F(t)—ba-/( f(x)dx]

S -
26 (1 —t 1—t)a+tb
for allt € (0,1).

PROOF. As above, we can prove the inequality (3.30) only for the case where
f is a differentiable convex function.
By the convexity of f we have that:

(3.31) f<$—2'—y> —fl+(1-1)y)
> [ e 00| £+ 0 0)

1-2¢

= (z—y) f (tr+(1—1t)y)

for all z,y € (a,b) and t € [0,1].
If we integrate the inequality (3.31]) over z,y on [a, b]2 we can deduce

F(;) —F(t) > 122]5'(()_:)2/;/;(1:y)f’(ter(lt)y)dxdy.
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Denote

Ity : = o) // (x—y) ' (tx + (1 — t) y) dady,

I (t) : :W/a/axf’(m—k(l—t)y)dxdy
and

1 b
I (¢) (ba)Q/a /a yf' (tx + (1 —1t)y) dedy.

Then we have I (t) =1 (t) — Iz (¢t) for all ¢ € [0,1].
An integration by parts gives us that

[ ot e nyae= LEROZDOF 3 [Tpp o,
then

L (t)
_ 1 /b{f(tb+(1t)y)bf(ta+(1t)y)a

(b—a)® Ja t

b
—%/ f'(tx—l—(l—t)y)dx] dy
b b

= (bla)Qilb/ f(tb—i—(l—t)y)dy—a/ fla+(1—-t)y)dy —%F(t).

Also, by an integration by parts, we have:

b 1

_ b
flz+(1—1)y)y _1_t/af'(m+(1—t)y)dy

t

b
/ f (tz + (1 t)y) dz =

a

then we obtain:

B 1 PTftz+ A —t)b)b—f(tz+(1—t)a)a
L) = (b—a>2/,l[ 1t

1—t/ [tz + (1 —1) )dy]dx

1 b
- ((J_G)Q'l—t[b/a f(tx—l—(l—t)b)dx—a/a ftz+(1—1t)a)ds
_LF(t)

1—-1¢
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Thus, we have
I(t)

1 b , 1
— Mlb/ﬂ f(tb+(1—t)y)dy—a/a J(ta+ (1= 1)y)dy| = TF (1)
1 b b
_H(b_a)z-lb/a f(tx—i—(l—t)b)dx—a/a f(t:v—l—(l—t)a)dx]
el
2t —1 1
= m-F(t)‘F(l_t)(b_a)Q V(t),
where
V(t)

b b
_ (l—t)b/ f(tb+(1—t)y)dy—(1—t)a/ Flta+(1—t)y)dy

tb/bf(ter(lt)b)derta/bf(ter(lt)a)dx
b (1—t)b+ta
= b/( f(u)du—a/ f(u)du

1—t)a+tb a
b

th+(1—t)a
—b f(u)du—l—a/ f(u)du

ta+(1—t)b

ta+(1—t)b ta+(1—t)b
= b/ f(u)dufa/ f(u)du
( (

1—t)a+tb 1—t)a+tb
ta+(1—t)b

= (b—a)/( f(z)dx.

1—t)a+tb
Consequently, we have

F (;) _F )

. 1 —2275 I
1—2t| 2t—1 1 tat(1—t)b
= T |jM B (t) + m /(1t)a+tb f (1‘) dI]
B 1— 92t ta+(1—t)b (2t . 1)2
T 20b-a)t(1-1) /(1—t)a+tb f ) dz = mF (t)

for all t € (0,1), which is equivalent with the desired inequality (3.30).

3.2. Applications for Special Means. 1. Let us consider the convex
mapping f : (0,00) = R, f(z) = 2P, p € (—00,0) U [1,00)\ {1} and 0 < a < b.
Define the mapping

H,(t):= bia/b(t;v+(1—t)A(a,b))pdx, tel0,1].
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It is obvious that H), (0) = AP (a,b), H, (1) = L} (a,b) and for t € (0, 1)

1 th+(1—t) A(a,b)
H,(t) = / yPdy
v = BT A@Y et A=) A@D] Jesa o)

= Lh(ta+(1—1t)A(a,b),tb+ (1 —1t) A(a,b)).
The following proposition holds, via Theorem applied for the convex function
flx) = =P,
PROPOSITION 42. With the above assumptions, we have

(i) Hp is convex on [0,1];
(#4) Ome has the bounds:

inf H,(t) = AP(a,b
telf(lJ,l] P( ) (a’ )7
sup H, (t) = LE (a, b);
t€[0,1]

(13) H, increases monotonically on [0,1];
(iv) The following inequalities hold

AP (a,b) < LP(A(a,A(a,b)),A(b,Al(a,b)))
< /1Hp(t)dtgA(AP(a,b),Lg(a,b)).
0

Now, define the mapping G,, : [0,1] — R,
Gy (t) = A((ta+ (1 —t) A(a,b))", (tb+ (1 —t) A(a,b))").
Using Theorem [72] we can state the following proposition:

PRrOPOSITION 43. With the above assumptions, we have:

(1) Gp is convex and monotonically decreasing on [0,1].
(i1) We have the bounds:

inf = AP
ok G (t) (a,b),
sup G, (t) = A(aP,bP);
te[0,1]

(#91) One has the inequality

H, (t) < G, (t) forallte[0,1];
(iv) We have the inequalities
LY (A(a,A(a,b)),A(b,Aa,b)))
A (AP (a,A(a,b)), AP (b, A(a,b)))

IN

IN

/V%mﬁSAmwmwawﬂw»
0

Now, we shall consider another mapping L, : [0,1] — R

1 b
L, (t):m/a [(ba+ (1 — ) 2)” + (1 — ) + tb)"] da.
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It is obvious that:

and
L,(1)=A(a’,b").
Also, it is clear (by a change of variable) that

b
bia/ (ta+ (1)) da

1 tat(1—t)b
= pd
ta—l—(l—t)b—a/a v

= Lb(a,ta+(1-1)b), t€[0,1)
and

bia/b((lt)ertb)pd:c

1 /”
= yPdy
b—[1—t)a+1tb] Ja—tyare

= Lb((1—-t)a+tbb), t€(0,1).
Consequently, for ¢ € [0,1), we have that:
Ly (t) = A(LE (a,ta+ (1 —t)b), LE ((1 —t) a+th,b)) .
If we now use Theorem we can state the following proposition containing the
properties of Ly,
PROPOSITION 44. With the above assumptions, we have that:

(i) L, is convezx on [0,1];
(it) We have the inequalities:

Gp(t) < Ly (t) < (L —t) Ly (a,b) + tA(a”,0") < A(a”,bP)
for allt € [0,1], and we have the bound:

sup L, (t) = A(aP,bP);
t€(0,1]

(#i1) One has the inequalities:
H,y (1-1)
A(Hp (t), Hy (1 1))
for allt €10,1].

Finally, using Theorem [75| and Theorem we can state the following propo-
sition.

< L
< L

ProPOSITION 45. With the above assumptions we have the inequalities:
0 < LP(a,b)—Hy(t)
< (1 7t) [A (ap’bp) 7Lg (aab)]
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and
0< Hy (1) — A7 (a,b) < Gy (t) — Hy (1)
for allt €10,1].
2. Let us consider the convex mapping f : (0,00) — R, f(z) = % Define the
mapping

1 b dx
A1 (1) ::b—a/a te+ (1—t) A(a,b)’ tel0.1].

It is obvious that
Inb—1
Hoy(0)= A7 (a,0), Hoy (1) = L7 (a0) = 7 —
—a
and for t € (0,1)

1 1= A(@D) g
Ho (1) = / dy
)= B0 A@h] Tt 0= 0A@] Jraoaws ¥

= L' (ta+ (1 —1t)A(a,b),th+ (1 —1t)A(a,b)).
If we apply Theorem [71|for the above convex map f (z) = 1, we obtain:

)
PROPOSITION 46. With the above assumption, we have:
(1) H_y is convex on [0,1];
(#4) One has the bounds:

inf H_,(t) = A7'(a,b
telf(l),l] 1( ) (a’ )’
sup Hy(t) = L7'(a,b);
te[0,1]

(791) H_y increases monotonically on [0,1];
(iv) The following inequalities hold:

A7 (a,b) < L7'(A(a,A(a,b)),A(b, Ala,b)))
< /H,l(t)dtgA(A—l(a,w,L—l(a,b)).

Now, we can define the mapping G_; : [0,1] — R,
1
ta+(1—t)sf2  (1—t)22 + 1
A (a,b)
G2 (ta+ (1 —t)A(a,b),(1—1t) A(a,b) +tb)

Using Theorem [72] we can state the following proposition:

Ga(t) =

+

1
2

PROPOSITION 47. With the above assumptions, we have that:
(1) G_1 is convex on [0,1] and monotonically increasing on [0,1];
(it) We have the bounds
inf G_1(t) = A'(a,b),

t€(0,1]

Ala,b)
sup G_1(t) = ——"—=~;
te[OI,)l] 1) G2 (a,b)



3. PROPERTIES OF SOME MAPPINGS DEFINED BY INTEGRALS 121

(#i1) One has the inequality
H_1(t) <G_1(t) forallte]0,1]
(iv) We have the inequalities:

L7 (A(a, A(a,b)),A(b,A(a,b)))
Ala,b)
G?(A(a,A(a,b)),A (b, A(a,b)))

/o1 G_i(t)dt <A (Al (.0); é((f;bb))) |

Now, we shall consider another mapping L_; : [0,1] — R given by

1 b dx b dx
La(®) = 2(b—a) Va ta+(1*t)117+/a (I-t)z+tb

It is obvious that
1 /b dzx
b—aj, ta+(1—-t)z

1 ta+(1—t)b dy
B ta—i—(l—t)b—a/a m

= L_i(ata+(1—1)b), teo,1)

IN

and

1 /b dzx B 1 /b dy
b—a), A=t)z+tb — b—[ta+ (1 —1)b] Ja_syasn ¥

= L.y ((1—t)a+tbb), te[0,1).

Thus,
L_1 (t) =A (L_1 (CL, ta + (1 — t) b) s L_l ((1 — t) a+ tb, b))
for all t € [0,1].

For t =1, we have
Ala,b)
L,(1)=——=.
1) = (a,b)
If we now use Theorem we can state the following proposition containing the
properties of the mapping L_; defined above.
PROPOSITION 48. With the above assumptions, we have:
(¢) L_y is convezx on [0,1];
(i) We have the inequalities:
Afab) _ Afab)
G? (a,b) — G?(a,b)

Gat)<Ly@t)<(A—t)-L ' (a,b)+t

for allt € [0,1] and the bound:

Al(a,b)
sup L_1(t) = ———=;
te[Ol,:)l] 1 () G? (a,b)
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(7it) One has the inequalities

Ha@+HA0-0)

H_1(t) < L_1(t) and 2 <

for allt €10,1].
Finally, using Theorem [75] and Theorem [T6, we can state the following propo-
sition.
PROPOSITION 49. With the above assumptions, we have the inequalities:

0< L '(a,b)—H_i(t)<(1—1) Cm — L' (a,b)

and
0<H_y(t)— A" (a,b) <Gy (t) — Hoy (1)
for allt €10,1].
Let us consider now, the convex mapping f(z) = lnz, = > 0. Define the
mapping
1 b

Hy (t) := “ial In(tz + (1 —1t) A(a,b))dx, t €[0,1].

It is obvious that
Hy (0) = —InA(a,b) =In A" (a,b)

and

1 b
Ho(1) = _bfa/ Inzdz =In1!(a,b)
a

and, for all ¢ € (0,1),

1 tht-(1—) A(a,b)
Hy(t) = - / In ydy
0 5 (0D A@D] —Tat 0D A@D] Jraoamn

= InI'(ta+(1—1t)A(a,b),tb+ (1 —1t)A(a,b)).
Using Theorem [71| for the convex map f (x) = —Inz, we can state the following
proposition:
ProPOSITION 50. With the above assumptions, we have:

(1) Hy is convez on [0,1];
(#4) One has the bounds

inf Ho(t) = InA '(a,b
té%,l] 0() n (a’ )7
sup Ho(t) = InI '(a,b);
te[0,1]

(#it) Hy increases monotonically on [0,1];
(iv) The following inequalities hold:

mA ' (a,b) < InI'(A(a,A(a,b)),A(b, A(a,b)))

IN

/1 Hy(t)dt < A(InA' (a,b),In1"" (a,b))
0

In [G_l (A(a,b),Ia, b))} .
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Also, we can define the following mapping:
Go : [0,1]] =R,
Go(t) + =In[G ' (ta+(1—t)A(a,b),tb+ (1 —t)A(a,b))].
Using Theorem we can state the following proposition:
PROPOSITION 51. With the above assumptions, we have:

(1) Go is conver and monotonically decreasing on [0, 1];
(i) We have the bounds

inf Go(t) = InA~'(a,b
telﬁ),l] 0() n (a7 )7
sup Go(t) = InG™'(a,b);
t€(0,1]

(#i1) One has the inequality
Hy (t) < Gy (t) forallt € [0,1];
(iv) One has the inequalities

In [I7" (A(a, A (a,0)), A (b, A(a,])))]
In [G™" (A(a, A (a,0)), A (b, A(a,b)))]

/1 Go (t)dt
0
In [G’fl (A(a,b),G (a,b))].

IN

IA

IN

Now, we shall consider another mapping Ly : [0,1] — R given by:
1 b b
Lo () := S /a In (ta + (1 —t)x)d:z—l—/a In(tb+ (1 —t)x)dx
It is obvious that:

1
b—a

/bln(ta—l—(l—t)as)dx:ln [I7! (a,ta+ (1 —t)b)]

and
b

1
7| In (tb+(1—t)z)de = [I7"(b,(1 —t)a+th)]
—al,
for all ¢ € [0,1), which gives us:
Lo (t) =In[G™" (I (a,ta+ (1 —¢)b),I(b,(1—t)a+tb))]
for all t € [0,1). For ¢ = 1, we have:
Lo(1) =In[G™' (a,b)] .
If we now use Theorem we can state the following proposition containing the
properties of the mapping Lq defined above.
PROPOSITION 52. With the above assumptions, we have:

(1) Lo is convex on [0,1];



124 3. SOME FUNCTIONALS ASSOCIATED WITH THE H. — H. INEQUALITY

(it) We have the inequalities:
Go(t)<Lo(t) < (1—t)-In[I""(a,b)] +t-In[G " (a,b)] <In[G! (a,b)]
for allt € (0,1] and the bound:

sup Lo (t) =In [G™" (a,b)] ;
t€0,1]

(#91) One has the inequalities
Ho (1) + Ho (1- 1)
2

Ho (1 — t) § Lo (t) and S LO (t)

for allt €10,1].
Finally, using Theorem [75] and Theorem [76, we can state the following propo-
sition.
PRrOPOSITION 53. With the above assumptions, we have the inequalities:
0<In[I " (a,b)] —Ho(t) < (1—¢t) [In[G™ (a,b)] —In [T (a,b)]]
and
0< Ho(t)—In[A" (a,b)] < Go(t) — Ho(t)
for allt €10,1].
4. Tt is also natural to consider the following mapping which is connected with
the identric mean I (a,b) := 1 (Z—Z)ﬁ, ho :[0,1] = R:
ho(t):=1(ta+ (1 —1t)A(a,b),(1—1t)A(a,b)+tb).
Taking into account that
ho (t) = exp [—Hy (t)] for all t € [0,1],
we can state the following proposition:
PROPOSITION 54. With the above assumptions, we have:
(i) ho is log-concave on [0,1];
(i) One has the bounds:

inf ho(t) = I(a,b
telf(l),l] 0( ) (a7 )7
sup ho(t) = A(a,b);
te[0,1]

(#it) ho decreases monotonically on [0, 1];
(iv) The following inequalities hold

Aa,b) = I(A(a,A(a,0)),A(b,A(a,b)))

exp { /0 T ho (t) dt]

> G(A(a,b),1(a,b)).

Y

The proof is obvious by Proposition We shall omit the details.
We can also consider the mapping: g : [0,1] — R given by

go (t) == =G (ta+ (1 —t) A(a,b), (1 —t) A(a,b) +tb),

which is closely connected with the geometric mean G (a,b) .
It is clear that

go (t) == exp[—Gy (t)] for all t € [0,1]
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and by Proposition [5I] we can state the following.
PROPOSITION 55. With the above assumptions, we have:

() go 1is log-concave and monotonically decreasing on [0,1];
(i) We have the bounds

inf go(t) = b
téfé,ug‘)() G (a,b),

sup go(t) = Af(a,b);
t€[0,1]

(791) One has the inequality
go (t) < hg () for allt €0,1];
(iv) One has the inequalities:

I(Aa,A(a,b),A(b,A(a,b) > G(A(a,Aa,b)),Ab Aa,b)))

exp/0 Ingo (t) dt
> G(A(a,b),G(a,b)).

v

Now, if we consider the new mapping Iy : [0,1] — R given by:
lo(t) ;=G (a,ta+ (1 —1t)b),I(b,(1—t)a+th))
then we have that
lo(t) =exp[—Lo (t)] for all t € [0,1]
and by Proposition [52| we have that:
PROPOSITION 56. With the above assumptions, we have:
(7) lo is log-concave on [0, 1];
(i1) We have the inequalities:
9o (1) > 1o (t) > [T (a,b)]' " [G (a,b)]" > G (a,b)
for all t €10,1], and the bound:

inf Iy (t) =G (a,b);
telf(l),l] 0() (a7 )7

(#91) One has the inequalities:

ho (t) + ho (1 — 1)

ho (1 —1t) > 1o (t) and 5

> 1o (t)
for allt €10,1].

Finally, using Proposition we can state that:

PRroOPOSITION 57. With the above assumptions, we have that:

ho (t) I(a,b) 747"
LS Fab) S [wa)}

and

for allt €10,1].
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4. Some Results due to B.G. Pachpatte

4.1. Introduction. Let f,g : [a,b] — R be convex mappings. For z,y two
elements in [a,b], we shall define the mappings F (z,y), G (z,y) : [0,1] — R given
by (see [130])

(33 Fay) 0=+ -0y)+ (0 -0ty
(3.3) G (r,y) ()= 3 gt + (1= 1)) +g (1~ 1) +y)].

Recently in [56] Dragomir and Ionescu established some interesting properties of
such mappings. In particular in [56], it is shown that F' (z,y), G (x,y) are convex
on [0,1]. In another paper [146], Pecari¢ and Dragomir proved that the following
statements are equivalent for mappings f, ¢ : [a,b] — R:

(i) f,g are convex on [a, b];

(ii) for all z,y € [a,b] the mappings fo, go : [0,1] — R defined by fo (t) =
Flta+(L—t)y) or f(1—t)x +ty), go (1) = g (tz + (1 — ) y) or
g((1 —t)x + ty) are convex on [0, 1].

From these properties, it is easy to observe that if fy and gy are convex on
[0,1], then they are integrable on [0,1] and hence fygo is also integrable on [0, 1].
Similarly, if f and g are convex on [a, b], they are integrable on [a,b] and hence fg
is also integrable on [a,b]. Consequently, it is easy to see that if f and g are convex
on [a,b], then F = F (z,y) and G = G (x,y) are convex and hence Fg Gf, Ff,
Gy are also integrable on [a,b]. We shall use these facts in our discussion without
further mention.

The object of this section is to establish some new integral inequalities involving

the functions F' and G as defined in (3.32)) and (3.33]).

4.2. The Results. The first main result is given in the following theorem
[130].
THEOREM 80. Let f and g be real-valued, nonnegative and convex functions on

[a,b] and the mappings F (z,y) and G (z,y) be defined by and . Then
for all t in [0,1] we have

B3 /:< ) F (1) 9 () dy
N T [ ([ 0o+ e o)
+iof @9 @),
039 o | -0 9wy
< §-<b_1a)2/ab (/yb[F(x,y><t>g<x>+G<x,y><t>f<x>]dx>dy
+F B0,
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(3.36) = /f
< 2 f// 9(@) + G e,) ()] @) dody
+%[f<a>g<a>+f<b>g<b>1.

PrROOF. The assumptions that f and g are nonnegative and convex imply that
we may assume that f, g € C' and that we have the following estimates

(3.37) ftr+(1—1t)y) f@)+ (1 -t)(y—=)f (2),
(3.38) fF(A=t)z+y) f@)+ty—=)f (2),
(3.39) g(tr+(1-1t)y) g@)+ (1 —=t)(y—x)g (),
(3.40) g(1—t)z+y) g(x)+t(y—z)g (2),

for z,y € [a,b] and t € [0, 1]. From (3.37)), (3.38) (3.32)) and (3.39)), (3.40), (3.33) it
is easy to see that

AV VAR VALY

(3.41) o) ()2 f @)+ 5 (-2 7 (2),
(3.42) Clan) (1) 2 g(@)+ 5 y—a)d (@),

for z,y € [a,b] and t € [0,1]. Multiplying (3.41) by g (z) and (3.42) by f (z) and
then adding, we obtain

(3.43) F(z,y) () g (x) + G (z,y) (t) f (x)

> 26 (@)g() + 5 (- 2) 7 (F ()9 (2)).
Integrating the inequality over z from a to y we have
(344 [ 1Fen®a@ + 6@ 0 f @l

SRy dw—%y()f( )g(a).

Further, integrating both sides of ([3.44) with respect to v from a to b we get

(3.45) [ [ e 0@+ 60 0 @)l
> 2 0-nrwe <>dy—§<b—a>2f<a>g<a>.

Multiplying both sides of by % - (bja)Q and rewriting we get the required
inequality in .

Similarly, by first integrating over z from y to b and after that integrating
the resulting mequahty over y from a to b, we get the required inequahty in

The inequality (3.36) is obtained by adding the inequalities (3.34]) and - The
proof is complete |

The next result deals with the slight variants of the inequalities given in The-

orem (80| [130].
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THEOREM 81. Let f and g be real-valued, nonnegative and convex functions on

[a,b] and the mappings F (x,y) and G (x,y) be defined by and . Then
for all t in [0,1] we have

1 b 2 2
R / (b—1) [F2 W)+ ¢° ()] dy

IN

: (b_l)/ (/ay[F(x,w<t>f<x>+G<x,y><t>g<x>}dx)dy

20 [ @) + 07 @),

1 b 2 2
B o / (v—a) [ () + ¢ )] dy

IN

b b
1@)2/ (/ [F (z,y) (t) f (z) + G (z,y) (t)g(x)]dx) dy

(3.48)

IN

b b
e ( / [F(xay)(t)f(w)+G(x7y)(t)g(w)]dx> dy

1
35 [P @+ @+ £ )+ 42 0]
PRrROOF. As in the proof of Theorem from the assumptions we have the

estimates (3.41)) and (3.42)). Multiplying (3.41)) by f(z) and (3.42) by g (z) and

then adding, we obtain

(3.49) F(z,y) @) f () + G (z,9) () g ()

> f(x)+g° ($)+%(y—93) [f (@) f' () + g () g ()]
Integrating over x from a to y, we have
(3.50) [ F @05 @)+ 66 0@

> g /y [£% (2) + ¢* («)] dz — i (y —a) [f*(a) + ¢* (a)].

Further, integrating both sides of (3.50) with respect to y from a to b we have

b b
(3.51) / ( / [F(x,w(t)f(x)+G<x,y>(t>g<x>]dx> dy

5 [ 1
> 1 0-p[FOP @A - 50-0 [P0+ @]
Multiplying both sides of 1' by % . ﬁ and rewriting, we get the required

inequality in (3.46)).
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The remainder of the proof follows by the same arguments as mentioned in the
proof of Theorem [80] with suitable modifications and hence the proof is complete. I

4.3. Further Inequalities. In this section we shall give some inequalities that
are analogous to those given in Theorem [80]involving only one convex function. We
believe that these inequalities are interesting in their own right [130].

THEOREM 82. Let f be a real-valued nonnegative convex function on [a,b].
Then

(3.52) (b—la)2 /ab(b—y)f(y)dy
< g.(bla)z/ab[/ay</olf(tx+(lt)y)dt)dz]der(ljf(a),
] - o) £ ) dy
< 3(,)_1@2/b l/yb(/olf(tx—i—(l—t)y)dt)dx dy+%f(b),
(3.54) (bia) /{ff(z/)dy
) 1 b b 1
< 3ot [ ([ e amnma)asla
+ElF @)+ FO).

PROOF. To prove the inequality (3.52)), as in the proof of Theorem |80|from the
assumptions we have the estimate (3.37). Integrating both sides of (3.37)) over ¢

from 0 to 1 we have

1

(3.55) | rsa-npas i@+ 50-07r@.

Now first integrating both sides of (3.55) over x from a to y and after that inte-
grating the resulting inequality over y from a to b we get the required inequality in
(13.52]).

Similarly, by first integrating both sides of (3.55) over x fromy to b and then
integrating the resulting inequality over y from a to b we get the inequality in (3.53]).

By adding the inequalities (3.52) and (3.53) we get the inequality (3.54]). The proof
of Theorem [82]is thus completed. I

5. Fejér’s Generalization of the H. — H. Inequality

In 1906, Fejér [72] obtained the following result which is a generalization of
that of Hermite and Hadamard (see for example [I47, p. 138]) or [61].

THEOREM 83. Let g : [a,b] — [0,00) be a density function on [a,b]. In other
words, g is mon-negative and integrable with fjg(u) du = 1. If f : [a,b] — R
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is a conver function and g is a symmetric density function on [a,b], that is,
gla+b—u)=g(u) for all u € [a,b], then we have:

(3.56) (a+b) /f () du < L1DFS )

2

In addition, these bounds are sharp.

PROOF. By the convexity of f, we have:

/abf(u)g(u)du = /:f(?)_z.a—i-z_z.b)g(u)du

< [t s@e =t o]

The symmetry of g gives that f ug (u) du = “H’ . Hence, the preceding calculation
may be continued to yield

b —a - a a
[ 1w < H@Z0 SO I@ ot

+

f(a)+ f(b)
5 .
On the other hand,

1 b—u u—a b—u u—a a+b
2{f(b—a-a—’_b—a-b)+f<b—a.b+b—a.a>} >f< 2 )

for each u € [a,b] . On integrating over [a, b] , we obtain
1 b b—u u—a b b—u u—a
Z . b d b . d
2 l/‘l f(ba a+bfa )g(u) u—i—/a f(ba +bfa a)g(u) u}
a+b
> .
> ()

Set v = a + b — u in the second integral.

This then becomes
b
- b
/a f(z_z b+b_2~a)g(a+bv)dv

b J— J—
- [ s

by the symmetry of g. Hence, it has the same value as the first integral, both being
equal to f; f (u) g (u) du, and we have

[[roams (432,

Finally, take f (u) = u on [a,b]. Then the upper and lower bounds in (3.56) both
simplify down to %‘H’. Hence the bounds are sharp and the theorem is proved. i

A simple example of the situation envisaged in Theorem [83] is provided by
expressions of the form
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which occur in various problems in elementary mechanic and in probability theory
in connection with the arc-sin law. The function

I [(u—a) (b —u)]
is non-negative and symmetric on [a, b] and the substitution

w=asin’t+ bcos>t

b 9 %
/g(u)du:f/ dt = 1.
a ™ Jo

Hence, g is a symmetric density function on [a,b].
*

shows that

First, we introduce the mapping H, : [0,1] — R, defined by

() ::[lbf(tu+(1—t)"2”’>g(u)du.

This mapping reduces to H (t) in the classical case g (u) = ﬁ. The basic properties
of H, are embodied in the following theorem [61].

THEOREM 84. If f : [a,b] — R is convex and g : [a,b] — [0,00), a symmetric
density function, then:

(t) Hy is convex on [0,1];
(#) One has the inequalities:

(%)
< /abf(U)g(U)dU;

(7it) We have the bounds

IN

Hg(t)St/abf(u)g(u)d“+(1_t)f(a;b>

b
sup H, (1) = H,(l)= / £ () g (u) du,

te[0,1]
. a+b
it 1,0 = 1,00= (50

(iv) The mapping increases monotonically on [0,1].

PROOF. (¢) The convexity of H, follows directly from that of f.
(ii) By Jensen’s integral inequality,

f (/b [tu+(1—t) a;b}g(u)du>

a+b a+b
= f(t- 5 +(1—%)- 2)

(%)

Hy (1)

v




132 3. SOME FUNCTIONALS ASSOCIATED WITH THE H. — H. INEQUALITY

for any ¢ € [0,1]. Also, from the convexity of f we have

/b i+ 0-07("57) | awa

ab .
[ rwawanta-ns (450

IN

Hy (1)

b
< / £ (w) g (u) du.

(#4¢) This is immediate from (i7).
(tv) Suppose 0 < t; <ty < 1. The convexity of H, gives
to — 11

[H, () — H, (0)] = 0
tq

Hg (t2) — Hy (t1) >

by the first part of (iii) , whence the desired result.

The second companion mapping F, : [0,1] — R given by

Fy (t) r=/ / ftr—(1—t)y)g(z)g(y)dzdy.

Clearly, it reduces to F' in the classical case when g (u) = ﬁ.

The basic properties of Fy; are encapsulated in the following theorem [61].
THEOREM 85. If f : [a,b] — R is convex and g : [a,b] — [0,00), a symmetric
density function, then

(i) Fy is symmetric about t = %;
(i3) Fy is convex on [0,1];
(79t) We have the bounds

b
sup Fy(t) = F,(0)=F,(1)= / £ () g () du,
t€(0,1] a

a0 = m(3)= [ [ r(5Y)s@ow

(iv) One has the inequality;

a+b 1
<F,l=];
1(57) =5 (3)
(v) Fy decreases monotonically on [O, %} and increases monotonically on [%, 1} ;

(vi) We have the inequality:
Fy (t) > max {H, (t), Hg (1 — 1)}

for all t € [0,1].

PROOF. (¢) The fact that F (t) = Fj; (1 — t) follows from an interchange
of dummies in the definition of Fj.
(it) It is obvious by the convexity of f.
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(791) For t € [0,1], we have, by the convexity of f that

b b
F, (1) = //f(tx+(1—t)y)g(w)g(y)dwdy

IA

/ / [tf (2) + (1 =1) f(w)] g (x) g (y) dudy

= /f dx+1—t/f

- /f w)du = F, (0) = F, (1)

which gives the first relation in (i47) .
By the convexity of f, we have

Ut =0+ 7+ -0 = £ (25Y).

Multiplication by g (z) g (y) and integration over [a, b] X [a, ] gives
for all t € [0,1].

1
R0 5 (3)
(iv) By Jensen’s Theorem,

[ [ (55 s@swaay
(e
AGIEES /;’(z)gwy)
().

so that Iy (%) > f(%£2).
(v) The property of monotonicity on the interval [%, 1] is established as for
the corresponding property in Theorem [7 E 74] (see also [45]). The monotonic

property on [0, 2} then follows by (7).
(vi) We have

Hy () = /;f(tm—i—(l—t) )g(x)dac

/f(/ [(tw+<1—t>y>]g<y>dy>g(w)dm

b b
//f(tx+(1—t)y)g(x)g(y)dxdy=Fg(t)

by Jensen’s inequality.
As Fy (1 —t) = F, (t), the statement is proved.

= [
=/

a+b
2

IN
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It is also natural to consider the possibility of further generality in the com-
panion mappings. Therefore, suppose ® : [0, 1] — [0, 1] and define

Hyo () = /abf (@ (Hu+ (-2 (1)) )g<u> du.

We use the fact that Hy ¢ (t) = Hy (P (¢)) to derive the following result [61].

THEOREM 86. Suppose that f, g are as above and ® is monotonic nondecreasing
on [0,1]. Then

(i) Hgo is convex if ® is conve;
(ii) One has the inequality

f(a;b) < Hys(t)

@(t)/abf(U)g(u)du+(1_‘I>(t))f(a;b>

a+b

IN

b
< [ rwgds
(#it) We have the bounds

b
sup Hyo(t) = Hya(l)= / £ () g (w) du,

telo,1]
a+b
inf t) = H 0) = ;
téfé,l]g(’() 9.0 (0) f( 5 )

(iv) The mapping Hy o increases monotonically on [0,1].

PROOF. (i) Take t1,t2 € [0,1] and o, > 0 with o + 8 = 1. We may
argue for the monotonicity and convexity of H, ¢ that
Hqu> (Oétl + 6t2) Hg ((I) (atl + ﬂtg))
Hy (a® (t1) + B2 (12))
aHy (P (t1)) + BHy (P (t2))
aHge (t1) + BHge (t2)
establishing that H, 5 is convex.
(#) and (¢i¢) The argument of Theorem [84] carries over.

(tv) The result follows from H, ¢ (t) = H, (P (¢)) and the monotonic character
of Hy and ®.

IAIACIA

Theorem |85 may be adapted to a version involving a function ®. Define

Fpalt)= [ [ F@®z+0-8®))g()g()ddy.

We have [61]:
THEOREM 87. Let f,g be as above and ® : [0,1] — [0,1] be a monotonic
nondecreasing function. Suppose that to satisfy @ (tg) = % Then
(i) Fyo is symmetric about t = 3 if @ (t) + @ (1 —t) = 1;
(13) Fy o is convex on any subinterval of [0,t] on which ® is concave and on
any subinterval of [to, 1] on which ® is convex;
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(7it) We have the bounds

b
swp Fpa(t) = Fpo(0)=Foo (1) = [ f(u)gu)du.
te0,1] a
b b
it Foa ) = Fualo)= [ [ (55 ) 00 dods

(iv) One has the inequality:

f <“;b> < F,o(t) foraltel0,1]

(v) Fyo decreases monotonically on [0,tg] and increases monotonically on

[tO, 1] )
(vi) One has the inequality:

Hyo (t) < Fyo(t) foralltel0,1].

PROOF. (¢) This is immediate from the definitions.
(it) The given conditions provide the chain of inequalities used in the proof of

Theorem 86| (7) .

(#3t) The proof of the first statement follows that of the corresponding state-
ment in Theorem 85 For the second, we have

Fy o (to)
b b
//f(tx+(1—t)y)g(af)g(y)dxdy

1 b b
3| [ H @Ot a-s@))+f(1-2@)e+ O] g()g ) dedy
Fg@(t)

(iv) We have

b b
Fya(t) = / / F@ )+ (- (5)y) g (x) g () dudy

b b
f (/a /a [@(t)fer(l—<I>(t))y]g(m)g(y)dxdy>

b b
f(/ @<t>xg<x>dx+/ <1<I><t>>yg<y>dy>

a

f(/abug(u)du>f<a;b).

(v) The result follows from Fy 4 (t) = Fy (® (t)) and the monotonicity prop-
erties of Fj; and ®.
(vi) The proof mimics that of Theorem

v
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If the map ® considered above is absolutely continuous, then it may be repre-
sented canonically in the form

(3.57) B (1) = /t g (w)du (0<t<1)
0

where ¢’ is a non-negative Bessel function on [0,1] (cf. Loéve [99]). Almost sure
strict positivity of g’ corresponds to strict monotonicity of ®. Furthermore, a nec-
essary and sufficient condition for ® to be (strictly) convex is that ¢’ be (strictly)
increasing (cf. Mitrinovié, Pec¢ari¢ and Fink [114]).

Suppose that ¢’ is strictly positive. Then the mapping ® : [0,1] — [0, 1]
provided by is invertible. We denote by & : [0,1] — [0,1] the inverse map,
which is also nondecreasing and satisfies ® (0) = 0, ® (1) = 1. In a natural way, we
write £ for a solution to ® () = i

The above results and notation set the foundations for the construction of
functions ® satisfying the conditions of Theorem [87] () and (i7). Our concluding

theorem summarizes the basic results [61].
THEOREM 88. Suppose that g’ is symmetric and strictly positive on [0,1]. Then,
(i) ® and ® satisfy the condition of Theorem (1);

(Z’L) to = % = t();

(iii) ® is convex (concave) on [0,%] iff it is concave (convex) on [%,1]. The

same condition applies to P. 3

(iv) @ is convez (concave) on [0,%] iff ® is concave (convez) on [0,3]. A
stmilar result applies on [%, 1] ;

(v) If g’ is increasing (decreasing) on [0

1

[0,3]

PROOF. (i) By the symmetry of ¢’, the equality

(3.58) 1-o(t)=2(1—1)

follows from considering the area under the graph of @ (¢) against ¢.
Now, suppose t = [ ¢ (u) du, such that 2 = ® (t). Then

1 11—z
lft:/ g/(u)du:/ g (u) du,
x 0

dPl—t)=1—z=1-3(1)

and ® also satisfies (3.58)) . )
(id) By (i) with ¢t = £ we have 2 (3) =20 (3).
(#4¢) Suppose ® is convex on [07 %] and tq,ts € [%7 1] . Then, for A € [0,1], we

have, by (3.58)) that:

‘I’()\tl—F(l—)\)tQ) = 1—‘I)(>\(1—t1)+(1—>\)(1—t2))
> 1—[)\(I)(l—tl)-i-(l—)\)q)(l—tg)}
since 1 —t1,1 —t5 € [0, 3] . Therefore
DM+ (1=Nt2) > A[1—=d(1—t)]+ (1 =N [®(1—t2)]
= Mo (tl) + (1 — )\) (0] (tz)
by (3.58)) and @ is concave on [%, 1] . The other cases follow similarly.

1

,5] , then ® is convex (concave) on

so that
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(iv) The graph of y = ® (z) is obtained from that of y = ® (z) by reflection
about the line y = z. The results follow.

(v) The first alternative is a recapitulation of the results leading to the enun-
ciation of the theorem. For the second, suppose ¢’ is decreasing on [O, %} .
Then it is increasing on [%, 1} and so P is convex on [%, 1] . Hence, by (i)
® is convex on [O, %} .

A simple concrete instance of a function ® satisfying the conditions of Theorem

[87] to a full extent is provided by the example of the introduction. Put a =0, b =1
in that example and set

_1
2

g (w) =" [u(l—u)]

This is symmetric on [0, 1] and decreasing on [0, 3] and so

2
® (t) = = arcsin vVt
™

1

is concave on [0, 5] and convex on [%, 1] .

5.1. Applications for the Beta Function. Let us consider the Beta func-

tion of Euler, that is,

1
B (p7 Q) ::/ tpil (1 7t)q_1 dta p,q> -1
0

We have for r > 1, that

1
(3.59) B(p+r,p) = / (1 — )P e
0

Define g : (0,1) — R given by

L (R L

1
10= 5o

It is clear that

and

g(t)=g(1—t) forall t € (0,1)

/Olg(t)dtzl.

Define f : [0,1] — R given by f (t) :=t", r > 1. Then f is convex and we can apply
Theorem [83] Thus, we obtain

1 /1f(t)g(t)dt 1/1#’1 (1—t)P terdt < E
20~ Jo B (p,p) Jo T2
and by ([3.59) we deduce:
1 _Bp+nrp) _1
3.60 — < —— < —forallr>1, p>—1.
(360 2"~ Bpp) 2

We can also introduce the following mapping:

T

/01 P~ (1 — )Pt {tu + % (1- t)] du

HE (t9) =

forallt € [0,1] and p > —1, r > 1.

Using Theorem we can state the following properties of this mapping;:
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(7) Hg'} (-,p) is convex on [0,1] for all p > —1, r > 1;
(#4) One has the inequalities:

B(p+r,p) . L _Bt+rp)
B (p,p) AT

2= B(pp)
forallt € [0,1],p> -1, r > 1;
(#i7) We have the bounds:

1 .
Q—TsH}g](t,p)sr

[r] B(p+rp)
sup Hg' (t,p) = ———=, p>—-1,r>1
t€[0,1] B( ) B (p,p)
1
inf HY (t,p) = — 1, r> 1
uf 5 (t,p) o P> —Lr21

(iv) The mapping H g] (+,p) increases monotonically on [0,1] for p > -1, r >
1.

We can also introduce the mapping

1 1,1
Frht p ::7/ / 2P yP T (1 — 2P (1= )Pt + (1 — ) y]” dad
,3()32(1)’1))00 vy (A=) (A —y)" [te+ (1= t)y] dady
forall t € [0,1], p> —1,and r > 1.
Using Theorem we can state the following properties of this mapping:

(1) F[[,T] (+,p) is symmetric about t = %; p>—1,r>1;
(i7) FL[?T] (+,p) is convex on [0,1], p > —1, r > 1;
(#4t) We have the bounds:

[r] B (p + 7, p)
sup Fr' (t,p) = ————,
te[ol?l] B ( p) B (p,p)

inf U (¢
ol Ee (t,p)

1 /1 /1 p—1, p—1 p—1 p—1 r
= — Py 1—=x 1—y x+y) dedy
2"B%(p,p) Jo Jo ( ) o )
1

> 27f0rp>—1,7"21;

(iv) The mapping F, [[;} (-,p) decreases monotonically on [0, %] and increases
monotonically on [%, 1} ;
(v) We have the inequality:

Fil (t.p) = max { HE) (6,0) HE (1 t.p)}

forallt €[0,1],p> —1,and r > 1.
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6. Further Results Refining the H. — H. Inequality

Let f : I € R — R be a convex mapping on the interval I and a,b el with
a < b. Reconsider the mappings: H,G : [0,1] — R given by

b
H((t) - :ﬁ f(tm+(1—t)a_2|_b>dx,

G = ;[f (ta—l—(l—t)a;b) +f((1—t)_2|_b+tb)]

The following theorem holds [29]:

THEOREM 89. Let f, a and b be as above. Then we have the inequalities:
(3.61) G (t) — H (t)
|f (ta+ (1—1t) %) — H (1)

if f(ta+ (1—t)2E) = f (th+ (1 —t) ©£2)

Y

F(tb+(1—t)f2) ;
oy : |z dz — [H (t)]
| £ (tb+(1—t) 252 ) = f (ta+(1-1) 252 )| f(mm{t)%b)

otherwise

and
(3.62) H(t)— f (a;’b>

IS (t+ (1 —t) 9E2) + f((1—t) 22 — ta)
2

1

>
~ |b—a

| (5]

PROOF. By the change of variable y = tx + (1 —t) “t2, = € [a,b], t € (0,1],
we have the equality

H(t):1/(1bf(tx+(l—t)a;b>dx:(li qu(y)dy

for all t € [0,1].

b—a

Wherep:ta—i—(l—t)‘%'b and ¢ =tb+ (1 —t>aT+b'
Now, using the inequality m ) from Chapter II, we get

fp)+f(g
2 N p/f

£ ) = 55 1 W)l dy] it f(p)=f(q)

‘lf f(p)|ff((pq))|33|d$ qpfq|f |dl“ it f(p)#f(q)-

However, it is clear that
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and

;/ﬁf(x)‘dx:m)

q—7p p

Thus, the inequality (3.61]) is proved.
Now, if we use the inequality (2.25)) we can also state:

I ptyq
H ; f(y)dyf<2>

o [P ()|

2
However, it can be easily seen that
1 / a
q—7p p
_ ! / ’
 b—a,

for all ¢ € [0,1]. As the inequality (3.62)) also holds for ¢ = 0, the proof is com-
pleted. 1

fy)+fla+b-y)
2 ‘dy

flte+ 1 —t) <L)+ f((1—t) 2L — ta)
2

dz

We shall now give an improvement of the celebrated result of Bullen [I47] p.
140] (see [29]):

THEOREM 90. With the above assumptions, we have the inequalities:
L[f(a)+ f(b) a+b 1 /b
(3.63) 5 [ 5 +f 5 i f(x)de
a 1
£(252) - 16 @) at

if f(aT-&-b) _ f(a)'z‘rf(b);

v

W,Jc(%b) fff((gf)(b) 2| dx — [ |G (¢)] dt‘
if f(aT—&-b)<f(a);rf(b)
and
1 b 1 3a+b 3b
o e froa s ()
1 I 3a+b a-+3b
> 2/0|G(t)+G(1—t)|dt—‘f( } >+f( . )H
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PrOOF. Firstly, let us observe that

t) dt
1
(1-1) ;b)dwr/o f<(1t)a;b+tb)dt}
da:—&-i/ f(z 1

N | — w\'—c\

{
= /
:bia/f

Now, if we use the inequalities (2.24) and (2.25)) for the mapping G, we get

7G(0)72LG(1) —/O G (1) dt

‘G(O) ~ \G(t)|dt‘ it G0)=G(1)

G(1 1 .
| oo o) lelde = J |G @lde| i G (0)£G (1)

/OlG(t)dtGG) > /01

which are equivalent with the desired inequalities (3.63)) and (3.64)) .
We shall omit the details. I

and

7

G(t)+§(1t)‘dt‘c;’<;)

Now, under the same assumptions for the mapping f and a,b ei, we can also
reconsider the mapping L : [0,1] = R

1 b
L) ;:m/a [f (ta+ (1 —t)2) + f (1 — ) & + b)) da

In Section [3] we proved among others (see Theorem the following inequality
L(t)>H(1—-t) foralltel0,1].

We can improve this result here as follows [29]:

THEOREM 91. With the above assumptions, one has the inequality

(3.65) L(t)— H(1—1)

1 ta+(1—t)b
(1—-t)(b—-a) /a

= 0,

{ORS URTIURTD)| PR o

where H\y| is the function H written for |f|, for all t € [0,1).
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PROOF. By the convexity of f and by the modulus properties, we have respec-
tively:

fla+(Q—-t)x)+ f(1—t)x+1td) —f((l—t)x—kta;_b>

_ ’f(ta—i—(1—t)$)2_2|_f((1—t)x+tb)_f((l_t)x+ta_2|_b>‘
> Hf(ta—&—(l—t):r);—f((l—t)x—f—tb)‘_’f ((1—t)x+t“2+b>H
> 0

for all z € [a,b] and ¢ € [0,1].
If we integrate the above inequality on [a,b] over = we get that:

L(t)—H(1 -t
1 /” flta+ (1 —t)z)+ f((1—t)z +1tb)
b—a J,

2
0.

dJC*H|f| (1 725)

Y

Denoting u :=ta + (1 —t)x, x € [a,b], t € (0,1], we have that:

1 (P fta+(Q—t)z)+ f((1—t)z+1b)
b—a/a 2 ‘dx
_ 1 =08 f (w) + f (utt(b—a))
= (l—t)(b—a)/a > du

and the inequality (3.65)) is proved. I

Now, consider the mapping F' given by a double integral
1 b b
Ft):= 72/ / fte+ (1 —1t)y) dedy,
(b — a) a a

where f: I C R — R is a convex function on I, a,b €l with a < b.
The following theorem holds [29]:

THEOREM 92. With the above assumptions, we have the inequalities:

b
(3.66) ﬁ / f(@)de — F (2)
b b
> oo [ [ @00 sl Ay 0
> 0
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and
(3.67) FO) - o / / ( )dxdy
f(tz+( )y);rf((lft)wrty) dxdy

()

for allt € 10, 1] , where Fiy| is the function ' written for |f]|.

dxd
b — Y

>

PROOF. As f is convex on I we have that

tf @)+ @ —t) f(y) = ftz+(1-t)y)
tf (@) + (X =t) f(y) = f (tz+ (L= 1) y)]
= tf @)+ A=) fW—If(tz+ A -1)y)l

for all t € (0,1] and z € [a, b].
Integrating the above inequality over z,y on [a, b]2 , we get that

b—a // tf(z)+(1—1) f(y)]dady — F (t)

(b_)/ [ 1@+ 1) @)1y~ By 1)

for all t € [0,1].
As we have that

b b b
o [ [ @ sy - [

the inequality (3.66) is obtained.
To prove the second inequality, we observe, by the convexity of f, that

Fltz+ 0=ty +F(1—Da+ty) _f(x+y>

_ ‘f(txﬂlt)y)zf((lt)xﬂy) f(aiy)‘
. Hf(tw+(1—t)y)—gf((l—t)x+ty‘_’J,(x—;y)”

for all t € [0,1] and =,y € [a,b].
Integrating this inequality on [a, b]2 over x,y and taking into account that

/ab/abf(tx—I—(1—t)y)datdyz/:/abf((l—t)x—i—ty)dxdy,

we obtain the desired inequality (3.67) . B

We know that F (t) > H (t) for all ¢ € [0,1] (see Theorem [74)). This inequality
can be improved as follows [29]:
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THEOREM 93. Let f : I C R — R be a convex mapping on the interval I and
a,b €l with a < b. Then one has the inequality:

(3.68) F(t)—H(

t)
1 bopb
(b—a)? /a /a
—Hs (t)]
for allt €10,1].

flz+ A -y +flz+(1—-t)(a+b—1y))
2

dxdy

PRrROOF. Using the equality pointed out above:

10 1P
e | F = [

where
u:=ter+(1-t)y, y €la,b], t€0,1), p=te+(1—-1t)b, =tz + (1 —1t)a,
we have, by (2.25)) that:

plq/:f(u)du—f(p;q)

P _
> ‘ 1 / fw+fp+q—u) du_‘f(p+q>"
P—qJg 2 2
which is equivalent with

bla/abf(tﬁ(l—t)y)dy—f(txJF(l_t)a;b)

1 b
b—a/a
f(tx—k(l—t)a;b)H

for all z € [a,b] and t € [0,1].
If we integrate this inequality over xz € [a,b], we derive the desired inequality

(3.68) . 1
Note that in the inequality (3.29) we proved the inequality
L(1—t)>F(t) forallte]|0,1].

flz+Q-t)y)+fltx+(1—-1t)(a+b—y))
2

g

This inequality can be improved as follows [29]:

THEOREM 94. Let f : I C R — R be a convex mapping on the interval I,
a,b el and a <b. Then one has the inequality:
(3.69) L(1—t)— F(¢)

bl
bia//o|5f(t3:—|—(1—t)a)+(1—s)f(t:c+(1—t)b)|dsdx—Fm(t)

Y

0
for allt €10,1].
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PROOF. As in the proof of Theorem [22] we have

fz+ A —-t)a)+ ftze+(1-2t)D
2

/ fltz+(1—1t)y)dy

sf(tz+(1—t)a)+ (1—s) f(tz+ (1 —t)b)| ds

b
b [ a0yl

for all z € [a,b] and ¢ € [0,1].
Now, if we integrate this inequality on [a,b] over x, we can easily deduce the in-
equality (3.69) , and the theorem is proved. I

6.1. Applications for Special Means. Now, let us consider the mapping
ho : [0,1] — R given by

ho (t) :=1(ta+ (1 —t)A(a,b), (1 —1t)A(a,b)+ tb)
where a,b > 0 with a < b, and the mapping go : [0,1] — R given by
go (t) =G (ta+ (1 —t) A(a,b),(1 —t) A(a,b)+td)

where a, b are as above.
It is clear, with the notations in Section [6] that

G_1m(t)=—Ingo(t) and H_1, (t) = —Inhg (¢)

for all t € [0,1].
By the inequality (3.61]), we have that:

Inho (¢) — Ingo (¢)

G_1,(t)— H_1, (t)
In(ta+ (1 —t) A(a,b)) — f [In (tx + (1 —t) A(a,b))|dz|,

ifa=bort=0;

1 In(tb-+(1—t) A(a,b))

Tt (1—t)A(a, b) _
[ ZEA=0AGRT Jin(ta+(1-1)A(a,b))

Y

|| dx

L [P (t + (1 — ) A(a,b))| de,

ifa#bandt#0,
from where we get the inequality:

ho (1)

(3.70) D)

>exp[A(t)] >1forallte(0,1].
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where:
In(ta+ (1 —1t) A(a,b)) — ﬁffun(m‘f' (1—1t)A(a,b))|dz|,
ifa=bort=0;
L In(tb+(1—t)A(a,b))
A(t) = W Sinttat(1—tyagapy) %] dx

ta+(1—t)A(a,b

— i [P In (w4 (1 — ) A (a, )| de,

ifa#bandt#0.
By the use of the inequality (3.62)) we also have:
In A (a,b) —Inhg (%)

1 b
m/a
— [In (A (a,0))]]
0

V(tz + (1 —t)A(a,b)),((1—t) A(a,b) + tb)| dx

v

which gives us the inequality:
A(a,b)
ho (t)

1 b
> [b /
— [In (A (a,b))]]

> 1

for all t € [0,1].
Now, if we use the inequality (3.63]) for the convex mapping — In, we get:

In7 (a,b) —In[(A(a,b),G (a,b))]

(3.71)

V

In/(tz + (1 —t) A(a,b)), (1 —t) A(a,b) + tb)| d

‘m (A(a,b)) — [ Ingo (t)|dt( if a=0b,

IN

In A(a,b) 1 .
m‘fl“g(:”’) |z dz — [ |Ingo (t)dt’ if a#b,
from where we deduce:

I(a,b)

(3.72) A @ 2 [Vap] =1

where
]m (A(a,b) — [ Ingo (8)] dt’ if a=0b,

Yab =

' In A(a,b 1 .
m e |2l dw — |1ngo(t)|dt' if a#£b.
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Finally, if we use the inequality (3.64)) for the convex mapping -ln, we get that:
InG (A (CL, A (a7 b)) 7A (A (aa b) ) b)) —InJ ((l, b)

Y

;‘/O In[go (t) go (1 — #)]| dt — [In [A (a,A(a,b))A(b’A(mb))H’

/O G (g0 (£), 90 (1 = 1))| dt — [In[G (A (a, A(a, b)), A(A(a,b) Jﬁ)]l’

which is equivalent with

G (A(a, A(a,b)), A(A(a,b),b))

(3.73) T(a.b) > exp [Mmap] >1
where
mas=| | 1nG<go<t>,go<1—t>>dt—|1n[G<A<a,A<a,b>>,A<A<a,b>,b>m].

7. Another Generalisation of Féjer’s Result

7.1. Introduction. In [72], Féjer proved that if g : [a,b] — R is nonnegative
integrable and symmetric to z = ‘ITH’, and if f is convex on [a, b], then

(3.74) f(“j”) /abg<x>dx</abf<x>g(x>dx<f“‘);f(b)/abg(x)dx.

In 1991, Brenner and Alzer, [11] obtained the following result generalising Féjer’s
result as well as the result of Vasié, Lackovi¢ and Lupag (see Introduction, Theorem
THEOREM 95. If g : [a,b] — [0,00) is integrable and symmetric to x = A =

”ZTT’ with positive numbers p and q, then

(3.75) f(p””) /Aﬂ’g(t)dt < /Aﬂ’f(t)g(t)dt

p+q A—y A—y

pf(a)+qf (b) /A+y

g (t)dt,
pryrge (t)

A-y

where 0 < y < Z;Z min (p, q), and f is convezx on [a,b].

In [45], Dragomir and in [188], Yang and Hong found convex monotonically
real functions H and F defined on [0, 1] by

(3.76) H(t):bia/abf{t:c—i—(l—t)a;—b}dx,

and

o 50 = g ()0 (59
() () )



148 3. SOME FUNCTIONALS ASSOCIATED WITH THE H. — H. INEQUALITY

respectively such that

(45 = no<ro<nn= ;[ e
ORI

= FO)<F(t)<F(1)= 5

7.2. Some Results Related to the Brenner-Alzer Inequality. Following
[189], we can state

THEOREM 96. Let f : [a,b] — R be a convex function, 0 < a <1,0< (<1,

A=aa+ (1 —a)b, up = (b—a)min{ﬁ,%} and let h be defined by

hit)=(1-8)f(A-pBt)+Bf(A+(1—p)t), te[0,u.
Then h is convex, increasing on [0,ug] and for all t € [0, ug],

(3.78) flaa+ (1 —a)b <h(t) <af(a)+ (1 —a)f(b).

PROOF. We note that if f is convex and g is linear, then the composition fog
is convex. Also, we note that a positive constant multiple of a convex function and
a sum of two convex functions are convex, hence h is convex on [0,ug]. Next, if
t € [0, ug], it follows from the convexity of f that

ht) = (1=-B)f(A-0t)+pf(A+(1-0)1)
> fl1=-8)(A-p6t)+B(A+ (1-5)1)]
= f(A)=flaa+(1—0a)b].

Also, we observe that

a(b—a)+ﬂt< (1—a)(b—a)—pt

0 < a< <1, 0L <l—-a<l,
b—a b—a
0 < a(b_a)+(1_'6)t§a§1,
b—a
and
(O [ R (L
b—a
so that

ht) = (1-p5)flaa+(1—a)b—p5t]
+8f [aa+ (1 —a)b+ (1 —B)1

_ (1ﬂ)f{a(bbf)a+,6’ta+ (10¢)b(b_aa)ﬁtb]
+8f [a(b—agjc(ll—ﬂ)ta+ (l—a)(b;iz)a—&—(l—ﬂ)tb]

(1) | R Bl B0 =

5 [a(b—agj—(gl—ﬁ)tf(a)_'_(l—a)(b;il)a—i—(l—ﬁ)tf(b)]

= af(@)+({1-a)f®),

IN
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hence (3.78)) holds. Finally, for ¢, t5 such that 0 < t; < to < wg, since h is convex,
it follows from (3.78) that
h(tz) —h(tl) > h(tl) —h(O) _ h(tl) —f[aa+(1—a)b] >0
to — 11 - t1 —0 t1 =7
hence h (t3) > h(t;). This shows that h is increasing on [0,ug], and the proof is
completed. I

The following result also holds [I89] Theorem 2]:

THEOREM 97. Let f,a, 3, A and uy be defined as in Theorem [96 and let g :
[a,b] — R be nonnegative and integrable and

(3.79) g(A—=pu)=g(A+(1—-PB)u), wuel0,u].
Then
A+(1-8)u
(3.80) Flaa+ (1—a)b) / oL
A—Lu
1— ﬁ A A+(1—
< 5 A_ﬂuf() dt+m/ g(t)dt
At(1—
< Jaf(@) +(1-0a)f () / gyt
A—pBu

PrROOF. For every u € [0, up], we have the identity

A+(1-PB)u A A+(1-P)u
(3.81)/ gWydt = / g(t)dt+/ g () dt

A—pu A—pBu A

- ﬁ/oug(A—ﬁt)dH(l—ﬁ)/oug(A—ﬁt)dt

= /ug(Afﬁt)dt
0

Since g is nonnegative, multiplying (3.78)) by g (4 — 5t), integrating the resulting
inequalities over [0, u], and using (3.79) we have

f[aa+(1oz)b]/0ug(Aﬂt)dt

IN

(1—6)/Ouf(A—ﬂt)g(A—ﬂt)dt

+ﬁ/0”f<A+(1—ﬁ>t>g<A+<1—mt>dt

1-8 At(1-
= 5 A_ﬁuf() dt+—1_ﬂ/ g (t)di

< [af(a)+(1—a) f ()] / g (A ) dt

0
Thus, the inequalities (3.80) follow by using the identity (3.81). N

REMARK 49. If we choose a = p%q, 8= %, and u = 2y in Theorem@ then
the inequalities reduce to the inequalities ([3.75).
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REMARK 50. If we choose o = 3 = %, and u =ug=b—a in Theorem@ then

the inequalities reduce to the inequalities (3.7])).

REMARK 51. If we choose a = 3 = %, andu=1ug=b—a, and g(z) =1 in

Theorem@ then the inequalities reduce to the H. — H. inequality.
It is natural to consider the following mapping H (see [189] Theorem 3]).

THEOREM 98. Let f, A and ug be defined as in Theorem 96, 0 < a < 1,
0<pB<l,a+8<1, andlet H be defined by

a(b—a)

(3.52) A0 = coom [ =A )

+0f(A+(1—-p)te)]dx, 0 <t <1
Then, H is convex monotonically increasing on [0,1], and

(3.83) flaa+ (1 —a)bd]

= HO)<H(@)<H(1)

a(b—a)

- i [ s a0 B ds

< af(a)+(1—a)f(b).

PRrROOF. The fact that H is convex follows immediately from the convexity of

f. Next, the condition a4+ < 1 implies that ug = O‘(bf_ﬁa). It follows from Theorem

[96] that '
hit)=1=p0)f(A=pt)+8f(A+(1-0)t)
is increasing on [0, ug] and hence H (t) is increasing on [0, 1].

Finally, the last inequality in (3.83)) follows from (3.78)), and the proof is com-
pleted. I

Similarly, we have the following theorem (see [189]).
THEOREM 99. Let f, A, ug, a, 3 be defined as in Theorem[98 If

(3.84) G (t)
a(b—a)

CM/()”’ [(1ﬁ)f<A5<afb_ga)x(1“>)

0‘(”“)1;(115))”01:5, 0<t<I.

+ﬁf(A+(16)( 5
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then G is convex and monotonically increasing on [0,1], and

(1—,6)2 A
(3.85) O[ﬁ(b_a)/b_a?;)f()dgc+ _a/f
- G(O)SG(t)SG(l)(1ﬂ)f<bal(b__;))+ﬂf(b)

IN

af(@)+(1—a)f(®), 0<t<1L
REMARK 52. The identity s a special case of taking a = 8 =
REMARK 53. The identity is a special case of taking o = =
We can also state the following results [189].

THEOREM 100. Let f, A, ug, o, 3 be defined as in Theorem [98 and let g be
defined as in Theorem@ Let P be a function defined on [0,1] by

N= N

aso) Py = [ (L= B) f (A Bta) g (A - Bta)

+0f(A+ (1 =p)tz)g(A+ (1= p)tr)]de, 0<t<1.
for some u € [0,up). Then P is convex and monotonically increasing on [0, 1] and

A+(1-pB)u
(3.87) Flaa+(1—a)b) / g (@) do

A—pBu

= PO)<P@lt)<P(1)

1— A A+(1— B)“
= TB s f(x)g(x) dx—i—m/ x) g (x)dz.

PROOF. Since f is convex and g is nonnegative, we see that P is convex on
[0,1]. Next, for each x € [0, u], where u € [0, ug], it follows from Theorem [96| that

h(te) = (1= 0) f (A= pte) + Bf (A+ (1 - B)tx)

is increasing for ¢ € [0,1]. Using the identity (3.79) we see that P (¢) is increasing
on [0,1]. Therefore the inequalities (3.87) follow immediately. I

THEOREM 101. Let f, A, ug, a, B be defined as in Theorem and let Q be
defined on [0,1] by

(389 Q) = /Ou[(1—5)f(A—ﬂu+ﬂw(1—t))g(A—ﬁ(u—w))
(A4 (- Byu—(1-B)(1—1)a)

xg(A+ (1= 0)(u—w))|de
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for some u € [0,ug]. Then Q is monotonically increasing and conver on [0,1], and

_ A+(1- B)u
S r@ewans 25 | £)g (@) de

= Q0)<QH=<QQ)

(3.89)

A+(1-B)u

- [(1—ﬁ)f(A—ﬁu)+ﬁf(A+(1—ﬁ)u)]/ g () dz
A—pu
A+(1-B)u
< laf(a)+(1—a)f (b)) / g () dr.
A—pBu

PRrOOF. The fact that @ is convex follows immediately from the convexity of
f. Next, for each z € [0,u], where u € [0, ug], it follows from Theorem 96| that
h(t)=(1—=8)f(A=Bf)+Bf(A+(1-7)1)
and
Et)=u—(1-1t)zx

are increasing on [0, ug] and [0, 1] respectively. Hence

hk(t) = (1=0)f(A—-pPu+tfz(l-1))
B A+ (1 -Pu-(1-p5A-1t)z)

is increasing on [0, 1]. Since g is nonnegative and satisfies (3.79), it follows that
Q(t) is monotonically increasing on [0, 1]. Finally, the last inequalities in (3.89)

follow from (3.88]) and - |

REMARK 54. Choose a = =% u=wuy=b—a in Theorems and .
Then the inequalities and (5.89) reduce to
/ £l

f(“;b>/:g<x>dx < PO) <P

I /\

_ 1@ s0) /jgm,

where
P(t)/abf[ter(lt)aij} (z) dz

and

a0 = 3R (5990059
() (7))

which is a refinement of .
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REMARK 55. Choose o = 3 = 1, u=wuy =b—a and g(z) = 1 in Theorems

[700 and[I01. Then

Pt)=0b-a)H({), Q)= (b—a)F (),
where H (t) and F (t) are defined in (3.76) and respectively. Hence
and generalise (3.76) and (3.77) respectively.

REMARK 56. Choose o, 3 such that 0 < a <1, 0< <1, a+ 5 <1, and
choose u = ug = aib_;z)} A=aa+(1—-a)b, g(z)=11n Theorems and .
Then P (t) = %}‘”H’ (t) and Q (t) = agbffﬂa)é (t) where H (t) and G (t) are defined
in Theorems [9§ and [99 respectively. Hence Theorem generalises Theorem
and Theorem [101] generalises Theorem [99,







CHAPTER 4

Sequences of Mappings Associated with the
H — H. Inequality

1. Some Sequences Defined by Multiple Integrals

Let f: I C R — R be a convex mapping defined on the interval I and a,b € I
with a < b. Define the sequence:

1 b b 1+ ...+ x,
An (f) = W/a /a f <n> dl‘ldzn
for n > 1.

This sequence has the following properties [68]:
THEOREM 102. With the above assumptions, we have:
(i) The sequence A, (f) is monotonic nonincreasing; i.e.,
(4.1) Api1 (f) < An(f) foralln > 1;
(ii) One has the bounds:

b 1 ’
(4.2) f(a;_ ><An(f)<(b_a)/a f(z)dx for alln > 1;
for alln > 1.
PROOF. (i) Define the elements:

xr1+ ... +xy

wos =T
T+ ...+ Ty

Yy i = %7

Tn41 + ...+ Tpa
" .

yn+1

It is easy to see that:

Yo+ ...+ Ynt1  T1+ ...+ Tpyl

n+1 o n+1 ’

and thus, by Jensen’s discrete inequality, we have that:

f )+ o+ [ (Yni) > f (yl +-~~+yn+1>
n+1 - n+1 ’

155
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That is,
1 1+ ...+ x, To+ ...+ T,

[f( ! )+f<2 “>+...

n+1 n n

—|—f <$n+1 =+ ... +1'n—1>:|

n
Z f<$1+...—|—.13n+1)

n+1

for all z; € [a,b],i=1,n+ 1.
If we integrate over xy, ..., Zn41 in [a, b]"'Irl , we get:

T+ ...+ x,
n+1 / / ( ! >d$1dl’n+1+
/ / (xn+1+ T 1>d:v1 dr +1]
1+ ... +xTp
[

b b
/ / (“" to m") dz...dzn
a
_ / / <93n+1+ AT 1>dx1 AT
b—a / / <l‘1 *- —|—.Tn) dl‘l...dl’n,

we obtain the inequality (4.1)).
By Jensen’s integral inequality for multiple integrals we also have

A (f) = bia / / <x1+ +I")dac1...dxn
f((b—a)"/a /a [W} dxl...dxn>.

As a simple calculation shows us that:

n/ /{mle +xn] dry...dx,,
(b—a

B (b—a)”1 _a+b
 (b-a)" /axdx— 2

the first inequality in (4.2) is proved.
(ii) The second inequality in (4.2)) follows by (i) and the theorem is thus
proved.

and, as

Y
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As above, it is natural to consider the following sequences associated with the
convex mapping f: I CR — R [6]:

1 b b 1+ ... +Tp_1+ atb
B'r(ll) (f) L= (b)nl/ / f ( ! n ! 2 dl’l...dfﬂn,1
—a a a
1 L RIS (s L)
B£12) (.f) L= (b)n_Q/ / f ( ! n 2 2 dﬁCl...dl’n_Q
—a a a

which are defined for n > 2.
The following theorem contains some properties of these sequences [6]:

THEOREM 103. With the above assumptions, one has:

(4.3) B () < BW (f) for1<i<n—2,n>3,
i.e., {B,(f)} 18 monotonic nonincreasing and
i=1,....n—1
b . -
(4.4) f(a;_ >§B,(f)(f)§z4n(f) form>2 i=1,n—1.

PrOOF. By Jensen’s integral inequality, we have

) 1 b b s (a+b)
BO(f) + =— / / pote s TR
(b*a) a a n
1 b b 1
(b—a) b—a

(a+b)
r1+...+x T it
></ ( 1 n—i—1 n—i >d$n1‘| dxy..dz,_;—1
a

n

1
)nzl

n—i— 1 (a+b)
/ / <x1 +.. 4z 1+ (@i+1) dry..dx,_; 1
n

— B(H-l) (f)

for all 1 <i <n — 2, and the inequality (4.3)) is proved.
For the first part of (4.4]), it is sufficient to prove that By(l"_l) H=>f (“TH’) .
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By Jensen’s integral inequality, we have:

b (n—1)(a+b)
B’I(Ln_l) (f) _ 1 / (3:14-2) dx;

f
</b x4+ (p=l(atd) (a+b) dm)]

Vv
@

i
(a—2|—b

Finally, we also have:

b b

r1+ ...+ xp

An(f) = (b_a ’ / f( - )dxl...dxn
b

.’E1+ +:En

(b—a n 1/ / <b—a/ |: n :|dxn> dxl...dxn,I
(a+D)
= %/ / f M F AT T ) gy dan s
(b—a) a a n

= B (f),

which proves the second part of (4.4)) .
The proof is thus completed. i

Y%

Now, let us assume that (g;),~, are positive real numbers and define the se-
quence [49]:

A (fq) / / (q1x1+q2$22+"'+q””””>dml...dxm
n

where Q,, := Zi:l Q.
We have the following result proved by S. S. Dragomir and C. Buse in [49].

THEOREM 104. Let f : I C R — R be a convex mapping and a,b € I with
a < b. Then one has the inequalities:

(4.5) An (f) < Ay ( /f Ydz, n>1
for all g = (q;);5, with ¢; >0 (i > 1).
PROOF. Let us consider the elements:

Y1 (rz1 + o+ ...+ gny)

_ b
CQn

Y2 (gnz1 +rza+ ..+ gno12y)

_ b
CQn

1
Yn = Qn (g221 + q32 + . + Gnn—1 + Q1 7n) -
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A simple computation shows that:

Y1 +y2++yn71 +yn - 1+ T2+ .. FTp_1+ Tp

n n

and then Jensen’s inequality,

Fa)+F@)+ ot f W)+ F ) > f (yl—l——i—yn)

n

S

yields that:

% <f {Qn (11 + .. +qnxn)] +ot f {

> ¢ (zl + 29 + ...n+ Tp1 + zn>

0. (g1 + ... + (hfn)])

for all z; € [a,b] and ¢; > 0 with @,, > 0.
Integrating this inequality on the n—dimensional interval [a,b]" , we deduce:

[ b—a) / / < (@171 + g2 + ... + ann)) dxi...dx, + ...
b / / < (g1 + ... + qlxn)) da:l...da:n]
—a)
> ;n/ / s T1+To+ o+ Tpog + Ty, dor i
(bi a) a a n

Since it can easily be shown that

—a) / / ( (121 + gea + ... + qnxn)) dzy...dz,
= / / < (gex1 + ... + qlmn)) dzxy...dz,,

the first inequality in l) is proved.
By Jensen’s inequality, we also have

f <Q1CU1 + qxo + ... + qn$n> < o f(x1) +aof (x2) + ... +anf (xn)

Qn Qn
Integrating this inequality over [a,b]” , we obtain
Ay (f,q) = b= / / <(J1I1 +q2x22+...+qnxn) dxy...dx,

< (b_@)"/a /a [Chf(ml)+q2f(g22+'"+q”f(x”)}dxl...dacn

1 b
— o [ @

and the proof is thus completed. i
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It is also natural to consider the following sequences associated with the convex
function f, to the sequence of positive weights ¢ = (¢;),~, and to the permutation
of the indices (1,2,...,n),0 :

1 b b do(1)21 + ... +qg n—1)Tn—1
B7(11)(f7QuU) : :W/n-/f[ W ( )
- a a

Q@n

(at+b)
+2Q%w] dl‘l...d.’L’n,]_
1 b [T e o) T2
BP (f.q.0) : =7// {"” 7(n=2)%n

(f ) (b_a)n_2 a a f Qn
(a+b)

+ D) (QU(nfl) + qo(n)) d.]fl...dJ?n_Q

Qn
1" Taomz + 2 (go) + o+ 40
B’r(Ln_l) (fq0) : = b_a/ f |f1 (Hx1 2 C(gq (2) q (")) dy

which are defined for n > 2.
The following theorem contains some properties of the above sequences [49].

THEOREM 105. Let f, q; (i =1,n) be as above and o a permutation of the
indices (1,2,...,n). Then one has the inequalities:

b
(46)  f (a; ) <BI (f,q,0) < .. < BY (f,4,0) < An(£,9).
Proor. By Jensen’s integral inequality, one has

b (a+d)
1 / f (QG(I)zl + P} (qa(2) + ...+ QU(n))> dr,

b —a Qn
1 b do(1)T1 + “‘5”) : (QJ(Q) + ...+ QJ(n))
> f dr,
b—a a Qn

a+b
1(50)
which proves the first inequality in (4.6)) .
Now, by Jensen’s inequality, we also have

1 b Go()Z1 + ... + Qo (k) Tk + (“;b) . (q<7(k-+1) + ...+ qa(n))
f dxy

b —a Qn
f <qa(1)331 + o F Qo(k—1)Th—1 + (‘“Qrb) . (qg(k) + ...+ QU(n))>

>
Qn
for all 1, ...,xx_1 € [a,b], which gives, by integration on [a, b]k*1 , that
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and the second part of (4.6]) is thus proved.
For the last part of (4.6, we observe that:

1 b (Ge()T1 F oo+ Qo(n)Tn
dxy,
b—a/a f( On *

> do(1)21 +.. 4+ do(n—1)Tn—1 + (a-2|-b) “Go(n)
> f
Q@n
for all @1, ...,2,_1 € [a,b], which gives, by integration on [a,b]"” ", that
Gdo(1)T1 + . + Go(n)Tn
dzy...dxy,
b - a / / ( Qn o v
S

b)

} Go(n)

a
/ / do(1)®1 + - + Go(n—1)Tn—1 + [

@n

aﬁl...dxn,l.

Since

/ / <QU )LE] +Q +QJ( )xTL)dxld.’En:An (f7q>

for every o a permutatlon of the indices (1,...,n) . The proof of the theorem is thus
completed. NI

2. Convergence Results

We shall start with the following theorem which contains a result of convergence
for the sequence A, ( f) defined by:

A, (f) / / <x1+ +x")da:1...dxn, n>1,

where f: I C R — R is a convex mapping on the interval of real numbers I and
a,b € I with a < b (see [6]).
THEOREM 106. With the above assumptions for f, I and a,b, we have:

lim Ay (f) = inf {4n () In 2 1} = f(a+b>

n—oo

Firstly, we shall state the next lemma which is also interesting in itself [6]:

LEMMA 12. Let g : R — R be a bounded and Lebesgue measurable function on
R. If a,b € R, a < b and g is continuous at %rb, then

. 1 b b T1+ ... + Ty a+b
nh_)ngo (b—a/)n/a A g <n> dl’ld‘rn =g ( 5 > .

PROOF. We shall give a probabilistic argument following [6].
Let (X,), X, : (,F,p) — R be a sequence of independent random variables
which are uniformly distributed on the interval [a, b] . By the use of the “strong low
of large numbers”, we have

X1+X2++Xn —)a‘e'M(Xl): a+b
n 2
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The mapping g being Lebesgue measurable on R and continuous at “T*b, we obtain:

<X1+...+Xn> e (a+b>
g\ ———————| — ' ¢ .
n 2

Using the dominated convergence theorem of Lebesgue, we obtain:

Xi+..+X, a+b a+b
g\l—————)dp— [ g ——)dp=yg :

However, X3, ..., X,, are independent and the repartition p o (X, ...,Xn)f1 of the
vector (X7, ..., X,,) has the density p (z1,...,2n) = p(21) ...pn (Tn), Where p; (z;) is
the density of the random variable X;.

Since X; (i €N, i > 1) are uniformly distributed, p; (z) = (b—a)”" if z € [a,b]
and p; () =0 if € R\ [a,b], ¢ > 1. Then

(220
/" g (a ; b) d (po (X1, ...,anl) (21, 00y )

1 bt ot T

and the desired result is obtained. I

ProoF. (Theorem [106) If f : I € R — R is convex on I, then the map ¢ :
R—R,g(x)=f(z)if x € I and g(x) =0 if x € R\I, satisfies the conditions in

the above lemma and then
lim A, (f) = f <a+b> .

n—oo 2

The fact that lim,, o A, (f) = inf {A4,, (f) |[n > 1} follows by the monotonicity of
A, (f) (see Theorem [102)). 1

The following corollary holds [6]:

COROLLARY 31. Let f : I CR — R be a conver mapping defined on the interval
I and a,b € I with a < b. Then we have the limits:

lim BU D (f) = ... = lim BY (f) = f <“+b>.

n— o0 n— o0 2

PROOF. The argument follows by the above theorem and from the inequality:

/ (a;b> <BM Y (f) <. < BY(f) < Ap (f) forn > 2,
which were proved in Theorem [I03] I

Now, let us assume that (g;),~, are positive real numbers and reconsider the
sequence

1 ooyt o+ o + Gy
An (va) = (ba)n/ .../ f (qlml quZQ n >d.’171...d[rn.

The following theorem contains a sufficient condition for the convergence of A4, (f, q)
as follows [13]:
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THEOREM 107. Let f: I CR — R be a convex mapping defined on the interval
I and a,b €l with a < b and ¢; (n) > 0 for all i,n > 1. If

2 2
oy B0+t 2 ()

where Q, = >, ¢; (n), then we have the limit:
lim A, (f,q)
1 bt ot (0) Ty

n—oo Qn

- (3

Firstly, we shall prove the following lemma which is itself of importance [13]:

:O,

LEMMA 13. Let f : [a,b] — R be a Lebesgue integrable function on [a,b] and
continuous at the point “$2. If ¢;(n) >0 (i =1,n), n > 1 are such that

2 2
fy B+t @R ()

=0

then

. 1 g1 (n)x1+ ... + qn (n)xn>
lim 7,1/ f ( d...dz,
n—co (b—a)" Jigpn Qn !

a+b
- f( ! )

where the above integral is considered in the Lebesque sense.

Proor. Now, it is clear that the above integral exists and choosing z; = a +
t;(b—a), i =1,n, we get:

1
/ s (q1 (n) 1+ ... +qn (n) wn> dey..de,
[a/7b]7L

(b - a)n Qn
t n tn
_ / f(a—i—b-ql(n) 1+t () )dtl...dtn
[071]” Q/’L
Since f is continuous at xg = ‘LT'H’, for each € > 0 there exists a § > 0 such that

|z — 2| < & implies that |f (z) — f (42)| < 5.
Consider the mappings ¢,, : [0,1]" — [a, b] given by

Qn
where t = (t1, ..., t,,) , and define the sets:

Yl ()t + o+ g (0 1]
. 5}.

> 6% forall t € As (¢,,)

¢ (1) = a+

As (p,) = {t €10,1)":

on (1) / on () ds
[071]7l

n

As (¢,,) are Lebesgue measurable in [0, 1]
If As (¢,,) # ¢, then

on®) = [ pus)ds
[0,1]"
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and thus
2
/ (mw— / son<s>ds> dt
[0,1]™ [0,1]™
2
> ( 0- | @n(S)d8> dt
As(e,) [0,1]™
> %mes (As (o))
That is,

2 — S S Qmes .
an [ o (/[O’Wsmm) dt > §%mes (4 (¢,.)

However, a simple calculation shows that

/ 2 (1) dt
[0,1]"

:/ [a2+2“'b_a(ql(n)t1+...+qn(n)tn)
(0,1]" Q

n

(b= a)’

52 dt

+ (g1 (N) b1+ oo+ qn (n) )°

— 21alb-—a (b—a)2
= +a(b—a)+ Q2 [

and

2
/ o, ) dt| =a*+a(b—a)+
[071]’” 4

By the inequality (4.7)) , we obtain:

2
/ 2 (t) dt — / on (1) dt]
[0,1]™ [0,1]™

(b—a) @)+t )
12 @
> §%mes (A5 (,,)) -
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Now, we have successively:

/ f(%(t))dt—f(“‘;b)‘

[0,1]™

/ a+b
[0,1]™

Fonn -1 (%

/ P )~ £ (5
[0,1]"\As(¢,,)

a+b)
+ o () —
/Aa(%)f(w (1) f( :

< < + 2Mmes (As (v,,))

IA

dt

)
<a+b

K

i

212 Q7 ’
where M = sup{|f (z)| : « € [a,b]}.
As

2
e 2M (b—a)? _ @ (n)+ ...+ 4 (n)
2

g (n) + ... +q; (n)

Qx

hence, there exists an n. € N such that
M (- @+t <
6> 12 Q3 2

for all n > n.. Thus, we have

JRRICAOLEY, (“;b)| <

and the required limit is proved. i

PRrROOF. (Theorem 107) Since f : I — R is convex on I and a,b el, fis
continuous on [a,b]. Now, applying Lemma and observing that

— 0,

/ f <q1 (n)a1+g2(n) 22+ ... +¢n (n) x”) dzy...dzn
fa5]" Qn
_ /b.../bf <(11 (n) x1 + g2 (n)52+~~+q" (”)x”> dzy...dz,,

where the last integral is considered in the Riemann sense, the proof of the theorem
is completed. i

The following corollary holds [13]:

COROLLARY 32. Let f : I C R — R be a conver function on I, a,b el with
a <bandq;(n) >0 foralli,n > 1. If

gt (n) + ... + a5 (n)

i Q2 =0
then b
lim Bflnfl) (f,q,0) = .... = Bfll) (f,q,0)=f (a—2|— )

for all o a permutation of the indices (1,2,...,n).
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PROOF. The proof follows by the above theorem and by the inequality

f(a;rb) <BO D (f,4,0) < . < BD (f,0,0) < An (fq), n > 2,

which was proved in Theorem ]

3. Estimation of Some Sequences of Multiple Integrals

For an integrable mapping f : [a,b] — R, let us define the sequence of func-
tionals by the following multiple integrals:

R (CE 10}

+f (371 A +nxn71 + a>:| d.’IJl...dZL'n,l

for n > 2 and

A, (f) / / <x1+ +xn>dx1...dxn for n > 1.

The following lemma holds [37].

LEMMA 14. Let f : I C R be a differentiable function on I and a,b el with
a < b. If f' is integrable on [a,b], then we have the equality:

(4.8) Ln (f) — An
- ﬁ b—a / / <$1+ +x") <$n_a—2|—b> dxq...dz,
for alln > 1.

Proor. For n =1, we must prove that

{UE{UN _a/ ‘o b_a/ f o ( _a”)dm.

Indeed, by an integration by parts, we have that:
/ £l

/f ( a+b>da: ~ ot (x_a—i-b)
_ (b*a)(f(; f () 7/af(z)dx

and the required identity is proved.
Let us prove the equality (4.8) for n > 2.

b
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By an integration by parts, we have:
/bf’ (331 +...+xn) (xn _ a+b> dz,,
a n 2
<m1+...—|—xn) ( b) b
nfl———— | | zn —
n 2
_ n{ba [f (zl+...+xn_1+b> +f<z1+...+xn_1+a>]
2 n n

_/bf<x1+'7’l'+x”>dxn}.

If we integrate on [a, b]

S
4+

, we have that:

)"
b—a / / (I1+ HU") (xn—a;b) dzy...dzy,
= 7/ / b—a[f(x1+...+xn1+b>
el B M _
:‘f (ail—’_m—'_xnl—'_a)} dxy..dx,_1
/ / (ml i xn> dxy..dx,
) W/a ()

v (xl—i—...—i—mnl—i—aﬂ doy.den

/ / (”31+ +x">dx1..dxn
= Ln(f)

and the identity (4.8)) is proved. I

By the use of the above lemma, we can point out the following estimation
results for the sequences defined above [37].

THEOREM 108. Let f : I CR — R be a convex function defined on the interval
I and a,b €I with a < b. Then we have the inequality:

(4.9 0409~ 1 (“57) S nlin (1)~ 4, (1)
for alln > 1.

PROOF. For n =1 we have

1a/a”f(x>dx_f<a;rb>Sf(a);f(b)_bla/abf(x)dx,

which is Bullen’s inequality.
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We can assume, without loss of generality, that f is differentiable and convex
on I. Thus, we have the inequality

a+b Ty + ... +Tp at+b T4+ ..+z, P AT SR
() () = () ()

for all 1, ..., 2, € [a,b].
Integrating on [a,b]", we get that

a+b
f( ) A ()
( Tt +xn)f/ (xl—i—...—i—mn)dxlmdmn

n n

( )f’ (“*nﬂ”") duy...dz,,

b b
/ / x1f! <M> dzy...dz,,

a a n

b b
= [ [ s (++) diy..di.

Using Lemma[T4] we have that

/ / (‘”b xn) f <$1+n+x") dy...dz,

G—a"
NN ) ,

v

as

and from the above inequality we get (4.9) . I

Another result of this type is embodied in the following theorem [37].

THEOREM 109. Let f : I CR — R be a convex function defined on the interval
I and a,b €I with a < b. Then we have the inequality:

(4~10) 0<A, (f) - An+1 (f) <

for alln > 1.

Proor. For n =1 we have to prove that

sk o [ [5(E52)n
;lf(a)—;f(b)_ba/a f(xm]’

which is known (see Corollary Chapter [3)).

IN
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We can assume, without loss of generality, that f is differentiable and convex
on I. Thus, we have the inequality

1+ oo+ Ty x1+ ... +xy
() o ()

1+ ...+ Tpy1 T+ ...+ x, P A s O o
> - f
n+1 n n
o [n@pgr — (21 1) I Ty + ...+,
n(n+1) n ’

for all zq,...,2p41 € [a,b].
Integrating on [a,b]" ™", we get:

An+1 (f) - An (f)
b b
/ / Nxpi1 f (W) dxy...dx, 1

1

b—a)"Mnn+1)

/ / 1+ o+ xn) f <m1 te - +x") dml...dxm_l]

T + .. +:17n
dry...dx,
(bfa)n+1n(n+1 / / ( > o
b
—n(b—a)/ / Tn f' <931+n—|—;z:7,) dacl...dxn]
b b

/ / (a—|—b — xn> f (xl te +xn> dxl...dacn]

a a 2 n

= n+1[An(f)_Ln(f)]a

and the inequality (4.10)) is proved. I

Y

(b—a)"(n+1)

Next, we shall point out some estimations for the difference L,, (f) — A, (f)
(see [37]).

THEOREM 110. Let f: I CR — R be a differentiable function on I and a,b el
with a < b. If |f’|2 is integrable on |a,b], then we have the inequality:

(4.11) Ly (f) = An ()]
<x1 +...+ xn)

V3 (b—
6n\f (b—a)"

Proor. If | f/|? is integrable on [a, ] , then f’ is integrable on [a, b] and we have

the equality (see Lemma [14)):

(f)

L,
= l / / (ml Tt - +:pn) <93n _at b) dxq...dx,,.
n 2

2

2
d:cl...da?n]

for alln > 1.




170 4. SEQUENCES OF MAPPINGS ASSOCIATED WITH THE H. — H. INEQUALITY

On the other hand, it is clear that

/ / <$1+ +-Tn) <x1+"'+xn) diZ?1---dxn7
n

and thus
L” (f

T+ ...+ Ty 1+ ...+x, a+b
= - dxldq:n
— a n 2

for all n 2 1.
If we apply the Cauchy-Buniakowsky-Schwartz integral inequality, we have

(4.12) Ly (f) — A (f)| 1
(“”14’ +x">’2da:1...dmn>2

( b—a
1 b b 2
1 boob T b\ >
A= 771/ / it At at dzry...dx,.
(b_a’) a a n 2
We have:

Let us compute:
1 b b q ) )
A = W/ / 3 ]+ .+, +2 Z ;T dxq...dx,
a a 1<i<j<n

a+b 1 b b 1+ ...+ Ty, a+b 2
9. . _ - —— | dz;...dz,
2 <b—a>”/a /( n B )

However, a simple calculation shows us that:

1 1 b b
ﬁm/a /a R Z z;x; | dxy...dzy

1<i<j<n

2
1 1 b, nin—=1)( 1 [°
= 3 n.(b—a)/a xodr+2- 5 b—a/a xdx
1 b —a? +2(n71) a+b\’
~ n|3(b-a) 2 2

e
bfa

a+b
- (b—a)/a vdr = —5

Nl

1+ ...+x, a-+b

and
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Thus,
1 |a?2+ab+b? a+b\> a+b\>
A= —|—m -1 —
e () - ()
_ l a2+ab+b2_ a+b 2
on 3 2

Using inequality (4.12) with A as above, we easily obtain the inequality (4.11]) . We
shall omit the details. I

COROLLARY 33. Let f : I CR — R be a differentiable function on I and a,b el
with a < b. If M :=sup,¢(q |f' (¥)] < 00, then we have the inequality:

V3(b—a)M

(113) La () = 4 (] < L2
for alln > 1.

The above corollary allows us to state the following estimation result for convex
mappings [37].

THEOREM 111. Let f: I CR — R be a convex function on I and a,b el with
a <b. If M :=sup,c(q 4 |f' (z)| < oo, then we have the inequalities:

(4.14) ogAn(f)—f(a;b> < ﬁ(g\;ﬁa)M, n>1
and
(4.15) 0< Ay (f) - Ay (f) < VBO—@M

STV "

Moreover, we have that:

le n? [An(f)—f(a;b)] :0f0r0§p<%

and

lim n?[A, (f) — Ant1 ()] =0 for 0 < g < g

n—oo

Next, we shall point out some estimation results for the weighted sequence

A (f,q) = / / (qur +qnxn>dm‘1...dmn

for all n > 1, where ¢; >0, i =1 37].
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THEOREM 112. Let f: I CR — R be a convex function on I and a,b el with
a<b If |f_’|r’2 is integrable on [a,b], then we have the inequality

@10 0 < 4,007 (%57)

V() 0w
: 5.

1
2 2
4 (Wl +Q + W”) ‘ dxl...da:n]

forn > 1.

PROOF. By the convexity of f, we can write that

Q1+ ... + oy a+b
() - (5)

QT1+ ...+ oy a+b QT1+ ...+ Gy
< - fi
Qn Qn

for all zy,...,x, € [a,b].
If we integrate over [a,b]" , we obtain

(@17 Au(fa) - f(“*b)

/ /<1x1+ +qnxna+b>
—a

><f_’~_ <Q1$1 +Q + qnxn> dzy...dz,

@11+ ... + qnTn a+ b
< T —
N [( - a / / ( Qn 2 dIl dmn]
> [ / / f+ <QI-Z'1 + ...+ Qn$n>‘ dl’l dxn]
— Cl

Q@n
on using the Cauchy-Buniakowsky-Schwartz inequality for the last inequality.
Now, denote

1 boob o Gun b\?
B = 771/ / QLA ¥ T 2 dxy...dx,, n > 1.
(b_ (l) a a Q’ﬂ 2

IN
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Then we have

1 1
B = T
/ / q1m1+ +qnﬂcn+2 Z ;%:q;x;5 | doy...dx,
1<i<j<n
b 1 bbb o
(e
2 (b_a’) a a Qn
a+b 2
(%)
However,

n

1
Qi' b—a) / / Z 2z2+2 Z ¢ix;qjx; | doy...dx,

2
n 1<i<j<n
b 2
1 2
= @ qu . / dr + 2 Z q,qj< — /xdx)
n L 1<i<j<n a
1 b2+ab+a2 n a+b\2
| nie X (s
"L j=1 1<i<j<n

and

} dxy...dx,

)
b a+

{qlxl + ...+ gy
Qn

1 b

= dx =
bfa/a rar 2

Then we have

1 "L, (b +ab+ a? a+b\> a+b\’
B= g e () T oan(f50) |- (%
nolj=1 1<i<j<n
1 - b2 +ab + a? a+b\? a+b\?
-2 Z%Q'(S )+2 > qiqj( A
o=t 1<i<j<n
As
qu+2 Z 445,
1<i<j<n
then

n

1
B:@Z

n :
2
(b—a) Zj:l (Ij
12Q?2 ’
Using the inequality (4.17)) , we deduce the desired inequality (4.16]) . B

b2 +ab+a 3 <a+b>2
2
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COROLLARY 34. With the above assumptions, given that M := sup,c, 4 |f' ()] <
00, we have the inequality:

N|=

VB(b—a) (S5 4})
6Qn

(418)  0<Au(f)-f (;b) <

forn > 1.

2
2145

REMARK 57. Note that if lim,,_, o = 0, then, from , we recapture
the result from Theorem (107

The following result also holds [37]:

THEOREM 113. Let f : I € R— R be a convexr function on I and a,b el

with a < b. If |ij|2 is integrable on [a,b] and q; > 0 (i € N*), then one has the
estimation:

(419) 0 < A, (f,q) — An (f)

2 3
7 (Q1$1 +Q + qmm)‘ dxl...da:n]

for all n > 1, where Qy, := Y1, ¢;.

PRrROOF. Using the convexity of f, we have that
q1T1 + ... T gnTy ry+ ...+ Ty
at )=o)
Qn n
- +

<

Qn n @n

for all 1, ..., 2, € [a,b].
Integrating on [a, b]" , we obtain

1 b b qim F o+ gt x1+...+xn>
o | [ (% ;

x fh <q1x1 +Q * qnd:") dzi...dz,

1
1 b b QT+ ...+ Ty, T+ ...+ Ty 2 :
S [WL /a < Qn — " > dxldafn

1 b Yl (@ e gt :
X[(b—ar’/a A )

2
Qn dscldxn] 5

by applying the Cauchy-Buniakowsky-Schwartz integral inequality for the last in-
equality.

IN
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Let us define

1 b b o G etz \?
Cim o [ [ (DB DL DI
(b_a) a a Q’Vl n

Then we have:
1 1

Qin? (b—a)”
b b
X / / [(ng1 — Qn) 1+ ... + (Ngn — Qn) xn]2dx1...dxn

1 1 b L 9
= nQQ%'i(bfa)n/a /a ;(nqj—Qn) X

+2 Z (ng; — Qn) (n(Ij —Qn) x| dxy...dzy,

1<i<j<n

1 " 1t
= V202 Z (ng; — Qn)Q m/ rdx
n le a

b 2

C:

<i ] n
1 " 2a2+ab—|—b2
= 5o Z ng; —
n?Q? = 3
a+b 2
+2 (ngi — Qn) (ng; _Qn)< 5 )
<i ]Sn
1 ~ a® 4+ ab+b? (a+b)2
= 52 Z ng; — -
n*Qy Ll 3 2
_l’_

+(a2b) 2 (g =Qu)*+2 3 (ngi = Q) (ng; ~ Qu)

j=1 1<i<j<n

However, it is easy to see that
n
2
(ng; —Qn)>+2 > (ngi — Qn) (ng; — Qn)
1 1<i<j<n
2

<.
I

n

Z (ng; — =0.

Jj=1

Hence,
E;‘l:1 (Qn — an)Q (b— a)2
Q2n2 12
Finally, by using inequality , we deduce the desired inequality N |

C:

175
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COROLLARY 35. With the above assumptions, given that M := sup,c, 4 |f' ()] <
00, we have the inequality:

2

V3b—a)M | (q 1\
(4.21) 0< A (frg) — An () < V2O Z(gﬂﬂ)

j=1
for alln > 1.
REMARK 58. If we assume that q; > 0 (i € N*) are such that

7 2
lim ZjL:1 (Qn - an)

n—00 Q%nQ

:07

then we have

lim [A, (f,q) — An (f)] = 0.

n—oo
4. Further Generalizations

Now, let T' be a nonempty set and m be a natural number, with m > 2. Suppose
that aq, ..., : T — R are m functions with the property

@; (t) >0 (i=1,m) and oy (t) + ... + am (t) =1 for all t € T.

Consider f: I CR — R, a given convex mapping in the interval I and a,b el with
a < b. We can define the following sequence of mappings [57]

b
M@ = bia/ ! <a1 (8) + 21 (2 (t) + . + m (1)) “;b> day
b b
HZ[W] (t) . (bla)Q/ / f<a1 (t)I1+OLQ (t)ﬂ?g
4 (g (1) + o+ o (1)) 25 b) dardas

b b
7™ @) :(b—al)ml/ / f(al(t)x1+...+am1(t)xm1

b
Fam (1) a;) dzy...dzm_1

and
b b
HM (1) .= (bla)m/a /a floar () + ..+ am (B) Tp) dzy...dTyy,

where ¢ is in T
The following theorem holds [57]:

THEOREM 114. Let f, «; (z = 1,m) and m be as above. Then:

(i) We have the inequalities:

(4.22) f <

b m m ’
“ )SH{ <. <HL 0<a 0 = [ @

m= b—a
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forallt €T,
(i) If there exists aty € T such thatas (to) = ... =, (to) =01 <p<m—-1),
then
m m b
(4.23) nf H™ (1) = H™ (1) = f (a; ) for 1< 1< p;

(iil) If there exists a t1 € T such that o, (t1) =1 (1 <p<m—1), then

b
(4.24)  sup H™ () = sup H™ (£) = H™ (t,) = HI™ (1)) = 1 / f () dz

teT teT b—a
and
) (] _ i) _ a+b
(4.25) inf H™ (1) = H™ () =/ ( 5 )

forallp<l<m—-1land1 <qg<p-1,;
(iv) If T is a convex subset of a linear space Y and the o (z = 1,m) satisfy
the condition

ai (Yt + Btz) = o (t1) + Bai (t2), (i =1,m)

for all t1,ty in T and ~,B with v+ B = 1 and v,5 > 0, then Hl[m]
(1<Ii<m-1) and H™ are convex mappings on T.

PROOF. (i) By Jensen’s integral inequality, we have that

b
f (Oq (t) - bia/ z1dzy + (an (t) + ... + (1)) a+b>

2
a+b
- (%)
for all t € T, which shows the first inequality in (4.22)) .

Now, suppose that 1 <1 <m — 2 and t € T. Then, by Jensen’s integral
inequality, we also have:

HIT (1)

b b
(b—la)lﬂ/ / f(Oél (t) w1 + oo 4 g (B) T4

a+b
+ (al+2 (t) + .oty (f)) 2) dxy...dz;1q

b b
=y f(m(t)m...m(t)xl
b

1 a+b
b —a / Tip1dzie + (OzHg )+ ... +am (t)) 5 ) dxq...dx;

" ()

Y]

Y

= Hl[m] (t) ’

which shows that the finite sequence {H l[m] (t) }z is monotonic non-
=1l,m—1

decreasing for all t € T
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(ii

~—

On the other hand, Jensen’s inequality yields that

Him (t)
1 b b
> —— / / floar @z + ...+ am1 () Tm-1
(b — a) a a
1 b
+ay, (t) = a/a T dTy, | dzy...dT;m—1
= a5 ()
forallt € T.

Finally, by the convexity of f, one has:

f (011 (t) T+ . oy (t) xm) <o (t) f (.1‘1) + .o toy (t) f (xm)

for all t € T and z; € [a,b] with i = 1, m. Integrating this inequality on
[a,b]™ , we derive:

b b
/ / flar (@) x4+ .o+ am () 2m) dzy...dx,

IN

b b
// (01 (&) £ (1) + s+ Com () F (00)] A1 AT
b
— -0 [ f@

which implies the inequality

HI (1) < b_a/a f (@) da

for all ¢t € T, and the statement (4.22) is proved.
Ifar (to) =...=ap(to) =0 (1 <p<m—1), then

Qpi1 (to) + ...+ oy (to) =1.

Therefore,
H" (to)
1 b b a+b
= (b_a)P/ / f (ap+1 (t0)+'"+am(t0))T dxl...dxp
a+b
- ()

Since

a-+b m m
F(*57) < Y 0 < o < Y (1),

the statement (ii) is proved.
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(iii) If o (t1) = 1, then a5 (t1) = 0 for all s # p (1 <s <m). Then for
p<Il<m-—1, we have

. 1 b b 1 b
Hl[ ](tl) = (b—a)l/a /a f(xp)dxl...dxp:m/a [ (z)dz
b b
_ (b—la)m/ / £ (2p) dey...dp,
_ H[m] (t1)~

If1<qg<p-1, one has

b b
HIM (1)) = ﬁ/ﬂ /a f (a‘;b> da:...dzy = f (a‘;b).

Using the statement (i), we easily obtain the bounds (4.24]) and (4.25)) .
(iv) Follows by the convexity of f. We shall omit the details.

With the assumptions for f, a; (z = 1,m) , T and m, we can define another
[m]

sequence of mappings connected with H; (1 <1 <m — 1) and given by:

- 1 b b
G[1 ](t) 0 b—a/ f@)de+ (az(t) + ... +am () f <a42r >
] Lo
G0 = () +aa(®) 7 [ F(@)dat(aa )+t am (1)
a+b
s (%)
[m] 1 b a+b
L) = oa )+t ama () o [ @)t an (0 (2
forall t € T.
The following theorem also holds [57].
THEOREM 115. With the above assumptions, one has:
(i) The inequalities
1 b
f(5) s s <cih s [ @
2 b—a/,
hold for all t € T
(ii) For alli=1,m, one has
Hi[m] (t) < G’Em] (t) for allt €T,
(iil) If there exists aty € T suchthat oy (to) = ... =, (tg) =0 (1 <p<m—1),

then:

inf GI"™ (1) = GI"™ (to) = f (

teT

a+b

)foralllglgp;
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(iv) If there exists at1 € T such that oy (t1) = 1, then

m m 1ot
p 617 (1) = G (1) = - [ Fyar

teT

and

teT 2

inf Gl (1) = Ggml(tl):f<“+b),

forallp<l<m—-—1landl1<qg<p-1,;
(v) If T is a convex subset of a linear space Y, f (a;rb) > 0 and the «;

(i = 1,m) are conver mappings on T, then the Ggm] are conver on T
foralll =1,m — 1.

PROOF. The argument of (i), (iii), (iv) and (v) are obvious by the definition of
Ggm] (I=1,m—T). Let us prove the statement (ii).
Since f is convex on I, one has

b b
Hi[m](t) = (bla)l/ / f<a1(t)x1+...+ai(t)$z‘

b
4 (@igr () + o+ am (8)) “;) day...dz;

IN

|f3q )+t (t) f (21)

+lag1 )+ .o+ am @) f (a ;_ bﬂ dxy...dx;
= GM@,i=T,m—1

for all ¢t € T, which proves the statement (ii). il

5. Properties of the Sequence of Mappings H,

Let I € R — R be an interval of real numbers and a,b € I with a < b and
f: I — R be a mapping with the property that it is integrable on [a, b]. Then we
can define the following sequence of mappings H,, : [0,1] — R given by

_ Tit .+ T a+b
H,(t):= b—a / / < +(1-1%) 5 )da:l...dxn

forn>1andte0,1].
Some properties of this sequence of mappings are embodied in the following
theorem [24].

THEOREM 116. Let f : I C R be a convex mapping on I and a,b € I with
a < b. Then

(i) The Hy, are convex on [0,1] for all n > 1;



5. PROPERTIES OF THE SEQUENCE OF MAPPINGS H, 181

(ii) One has the inequalities:

(4.26)  f (a ;L b)

< Hn(t)
b—a n+1/ / <.z1+ o (1—t)9ﬁn+1> dry..dTp 1
and
(4.27) H,
g b bf<x1+ er")d de.
@ n

< / / (xl R mn) dry...dx,,
b—a

for allt €10,1];
(iii) One has the bounds

(4.28) inf H,(t)=f (a i b) = H, (0) for alln>1;
t€[0,1] 2
and
(4.29) sup H, (t)
te[0,1]

/ / (xl R x”) dzy...dx,

= Hn( ) forn >1;

(iv) The mapping H, is monotonic nondecreasing on [0,1] for all n > 1.

PROOF. (i) Follows by the convexity of f.
(ii) Applying Jensen’s integral inequality, we have that

1 b T+ ... +x
/ f(t‘lnn“‘(l_t) mn-‘rl) dp41

b—a

1 b 1+ ... +x,
f |])/ (t LT e T —+ (1 — t) l'n+1> d.’ﬂn+1‘|
—a J, n

x1+ ...+ x, 1 b
= f<t~1 - +(1 =) b a /l’n+1d$n+1>
+ ...tz +0b
_ f(t-xl - x +(1_t)_a )

for all z1,...,z, € [a,0] and t € [0,1].
Integrating this inequality on [a, b]" over the variables x1, ..., z,,, we deduce

Y
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the second inequality in (4.26)) .

By Jensen’s integral inequality for multiple integrals, we have

1+ .. —|—xn a+b
b—a / / ( +(1-1¢)- 5 )dxl...da:n
> fl / /( Sl S (1—t).a;b>dx1...dxn]
1 T, + ... + g a+b
f lt.WL /a (n> dry..dx, + (1 —1t)- 5

a+b a+b a+b
(et a0 ) = (4.

and the inequality is completely proved.
By the convexity of f on [a,b], we can write that:

1+ ...+ Ty a+b
f<t-n+(1—t)~ 5 )

< t~f(xl+"n'+xn>+(lt)~f(a;b)

for all 1, ..., z,, € [a,b] and t € [0, 1] . Integrating this inequality on [a, b]" ,
we deduce

H(t

) / / (m1+ +xn+(1—t)'a_2|—b>dx1...dacn
/ / (a:1+ +$n>dx1...dxn+(1_t).f(a;—b)7

and the first inequality in (4.27) is proved.
As we know that

f<a;rb> / / (Wr +xn>dx1...dxn,

(see the inequality . we obtain the last part of (4.27)).

(iii) The bounds (| and (4:29) follow by the inequalities (4.26)) and (4.27) .
We shall ormt the details.

(iv) Let 0 < t; < to < 1. By the convexity of f, we have that

Hy, (tQ) - H, (tl) > Hy, (tl) - H, (0)
to — 1 - (31

but H, (t1) > H, (0) (see the first inequality in (4.26])) and then we get
that Hy, (t2) — Hp (t1) > 0 for all 0 < ¢; < t2 < 1, which shows that the
mapping H,, (-) is monotonic nondecreasing on [0, 1] .

Y

We shall now give another result of monotonicity which, in a sense, completes
the above theorem [24].
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THEOREM 117. Let f : I C R — R be a convexr mapping on I and a,b € T,
with a < b. Then

(4.30) f (“ ;F b) < Hpor (1) < Hy (£) < ... < Hy (1) = H (1)

for allm > 1 and t € [0,1]. That is, the sequence of mappings (Hn)nZl 8 mono-
tonically nonincreasing.

PrOOF. We shall give two arguments.

(1) Let us define the real numbers belonging to [a, b] :

n b
"o :t-ml—'_ +x +(1_t).a+ :
n 2

To + T3+ ... + Ty a+b
yp o=t 2123 -1 ;

Ynt1 =1t

- b
R IR EL)

where z1,...,x, € [a,].
Using Jensen’s discrete inequality,

1
n+1

[f (1) + f (g2) + oo A f (Yni1)] > f <y1 +y2n++-~-1+ yn+1>

and, taking into account that:

Y1 +y2 + oo + Ynt1

n+1
1 n(ry+ ... + ) a+b
= t- H(I1—-t)-
Al e na-y
Ty + .+ 2pp a+b
= .2t Tonrl ).
we obtain the inequality:
1 T+ ...+ 2, a+b
po T T L (1 —t)
n—i—l[f( n * ) 2 )
o+ ...+ T, a+b
+f(t-2“+(1—t)- )+
n 2
( Tpp1+ 21+ o+ Ty (1_t)_a+b>}
n 2

%

+f
T1t et T (1—t)~a+b
n+1 2
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for all t € [0,1] and x4, ...,z € [a,b].
Integrating this inequality on [a,5]" ™", we deduce
1

'T1+ +.’L'n a+b
n+1 n+1/ / ( (]-_t) B )dxl...dxn+1

++7n+1/ / f(t Tnt1 1 v !
(b_a) a a n

b
at )dml d$n+1:|

T +l‘n+1 . a+b
- _a / / ( +1 +(1 t) D) > d$1...dl‘n+1.

However, it is easy to see that:

1+ ... +xy a-+b
e [ (e S
- - 7/ / f t- x7l+1 +Z‘1 + +xn—1
...... (b—a)"“ ’ ’ -

b
at )d:cl dTy41

+ (=1

+(1—-1)-

_ x1+ +xn (Z+b
= b—a / / < +(1-1%) 5 )da?l...d:cn

and thus, by the above inequality, we deduce

H, (t) > Hp41 (¢) for all t € [0,1] and n > 1.

The proof is thus completed.
(2) Now, we shall present the second proof for the above inequality.
By the convexity of f, we can state that:

f<t.a:1+.1.%.+:z:n+(1_t)'a+b)

2
1+ ..+ Tpya a+b
(e a3
T1+ o+ Tpp a+b
> (¢ =" 1—1)-
n b n b
t.u+(1_t).“+ _t.w_(l_t).“
n 2 n+1 2

1+ .o+ Tt a+b L1+ oo+ Ty — NTpi1
= tf) (t- = (1 —t)
f+< n+1 + ) 2 )( n(n+1) )
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for all t € [0,1] and x4, ..., z,, € [a,b].
Integrating this inequality on [a, b]"+1 , we obtain

Hn+1 (t) - Hn (t)

t 1'1+ +xn+1
>
= WD | / /f+< nrl
+b
+(1-1t)- a 5 > (1 + oo + Ty — NTppp1) ATy dTpyyq
_ t / /f as1+ Ti4 o+ Tpgr
 n(n+1) (_ )yt + n+1
b
+ (1 — t) . g > 1’1d1’1...d£n+1 +
CTit e T
n+1 f+ n+1
b
+(1—1)- @t )xndxl ATyt

T1+ .+ Tng1
- ”“/ /f+< n+1

b
at ) $n+1dI1...dl’n,+1:| =0

and the second proof is completed.

+(1—1)-

It is natural to ask what happens with the difference H,, (t) — f (i) which is
clearly non-negative for all ¢t € [0,1].
The following theorem contains an upper bound for this difference [24].

THEOREM 118. Let f : I € R— R be a convex mapping and f its right

derivative which exists on I and is monotonic nondecreasing on I If a,b el with
a < b, then we have the inequalities

4.31) 0 < Hn(t)—f(a+b)

2
< t /b /bf’ . x1+,,,+xn+(1_t) a+b
- b-a" ), )T n 2

X (:171 — a;rb> dxq...dx,

e e A G

+a-1-2 ;L b)F dxl...dxn]

for alln>1 andt € [0,1].

t

IN
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PRrROOF. As f is convex on I, we can write:

f@)=fy) = fi(y) (@—y) foralle,yel
Choosing in this inequality

b vty b
a+ andy:t.u+(1_t).a+

xTr =

we deduce the inequality:

a+b 1+ ...+ x, a+b
F(EE) (o Bty o)

2
1+ ...+, a+b a+b xz1+..+x,
> tfl [t —F—"T" 1-1)- — .
- f+ ( n +( ) 2 ) ( 2 n )
Integrating this inequality on [a,b]" , we derive that
b
asm () - m
2 1 n/b../ba_’_bf-l‘r t.x1+-..+xn
b-—a)" J, o 2 n
a+b
+(1—¢)- dzy...dz,

" b
/ /f+< xﬁnﬂj +(1_t)-a;r )
X (:Cl—i—n—i_m") dml...dxn} .

As a simple calculation shows that:

= / /f+< I1+n+xn+(1_t)'a;b>

n

1 b b , T+ .. + Ty a+b
= (I)—a,)n/a /a f+ (tn+(1_t) 9 >1’1d1’1...d$n,

by the inequality (4.32) , we deduce the second part of (4.31]).
Now, let us observe that the second term in the inequality (4.32)) is the integral

r= b—a) / /er( x1+n+mn (1_15)'&—2#[))

b
X <a:1 toeto. adt ) dry...dx,.
n 2
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By the well-known Cauchy-Buniakowsky-Schwartz integral inequality for multiple
integrals, we have

b b 2
« 1 /b /b a:1+...+xn_a+b 2d 2
7(()—(1)” . . n 9 L1...Tp .

As a simple calculation shows us that (see the proof of Theorem [110)):

1 b blei+ .4z, a+b 2 1 9
WL /a < " — D) ) d.rl...dﬁcn—m(b—a) ,

we deduce the last part of the inequality (4.31]) .
The proof of the theorem is thus completed. |

1
2

QU

COROLLARY 36. Let f : I C R— R be a convex mapping and a,b el with
a <b. Put M :=sup,ci, |f' (¥)] < oo. Then we have the inequality:

(4.33) 0<Hn(t)—f<a+b><t(b_a)M

2 2v/3/n

for allt €10,1] and n > 1.
In particular, we have

lim H,(t)=f (a i b) uniformly on [0,1].

n—oo 2

PrRoOOF. The argument is obvious by the above theorem on observing that,
under the above assumptions, we have

1

[ — / /{J&( x1+n+x"—I—(l—t)-a;—b)rdazl...dxnr§M.

The following result also holds [24]:

THEOREM 119. With the above assumptions, we have

(4.34) N / / <$1+ +x")d:c1...dxn
—a

ca-07(*50) - m.
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< t(lt)(bla)n/j---/ab<f'+ (W>f+ (a2+b>>

X (xl toet T CH_b) dxy...dz,
n 2
o t(1—=1) b b4+, a+b
_ (b—a)"/a /a p( B ) (o= 7 ) dayda,
t(l—t)(b—a)
2v/3/n

2 3
it [ [ ()

foralln>1 andt € [0,1].

PROOF. By the convexity of f we can write

(4.35) f(t.er(lt)a;b)f(M)

n n
T1+ ... + 2 1+ ... + 2 a+b z1+..+x
NAES ) | e R e
T+ ... +Tp a+b w1 +..4+x,
= (1-1t)f, —
L G G

for all t € [0,1] and x4, ..., 2, € [a,b].
Similarly, we have:

1+ ...+ Ty a+b a+b

w (e e (e
b n b b
> f,+<a—2|—)[t.a?1+n+x +(1_t).a—2|— _a—Qi—]

, [a+Dd at+b z14+..+z,
= U 2 n

for all t € [0,1] and x4, ..., 2, € [a,}].
If we multiply the inequality (4.35) by ¢ and (4.36) by (1 —¢) and add the
obtained inequalities, we deduce

T1+ ... + Ty a+b
f(t-n—i-(l—t)- 5 )

_tf(w> _(1_t).f(a—2|—b>
> t(1—t) {f; <xl+n+%) 7 <a;b)] (a;rbx1+.7_l.+xn>.
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That is,

for all t € [0,1] and z1, ...,z € [a,}].
Integrating this inequality on [a,b]” , we have:

0 < tH,(1)+ (1—t)H (0) — Hy (1)

< 11— V /f+(x1+n+$n>

n b b
y <fﬂl++x) dy..don + I/ (“; >a;

() [ [ i,
a+b L1+ ... +2p
- /a/a fh <n) dzl...d:cn]

1 b b +...+z,
= t (1 — t) [W/a /a f_/,’_ (xl/nx> .rld.rl...dl'n
ath, / /f+<x1+n+”">d1 dmn]a

as a simple calculation shows us that:

1 b b , (T4 xy 1+ ... +x,
W/a /a f+ < n > ( n >d$1dl’n
1 b b
= ﬁ/ / Ih <$1+n+$n> r1dzy...dT,
—a a a

and

1 b b+t a+b
—_— ——dxq...dx, = .
(ba)n/a /a n L1 @n 2

Thus, the first inequality in (4.34)) is proved.
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Now, by the Cauchy-Buniakowsky-Schwartz integral inequality, we have that

1 bt et Ty, b

1 b b , (1 + Ty, Ty +...+x, a-+b
WL /a f+ ( " ) ( n — 9 >dm1dﬂjn
< 1 /b /b 7 T+ ... + Ty 2d d
< 7([)— a)n ; . + 771 L1...ATp

» 1 /b /b x1+...+zn_a+b de d

7(()7 a)n i ; " B) 1..-ATp

and as
]-Tl/b.../b x1++$nia+b del...dxn:(bia)27
b-—a)" J, a n 2 12n

the theorem is thus proved. I

[N

D=

REMARK 59. Note that instead of the right membership in the inequality (4.34)
we can also put the term T given by

t(1—t)(b—a)
2V3v/n

o [ [ [ () - ()] o

COROLLARY 37. With the above assumptions and if M := sup,¢(, 4 |f' ()] <
oo, then we have the inequality:

T : =

[N

t(1—1t)
(4'37) 0 < tHn (1) + (1 - t) Hn (O) - Hn (t) < 2\/5\/5

foralln>1 andt € [0,1].
In particular,

lim [tH, (1) + (1 —t) Hy, (0) — H, (£)] =0

n—oo
uniformly on [0,1].

The following corollary is interesting as well.

COROLLARY 38. With the above assumptions and if there exists a constant
K > 0 such that:

[fi (@) = fiL )] < K|z —yl| for allz,y € [a,b],

then we have the inequality:

(4.38) 0 <tH, (1) + (1 —t) H, (0) — H, (t) < Kt(1-1)

2
S o -9

for allt €10,1] and n > 1.
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PROOF. The argument follows by the above remark on observing that

1 b ot L (a+b\1?
7,”/ /a |:f+ (xlnx) _f+ (a B) >:| dxldxn

b 2
n b
< / / [“*n““" —“; } dry...d,
b—a) j
B K2 b—a
o 12n '

In addition, it is natural to ask about an upper bound for the difference H,, (1)—
H, (t), n>1forall t €0,1], [24].

THEOREM 120. Let f: I CR — R be a convex mapping on the interval I and
a,b €l with a < b. Then we have the inequalities

(4.39) 0 < / / (“JF +x”>dm1...dmn—Hn(t)

<0 [a)—>// [ (5)
o <a42rb>) <x1+.7.1.+:vn a;b) da:l...dzn}
< (l—t)[bla)
/ / f (Bt (- 250 dxl...d:r,n}
_ (-t(-a
< A

1 b b , (1 + Ty, 2 :
X <(ba)n/a /a |:f+ (n>:| dxldﬂjn
for allt €10,1] and n > 1.

PROOF. By the convexity of f, we have that

f(t-w1+‘7;+$"+(1—t)-a;b)—f(x1+"'+x”>

n

> (1=t f} <m1+"'+x") [“er_ ‘r1+~~~+$n:|

n n

for all z1,...,x, € [a,b] and t € [0,1].
Now, the argument follows as above and we shall omit the details. I
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REMARK 60. In the right membership of the above we also can put the term:

(1—1)(b—a)
2vV3v/n

(e L T (=) o (45 o)

COROLLARY 39. With the above assumptions and if M := sup,c(, 4 [f' ()] <
oo, then we have the inequality:

1—t)(b—a)M

(4.40) 0<H,(1)—Hy(t) < YNNG

In particular,

uniformly on [0,1].

COROLLARY 40. With the above assumptions, and if there exists a constant
K > 0 such that

f4 (@) = f1 ()| < K|z =yl for all 2,y € [a,b],

then we have the inequality:

(4.41) 0< H,(1)— H,(t) <

foralln>1 andt € [0,1].

We shall point out now an upper bound for the difference H,, (t) — Hp11 (1),
n > 1 which is non-negative for all ¢ € [0,1] (c.f. Theorem [L17) (see [24]):

THEOREM 121. Let f: I CR — R be a convex function on the interval I and
a,b €l with a < b. Then we have the inequality:

(442) 0 < H, (t)_Hn+1

B n+1 b_a / /f+< x1+n+xn
+(1—t)- a;b> <x1 - a;rb> dxl...dxn}

< avavi v (o [ [ (2
+ (1—t)~a;b>} dxl...dxn]

for allt €10,1] and n > 1.



5. PROPERTIES OF THE SEQUENCE OF MAPPINGS H,

PROOF. By the convexity of f, we have that

f(t.:”1+"'+$”“ +(1t).a+b>f(t.x1+'7'1'+x"+(lt).

n+1 2
1+ ...+x a+b
> fﬁr(t-nn-&-(l—t)- 5 )
n b n
« t.£1—|- +I+1+(1_t>_a+ _t_$1+ +x
n+1 2 n

_ t)f;(t.wm_t).a;b)[nxnﬂ_(m,,_w)]

nn+1

for all z1, ..., 2, € [a,b] and ¢ € [0,1].

Integrating this inequality on [a, b]rhLl , we derive

0 S Hn (t) - H7L+1 (t

t T+ ...+ T
< 1—1¢
- n(n+1) / / f+( + )
X (21 +...+xn)dq:1...dxn
'a—|—b 1

2 (b—a)"

/ /f+<x1+ +$n+(1_t) a+b
/ /f+( a:l—i-n—i-xn

n—l—l

a+b

+(1-1¢)- ) r1dxy...dz,

a+b / /f+< 1+t T

b
+(1-1)- a—2|— > dxl...dmn} ,

and the first inequality in (4.42)) is proved.
Now, let us observe that

. / /f+< x1+n+xn
x(a;l—w) dxy...dx,
- b—a) / /f+< x1+n+xn

n b
X (xl to T a;r )dxl...dxn <

n

+(1=1)-

+(1-1)-

_(1_75).

) dxl...dxn]

a+b

a+b
2

a+b

a+b

)
)

-)

|

193

a+b

2

)
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(e [ L e (22 v 5 )
X((b—a/ /(lernerna;rb) . dzn>§

However, we showed that:

1 b b Tit+..+xn a+b 2 _(b—a)2
— dry...dx, = ,
b-—a)" J, a n 2 12n

and thus the last inequality has also been proved. I

COROLLARY 41. With the above assumptions, given that M := sup ¢, 4 |f' ()| <
oo, then we have

Mt (b—a)
(4.43) 0 < Hnlt) = Hn () < 503y

for allt €10,1] and n > 1.
In particular,

lim [Hy, (t) — Hup1 ()] = 0

uniformly on [0,1].
The following theorem also holds [24].

THEOREM 122. With the above assumptions, we also have the bound
(444) 0 < H,(t)— Hps1 (t)
t(b—a)

23 (n+ 1) Foar / /[f+< e

2
r-0-252) - 1 (%57 dasl...dxn]

for allt €10,1] and n > 1.

Nl

PROOF. Let us observe that

b_a/ /[f+< x1+n+xn F—p). a-z‘r-b) i(a—;—b)]

n b
X (zl toet o at ) dxq...dxy,
n 2
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1 b or 21+ o+ a+b\ [z1+ ...+,
= g o [ (T e ) ()

, [a+Db a+b T1+ ... + 2 a+b\a+b
. _ st tem 1—1¢).
+f+< 5 ) f+< " +( ) 2 9

( )<x1+ +x”)]da:1...dxn
= / / (x1+n+x"+(1—t)-a;b)x1dx1...dxn
+fjr(a—2&—b).a—2&—b
_“;rb.(b_la)n/ab.../ab ’+(t-x1+‘7'1‘+x”+(1—t)-a;rb>dx1...dxn
f+<a+b).a—2}—b
_ / /f+< x1+n+z7,+(1_t)'a~2kb)

X (xl — a2—|—b> dxy...dz,.

Now, using the above theorem and the Cauchy-Buniakowsky-Schwartz integral in-
equality, we have that:

0 < H()— n+1t)

b
b
. 7 1+ ...+ 1_ at
- n—l—l @ { ( n -t 2
_ 7 “+b Tt ”3"—““’ day...dx,,
+ 2
<ty
- n+1 (b—a)

Nl=

b b 2
x/ / {f; (t.W+(1—t)-a;b)] dxl...dmn}
1 b b+ da, ad+b)\? :
X l(b—a)n/a /a < - - ) drq...dx,
b—a T T S b
t( ) = / / [f+( 1+n+ +<1_t).a—2|— )

2V3y/n(n+1)

(220)] dd]

]

Nl=
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and the theorem is proved. I

COROLLARY 42. With the above assumptions, given that there exists a K > 0
such that

|fi (@) = L )| < K|z —y| for all z,y € [a,b],
then we have the inequality:

2 (b—a)® K2

(4.45) 0< Hy(t) — Hotr () < 12n (n +1)

for allt €10,1] and n > 1.

PRrROOF. By (4.44), we can state that

(b_ln/b.../b [fjr (t-x1+'7;+$"+(1—t)-a;b)

*f+ (a + b)} dxy...dz,

b b 2
< KQ(bt)n/ / ($1+"'+m”—a;rb> dey...day,
—a a a n

and the corollary is proved. I

Finally, note that, by a similar argument to that in the proof of Theorem
we can give the following result which completes, in a sense, the estimation in
Theorem [118| (see also [24]).

THEOREM 123. With the above assumptions, one has the inequality:

(446) 0 < Hn(t)f<a+b)

St [ Ll

+(1_t).a;rb> f+<a+b>} d:cl...dzn]

for allt €10,1] and n > 1.

[N

ProOOF. Using Theorem [118] we have:

0 < Hn(t)_

n+1
T1+ .+ T a+b
1—1t)-
b—a /f+< n + ) 2 )

b
X (:171 — ;) dxq...dx,.

IN
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However, we know, by Theorem [122] that

1 b b , 1+ ...+ 2z, a+b
Wa.../a f+(tn+(1—t) 2 )

b
X <x1 — a—2|—> dzy...dx,

_ (b_la)n/;”_/:[fi(t.W+(1t)~T>fi(a;bﬂ

<x1+...+xn a+b
X

" — D) ) dxldxn

Applying the Cauchy-Buniakowsky-Schwartz integral inequality, we deduce the de-
sired result.

COROLLARY 43. With the above assumptions, given that there erists a K > 0
such that

|f4 (@) = fL ()| < K|z —y| for all z,y € [a,b],
we have the inequalzty.

2
0<Hn(t)_f<a+b) St?(bIza) K?

2 n
for allt €]0,1] and n > 1.

6. Applications for Special Means

(1) Let 0 <a<band p € (—00,0)U[1,00) \ {—1}. Let us define the sequence
of mappingS'

+.. T, +b\"
hpn (t) = b—a) / /( nTe T +(1—t)~a2 ) dxy...dz,,

Wherenz 1, neN and t € [0,1].

By the use of the above results, we can state the following properties:
(i) hpn (t) are convex and monotonic nondecreasing on [0, 1] ;

(ii) pn( ) > hppt1 (t) foralln > 1 and ¢t € [0,1];

(iii) One has the mequahtles

[A(a,b)]" < hpn (t

1+ ...+xp, P
n+1/ / ( . 1 (l—t)'l‘n+1> d.Tl...dJCn+1
h (t) < e w pd d
p,n <S (b—a)n . ; n T1...aTp

+(1—1)-[A(a,b)]"

[
b—a

forallm > 1 and ¢t € [0,1];
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(iv) If p > 1, then one has the inequalities
t(b—a)pbPt
0 <y (1) — [Afa,h)? < 0D
2v/3v/n
and

0 e [ (2

(1 - t) — a) pbP~!
- 2v3/n
forallm >1and t € [0,1].
(v) If p > 1, one has the inequalities

and
t(b—a)pb!
0< hpn () = hpmsr (£) < N

forallm > 1 and ¢t € [0,1].
(vi) If p > 2, then one has the inequalities
t2(b—a)’p(p—1)b—2

0< hypn (t) = [A(a,b)] < 12n

and
2(b—a)’p(p—1)br2

0< hp,n (t) - hp7n+1 (t) <

12n(n+1)
and
0 < t-hpn()+ 1 —1)hpyn(0)—hpn ()
t(A—t)(b—a)’p(p—1)b"—2
- 12n
and

(1—t)(b—a)’p(p—1)br—2

< 1) — <
0. i (1) = i (1) < L

foralln > 1 and t € [0,1].



CHAPTER 5

The H. — H. Inequality for Different Kinds of
Convexity

1. Integral Inequalities of H. — H. Type for Log-Convex Functions

In what follows, I will be used to denote an interval of real numbers.

A function f : I — [0,00) is said to be log-convex or multiplicatively convex if
log t is convex, or, equivalently, if for all ,y € I and t € [0, 1] one has the inequality
[147 p. 7):

(5.1) fla+ 1=ty <[f @] [f @] "

We note that if f and g are convex and ¢ is increasing, then g o f is convex;
moreover, since f = exp (log f), it follows that a log-convex function is convex, but
the converse may not necessarily be true [147, p. 7]. This follows directly from
because, by the arithmetic-geometric mean inequality, we have

@] [f )] <tf (@) + (1 =1) f(y)

for all z,y € I and t € [0,1].
Let us recall the Hermite-Hadamard inequality

(5:2) f<a+b)§ ! /abf(x)dxgw

2 b—a 2 ’

where f: I CR — R is a convex map on the interval I, a,b € I and a < b.
Note that if we apply the above inequality for the log-convex functions f : I —
(0,00) , we have that

nls(57)] < bla/ablnf(ﬂf)dwf Uss MU

from which we get

b
63 ("57) <ew lbl [ wr@ dx] < VI@ ),

which is an inequality of Hadamard’s type for log-convex functions.

Let us denote by A (a,b) the arithmetic mean of the nonnegative real numbers,
and by G (a,b) the geometric mean of the same numbers.

Note that, by the use of these notations, Hadamard’s inequality can be
written in the form:

(54)  flAD) <5 !

—a

b
/A<f<x>,f<a+b—x>>dwgA<f<a>,f<b>>.

199
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It is easy to see this as

b b
/ f(x)dx:/ fla+b—2x)d.
We now prove a similar result for log-convex mappings and geometric means
[59].
THEOREM 124. Let f : I — [0,00) be a log-conver mapping on I and a,b € T
with a < b. Then one has the inequality:

65 S <y [CU@. St n) <A@ o).
PRrROOF. Since f is log-convex, we have that
flta+(1=1)b) < [f (@] [f O]
for all t € [0,1] and
F(=ta+th) <[f (@) [f O

for all t € [0,1].
If we multiply the above inequalities and take square roots, we obtain

(5.6) G(flta+ (1 =1)b), f(1—-t)a+tb) <G (f(a), [ (b))

for all t € [0,1].
Integrating this inequality on [0, 1] over ¢, we get

/0G(f(ta+<1—t>b>,f<<1—t>a+tb>>dtsa<f<a>,f<b>>.

If we change the variable x :=ta + (1 —t)b, t € [0, 1], we obtain

/IG(f(ta—s-(l—t)b),f((l—t)a—i—tb))dt
0
1 b

- b_a/a G(f (@), fla+b—a)) de

and the second inequality in (5.5)) is proved.

Now, by (5.1)), for t = %, we have that

/ ($;y> <VF@ T forall o,y eI

If we choose x =ta+ (1 —t)b, y = (1 — t) a + tb, we get the inequality

(5.7) f<a;b)<G(f(ta+(1—t)b)7f((1—t)a+tb))

for all t € [0,1].
Integrating this inequality on [0, 1] over ¢, we obtain the first inequality in (5.5)) .
This proves the theorem. i

COROLLARY 44. With the above assumptions, a > 0 and f nondecreasing on
I, we have the inequality:

b
bia/ G(f(z),fla+b—z))dx

< G(f(a),f (b)),

IN

(5.8) f(G (a,b))

N
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The following result offers another inequality of Hadamard type for convex
functions.

COROLLARY 45. Let f : I — R be a convez function on the interval I of the
real numbers and a,b € I with a < b. Then one has the inequalities:

(5.9) f(a—2|—b> - ln[bla/abexp{f(x)-i-f(;—i—b—x)}dx}
RIOES )

PROOF. Define the mapping g : I — (0,00), g () = exp f (x), which is clearly
log-convex on 1.
Now, if we apply Theorem [124] we obtain

b
expf(a;_b> < ﬁ/ Vexp f(z)-exp f (a+b— x)dx
Vexp f (a) - exp f (b),

IN

which implies (5.9)) .

The following theorem for log-convex functions also holds [59].

THEOREM 125. Let f : I — (0,00) be a log-convex mapping on I and a,b € T
with a < b. Then one has the inequalities:

b
(5.10) f<a;rb> < exp |‘b—1a/ In f (x)dzx
b
< [ U@ b a)ds
b
< bia/f(x)d:r
< L(f(a),f (),

where L (p, q) is the logarithmic mean of the strictly positive real numbers p, q, i.e.,

pP—q .
L =1 L =p.
(p,q) np_Ing if p#q and L (p,p) =p

PROOF. The first inequality from (5.10) was proved before.
We now have that

G(f(z),fla+b—1x))=exp[In(G(f(z),f(a+b—ux)))

for all € [a,b].
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Integrating this inequality on [a, b] and using the well-known Jensen’s integral
inequality for the convex mapping exp (-), we have that

b
bia/ G(f(@), fla+b—x))dr

— 5 [ MG @) Fatb-a))de

exp [ | 1n[G<f<x>,f<a+b—w>>]] o

_ exp: 1 /b<lnf(x)+lnf(a+b—x)>1dx

Y

b—a 2

b
bia/ In f(z)dz

= exp

As it is clear that
b b
/ lnf(x)d:c:/ Inf(a+b—z)dz,
a a

the second inequality in ([5.10)) is proved.
By the arithmetic mean-geometric mean inequality, we have that

fl)+flatb—x)

G(f(x),flatb—2a)) < 5 , x € |a,b]
from which we get, by integration, that
— <
b—a/G fla+b—2x))de < —a/f

and the third inequality in (5.10)) is proved.
To prove the last inequality, we observe, by the log-convexity of f, that

(5.11) flta+(1=)b) < [f () [f (b))

for all ¢ € [a,b].
Integrating (5.11) over ¢ in [0, 1], we have

| e a-nnas [yt
0 0

/fta+1—t _a/f

1
/0 @) [f O] dt = L{f (@), f )],

the theorem is proved. I

and
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COROLLARY 46. Let f : I — R be a convex function on the interval I of the
real numbers and a,b € I with a < b. Then one has the inequality:

(5.12) epr(a;—b> < exp(bia/abf(a:)dx>

b —
< /exp[f(m)+f(a+b x)]dx
b—a /, 2
1 b
< o [ ewf@dr< B¢ @1 ().
where E is the exponential mean, i.e.,
expp — ex
E(p,q) = % for p#q and E (p,p) = p.

REMARK 61. Note that the inequality

IN

b b
exp lbia/ lnf(x)d:v] bia/ G(f(z),fla+b—ux))dx

b
< bia/a f(z)dx

holds for every strictly positive and integrable mapping f : [a,b] — R and the
inequality

exp(bla/abf(m)dx> blaLbexP[f(x)+fga+b—x) du

1 b
< -
< b_a/anpf(l‘)dx

holds for every f : [a,b] — R an integrable mapping on [a,b].

IN

Taking into account that the above two inequalities hold, we can assert that
for every f :[a,b] — (0,00) an integrable map on [a, b] we have the inequalities:

(5.13) exp lbia / "In f(z)dz
< bia/abG(f(x)j(a—kb—m))dx
< bia/abf(mdx
< ln[bia/abepr(f(x),f(a—&-b—x))dx]

b
< In lb—la/a expf(m)d:v],

which is of interest in itself.
The following results improving the H. — H. inequality for differentiable log-
convex functions also hold [39].
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THEOREM 126. Let f : I — (0,00) be a differentiable log-convex function on
the interval of real numbers I (the interior of I) and a,b €I with a < b. Then the
following inequalities hold:

e Ju /() da
1 (45*)
> el () 56 (20))

PROOF. Since f is differentiable and log-convex on i, we have that

log f (x) —log f (y) > % (log f) (y) (x —y)

for all z,y Ei, which gives that

(5.14)

f (33)] W,
oe |{77] = iy =0
for all z,y €l. That is,
(5.15) f(x) > f(y)exp {J;:((;J)) (x — y)] for all z,y € L.
Now, if we choose y = “T'H’, we obtain:
f(x) 1 (kb a+b
(5.16) f(T)Zexplf((%)) (gj— 5 ) , « € [a,b].

Integrating this inequality over = on [a, b] and using Jensen’s integral inequality, we
deduce that:

i [V f (@) do 1 () atb
e = o o [ ()

1 /b f’(“;b)( a+b>
a+b T =
o (%) 2
Now, as for a # 0 we have that

1 b _exp(ab) —exp (aa)
b_a/aexp(ax)d:ﬂ = a(b—a)

= Llexp (ab),exp (aa)],

dx

dm] =1.

Vv
@
»
o]
| —
(=)
|
S

where L (-, -) is the usual logarithmic mean, then

I
h
N
@
"
o
—
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f/(a;b)

Using the above equality for a = ES the inequality (5.17)) gives the desired
=

result (5.14]). &

The following corollary holds.

COROLLARY 47. Let g : I — R be a differentiable convex function on I and
a,b el with a <b. Then we have the inequality:

(5.18) b-a

- el (555 o [ (2 ()=

The following theorem also holds [39].

THEOREM 127. Let f : I — R be as in Theorem (120, Then we have the
inequality:

f(a)+£(b) [ b
(5.19) 1+ > 1+log - fa f:(l') dz
ra Ju / (¥) do [0 f @)exp | S8 (452 — o) | da
- b
—a fa f(z)dz
> 1+ 10g -bf(a;b)‘| > 1.

PRrROOF. From the inequality (5.15)) we have

1(557) 2 rwe 553 (57 )]
for all y € [a, b)].

Integrating over y and using Jensen’s integral inequality for exp () functions,
we have

() = [rmenfs (430))o

Vv
‘\'3
=
~
QU
N
@
]
ho]

I
\3
=
~
QU
N
@
o]
i)

A simple integration by parts gives
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Then we have

exp [1 3 7“'1);”0(1’) (b— a)] < f;f (y) exp [J;/((él)) (aTer - y)} dy
JJ | (@) do LS (y)dy
BNEPYICT)
[, fy)dy
which is equivalent to
L 7“&)'2”([’) (b—a) log _fab f(y)exp []}/((5)) (52 - y)} dy
[ @de T 7 I f ) dy
G
1
R ey

from where we get the desired inequality. i

The following corollary is a natural consequence of the above theorem.

COROLLARY 48. Let g : I — R be as in Corollary [{73 Then we have the
inequality:

spsiowd® | tog [Pexpg (x) da ]
T f; expg(z)dr f: exp [g (x) — (z — *F*) ¢/ (2)] da
1 b
1 d
> 1+4log |22 Ju expag E)x) ! > 1.
expg (“5)

1.1. Examples. The function f (z) = 1, z € (0,00) is log-convex on (0, 00).

Then we have

1 b da
— = L '(ab
b —a u T (a’7 ) I
b
(52 - wen
freg) _ 1
a+b :
(%) A
Now, applying the inequality 1) for the function f (z) = %, we get the inequality:
(5.20) A0 (o (222 exp (222)) 51
‘ L@ = \"P\ "2 )P\ 2a )) ="
which is a refinement of the well-known inequality
(5.21) A(a,b) > L(a,b),

where A (a,b) is the arithmetic mean and L (a,b) is the logarithmic mean of a,b,
that is, A (a,b) = “T"‘b, and L (a,b) = =2

Ina—Inb"
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For f(z) = 1, we also get

_;’

b
f(a);_f( ) :H_l(a,b),
where H (a,b) := ﬁ is the harmonic mean of a,b. Now, using the inequality
a b

(5.19) we obtain another interesting inequality:

L (a,b) Al(a,b)
5.22 >141 > 1,
(5-22) H(a,b) = +Og{L(a,b) =
which is a refinement of the following well-known inequality
(5.23) L(a,b) > H (a,b).

Similar inequalities may be stated for the log-convex functions f (z) = z%,
x>0o0r f(x)=e*+1, x € R, etc. We omit the details.

2. The H. — H. Inequality for r—Convex Functions

2.1. Introduction. Recall that a positive function f is log-conver on a real
interval [a, ] if for all z,y € [a,b] and A € [0,1] we have

A Y
(5.24) FOe+ =Ny < f@ )
If the reverse inequality holds, f is said to be log-concave.
In addition, the power mean M, (z,y;A) of order r of positive numbers x,y is
defined by
A"+ (1=Ny")7, if r#£0
M, (z,y;A) =
oy, if r=0.
In the special case A = %, we contract this notation to M, (z,y).
In view of the above, a natural generalising concept is that of r—convexity. A
positive function f is r—convex on [a, b] (see [80]) if for all 2,y € [a,b] and X € [0, 1]

(5.25) fQz+1=Ny) <M (f(2),f(y);A).

The definition of r—convexity naturally complements the concept of r— concavity, in
which the inequality is reversed (cf. Uhrin [I80] ) and which plays an important role
in statistics. We have that 0—convex functions are simply log-convex functions and
1—convex functions are ordinary convex functions. For the latter, the requirement
that an r— convex function be positive clearly can be relaxed.

Again, in all of the above, we may take a real linear space X in place of the
real line. The condition x,y € [a,b] then becomes z,y € U for U a convex set in X.

We shall develop Hermite-Hadamard-type inequalities for log-convex functions
(in Subsection and more generally for r—convex functions (in Subsection [2.3).
It is convenient to separate off the proof of the former special case as the functional
representations differ in points of detail from those of the general case.

It will be convenient to invoke the logarithmic mean L (x,y) of tow positive
numbers x,y, which is given by

lni:?ny’ .’£7£y
L(z,y) =
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and the generalised logarithmic means of order r of positive numbers x, y, defined
by

I7‘+1 1

ril-ﬂfzr’ 717&07_17 x;«éy

lni:%}ny’ 7”':0, IE#y
Ly (z,y) =

Inz—1

bohhy, r=-1, a4y

x, T =1y.

Finally, in Subsection [2.4] we present generalisations of two recent results in the
literature, one for log-convex and the other for log-concave functions.

2.2. Results for Log-convex Functions. In the previous section, we proved
the following result (see also [80, Theorem 2.6]).

THEOREM 128. Let f be a positive, log-convex function on [a,b]. Then

b
bia/ ft)ydt < L(f(a),f(b)).

For f a positive log-concave functions, the inequality is reversed.

A similar proof to that in the second part of Theorem gives the following
generalisation (see [80, Theorem 2.2]).

THEOREM 129. Let f be a positive, log-convex function on a convex set U C X,
where X is a linear vector space. Then for a,b € U,

/Of(sa+(1—s>b>dsgL(f(a),f(b»-

Some tighter inequalities may be derived by way of corollaries to Theorems|[129
and

COROLLARY 49. Let f be a positive log-convex function on [a,b]. Then

b
(5.26) - ! - / Ft) dt
< g [EOLU@S@)H0-0LUE).10)
T z€[a,b] b—a '
If f is a positive log-concave function, then
b
(5.27) 5 i " / f@)dt
s [EZOLU@T @)+ 00 LG 0.7 0)]
z€Ja,b] b—a )

PrOOF. Let f be a positive log-convex function. Then by Theorem [128] we

have that
b T b
/f(t)dt / f(t)dt+/ f (@) dt
(—a)L(f(a),f(z))+(b—2)L(f(2),f ()

for all x € [a,b], whence (5.26)). Similarly, we can prove (5.27). I

IN
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COROLLARY 50. ([80]) Let f be a positive log-convex function on [a,b]. Then

b_la/abf(t)dt<Tlllzj:lL(f(a—i—i_nl(b—a))af(a—s—?i(b—a))).

If f is a positive log-concave function, the inequality is reversed.

PROOF. The result follows by applying Theorem to the integrals on the
right in

1(1; a)

/f t)dt = Z/w o L f@at

COROLLARY 51. (a) If f : a,b] — Ry is log-convex, then

b
bia/ F () dt < My (f (a), F (1)),

while, if f is log-concave, then

(5.25) o [ F®de= Vi@ T,

(b) If f: U = Ry (U C X) is log-convez, then for a,b € U,

1
| Fsat = 9pds <, (@£ 0).

while if f is log-concave, then
1
| Hlas=9pas> VF@ .

PrROOF. Part (a) follows from Theorem and the inequalities
G (a,b) < L(a,b) < My (a,b)

for logarithmic means (cf. [98], [134], [148]). i

2.3. Inequalities of Hadamard Type for r—Convex Functions. The fol-
lowing result holds.

THEOREM 130. ([8Q]) Suppose f is a positive r-convex function on [a,b]. Then

b
bia/ f@)dt < L (f (a), f(b))-

If f is a positive r—concave function, then the inequality is reversed.
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PROOF. The case r = 0 has been dealt with as Theorem [I28] Suppose that
r # 0, —1. First assume that f (a) # f (b). By (5.25) we have

b 1
/f(t)dt _ (b—a)/ F(sb+(1— s)a)ds

< b—a/{sﬂ (=) (@)} ds

£ trdt
= ("‘“)/ 0 - I (@

Y il U B il 0

r+1  fr(b)—f(a)
= (b—a) L (f(a),f (D).

For f (a) = f (b), we have similarly

= (b—a)

b 1 )
[rod < t-a) [ s @+ -9 @) s
(b—a)f(a)

= (b—a)L,(f(a),f(a)).
Finally, let r = —1. For f (a) # f (b) we have again

/f(t)dt < bfa/{Sf +(1-s8) " a)} ds
f(b)
— . ~tdt
ﬁ F@) 7 7y
b 1 1
- ()f;@(lnfw)‘l“f(a))
I AR )
~ G0 s o YR
= (b—a)L_1(f(a),f(D).

The proof when f (a) = f (b) is similar. §

2.4. On Some Inequalities of Fink, Mond and Pecarié. Recently, Fink
[77] showed that

fletv)+flr—v)
2

1
(4
(5.29) T / f (x + vt) cos it <
4 _1 2

for a positive, log-convex function f. He gave also a reverse and rather more
complicated inequality for positive, log-concave functions. Mond and Pecari¢ [115]
established the inequality

(5.30) %/_lf(x—l—vt)cos%tdtz\/f(x—i—v)f(m—v)

for a positive, log-concave function.
We now consider some generalisation of these inequalities. We shall invoke a
useful result due to Féjer [72].



2. THE H. — H. INEQUALITY FOR r—CONVEX FUNCTIONS

211

LEMMA 15. Let f : [a,b] — R be a convex function and p : [a,b] — R a positive,

integrable function such that

plat+t)=pb—t), 0<t<-(b—a).

DN | =

Then

b

a+b\ _ J,p@) f#)dt _ f(a)+ [ (D)

f < e < .
2 [ p(t)dt 2

THEOREM 131. Let p be a nonnegative, integrable, even function.

(a) If f is a positive log-convex function, then

Jap® f@tot)dt _ f@to)+f@—ov)

5.31 <
31 S p(t)dt 2
(b) If f is a positive log-concave function, then
1
t x4 vt)dt
(5.32) LipWethd, revare—m.
S p@)dt
PROOF. (a) Since f is log-convex, we have
(+) a-
(5.33)  fa+o)<[f@to) T fe-o] T (-1<t<).
Set B = (;Eifzg)é Then integration yields
1 1
t) f(z+vt)dt t) Btdt
oy POIETE ) f ey 2O FE
S pt)dt Jo p(t)dt
Since the map : t — B! is convex and p satisfies
p(=1+t)=p(1-1),
we can apply Lemma [I5] to derive
1
(5.35)  Jap@®Bd B+ B

1 _—
[ p(t)dt 2
By the second inequality, (5.34) becomes

't d ! 2
f_lfflj?(ti)i(t) - < B i)

flztv)+fz—v)
2

and we have (5.31]).

(b) If f is log-concave, the inequality in ((5.33]) and so also (5.34) is reversed.
5.32)

at once.

The first inequality in ([5.35)) gives

REMARK 62. The inequality is a weighted generalisation of .
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REMARK 63. Let f be a positive log-convex function. Then it is also convex,
so using Lemma[15, we have . That is, we have
1
o p(t) f(x+vt)dt - fx+v)+ f(x—v)
Sl T 2 .
Thus we see that (5.29)) follows from Féjer’s generalisation of the Hadamard
p.30)

inequality. Inequality ([5.30) does not appear to follow in this way.
By the same argument, we have the following result.

f(x) <

THEOREM 132. Let p be a nonnegative, integrable, even function and U a
convez set from a linear vector space X. Suppose x +v,x —v € U and x,v € X.
If f is a positive, log-convex function, then holds, while if f is a positive,
log-concave function, then holds.

THEOREM 133. Let p be as in Theorem[139 and f a positive function.

(a) Suppose f is r—convex. Then if r <1,

Jh f (@ ot)p(t)dt _f@tv)+f(a—v)

(5.36) 0 < 5 :
while if r > 1
S f @+ ot)p()dt
(5.37) L <M, (f(z+v),f(z—v)).

(b) Suppose f is r—concave. Then if r < 1, holds with the inequality

reversed. If r > 1, then the inequality is reversed.

PRrROOF. For r = 0 the theorem reduces to Theorem [132] so we may suppose
that r # 0.
If f is an r—convex function, then by definition we have for |¢t| <1 that

T

F( ettt @m) < |5 e o+ e )|

that is,

[z +tv) <h(t),
say, and so

Jh f@+ot)p f h(t)p(t)dt
/4 ()dt - ()dt

Now h is convex on [—1,1] for < 1 and concave for r > 1. So for r < 1, we have
by Lemma [T5] that

(5.38)

[ R @) p(t)dt

S z - - -
f,lp( )dt
flto)+flx—v)
— 2 )
while for » > 1 we have the reverse inequality.

Therefore (5.38) gives for r < 1 that (5.36) holds and for » > 1 that (5.37)
holds.

(5.39) M, (f (x+v), f(z—v))
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Now, let f be an r—concave function. Then for r # 0, the inequality (5.38]) is
reversed. So, using (5.39), we have for » < 1 the reverse inequality to (5.37) and

for r > 1 the reverse inequality in (5.36)), and we are done. I

REMARK 64. Inequality can be obtained from the fact that an r—convez
function is convex for r < 1. Similarly, an r— concave function is concave forr > 1.

3. Stolarsky Means and H. — H.’s Inequality

3.1. Introduction. Recall the second part of the H. — H. inequality. This
states that if f : [a,b] — R is convex, then

b—a/f );f()

The H. — H. inequality has recently been extended in two quite different ways.
Recall that the integral power mean M, of a positive function f on [a,b] is a
functional given by

r/p, p#0,

|72 J2 feyrat
(5.40) Mp(f) =

exp [ﬁ f; In f(t)dt} , p=0.

Further, the extended logarithmic mean L, of two positive numbers a, b is given
for a =b by L,(a,a) = a and for a # b by

pptl _ o+l /P
S ~1,0
Grnioa o rE
b—a
Ly(a,b) = b —na’ p=-1,
1 bb 1/(b—1)
c (> . p=0

The second part of the H. — H. inequality may now be recast as a relationship

My (f) < Li(f(a), f(b))

between integral power means and extended logarithmic means. In [134] the fol-
lowing extension is derived for this suggestive result (see also [138]).

THEOREM 134. If f : [a,b] — R is positive, continuous and convezx, then

(5.41) My(f) < Ly (f(a), £(b)),

while if f is concave, (5.41) is reversed.
REMARK 65. We note that L_1(a,b) is the well-known logarithmic mean L(a,b)
and Lo(a,b) is the identric mean I(a,b).
The second extension involves the power mean M,.(z,y; \) of order r of positive
numbers x,y, which is defined by
(Az” + (1= Ny")V7, if r#0,
M, (z,y;A) =
oy if r=0.
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In the special case A = 3 this notation is contracted to M, (z,y).
It involves also the alternative extended logarithmic mean F,.(z,y) of two pos-
itive numbers x, y, which is prescribed by F.(z,x) = = and for = # y by

Ir+1_yr+1

r
=1 " —y" , T 7é 07 _17
— r—yY —
Fr(z,y) - Inz—lny °’ T’—O, ’
Inz—Iny _
TY— =, r=—1.

This includes the usual logarithmic mean as the special case r = 0.
An idea of r—convexity may be introduced via power means (see also [138]).

DEFINITION 1. A positive function f is said to be r—convex on an interval [a, b]
if, for all z,y € [a,b] and X\ € [0,1],

(5.42) fQz+ (1= Ny) < Mo (f(2), f(y); A)-

This definition of r—convexity naturally complements the concept of r—concavity
in which the inequality is reversed (see [180]). This concept plays an important
role in statistics.

The definition of r—convexity can be expanded as the condition that

Aff(z) + (A =XNf"(y), if r#0,
P @) ), if 7=0.

For a positive function f, it is applicable for nonintegral values of r. Also, suppose
as is usual that f is nonnegative and possesses a second derivative. If » > 2, then
d2 r o__ r—2 N2 r—1 g
S T =l = D
which is nonnegative if f” > 0. Hence under the restrictions noted, ordinary
convexity implies r—convexity. The reverse implication is not the case, as is shown

by the function f(z) = 2'/2 for z > 0.

We note that the standard definition of r—convexity (see [I14] Chapter 1, Sec-
tion 6]) is quite different. Recall that when the derivative f(") exists, f is r—convex
if and only if f(") > 0 (see [T14} Chapter 1, Theorem 1]). Consider the function

flx) =z - 22 +1)

on I =(1/2,1). For 2 € I, we have f® < 0but f© >0, so f is 3-convex but not
convex. The function ¢ = —f on the same domain is a function which is convex
but not 3-convex.

After this lengthy aside, we are ready to state the second extension of Hadamard’s
inequality, which was established recently in [80]. This relaxes the assumption of
convexity to one of r—convexity.

[T+ (1= Ny) <

THEOREM 135. Suppose f is a positive function on [a,b]. If f is r—convez,
then

b
[ 0w < s, s,

while if f is r—concave, the inequality is reversed.

(5.43)
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In Subsection [3.3] we prove a result which subsumes Theorems [134] and [I35]
as special cases. The relevant generalization of L, and F, turns out to be the
well-known Stolarsky mean E(x,y;r,s) (see Stolarsky [172]). This is given by
E(z,z;r,s) = x if z = y > 0 and for distinct positive numbers z, y by

Tys—.’L‘S

E(w,y;r,s):[ } ) ,7#s and 1,5 #0,

sy" —a”

1
1 yT—(ET -
E(w’y;r’o):E(m’y;O’r):[rlny—lnx} , 7 #0,

a2\ T
E($7y;r’r):e " <yy’!‘> K T.#O’

E(z,y;0,0) = Vzy .
Clearly E(z,y;1,p+1) = Ly(z,y) and E(x,y;r, 7+ 1) = F.(z,y).
The key to our proof is a new integral representation of Stolarsky’s mean. This
is of some interest in its own right and is presented in Subection [3.2
In Subsection [3.4] we establish a related generalization of the Fink—Mond—
Pecari¢ inequalities [77), 115].

3.2. Integral Representations. Carlson [14] has established the integral
representation
-1

(5.44) L(w.y) = [/01 tx+(d1tt)y] ’

while Neuman [120] has given the alternative integral representation

1
(5.45) L(J:,y):/ xlytTtdt.
0

Let M,(f) denote the integral mean (5.40)) for a = 0, b =1 and put e, ,(t) :=
tx + (1 —t)y. A simple evaluation of the right—hand side shows that

Ly(z,y) = My(exy),

which provides a generalization of the integral representation (5.44)) for the extended
logarithmic means L, (z,y). Similarly we can derive

1
F.(x,y) = / M, (z,y;t)dt
0
as a natural extension of (5.45)).
In the above we regard M,.(x,y;t) as a function of the parameter ¢. Set
My g y(t) == My (2,y; ).
Then we may evaluate the integrals on the right—hand side of

| () o T

_ 0
(5.46) Ms_r(myzy) =

1
exp {/ In Mr(x,y;t)dt} , s=r
0
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to give a simple derivation of the representation

(5.47) E(z,y;r,8) = Ms—y(myy).

3.3. Hadamard’s Inequality for r—Convex Functions. The following re-
sult holds [138].

THEOREM 136. Suppose f is a positive function on [a,b]. Then if f is r—convez,

(5.48) M, (f) < E(f(a), f(b);r,p+ 1),

while if f is r—concave, the inequality is reversed.

PrOOF. First we suppose r—convexity. Let p # 0. Then

b 1/p 1 1/p
My(f) = [bi / f”(t)dt] [/ F7(sb+ (1 — s)a)ds

I (), Flay:oyis| "

From ((5.46)) and (5.47) we deduce that
My(f) < My (my 56y, (a)) = E (f(a), f(b);m,7 +p) .

Similarly, for p = 0, we have

IN

Mo(f) = exp lbla/ablnf(t)dt] — oxp [/Ollnf(sb+(1—s)a)ds

IN

- 0L (F(8), (o) o5

and again from (5.46)) and (5.47) we derive
My(f) < Mo (my pv).£(a)) = E (f(a), f(b);7,7).
The proof in the case of r—concavity is exactly similar. I
REMARK 66. ([138]) Forp=1, becomes

Ml(f) S E(f(a)7f(b);7",7" + 1)7
that is , while for r =1 we have

My(f) < E(f(a), f(b);1,p+1),
which is . Thus our result subsumes Theorems and .

We observe that an r-convex function f can be defined on a convex set U in
a real linear space X with (5.42) holding whenever x,y € U and A € [0,1]. This
leads to the following result (see also [138]).

THEOREM 137. Suppose f is a positive function on U(C X)), where U is convex
and X a linear space. Then if f is r—convex,

My(f(eap)) < E(f(a), f(b)ir,p+1),

while if f is r—concave, the inequality is reversed.
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3.4. A Further Generalization of the Fink—Mond—Pecarié¢ Inequali-
ties. The following generalization of Fink-Mond-Pecari¢ inequalities ([77, 115])
was obtained in [80].

THEOREM 138. Let w be a nonnegative, integrable, even function on [—1,1]
with positive integral and let f be a positive function.

a) If f is r—convex function, then forr <1,
S f @+ otye®dt _ o+ v) + f@—v)
JH w(tydt - 2
while if r > 1,
I fa + vtyw(t)dt
L wdt

b) Suppose f is r—concave. Then if r < 1, the inequality 18 Teversed,
while if r > 1, the inequality is reversed.
We extend these results to allow a power mean of order p on the left—hand sides
of (5.49) and (5.50)) in place of an arithmetic integral mean. The power mean of
order p is defined by

(5.49)

b

(5-50) < M (f(z+0), f(z —v)).

1/p
1P () w(t)dt
[fl <><>} ’ p£0

_ [ w(t)dt
Mp(f7 ’LU) =

JE w(t)In f(t)dt _
“p{ﬁwwm7 p=0.

We shall need the following useful result due to Fejér [72].

LEMMA 16. Suppose h : [a,b] — R is convex and w : [a,b] — R a nonnegative,
integrable function with positive integral and such that

(5.51) wla+t) = wb—t), ogtg%(b—a).
Then

(5.52) h (a + b) < S w(t)h(t)dt < Ma) +h(b)

2 [Pwtydt 2
The inequality is reversed if h is concave.
We shall derive the following generalization of Theorem (cf. [138]).

THEOREM 139. Let w be a nonnegative, integrable, even function with positive
integral over [—1,1], and let f be a positive function. Put f(t) := f(x + vt) for
tel[-1,1].

a) If f is r—conver and m = max{r,p}, then
(5.53) My(f,w) < Mp(f(z+v), f(z —v)).

b) If f is r-concave and m = min{r, p},then the inequality is reversed.

ProoF. The Proof is as follows.
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a) Take f to be positive and r—convex. First suppose that p,r # 0. Since f
is r—convex, we have

— _ 1/r
f(l—zf—t(x—kv)—i—lzt(x—v)) < [12+tfr(x+v)+12tfr(x_v)
Therefore
- = B -f_llfp(af—&-vt)w(t)dt Y/
(5.54) My(f,w) = _ i
[ 1 _ p/r /p
_ o) 4 = o) w(dt 1
- fi1w(t)dt
O[S wba]
L e |

where h(t) = [HLf"(z +v) + S fr(z — v)]p/r.

We have that h(t) is convex on [—1,1] for » < p and concave for r > p.
Since w is even, w(—1+t) = w(l —t), so that holds for a = —1,
b= 1. Hence by Lemma

(fr<x+v> M v))p/ T L w®htdt  pria o) + o)
2 T [Lw(dt T 2

applies if » < p and the reverse inequality holds for r > p.
If » < p with p > 0, we may take p—th roots to derive

[ w(tydt
< Mp(f(z+v), flz —v)).

The same conclusion holds if » > p with p < 0. The inequalities in
are reversed if r < p with p < 0 or » > p with p > 0. Coupling these
results with gives part (a) of the enunciation for the case p,r # 0.
Now suppose = 0 and p # 0. Then we have

1 1/p
- | P vtw(t)dt
(5.56) My (f,w) = [ Tl ]

Iy f@ 0P fa— o w(t)ar] "
[t w(t)dt '

(5.55) M. (f(x+v), flx—v)) <

IN

Put
1+t 1—t

h(t) = flz+ )" flz —v)P= .
Then h is convex, and by

—\p SO _ (a4 o) + P =)
(VIG@+ofa—) < AR : .
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For p > 0, we get (5.55) with » = 0. For p < 0 the inequalities are
reversed. So by (5.56)), we again have (5.53)).
Suppose r # 0 and p = 0. Then we have

(5.57) Mo(f,w)
[ w(t)In f(z + vt)dt
b f,ll w(t)dt
Jo w®) I [5E (@ 40) + 15 (@~ v)]
Sy wtdt

IN

1/r dt

exp

The function
1/r
1+t 1-1¢
h(t) :=1In [2]”(:5 +v) + Tf’"(x - v)]
is convex for r < 0 and concave for r > 0. So, for r < 0, (5.52) gives
[t w(t)h(t)dt
[t w(t)dt
n Mo (f(z + 0), £z — v)).
The inequalities are reversed if r > 0. By (5.57) and ([5.58) we again have
(15.53)).
Finally, suppose r = 0, p = 0. We have
) JH w) I f( + vt)dt
[t w(t)dt
. f_ll wt)In f(z +v) = flz—v) = dt
fi w(t)dt
= Mo[f(z+v), fz —v)].

Thus (a) is established in all cases.
b) The proof is similar.

(5.58) In M,.(f(z +v), f(z —v))

IN

Mo(f,W) =

<

REMARK 67. ([138]) Suppose U is a convex set in a real linear space X. Then
the conclusion of Theorem [139 holds when x,v € X are such that x +v, z —v e U
and f: U — Ry is r—convex (r—concave) on U.

4. Functional Stolarsky Means and H. — H. Inequality

4.1. Introduction. As a response to the needs of diverse applications, a con-
siderable variety of particular means of sets of numbers have been proposed and
studied in the literature. See, for example, the compendious treatment of Bullen,
Mitrinovié¢ and Vasié [12]. Valuable work has been done in systematising and uni-
fying this area via the judicious introduction of parameters.

A helpful paradigm is due to Stolarsky [I72]. See also Tobey [179]. The
Stolarsky mean E, ;(x,y) of two positive numbers « and y is given by E, ;(z,z) =«



220 5. THE H. — H. INEQUALITY FOR DIFFERENT KINDS OF CONVEXITY

when the numbers coincide and otherwise by

|:7“ ys _ .’I?S:| 1/(s=r)

s yr—a”

) 7“753,7“757'505

1 yr_xr 1/r
- 0, s =0;
[7’ lnylnm] ’ r#0, s '

(5.59) E, (z,y) =

e 1/(z"—y")
el/r<yr> , s=r#£0;
Y

NETE r=s=0.

For various choices of the parameters r, s, this subsumes a number of commonly
employed means as special cases. Apart from direct application, it has theoretical
interest. Thus there is a comparison theorem prescribing for which pairs (r, s), (u, v)
the inequality F, s(x,y) < E, »(x,y) holds for all x # y (see Leach and Sholander
[90] and Péles [131], 132]). A trivial special case is the familar inequality between
the geometric and arithmetic means of a pair of distinct positive numbers.

An interesting representation has been found [138] linking the Stolarsky mean
with power means and integral means. The power mean m,.(z,y;t) of order r and
weights ¢t and 1 — ¢ (for ¢ € [0,1]) of positive numbers z,y is defined by

(tz" + (1 — t)yT)I/T if r#£0,
(5.60) my(z,y;t) =
xlyl=t, if r=0,

whilst the integral mean over [0, 1] of a positive function f is

iyl L i e o
M.(f) =

exp (fol In f(t)dt) , if r=0.
It can be verified readily that
Er,s(x; y) = Msfr(mr)a

where m,.(t) := m,(z,y; t).

This suggests that a natural way to generalize the Stolarsky mean is to replace
the role of a power mean in this relation by a quasiarithmetic mean. In this section,
following [137], we develop such a generalization, which is seen to subsume and
unify some recently proposed functional means.

In Subsection we define a general class of weighted functional Stolarsky
means and establish a basic comparison theorem. In Subsection we generalize
some Hadamard-type results from [I38] for r—convex functions. We conclude in
Subsection [£.4] by addressing multidimensional generalizations.

4.2. Functional Stolarsky Means.

DEFINITION 2. [I37] Let g(-) be strictly monotone and continuous function on

an interval I, and let f be strictly monotone and continuous on the range of g~ 1.
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Suppose p is a probability measure on [0,1]. Then the weighted functional Stolarsky
mean of two real numbers x, y € I is given by

1
or (@ yip) = £ { [ 11 gt + (@ - wg(o)] du(U)} |

We have trivially that ¢  (x,2;u) = x. Our definition subsumes a number of
means extant in the literature. Thus for g(z) := z, f : (0,00) — R, we have a
functional mean considered in [17]. If p(u) := u, we suppress p from the notation
for ¢ and write ¢ ,(z,y). For f(z) = 2°7" and g(z) = 2", ¢; ,(z,y) reduces to the

classical Stolarsky mean F, s(z,y) given by (5.59).
For « # y, set t = u[g(y) — g(z)] + g(z). Under this change of variable we derive

9(y)

¢f,g(xay) = f71

For f(x) := x, this reduces to the mean considered in [161].

The general functional Stolarsky mean admits the following comparison theo-
rem [137].

THEOREM 140. Suppose f, g satisfy the conditions of Definition[d and similarly
for F,G. If

(i) Fof~tis convexr and F increasing, or Fo f=% concave and F decreasing,

and
(i) either G o g=1 is convex and G increasing, or G o g~' concave and G
decreasing,
then
Grg(T s 1) < dp (T, y; 1)
If

L concave and F

(iii) either F o f=1 is convex and F decreasing, or F o f~
increasing, and

(iv) either G o g=! is conver and G decreasing, or G o g~
mcreasing,

then

L concave and G

Gp.q(@, Y5 11) > b c(,y5 1)

PROOF. Suppose G o g~ ! is convex. Then the discrete Jensen inequality gives

for X, Y in the domain of G o g~! that
(Gog (X +(1-1)Y) <t(Gog ™ )(X)+ (1 —t)(Gog )(Y).
For X = g(z) and Y = g(y), this is equivalent to
Glg~'[tg(z) + (1 = t)g(y)]} < tG(x) + (1 — 1)G(y).
If G is increasing, we have consequently that
(5.61) g7 [tg(x) + (1 = t)g(y)] < G tG(x) + (1 - )G(yY)].

Similarly, we can prove that (5.61)) holds if G o g~! is concave and G decreasing,
and that the inequality is reversed if either G o g~ is convex and G decreasing, or
G o g~ concave and G increasing.
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Moreover, by the integral Jensen inequality for a convex function F o f~!, we
have for H integrable that

[/ H(t)du(t ] / (F oY) (H (1)) du(t),

which for H(t) = f(h(t)) becomes

] / saeaun| f < [ (b)) du(r).

If F is also increasing we get

(5.62) U F(h(t)du(t }<F UF )du()}

Similarly, we can prove that ((5.62)) applies if Fof ! is concave and F decreasing,
and that is reversed if either Fo f~!is convex and F decreasing, or Flo f~1
concave and F increasing. We have that f and f~! are either both increasing or
both decreasing. Therefore if hq(t) < ha(t), we have

| Fm@)auo| < 77| 1 Fra(©)au(o)]

Now let  # y and suppose the conditions for (5.61]) and (5.62)) are satisfied.
Then

(5.63) by ,(x,y; 1)

] [ ugw) + (1~ wg(a)) ano) }

[ e ) + (1 0@ dut)
( }

[ Fie wa) + 0 - wee )

= dpalz,y;p).

If the conditions apply for the inequalities in (5.61)) and (5.62) to be reversed, we
have the reverse inequalities in (5.63)) too. 1

IN

IN

In the special case g(z) = G(z) =  with f and F strictly increasing on (0, 00),
this reduces to [17, Theorem 1.3].

4.3. Inequalities of Hadamard Type for g-Convex Functions. In [138]
the following definition was given (see also [137]).

DEFINITION 3. Let f be a real-valued function on an interval [a,b] and g a
strictly monotone continuous function on the range of f. We say that f is g—convex

if, for all x and y € [a,b] and X\ € [0,1],
fOz+1=Ny) <g ' Mgo @)+ 1 —=N)(go )
We say that f is g—concave if the reverse inequality holds.
THEOREM 141. ([137]) Suppose f is defined on [a,b] and let F be a strictly

monotone continuous function defined on the range of f. If f is G—convex, then

1

b—a

F—l

b
/ F(f(fff))dﬂcl < ¢ra(f(a), £(b)).
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If f is G—concave then the reverse inequality applies.

PrROOF. We have for a G—convex function f that

[ ruen] = e [ R0 -l

1
< | [ FeGGUm) + 0 - 06t
= bnel(a), F)).

The second part follows similarly. I

For F(z) = a? and G(z) = 2", this reduces to [138, Theorem 3.1] and for
F(z) = x to a result from [161].

THEOREM 142. ([137]) Suppose f : [a,b] — R is continuous. Let F be a
strictly monotone continuous function defined on the range of f and w: [a,b] — R
an integrable positive function. If either

(i) f is g-convex, Fog™*

(it) f is g-concave, F o g~
then

1s convexr and F decreasing, or

L is concave and F increasing,

b
S {fa wf(x)wigiz?)dx} < g Ha (g0 N)(b) + (1 - a")(go f)(a)},
where
b [P w(@)de

The inequality in is reversed if either
(ii3) f is g-concave, F o g=1 is convex and F increasing, or
(iv) f is g-concave, F o g~1 is concave and F decreasing.
Moreover, if either
(v) f is g-convex, F og~
(vi) f is g-convex, F og~
then

1
1

1s convex and F' increasing, or
s concave and F' decreasing,

(5.65)

b
i lfa w(x)F(f@)de | Fa*(F o f)() + (1 —a*)(F o f)(a)].

f: w(zx)dx
The inequality in is reversed if either

(vii) f is g-concave, F o g~ convex and F decreasing, or
(viii) f is g-concave, F o g~! concave and F increasing.
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PROOF. Let f be g-convex (respectively g-concave). We have

(5.66) P! f,fw(x)F(f(x))dx]
f; w(x)dx
_ g { J2w(@) Ff ()b + (1 - a(:b))a)]dx}
f: w(x)dz
2 {f;’ w@) Pl @) g0 O+ (1 a@@)ige f)(a)}]dx} |
= [, w(z)dz
On the other hand, by Jensen’s integral inequality we have that if Fog™! is convex
(concave) then
.67 dev@FL @) ge HO) + (1~ a@)lgo f(@]}da
f; w(z)dx
> L {gl lf‘fw(x”a(x)(g ° f)(B) + (1~ a(@)(go f)(a)]dx] }
(<) f; w(z)dx

=F{g ' [a"(go f)(b) + (1 —a")(go f)a)]}.
From ([5.66) and (5.67) we get (5.64) (the reverse inequality).

Moreover, by Jensen’s discrete inequality, if F'o f~! is convex (concave), we

have that
b -1
oy L@ la@lge N+ —al)go Sl
[ w(z)dx
> [Pw(@){a(@)(Fo f)(b) + (1 — a(z))(F o f)(a)]}dz
(<) f: w(z)dx

= a*(Fo f)(b) + (1 —a”)(Fo f)(a).
From ([5.66)) and (5.68) we get (5.65)) (its reverse inequality). I

Let F(z) = 2 and suppose w is symmetric on [a, b], that is,
1
wla+t)=wb—-t), 0<t< i(b—a).

Then o* = 1/2 and we have a result obtained in [143].

DEFINITION 4. ([137]) A positive function f is said to be r—conver on an
interval [a,b] if, for all x,y € [a,b] and X € [0,1],

fOz+ (1= Ny) <me(f(z), f(y); N,
where m,. is defined by .

COROLLARY 52. ([137]) Let f : [a,b] — R be a positive continuous function
and w an integrable positive function.

(a) If f is r-convex and £ = max{r,p}, then

[ffw(w (f(x))Pda
S w(z)

1/p
] < my(f(b), fa); A).
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(b) If f is r-concave and £ = min{r, p}, then the inequality is reversed.

For p =1 and r = 0, that is, when f is a log-convex function, we have

b
W <MFB)+ (1 N)f(a).

a

[FO)Pf(a) <

(see Fink [75] and Pecari¢ and Culjak [143]). For some related results see also
[77, 80, 115, 134).
4.4. Multidimensional Functional Stolarsky—Tobey Means.
DEFINITION 5. ([137]) Let E,—1 C R"! represent the simplex
n—1

En,1: (ul,...,un,l):uizo(1§i§n—l),Zuj§1
j=1

n—1

and set u, =1— Y uj. Withu = (u1,...,uy), let p(u) be a probability measure
j=1

on E,_1.

Forue E,_i,r € Rand x = (z1,...,2,) € R, the power mean of order r of
T1,...,Ty, is defined by

n 1/r
<Z ule) ) if r 7é 0,
i=1
my(x;u) ==

n
IT = if r =0.
i=1

The integral power mean M; of order ¢t € R of a positive function f on E,_;
with probability measure p is defined by

. 1/t _
_ o Y du(] it 0,
My(f;p) =
exp [, n(/()du(w)] ift =0,
assuming that the expressions involved are well-defined (see [84], Chapter 3]).

Let x = (21,...,2,) € R} and r,t € R. Tobey [179] has studied the two—
dimensional homogeneous mean

Ly (x5 p) := My(my(x;-); )

of z1,...,x,.

Now let I be a real interval and z; € I (1 < i < n) and suppose f, g are two
strictly monotone continuous functions on I. We say that ¢,  (x;p) is a functional
Stolarsky—Tobey mean if

Grglxip) =f" {/E f [gl (Z Uig(fi)>] du(u)},

where x = (21, Z2,...,%y).

Special cases of the above means are given in [17, 120, 145}, 161]. For example,
for g(x) := x we have a functional mean considered in [I7]. Tobey’s homogeneous
mean is subsumed under f(y) =y’ g(y) =y" and I = R.
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The proof of the following theorem follows closely that of Theorem [T40]
THEOREM 143. ([137]) If

(i) either F o f=1 is conver and F increasing, or F o f=% concave and F
decreasing, and

(ii) either G o g~ is convexr and G increasing, or G o g~
decreasing,
then

L concave and G

Grg(Xi 1) < Op (X ).
If
(i73) either F o f~! is convex and F decreasing, or F o f~
increasing, and
(iv) either G o g~1 is convexr and G is decreasing, or G o g~
G is increasing,
then

L concave and F

L is concave and

b o(X5 1) > dp ().

w; = /E uidp(u)

n—1

Denote by

the i-th weight associated with the probability measure y on E,_1. Then w; > 0
(1<i<n)and wi +---+w, =1.

We have

Gy p(xsp) = 1 {szf(fﬂz)} .
i=1

which is just the quasiarithmetic mean of the numbers {z;} with weights {w;} for
the function f.

THEOREM 144. ([137]) If either

(i) fog~! is conver and f increasing, or
(ii) fog™! is concave and f decreasing,
then

(5.69) Pg,g(Xi 1) < Gp (X5 11) < by (35 11).

If either
(i73) fog~! is convex and f decreasing, or
(iv) fog~! is concave and f increasing,
then the inequality is reversed.

PROOF. By Jensen’s integral inequality we have that if f o g~!

/E f [9_1 (Z} uw(mﬂ dyu(u)
L Gl g

= f(¢g4(x5 1))

is convex,

Y]
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By Jensen’s discrete inequalitiy we have that if f o g~! is convex, then

(5.70) /E f [gl (Z uig(xi)ﬂ dp(u)

/ Zu, x;)du(u sz z;) = f(dy, (x5 1))

anl

If f is increasing, (5.69) now follows from (5.70) and (5.70). The other cases are

derived similarly. |

Our next theorem considers unweighted functional Stolarsky—Tobey means,
when p reduces to Lebesgue measure

dp(u) = (n — Dlduy ... duy—1 = (n — 1)ldu.

An easy calculation gives

1
duy...dup—1 = ————
/Enl ! YT n—1)!

1
w; = /E widp(u) = -

n—1

and

We write ¢ ,(x) for ¢ ,(x, 1) in this case.

THEOREM 145. ([I37]) Suppose x; # x; for i # j and let H(t) be such that
H" Y = fog~t. Then

= f1|(p— y e g)te)
O19(x) =1 l( 1)!; Hjeawm(o(@i) g(xj))] |

where A(i) :={1,2,...,n}\ {i}.

ProoF. We use the well-known relation

[ty talf = f(t)_m = /E Fon (2 m) du,

i=1 HjGA(i)(tl

where [t1,...,t,]f stands for the divided differences of order n — 1 of ¢ with knots
at t1,...,t, and t € C""!(a,b), a = min(t;), b = max(t;), 1 <i <n. So we have

Prq(x) = fl{(nl)!/E (fog™ (Zuzg :c) }
= f! {(n - 1)!/E H®=D <Z uzg(xz)> clu}7

whence the desired result. 1

The above gives as special cases results obtained in [120), [145], [161].
Theorems and give the following.



228 5. THE H. — H. INEQUALITY FOR DIFFERENT KINDS OF CONVEXITY

COROLLARY 53. ([137]) If either (i) or (ii) of Theorem [1{4] holds and H is
as in Theorem [1]5, then

15 o NN (H o g)(x:)
! (n ;9( Z>> =/ [( 1)!; HjEA(i)(g(xi) —g(z;))

7 (Tll Zf(xz‘)> :
i=1

If either (i) or (it) from Theorem applies, then the inequalities are reversed.

A

IA

5. Generalization of H — H. Inequality for G-Convex Functions

5.1. Introduction. Recall that a positive function f is said to be r-convex
on an interval [a, ] if, for all z,y € [a,b] and A € [0,1],

T (@) + (1= Xy) f7 ()], if r#0

@) 2 (), it r=0.

If the inequality (5.71) is reversed, then is said to be r-concave ([80]). This
concept plays an important role in statistics. By the concept of r-convexity, the
authors in [80] proved that:

THEOREM 146. ([80]). Suppose that f is a positive r-convez function on [a,b].
Then

(5.71)  fOa+(1-My) <

1 b
(5.72) o [ FOd <L (7@, 1 ).
If f is a positive r-concave function, then the inequality is reversed, where
r r+1 a)— r+1 b
’I‘-‘rl%’ r;é07—17 f(a)#f(b)
a)—f(b
oE ok r=0, Sl AL

fla) f (o) mEA=RIO - p 1 f(a) # £ (D)

fla), fla)=f(b).

The authors in [I38] established a relationship between power mean of f and
Stolarsky mean of f(a) and f(b), which generalize (5.72)) and is stated as the fol-
lowing :

THEOREM 147. ([138]). Suppose that f is a positive r-convex function on [a,b],
then

(5.73) My, (f) <E(f(a), f(b);r,p+T).
If f is r-concave, the inequality is reversed, where

L rwal’ . pro
M,y (f) =
exp {ﬁ f: In f (¢) dt} , p=0,
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r41 a) — r+1 %
B @), f@irpn) = | SO0

(rp+r)#0, p#0, f(a)# f(b)
E(f(a), f(b);0,r) = E(f(a), f(b);r,0)

O ORI .
- R @ #sw

L (f(a) -7
E(f(a), f(b);rr) = e7 (W) s #0, f(a) # f(b)
E(f(a), f(0);0,0) = +/f(a) f(b), f(a)# f(D)
E(f(a), f(b)srp+r) = [f(a),
Fejer in [72] had a weighted generalization of Hadamard’s inequality :

THEOREM 148. ([72]). If f : [a,b] — R is convex and w : [a,b] — R is a
nonnegative and integrable function such that w is symmetric to v = “7%, then

(5.74) f(”b)/ dt</ it dt<f(a);f(b)/bw(t)dt.

a

If f is concave, then the inequality (m) 18 reversed.

The Fejér type inequality is much less represented in the literature. In [138],
authors proved the following :

THEOREM 149. ([138]). Let w be a nonnegative, integrable, even function with
positive integral over [1,—1], and let f be a positive function. Put f (t) = f (x + vt)
forte[-1,1].

(a) If f is r-convex and m = max{r,p}, then

(5.75) My (fow) < My (f (@ +0) f (2 =)
(b) If f is r-concave and m = min{r,p}, then the inequality is reversed,

where

[fllfp(lx+vt)w(t)dt]”’ b2
- f71 w (t) dt
i () -
lfl t)In f (z +vt)dt]
X y P= 07
Jhw
and

{f’”(:vﬂ);rfm(fﬂ—v)r’ 0

My (f (z+0), f(x —v)) =

\/f(a:+v)f(:177v), m = 0.

For other Fejér type inequalities see [77], [115], and [138]. In this section
we shall establish some general Fejer type inequalities and we shall show that the
above theorems follow from these inequalities. For this purpose we introduce a
generalization of the concept of r-convexity (r-concavity) (cf. [97]):
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Let f : [a,b] — R be a real-valued function and g : J — R be a strictly
monotonically continuous function on interval J such that f ([a,b]) C J. We say
that f is g-convex if for all z and y in [a, b] and X € [0, 1] (see [97])

(5.76) FOz+ 1 =Ny <g ' A(gof)(z)+ Q=X (g0f) ()]
We say that f is g-concave if ((5.76]) is reversed . This definition is quite different
from the standard definition of g-convezr (see Definition 1.21, [147]).
REMARK 68. (a) (197]) If f : [a,b] — R is converx, then f is g-convex
with g(z) =
(b) If f : [a,b] — RT is log-convex, then f is g-convex with g(z) = Inz.
(c) If f : [a,b] — RT is r-convex, r # 0, then f is g-convez with g(x) = z",
r#0.

5.2. Weighted Generalization of Hadamard’s Inequality for g-Convex
Functions. Let f : [a,b] — Rbe an integrable function and g : J — R be a strictly
monotonically continuous function with f ([a,b]) C J. Define G, H by (see [97])

Gl) = g7 [Cﬂf”(gof)(a)ﬂ::ja(gof)(a;b)]

1 [22—2a a+b a+b— 2z
o 2 e (50) + 5 0o n0).

Hz) = g[l; @o )@+ 52 o) 0)

1 [z—a

oD@ s ao N ).

for all z € [a, ], then we have the following theorem (cf. [97]).

THEOREM 150. Suppose that f, g, G, H are defined as above, let f be a g-convex
function and let w : [a,b] — R be a nonnegative integrable function such that w is
symmetric to t = “T“’.

(a) If g is strictly increasing concave or strictly decreasing convex then

(5.77) /f g/ G )dtg/aa;bH(t)w(t)dt

< ;f()/ () dt.

(b) If g is strictly increasing convex or strictly decreasing concave then

a+b a+b

(5.78) /f < /a dt</ H () w(t) dt
, {(gof)()2(gof)()]/aw(t)dt.

Further, in case f is g-concave. If g is strictly increasing convex or strictly
decreasing concave on J, then the inequality is reversed; if g is strictly in-
creasing concave or strictly decreasing convexr on J then the inequality 18
reversed.

IN

PROOF. The proof is as follows.
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(a) Suppose that g is strictly increasing concave, since f is g-convex, then go f
is convex and g~ is strictly increasing convex . By using the symmetrical
properties of w and changing variables,

b
/ F ) w(t)dt

atb b
/ f(t)w(t)dw/ﬂf(t)w(t)dt

a+b
2

f@)+ fla+b—t)]w(t)dt

o

[
L

[ ((go HE) +97 ((go f)(a+b—1)]w(t)dt
([ e pe+ B2 e (“50)]
tt B2 e () + S 2 e n ) Ju

a+b
2

G (t)w (t) dt

IA

a

/a — _

ct SR D@y s oD 0] Jua

b—a
a+b

_ /TH(t)w(t)dtg M/bw(t)dt.

a+b
2

(7 [Fot oD@+ =2 0o n )

IN

2

Next, suppose that g is strictly decreasing convex, then g o f is concave
and g~ is strictly decreasing convex. By using the same method, we see
that also holds.

(b) Suppose that g is strictly increasing convex, then g o f is convex and g~
is strictly increasing concave and

1

a+b a+

/abf(t)w(t)dt < /GTG(t)w(t)dtg/az

a+b
/ 2
a

c SR we D@y s aon) 0] Jua

/ I CEIEERCKHIC] P

_ g_1{(QOf)(@)Jr(gOf)(b)]/abw(t)dt.

H(t)w(t) dt

b—t t—a

(77 [t oD@+ =2 o n )

IN

2

Next, suppose that g is strictly decreasing concave, then g o f is concave
and g1 is strictly decreasing concave and (5.78)) still holds.
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Further, in case f is g-concave, we can use the same method to prove that the
statement is true and the proof is completed. I

REMARK 69. ([97]) If f is convex in [a,b], then by Remark[68, f is g-convex
with g(z) = = and by Theorem [150] we have

a+b
2

/bf(t)w(t)dté/ G (t)w(t)dt

[ [2-2a,(a+b) a+b—2t f(a)+ f(b)
B / Q{b—af< 2 >+ b—a 2 v

f (a) . f®) /:w (t)dt.

IN

Hence Theorem [I50) refines and generalizes the second Fejér inequality .

REMARK 70. ([97]) If f is convex in [a,b], then by Remark@ f is g-convex
with g(z) = z. Let w(z) =1, x € [a,b]. Then by Theorem[150 we have

a+b

/ff(t)dt < [ G“Wbza{f<a§b>+f(a)§f(b)}
< M(b—a)

which implies that

1 1
F— t)dt < t)dt
= [ rwa< = [ cw

_ ;[f(a‘;b)Jrf(a);f(b)]Sf(a);rf(b)’

this is the Bullen’s inequality [T7].
REMARK 71. Let f be a r-convex on |a,b], then by Remark@ f is g-convex
with
', r#0
g(z)= , € (0,00).
lnz, =0

Let w(z) =1, x € [a,b]. Then by Theorem [150,

’ 5t
bia/af(t)dt < bia/a H(t)dt =L, (f(a), f())
f@fe
2 ? —
S 1
MOESMOIE
{2} , r>1

Further, if f is positive r-concave, then the above inequality is reversed. Hence

Theorem generalizes Theorem [146
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5.3. Further Generalisations. Let f : [a,b] — R be an integrable g-convex
(g-concave) function and let g : J — R, h : I — R be strictly monotonically
continuous functions with f ([a,b]) C J C J. Define M, N by (see [97])

roa ) [ e+ 52 e ) (4]

) [z —a

Hrog™) [Tt e D@+ e o) )],

NG@) = (heg) [t o) @+ 5s g0 ) 0)

[z —a b—=z

Hog™) [T e @+ =2 5o N 0)].

for all x € [a, b], then we have the following results.

THEOREM 151. ([97]) Let f,g,h, M, N be functions defined as above and let
w : [a,b] — R be integrable on [a, b] with positive integral and symmetric to x = £,
Suppose that h is strictly increasing.

1

(a) If f is g-convex and h o g—' is convex then

a+

(5.79) /b(hof)(t)w(t)dt < /2M(t)w(t)dtg/%N(t)w(t)dt
(D@ EDW [y,

2

(b) If f is g-concave and h o g~ is concave then the inequality 18
reversed.

(c) If f is g-convex and ho g~!

s concave, then

b
(5.80) / (ho f) () w () dt

< %M(t)w(t)dtg/azN(t)w(t)dt
¢ (o) [LDOLEDO] )

(d) If f is g-concave and h o g=' is convex, then the inequality 15 Te-
versed.

PROOF. The proof is as follows.

(a) Suppose that ¢ is strictly increasing, since f is g-convex then g o f is
convex and hog~! is strictly increasing convex. By using the symmetrical
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properties of w and changing variables we obtain

b o b b

/(hof)(t)w(t)dt:/ (hof)(t)w(t)dH/L (ho f)(t)w(t) dt

atb

[(ho f)(t)+ (ho f)(a+b—1t)|w(t)dt

/

= [T log ) @e N O+ (hos™) g0 Hla+b— ] wie)d
/ <(h oy [atb—2t 2t — 2a a+b
7 (es) [ 2 wen@+ 522 gon (1)

hoo™) |Gt twon) (50 ) + S e 0] ) uta

IN

_|_

—~

AN
S~ 3
[&]
7N
—
>
o
Q|
—_
SN—"
| — |
S| o
o
—~
Q
o
=
—
IS
N—
+
S| o+
IS
o
o
=
—
=
—_

Next, suppose that g is strictly decreasing, then go f is concave and hog™!

is strictly decreasing convex and the inequality (5.79) also holds.
(b) Suppose that g is strictly increasing, since f is g-concave and h o g~! is
concave, then g o f is concave and h o g1 is strictly increasing concave.



5. GENERALIZATION OF H. — H. INEQUALITY FOR G-CONVEX FUNCTIONS 235

By using the method as in (a) we have

(5.81) / (ho f)(t)w(t) dt

P (o [ g2 g (22
+ (hog™) [QZ_za(gof>(a;b)+anb;2t (gof)(b)Dw(t)dt

- /ﬁM(tmt)dt

L

/

((h og™") B_Z (gof)(a)+ 2:72 (gof) (b)]

b_
= [T N@wwdrz [ (ko f)(@) + (ho ) (B)]w(t)dt
_ <hof><a>—2uhof><b>/a“z w () dt.

Next, suppose that g is strictly decreasing, since f is g-concave and hog™!
is concave, then g o f is convex and h o g~ ! is strictly decreasing concave
and also holds.

(c) Suppose that g is strictly increasing, since f is g-convex and h o g~ ! is
concave, then go f is convex and hog~! is strictly increasing concave. By
using the same method as in (a) we have

[ enwua
< [T (mor ) [ 2 o o+ 222 o gy (45)]
Hhog ) [Ft o) (57) + S we 0] Ju e
_ /aa;rbM(t)w(t)dt
< [T (mer [t e n@ =2 wono]
o) [2E e @+ j s ao 0] ) wioa
_ a"“’N(ﬂw(t)dK/a%(hog_l) [<gof><a>;<gof><b>]w(t)dt
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Next, suppose that g is strictly decreasing, since f is g-convex and hog~!
is concave, then g o f is concave and ho g~! is strictly decreasing and the
inequality also holds.

(d) Suppose that g is increasing, since f is g-concave and h o g~ is convex,
then g o f is concave and h o g~! is strictly increasing convex. By using
the same method as used in (a), we have

1

(5.82) / " ho ) (t)w () di
[ (oo [ 2 e s 222 oy (452)]
+ (hog™) [22_% (go f) <a;b> +“Z:2t (gof)(b)Dw(t)dt

a

vV

vV
s\
7N\
—
>
o

ks
L
SN—
Ql—|
S oo
\‘I
—
K}
o
~
S~—
—
S
=
+
SRS
“|
Q
—
K}
o
~
—
>~
N—
—_

- N(t)w(t)dt>/72(hog_1) [(gof)(“);(gof)(b)] (t) dt
_ (hogil) {(gof)(a);(gof)(b)}/a 2 w(t)dt

Next, suppose that g is strictly decreasing, since f is g-concave and hog™!
is convex, then g o f is convex and h o ¢! is strictly decreasing convex,
hence the inequality (5.82]) also holds.

The proof is completed. |

A similar proof gives the following theorem:

THEOREM 152. ([97]) Let f,g,h, M, N,w be functions as in Theorem m
Suppose that h is strictly decreasing on I.

(a) If f is g-concave and h o g~! is convex, then the inequality holds.
(b) If f is g-convex and ho g~ is convez, then the inequality reversed.
(c) If f is g-concave and h o g~' is convex, then the inequality holds.

(d) If f is g-convex and hog~! is convez, then the inequality reversed.

COROLLARY 54. Let f : [a,b] — R be a positive integrable function and let
w : [a,b] = R be a nonnegative integrable function with positive integral such that
w is symmetric to T = ‘IT“’.

(a) If f is r-convex and m = max {r,p}, then

(5.83) My, (fyw) < My (f (@), f (b)) -
(b) If f isr-concave and m = min {r, p}, then the inequality is reversed.

PROOF. The proof is as follows.
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(a) Suppose that f is r-convex, let g, h be functions defined by
P, p#0 ", r#0

h(x) = ;og(@) =
Inx, p=20 Inz, r=0

for all € (0,00). Then f is a g-convex function and
zr, om0, p#0;

e’ r=0,p#0;

(hog™)(x) =
%lnx r#0, p=0;

x r=0,p=0.

By using Theorems and we can state
(1) If p > 0, then h is strictly increasing, h o g~ is convex for r < p and
hog~! is concave for r > p, hence

1 {fp(a)Jrfp(b)]; <

Pr@wd]” 2 T
R O 1
aw f?" (a)+ fr (b) T

[2} R,

(2) If p < 0, then h is strictly decreasing, hog~! is convex for p < r and
hog!is concave for r < p, hence

[f" (a);r fr (b)]

o=

y T <p;

My (f,w) < V(Hf(b)} <0
2 5 =~ 9

f(a) £ (0), p<r=0.

(3) If p = 0 then h is strictly increasing, ho g~! is convex for » < 0, and
ho g~ is concave for r > 0, hence

P f (0 f(a) f(b), r<0

w(t)In f(t)dt

Mp(f’w)‘eXp( T (2 de )S [f’”(a)+f’”(b)r e
2 ’ '

By (1), (2), (3), if m = max {r,p}, then

r@EO)

M, (f.w) < { 2 = My, (f(a),f (D).

f(a) f(b), m =0
(b) The proof is similar to (a).
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REMARK 72. ([97)) Let f be positive r-convex on [a,b], then f is g-convex with

t", r#0
g(t) = t € (0,00).
Int, t=0
Let
P, p#0
h(t) =
Int, p=20

tr,  r#0,p#£0;

=0, p#0;
(hog ') () =

%lnt r#0, p=0;

t r=0,p=0.

By Theorems and 153, we have
1 h 1
(ho f)(t)dt]| <h

at

TN dt

h71

:E(f(a),f(b),r,p-l—r),

b—a b—a /,

hence
M, (f) < E(f (a), £ (b),7p+ 7).
Similarly, if f is positive r-concave, then
M, (f) =z E(f(a), f(b),r,p+T).
This is Theorem [147
REMARK 73. ([97]) In Corollary[5] let a = —1, b =1 and let f (t) be replaced
by f (x +tv). Then M, (f, w) < My, (f (x —v), f (x+0)) for positive r-convex f
and the inequality is reversed for positive r-concave f. This is Theorem [I]9

6. H. — H. Inequality for the Godnova-Levin Class of Functions

In 1985, E. K. Godnova and V. L. Levin (see [67] or [114, pp. 410-433))
introduced the following class of functions:

A map f: I — R is said to belong to the class @ (I) if it is nonnegative and
for all z,y € I and X € (0,1), satisfies the inequality

x

@) fw)

A 1—2A

They also noted that all nonnegative monotonic and nonnegative convex functions
belong to this class and also proved the following motivating result:

If fe@)and z,y,z € I, then
(5.85)  f(z)(z—y)le—2)+fWy—2)(y—2)+f(2)(z—2)(z—y) =0.

In fact (5.85) is even equivalent to ([5.84]) so it can alternatively be used in the
definition of the class @ (I).

For the case f (z) = ", r € R, the inequality (5.85) obviously coincides with
the well-known Schur inequality.

(5.84) fOz+(1-Ny) <
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The following result of Hermite-Hadamard type holds [67].

THEOREM 153. Let f € Q(I), a,b € I witha <b and f € Ly [a,b]. Then one
has the inequalities:

b
(5.86) 1(*57) =52 [ @
and
b a
(587 i [ o s e < HOTID,
where p (x )—w x € la,b)].

b—a
The constant 4 in is the best possible.

PROOF. Since f € Q (I), we have, for all z,y € I (with A = 3 in (5.84))) that

27 @)+ 1) = £ (T52).

ie,withz=ta+ (1—1¢)b, y=(1—1)a+th,

2(f(ta—|—(1—t)b)+f((1—t)a+tb))>f<a+b)

By integrating, we therefore have that

(5.88) U flta+(1—1t)b dt+/ £ 1ta+tb)dt}>f<a+b>

Since

/lf(ta+(1—t)b)dt . /1f((1—t)a+tb)dt
0 0

1 b
= |t
we get the inequality ((5.86) from ([5.88)) .
For the proof of (5.87) , we first note that if f € @ (I), then for all a,b € I and
A €[0,1], it yields

AL=X)fAa+ (1 =A)b) < (1 —=A)f(a)+Af(b)
and

ALI=XNF((1=XNa+Ab) <Af(a)+(1—=X)f(b).
By adding these inequalities and integrating, we find that

(5.89) /)\ (L= A [f Cat (1= A)b) + £ (1= A)a+ Ab)]dA
< fla)+f(b).
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Moreover,
1
(5.90) /)\(I—A)f(Aa+(1—/\)b)d)\
0
_ /A(l—)\)f((l—)\)a—i-)\b)d)\
0
B 1 b(b—2z)(x—a)
_ bia/a @

We get (5.87)) by combining (5.89) with (5.90) and the proof is complete.
The constant 4 in ([5.86)) is the best possible because this inequality obviously

reduces to an equality for the function

+b
, a<z <7

fla)=4 4, z=19

Additionally, this function is in the class @ (I) because

, 1
i 000 =9 3)
= 4> f(Ar+(1-XN)y)

Y

for all z,y € [a,b] and X € (0,1).
The proof is thus complete. I

Next, we shall restrict the Godnova-Levin class of functions and point out a
sharp version of Hadamard’s inequality in this class. More precisely, we say that a
map f : I — R belongs to the class P (I) if it is nonnegative and, for all z,y € T
and A € [0, 1], satisfies the following inequality

(5.91) fRz+ 1 =XNy) < f(@)+f ().

Obviously, @ (I) D P (I) and for applications it is important to note that P (I)
also consists only of nonnegative monotonic, convex and quasi-convex functions,
i.e., nonnegative functions satisfying

fQz+ (1 =N y) <max{f(z),f(y)}

The following result of Hermite-Hadamard type holds [67]:

THEOREM 154. Let f € P(I), a,b €I with a <b and f € Ly [a,b]. Then one
has the inequality

b
(5.92) H(*50) =32 [ rwar<20@eso).

Both inequalities are the best possible.
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PROOF. According to (5.91) with x = ta + (1 —t)b, y = (1 —t)a + tb and
A= %, we find that

f(a;b> <flta+ (1 —1)b)+ f((1—t)a+th)

for all ¢ € [0,1]. Thus, by integrating on [0, 1], we obtain

f(a;b) A[me41—ﬂm+f«1_oa+wﬂﬁ

b
= bia/f(x)dx

and the first inequality is proved.

The proof of the second inequality follows by using withz=aandy =10
and integrating with respect to A over [0,1].

The first inequality in reduces to an equality for the nondecreasing func-
tion

IN

0, a<z< “TH’
flx) =
1, “<a<h
and the second inequality reduces to an equality for the nondecreasing function

ro={ ) a2t

, a<xz<b
The proof is thus complete. |

6.1. Inequalities for Positive Functionals. In paper [113], D.S. Mitrinovié
and J.E. Pecari¢ prove the following Jensen type inequality for functions of Q(I)
type.

THEOREM 155. Suppose that f € Q(I); x € I™ (n > 2) andw = (w1, w2, ..., wy)
is a positive n-tuple. Then

(5.93) f (Vil/ wa) < an fl(uﬂfi)7

where W, == >"1" | w;.

Some reverses of this inequality are also pointed out.

In this subsection, we give some inequalities of Hadamard type for the functions
f € Q(I) and for normalized isotonic linear functionals. Some applications to
elementary inequalities are also noted.

Let T be a nonempty set and L a linear class of real valued functions f,¢g: T —
R having the properties

(L1) f,¢9 € L implies af + Bg € L for all o, 5 € R.
(L2) 1 € L, where 1(¢t) =1, for all t € T.
We also consider isotonic linear functionals A : L — R. That is, we suppose
that
(Al) A(af + Bg) = a¢A(f) + BA(g) for all f,g € L and o, € R;
(A2) f e L, f >0 (ie. f(t) > 0forallt e T) implies A(f) > 0 (ie., A is
isotonic).

The following result is similar to the first inequality in the H. — H. inequality.
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THEOREM 156. Let f € Q(I), a,b € I and h : T — [0,1] so that the maps
fo(ah+b(1—h)) and fo(a(l —h)+bh) belong to L. Then for all A, an isotonic
linear functional with A(1) =1, one has the inequality

(5.94) f(a;b>S2MUomh+M1—m»+AUw0—h%+MDL

PROOF. Sincef € Q(I), then for all 2,y € I one has

(5.95) 2(f0)+ ) = £ (52).
Let t € T . If we choose & = h(t)a+ (1 — h(t))b, y = (1 — h(t))a+ bh(t), we observe
that z,y € I and, by ,

2[f (h(t)a + (1 = h(t))b) + f((L = h(t))a + h(t)b)]

.- (h(t)a +(1- h(t))b;r (1= h(t))a+ bh(t)> ¢ (“2”’) |

This shows that we have, in the order of L,

2(f o (ah +b(1 — )+ fo ((1—h)a+bh)] > f(a+b)

Applying A and using properties (A1) and (A2), we obtain the desired inequality
(5-94). m

The inequality (5.86)) can be recaptured as follows [67].

COROLLARY 55. Let f € Q(I), a,b € I with a < b and f integrable in [a,b].
Then one has the inequality

(5.96) f (a;b> <

ProOOF. Applying the above theorem for A = fol and for A : [0,1] — [0, 1] with
h(t) = t, we have

f (a;b) = 2/0 (f(ta+ (1 —t)b) + f((1 — t)a +tb))dt.

However, a simple calculation shows that

/fta+1—t )dt = /f 1—t)a + tb)d _a/f

and the inequality is thus proved. [

REMARK 74. Since every nonnegative monotone function f : [a,b] — R is
integrable on [a,b] and belongs to Q([a,b]), hence holds for this class of
functions.

The following discrete inequality also holds:

COROLLARY 56. Let f € Q(I), a,be I, p; >0 (i =1,n) with P, =Y., Pi >
0 and t; € [0,1] (i = 1,n). Then one has the inequality

71

(5.97) f<a+b> 2 Zpl (tia + (1 —t;)b) + f((1 = t;)a + t;D)].
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A variant of the second Hadamard inequality for functions in the class Q(I) is
embodied in the following.

THEOREM 157. Let f € Q(I), a,b €I and h: T — [0,1] so that h(L —h) - fo
(ah+b(1—h)), h(L—"h)- fo(a(l—h)+bh) belong to L. Then for all A an isotonic
linear functional so that A(1) = 1, one has the inequality

(5.98) A (h(lz_h)-fo (ah +0b(1 —h)) +A (h<12_h)

fla) + f(b)
< 5 .
Proor. If f € Q(I), then for all z,y € I and A € [0, 1]
AI=AN)fAz+(1-Ny) <A =) f(@)+Af(y)

- fo(a(l—h) +bh)>

and
A=) f(A=Nz+y) <Af(2)+(1-=A) f(y)
Adding these inequalities, we get
AA=N[fAz+ 1A =Ny+ f(1=Nz+ )] < flz)+ fy

)
forall A € [0,1] and z,y € I. Let t € T . If we choose A = h(t), z = a, y = b, then
we have

PO =) ¢ angry + 51— ngey)) + "DEZO) r0 ) + omeey)

2 2
fla) + f(b)
- 2
which gives in the order of L:
MO 1o tan ot — )]+ MO (o (aa ) 4 om)
o L@

Applying to this inequality the functional A and using the properties (Al) and
(A2), we get the desired inequality (5.98]). I

The inequality (5.87)) can be recaptured as follows [67].

COROLLARY 57. Let f € Q(I), a,b € I with a < b and f integrable in [a,b].

Then one has the inequality

1
b—a

fla) + f(b)
2 9

b
(5.99) / p(t) (1)t <

where

p(t) = W € {oﬂ , t € [a,b].

PRrROOF. If we apply the above theorem for A = fol and h : [0,1] — [0, 1] with
h(t) =t, we get
fa) + f(b)

FOZIE 5 5 [ =0t s (=08 + £(1 = o+ )ar
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But a simple calculation shows that
1 1
/ H1—t)f(ta+ (1— )bt — / 11— ) (1 = t)a + th)dt
0 0

B 1 ®(b—z)(z—a)
N b—a/a (b—a)? de

and thus the inequality (5.99) is proved. I

REMARK 75. The inequality holds for every nonnegative monotonic func-
tion on [a,b].

The discrete variant of ((5.98)) is the following:
COROLLARY 58. With the assumptions of Corollary[56, one has the inequalities

(5.100) 5> P a0 t0) + 7 - t)a -+ 1)
f(a) + (0)
< [@3i0)

6.2. Applications.

(1) If f(z) =aP (p > 1), z € [0,00) and 0 < a < b, then by the well-known

H. — H. inequality, we have:
a+b\? pptl — gptl aP + bP
<

(3) =Grni-a =
If r € (0,1), then f(x) = 2" is concave on [0, 00) and by the same inequal-
ity, we have

b r br+1 o r+1 r br
(5.101) ot N
2 (r+1)(b—a) 2
Since f(xz) = =" is nonnegative and monotonic nondecreasing on [a,b] C
[0,00), we can apply (5.96)), i.e, we have the inequality [67]
a+b T br+1 _ CLT+1
5.102 atbyN oy Y e
( ) ( 2 ) - (r+1)(b—a)
In conclusion, by the inequalities ((5.101)) and (5.102)), we can state that
[67]
b7'+1 _ a7'+1 a+ b T br+1 _ a7-+1
< -—«——— for all r € (0,1].
(r—!—l)(b—a)( 2 ) - (r+1)(b-a) (0.1]

If we use (5.99)) for the mapping f(x) = 2" (r € (0,1)) then we have

1 b
; / p(H)tTdt <
“a ),

)
p(t)—w

which gives a converse for the inequality (5.101]).

a” +b"

where

, t € la,b] C (0,00)
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(2) Let p# 0 and a, b > 0. Denote the power mean

aP +b?

Apfat) = (4 )’1’ (v #0)

with A(a,b) = A;(a,b) and Ag(a,b) = G(a,b) = Vab. Also, consider the
identric mean defined for a < b

1
I(a,b) = e * <b2) o .

a
In [148], A.O. Pittenger proved that
(5.103) Az <1< Ao (In denotes log,)
and the indices are sharp, i.e., I and A, are not comparable for p €
(2,In2).
If we apply inequality (5.96]) for the nonnegative monotonically in-
creasing function f(z) =In z, z > 1, we have

b J—
ln<a+b) < 4 lnxdx—4<b1nb alna_l)

2 b—a /, b—a

= 4ln [6_1 (22>M1 =In(I*(a,b)) (a,b>1)

which gives
(5.104) A<T* (a,b>1).
Thus by (5.103)) and (5.104)) we have
Az <I<Ans<A<I* for a,b> 1.

If we apply inequality (5.99) for the mapping f : (1,00) — R, f(z) = In(x),

we get
L na+Inb
/ln(t)dthzlnG(a,b) (a,b>1)
b—ua /, B)
ie.,
b
(b—1t)(t—a)
exp [/a Wln(t)dt < G(a,b) forall a,b>1.

(3) If we apply the discrete inequalities (5.97) and (5.100) for the mapping
f(x)=2" (r € (0,1]), z € [0,00), we deduce the inequality:

1 = ti(1—1t)

Pa i=1 HT

a” +b" < br+1iar+1 (a+b>T
2 T (r+1)(b-a) " 2

<

< P% ;pi[(tia + (1= t:)b)" + (1 — t)a + t;b)"]

for all ¢; € [0,1], p; > 0 (i = 1,n) with P, > 0.
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(4) If we apply the discrete inequalities (5.97)) and (5.100) for the mapping
In on [1,00), we have the following inequalities related to the well-known
arithmetic mean-geometric mean inequality G(a,b) < A(a,b),

1
P,

piti(1—t;)
2

=

[(tia + (1 —t:)b)((1 — t;)a + ;b)]

1

-
Il

S (CL, b) S A ((l, b)
. .
< | Tita+ @ = tp)((1 ~t)a+ tib)]%] ,
Li=1
where t; € [0,1], p; > 0 (i = 1,n) with P, > 0.

7. The H. — H. Inequality for Quasi-Convex Functions

We shall start with the following definition.
DEFINITION 6. The mapping f : I — R is said to be Jensen or J-quasi-convex

if
(5.105) f (x;ry> <max{f(z),f(y)}

forall x,y € I.

Note that the class JQC (I) of J-quasi-conver functions on I contains the class
J (I) if J-convez functions on I. In other words, functions satisfying the condition

T4y f(x)+f(y)
2

(5.106) f( 5 )g

The following inequality of Hermite-Hadamard type holds [62].

THEOREM 158. Suppose a,b € I CR and a < b. If f € JQC (I)N Ly [a,b],
then

(5.107) f(a;b>gbla/abf(m)dx+l(a,b),

where

for all z,y € I.

1 b
1 = — - —
(@.b) = 5= [ 1@ = fla+b=a)lds
Furthermore, I (a,b) satisfies the inequalities:

(5.108) 0 < I(ab)

1 b
< b_amm{/a |f (z)] dx |

1 b,
\/é<(b—a)/a f (x)dm—J(a,b)) ,

N=

where

b
J(a,b) := (b—a)/ f(x)fla+b—z)dx.
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PROOF. Since f is J-quasi-convex on I, we have, for all x,y € I :

f<x+y> <T@+ @) = FOI

2 2
Forte [0,1],put z =ta+ (1 —¢)b, y= (1 —t)a+tb € I. Then

f (a;rb> < %[f(ta—&-(l —t)b) + f((1 —t)a+1b)
+fta+1Q-8)b)— f((1—=t)a+1td)]].
Integrating this inequality over [0, 1] gives

f(a;b> < ;{/Olf(tcu—(l—t)b)dt+/01f((1—t)a+tb)dt}

+%/O |f (ta+ (1 —=1¢)b) — f((1 —t)a+tb)|dt.
Since

/fta+ (1—t)b)dt = /f (1—t)a+th)d b_a/f

using the change of variable = ta + (1 — ¢) b, we have

1
1/ If (ta+ (1 —)b) — f((1—t)a+tb)| dt

= r— / If(z) — fla+b—2)|dzx

and the inequality (5.107] ) is proved.

‘We now observe that
V I (2 |d:r—|—/ ki a+b—xdm]

0

IN

I (a,b) §

bia/a 7 @)l da

On the other hand, by the Cauchy-Buniakowsky-Schwartz inequality, we have

/\f fla+b—a)|de
1 3
< 2| fla+b—2a)f dm]
- % bia/ (f2(x)_Qf(x)f(a+b—x)+f2(a+b_x))dm]
- \ ,
- % bfa/fz(x x—i/f fla+b—2)dz

1
2

b b
= 2(b\/§a)[(b_a)/a fQ(x)dx—(b—a)/a f(x)f(a—&—b—;p)dx]

247
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and the inequality (5.108) is proved. I

REMARK 76. If f: I — R is quasi-convex and nonnegative, then f is J-quasi-
convez and thus satisfies
/ fla
—a

1("5°) =52

which improves the first mequalzty from (5.92) for quasi-convex functions.

x)dx+ I (a,b)

E. M. Wright introduced an interesting class of functions in [187].
We say f : I — R is Wright-convex function on I C R if, for each y > x and
0 > 0 with y + §, x € I we have

(5.109) flatd)—f@)<fly+d)—f).
The following characterisation holds for W—convex functions [62].

PRrROPOSITION 58. Suppose I C R. Then the following statements are equivalent
for a function f: I — R

(i) f is W—convex on I;
(ii) For all a,b € I and t € [0,1], we have the inequality:
(5.110) (I =t)a+tb)+ f(ta+ (1 —1t)b) < f(a)+ f(b).

ProOOF. For “(i)=(ii)”, let a,b € I and t € [0,1]. Firstly, suppose a < b. If f
is W—convex on I, then for all y > x and § > 0 with y 4+ J,z € I we have
(5.111) fl@+d)—fl@)<fly+d)—f(y).
Choose z = a, y =ta+ (1 —t)b > 0 and 6 := b — (ta+ (1 —t)b) > 0. Then
x+d6=(1—-t)a+th, y+ d =b and thus, by (5.111)), we obtain
FL=t)a+t)— f(a) < f(b) — f (ta+ (1—1)b)
whence we have (5.110)) .

The proof is similar for the case a > b.

For “(ii)=(i)", let y > z and 6 > 0 with y + d,z € I. In choose
a=z,b>aandte€0,1] withta+(1—t)b=y and b— (ta+ (1 —t)b) = 5. We
havey+d=bel,z €l and z+06 = (1 —1t)a—+tb. From we derive

f@)+f+6)=fy)+fx+9d),
which shows that the map is W —convex on I. |
The equivalence motivates the introduction of the following class of functions
[62].

DEFINITION 7. For I C R, the mapping f : I — R is Wright-quasi-convex if,
for all z,y € I and t € [0,1], one has the inequality

(6112) I+ = 0y)+f (- 0w+ 1) < max{f (), ] W)},
or, equivalently,

%[f(y)_g_f(é)] <max{f(z),f(y+0)}

for every x,y+ 90 € I withx <y and § > 0.
We show that the following inequality of Hermite-Hadamard type holds [62].
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THEOREM 159. Let f : I — R be a W-quasi-convex map on I and suppose
a,be I CR witha <b and f € Ly [a,b]. Then we have the inequality

1 b
(5.113) m/ f(x)de <max{f(a),f(b)}.
Proor. For all ¢ € [0, 1] we have

Stk (L= 0)0) 4 £ (1= ) a+ )] < max{f (a), £ (3)}.

On integrating this inequality over [0, 1] and using

/fta+ (1—t)b)dt = /f (1—t)a+th)d b—a/f

we obtain the desired inequality. |

REMARK 77. If f is quasi-convex and nonnegative, then

b
/f(fv)dxémax{f(a),f(b)}Sf(a)+f(b),

which improves the second inequality in (5.92) for quasi-convex and nonnegative
functions.

b—a

We now introduce the notion of a quasi-monotone function.

DEFINITION 8. For I C R, the mapping f : I — R is quasi-monotone on I if it
is either monotone on I = [c,d] or monotone nonincreasing on a proper subinterval
[e, '] € I and monotone nondecreasing on [¢,d] .

The class QM (I) of quasi-monotone functions on I provides an immediate
characterisation of quasi-convex functions [62].

PROPOSITION 59. Suppose I C R. Then the following statements are equivalent
for a function f: I — R.

(a) feQM(I);
(b) On any subinterval if 1, f achieves a supremum at an end point;

(c) feQCU).

PRrOOF. That (a) implies (b) is immediate from the definition of quasi-monotonicity.
For the reverse implication, suppose it is possible that (b) holds but f & QM (I).
Then there must exist points z,y,z € I withaz < y < zand f (y) > max {f (z), f (2)},
contradicting (b) for the subinterval [z, z] . The equivalence of (b) and (c) is simply
the definition of quasi-convexity. I

The following inclusion results hold [62].

THEOREM 160. Let WQC (I) denote the class of Wright-quasi-convez functions
on I CR. Then

(5.114) QC(I)cwWQC(I)cJQC(I).
Both inclusions are proper.
PROOF. Let f € QC (I). Then, for all x,y € I and t € [0, 1] we have
flte+ A —t)y) <max{f(z),f (), f(L-t)z+ty)} <max{f(z),f(y)}
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which gives by addition that

(5.115) %[f (tz+ (1 —t)y) + f (1 —t)z+ty)] <max{f (z),f(y)}

for all z,y € I and ¢ € [0,1], i.e., f € WQC (I). The second inclusion becomes
obvious on choosing t = % in ((.119) .

Let H be a Hamel basis over the rationals. Then each real number u has a
unique representation
u = Z Tun - h

heH
in which only finitely many of the coefficients r, ; are nonzero. Define a mapping
f:I—Rby
f (u) = Z Tu,h-
heH

Then

1 1

S+t = 5 Xh:Ty,h +zh:(7”x,h +76.1)

Sret X

h h

max lz T2 hs Z (ry.n +7s5.n)
h

h

max {f (z), f (y +0)}

N =

IN

so that f € WQC (I).

We now demonstrate that H can be selected so that f ¢ QC (I). Choose § > 0
and x # 0 to be rational and y + § to be irrational. We may choose H such that
y+0,—|z| € H. Then f(0) <0, f(z) =—sgn(z) and f (y+ ) = 1. The map f is
additive, so that

fW=fy+6)—f(©)>f(y+d)=1=max{f(z),f(y+3)}.

Hence, f ¢ QC (I).
For the second inequality in , consider the Dirichlet map f : I — R
defined by
Flu) = { 1 for u irrational
0 for u rational.

If x and y are both rational, then so is (I—;y), so that, in this case
Tty
(5.116) =57 ) =max{f(2),f ()}

If one of z,y is rational and the other irrational, then @49 i jrrational and S0,
again, (5.116]) holds. If both = and y are irrational, then max {f (x), f (y)} =1, so
that

£(55Y) s maxts @£ ).
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Hence f € JQC (I). However, if x and y are distinct rationals, there are uncount-
ably many values of ¢t € (0,1) for which tz + (1 —¢)y and (1 —t) x + ty are both
irrational. For each such ¢

1

S f e+ A=)y + f(1-t)z+ty)] > max{f (), f(y)}

so that f ¢ WQC (I). Hence WQC (I) is a proper subset of JQC (I). 1

We also have the following result [62].
THEOREM 161. We have the inclusions

W (I) c WQC (I), C(I) c QC(I), J(I) C JQC (I).

Fach inclusion is proper. Note that C (I), W (I) and J (I) are the sets of conver,
W —convex and J—convex functions on I respectively.

PROOF. By Proposition we have for f € W (I) that

L (- at i)+ o+ (- < OO

for all a,b € I and t € [0,1].

Since
M < max {f (a),f(b)} foralla,be I,

the inequality (5.112) is satisfied, that is, f € WQC (I) and the first inclusion is
thus proved.

Similar proofs hold for the other two.

As

(5.117) cIycw(I)cJd)
and each inclusion is proper ([91] and [93]) and by the relation (5.114]), for each

inclusion to be proper, it is sufficient that there should exist a function f with f €
QC (I) but f € J(I). Clearly, any strictly concave monotonic function suffices. I

REMARK 78. In view of the results of the foregoing theorem, the fact that there
are functions in QC' (I) which are not in J (I) makes it tempting to try to cocatenate
the set inclusions and . However, no result of this sort appears to
exist without the imposition of further assumptions. Thus, for example, by the use
if the Hamel basis, solutions to may be constructed which are unbounded
on every subinterval, whereas all members of QC (I) are bounded on every finite
interval. Hence, it is not the case that WC (I) € QC (I).

We now show that the three classes of quasi-convex functions in Theorem [161
collapse into one under the additional constraint of continuity. We denote by
QM (I) the class of quasi-monotone functions under this constraint, with simi-
lar notation for the other classes involved in Theorems and [62].

THEOREM 162. For a given interval I C R,
QCy(I) =WQCy(I) =JQCy(I).

PROOF. The proofs of the basic inclusion results of Theorem [160]do not involve
continuity, so that
QCo (I) CWQCy (I) C JQCH(I).
For the same reason, by Proposition we have QM (I) = QCp (I). Hence, it
suffices to prove that JQCy (I) C QM (I). We proved by reducio ad absurdum.
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Suppose it is possible that f € JQCo (I) but f € QMg (I). Then there must
exist points x,y,z € I with x <y < z and f(z) > f(z) = f(y). Let |y — x| = d.
By continuity there exists a given interval Iy C [z,y] of length dy > 0 with z € I
and f strictly exceeding f (z) on Iy. Since f € JQC (I), we have x;y ¢ Io, so that
Iy is properly contained in either (z, r;y) or (I;y,y) .

Invoking continuity again, there must be, according to which of these two cases
holds, either a point ' € (a:, IT”] with f (2’) = f(z) and Iy C (z,2’) or a point
y € [%,y) with f (y') = f (y) and Iy C (v, y) . Call this interval (z/,y').

The previous argument may be repeated to show that there exists x”, 3" with
f@") = f(y") <% and &% > do for all n > 1, which is impossible. I

REMARK 79. Theorem does not extend in this way. Thus, for example, if
f is continuous, strictly concave and monotonic, we have f € QMy but f ¢ W.

8. P—functions, Quasiconvex Functions and H. — H. Type Inequalities

8.1. Introduction. A nonnegative function p defined on the segment S is said
to be a function of P type ([67)]) (or simply, a P-function) if
pAr+ (1 =XNy) <p(z) +p(y); zyes 0<A<L
Let S = [a,b] and let Pg be the class of P-functions defined on S. It has been

proved in [67] that for an integrable function f € Pg, we have the H. — H.-type
inequality

r(4) < 52 [ s <2+ oy,

In this section, following [139], we consider the following generalization of the
left side of this inequality. Assume for the sake of simplicity that [a,b] = [0, 1]. If
f is an integrable P-function and u € (0, 1), then

1

In fact we present a version of this inequality for an integral with respect to an
atomless probability measure p defined on the Borel g-algebra of subsets of the
segment [0, 1]. For nonnegative quasiconvex functions we show that this also holds
for an arbitrary (not necessarily atomless) probability measure. These results are
the subject of Subection

More generally, we study links between P- functions and nonnegative quasi-
convex functions, which form an important class of generalized convex functions
(see, for example, [151]). It is well-known that the sum of quasiconvex functions is
not necessarily quasiconvex. The cone hull of the set of all quasiconvex functions
defined on a segment S is a very large set, containing for example all functions
of bounded variation. The cone hull of the set Q4 of all nonnegative quasiconvex
functions is also very broad, but one can find nonnegative functions of bounded
variation which do not belong to this set. The pointwise supremum of a family of
elements of () is again an element of Q4. One of the important problems of the
theory of quasiconvex functions is to describe the least cone containing @) which
is closed in the topology of pointwise convergence and contains pointwise suprema
of all families of its elements. In Subection we show that this cone coincides
with the set Pg of all P-functions defined on S.
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We use methods of abstract convexity (see for example [96], 133, 171]). The
approach is based on the description of small supremal generators of the sets under
consideration.

8.2. Preliminaries. First we recall some definitions from abstract convexity.
Let R = (—o00,400) be a real line and Ryo = R U {+o0}. Consider a set X and
a set H of functions h : X — R defined on X. A function f: X — Ry is called
abstract convex with respect to H (or H- convex) if there exists a set U C H such
that f(z) = sup{h(x): h € U}. The set

s(f,H)y={he H: h(z) < f(z) foral zeX}

is called the support set of a function f with respect to H. Clearly f is H-convex
if and only if f(x) =sup{h(z): h € s(f,H)} for all z € X.

Let Y be a set of functions f: X — Ry . A set H C Y is called a supremal
generator of the set Y if each function f € Y is abstract convex with respect to H.

We consider only nonnegative functions defined on the real line R and mapping
into [0, 400]. Recall that a function f defined on R is called quasiconvez if f(ax +
(1 —a)y) < max(f(x), f(y)) for all z,y € R and « € (0,1). A function f is
quasiconvex if and only if its lower level sets {x : f(z) < ¢} are segments for all
ceR.

Let us give some examples.

EXAMPLE 8. (see for instance [159]). Let Hy be a set of two-step functions h

of the form
c v >d
h(z) = { 0 v < d

with v € {1,—1}, ¢ > 0, d € R. Then H; is a supremal generator of the set Q4
of all nonnegative quasiconvex functions. Indeed Hy C Q4 ; since the pointwise
supremum of a family of quasiconvex functions is again quasiconvez, it follows that
each Hi-convex function belongs to Q4. Consider now a function q € Q4 and the
family of level sets S, = {x : q(x) < ¢} with ¢ > 0. Since q is quasiconvex it
follows that S, is a segment for each ¢ > 0. Let x, € R. Assume for the sake of
definiteness that q(z,) > 0 and let 0 < ¢ < q(z,). Since x, & S, it follows that
there exists v € {—1,1} such that vz, > vz for all x € S.. Let d = vx,. Then
¢ = inf,,>qq(x) < q(x,). Since S. C {x : ve < d} it follows that the inequality
vx > d implies q(x) > ¢. Hence ¢ < ¢. Let

c v >d
h(x):{() vr < d.

Clearly h < q and h(xz,) > € > c. Since ¢ is an arbitrary number such that
0 < ¢ < q(x,) it follows that q(x) = sup{h(z) : h € s(f, H1)} for all x € IR.

EXAMPLE 9. (see for ezample [I59]). Let Hy be the set of all two-step functions
of the form

c v > d
h(x):{o ve <d

with the same v,c and d as in Example[8 Then Hs is a supremal generator of the
set Qﬂr of all lower semicontinuous nonnegative quasiconver functions.
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ExXAMPLE 10. ([I39]) Let Hj be the set of all functions h of the form
c T=u
hix) = { 0 T H#u
with w € R, ¢ > 0. Then Hs is a supremal generator of the set of all nonnegative

functions defined on R.

ExampPLE 11. ([139]) Let Hy be the set of all Urysohn peaks on R, that is,
continuous functions g : R — R of the form

0 |z —u| > 6
(z) = c T=u
g\ = affine u—d<z<u

af fine u<x<x+d,

where w € R, ¢ >0 and § > 0. It is easy to check that Hy is a supremal generator
of the set of all functions that are lower semicontinuous on R.

8.3. P-functions. A function p : R — [0, 4+00] is called a function of type P
([67]) (or P-function) if

(5.118)  p(Az+ (1 —-Ny) <p(z)+p(y) forall Ae(0,1) and =z,y <R

Denote by P the set of all P-functions.
Let us point out some properties of a function f € P (cf. [139]).

(1) X >0(i=1,...,m)and > ", Ny = 1, then fF(O°1" Niwy) < Yoty f).
This can be proved by induction.

(2) The set dom f = {x € R: f(x) < 400} is a segment. Indeed let z_ =
infdom f, z; = supdom f. Suppose z_ < x < xy. Then there exist
points x1, 2 € dom f such that x € (z1,x2). It follows from the definition
of P that f(x) < +oo, that is, € dom f.

(3) If the set {z : f(x) = 0} is nonempty, then it is clearly a segment.

Let S C R be a segment and Pg the set of all P-functions defined on the
segment S and mapping into [0, +oc]. We have P = Pg with S = R. Let S # R.
For each function f defined on S, consider its extension f;., defined by

| flx) xeSs
(5'119) f+00($) - { +00 T g 9.
Clearly f € Pg if and only if fi € P.
Let S be a segment. It is easy to check that the class Pg enjoys the following
properties (cf [139]).
(1) Pg is a cone: if f1, fo € Pg, then fi1 + fo € Pg; if A > 0, f € Pg, then
Af € Pg;
(2) Ps is a complete upper semilattice: if (fu)aca is a family of functions
from Pg and f(z) = sup,c4 fo(x), then f € Pg;
(3) Pg is closed under pointwise convergence.

The classes Pg are extremely broad. We now describe some subclasses of Pg.

(1) Each quasiconvex nonnegative function defined on S belongs to Ps. In
particular nonnegative convex, increasing and decreasing functions defined
on S belong to Pg.
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(2) Let h be a bounded function defined on S. Then there exists a number
¢ > 0 such that the function f(z) = h(x) + ¢ belongs to Ps. Indeed, let
¢ = SUDP, yes, sefw,y M(2) — M(z) — h(y). We have for each z,y € S and
a € [0,1] that

haz + (1 —a)y) < h(x) + h(y) +c
Let f(z) = h(z) + ¢. Then
flaz+ (1 =a)y) = hlaz + (1 - a)y) +c < (h(z) + ) + (hy) +¢) = f(z) + f(v),
that is, f € Ps.

We now describe a small supremal generator of the set P. Applying this gen-
erator and the extension defined by , we can easily describe a supremal
generator of the class Pg for a segment S € R.

Let T be the set of all collections t = {u;c1,co} with v € R and nonnegative
c1,c2. For t = {u;c1,co} € T, consider the function h; defined on R by (see [139])

c1 r<u
(5.120) hi(x) =< c1+c T=1u
Co T > Uu.

It is easy to check that h; € P for all t € T. Let H be the set of all functions of
the form h; with ¢t € T. Clearly H is a conic set, that is, if h € H and A > 0, then
Ah e H.

The following statement describes a certain extremal property of elements h €
H (cf. [139]).

PROPOSITION 60. Let h € H, h = hy with t = {u;c1,c2}. If f € P, f < h and
f(u) = h(u), then f = h.

PrOOF. Let f € P, f < h and f(u) = h(u). Take a point y < u and find a
point z > u and a number A € (0,1) such that u = Ay + (1 — A)z. Since f € P it
follows that

c1+e2 = h(u) = f(u) < f(y) + f(2) < h(y) + h(z) = c1 + ca.

Hence f(y)+f(2) = c1+c2. Since f(y) < ¢ and f(z) < ¢y it follows that f(y) = c1.
In the same manner, we can show that f(v) = ¢ for an arbitrary point v > u. |

ProposITION 61. ([139]) H is a supremal generator of P.

ProoF. Let f € P and u € R. First assume that v € dom f. Let € > 0 and
= ir<1f f(z), ¢ =inf,~,, f(x). We now check that f(u)—2e < ¢} +¢). Let points

21 < w and xg > u be such that f(z1) < ¢] + ¢ and f(x2) < ¢ + € respectively.
Then f(u) — 2 < f(z1) + f(x2) — 2¢ < ¢} + ¢,. Take nonnegative numbers ¢;
and ¢y such that ¢; < ¢},co < ¢ and ¢ + ¢co = f(u) — 2¢. Consider the function
hy with t = {u;¢1,c0} € T. Tt follows from the definition of ¢ that h; < f and
hi(u) = f(u) — 2e. Thus f(u) =sup{h(u): h € H,h < f} for all u € dom f.
Consider now a point u € dom f. Assume for the sake of the definiteness that
u < infdom f. Let t = {u;c1,co} € T, where ¢y = inf g f(x) and ¢; is an arbitrary

positive number. Then hy < f. So f(u) = +oco= sup h(u). I
heH,h<f
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REMARK 80. ([139]) This proposition may be compared with the examples of
Subsection[8.4 Indeed we can consider H as a certain mizture of two-step functions
from Ezample[§ and pointed functions from Ezample [10,

Clearly the function h; is a function of bounded variation for each ¢t € T.
Therefore h; can be represented as the sum of increasing and decreasing functions.
We now show that for each ¢ € T' the function h; can be represented as the sum of
nonnegative increasing and decreasing functions (cf. [139]).

ProproOSITION 62. ([139]) Lett = {u;ci,c2} € T. Then there exist a non-
negative increasing function h} and a nonnegative decreasing function h? such that
he = hi + h?.

PROOF. Let

0 z<u c z<u

10y _ _ 20\ _ 1 <

ht(m)_{CQ z>u ht(m)_{ 0 T >u

It is easy to check that h! + h? = hy, h} is an increasing function and h? is a
decreasing function. |

Let ¢(Q+) be the cone hull of the set Q4 of all nonnegative quasiconvex func-
tions, that is, the set of all functions f of the form f = g1 + g2 where ¢1,¢2 € Q.
It follows from Proposition [62|that H C ¢(Q+).
~ Let H be the upper semilattice generated by H, that is, the set of all functions
h of the form

il(l‘)z‘_l{laX hi(x), hieH i=1,...,m; m=1,2,....
and H be the upper semilattice generated by c¢(Q. ), that is, the set of all functions
h of the form
h(z) = _mnax Gi(x) Gi€c(Qy),i=1,...,m; m=12,....

PROPOSITION 63. ([139]) P = clH = clH, where clA is the closure of the set

A in the topology of pointwise convergence.

PROOF. Let f € P and s(f, H) = {fz~€ H : h < f} be the support set of f
with respect to H. We can (ionsi(%er s(f, H ) as a directed set with respect to the
natural order relation: hy > ho if hi(x) > ho(z) for all z € R. Since

f(x) =sup{h(z): hes(f,H)} =sup{h(z): hes(f,H)} (x € R)

and the generalized sequence {h : h € s(f, H)} is increasing, it follows that f(z) is
pointwise limit of this generalized sequence. Thus

(5.121) P CclH.

Since H C ¢(Q) it follows that H C H. As P is a cone and an upper semilattice
and the set O is contained in P it follows that H C P. Since P is closed in the
topology of pointwise convergence, it follows that cl H C ¢l H C P. The desired
result follows from this inclusion and (5.121)). i

REMARK 81. ([139]) We have proved that a function f belongs to P if and only
if this function can be represented as the pointwise limit of a generalized sequence
(fa) where each fo is a finite mazimum of the functions represented as the sum
of two monnegative quasiconver functions. It follows also from Propositions
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and[63 that each f €P can be represented as the supremum of a family of functions
belonging to ¢(Q4.). Since P is a cone and a complete upper semilattice and Q4 CP,
it follows that P coincides with the set of all functions which can be represented in
such a form.

Let P; be the set of all L.s.c functions belonging to P. We now describe a
supremal generator of P; consisting of continuous functions. Consider the set S of
all collections s = {u;cy,ca;0}, where {u;ci,c2} € T and 6 > 0. For s € S define
the continuous function I by

ls(x)=c1 (z<u-9), ls(u) =1 + co, Is(x) =ca (x> u+9),

ls 1is affine on segments [u—d,u] and [u,u+d].
Denote the set of all functions I; with s € S by L.
PROPOSITION 64. ([139]) L is a supremal generator of Pj.

PROOF. Let f € P, and u € dom f. Since f is Ls.c, it follows that for each
€ > 0 there exists ¢ > 0 such that f(z) > f(u)—eif |[r—u| < §. There exist numbers
¢1 <infyey—s f(2) and ¢o < infys,4s f(z) such that f(u)—e = ¢; +co, for the same
reasons as those given in the proof of Proposition Let s = {u;¢p,co;0}. It follows
from the definition of the numbers ¢1,ce and § that I; < f. Since I;(u) = f(u) —¢
it follows that f(u) = sup{l(u): l € L,1 < f}. Tt is easy to check that this equality
also holds for points v ¢ dom f. I

PROPOSITION 65. ([139]) Each function | € L can be represented as the sum
of increasing and decreasing continuous functions.

PRrROOF. Let | = I, with s = {u;cy,c2;0}. A simple calculation shows that
l =11 + 1y where

0 r<u—90 c1 z<u
h={ 2@—-u+d) ze@-0u) , b={ Yu+di—z) z€(uu+d)
Co T>u 0 r>u+06

It is easy to check that l1,l5 are continuous, /1 is increasing and [l is decreasing. i

For the same reasons as those in the proof of Proposition [63] it follows that
P C clL =clL and cl P, = cl L = cl L where L is the set of all functions that can
be presented as the maximum of a finite family of elements of L and L is the set of
all functions that can be presented as the maximum of the finite family of the sum
of two continuous quasiconvex functions.

8.4. Inequalities of H. — H. type. We begin with the following Principle of
Preservation of Inequalities ([96]).

PROPOSITION 66.

THEOREM 163. Let Y be a set of functions defined on a set X and equipped
with the natural order relation. Let H be a supremal generator of Y. Further, let
a be an increasing functional defined on'Y and u € X. Then

h(u) <a(h) forall he H ifandonlyif f(u)<a(f) foral fevY.
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PRrROOF. We have

f(u) = sup{h(u):hes(f,H)} <sup{a(h):hes(f,H)}
< a(sup{h:hes(f,H)}) = a(f).

We now establish some inequalities of H. — H. type for P-functions by applying
the principle of preservation of inequalities.

Consider the Borel o-algebra ¥ of subsets of the segment [0, 1] and a measure y,
that is, a nonnegative o-additive function defined on X. Assume that u([0,1]) = 1.
Let P, be the set of all measurable (with respect to X) functions f € P such that
dom f = [0,1]. Since H consists of Borel- measurable functions on R and H is a
supremal generator of P, it follows that H is a supremal generator of P, as well.
Let I : P, — [0, +00] be the functional defined by

f)=/01fdu-

For y € [0, 1) consider the functions

)b =y 20 v_ ] 0 r<y
ey(x){ 0 x>y’ ey (@) = 1 x> y.
Let
1 1
o) = [ ehdn=n0.0). )= [ Sdu=pu(m1) e,
0 0
By definition, set ¢g1(1) = 1, g2(1) = 0. Clearly ¢; is increasing, go is decreasing

and ¢1(y) + g2(y) = ([O,l])—lfor all y € [0,1].
Let us calculate I(h;) for hy € H.

LEMMA 17. ([139]) Let pu be an atomless measure, that is, u({x}) = 0 for each
€ [0,1]. Let hy € H be the function corresponding to a collection t = {y;c1,ca}.
Then I(h) = c191(y) + cag2(y).

PRrROOF. Consider the function hy given by

Bt(x):{cl z<y :{cle%g; r<y

cg x>y c2€, T >y

Since p is atomless, it follows that I(hy) = I(h;). We have

1 1 y 1
I(hy) = / hydp = / hedp = / cle;d/i + / czeidu =c101(y) + c292(y).
0 0 0 y

For w € (0,1), consider the number

(5.122) v = min Qo) Fcaga()
c120,c2>0 1+ ¢

It easy to check that

(5.123) ¥y = min(g1 (u), g2(u)).
Indeed if gy (u) > g2(u), then v, = ga(u) and if g1(u) < go(u), then v, = g1(u).

Thus (5.123]) holds.
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THEOREM 164. ([139]) Let v be an atomless measure and u € (0,1). Then

1 1
(5.124) flu) < min(g; (u), g2 (u)) /0 fau

for all f € P,.

Proor. Clearly I is an increasing functional defined on the set P,. First we
check that ([5.124]) holds for all h € H. We consider separately functions h; which
are defined by collections ¢ = (u; ¢, ¢2) and by collections t = (y; ¢1,¢2) with y # w.

Let t = {u;cy,ca}. Tt follows directly from (5.122)), (5.123), Lemmaand the
equality hi(u) = ¢1 + ¢o that

(5.125) hi(u) = e+ < i(clgl(u) + c2g2(u))

u
1 1 1
= — hidp = — / hdp.
Yoo min(g1 (v), g2(u)) Jo
Assume now that t = {y; 1, c2} with y # u. It follows from Lemma that

I(h) = / ha(@)dz = ex01 (1) + cag2(v).

Let us calculate hi(u). Since y # u it follows that either h;(u) = min(e, c2) or
ht(u) = max(c1,cz). In the first case we have, taking into account that g;(y) >
0, 92(y) > 0 and g1(y) + g2(y) = 1, that

(5.126) hi(u) = min(cy, e2) < c191(y) + c292(y) = I(hy).
Since g1(u) <1, go(u) < 1, it follows that

1
win(gr () ga(a))
Assume now that hi(u) = max(cy,ca). If ¢; > ¢ then hi(u) = ¢ and y > u,
the latter following directly from the definition of the function h;. Since g¢; is an
increasing function, we have for y > u that

he(u) < I(hy) <

(5.127) g1(u)he(u) < g1(y)er < g1(y)er + g2(y)ea = I(hy).
Thus 1 1
. I < I(hy).
1(u) < 91 (u) (he) < min(gi (u), ga(u)) )
If cg > c1, then hy(u) = c2 and y < u. In the same manner we have
1 1
5.128 huw) < T < 5 )
(5.128) olu) < 92(u) (he) < min(gy (u), g2(u)) ()

Thus we have verified that the desired inequality ((5.124]) holds for all h € H. Since
H is a supremal generator of P, and [ is an increasing functional, we can conclude,
by applying the principle of preservation of inequalities, that (5.124]) holds for all
fePo

REMARK 82. ([139]) Lett = {u;c1,ca}, where v, (c1+c2) = c191(u)+caga(u).
It follows from that the equality
1

he(u) = —
) = in(oa () g2 )
holds. Thus the inequality (5.124]) cannot be improved for all P- functions.
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Let us give an example.

EXAMPLE 12. ([139]) Let p be the Lebesgue measure, that is, I(f) = fol fx)dx.
Then g1(y) =y, g2(y) =1 —y. It follows from Theorem that

f(u) < % / f(x)dz

min(u, 1 —u

for all f €P,. In particular we have

(5.129) ! (;) < 2/01f(x)dat (f €P,).

This result was established in [67].

REMARK 83. ([139]) In a similar manner we can prove that (5.124) holds
for each nonnegative quasiconver function and for each (not necessarily atomless)
nonnegative measure p such that p([0,1]) = 1.

REMARK 84. ([139]) We can use for this purpose the supremal generator
described in Ezample[§ Indeed the atomlessness of the measure p has been used
only for eliminating the special value of the function hy with t = {u;cy,co} at the
point u. We do not need to eliminate this value in the case under consideration.

9. Convexity According to the Geometric Mean

9.1. Introduction. The usual definition of a convex function (of one variable)
depends on the structure of R as an ordered vectored space. As R is actually
an ordered field, it is natural to ask what happens when addition is replaced by
multiplication and the arithmetic mean is replaced by the geometric mean. A
moment’s reflection reveals an entire new world of beautiful inequalities, involving
a broad range of functions from the elementary ones, such as sin, cos, exp, to the
special ones, such as I', Psi, L (Lobacevski’s function), Si (the integral sine), etc.
(cf. [128]).

Depending on which type of mean, arithmetic (A4), or geometric (G), we con-
sider respectively on the domain and the codomain of definition, we shall encounter
one of the following four classes of functions [128]:

AA -  convex functions, the usual convex functions
AG - convex functions
GA — conver functions
GG — convex functions.

It is worth noticing that while (A) makes no restriction about the interval I
where it applies (it is so because z,y € I, A € [0, 1] implies that (1 — X) z+ Ay € ),
the use of (G) forces us to restrict to the subintervals J of (0, c0) in order to assure
that

zyeJ, Ael0,1] =z e J.

To be more specific, the AG—convex functions (usually known as log — convex func-
tions) are those functions f : I € (0,00) for which

(AG) zyeJ Ae0 1] = f((1-Nz+y) <) f)*,

i.e., for which log f is convex.
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The GG—convex functions (called in what follows multiplicatively convex func-
tions) are those functions f : I — J (acting on subintervals of (0,00)) such that
(see [128])

(GG) vyeJ, Ae[0,1] = f (="M < f@)' N F)t
Due to the following form of the AM — GM Inequality,
(5.130) a,b € (0,00), A€ [0,1] = a' " < (1= N)a+ b,

every log —convex function is also convex. The most notable example of such a
functions is Euler’s gamma function,

I'(x)= / t"tetdt, x> 0.
0
In fact,

d? — 1
—logT' (z) = ——— for x>0 (see [185]).
T 0 =3 (see [185))

As noticed by H. Bohr and J. Mollerup ([10], see also [4]), the gamma function
is the only function f : (0,00) — (0, 00) with the following three properties:

(T'1) f is log —convex;

(T2) f(z+1)=uaf (x) for every z > 0;

(T'3) f(n+1)=n!for every n € N.

The class of all GA—convex functions is constituted by all functions f: I — R
(defined on subintervals of (0,00)) for which

(GA) zoy€land A€ [0,1] = f(z' M) < (1= A) f(2) + A f(y).

In the context of twice differentiable functions f : I — R, GA—convexity means
22f" + xf >0, so that all twice differentiable nondecreasing convex functions are
also GA—convex. Notice that the inequality above is of this nature.

The aim of this section, following [128], is to investigate the class of multi-
plicatively convex functions as a source of inequalities. We shall develop a parallel
to the classical theory of convex functions based on the following remark, which
relates the two classes of functions:

Suppose that I is a subinterval of (0,00) and f: I — (0,00) is a multiplicatively
convex function. Then (see [128])

F=logofoexp:log(l) — R

is a convez function. Conversely, if J is an interval (for which exp (J) is a subin-
terval of (0,00)) and F : J — R is a convex function, then (see [128])

f=expoF olog:exp(J)— (0,00)

is a convex function.

Equivalently, f is multiplicatively convex if and only if, log f (z) is a convex
function of logx. See Lemma [18| below. Modulo this characterisation, the class of
all multiplicatively convex functions was first considered by P. Montel [117], in a
well written paper discussing the analogues of the notion of convex functions in n
variables. However, the roots of the research in this area can be traced back to long
before his time. Let us mention two such results here (see also [128]).
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THEOREM 165 (Hadamard’s Three Circles Theorem). Let f be an analytical
function in the annulus a < |z| < b. Then log M (r) is a convex function of logr,
where

M) = s |f (2).

THEOREM 166 (G.H. Hardy’s Mean Value Theorem). Let f be an analytical
function in the annulus a < |z| <b and let p € [1,00). Then log M, (r) is a convex
function of logr, where

M, (r) = <217T /OQW | (re’®) |”d0>; :

As lim M, (r) = M (r), Hardy’s aforementioned result implies Hadamard’s.

As is well known, Hadamard’s result is instrumental in deriving the celebrated
Riesz-Thorin Interpolation Theorem (see [84]).

Books like those of Hardy, Littlewood and Polya [84] and A.W. Roberts and
D.E. Varberg [158] make some peripheric references to the functions f for which
log f (z) is a convex function of logz. Nowadays, the subject of multiplicative
convexity seems to be even forgotten, which is a pity because of its richness. What
we attempt to do in this section is not only to call attention to the abundance of
beautiful inequalities falling in the realm of multiplicative convexity, but also to
prove that many classical inequalities such as the AM — G M Inequality can benefit
from a better understanding via the multiplicative approach of convexity.

9.2. Generalities on Multiplicatively Convex Functions. The class of
multiplicatively convex functions can be easily described as being constituted by
those functions f (acting on subintervals of (0, 00)) such that log f (x) is a convex
function of log = (see [128]):

LEMMA 18. Suppose that I is a subinterval of (0,00). A function f : I — (0,00)
is multiplicatively convex if and only if:

1 logz; logf (71)
(5.131) 1 logxs logf(x2) | >0

1 logzs logf (x3)

for every x1 < xo < x3 in I; equivalently, if and only if:

(5132 f (20)"57 £ (22)"57 £ (22) 577 2 f ()57 ()57 f ()5

for every x1 < xo < x3 in I.

PrOOF. The proof follows directly from the definition of multiplicative con-
vexity, taking logarithms and noticing that any point between x; and x3 is of the

form 1723, for some A € (0,1).

COROLLARY 59. ([128]) Every multiplicatively convex function f: I — (0,00)
has finite lateral derivatives at each interior point of I. Moreover, the set of all
points where f is not differentiable is at most countable.
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An example of a multiplicatively convex function which is not differentiable at

countably many points is
Zoo [log 2 — n|

n=0
By Corollary every multiplicatively convex function is continuous in the
interior of its domain of definition. Under the presence of continuity, the multi-
plicative convexity can be restated in terms of the geometric mean:

THEOREM 167. ([128]) Suppose that I is a subinterval of (0,00). A continuous
function f: I — [0,00) is multiplicatively convex if and only if:

(5.133) vy el = [(Vay) <V [f(2)f(y)

PRrROOF. The necessity is clear. The sufficiency part follows from the connection
between the multiplicative convexity and the usual convexity (as noticed in the
Introduction of this section) and the well known fact that mid-convexity (i.e., Jensen
convexity) is equivalent to convexity under the presence of continuity. See [84]. I

Theorem above reveals the essence of multiplicative convexity as being the
convezity according to the geometric mean; in fact, under the presence of continuity,
the multiplicatively convex functions are precisely those functions f : I — [0, 00)
for which

(5.134) Tiyeoytn €= f (Vo1 Txy) <V f(x1)... f(zp).

In this respect, it is natural to say that a function f : I — (0, 00) is multiplica-
tively concave if % is multiplicative convex and multiplicatively affine if f is of the
form Cz® for some C > 0 and some o € R.

A refinement of the notion of multiplicative convexity is that of strict multi-
plicative convexity, which in the context of continuity will mean

F (/) < /T @) f (@)

unless 1 = --- = x,. Clearly, our remark concerning the connection between
the multiplicatively convex functions and the usual convex functions has a “strict”
counterpart.

A large class of strictly multiplicatively convex functions, is indicated by the
following result, which developed from [84], Theorem 177, page 125:
PROPOSITION 67. ([128]) Every polynomial P (x) with nonnegative coefficients
is a multiplicatively convez function on [0,00). More generally, every real analytic
function f (z) = ZZO:O cpx™ with nonnegative coefficients is a multiplicatively con-
vex functions on (0, R), where R denotes the radius of convergence.
Moreover, except for the case of functions Cx™ (with C > 0 and n € N), the above

examples are strictly multiplicatively convex functions.

PROOF. By continuity, it suffices to prove only the first assertion. For, suppose
that P (x) = EnN:O cpz™. According the Theorem we have to prove that
2
z,y>0= (P(Vzy))" < P(z)P(y),
equivalently,
z,y >0= (P (zy))2 <P (:172) P (yz) .

Or, the latter is an easy consequence of the Cauchy-Schwartz inequality. 1
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Examples of such real analytic functions are:
exp, sinh, cosh on (0, 00)
1 us
tan, sec, csc, — —cotx on (0, f)
T 2

arcsin on (0, 1]
1+z

—log(1—z), T on (0,1).
See the table of series of I.S. Gradshteyn and I.M. Ryzhik [82].
REMARK 85. i) ([128]) If a function f is multiplicatively convezx, then

s0 is x*f5 (z) (for alla € R and all 3> 0).
ii) If f is continuous, and one of the functions [f (z)]" and f (eﬁgw> is
multiplicatively convez, then so is the other.

REMARK 86. ([128]) S. Saks [162] noticed that for a continuous function f :
I — (0,00), log f (z) is a convex function of log f if and only if for every a > 0
and every compact subinterval J of I, x*f (z) should attain its mazimum in J at
one of the ends of J.

AppLicaTIONS 1. ([128]) Proposition@ is the source of many interesting in-
equalities. Here are several elementary examples, obtained via Theorem 167

a) (See D. Mihet [110]). If P is a polynomial with nonnegative coefficients
then

P(z1)...P(zn) > P({/x1...20)" for every x1,...,2, > 0.

This inequality extends the classical inequality of Huygens (which corre-
sponds to the case where P (x) =1+ x) and complements a remark made
by C.H. Kimberling [92] to Chebyshev’s inequality, namely,

(P)" ' P(ay...20) > P(ay)...P(x)

if all zy, are either in [0,1] or in [1,00).
A similar conclusion is valid for every real analytic function as in Propo-
sition [67] above.

b) The AM — GM Inequality is an easy consequence of the strict multi-
plicative convezity of e* on [0,00). A strengthened version of this will be
presented in Subsection [9.5 below.

14+x

¢) Because 1= is strictly multiplicatively convex on (0,1),

n

H1+a:k> 1+ (TTzk)
1= 1—(ITzx)
unless x1 = -+ = x,,.

d) Because arcsin is a strictly multiplicatively convex function on (0,1], in
any triangle (with the exception of equilaterals) the following inequality

3
sin é sin g sin % < (sin (; v/ ABC))

holds. That improves on a well known fact, namely
c 1

Sln551n§s1n5 < §

3= 3=

n
) for every xq,...,z, €0,1)
k=1



9. CONVEXITY ACCORDING TO THE GEOMETRIC MEAN 265

unless A = B = C (which is a consequence of the strict log-concavity of
the function sine). In a similar way, one can argue that

O S )

unless A= B =C.
e) As tan is a strictly multiplicatively convex function on (0, g), m any tri-
angle we have

3
tan 4 tan B tan ¢ > (tan <1 V ABC))
2 2 2 2
unless A= B =C.
The next example provides an application of Proposition [67 via Lemma
I3
f) f0<a<b<c(or0<b<c<a,or0<c<a<hb), then

P (a)logc P (b)loga P (C)logb > P (a)logb P (b)logc P (C)loga

for every polynomial P with nonnegative coefficients and positive degree
(and, more generally, for every strictly multiplicatively convex function).
That complements the conclusion of the standard rearrangement inequal-
ities (cf. [T, p. 167]): If0 <a <b< ¢, and P > 0, then

P (a)logc P (b)logb P (c)loga — inf |:P (a)log o(a) P (b)log o(b) P (C)log O‘(C):| ,

g

P (a)loga P (b)logb P (C)logc — Sup |:P (a)log o’(a) P (b)log O'(b) P (C)log O'(C)i| ;

where o runs the set of all permutations of {a,b,c}.

The integral characterization of multiplicatively convex functions is another
source of inequalities. We leave the (straightforward) details to the interested
reader.

9.3. The Analogue of Popoviciu’s Inequality. The technique of majorisa-
tion, which dominates the classical study of convex functions, can be easily adapted
in the context of multiplicatively convex functions via the correspondence between
two classes of functions. Here we shall restrict ourselves to the multiplicative ana-
logue of a famous inequality due to Hardy, Littlewood and Polya [84]:

ProrosITION 68. ([128]) Suppose that x1 > xo > -+ > x, and y1 > ya >
oo > yp are two families of numbers in a subinterval I of (0,00) such that

rL 2 N
T1x2 2= Y1y
1L ... Tp—-1 Z Yi1y2 .- - Yn—1
T1T2... Ty = Y1Y2...Yn-
Then
(5.135) fx) f(xe) . f(xn) > fyr) f(y2) - f(yn)

for every multiplicatively convex function f: 1 — (0,00).



266 5. THE H. — H. INEQUALITY FOR DIFFERENT KINDS OF CONVEXITY

A result due to H. Weyl [184] (see also [106], p. 231]) gives us the basic example
of a pair of sequences satisfying the hypothesis of Proposition Given any matrix
A € M, (C) having the eigenvalues \1,...,\, and the singular values si,...,Sn,
they can be rearranged such that

Ml = > Al s> >,
m n
[I [T
k=1 k=1

Recall that the singular values of A are precisely the eigenvalues of its modulus,

n

— s

k=1

IN

1_[51C for k=1,...,n—1 and
k=1

|A| = (A*A)%. The spectral mapping theorem assures that s; = |A\gx| when A is
self-adjoint. One could suppose that for an arbitrary matrix, |Agx| < si for all k.
However, this is not true. A counterexample is given by the matrix

(30)

whose eigenvalues are Ay = 2 > Ao = —1 and the singular values are s1 =4 > s =
1.

As noticed by A. Horn [86] (see also [106] p. 233]), the converse of Weyl’s
aforementioned result is also true, i.e., all the families of numbers which fulfill the
hypotheses of Proposition [68| are derived in that manner.

According to the above discussion, the following result holds:

PROPOSITION 69. ([128]) Let A € M, (C) be any matriz having the eigenvalues
A, -+, An and the singular values sy, ..., Sp, listed such that |\1| > --- > [A\,] and
§1>--->8,. Then

L7 G =TT £ 0D
k=1 k=1

for every multiplicatively convex function f which is continuous on [0, 00).

We shall give another application of Proposition which seems to be new
even for polynomials with nonnegative coefficients (see also [128]).

THEOREM 168. (The multiplicative analogue of Popoviciu’s Inequality [150] ).
Suppose that f : I — (0,00) is a multiplicatively convex function. Then

(5.136) @) )T () 7 (Yag2) = 12 () £ (Vi) £ (Var)

for every x,y,z € I. Moreover, for the strictly multiplicatively convez functions the
equality occurs only when x =y = z.

PROOF. Without loss of generality we may assume that = > y > z. Then

VEy > Vzr > \/yz and x> Jayz > z.

If x > {xyz > y > 2z, the desired conclusion follows from Proposition applied
to

Tl = T, Ty =3=4 = JTYZ, T5s =Y, Tg =2

Yr = Y2 =Y, Y3 =Y4 = VIZ, Y5 = Y = Y=z
while in the case x > y > #/wyz > 2, we have to consider

Ty = T, T2 =Y, T3 =Tg =Ty = JAYZ, Te = 2

Y = Y2 =/TY, Ys = Y4 = VIZ, Ys = Y6 = VY=
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According to Theorem [168| (applied to f( ) = €%), for every x,y, z > 0 we have

T+yYy+=2
y + Jryz > - (,/ + Yz + \/zm)
unless r =y = z.

9.4. Multiplicative Convexity of Special Functions . We begin this sub-
section by recalling the following result:

PROPOSITION 70. (P. Montel [117]) Let f : [0,a) — [0,00) be a continuous
function, which is multiplicatively convex on (0,a). Then

/fdt

is also continuous on [0,a) and multiplicatively convex on (0,a).

PROOF. Montel’s original argument was based on the fact that under the pres-
ence of continuity, f is multiplicatively convex if and only if:

2f () < k*f (k) + k7f (T ).

for every x € I and every k > 0 such that kx and ¥ both belong to I.
Actually, due to the continuity of F', it suffices to show that

(F (\/xiy))2 < F (z) F(y) forevery z,y € [0,a),

which is a consequence of the corresponding inequality at the level if integral sums,

S ()] <[5 0] [ )]

k=0 k=0

()] <[] [0

To see that the latter inequality holds, notice that

()] =l D ()

and then apply the Cauchy-Schwartz inequality. |

ie., of

As tan is continuous on [0, 2) and multiplicatively convex on (07 g) , arepeated
application of Proposition [70] shows us that the Lobacevski function,

x
L(z)= _/0 log cost dt

is multiplicatively convex on (0, g) .

a similar argument leads us to the fact that the integral sine,

Si(x):/ Sl—ntdt,
0 t

is multiplicatively concave on (O, g) .
Another striking example is the following.
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ProrosITION 71. ([128]) T is a strictly multiplicatively convex function on
[1,00).

Proor. In fact, logT' (1 + x) is strictly convex and increasing on (1,00). Or,
an increasing strictly convex function of a strictly convex function is also strictly
convex. Thus, F () =logT (1 4 %) is strictly convex on (0,00) and hence

[(1+ z) = ef'loga)

is strictly multiplicatively convex on [1,00). As T'(1+z) = 2T (z), we conclude
that T itself is strictly multiplicatively convex on [1,00). I

According to Proposition [71]
I (Yryz) <T(z)T (y) T (2) for every z,y,2 > 1

except the case where x =y = 2.
On the other hand, by Theorem we infer that:

D(2)T ()T (2) I (Yayz) = T2 (Vay) T? (Vyz) I? (Vex)
for every z,y, z > 1; the equality occurs only for z =y = 2.

Another applications of Proposition |71|is the fact that the function LQa+1)

T'(z+1)
strictly multiplicatively convex on [1,00). In fact, it suffices to recall the Gauss-

Legendre duplication formula,
F(2z+1) 2T (z+3)
L(z+1) Nz
In order to present further inequalities involving the gamma function we shall
need the following criteria of multiplicative convexity for differentiable functions.

PROPOSITION 72. ([128]) Let f : I — (0, 00) be a differentiable function defined
on a subinterval of (0,00). Then the following assertions are equivalent:

is

i) f is multiplicatively convex;

ii) The function z]{(/;“;) is nondecreasing;
iii) f wverifies the inequality

Lty

f (x) (x)y f(y)
5.137 > (- for every x,y € I.
(>137) 7w =\
Moreover, if f is twice differentiable, then f is multiplicatively convex if
and only if
(5.138) z[f () f"(x) — 2 ()] + f(2) f' (z) >0 for every z > 0.

The corresponding variants for the strictly multiplicatively convexr func-
tions also work.

PROOF. As a matter of fact, according to a remark in the Introduction of
[128], a function f : I — (0, 00) is multiplicatively convex if and only if the func-
tion F : log(I) — R, F (x) = log f (e®) is convex. Taking into account that the
differentiability is preserved under the above correspondence, the statement to be
proved is simply a translation of the usual criteria of convexity (as known in the
differentiability framework) into criteria of multiplicative convexity. I
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Directly related to the gamma function is the psi function,
d r
Psi(x) = —logl' () = ——~
(z) = —logI'(z)

also known as the digamma function. It satisfies the functional equation ¢ (x + 1) =
¥ (z) + L and can also be represented as

1 z2—1
t -1
Psi(z) = — —/ ———dt,
A

where 1 = 0.5772 is Euler’s constant. See [4].
By combining Propositions [71] and [72] above, we obtain the inequality:

T y-Psi(y)
() > (x) for every z,y > 1,
I'(y) — \y

as well as the fact that aPsi(z) is increasing for x > 1.

The latter inequality can be used to estimate I'" from below on [1,2]. The
interest comes from the fact that I' is convex and attains its global minimum in
that interval because I" (1) = I"(2); more precisely, the minimum is attained near
1.46. Taking y = 1 and then y = 2 in (Psi), we get

1 9 3(2—v—21In2)
' (x) > max {x”, 5\/77 <3> } for every x € [1,2].

~—

N

9.5. An Estimate of the AM —GM Inequality. Suppose that I is a subin-
terval of (0,00) and that f : I — (0,00) is a twice differentiable function. We are
interested in determining the values for which o € R the function

(2} ({L‘) = f (gg) . x(—%)logw

is multiplicatively convex on I, or equivalently, for what values a € R the function

0133‘2

2 9
is convex on log (I). By using the fact that the convexity of a twice differentiable

function ® is equivalent to ®’ > 0, we get a quick answer to the aforementioned
problem:

® (x) = log ¢ (") =log f (¢”) —

a< A(f),

where
2

A = if Lologf(en)

1
z€log(I) dx?

x? [f (@) f" (@) = (' (@)*| + «f (@) [’ (x)

= inf 5
z€log(I) (f (.’L‘))
By considering also
2
B(f)= sup ——logf(e"),

xz€log(I) da?
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we arrive at the following result: Under the above hypotheses,

n n

AP) 2 Qﬂf““>

exp | 3 Z (log z; — log xx) < - T
Ik f (H xk)
k=1
2
B(f)
< exp 52 Z (logz; — logzy)
i<k
for every x1,...,x, € 1.

In particular, for f (z) = e, x € [A, B] (where 0 < A < B), we have A(f) = A
and B (f) = B and we are led to the following improvement upon the AM — GM
Inequality.

THEOREM 169. ([128]). Suppose that 0 < A < B. Then

A 1 n n
(5.139) WZ(long —logzy)® < EZxk - (H xk>
k=1

i<k

IN

B

52 Z (logx; — log xk)2

i<k
for every xq,...,x, € [A, B].

As

1
o Z (logz; — logxk)2
j<k

represents the variance of the random variable whose distribution is

< logz; logxs -+ logaxy )
1 1 1 ;
Theorem [169|reveals the probabilistic character of the AM — GM Inequality. Using

the technique of approximating the integrable functions by step functions, one can
immediately derive from Theorem the following general result.

THEOREM 170. ([128]) Let (Q,%, P) be a probability space and let X be a
random variable on this space, taking values in the interval [A, B], where 0 < A <
B. Then

_ eM(log X)
A< MX)—e <
ST DogX) o

9.6. Integral Means. In the standard approach, the mean value of an inte-
grable function f : [a,b] — R is defined by

b
M) =5 [ 1w

and the discussion above motivates for it the alternative notation Maa(f), as it
represents the average value of f according to the arithmetic mean.
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Taking into account Lemma 1 in [124], the multiplicative mean value of a
function f : [a,b] — (0,00) (where 0 < a < b) will be defined by the formula (see

[124])
Mec(f) = exp <logblloga /l::ib log f(et)dt>
equivalently,
Meaa(f) = exp (logbiloga /ab log f(t) ?)
oo (nta (220
where
L(a,b) = bglg%?oga

represents the logarithmic mean of a and b.

In what follows, we shall adopt for the multiplicative mean value of a function
f the (more suggestive) notation M, (f) (see [124]).

The main properties of the multiplicative mean are listed below (cf. [124]):

M,(1) =1
m<f<M =>m<MJ(f)<M

It is worth noticing that similar schemes can be developed for other pairs of
types of convexity, attached to different averaging devices (see [127]). We shall not
enter the details here, but the reader can verify easily that many other mean values
come this way. For example, the geometric mean of a function f,

b
exp <b—1a/ log f(t)dt)

is nothing but the mean value Maq(f), corresponding to the pair (A)—(G). The
geometric mean of the identity of [a, ],

1 bb 1/(b—a)
I(a,b)—e (aa) .
(usually known as the identric mean of a and b) appears many times in computing
the multiplicative mean value of some concrete functions.

Notice that the multiplicative mean value introduced here escapes the classical
theory of integral f—means. In fact, it illustrates, in a special case, the usefulness
of extending that theory for normalized weighted measures.

The aim of the next two subsections is to show that two major inequalities in
convex function theory, namely the Jensen inequality and the Hermite-Hadamard
inequality, have multiplicative counterparts (cf [124]). As a consequence we ob-
tain several new inequalities, which are quite delicate outside the framework of
multiplicative convexity.
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9.7. The Multiplicative Analogue of Jensen’s Inequality. In what fol-
lows we shall be concerned only with the integral version of the Jensen Inequality
(see [124]).

THEOREM 171. Let f : [a,b] — (0,00) be a continuous function defined on a
subinterval of (0,00) and let ¢ : J — (0,00) be a multiplicatively convex continuous
function defined on an interval J which includes the image of f. Then

(5.140) @ (M.(f)) < Mi(po f).

PROOF. In fact, using constant step divisions of [a,b] we have

1 b dt
M.(f) = eXp(logb—loga/a logf(t)t>

" logtpr1 — logt
= lim exp(Zlogf(tk)Og ki1 08 k)

n— oo 1 logb—loga
which yields, by the multiplicative convexity of ¢,

. - logtx11 — log tx
nh—>rgo v (exp (Z log f(tx) log—I;— loga

k=1

) = logti41 — logty
Jim (eXP (Z log(p o f>(tk)log2—loga>>

k=1
= M.(pof).

@ (M.(f))

IN

The multiplicative analogue of Jensen’s Inequality is the source of many inter-
esting inequalities. We notice here only a couple of them. First, letting ¢ = exp t®
(o € R), we are led to the following concavity type property of the log function:

1 b AN 1 b dt
_ 1 t)— | <lI _ *(t) —
(logb—loga/a o8 f(?) t> =08 <logb—loga/a ) t>

for every a € R and every function f as in the statement of Theorem [I71] above.
Particularly, for f = ef, we have

1 b dt
L(a,b)* < log 7/ et =
logb —loga /, t
whenever a € R.

Our second illustration of Theorem [171| concerns the pair ¢ = logt and f = e;
¢ is multiplicatively concave on (1,00), which is a consequence of the AM-GM

Inequality. The multiplicative mean of f = e’ is exp (logg%?oga) , so that we have

1 b dt
> —_— —_ =
L(a,b) > exp <1ogb “Toga /a loglogt ; ) I(loga,logb)

for every 1 < a < b. However, a direct application of the Hermite-Hadamard
inequality gives us (in the case of the exp function) a better result:

L(a,b) > Vab > logVab > I(loga,logb).
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The problem of estimating from above the difference of the two sides in Jensen’s
Inequality,
M.(po f) =@ (M(]))
can be discussed adapting the argument in [126]. We leave the details to the reader.

9.8. The Multiplicative Analogue of the Hermite-Hadamard Inequal-
ity. The classical Hermite-Hadamard Inequality states that if f : [a,b] — R is a
convex function then

a+b fla)+ f(b

(HH) P57 < v < HOHIE)
which follows easily from the midpoint and trapezoidal approximation to the middle
term. Moreover, under the presence of continuity, equality occurs (in either side)
only for linear functions.

The next result represents the multiplicative analogue of the Hermite-Hadamard
Inequality (cf. [124]):

THEOREM 172. Suppose that 0 < a < b and let f : [a,b] — (0,00) be a
continuous multiplicatively convex function. Then

(«HH) f(Vab) < M.(f) < \/f(a) f(b).

The left side inequality is strict unless f is multiplicatively affine, while the right
side inequality is strict unless f is multiplicatively affine on each of the subintervals
[a,v/ab] and [v/ab,b).

As noticed L. Fejér [72], the classical Hermite-Hadamard Inequality admits a
weighted extension by replacing dx by p(t)dt, where p is a non-negative function
whose graph is symmetric with respect to the center (a + b)/2. Of course, this fact
has a counterpart in , where dt/t can be replaced by p(t)dt/t, with p a
non-negative function such that p(t/vab) = p(vab/t).

In the additive framework, the mean value verifies the equality

M) =5 (M0 110 S50 + 2150 )

which can be checked by an immediate computation; in the multiplicative setting
it reads as follows ([124]):

LEMMA 19. Let f : [a,b] — (0,00) be an integrable function, where 0 < a < b.
Then

M.(f)* = M.(f|[a, Vab]) - M.(f | [Vab, ).
COROLLARY 60. ([124]) The multiplicative analogue of the Hermite-Hadamard
Inequality can be improved upon

(5.141) f(a1/2b1/2) < (f(a3/4bl/4)f(a1/4b3/4))1/2<M*(f)

< (r@’2/) " fa) ey

1/2
< (flafon'”.
A moment’s reflection shows that by iterating Corollary one can exhibit
approximations of M, (f) from below (or from above) in terms of (G)-convex com-

binations of the values of f at the multiplicatively dyadic points a(2" —*)/2"pk/2"
k=0,..,2" neN.
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For f = exp|a,b] (where 0 < a < b) we have M.(f) = exp (logll:%ﬁ)ga>'

According to the Corollary [60] above we obtain the inequalities

ad/Apt/4 4 gt/ 4p3/4 b—a 1 /a+0d
- Vab
2 <logbloga<2( 2 + a>7

first noticed by J. Sdndor [167].
For f =T|[a,b] (where 1 < a < b) we obtain the inequalities

1 ®logT'(z) 1
1/231/2 2
() logT (a b ) < logb—loga/a - dr < 5 logT(a)T'(b)

which can be strenghtened via Corollary [60]
The middle term can be evaluated by Binet’s formula (see [I85] p. 249]), which
leads us to

log T'(z) gz —1-— 1 logx n log v/27 n 0(x)
2 T T T
where 6 is a decresing function with lim,_. . 6(x) = 0. In fact,

() = 0
SN R B A g
0(z) _/0 (et_1 t+2>e Lt

1 1 1

1222 36024 | 12602
where the Bsy’s denote the Bernoulli numbers. Then

1 blogI‘t
o (0 at]) = o [
_ —2(b—a)_llnab+lnm+(lnb)b—(lna)a

Inb—1lna 4 Inb—1Ina

1 b g(x)
d
+10gb710ga/a T v

= —L(a,b) — i Inab+ Inv2r + L(a,b)log I(a,b) + 0(c)

for a suitable ¢ € (a, b).

We pass now to the problem of estimating the precision in the Hermite-Hadamard
Inequality. For, we shall need a preparation.

Given a function f : I — (0,00) (with I C (0,00)) we shall say that f is
multiplicatively Lipschitzian provided there exist a constant L > 0 such that

w {10 S0 vy
fly)” f(x) x
for all z < y in I; the smallest L for which the above inequality holds constitutes
the multiplicative Lipschitzian (see [124]) constant of f and it will be denoted by
A1l zip-

REMARK 87. ([124]) Though the family of multiplicatively Lipschitz functions
is large enough (to deserve attention in its own), we know the exact value of the

multiplicative Lipschitz constant only in few cases:
i) If f is of the form f(x) = x*, then ||f||~rip =
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ii) If f = explla,b] (where 0 < a <b), then ||f||+Lip = b.

iii) Clearly, ||f||«Lip < 1 for every non-decreasing functions f such that f(x)/x
is non-increasing. For example, this is the case of the functions sin and
sec on (0,7/2).

iv) If f and g are two multiplicatively Lipschitzian functions (defined on the
same interval) and o, 3 € R, then fgP is multiplicatively Lipschitzian
too. Moreover,

1/ Wl zip < la| - [|f 1l Lip + ] - 19|+ Lip-
The following result can be easily derived from the standard form of the Os-
trowski Inequality for Lipschitzian functions as stated in [I8] Corollary 2, p. 345]:
THEOREM 173. ([124]) Let f : [a,b] — (0,00) be a multiplicatively convex
continuous function. Then

b [[fllxLip/4
(5.142) Fva) < a9 < fvan) ()

and
b [ fllxpip/4
(5.143) M < Vi@rm <o (1)

A generalization of the second part of this result, based on Theorem [I72] above,
will make the subject of the next section.

For f = exp|[a,b] (where 0 < a < b), we have M, (f) = exp (bgg%ﬁ)ga) and
[|fl|xLip = b. By Theorem [173] we infer the inequalities

b—a b
0 —— —vab < — (logb -1
< logb — loga “ <4(0g 0g )
a+b b—a

0

b
— — (logb—1 .
2 logb—loga<4(0g 0g )

For f = sec (restricted to (0,7/2) we have ||f||<rip = 1 and
M, (sec[a, ])

-1 /blncosx
= exp dx
logb —loga J, T
1 b1 1, 1 5 17
— Z - — — ) d
P <logb—loga/a (2x+12x T T Tast o)

o 1 b2—a2+b4fa4+b67a6+
= X
P logh —loga \~ 4 48 270

for every 0 < a < b < /2. According to Theorem we have

1/4
sec(Vab) < M,(sec|[a,b]) < sec(Vab) - <b>

a
and
b 1/4
M. (sec |la, b)) < vaocasech < M. (scc|[a, b)) - <)
for every 0 < a < b < /2.
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9.9. Approximating M,(f) by Geometric Means. As the reader already
noticed, computing (in a compact form) the multiplicative mean value is not an
easy task. However, it can be nicely approximated. The following result, inspired
by a recent paper of K. Jichang [89], outlines the possibility to approximate M. (f)

n 1/n
(from above) by products ( 11 f(xk)> for a large range of functions (cf. [124]):
k=1

THEOREM 174. ([124]) Let f : I — (0,00) be a function which is multiplica-
tively convex or multiplicatively concave.
If I =[1,a] (with a > 1) and f is strictly increasing, then

n Un i 1/(n+1)
(5.144) (H f(ak/”)> > (H f(d’““”*”)) > M.(f)
k=1 k=1

for everyn =1,2,3, ...
The conclusion remains valid for I = [a,1] (with 0 < a < 1) and f a strictly
decreasing function as above.
The inequalities should be reversed in each of the following two cases:
I =11,a] (with a > 1) and f is strictly decreasing;
I=1la,1] (with0 < a<1) and f a strictly increasing

PROOF. Let us consider first the case of strictly increasing multiplicatively
convex functions. In this case, for each k € {1,...,n} we have

2 2 _ n2
f(ak/(n-i-l)) — f(alcn /(n+1)n ) < f(a(nk k+1)/ )
=)

k=1 k=1 _k=1y k
= fla = 7 +(1 ")

IN

(k—1)/n 1—(k—1)/n
(r(a®=0rm) = (fatim) :
By multiplying them side by side we get

n n (k—1)/n 1—(k—1)/n
[Ty < TT((sta®2m) " (statim) )
k=1

- (ﬁfmwwymnm
@ |

i.e., the left hand inequality in the statement of our theorem.
Consider now the case where f is strictly increasing multiplicatively concave.
Then

ak(n+1)2/n(n+1)2) > f(ak(n+2)/(n+1)2)

(
( k_ k41

k K
ant1 nfl +(1— 1 ) nt1 )

flahmy = f

~

k/(n+1) 1—k/(n+1)
> (f(a(k-i-l)/(n-‘rl))) (f(ak/(n+1))
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for each k € {1, ...,n}, which leads to

ﬁ atmy > ﬁ((f(a<k+1)/(n+1)))’“/("“) (f(ak/(n+1))1k/("+1))

k=1 k=1

_ ﬁ (( (k+1)/ n+1)))k/(n+1) (f(ak/(n+1))(
n/(n+1)
_ (f( n/(n-‘rl) <H ,f k/( n+1 ) !
n+1 n/(n+1)
— <H f(ak/(n+1)>
k=1

i.e., again to the left hand inequality in (5.144]).
To end the proof of the first part of the theorem, note that

1
: k/n : k/n
nhm <]€I_I1 f(a )) = exp (nhm - 221 log f(a ))

1 log a .
= exp (loga /0 log f(e )dt)
= M.(f).

As the sequence m, = (szl f(ak'/"))l/n is strictly decreasing we conclude that
Tn > M. (f) for every n =1,2,3, ...

The remainder of the proof follows by a careful inspection of the argument
above. J

nk+1)/(n+1))

As was noticed in [128], p. 163], I is strictly multiplicatively convex on [1, c0).
According to Theorem for each a > 1 and each natural number n we have

" Yno VD 1 [ logT(t)
T k/n T k/(n+1) / og dt ) .
<k1:[1 (a )) > <kl:[1 (a ) > exp oga ), .

The same argument, applied to the multiplicatively concave functions sin %*
and cos ¥ (cf. [128] p. 159]) gives us

1/n i1 L/(n41)
(H sin(5 /" ) < (H sin( k/(”+1))>

1 ¢ log si
< e ( / ogsin(mt/2) dt)
loga /i t

n - 1/n n+1 1/(n+1)
(1 k/n k/(n+1)
(kl_[l cos( 5 @ )) > (H cos( ))

1 “1
> e ( / og cos(mt/2) dt>
loga /i t

and
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for every a € (0,1); they should be added to a number of other curiosities noticed
recently by G. J. Tee [174].

The following result answers the question how fast is the convergence which
makes the subject of Theorem above:

ProPOSITION 73. ([124]) Let f : [a,b] — (0,00) be a strictly multiplicatively
convex continuous function. Then

£V n L/n p\ 115 Lip/(20)
5.145 EAN/S < f(x M.(f) < ()
ity (H2) 11 sen) e < (G
where xj, = a'=F/"F/" fork=1,...n
PRroOF. According to (xH H)), for each k =1, ...,n, we have
n Tk
f(Vzp—1zy) < exp (k)g(b/a)/m logfdt> <V f(zr) f(@r41)

k—1

which yields

- o " e 1/(2n)
I vz | <) < | I] f) (f(b))
k=1 f(a)

k=1
) (] )“”
< f(xk) /M. (f) <
(f(a>> ,E *
n 1/n
< <1‘[ f(xk)/f(m>> :
k=1
Or,
n Un — q 2 \ W 1xzip/(2n)
<H f($k)/f(1/l'k$k+1)> < H ( b ) .
k=1 ko1 \Tk—1
]

For f(x) = e*, x € [1, al, the last result gives ([124])

a—1 1 L a a
k/n
<—§ <t —
nk 1a

2n loga  2n
foralln=1,2,3,....

10. The H. — H. Inequality of s—Convex Functions in the First Sense

The following concept was introduced by Ozlicz in the paper [129] and was
used in the theory of Ozlicz spaces ([107], [119]):

Let 0 < s < 1. A function f : Ry— R where R} := [0,00), is said to be
s—convex in the first sense if:

(5.146) flau+po) <o’ f (u) + 6°f (v)

for all u,v € Ry and a,8 > 0 with o® + 5° = 1. We denote this class of real
functions by K.
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We shall present some results from the paper [87] referring to the s—convex
functions in the first sense.

THEOREM 175. (|87]) Let 0 < s < 1. If f € K1, then f is nondecreasing on
(0,00) and lim, o+ f (u) < f(0).

PRrOOF. We have, for u > 0 and a € [0,1],

F(af +0 =) )u] <af @+ -a)f (W) =7 @.
The function )
hia)=a® +(1—a)*
is continuous on [0,1], decreasing on [0, 3], increasing on [4,1] and A ([0,1]) =

2
[h(3),h(1)] = [217%, 1} . This yields that

(5.147) Ftu) < f(u) forallu>0, te [21*%, 1] .

If now t € [21*57 1} , then ¢z € [21’5, 1] , and therefore, by the fact that ((5.147)
holds for all u > 0, we get

flw)=f (¢ (Bu)) < £ (#) < F
for all v > 0. By induction, we therefore obtain that
(5.148) f(u) < f(u) for all u >0, t € (0,1].
Hence, by taking 0 < u < v and applying (5.148)) , we get
U
fy=f(v) <f),
which means that f is non-decreasing on (0, 00) .
The second part can be proved in the following manner. For u > 0 we have
fau) = f(au+ B0) < a®f (u) + 5°f (0)

and taking © — 0T, we obtain
. < . < o i S
dim f(u) < lim f(ou) o lim £ () + 5 (0)

and hence

lim f (u) < f(0).

u—0+

REMARK 88. ([87]) The above results generally do not hold in the case of convex
functions, i.e., when s = 1. This is because a convex function f: Ry — R may not
necessarily be non-decreasing on (0, 00) .

REMARK 89. ([87]) It 0 < s < 1, then the function f € K} is nondecreasing
on (0,00) but not necessarily on [0, 00) .

EXAMPLE 13. ([87]) Let 0 < s < 1 and a,b, ¢, € R. Defining for u € Ry

a if u=20
f(“):{ bu® + ¢ zjfc u>0 "’
we have:
(i) Ifb >0 and ¢ < a, then f € K!.
(ii) Ifb> 0 and ¢ < a, then f is non-decreasing on (0,00) but not on [0,00).
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From the known examples of the s—convex functions we can build up other
s—convex functions using the following composition property [87].

THEOREM 176. Let 0 < s < 1. If f,g € K! and if F : R* — R is an non-
decreasing convex function, then the function h : Ry — R defined by h(u) :=
F(f (u),g(u)) is s—convez. In particular, if f,g € K}, then f+g,max(f,g) € K_.

PROOF. If u,v € Ry, then for all o, 3 > 0 with o® + 3° = 1 we have

h (o + Bv) F(f (au+ pv), g (au + Bv))
F(a®f (u) +5°f (v),a%g (u) + 5°g (v))
o’ F (f (u),g(u)) + B°F (f (v),9 (v))
h(u) + B%h (v).
Since F (u,v) = u+ v and F (u,v) = max (u,v) are particular examples of non-
decreasing convex functions on R?, we get particular cases of our theorems. I

VANVAN

It is important to know when the condition a® + 3 = 1 in the definition of K
can be equivalently replaced by the condition o® 4+ 8° < 1, [87].

THEOREM 177. Let f € K!. Then inequality (5.146) holds for all u,v € Ry,
and all a, f > 0 with a® + 3° < 1 if and only if f(0) <0

PROOF. Necessity is obvious by taking v = v = 0 and o = § = 0. Therefore,
assume that u,v € Ry, o, >0and 0 <y =a®* + 3° < 1. Put a = om_% and
b= 67_? Then a® + b° = % + % =1 and hence

flou+tgv) = f(avtu+brio)

< o f (vru) +0°f (7o)

= Sf[’y qu(l—v)%O}ers [v"v+( —7)50]

< a’[yf(u)+ (1 =) fO)]+0°[vf (v) + (1 =) f(0)]
= a*yf(u) +bvf (v) + (1 —7) f(0)

< a’f(u) +0°f (v).

Using the above theorem we can compare both definitions of the s—convexity
[87].
THEOREM 178. Let 0 < sy < sp < 1. If f € K} and f(0) <0, then f € K},

PROOF. Assume that f € Ksl2 and u,v > 0,a, 8 > 0 with o’ + 3°* = 1. Then
a2 + (%2 < ot 4+ 4% =1 and, according to Theorem we have

flou+Bv) <a®f(u) + 6 f (v) < o™ f(u) + 67 f (v),
which means that f € K} . I

Let us note first that if f is a non-negative function from K! and f (0) = 0,
then f is right continuous at 0, i.e., f (0+) = f (0) = 0.

We now prove the following theorem containing some interesting examples of
s—convex functions [87].
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THEOREM 179. Let 0 < s < 1 and let p : Ry — Ry be a nondecreasing
function. Then the function f defined for u € Ry by

(5.149) f(u) =uTp(u)
belongs to K.

PROOF. Let v > u > 0 and «, 8 > 0 with o® + 3° = 1. We shall consider two
cases.

(1) Let au+ fv < u. Then

flou+pu) < fu) =(®+5°) f(u) <a®f (u) + 5°f (v).
(2) Let au+ Bv > u. This yields fv > (1 — o) uw and so § > 0.

Since a < a® for a € [0, 1], we obtain a — a*T! < a® — a**! and then

o« o (1-p)

1-a)” (1-a) 5

That is,

af

(5.150) e

+0v < B -5

We also have
au+fv < (a+B)v<(a®+ 5 )v=0
and, in view of (5.150]) ,

afv < (61_8 _ ﬂ) v+ o = ,@1_811,

R

whence
(5.151) (au + Bv) T < BT,
Applying and the monotonicity of p, we arrive at
flau+Bv) = (au+Bo)T9 p(au+ Bu)
< BvTIp(au+ Bv) < fuTp(v)
Bof (v) <af (u) +5°f (v).
The proof is thus completed.

The following theorem contains some other examples of s—convex functions in
the first sense [87]

THEOREM 180. Let f € K} and g € K},, where 0 < s1,s2 < 1.

a) If f is a nondecreasing function and g is a nonnegative function such that
f(0) <0 =g(0), then the composition f o g of f and g belongs to K},
where s = 81 - 89.

b) Assume that 0 < s1,82 < 1. If f and g are nonnegative functions such
that either f(0) =0 or g (0) = 0, then the product f-g of f and g belongs
to KL, where s = min (s1, s2) .

R
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PROOF. a) Let u,v € Ry and «, 8 > 0 with a*43° = 1, where s = s1-s3.
Since o + 3% < o152 + 3°1°2 = 1 for 1 = 1,2, then, by Theorem [177]
and the above assumptions, we have

(fog)(au+ Bv) f(g(au+pv)) < f(a®g (u) + 579 (v))
a”*2 f (g (u)) + B f (g (u))
a®(fog)(u)+pB°(fog)(v),

which means that fog e KL

b) According the Theorem both functions f and g are non-decreasing
on (0,00) . Therefore

(f (w) = f (v) (g (u) — g (v)) <0,

or, equivalently

(5.152) fw) g )+ f(v)g(u) < f(u)gu)+f(v)g)

for all v > u > 0. If v > u = 0, then inequality (5.152) is still valid as f
and g are non-negative and f (0) = g (0) = 0.
Now, let u,v € Ry and «, 8 > 0 with a® 4+ §° = 1, where s = min (s1, s2) .
Then a% + 3% < o+ 3° = 1 for i = 1,2, and by Theorem and
inequality ((5.152]), we have
f(au+ Bv) g (au+ Bv)
< (@ f(u) + 8% f (v) (g (u) + 879 (v))
a2 f (u) g (u) +a® 3% f (u) g (v) + @2 6 f (v) g (u) + 6772 f (v) g (v)
a® f (u) g (u) + a5 (f (w) g (v) + f (v) g (w) + 67 (v) g (v)
= o’ f(u)g(u)+8°f(v)g(v)
which means that f,g € K.

VANVAN

IN

COROLLARY 61. If ¢ is a convex —function, i.e., ¢ (0) = 0 and ¢ is non-
decreasing and continuous on [0,00), and g is a Y—function from K}, then the
composition ¢pog belongs to K}. In particular, the 1—function h (u) = ¢ (u®) belongs
to K1

Finally, we also have [87]:

THEOREM 181. Let f be a ¢—function and f € K} (0 < s < 1). Then there
ezists a convex Y—function ® such that the p—function U defined for u > 0 by
U (u) = @ (u®) is equivalent to f.

PROOF. By the s—convexity of the function f and by f(0) = 0, we obtain
flau) < aff(u) for all w > 0 and o € [0,1].
1

Assume now that v > u > 0. Then f (ul) <f ((%) v%) < (%)f(fu?).
That is,

(5.153) d (w) < d (ﬁ).

u (%
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)

=

Inequality (5.153]) means that the function f(z
(0,00) . Define

is a non-decreasing function on

0 for ©w=0
D (u) := f(t%)
Ou —5—+dt for wu>0.

Then @ is a convex y—function and

Therefore,
F(2h) <o) < /)

for all w > 0, which means that 1 is equivalent to f (this sense of equivalence is
taken from the theory of Ozlicz spaces [119]), and the proof is complete. I

Now, we will be able to point out some inequalities of Hermite-Hadamard type
for the s—convex functions in the first sense [52].

THEOREM 182. Let f : Ry — R be a s—convex mapping in the first sense with
€(0,1). If a,b € R with a < b, then one has the inequality:

(5.154) f <“+1b> <

2%

PROOF. If we choose in the definition of s—convex mappings o« = 2%, 0= -,
we have that o® + 3° =1 and then for all z,y € [0, c0)

() < fe I,

2
If we choose x =ta+ (1 —t)b,y = (1 —t)a+tb, t € [0,1], we derive that

a+b
f(2i>

< %[f(ta+(l—t)b)Jrf((lft)athb)] for all t € [0,1].

s

As f is monotonic nondecreasing on [0, 00), it is integrable on [a, b] . Thus, we can
integrate over t in the above inequality. Taking into account that

/fta—|— (1—¢)b)dt = /f (1=t)a+tb)d =7 /f
—a
the inequality (5.154)) is proved. N

The second result, which is similar, in a sense, with the second part of the
Hermite-Hadamard inequality for general convex mappings, is embodied in the
next theorem [52].
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THEOREM 183. With the above assumptions for f and s, one has the inequality:

f(a) + f(b)

(5.155) /()1f(ta+(1—t3)1b)w(t)dt< ;

where

P (t) = % [1 + (1 —tS)-%‘ltS*l} , te(0,1].

PROOF. If we choose in the definition of s—convex mappings in the first sense
a=t6=(1—1)%,tc[0,1], we have that a® + 3° = 1 for all ¢ € [0,1] and
f(ta+(1—t5)5b) <t f(a)+ (1—t°) f (b)
for all ¢t € [0,1], and similarly
Fa=) att) <=t f(@)+¢f (1)

for all t € [0,1].
If we add the above two inequalities, we have that

% [f (ta+(1—ts)%b) +f((1—ts)‘%a+tb>} < M

for all t € [0,1].
If we integrate this inequality over ¢ on [0, 1], we get that

(5.156) % [/Olf (ta+ (1—t5)° b) dt—i—/olf ((1 )3 a+tb) dt]

fla)+f(b)
< 5 :

Let us denote v := (1 — ts)% ,t €[0,1]. Then t = (1 — us)% and
1
dt = — (1 —u®)*"us~1 u € (0,1] and then we have the change of variable

/0 f((l—tS)%athb) dt

_/lof (ua—|— (1- us)% b) (1- us)%flus_ldu

/1 f (m +(1-t)¢ b) (1— %) e lgr,

0

Using the inequality (5.156f) , we deduce that

1
/ f (m+ (1—5)° b)

0
and the inequality (5.155) is proved. I

Another result of Hermite-Hadamard type holds [52].

2

L4 (1—t9) ! t5‘1]
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THEOREM 184. With the above assumptions, we have the inequality:

(5.157) f(“;b> < /Olf(a;gb[tJr(lts)iDdt

1 1
/0 f(ta+(1—t8)s b)q/;(t)dt,

IN

where 1 is as defined in Theorem |1835.

PRO?F. As % > 1, we have, by the convexity of the mapping g : [0,00) — R,
g (x) = x5 that

(tS)%+(1—t5)%> B\t 1
2 - 2 - ot
and then
at+b t+(1—t5)° _atb 1
23 2 T 9% 9%
from where we obtain
a+b 1 a+b
[t 2 2

As the mapping f is monotonic nondecreasing on (0, 00) , we get

; (a;:b [t-l— (1 —ts)i}> > f (;T_f) for all t € [0,1],

s

which gives, by integration on [0, 1], the first inequality in (5.157)) .
As f is s—convex in the first sense, we have that

f<x;y> < f(x);rf(y)

for all z,y € [0,00).
Let us put z = ta + (1 fts)% b,y =(1- ts)é a+tb, t € [0,1]. Then we have
the inequality

1

[f (m+ (1 —ts)%b) +f ((1 )" a—i—tb)}

for all t € [0,1].
If we integrate this inequality on [0, 1] over ¢ and take into account the change
of variable we used in the proof of the previous theorem, we obtain the desired

inequality (5.157)). N

1
5
> f(a;b[H(l—tS)

s

Some other inequalities of H. — H.-type for s—convex mappings in the first
sense are embodied in the following theorem [52].
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THEOREM 185. Let f : [0,00) — R be a s—convex mapping in the first sense
with s € (0,1). If a,b € Ry with a < b, then one has the inequality:

(5.158) f (‘”f) < /Olf (“;ib {t% +(1—t).iD dt
< /Olf<ati+b(1—t)i)dt
- f(a)-;f(b).

1

PROOF. By the convexity of the mapping g () = x5,s € (0,1), we have that
1 1
tv 4+ (1—1t) t+1—t\* 1
5 2( 5 ) =1 for all t € [0,1].

Using the monotonicity of f we have that

a+br 1 1 a+b 2 a+b
f(z.i {t”r(l_t)s])zf(zi '22>:f<2§—1)

for all t € [0,1], from where we get the first inequality in ((5.158]) .
As f is s—convex in the first sense, then

% {f (at% +b(1 —t)%) +f (a(l by +bt5)}

> f(a;b [t8+(1—t)1‘]>

s

1
s

for all t € [0,1].
If we integrate on [0, 1] over ¢, we obtain

;{/Olf(ati+b(1_t)i)dt+/01f(a(1—t)i+btl)dt}

> /Olf<“;b [t5+(1—t)1Ddt.

Using the change of variable u =1 —¢,t € [0,1], we get that

/Olf(a(l—t)i—bei)dt = —/10f(aul+b(1—u)i)du

- /Olf(atbrb(l—t)i)dt

and the second inequality in ([5.158]) also holds.
By the s—convexity of f on [0,00), we have that

1
s

f(t%a+(1—t) b)
< tf(a)+ (1 —¢)f(b) foralltel0,1].

(
If we integrate this inequality over ¢ in [0, 1], we deduce that

/O f(t%a+(1—t)s b) dt
fla)+ f(b)

< f(a)/0 tdt+f(b)/0 (1—t)dt = 5

=
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and the theorem is proved. I

Finally, we have the following result which gives an upper bound for the integral
mean ;1 f: f (z) dz which is different from the one embodied in the Hermite-
Hadamard inequality that holds for general convex mappings [52].

THEOREM 186. Let f : [0,00) — Ry be a s—convex mapping in the first sense
with s € (0,1). If 0 < a < b and the integral

/:Oxzﬂf(m)d:c

is finite, then one has the inequality

b
(5.159) ﬁ / f(z)dx

oo .
< 1 [al%ﬁ/ m%f(x)da:—&-b%/
s .

a

o0 s+1
PROOF. By the s—convexity of f on [0,00), we have that

Flurz+ 0 -why) <uf () +(1-u) f )

for all uw € [0,1] and z,y > 0.
1
Let z =u'"%a, u e (0,1] and y = (1 —u)' "% b, uwe[0,1). Then we get the
inequality:

(5.160) flua+(1—u)b) <uf (ul—%a) +(1—u)f ((1 —w)lE b)

for all u € (0,1).
Now, let us observe that the integral

1 1
/0 (l—u)f((l—u) sb)du

becomes, by the change of variable t =1 — u, u € [0,1), the integral

1
/0 tf (tl_E ) dt.

We shall now show that the integral fol uf (u1*§a> du is finite too.

If we change the variable x = ul"ta, u € (0,1], we get

1 s S5

T\ 1T T\ 51 L1

u = —_ s = —_ = —
a a as—1

s __ S 1 1
. 5 xrs—1 1dx = . 5 xrs—1 d:[;
s—1 g5-1 s—1 g5-1

Then, we have the equality

1 a = ﬁ
= [ )
/Ouf(u a) u I == asflf(f) *

and

du
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and similarly,

1 fe%s)
1-3 LN &
/Otf(t b)dt_l_s b / 255 (2) da < oo.

Now, if we integrate the inequality (5.160]) on (0, 1) over u, taking into account that

/fua+ (1—u)b) —a/f
/Oluf(ul—ia)du = 183'“122/(100%:%“@6&’

/01 (1—u)f((1—u)17%b) du 5 pis /aooxzﬂf(x)dw

respectively, we deduce ((5.159)). I

and

11. The Case for s—Convex Functions in the Second Sense
In the paper [87], H. Hudzik and L. Maligranda considered, among others, the
following class of functions:

DEFINITION 9. A function f : Ry — R is said to be s—convex in the second
sense if

(5.161) flau+pv) <a’f(u) +6°f (v)

for all u,v >0 and o, 3 > 0 with a+ 3 =1 and s fized in (0,1]. They denoted this
by f € K2.

Now, we shall point out some results from [87] that are connected with s—convex
functions in the second sense.

PROPOSITION 74. If f € K2, then f is non-negative on [0, 00).

ProOF. We have, for u € Ry
f(“):f<%+g) < f2(§t) +f2(zt) — 9l ().
Therefore, (21_8 — 1) f(u)>0andso f(u)>0. 1

EXAMPLE 14. [87]. Let 0 < s < 1 and a,b,c € R. Defining for u € Ry

a if u=20
J () ::{ bu® + ¢ z}r u>0
we have
(i) If b>0 and 0 < ¢ < a, then f € K2,
(ii) Ifb>0 and ¢ < 0, then f ¢ K2.
It is important to know where the condition @ + 3 = 1 in the definition of K2

can be equivalently replaced by the condition o + 5 < 1.
The following theorem holds [87].

THEOREM 187. Let f € K2. Then inequality (5.161)) holds for all u,v € Ry
and a, 8 > 0 with o+ B < 1 if and only if f(0) =
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PROOF. Necessity. Taking u = v = a = 8 = 0, we obtain f(0) < 0 and as
f(0) > 0 (Proposition [74), we get f (0) = 0.
Sufficiency. Let u,v € Ry and o, 8 > 0 with 0 <vy=a+ 8 < 1. Puta = %

_B8 _a_ B _
andb—v.Thena—i—b—W—&—W—landso

flau+pv) = flayu+ pyv) <a®f(yu) +0°f (yv)
a’f(yu+(1=7)0)+b°f (yv+ (1—-7)0)

a* [y f (u) + (1 =) O]+ [y f (v) + (1 =7)° £ (0)]
a®y* f (u) +0°v° f (v) + (1 —~)" f (0)

= a’f(u)+5°f(v).

IN

Using the above theorem and Theorem m which is a similar variant for K},
we can compare both definitions of the s—convexity [87].
THEOREM 188. a) Let0<s<1.If f € K2 and f (0) = 0, then f € K.
b) Let0 < sy < sy <1.If f € K2 and f(0) =0, then f € K2 .

PROOF. a) Assume that f € K2 and f(0) = 0. For u,v € Ry and
a, B> 0 with a® +3° = 1, we have a+ 8 < a® + 3° = 1, and by Theorem
[[87 we obtain

flau+po) < a’f (u) + B°f (v),
which means that f € K!.

b) Assume that f € K522 and that u,v > 0,a,3 > 0 with o« + 3 = 1. Then
we have

[ (ou+ o) a® f (u) + 5 f (v)

@t f (u) 4+ 8% f (v)

<
<

which means that f € K2 .

Using a similar argument as that in the proof of Theorem [L80}] one can state
the following theorem as well [87].

THEOREM 189. Let f be a mondecreasing function in K2 and g be a mon-
negative convex function on [0,00). Then the composition f o g of f with g belongs
to K2.

The following corollary for ¢¥—functions, i.e., we recall that f : Ry — Ry is

said to be a ¢—function if f(0) = 0 and f is nondecreasing and continuous, also
holds.

COROLLARY 62. If ¢ is a convex y—function and f is a 1—function from K2,
then the composition f o ¢ belongs to K2. In particular, the 1—function h (u) =
(6 (u)]® belongs to K2.

REMARK 90. [87]. Let 0 < s < 1. Then there exists a ¥—function f in the
class K2 which is neither of the form ¢ (u®) nor [¢ (u)]®, with a convex 1— function
¢.

The following inequality is the variant of the Hermite-Hadamard result for
s—convex functions in the second sense [53].
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THEOREM 190. Suppose that f : Ry — Ry is a s—convex mapping in the
second sense, s € (0,1) and a,b € Ry with a <b. If f € L; [a,b], then one has the
inequalities:

(5.162) 951y (a;b> <

RIOESI0)
- s+ 1

PROOF. As f is s—convex in the second sense, we have, for all ¢ € [0, 1]
flta+ (1 =8)b) <t*f(a)+ (1 —1)° f(b).
Integrating this inequality on [0, 1], we get
1 1 1
/ fla+(1—=2t)b)dt < f(a)/ tsdt+f(b)/ (1—1t)°dt
0 0 0

fla)+f(b)
s+1 '
As the change of variable © = ta + (1 — ) b gives us that

/fta+ (1—1)b) _a/f

the second inequality in (5.162)) is proved.
To prove the first inequality in ((5.162|) , we observe that for all x,y € I we have

5.163) (E) <Lt

2 28
Now, let x = ta+ (1 —¢)band y = (1 —t)a + tb with ¢ € [0,1]. Then we get by

(5.163) that:

a+b\ _ f(ta+ (1—t)b)+ f((1—t)a+th)
f(2 )g .

Integrating this inequality on [0, 1], we deduce the first part of (5.162)) . I

for all t € [0,1].

REMARK 91. The constant k = ﬁ for s € (0,1] is the best possible in the
second inequality in .
Indeed, as the mapping f : [0,1] — [0,1] given by f (z) = ° is s—convez in the
second sense (see Corollary@) and
1
/xsdx: L and f(0)+f(1): L .
0 s+1 s+1 s+1

Now, suppose that f is Lebesgue integrable on [a,b] and consider the mapping
H :[0,1] — R given by

b—
We are interested in pointing out some properties of this mapping as in the
case of the classical convex mappings.
The following theorem holds [53].

THEOREM 191. Let f : I C Ry — R be a s—convex mapping in the second
sense on I, s € (0,1] and Lebesgue integrable on [a,b] C I, a < b. Then:

H(t) = L bf(t:H—(l—t) ;b)d;p.

(1) H is s—convex in the second sense on [0,1];
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(ii) We have the inequality:
b
(5.164) H(t)>2"1f (“JQF) for all t €10,1].

(i91) We have the inequality:
(5.165) H (t) < min {Hy (), Hy ()}, € [0,1]

bia/abf(x)d:cﬂl_t)sf(a;rb)

fta+ (1 —1t)22) + F(tb+ (1 —t) 252)
s+ 1

where

Hy(t) =1t

and

Hy (t) =

and t € (0,1];
(iv) If H (t) := max{H; (t),Hz2 (t)}, t € [0,1], then

7 s f(a)+f(b) s 2 a+b
(5.166) A<t S22 (1-0) ~S+1f< ; >,te[0,1]

PROOF. (i) Let t1,t2 € [0,1] and o, 8 > 0 with o + 3 = 1. We have
successively
H (aty + Bt2)
1P +b
= f ((Oétl + 5t2) x + [1 — (Oétl + 6t2)] 012) dx

b—a /,

b
= 1 f(a|:t1$+(1—t1)a;b:|+ﬁ|:t2$+(1—t2)a;—b:|)dl‘

b—a J,

< b_la/ab[asf<t1x+(1—t1)a;b)—i—ﬁsf({tgx—k(l—tg)a;b])}dx
= &'H(t1) +B°H (t2),

which shows that H is s—convex in the second sense on [0, 1].
(74) Suppose that ¢ € (0,1]. Then a simple change of variable u = tx +
(1 —t) 2t gives us

1 th+(1—t) okt 1 P
H (t :7/ u)du = —— u) du
2 t(b—a) ta+(1—t) 42 fu) P—4qJq f )

Wherep:tb—k(l—t)‘%‘b and q:ta—i—(l—t)%—b'
Applying the first Hermite-Hadamard inequality, we get:
I 1 (ptyq 1, [a+b
o fudu>231<):23 f
pP—4qlg @) 2 2

and the inequality (5.164)) is obtained.
If t = 0, we have to prove that

a+b o a+b
(5 = (M50):

which is also true.
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(7i7) Applying the second Hermite-Hadamard inequality, we also have

1 : f)+f(9)
p— i f(u)du —
fta+ (1 —1t)<f2) + F(tb+ (1—t) <)

r+1

IN

for all t € [0,1].
Note that if ¢ = 0, then the required inequality

f<a+b> :H(O)§H2(0)22.f(a+b>

2 r+1 2
is true as it is equivalent with

()

and we know that for r € (0,1), f (%£2) > 0.
On the other hand, it is obvious that

i v0-023) seremvin-os (25

for all t € [0,1] and = € [a, b].
Integrating this inequality on [a,b] we get for Hy (t), and the
statement is proved.

(iv) We have

tfa)+ (1= F(SY)+°F(0)+ (1 1) f (45
s+ 1

Hy(t) <

for all t € [0,1].
In the other hand, we know that

L[ payar < LO10)

b—a

and
(=07 (50 <m0 2 (S5F) e

which gives us that
Hl(t)gts-w+(l_t)s. 2 .f(a—kb)

and the theorem is proved.
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).

REMARK 92. For s = 1, we get the inequalities:

H(t) < min{t~bia/bf()d:z:+ (1-1) <

2
fta+ (1 —t) <L) + f (th+ (1 —t) 42 }

2

and

2 2

for all t € [0,1], which complements, in a sense, the results from Section @ of
Chapter III.

Now, assume that f : [a,b] — R is Lebesgue integrable on [a, b] .
Consider the map

A <o PO Loy g (252)

F(t) :(bla)Q/ab/abf(ta:Jr(lt)y)dwdy, t€0,1].

The following theorem contains the main properties of this mapping [63].

THEOREM 192. Let f : I C Ry — Ry be a s—conver mapping in the second
sense, s € (0,1], a,b € I with a < b and f Lebesgue integrable on [a,b]. Then:
(i) F(s+3)=F (3 —s) forall s € [0,1] and
F{t)=F(1—-1t) forallt €[0,1];
(i3) F is s—convex in the second sense on [0,1];
(iit) We have the inequality:

(5.167)  2'°F(t)>F (;) / / <x + y) dzdy, t € [0,1].

(iv) We have the inequality

(5.168) F(t)>2'SH(t) >4 f (‘l;rl)) for all t € [0,1]

(v) We have the inequality:

b
(5.169) F(t) < min{[ts—i-(l—t)s}bia/ f(x)dz

fla)+ fta+ (1 —=t)b)+ f((1 —t)a+tb) + f(b)
(s+1)°

for all t € [0,1].

PROOF. (i) It is obvious.
(#4) Goes likewise to the proof of Theorem 191
(#i1) By the fact that f is s—convex in the second sense on I, we have

fle+ (A=) +f((A-t)a+ty) f<a:+y>

28
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for all t € [0,1] and z,y € [a,b] . Integrating this inequality on [a,b]* we
g

et
le[/ab/abf(tx—k(l—t)y)dxdy—k/ab/abf((l—t)x+ty)dmdy

> /ab/abf(x;y>d:rdy.
Since
/ab/abf(tx+(l—t)y)dxdyZ/ab/abf((l—t)x+ty)da:dy,

the above inequality gives us the desired result (5.167)) .
(iv) First of all, let us observe that

b b
F(t):bia/a [b_la/ f(tx+(1—t)y)dx] dy.

Now, for y fixed in [a,b], we can consider the map H, : [0,1] — R given
by

1 b
As shown in the proof of Theorem for ¢t € [0, 1] we have the equality
1 P
H,(t)=—— f(u)du
v () =2, i (u)

where p = tb+ (1—-t)y, ¢ = ta + (1 —t)y. Applying the Hermite-
Hadamard inequality we get that

p%q pf(u)du2251f<p—5q> — o1y (t'a;rbﬂlt)y)
q

forallt € (0,1) and y € [a, ] . Integrating on [a, b] over y, we easily deduce
F(t)>2""'H(1 —t) forallte(0,1).
As F'(t) = F (1 — t), the inequality (5.168) is proved for t € (0,1).

If t =0 or t = 1, the inequality (5.168) also holds. We shall omit the
details.
(v) By the definition of s—convex mappings in the second sense, we have

flz+1-t)y) <t°f(z) + (1 1) f(y)

for all z,y € [a,b] and ¢ € [0,1] . Integrating this inequality on [a,b]* , we
deduce the first part of the inequality ([5.169) .
Now, let us observe, by the second part of the Hermite-Hadamard inequal-

ity, that
Hy(t):L pf(u)dug fb+ (1 =t)y)+ fta+(1-1)y)

P—=aJq s+1

)
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where p=tb+ (1 —t)yand ¢ =ta+ (1 —t)y, t €[0,1].
Integrating this inequality on [a, b] over y, we deduce
F(t)
1
s+1

IN

b b
ﬁ/ f(tb—&-(l—t)y)dy—i—ﬁ/a Flta+(1—1)y)dy] .

A simple calculation shows that
b
—/ F b+ (1= t)y) dy
- LS L0

r—l
b)+ f(th+ (1—1) )
s+ 1
where r =b, l =tb+ (1 —t)a, t € (0,1); and similarly,

la/bf(ta—i—(l—t)y)dyS f(a)+fiti+1(1_t)b)’ Le o,

which gives, by addition, the second inequality in (5.169)) .
If t =0 or t = 1, then this inequality also holds.
We shall omit the details.

Y

12. Inequalities for m—Convex and (o, m) —Convex Functions

In the paper [178], G. H. Toader defines the m—convexity, an intermediate
between the usual convexity and starshaped property.

In the first part of this section we shall present properties of m—convex func-
tions in a similar manner to convex functions.

The following concept has been introduced in [I78] (see also [I77] and [69]).

DEFINITION 10. The function f : [0,b] — R is said to be m-convex, where
m € [0,1], if for every x,y € [0,b] and t € [0, 1] we have:

(5.170) flz+mA—=t)y) <tf(x)+mA—1¢t)f(y).

Denote by K, (b) the set of the m—convex functions on [0,b] for which f(0) <O0.

REMARK 93. For m = 1, we recapture the concept of convex functions defined
on [0,b] and for m = 0 we get the concept of starshaped functions on [0,b]. We
recall that f :[0,b] — R is starshaped if

(5.171) ftx) <tf(x) foralltel0,1] and x €]0,b].
The following lemmas hold [177].
LEMMA 20. If f is in the class K, (b), then it is starshaped.

ProoF. For any z € [0,b] and ¢ € [0,1], we have:

Ftw) = f(tz+m(1—1)-0) < tf (@) +m(1—1) F (0) < tf (x).

LEMMA 21. If f is m—conver and 0 < n <m < 1, then f is n—convez.
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PrOOF. If z,y € [0,b] and ¢t € [0, 1], then

Fltr+n(l—t)y) = f(t:c+m(1—t) %)y)
(

< tf@+ma-0f((=)v)
< tf@+m—1) =)
= (@) 0107 )

and the lemma is proved. |

As in paper [109] due to V. G. Mihesgan, for a mapping f € K,, (b) consider
the function

f(x) = mf(a)

r—m

defined for = € [0, ]\ {ma}, for fixed a € [0,b], and

Pa,m (IL’) =

1 1 1
maq To T3
| mf (x1) [f(z2) f(23)
rm (l‘laanxi;) L 1 1 1 ’

miq T2 X3

m2xd  x3 2}

where x1, za,23 € [0,b], (x2 — mz1) (x3 — may) > 0, 3 # x3.
The following theorem holds [109].
THEOREM 193. The following assertions are equivalent:
1°. fe Kp(b);
2°. Da,m 18 increasing on the intervals [0, ma), (ma,b] for all a € [0,b];
3°. rm (z1,29,23) > 0.

PROOF. 1° =2°. Let =,y € [0,b]. If ma < x < y, then there exists t € (0,1)
such that

(5.172) z=ty+m(l—t)a.
‘We thus have
Pa.m (m) — f (Jf) B mf (a)
T —ma

fty+m(1—t)a) —mf(a)
ty+m(l—t)a—ma

tf(y)+mA—-1t)f(a) —mf(a)
t(y —ma)

f(y) —mf (a)

Yy —ma
= Pam(Y)-
If y < x < ma, there also exists t € (0,1) for which (5.172)) holds.
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Then we have:

f(z) —mf(a)
mf(a) = fy+md—t)a)
ma—ty—m(l—t)a
mf(a) —tf (y) +m 1 —1t)f(a)
t(ma —y)
f(y) —mf(a)
y—ma
= Pam (¥).

2° =3°. A simple calculation shows that

Pa,m (.’L‘) =

T'm ($17x2,$3) _ Pzy,m (1'3) — Pzy,m (3;‘2) .
T3 — T2

Since pg,,m is increasing on the intervals [0, max1) , (ma1, b], one obtains
T (1,2, 23) > 0.
3° =1°. Let x1, z3 € [0,b] and let zo = tzg+m (1 —t) z1, t € (0,1). Obviously
mxy < To < T3 Or 3 < To < My, hence
o o) = @) (=0 (20) = [ (175 4 m (1= )
t(1—1t)(xs —mxy)

from where we obtain (5.170) , i.e., f € K,, (b). 1

The following corollary holds for starshaped functions.

COROLLARY 63. Let f :[0,b] — R. The following statements are equivalent
(1) f is starshaped;

(it) The mapping p (x) := % is increasing on (0,b] .

The following lemma is also interesting in itself.

LEMMA 22. If f is differentiable on [0,b], then f € K, (b) if and only if:

flx) —mf(y)

T —my

(5.173) f (z) >
for x> my, y € (0,b].

PrOOF. The mapping py ,, is increasing on (my, b] iff p ., () > 0, which is
equivalent with the condition (5.173)). I

COROLLARY 64. If f is differentiable in [0,b], then f is starshaped iff f' (x) >
@ for all x € (0,8].

The following inequalities of Hermite-Hadamard type for m—convex functions
hold [69].

THEOREM 194. Let f : [0,00) — R be a m—convex function with m € (0,1]. If
0<a<b< oo and f € Ly [a,b], then one has the inequality:

pary /bf(l’)dxgmin{f(a)_mf(fz),f(b)—mf(yi)}'

b—a 2 2
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PROOF. Since f is m—convex, we have
fz+m 1 —t)y) <tf(z)+m(l—1t)f(y), forall z,y >0,

which gives:

fla+ (1 =0)b) <tf(a)+m(1—¢)f (::L)
and

a

flto+A—t)b) <tf(B)+m1L—1)f (=)

for all ¢ € [0,1]. Integrating on [0, 1] we obtain

[f(a) +mf ()]
/ fta+(1—t)b)dt < .
and
/ F(tb+(1—1t)b)dt < U(b”;”f(m)]_
0
However,

/fta+ (1—t)b)dt = /ftb+ (1—1t)a) _a/f

and the inequality (5.174]) is obtained. I

Another result of this type which holds for differentiable functions is embodied
in the following theorem [69].

THEOREM 195. Let f : [0,00) — R be a m—convex function with m € (0,1]. If
0<a<b< oo and f is differentiable on (0,00), then one has the inequality:

Gars) L0 Dol sb_a/fu

(b —ma) f (b) — (a — mb) f (a)
2(b—a) '

<

PRrROOF. Using Lemma we have for all x,y > 0 with £ > my that
(5.176) (x —my) f' (x) > f(x) —mf (y).

Choosing in the above inequality z = mb and a < y < b, then x > my and
(mb —my) f'(mb) > f (mb) —mf (y).

Integrating over y on [a, b], we get

(b—a)?
T

b
()= (b= ) f (mb) —m [ £ () dy,
thus proving the first inequality in (5.175)).
Putting in (5.176|) y = a, we have
(x —ma) f' (x) > f(x) —mf (a), z > ma.
Integrating over x on [a,b], we obtain the second inequality in (5.175)) . I
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REMARK 94. The second inequality from (5.175|) is also valid for m = 0. That
is, if f :[0,00) — R is a differentiable starshaped function, then for all 0 < a <

b < oo one has:
Lo bf (b) —af (a)
dr <
fa/af(tm) = 2(b—a) ’
which also holds from Corollary [67.
We will now point out another result of Hermite-Hadamard type [36].

THEOREM 196. Let f : [0,00) — R be a m—convex function with m € (0,1]
and 0 < a <b. If f € Ly [a,b], then one has the inequalities

a f(z —|—mf )
(5.177) f( ;rb> < _a/
()+f(b) f)+1 G )].

m—+1
- 4

2 tme 2

PRrROOF. By the m—convexity of f we have that
T4y 1 z
f( 2 ) =2 [f(mef(E)]
for all z,y € [0,00).

If we choose © =ta+ (1 — )b, y = (1 —t) a + tb, we deduce

/(55 < pmeacomens (0. 2)

for all t € [0,1].
Integrating over t € [0, 1] we get

(5.178)  f (a;b>

;[/Olfuamt)b)dt+m/01f(t~f;+<1t)-i)dt]

Taking into account that

/fta+ (I1-t)b —a/f
and
/;f(t-;;—i—(l—t) )

we deduce from ([5.178)) the first part of (5 m .

By the m—convexity of f we also have

(5.179) Hf(m+(1t)b)+mf <t-§l+(1t).:1>}

< @070 cmr (E)cmt =07 (5]

m

for all t € [0,1].
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Integrating the inequality (5.179)) over ¢ on [0,1], we deduce

(5.180) . /” f (x) +;nf () 4,

< 1[f<a>+mf<b>+mf<m>+mf(f;)}
- 2 2 2

By a similar argument we can state:

(5.181) _a/ for f ) gy
{ +f() m (f (a) + f (b))
4 2

f(%)+f(fl)+m(f(%)+f(i))]

IA

+m-

2

m+1
4

2 tme 2

f(a)+ f (b) f(:;)+f<,i)]

and the proof is completed. |

REMARK 95. For m = 1, we can drop the assumption f € Ly [a,b] and (5.177)
exactly becomes the Hermite-Hadamard inequality.

The following result also holds [36].

THEOREM 197. Let f : [0,00) — R be a m—convex function with m € (0,1]. If
f € Ly [am,b] where 0 < a < b, then one has the inequality:

mb b
(5.182) mlﬂ. mblia / f(x)d:c+bfma / f(x)dm]
SIOESC]

PROOF. By the m—convexity of f we can write:

flta+m(1—4)b) < tf(a)+m(1—t)f(b),
f((A=t)a+mtb) < (1—t)f(a)+mtf(b),
fb+(1—t)ma) < tf(b)+m(1-1)f(a)
and
F(1=t)b+tma) < (1—1)f(b)+mtf(a)

for all ¢t € [0,1] and a, b as above.
If we add the above inequalities we get

fla+m@A—=t)b)+ f((1—1t)a+ mtd)
+f(tb+ (1 —t)ma) + f (1 —t) b+ tma)
< fl@+f®)+m(f(a)+f(b)=(m+1)(f(a)+f(b).
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Integrating over ¢ € [0, 1], we obtain
1

(5.183) f(ta+m(1—t)b)dt+/1f((1—t)a+mtb)dt

+/0 f(tb—i—m(l—t)a)dt—i—/o F((1—=¢t)b+mta)dt
< (mA+1)(f(a)+ (b))

As it is easy to see that
1 mb

/1f(ta+m(1—t)b)dt:/1f((1—t)a+mtb)dt: . (@) da
0 0 mo —a
and
1 1 1 b
/f(tb+m(1ft)a)dt:/f((lft)berta)dt:b f(z)dx
0 0 —ma Jmg

from ([5.183]) we deduce the desired result, namely, the inequality (5.182f). I

In the paper [53], V. G. Mihegan introduced the following class of mappings.
DEFINITION 11. The function f : [0,b] — R is said to be (o, m) — convezx, where
(a,m) € [0,1]%, if for every x,y € [0,b] and t € [0,1] we have
(5.184) Fltz+m(1—t)y) <t (@) +m(1—12) f (y).

Note that for (a,m) € {(0,0), (e, 0),(1,0),(1,m),(1,1),(a,1)} one obtains
the following classes of functions: increasing, a—starshaped, starshaped, m—convex,
convex and a—convex.

Denote by K2 (b) the set of the («, m) —convex functions on [0,b] for which
f£(0) <0. Then the following result holds [109].

THEOREM 198. The mapping f belongs to K2, (b) if and only if
f(z) —mf(a)

Pam (T) == @ ma)a

is increasing on (ma,b) .

PrROOF. Let f € K& (b) and let =,y € (ma,b] with ma < = < y. Then there
exists some t € (0,1) such that z =ty + m (1 — t) a. We have:

Pam () = (x)_ma)()

Fty+m (=)~ mf )
(ty + m (1 —t)a —ma)”

tf () +m (1 —t%) f(a) —mf(a)

IN

t (y —ma)”
_ [y —mf(a)
(y —ma)”

= Pam (¥)-
Reciprocally, if p§ ,,, is increasing, for ma < z < y (a arbitrary in (0,b]), we have
P () < p%,, (y) . That is,

f@)=mf(a) _ f(y) —mf(a)

@—ma)® = (y—ma)
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z—ma\” x—ma\”
o () rwrm (1 (F2) ) £,

Yy —ma Yy —ma
Denote t = EZ ZZ; (0,1), then we obtain
(5.185) flty+m (1l —t)a) <t*f(y) +m(1—1)" f(a).
Consequently, for all a,y € (0,b] with a < y and ¢ € (0,1) we have the inequality
(5.185) .

The other cases go likewise and we shall omit the details. i

Hence

COROLLARY 65. If f is differentiable on (0,b), then f € K2 (b) if and only if
we have

(5.186) £ (z) > a(f(z) —mf(a))

, forx > ma.

PRrROOF. By Theorem f e Kg (b) iff (pg,, (x))l > 0 for all z € (ma,b],
which is obviously equivalent with (5.186)) . I

REMARK 96. Similar results of Hermite-Hadamard type can be stated for this
class of mappings, but we omit the details [27).

13. Inequalities for Convex-Dominated Functions
In [54], S. S. Dragomir and N. M. Ionescu introduced the following class of
functions.

DEFINITION 12. Let g : I — R be a given convex function on the interval I
from R. The real function f : I — R is called g—convex dominated on I if the
following condition is satisfied:

(5.187) (Af (@) + (=2 f(y) = FOz+ (1 =N)y)l
< M)+ A =Ng) —gPe+(1-N)y)
for all z,y € I and X € [0,1].
The next simple characterisation of convex-dominated functions holds [54]:

LEMMA 23. Let g be a convex function on I and f : I — R. The following
statements are equivalent:

(1) f is g—convex dominated on I;
(it) The mappings g — f and g + [ are convex on I;
(#i1) There exist two conver mappings h, k defined on I such that

f= (h k) andg:%(h—&—k‘).

PROOF. “(i) <= (i1)”. The condition is equivalent with
gz +(1-2) )—Ag(x)—(l—A)g(y)

< AM@+A=Nf) - FOr+0-Ny)

< A@)+0=Ng)—gQz+(1-A)y)

A € ]0,1], or additionally, with

A @) +g(@)+ A=) (f(z)+g
> fAz+(1-Ny) +gOz+(1-N)

for all z,y € I and

(z))
Y)
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and

Mg (@) = f(2)+ (1 =) (g () - f(2))
z g+ (1 =Ny)-fQAz+1-Ny)
for all z,y € I and X € [0,1].

The equivalence “(ii) <= (ii¢)” is obvious and we shall omit the details. I

The following inequality of Hermite-Hadamard type for functions that are
convex-dominated holds [63].

THEOREM 199. Let g : I — R be a convex mapping on I and f : I — R
a g—convex-dominated mapping. Then, for all a,b € I with a < b, one has the
inequalities:

(5.188) ‘f (‘Hb)

1 b a+b
< _
< 3 ag(fﬂ)d:v g( 5 >

and
fla)+ f(b
(5.189) . 7@/ f(x
< g(a);rg(b) b—a/ag(x)dx'

PrOOF. We shall give two proofs. The fact that f is integrable follows by
Lemma [23] (#47) .

(1) As the mapping f is g—convex-dominated, we have that

’f(x);f(y) _f<w+y>’ 9@ +9@) _g(x+y>

2 - 2 2

for all x € [a,b].
Choose z =ta+ (1 —t)b, y= (1 —t)a+tb, t € [0,1]. Then we get

‘f(ta+(1t)b)42rf((1t)a+tb) _f<a42rb>’

gta+ (1 —=t)b)+g((1—1t)a+tb) a+b
< ! -a(57)

for all ¢t € [0,1].
Integrating over ¢ on [0, 1] we deduce that

[V fta+ 1 —0)b)dt+ [ f((1—1t)a+tb)dt a+b
0 o _f( )‘

[lg(tat+ (1 —t)b)dt+ [ g((1—t)a+tb)dt a+b
¢ fatnrtoness o5
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and the inequality (5.188)) is proved.

For the second inequality we observe that

tf (@) + (1 =) f(b) = f(ta+ (1 —1)b)]
< tgla)+(1—1)g(b) —gtat+ (1-1)b)

for all t € [0,1].
Integrating this inequality over ¢ € [0, 1], we obtain
1 1 1
‘f(a)/ tdt+f(b)/ (1—t)dt—/ fa+(1—=1t)b)dt
0 0 0
1 1 1
< g(a)/ tdt+g(b)/ (1 —t)dt—/ g(ta+(1—1)b)dt,
0 0 0

which is equivalent with (5.189)) .
Since f is g—convex-dominated, then by Lemma it follows that f + g

and g — f are convex on [a,b]. Then we have, by the classical Hermite-
Hadamard inequality:

g+a () < b_la/ab<f+g><x)dm

(f+9)(a)+(f+g)D)
2

—~
[\
~—

IN

and

S

b
w-n("3") < 2 [-n@w
9= 1)@+ (=) )
2

)

—~~

<

which are equivalent with (5.188)) and ([5.189)) respectively.

The following corollaries are interesting as they also contain some examples of
convex-dominated functions [63].

COROLLARY 66. Let f : [a,b] C (0,00) — R be a twice differentiable mapping
with the property that |f" ()| < MxP (M > 0) where p € R\ {-3,-2,—1} and
x € [a,b]. Then we have the inequalities:

(5.190) ‘f(a;rb>—bia/abf(x)dx

TGy e (@B~ (A @]

where Ly, is the generalised logarithmic mean, i.e.,

3=

Ly (z,y) = forz #y
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and A (z,y) = LY is the usual arithmetic mean.

We also have:

fl@+fo 1 /b
(5.191) ’ 5 - f(x)dz
M
— |A(aPT?, P2 — [L D)
(p+1)(p+2)[ (a ) [;D+2(a )] ]
PROOF. Define the mapping g : [a,b] — R, g (z) = Wﬁzﬁz)’

p € R\{-3,-2,—1}. Then ¢’ (x) = MzP, i.e., the mapping g is convex on
[a,b] . Moreover, since |f" (z)| < MaP, z € [a,b], then f is g—convex-dominated
on [a,b] as f" () + MaP >0, Ma? — f" () > 0, © € [a,b] (see Lemma [23]).

Applying the above theorem, we deduce the inequalities (5.190) and (5.191) . I

REMARK 97. Let f be a twice differentiable mapping on [a,b] and assume that
M = sup,¢q 4 |/ ()| < 0o. Then we have the inequalities:

(5.192) ’f(‘”b) _a/f da <—(b—a)
and
fla)+f / <M 2
(5.193) ‘ ; — [ f@ 50—
The proof is obvious by the above theorem [63].
COROLLARY 67. Let f : [a,b] — (0,00) be a twice differentiable function such
that |f" (z)] < 2% (M >0), x € (a,b),0 < a <b. Then one has the inequalities:
a+b A(a,b) — L(a,b)
194 .
(5194 ‘f< )i T | ey
and
fl@+fo) 1 /b M [L(a,b) - H(a,b)
1 — < .
(5.19) ‘ 2 v—a ) T @ T T
respectively.

PROOF. Consider the mapping g : [a,0] — R, g(2) = 2£. Then ¢” (z) =
and, as |f” (z)| < 4 it follows that f is g—convex- domlnated
Now, if we apply Theorem [199, we can easily deduce the inequalities (5.194))

and (5.195)). B

COROLLARY 68. Let f : [a,b] C (0,00) — R be a twice differentiable function
such that |f" (z)| < 2 for all x € (a,b). Then one has the inequalities:

o0 o [s (%) -5t [ rwnee] < 1]
and
o expl“a);“mia [ ree]] < e
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PRrROOF. Consider the mapping ¢ : [a,b] — R, g (z) = —M Inz. Then ¢” () =
A and, since |f”(z)| < 2, it follows that f is g—convex-dominated on [a,b].

Applying Theorem we can write that

a+b 1 b a+b f:lnxdx
‘f( 9 )_b—a/a f(x)da: SM In — b—a ]
and
b b
‘f(a)—;—f(b)_bla/ f (@) da S]\4lfablna;dgc_lna—;—lnb

A simple calculation shows us that
b
/ Inazdr =blnb—alna — (b —a) =1(a,b),

and then the above two inequalities yield that (5.196)) and (5.197)) hold true. N

Finally, the following corollary also holds [63]:

COROLLARY 69. Let f : [a,b] C (0,00) — R be a twice differentiable mapping
such that |f" (z)| < 2 for all x € (a,b). Then one has the inequalities:

(429 re0e]

fla+fe) 1 [
2 _b—a/af(x)dx

(5.198) exp [

and

M

(5.199) exp l

respectively.

PRrOOF. Consider the mapping ¢g () = M lnxz — Mx. Then ¢’ () = M Inz and
g"(x) = 2. As |f” (z)| < 2L, it follows that f is g—convex-dominated and, by

Theorem (199 we can state that
a+b
< - x)dr —
SIRCLICS

'f<a+b>
|f(a)+f(b)_bia/abf(x)dx Sg(a);—g(b)— 1 /abg(x)dx.

dx

As
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a+b .
g B) =
b 82 ) b—a
! / g(x)de = In [(b 22 > e_i(b2_“2)1
b—a/, a5

and

and

then we get the inequalities:

(55 - [

and

fla+f®) 1 [°
’ 5 _b—a/af(x)dx

from where results the desired results (5.198]) and (5.199) .

Now, for a mapping f : [a,b] — R with f € Ly [a, ], we can define the mapping
(see also Section [5| of Chapter [3]):

Hy (t) ;:b_la/abf<m+(1—t)a;b)dx.

The following theorem contains some results of this type for convex-dominated
functions [63].

THEOREM 200. Let g : [a,b] — R be a convexr mapping on [a,b] and f : [a,b] —
R a g—convez-dominated mapping on [a,b]. Then:

(¢) Hy is Hy—convex dominated on [0,1];
(#4) Ome has the inequalities

(5.200) 0 <[Hy(t2) = Hy (t1)| < Hy (t2) — Hy (t1)

for all0 <ty <ts <1;
(79t) One has the inequalities

(5.201) Oﬁ‘f (a;—b)—Hf(t)‘SHg(t)_g<a;b>

and

= | r@a—m0

for allt €10,1].

(5.202) 0<

<5 [ e@dr—m,0
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PROOF. (7) Since f is g—convex dominated on [a, b] , it follows (see Lemma
that g — f and g+ f are convex on [a, b] . Now, using Theorem (1),
we get that H,_ ;) and H,, sy are convex on [0, 1]. By the linearity of the
mapping f — Hy, one gets that H,_s = Hy—Hy and H(,1 ) = Hy+Hy,
and, as H, is convex, then by the same lemma we deduce that H is H -
dominated on [0,1].

By Theorem (iii) , we can state that H,_s) and H, ) are monoton-
ically nondecreasing on [0, 1] and thus we have

Hg (tl) — Hf (tl) = H(g_f) (tl) < H(g_f) (tg) = Hg (tg) — Hf (tg)
and

Hy (t1) + Hy (t1) = Higrp) (t1) < Higypy (t2) = Hy (t2) + Hy (t2)
from where we obtain

Hy (ta) — Hy (t1) < Hy (t2) — Hy (1)

—~
.
.

—

and
Hy (t2) — Hy (t1) = Hg (t1) — Hg (t2),
which are equivalent with (5.200)) .

(#97) The inequalities ((5.201)) and (5.202) follow by the statement (ii) of The-
orem [71] with a similar argument. We shall omit the details.

Now, for a given integrable mapping f : [a,b] — R we can also consider the
mapping (see Section [5| of Chapter [3) Fy : [0,1] — R

b b
Ff(t):(bla)Q/G/Gf(tI+(lt)y)dxdy.

By the use of Theorem we can state the following result [63].

THEOREM 201. Let g : [a,b] — R be a convex mapping and f : [a,b] — R be a
g-convex dominated function on [a,b]. Then:

(i) Fy is Fy—convex dominated on [0,1];
(i) We have the inequalities:

1
OS|Ff(t2)—Ff(f1)‘SFg(tQ)—Fg(h) fOT§§f1<f2§1
and
1
O§‘Ff(tg)—Ff(tl)lSFg(tl)—Fg(tg) f0T0§t1<t2§§.

(791) One has the inequalities:

0<

b b
o [ @0 [ s@ds-r 0.

<
“b—a

w—lcnf/ab/abf<x;y>dmdy—f”f(t>
< w0 [ [ (55) e

and
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and
0<|Fy(t)—Hy(t)] < Fy(t) — Hy (1)
for allt €10,1].
The argument follows by Theorem [74] in a similar fashion to that of the proof
of the previous theorem and we shall omit the details.

14. H. — H. Inequality for Lipschitzian Mappings

14.1. H. — H. Type Inequality. We will start with the following theorem
containing two inequalities of H. — H. type for Lipschitzian mappings [51].

THEOREM 202. Let f : I C R — R be an M -Lipschitzian mapping on I and
a,be I witha <b. Then we have the inequalz’tieé"

(5.203) ‘f <a+b> %(b—a),
and
b b M
(5.204) ‘ﬂ“);rf( ) _ bia/a f@)dz| < 5 (b~ a).
PROOF. Let t € [0,1]. Then we have, for all a,b € I, that
(5.205) [tf(a) + (1 =) f(b) — fta+ (1 —t)b)|

t(f(a) = f(ta+ (1 = )b) + (1 = )(f(b) — f(ta+ (1 = £)b)|

< tf(a) = flta+ (1 =)+ (1 = t)|f(b) — f(ta+ (1 —t)b)|
< tMla— (ta+ (1 —)b)|+ (1 —t)M|b— (ta + (1 — t)d)]
= 2t(1 —t)M|b—al.

If we choose t— =, we have also

(5.206) f();f()—f<a;b>’§Mb—a.

If we put ta+(1—t)b instead of a and (1—t)a+tb instead of b in (5.206)), respectively,
then we have
t 1—1t)b 1—1 tb b M2t — 1
flta+ (1 —1)b) + f((1 —t)a +tb) _f CH < | ||b—a|
2 2
for all t € [0,1]. If we integrate the inequality m on [0,1], we have

‘; Uolf(ta+(1—t)b)dt+/01f((1—t)a+tb)dt] —f(a;b>‘

Mlb— !
M/ |2t — 1]dt.
2 0

(5.207)

Thus, from

/ftcH— 1—¢)b)dt = /f 1 —1t)a+tb)d /f
b—a
1
/|2t71|dt:7
0

we obtain the inequality ([5.203)).

and
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Note that, by the inequality (5.205]), we have
[tf(a) + (1 —1)f(b) — f(ta+ (1 —1)b)| < 2t(1L —t)M(b—a)
for all t € [0,1] and a,b € I with a < b. Integrating on [0, 1], we have

‘f(a)/oltdt+f(b)/01(1—t)dt—/olf(ta+(l—t)b)dt

< 2M(b—a) /115(1 — t)dt.
0

1 1 1 1 1
/tdt:/(l—t)dt:f, /t(l—t)dt:f,
0 0 2 0 6

fl+fe) 1 [
5 _bfa/a f(z)dx

and so we have the inequality (5.204)). This completes the proof. i

Hence, from

we have

M
< ?(b—a)

The following corollary is important in applications:

COROLLARY 70. Let f: 1 CR — R be a differentiable convex mapping on I,
a,b € I with a < b and M := sup;c(q 4 |f'(t)] < oo. Then we have the following
complements of H. — H. inequalities:

(5.208) 0< b_la/abf<x)dx—f (“;b> < %(b—a)

and

b
f(a);rf(f)) _ bia/a flz)dz < %(b—a)

PROOF. The proof is obvious by Lagrange’s theorem, i.e., we recall that for
any z,y € (a,b) there exists a ¢ between them so that

|f (@) = f () = |z —yl|f ()] < M|z —yl,
and Theorem We shall omit the details. 1

(5.209) 0<

The following corollaries for elementary inequalities hold:
COROLLARY T71. (1) Let p > 1 and a,b € R with 0 < a < b. Then we
have the inequalities:

pbr—!
0 < L¥P(a,b) — AP (a,b) < 1 (b—a)

and
—1

0 < A(a?,b) — L2 (a,b) < pb; (b—a).
(2) Let a,b € R with 0 < a <b. Then we have the inequalities:

_ _ 1
0< L '(ab)—A 1(a,b)§@(b—a)

and )
0<H ' (a,b) — L' (a,b) < 5(b—a).

w

a
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(3) Let a,b € R with a < b. Then we have the inequalities

and
0< exp(a) +exp(b)  exp(b) — exp(a) < exp(b)(
2 b—a 3
(4) Let a,b € R with 0 < a < b. Then we have the inequalities

<208 (L)

b—a).

L (a,b) 4a
and
L (a,b) 1
1< < —(b— .
- G(a,b) — P (3a< a))
PROOF. (1) The proof follows by Corollary applied for the convex

mapping f(x) = zP on [a,b].
(2) The proof follows by Corollary [70| applied for the convex mapping f(z) =
L on [a,b)].
(3) %he proof is obvious by Corollary applied for the convex mapping
f(z) = exp(z) on R.
(4) The proof follows by Corollary [70] applied for the convex mapping f(z) =
—Inz on [a, b].
This completes the proof. |

Now, we shall point out some other inequalities of the types in Corollary
but these hold for the mappings which are not convex on [a, b].

COROLLARY 72. (1) Let a,b € R with a < b and k € N. Then we have
the inequalities:

a+b\>*! B p2hF2 g2k t2 < (2k + 1) max{a?*, 2%} (b—a)
2 2k+2)(b—a)| ~ 4
and
a2k+1 4 b2k+1 b2k+2 _ a2k+2 < (2]{1 4 1) max{a%, b2k}

- b—a).
2 2k+2)(b—a)| = 3 (b—a)
(2) Let a,b € R with a <b. Then we have the inequalities:

a+b sinb — sina <b—a
cos —
2 b—a - 4
and
cosa+cosb sinb—sina <b—a
2 b—a - 3
Proor. (1) The proof follows by Theorem applied for the mapping

f(z) = 2%+ on [a, b].
(2) The proof is obvious by Theorem [202{applied for the mapping f(z) = cosx
on [a,b]. This completes the proof.
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14.2. The Mapping H. For an M-Lipschitzian function f: I C R — R, we
can define a mapping H : [0,1] — R by

Hit) = —— abf<tm+(1—t)a;b)dm

b—a
for all ¢ € [0,1] and we shall give some properties of the mapping H, [51].
THEOREM 203. Let a mapping f : I C R — R be M-Lipschitzian on I and
a,be I witha <b. Then
(1) The mapping H is 2L (b — a)-Lipschitzian on [0, 1].
(2) We have the inequalities:

(1—t)
(5.210) ‘ _a/ fa PRV g ),
(5.211) ‘f () H(t)\ <My a),
and
b b 1—t)M

(5.212) H(t)tb_a/af(x)da:(lt)f<a; )|gt( 2” (b—a)

for all t € ]0,1].

PROOF. (1) Let t1,ts € [0,1]. Then we have
|H(t2) — H(t1)]
1 b b
_ b_@/@f(tz—k(l—tg)a; )d:c
b
_/ f<t1x+(1—t1)a;b)dx
b
< bia/a f(tgx—f—(l—tg)a;—b)—f(tlx—k(l—tl)a;—b) da
b

< 5/ t2z+(1—t2)“b—tlx—u—tl)“;b dx

- M|t2—t1 a+b

- b—a du

= %“2_15“;

i.e., for all t1,t5 € [0,1],
(5.213) \H(ts) — H(t1)| < @ug ),

which yields that the mapping H is W—Lipschitzian on [0,1].
(2) The inequalities (5.210)) and (5.211]) follow from ([5.213]) by choosing ¢; =
0, ty =t and t; = 1, ty = t, respectively.

Inequality (5.212) follows by adding ¢ times (5.210) and (1 — t) times
(5.211)). This completes the proof.
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Another result which is connected in a sense with the inequality ([5.204) is also
given in the following (cf. [51]).

THEOREM 204. With the above assumptions, we have the inequality:

ftb+ (1 —t)%) + f (ta+ (1 —t)2F)
2

< %(h—a)

(5.214) —H(t)

for allt €10,1].
PROOF. If we denote u = th+ (1 —t) %t and v = ta+ (1 —t)%E, then we have

:u—v_/ Uc

Now, using the inequality (5.204]) applied for u and v, we have
(OIS N
Cu—w

M
< (u-—
5 3(u v),

from which we have the inequality (5.214)). This completes the proof. I

Theorems and imply the following theorem which is important in ap-
plications for convex functions [51]:

THEOREM 205. Let f : I C R — R be a differentiable convexr mapping on I,
a,b € I with a <b and M = sup,¢(, 4 |f'(%)| < 0o. Then we have the inequalities:

b —
(5.215) bia/a F@)de — H(t) < W@—a),
(5.216) o< -1 (*57) < oo
(5217 0< f(th+ (1 —t)ett )j;f((ta+(1—t)“7+b) CH@w < %(bia),

for allt €10,1].

14.3. The Mapping F. For an M-Lipschitzian function f : I C R — R we
can define a mapping F : [0,1] — R by

b b
F(t):ﬁ/a / Ftz + (1 — t)y)dady,

and give some properties of the mapping F' as follows [51].

THEOREM 206. Let a mapping f : I C R — R be M-Lipschitzian on I and
a,b el witha <b. Then

(1) The mapping F is symmetrical, i.e., F(t) = F(1 —t) for all t € [0,1].
(2) The mapping F is W—szschitm’an on [0,1].
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(3) We have the inequalities:

(5.218)

(5.219)

(5.220)

M2t —1
Mol

P g [ 1 ()

FO) - 5 [ fa)ds

M
S ?t(b_a’)a

and

for allt € [0,1].

PROOF. (1) Tt is obvious by the definition of the mapping F'.
(2) Let t1,ts € [0,1]. Then we have

(5.221)

(5.222)

(5.223)

(5.224)

|17(t2)

~a) f(t2x + (1= t2)y) — f(trz + (1 — t1)y)]dzdy

IN

(b%/ / |[f(t2x + (1 = t2)y) = f (e + (1 = h)y) |dwdy

Mt t
< ‘2 1'//\93— |dzdy.

Now, note that

b b 3
bf
//Ix*yldl’dy:( 3a)-

Therefore, from ([5.221)) and ([5.222]), it follows that

F(t2) ~ Fit)| < W(b ~

for all ¢1,t2 € [0, 1] and so the mapping F' is 3 Mb=a) L1psch1tz1an on [0,1].
The inequalities (b and ( m ) follow from if we choose t; =
3, to=tand t; =0, t2 = t, respectively.

Now, we prove the inequality . Since f is M-Lipschitzian, we can
write

’f(tm—&-(l—t)y)—f<tx+(1—t)a;_b>’
a+b’

IN

Mitz+(1—-t)y—te—(1—-1t)

2

b
(1tM‘ at ‘
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for all t 6 [O 1] and z,y € [a,b]. Integrating the inequality (5.224) on

[a b] x , we have
/ / fltz+(1—t)y )dxdy——/ (tm—f— 1—t)“+b>d
< (l—t)Mﬁ/ a;b dy:M(l—?(b a)

for all t € [0,1] and so the inequality (5.220) is proved. This completes
the proof.

Theorem implies the following converses of the known results holding for
convex functions (see the results listed in Subsection .

COROLLARY 73. Let f : I C R — R be a differentiable convex mapping and
M := sup |f'(x)| for a,b € I with a <b. Then we have the inequalities:

z€la,b]
M2t — 1
0< F(t // (JH—y)dd <%(b—a),
z)de — F )<%(b—a),
and
M1 —1t)

0<F@)—H(@) < ?(b—a)
for all t € ]0,1].

REMARK 98. Similar results can be obtained if we consider the more general
class of r — H—Hélder type mappings, i.e.,

(5.225) f@)—fWI<H|lz—yl", zyel,
where H > 0 and r € (0,1], [26].






CHAPTER 6

The H. — H. Inequalities for Mappings of Several
Variables

1. An Inequality for Convex Functions on the Co-ordinates

1.1. Hermite-Hadamard’s Inequality. Let us consider the bidimensional
interval A := [a,b] X [¢,d] in R? with a < b and ¢ < d. A function f : A — R
will be called convex on the co-ordinates if the partial mappings f, : [a,b] — R,
fy (W) == f(u,y) and f; : [c,d] = R, fy (v) := f (u,v) are convex where defined for
all y € [e,d] and z € [a,b].

Recall that the mapping f : A — R is convex in A if the following inequality:
61)  fQz+A-Nz y+1-Nw) <Af(z,y) + (1= A) f(z,w)
holds, for all (z,y), (z,w) € A and X € [0,1].

The following lemma holds:

LEMMA 24. FEvery convexr mapping f : A — R is convex on the co-ordinates,
but the converse is not generally true.
PROOF. Suppose that f : A — R is convex in A. Consider f, : [¢,d] — R,
fo (©) := f(z,v). Then for all A € [0,1] and v,w € [c,d] one has:
feQ+ 1 =XNw) = f(z, w+(1-Nw)
= fQz+(Q-=-Na, w4+ (1-Nw)
)‘f ({E/U) + (]' - >‘) f (LC,’IU)
= Mz (’U) + (1 - )‘) fz (w)
which shows the convexity of f,.
The fact that f, : [a,b] — R, f, (v) := f (u,y) is also convex on [a, ] for all y € [c, d]
goes likewise and we shall omit the details.
Now, consider the mapping fy : [0, 1]2 — [0, 00) given by fo (z,y) = xy. It’s obvious
that f is convex on the co-ordinates but is not convex on [0,1]*.
Indeed, if (u,0), (0,w) € [0,1]* and X € [0,1] we have:

FOAWw0)+1=X)0,w)=FfAu,(Il-Nw)=XA(1-X)aw

IN

and
Af (w,0)+ (1 —X) f(0,w) =0.
Thus, for all A € (0,1),u,w € (0,1), we have

J A (w,0) + (1 = A) (0,w)) > Af (u,0) + (1= A) f (0, w)
which shows that f is not convex on [0,1]%. &
The following inequalities of Hadamard type hold [31].

317
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THEOREM 207. Suppose that f : A = [a,b] X [¢,d] — R is conver on the
co-ordinates on . Then one has the inequalities:

a+b c+d
o s(erer)
i b d
< 2 bi@/f(a:fﬁ)d T f(“;b,y)dy]
< (b— _C//fxydxdy
1
< 1 b_a/f(x,c)derm/ f(z,d)dx
/faydy+/fbydy]
< f(aC)+f(ad)+f(bC)+fbd)

4
The above inequalities are sharp.

PROOF. Since f : A — R is convex on the co-ordinates it follows that the
mapping g, : [¢,d] = R, g, (y) = f (z,y) is convex on [c,d] for all x € [a,b]. Then
by Hadamard’s inequality (L.1)) one has:

(D) < < By

That is,
f(x,ml)_d /fa:ydy<f(xc)2f<x’d),x€[a,b].

2

Integrating this inequality on [a, b], we have:

(6.3) bia/abf<x,cgd)dx
S G ) [ e
< ;[b1a/abf(:1c7c)dm+bla/abf(x,d)dx].

By a similar argument applied for the mapping gy : [a,b] — R, g, (z) := f (z,y) we
get

(6.4) diC/df<a;rb,y) dy
=) 70//fa:ydxdy
;[ — /fayder/fbydy]

IN
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Summing the inequalities (6.3)) and (6.4]) , we get the second and the third inequality
in (6.2) .

By Hadamard’s inequality we also have:
a+b c+d I c+d
<
f( 2 72 >_b—a/af(x’ 2 )dx
a+b c+d 1 d a+b
<
(55 s [ () o

which give, by addition, the first inequality in (6.2]) .
Finally, by the same inequality we can also state:

b
: / f(x,c)dxgw

and

)

b—a

fla,d) + [ (b, d)
2 )

d
dic/c fla,y)dy < f(“vc);rf(a,d),

b
ﬁ/ f(z,d)dx <

and

d
[ 0pay < HEATIED,

which give, by addition, the last inequality in (6.2)) .
If in (6.2) we choose f (z) = xy, then (6.2]) becomes an equality, which shows that
(6.2)) are sharp. I

1.2. Some Mappings Associated to H. — H. Inequality. Now, for a map-
ping f : A = [a,b] X [¢,d] — R as above, we can define the mapping H : [0, 1]2 — R,
H(t,s)

:(ba)l(dc)/ab/cdf(tx—l—(l—t)a;b,sy—l—(l—s)C+d)dmdy.

The properties of this mapping are embodied in the following theorem [31].

THEOREM 208. Suppose that f : A C R? — R is convex on the co-ordinates on
A :=[a,b] x [¢,d]. Then:
(i) The mapping H is convex on the co-ordinates on [0, 1]2;
(i) We have the bounds:

b pd
sup H(t,s)—(b_a)l(d_c)/a/cf(:c,y)dxdy—H(0,0);

(t,5)€[0,1]?

inf H(t,s)f(a;b,c—;d> — H(1,1);

(t,5)€[0,1)?

(#it) The mapping H is monotonic nondecreasing on the co-ordinates.
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PROOF. (i) Fix s € [0,1]. Then for all «,5 > 0 with o + 8 = 1 and
t1,t2 € ]0,1], we have:
1
H(at t = —
(ats +5t2:9) = =@ =9

b pd
x/a / f((at1+ﬁt2)x+[1—(at1+ﬁt2)]ClQH),Sy-i-(l—s)c;—Ci)dxdy

- gmaa=al [ 1(e(bra-n?)

+3 (t2x+(1—t2)a+b> ,sy+(1—s)c+d) dxdy

2
1 b a+b c+d
a.b_a_c//f(tm—f—(l—tl) 5 sy +(1—s) 5 )dxdy

+b c+d
+5- b= —c// (tgstr 17t2) 5 sy +(1—3s) 5 >dxdy
= aH(th )+6H(t27

If t € [0,1] is fixed, then for all s1,s2 € [0,1] and o, 3 > 0 with o+ 3 = 1,
we also have:

H (t,as1 + Bs2) < aH (t,s1) + BH (t, s2)

IN

and the statement is proved.
(#i) Since f is convex on the co-ordinates we have, by Jensen’s inequality for
integrals, that:

Hts)
= bia/ab[dic/cdf(tx—i—(l—t) ;bsy+(1—s)cgd>d4dm
> bia/abf<tx+(1—t)a;b dic/cd[sy—k(l—s)c—;d]dy)dx
- bia/abf(tx+(1—t)a;rb,c;d)dx
> f<bia/ab[tx+(1—t)a;b],C;rd)dx
_ f<a;b,czd>.

By the convexity of H on the co-ordinates we have:

H(t,s)

A I a+b
S.bfa/a [dc/cf<tx+(1—t)2,y)dy

1 d a+b c+d
dc/cf(tx—i-(l—t) 5 3 )dy]dw

IN

+(1—3s)-
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st- //fxydxdy—i—sl—t
b—a)(d—c)
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d b
s | [tb—la/ f (2,y) dedy

1 b (a+b
+(1—t)~ba/af(2,y>dx1dy

I I c+d
+(1_8)-d—c/ t- " a f(x,2>da:

+(1_t).f<a+b c+d>}dy

2 72

+(1—s)t-

By Hadamard’s mequality we also have:

b
F(5) < 52 [ F@ndn yeleg

and

d
f(x76-52-d)§16/ f(x,y)dy, = € [a,b].

Thus, by integration, we get that:

1 d a+b
—_— dy <
d_c/cf< > y> y <

and

Using the above inequality, we deduce that

H(t,s)
1 b d
[st+s(1—t)+(1—s)t+(1—s)(1—t)]m/a / F (2, y) dady

b d
(b_a;ﬁ / / f(z,y)dady, (s.t) €[0,1]?

and the second bound in (i) is proved.

(#i1) Firstly, we will show that

(6.5)

v

H (t,s) > H(0,s) for all (t,s)e[0,1]>.
By Hadamard’s inequality we have:
H (t,s)

1 d a+b c+d
d—c/c f< 5 ,sy+ (1—s) 5 >dyH(O,s)

/ (5

aer c+d

d b c
dic/cf<b—1a/a [tx+(1—t) ;r]dxsy+(1—s) ;d

m /ab /cdf (2, ) dady
bia/abf(x,cgd> dxg(b—a)l(d—C)/ab/cdf(x’y)dmdy.

)
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for all (t,s) € [0,1]*.
Now let 0 < t; < to < 1. By the convexity of the mapping H (-, s) for all
s € [0, 1] we have
H(tQ,S) - H(tl,s) > H(tl,s) — H(O,S)
o —t N 131

For the last inequality we use (6.5]) .

> 0.

The following theorem also holds.
THEOREM 209. Suppose that f: A =[a,b] X [¢,d] — R is convex on A. Then

(i) The mapping H is convex on A;
(#4) Define the mapping h : [0,1] — R, h(t) = H (t,t). Then h is convez,
monotonic nondecreasing on [0,1] and one has the bounds:

1 b d
Sup b0 =h{D) = iaaa ) | revay

and
a+b c+d
inf h(t)=h(0)= .
ut 10 =10 = 7 (452551
PROOF. (i) Let (t1,51),(t2,52) € [0,1]* and o, 8 > 0 with a + 8 = 1.

Since f: A — R is convex on A we have:

H (a(t1,s1) + B (ta,52))

= H (at1 + Bta, asy + 682)
1

-0

(b—a)(
// ( (t1x+(1_t1) ;b’sly+(1—51)cgd>

+5 (t2x+(1—t2)a+b, d))dwdy

c+
soy + (1 — s2)

< ;
= (b—a)(d—rc)
b d
// <t1x+ (1—11) ;- 81y+(1—s1) >dmdy
- b—a )
// <t2$+ 1*t2) b,52y+(182)c+d>diﬂdy

= aH (t1,s1) + BH (t2, s2),

which shows that H is convex on [0,1]*.
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(i) Let ¢1,t3 € [0,1] and «, 8 > 0 with o + 8 = 1. Then

h(aty + Pte) = H (aty + Bta, aty + Ota)
H (a(ti,t1) + B (t2,t2))
aH (ti,t1) + BH (t2,t2)
= ah(ty) + Bh(ts)

which shows the convexity of h on [0,1].
We have, by the above theorem, that

IN

no =m0z 0.0 -7 (5050 e

and

1 b d
h(t)=H (t,t) < H(1,1)= m/ / f(z,y)dzdy, t €[0,1]
which prove the required bounds.
Now, let 0 < t; < ts < 1. Then, by the convexity of h we have that

h(t2) = h(t) _ hit) = h(0)

> >0,
to — 11 t1

and the theorem is proved.

Next, we shall consider the following mapping which is closely connected with
Hadamard’s inequality: H : [0, 1]2 — [0, 00) given by

H(t,s)

(bfa d—c) ////ftx+1*t)y,52+(1*5) u) dedydzdu.

The next theorem contains the main properties of this mapping.

THEOREM 210. Suppose that f : A C R? — R is convex on the co-ordinates on
A. Then:

(1) We have the equalities:

- 1 - /1 1
H(t—i—Q,s) :H<2—t,s> for allt € [0,2}, s €0,1];

_ 1 - 1 1
H(t,s+2>—H<t,2—s> for allt € 0,1], 56[0,2],
H(1—t,s)=H(t,s) and H(t,1 —s) = H (t,s) for all (t,s) € A;

(i4) H is convex on the co-ordinates;
(#i1) We have the bounds

inf  H(t,s) = H(l 1)
(t,5)€[0,1]?

et [ (e
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and

sup  H(t,s)=H(0,0)=H(1,1) =

~ 1 b d
t / / [ (x,2) dzdz.
(t,5)€[0,1)2 b—a)d—0c J, J

(iv) The mapping H (-,s) is monotonic nonincreasing on [0,3) and nonde-
creasing on [%, 1] for all s € [0,1]. A similar property has the mapping
H(t,-) for all t €[0,1].
(v) We have the inequality
(6.6) H(t,s) >max {H (t,s),H(1 —t,s),H(t,1—s),H(1—t,1—35)}
for all (t,s) € [0,1]*.

PROOF. (i), (ii) are obvious.
(#4i) By the convexity of f in the first variable, we get that

%[f(tx—l—(l—t)y,sz+(1—3)u)—|—f((1—t)x—|—ty,sz+(1—s)u)]
> f(gc—;y7sz+(1—s)u>

for all (z,y) € [a,b]*, (z,u) € [¢,d]* and (t,s) € [0,1]7.
Integrating on [a, b]”, we get

b b
(b—la)z/ / x4+ (1 —t)y,sz+ (1 —s)u) dedy

k(5

d12/d/df<$+y,sz+(13)u)dzdu
et ()

Now, integrating this inequality on [a,b}2 and taking into account the above in-
equality we deduce:

e gt [ L9525

for (¢,s) € [0,1]. The first bound in (4¢%) is therefore proved.
The second bound goes likewise and we shall omit the details.

(iv) The monotonicity of H (-, s) follows by a similar argument as in the proof
of Theorem [208] (4i¢) and we shall omit the details.

v

+(1—s) u> dady.

Similarly,
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(v) By Jensen’s inequality we have successively for all (¢,s) € [0,1]° that

H(t,s)
1

(b—a)(d—c)’

x/ab/cd/cdf(b_la/ab[tx—i—(1—t)y}dy,sz+(1—s)u> dadzdu
(_al_CQ/b/d/df<tx+(1—t)a;b,sz+(1—s)u>dxdzdu
> b= 76// (t;v+ (1-1) ;b sz—&—(l—s)c—;_d)dxdz

= H(t,s).
In addition, as
H(t,s)=H(1 —t,s)=H(t,1—s)=H(1—t1—s) forall (t,s)e[0,1]*,

then by the above inequality we deduce .
The theorem is thus proved. i

Finally, we can also state the following theorem which can be proved in a similar
fashion to Theorem and we will omit the details.

THEOREM 211. Suppose that f : A C R2 — R is convex on A. Then we have:

(i) The mapping H is convez on A. ) ) )
(i) Define the mapping h : [0,1] — R, h(t) := H (t,t). Then h is conver,

monotonic nonincreasing on [O, %} and nondecreasing on [l 1] and one
has the bounds:

2
~ ~ ~ 1 b pd
sup h(t):h(l):h(O):m//f(x,y)dxdy.

t,€[0,1]

0" i(3)
- e L L[5 e

(#91) One has the mequalzty:
h(t) > max {h(t),h(1—1t)} forallte[0,1].

and

2. A H — H. Inequality on the Disk

Let us consider a point C' = (a,b) € R? and the disk D (C, R) centered at the

point C' and having the radius R > 0. The following inequality of Hadamard’s type
holds [33].

THEOREM 212. If the mapping f : D (C,R) — R is convex on D (C,R), then
one has the mequality'

1
(6.7) < [ faydey< o f ()i ()
WRQ D(C, R) 2R &(C,R) ( (
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where & (C, R) s the circle centered at the point C and having the radius R. The
above inequalities are sharp.

ProoOF. Consider the transformation of the plane R? in itself given by:
h:R?* - R% h=(hy,hy) and hy (x,y) = —x + 2a, hs (z,y) = —y + 2.
Then h (D (C,R)) = D (C, R) and since
0 (h1,h2) _
9 (z,y)

we have the change of variable:

/ /D oy @y
/I o010 B () ]w

// f(=z+ 2a,—y + 2b) dzdy.
D(C,R)
Now, by the convexity of f on D (C, R) we also have:

-1 0
0 -1

-

dxdy

S @)+ f (= + 20—y + )] 2 [ a,D)

which gives, by integration on the disk D (C, R), that:

1
(6.8) 3 [//D(QR) f(z,y) dedy + //D(C?R) f(=x+2a,—y + 2b) dedy
_ 2
> f(a,b) //D(C,R) dxdy = mR%f (a,b).

In addition, as

// f (@,y) dedy = // F(—+ 2a, —y + 2b) dudy,
D(C,R) D(C,R)

then by the inequality we obtain the first part of (6.7)) .
Now, consider the transformation

g=1(91,92): [0,R] x[0,2nr] - D(C,R)
given by

g:{ g1(r,0) =rcosbta o1y prgeo,2q].

g2 (r,0) =rsinfd +b "’
Then we have

—rsinf rcosf

a(r,0)

Thus, we have the change of variable

/| o 0y / ’ / (0 (6).02 () ‘8@(?}’ g;>

R 2w
/ / f(rcos@ +a,rsin + b) rdrdd.
o Jo

3(91792)’ cosf  sinf ‘r

drdf
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Note that, by the convexity of f on D (C, R), we have:
f(rcos@ +a,rsind + b)

= f (% (Rcosf +a,Rsinf + b) + (1 — %) (a,b))

< %f(Rcost9+a,Rsin9+b) n (1 - %) £ (a,b),
which yields that

f(rcos@+a,rsind+b)r
r? _ T
< —f(Rcos@—i—a,Rsm@—i—b)—i—r(l— E) f(a,b)

for all (r,0) € [0, ] [0, 2] .
Integrating on [0, R] x [0, 271] we get

(6.9) // e (z,y) dzdy

/ —dr f (Rcosf +a,Rsinf +b)df

27r
+fab/ d0/ 177 dr

R? R?
= 3 f(RcosH—l—a,Rsin@—l—b)dG—i—%f(a,b).
0
Now, consider the curve 7 : [0, 27] — R? given by:

) { x(0) := Rcosf +a

IN

y(0) := Rsinf +b ’ 0 < [0,27].

Then Im (v) = v ([0, 27]) = & (C, R) and we write (integrating with respect to arc
length):
2m

[ toam = [ r@e.we)(@erper) s
&(C,R)

= R f(Rcosf +a,Rsinf + b) db.
0

By the inequality we obtain

2
/ / f () dady < 2 / FO () + S g (a)
D(C,R) 3 Js(c,R) 3

which gives the following inequality which is interesting in itself

1 2 1 1
(6.10) 2 //D(C,R) fz,y)dedy < 3 5 E /@(qR) Fy)d(y) + gf (a,b).

As we proved that
1
O <5 || rawdy,
)< e (z,9)

then by the inequality (6.10) we deduce the inequality:

(6.11) f(o) < f)di(v).

— 27R &(C,R)
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Finally, by (6.11)) and we have
2 1 1
) dxd — dl -f(C
WRQ// Sy < Sosp [ pEA6)+ )

1
— dl
7R Jsiom f(v)dl(v)

A

IN

and the second part of (6.7]) is proved.
Now, consider the map fy: D (C,R) — R, fo (x,y) = 1. Thus
L= foA(z,y) + (1 =X)(u,2))
= /\f0($7y)+(1—)\)f0(u,2):1
Therefore fy is convex on D (C, R) — R. We also have

1
fo // o (z,y)dedy =1 and —— fo(y)dl(y)=1
© ' TR2 D(CR) 2R Js(c,r) () di )

which shows us the inequalities (6.7]) are sharp. I

2.1. Some Mappings Connected to Hadamard’s Inequality on the
Disk. As above, assume that the mapping f : D (C, R) — R is a convex mapping
on the disk centered at the point C' = (a,b) € R? and having the radius R > 0.
Consider the mapping H : [0,1] — R associated with the function f and given by

1
H(t) = WR?//D(CVR)f(t (,9) + (1 — t) C) dady,

which is well-defined for all ¢ € [0,1].
The following theorem contains the main properties of this mapping [33].

THEOREM 213. With the above assumption, we have:

(i) The mapping H is convex on [0,1];
(#) One has the bounds:

(612) i H (0= H0) =€)
and
1
(6.13) s B =H() = / /D o )

(i1) The mapping H is monotonic nondecreasing on [0,1].

PROOF. (i) Let tl,tg € [0,1] and «, 3 > 0 with a+ 8 = 1. Then we have:

H(O[tl —‘r—ﬂtz) = 7TR2 //D(CR) tl x y) (]. —tl)C)
+ 6 ( tz z,y)+ (1 —t2) C)) dedy

o — // Ft (2,y) + (1 — 1) C) dady

+ﬁ-*2// F (0 (@) + (1~ 1) C) dady
mR? | Jpc,r)

= aH (&) +BH (t2),
which proves the convexity of H on [0,1].

IN
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(#i) We will prove the following identity:

(6.14) H(t) = M%RP //D(C " f(x,y)dxdy

for all ¢t € (0,1].
Fix t in (0, 1] and consider the transformation g = (¢, 7) : R? — R? given
yi=tzx+(1—1t)a

by:
{ ¥ (2,y
n(z,y)=ty+(1-1)b
Then g (D (C,R)) = D (C,tR).
Indeed, for all (z,y) € D (C, R) we have:

(W=’ + (=0’ =1 (@ =)+ (y = )*| < (tR)?

which shows that (¢,n) € D (C,tR), and conversely, for all (v,n) €
D (C,tR), it is easy to see that there exists (z,y) € D(C,R) so that

9 (x,y) = (¥,n).

We have the change of variable:

L//’ £ (0, m) dupen
D(C,tR)
D (¢, 1)

[L@mfwuwxmamﬂD@wJ@@
‘/};KZR)f(t(x’y)*'(1"ﬂ(a7th2dxdy

,(z,y) € R

since ‘%’ = t2, which gives us the equality (6.14)) .

Now, by the inequality (6.7, we have:

1
PR //D(C)m) [ (z,y)dxdy > f(C)

which gives us H (t) > f (C) for all t € [0, 1] and since H (0) = f (C), we
obtain the bound (6.12)) .

By the convexity of f on the disk D (C, R) we have:

1
0o < g [[ @ A £ () ey

t
_ WRQ//D(C’R)f(x,y)dxdy—k(1—t)f(c)

¢ / / 1—t
< L f%yM@+—f// f (z,y) dedy
R? D(C,R) ( ) R? D(C,R) ( )

7l
= — f(z,y)dxdy.
TR | )pc.r) (.9)

As we have

1
HO= 5 [[ 1wy
)= e (z,y)
then the bound (6.13) holds.
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(#i7) Let 0 <1 < to < 1. Then, by the convexity of the mapping H we have:
H (t2) — H (t1) > H (t1) — H (0)
to —t - t
as H (t1) > H (0) for all ¢; € [0, 1], which proves the monotonicity of the
mapping H in the interval [0, 1].

>0

Further on, we shall introduce another mapping connected to Hadamard’s in-
equality

(@), t=0

where f: D (C,R) — R is a convex mapping on the disk D (C, R) centered at the
point C = (a,b) € R? and having the same radius R.

The main properties of this mapping are embodied in the following theorem
[33].

THEOREM 214. With the above assumptions one has:

he[0,1] - R, A(t) = { 7 Jsicam (DALY (®), t € (0,1]

(¢) The mapping h : [0,1] — R is convex on [0, 1];
(ii) One has the bounds

(6.15) inf h(t)=f(0)=f(C)
tel0,1]
and
(6.16) sup () = h(1) = 5= i)
te[0,1] T J&(C,R)

(7it) The mapping h is monotonic nondecreasing on [0,1];
(iv) We have the inequality:

H((t) < h(t) forallte]0,1].
PRrROOF. For a fixed t in [0, 1] consider the curve

| x(0) =tRcosb+a
ta y(0) =tRsinf +b

Then Im (v) = v ([0, 27]) = & (C,tR) and

1
By f(y)di(y
2mtR S(C,tR) ( ) ( )

,0 € 10,27 .

= ﬁ/o i f(tRcosf + a,tRsin6 + b) \/(x (9))2 +(y (9))2d9

2m
- 2 f(tRcosf+ a,tRsind + b) db.

2m Jo
We note that, then
1 27
h(t)y = p f(tRcosf + a,tRsinf + b) df
T Jo
1

2m
= — f(t(Rcos,Rsin®) + (a,b))dd
27 0

for all t € [0,1].
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Let t1,t2 € [0,1] and a, 8 > 0 with o + 8 = 1. Then, by the convexity of
f we get that

1 2

h(aty + Pte) = — f ([t (Rcosf, Rsinf) + (a,b)]

2 0
+ B[t2 (RcosO, Rsin6) + (a,b)]) db

2m

1
e f (t1 (Rcos@, Rsin6) + (a,b)) dd
T Jo

IN

27
13- 1 f(t2 (Rcos®, Rsinf) + (a,b))dd
271' 0
= ah(t1)+ Bh(t2)

which proves the convexity of h on [0,1].
In the above theorem we showed that:

1
H@) = —— dxdy f 11¢e(0,1].
*) T2 R? //D(C’tR)f(x,y) wdy for all £ € (0 1]

By Hadamard’s inequality (6.7) we can state that:

1 // 1
1 fm,ydxdys—/ F () di(y
mt2R? [ Jpcir) (@) 2mtR Js(ouR) M)

which gives us that
H(t) <h(t) forall t € (0,1].

As it is easy to see that H (0)
embodied in (iv) is proved.

The bound follows by the above considerations and we shall omit
the details.

By the convexity of f on the disk D (0, R) we have:

h(0) = f(C), then the inequality

1 2m

= 5 | f(t[(Rcosh, Rsinb) + (a,b)] + (1 —t) (a,b)) do

IN

2m 2m
t-% ; f(RcosG+a,Rsin9+b)d0+(1—t)f(a,b)%/o do
1 2m
t-— f(RcosO + a, Rsind + b) df
2 0

IN

27

1
+(1—t).% ; f(Rcos@+ a, Rsin® + b) df

1 27
= — f(Rcos@+a,Rsinf +b)do = h(1)
2 0
for all t € [0,1], which proves the bound (6.16]) .
Follows by the above considerations as in the Theorem We shall omit
the details.
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For a convex mapping f defined on the disk D (C, R) we can also consider the
mapping:

g (t, (x,y)) 7TR2// . )+ (1 —1t) (z,u)) dzdu

which is well-defined for all ¢ € [0,1] and (z,y) € D (C,R).

The main properties of the mapping g are enclosed in the following proposition
[33]:

PROPOSITION 75. With the above assumptions on the mapping f one has:

(i) For all (x,y) € D(C,R), the map g (-, (x,y)) is convezx on [0,1];
(i) For allt € [0,1], the map g (t,-) is convex on D (C,R).

PROOF. (i) Let t1,t2 € [0,1] and o, > 0 with a + 8 = 1. By the
convexity of f we have:

g (Oétl + ﬂt27 (Z‘, y))

= e 0= G
+ Blta (z,y) + (1 —t2) (z,u)]) dzdu
t

1
@ 7r11{@2//]3(071%“‘( 1 (z,y) + (1 —t1) (2,u)) dzdu

1
R //D(QR) £ (b2 (,y) + (1~ t2) (2, ) dedu

= ag(t1,(z,y)) + Bg (t2, (z,y))

for all (z,y) € D (C, R), and the statement is proved.
(#4) Let (z1,11), (z2,y2) € D(C,R) and «, 8 > 0 with o+ 8 = 1. Then

gt a(z1,y1) + B (22, y2))

1
= W//D(CVR)f[a(t(xlvyl)—F(1—t) (z,u))
+B (t (v2,y2) + (1 = t) (2,u))] dzdu
1
a.W//D(C,R)f(t(xlayl)‘f'(l—t) (z,u)) dzdu

1
B W//D(C,R)f(t (z9,y2) + (1 — 1) (2,u)) dzdu

= ag(t,(x1,41)) + By (¢, (22, y2))
for all t € [0,1], and the statement is proved.

IN

IN

By the use of this mapping we can introduce the following application as well:

G:[0,]] >R, G(¢ // dzd
0.1) = 8 [ 9 (5200

where g is as above.
The main properties of this mapping are embodied in the following theorem
[33].
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THEOREM 215. With the above assumptions we have:

(i) For all s € [0, 3]
1 1
and for all t € [0,1] one has
G(1-1)=G1);

(i) The mapping G is convex on the interval [0,1];
(#i7) One has the bounds:

1
f _ 1
telﬁl),l] G(t> ¢ (2)
1 //// r+z y+u
- — f , dxdydzdu > f (C)
(mR2) D(C,R)x D(C,R) 2 2 (

and

1
swp G() =G0 =G 1) = [ fay)dady
te[0,1] ™ D(C,R)

(iv) The mapping G is monotonic nonincreasing on [0, %] and nondecreasing
on [%, 1} ;
(v) We have the inequality:

(6.17) G (t) > max {H (t), H (1 — t)}

for allt €10,1].

PRrROOF. The statements (i) and (i¢) are obvious by the properties of the map-
ping g defined above and we shall omit the details.

(#i1) By (i) and (ii) we have:

G(t):w zG(é) for all ¢ € [0, 1]

which proves the first bound in (7).
Note that the inequality

G(é) > f(0)
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follows by (6.17) for ¢ = 1 and taking into account that H (%) > f(C).
We also have:

G(t

- WRZ //D(CR (// . +(1—-1) (=, ))dzdu)d:cdy
7rR2 //D(CR [tfxym# l—t// o zudzdu]dxdy

trR? // (z,y) dedy + (1 — t) TR // (z,y) dxdy
(71'32) D) D(c, R)

= —0 [ (z,y) dzdy
TR? //D(C,R) (=-9)

for all ¢ € [0,1], and the second bound in (4i7) is also proved.

(iv) The argument goes likewise as in the proof of Theorem [213| (¢44) and we
shall omit the details.

(v) By Theorem 212 we have that:

60 = g [ o)y
> gt (a,b) WR2// o y) + (1 1) (a,b)) dady = H (1)
for all ¢t € [0,1].

AsG(t)=G(1—t) > H(1—1t), we obtain the desired inequality (6.17)) .
The theorem is thus proved.

IN

3. A H. — H. Inequality on a Ball

In this section we will point out some inequalities of Hadamard’s type for convex
functions defined on a ball B (C, R) where C' = (a,b,c) € R3, R > 0 and

B(C,R) ::{(x,y,z) R (z—a) + (y—b)*+ (2 =)’ gR?}.

The following theorem holds [32]:

THEOREM 216. Let f : B (C, R) — R be a convex mapping on the ball B (C, R) .
Then we have the inequality:

1
(6.18) f(a,b,c) < m ///B(C,R) f(z,y,2)dedydz

1
7 (B(C,R) / /S(C)R) f(2,y,2)ds

S(C,R) = {(%W) ER|(z—a)’ +(y—-b)*+(2—0)° :32}

where

and
4T R3

3

v(B(C,R)) = o (B(C,R)) = 47R*.
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PROOF. To prove the first inequality in (6.18)), let us consider the transforma-
tion:

T :R® = R3 T (u,v,w) = (2a — u, 2b — v,2c — w).
It is easy to see that the Jacobian of Tj is

-1 0 0
J(T)=det| 0 -1 0 |=-1
0 0 -1

and T is a one-to-one mapping which transforms the ball B (C, R) in itself. Then
we have the change of variable:

(6.19) /// f(z,y,2) dedydz
B(C,R)
/// f(2a—u,2b—v,2c—w)|J (T1)| dudvdw
B(C,R)
/// f(2a—12,2b—y,2c— z)dedydz.
B(C,R)

Now, by the convexity of f on the ball B (C, R), we have:

%[f(x,y,z)+f(2a—a:,2b—y,2c—z)] > f(a,b,c)

for all (z,y,2) € B(C,R). B
Integrating this inequality on B (C, R) and taking into account that the equality

(6.19) holds, we get

///B(C,R) f(z,y,2) dedydz
= b ///B(C,R) dxdydz = v (B (C, R)) f (a,b,¢).

That is, the first inequality in (6.18]) .
To prove the second part of the inequality (6.18]), let us consider the transformation
Ty : R? — R3 given by:

Ts (r,9, ) := (rcosypcosp + a,rcosysing + b, rsiny + ¢) .
It is well known that the Jacobian of T is
J(Ty) = r* cosp

and Th is a one-to-one mapping defined on the interval of R?, [0, R] x [fg, g] X

[0,27], with values in the ball B(C,R) from R®. Thus we have the change of
variable:

I :/// f(z,y,2)dedydz
B(C,R)

R z 2m
= / / / [f (rcostpcosp + a,rcossing + b, rsiny + ¢)
o J-z Jo

x 12 cos 1/)] drdipde.
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Now, let us observe that for (r,1,¢) € [0,R] x [-%, %] x [0, 27] we have
f(rcostcosp + a,rcosysing + b, rsiny + ¢)

T T ) )
= f Kl — E> (a,b,c) + E(Rcoswcosga—|—a,Rcosw51n<p—|—b,Rsmw—|—c)} )

Using the convexity of f on the ball B (C, R) we can state that
(6.20) f [(1 - %) (a,b,c) + % (Rcostpcosp + a, Reostsinp + b, Rsiny + c)]
< (1 — %) f(a,be)+ Lf (Rcostpcosp + a, Reossinp + b, Rsiny + ¢)

for all (r,9, ) € [0,R] x [-Z, %] x [0 27].
If we multiply this inequality with 72 cost > 0 for (
integrating the obtained inequality on [0, R] X [—5, 5

z 27
2 2 r
(6.21) I < f(a,b,c)/o /—g/o r cosw(l—ﬁ) drdidyp
1 R % 2m
+—/ / / (7% cos v f (R cos v cos ¢ + a,
RJo J-=Jo

Rcosysing + b, Rsiny + ¢)] drdidyp

= 7T—R?)f(abc)—i-J

) € [0,R] x [~5, 5] and

T,
] x [0, 27] we derive:

where

2
J = —/ / cosf (Rcosvcosp + a, Rcostsing + b, Rsiny + ¢) dibdp.

Now, let us compute the surface integral of the first type

K= [[ - flapas,
S(C,R)

S(C.R) = {(z,9.2) €| ()" + (y =) + (2 - 0)° = R?}.

If we consider the parametrization of S (C, R) given by:

where

= Rcosycosp+a o
S(C,R):{ y=Rcostsinpg+b ;(,p) € {*5 5] [0, 27]

z=Rsiny +c
and putting
Oy 0z
A= ‘giﬁ’ g;ﬁ = —RZ%cos? 1) cos o,
Oy oy
oz 0z
B = ‘gﬁ %iﬁ = R? cos® 1 sin o,
Do Do
and
Oz dy
C:=| % %’ = —R?sin cos 1,
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we have that
A2 4 B2 4 C? = Ricos?p for all (4, ¢) € [—g g} [0, 27].
Thus,

K = // f(z,y,2)dS
5(C,R)
5 27
/ / [f (Rcostcosp + a, Rcossinp + b, Rsiny + c)
-z Jo
xv/ A2+ B2 + 02] dipdip

5 2
RQ/ / cos ¥ f (Rcosvcosp + a, Rcostsing + b, Rsiny + ¢) dibdp.
-z Jo

Consequently, using the above notations, we define: J = %K .
Now, using the inequality (6.21]) we get

(6.22) I<—fabc // f(z,y,2)dS.
S(C,R)

If we divide this inequality by v (B (C, R)) = 4”;% , we get the following inequality
which is interesting in itself:

(6.23) u(B(lc,m) / / /B on f(z,y,2) dedydz

3 1
1 o (B(C,R) //s(c,R) f @y, 2)dS.

Now, taking into account that we proved the inequality

1
f(a,b,¢) < m //B’(C,R) f(z,y,2) dzdydz,

then, from (6.23)) we derive

V(B(lc'J@) ///B(C’R) f(z,y, z) dedydz
rf(B(laR)) J /s<c,R) f(@.y,2)ds.

That is, the second part of the inequality (6.18)) .
The proof of the theorem is thus completed. |

< bt

<

=W W

3.1. Some Mappings Connected to H.— H. Inequality. Asabove, assume
that the mapping f : B(C,R) — R is a convex mapping on the ball B (C, R)
centered at the point C' = (a, b, c) € R® and having the radius R > 0. Consider the
mapping H : [0,1] — R associated with the function f and given by:

H(t):= CR ///B(CR) (z,y,2) + (1 —t) C) dedydz

which is well deﬁned for all t € [0,1].
The following theorem contains the main properties of this mapping [32].

THEOREM 217. With the above assumption, we have:
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(i) The mapping H is convex on [0,1];
(#4) Ome has the bounds:

(6.24) inf H(t)=H(0)=f(C)

tefo,1]

and

1
(6.25) t:l{g)l] Ht)=H(Q1)= m ///B(C,R) f(z,y,2)dedydz

(iii) The mapping H is monotonic nondecreasing on [0,1].

PROOF. (i) Let t1,t2 € [0,1] and o, 8 > 0 with o+ 8 = 1. Then we have:
}{(at1+—ﬁt2
= T,Y, 2 1—-1)C
C R) ///B(C R) 2+ 2
+ ﬂ [to (1’ y,2) + (1 —t2) C)) dedydz

IN

£t (2,9, 1—t,)C) dadyd
o CR ///B(CR (b (2,9, 2) + (1 — 1) C) dadyd=

+ﬂ CR //-/B(CR) (t2 (z,y,2) + (1 — t2) C) dzdydz
= oH (t1) + BH (tg

which proves the convexity on [0,1].
(#1) We will prove the following identity:

1
(6.26) H(t) = m ///B(C,tR) f(z,y,2)dedydz

for all t € [0,1].

Fix t in [0, 1] and consider the mapping g = (¥, n, u) : R® — R3 given by
Y (z,y,2z)=te+(1—1t)a
n(,y,2) =ty+(1-1)b (z,y,2) €R’.
w(z,y,z)=tz+(1—t)c

We have:

_ 3

D (¢, 1)
D (x,y,2)
and g (B (C,R)) = B(C, R). Indeed

(= a) + (=0 + (= = [(r = )’ + (y = B + (2 = 0] < 2R
which shows that (y,n,u) € B(C,R), and, conversely, for (¢,n,pu) €

B (C,tR) there exists (z,y, 2) € B(C, R) such that g (z,y,2) = (¥,n, ).
We have the following change of variable:

/ / /B cin [ (¥, n, 1) dypdndp
///B(C,R)f(¢(x,y,z),77(x,y7z)’u(my%z)) ‘m

///B(C,R) f (¢ (2,9,2) + (1 = 1) O) dudydz

dxdydz
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and the equality (6.26) is proved.
Now, by the first inequality in we get:

CtR ///B(CtR (z,y, 2) dedydz > f(C)

which gives us H (t) > f(C) for all t € [0,1]. Since H (0) = f(C), we
obtain the bound - -
By the convexity of f on the ball B (C, R) we have:

H(t) < (B(lcR)) I/ o @02 4 (L= 0) (O] oy

M///B(Cﬂ)f(x,y,z) dedydz + (1 1)  (C)
H i ] e

W / / /B oy (@02 iy

As we have

H((1)= V(B(lm ///B(C’R) f(z,y, 2) dedydz,

the bound (6.25)) holds.
(7i7) Let 0 <1 <t < 1. Thus, by the convexity of the mapping H we have
H (t3) — H (t1) S H (t1) — H (0)
to —t1 - t1
as we proved that H (t1) > H (0) for all ¢; € [0,1]; and the monotonicity
of H is proved.

>0

Further on, we shall introduce another mapping connected to Hadamard’s in-
equality:

mffs(c,m)f(m,y,z) ds ift e (0,1]
f(C)ift=0

where f : B(C,R) — R is a convex mapping on the ball B (C, R) centered at the
point C' = (a, b, ¢) and having the radius R and S (C, R) is the sphere:

S(C,R) := {(x,y,z) €R3|(x—a)2—|—(y—b)2+(z—c)2 :RQ}.

h:[0,1] — R, h(t) ::{

The main properties of this mapping are embodied in the following theorem [32]:
THEOREM 218. With the above assumptions, one has:
(¢2) The mapping h : [0,1] — R is convex on [0, 1];
(#) One has the bounds:

(6.27) inf h(t) =h(0) = f(C)

te[0,1]
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and

1
629 sw =)= pa /I o B8

(#it) The mapping h is monotonic nondecreasing on [0,1];
(iv) We have the inequality:

H (t) < h(t) forallte|0,1].
Proor. For a fixed ¢ in (0, 1] consider the surface:

r=tRcosycosy+a o
S(C,tR):{ y=tRcosysinp+b ;(¢h,p)€ {—5,5} x [0, 27] .
z=1tRsinyY + ¢

As in the proof of Theorem [216] we get the equality:

K = // f(2,y,2)dS
S(CtR)

— t2 R2

z 2m
x/z/ cosf (tRcostcosp + a,tRcosysing + b, tRsiny + ¢) didp.
—z= Jo
2

1
h’ (t) - 4t2’/T2R2 //s(am) f (J}, Y, Z) dS

1 5 27
4—/ / cosf (t (Rcoscos p, Rcostpsin g, Rsiny) + C) dipdy
vy _% 0

for all t € (0,1].
Using this representation of the mapping h we can prove the following statements:

(i) Let t1,t2 € [0,1] and «, 8 > 0 with a+ 8 = 1. Then, by the convexity of
f, we get that:

h (Ozh + ﬁtl)

1 5 2
= 4—/ / I e (t1 (Rcosp cos p, Rcos ) sin g, Rsiny) + C)
mJ_z Jo
+ B (t2 (Rcos 9 cos ¢, Reos i sing, Rsin ) + C)] cos Pdipdep

1 5 27
a- yym / / ft1 (Rcos cosp, Rcostsin p, Rsiny) 4+ C| cospdipdy
) =z Jo

IA

5 2
+3- % / / f [t2 (Rcos® cos p, Rcosysin p, Rsiny) + C| cos Ydipdy
T 7% 0

= ah(t;)+ Bh(t1)

which proves the convexity of h.
(#v) In the above theorem we proved among others, that

H(t) = m / / /B oy @2
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for all ¢t € (0,1].
By Hadamard’s mequahty - ) applied for the ball B (C,tR) we have:

CtR ///me) (z,y, 2) dzdydz
m / /S(C)m) f (@,y,2)dS

from where we get the inequality
H(t) <h(t) forall t € (0,1].

As it is easy to see that H (0) = h(0) = f(C), the statement is thus
proved.

(#¢) The bound follows by the above considerations and we shall omit
the details.
By the convexity of f on the ball B (C, R) we have:

h (t)
5 2m
= i/ / f (t[(Rcostpcosp, Recos)sing, Rsiny) + C]
+ (1 =) C) cos pdipdyp

z 27
i/2 / f (Rcostcosp+ a, Recosysin g + b, Rsint + ¢) cos vdipdyp
vy _% 0

5 2m
+(1—t)f(0)$/71/0 cos Pdipdyp

t % 27
= j/ / f (Rcoscos g + a, Rcosibsin g + b, Rsiny + ¢) cos dipdyp
mJ_z Jo
+(1=1)f(C)
= th(l)+(1—=t)f(C)<th(1)+ (1 —t)h(1)=h(1)

as f(C) < h(¢t) for all ¢ € [0,1]. Thus, the bound (6.28) is proved.
(#4t) Follows as in the proof of Theorem and we shall omit the details.

IN

4. A H. — H. Inequality for Functions on a Convex Domain

4.1. A General Mapping Associated with the H. — H. Inequality. Let
D C R™ be a convex domain and A : C(D) — R be a given positive linear functional
such that A(eg) = 1, where eg(x) =1, x € D. If x = (x1,...,2,) is a point from
D we note by p;, i =1,2,...,m the function defined on D by
pi(x) =y, 1=1,2,...,m
and by a;, i =1,2,...,m the value of the functional A in p;, i.e.,

A(p;) = ay, 1=1,2,...,m

9

Let f be a convex mapping on D. We consider the mapping H : [0,1] — R
associated with the function f and given by:

H(t)=A(f(tz+ (1 —t)a))
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where a = (a1, as,...,a,) and the functional A acts concerning the variable z,

[79].

THEOREM 219. With above assumptions, we have:

(1)
(i)

(6.29)

(iid)

The mapping H is convez on [0,1];
The bounds of the function H are given by

Jinf H(t)= H(0) = (o)

and sup,epo 1) H(t) = H(1) = A(f);
The mapping H is monotonic nondecreasing on [0, 1].

PROOF. (i) Let t1,t3 €]0,1] and o, 8 > 0 with a+ 3 = 1. Then we have

H(at1 + pta) = A[f((ati + fta)xz + (1 — (aty + ft2))a)]

(i)

(6.30)

(6.31)

= Alf(a(tiz + (1 —t1)a) + B(t2x + (1 — t2)a))]
aA[f(tiz + (1 = t1)a)] + BA[f(tax + (1 — t2)a)]
= aH(t) + BH(t2)

IN

which proves the convexity of H on [0, 1].
Let g be a convex function on D. Then there exist the real numbers
Ay, As, ..., Ay, such that

g(z) > g(a) + (z1 —a1)Ar + (x2 —ag)As + - - - + (T, — am) A

for any « = (21,...,2m) € D.
Using the fact that the functional A is linear and positive, from the in-
equality (6.30) we obtain the inequality:

A(g) = g(a).
Now, for a fixed number ¢, ¢ € [0, 1] the function g : D — R defined by
g(x) = f(tz + (1 —t)a)
is a convex function. From the inequality (6.31)) we obtain
A(f(tx + (1 —t)a)) = f(ta+ (1 —t)a) = f(a)
or
H(t) = H(0)
for every ¢ € [0, 1], which proves the equality (6.29).
Let 0 < t; <ty < 1. By the convexity of the mapping H we have:
H(tz) — H(t1) > H(t1) — H(0)
to — 11 - tq

> 0.

So the function H is a nondecreasing function and H(t) < H(1). The
theorem is proved.
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2. A H — H. Inequality on a Convex Domain. Let D be a bounded
convex domain from R3 with a piecewise smooth boundary S.

We note by:

U:://dS,

s
J JsxdS
ay = ’

o
ffs de
as —//zdS

and

v::///vf(x,y,z)d:z:dydz.

Let us assume that the surface S is oriented with the aid of the unit normal h
directed to the exterior of D,

h = (cosa, cos 3, cosy).
The following theorem is a generalization of the Theorem [216] [79].

THEOREM 220. Let f be a convex function on D. With the above assumption
we have the following inequalities:

(6.32) v//fds—a//[(al—x)cosa+(a2—y)cosﬁ

+(asz — z) cosv] f(x,y, 2)dS

> 40///fxy, Ydxdydz,
and

(6.33) ///Df(x,y,z)dxdydzZf(xa,yg,zg)v,

where
I [pzdzdydz
pg = ——L——
v
B I [pydedydz
Yyo = ——
v
and
[ [ Jp zdxdyd=
2og="2L2 =
v

PROOF. We can assume that the function f has the partial derivatives gf , g;j , gi
and these are continuous on D.
For every point (u,v,w) € S and (z,y,z) € D the following inequality holds:

638 Javw) > @02+ Dy ) u)

0 0
G @)~ )+ G ) = 2)
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From the inequality (6.34]) we have

(6.35) //Sf(:z:,y,z)ds > f(x,y,z)aJrﬁ(x,y,z)(alfo:)a

Oz
0
o (@) a2 =)o+ L (w0, 2)aa - 2o

The above inequality leads us to the inequality

(6.36) v//f(x,y,z)dsza/// f(z,y, z)dedydz +
/// laz (a1 —2)f(z,y,2 ))+aa((a2—y)f($ay,z))

+8 ((as — 2)f(z,y, 2 ))]dwdydz—i—i%a/// f(z,y, 2)dzdydz.

Using the Gauss-Ostrogradsky theorem we obtain the equality:

o [[] [ax (@1 2) (0,2 + 5 (02 = 1) (2.,2)

+8z((a3 —2)f(z,y, 2 )1 dxdydz

//S[(al —z)cosa+ (az — y)cos B+ (ag — z) cosv| f(z,y, z)dS.

From the relatlons and we obtain the inequality -
l-b

for the functional

inequality (|6 is the 1nequahty
I [y [y, z)dedydz

A
() = I J [y dedydz
REMARK 99. For D = B(C, R) we have
(a1,a2,a3) = C

and

Tr — ap ﬁ Yy —a Z — as
CoOSx = COS 0D = COSyY = ——.
R’ R R

In this case the inequality becomes:

U/// f(z,y, z)dedydz < v// f(z,y, z)do.
B(C,R) 5(C,R)

The
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