Compressions, Dilations and Matrix Inequalities

‖ZAB‖ ≤ a + b 2 √ ab ‖BZA‖

This work is a reorganized version of author’s thesis ”‘Compressions, dilations and inequalities for operators on finite and infinite dimensional spaces”’.

The introduction gives a quite complete summary of the results.

Aknowledgement

Eighteen months ago, Vladimir Georgescu, after reading my prior articles, advised me to achieve a thesis and introduced me to Françoise Lust-Piquard who accepted to supervise it. I greatly thank both of them for the right impulse they have given to my work.

Tsuyoshi Ando and Frank Hansen are both very well-known experts in the matters developed throughout my thesis and it is a honour for me that they have accepted to be the referees of my work. As an editor of Linear Algebra and its Applications, Tsuyoshi Ando has fairly contributed to the correction and improvement of my articles. The numerous contacts with such an accomplished mathematician have been an invaluable chance for me. I am most grateful to him for his help and expertise.

I also wish to express my sincere thanks to professors Catalin Badea and Hervé Queffélec who have had the kindness to take an interest in my work and to accept to belong to the examining board of my thesis

Triel, July 2004,

J.-C. Bourin

Contents

Introduction 1 Chapter 1 Convexity or concavity inequalities for Hermitian operators 0. Introduction 10 1. Compressions and convex functions 11 2. Contractions and convex functions 15 3. Inequalities involving expansive operators 19 4. Unitarily invariant norms and orthogonal decompositions 24 5. Addenda 28 Chapter 2 Symmetric norms and reverse inequalities to Davis and Hansen-Pedersen characterizations of operator convexity 0. Introduction 32 1. Compressions and convex functions 33 2. Contractions and convex functions 38 Chapter 3 Commuting dilations and total dilations 0. Introduction 43 1. Total dilations: some examples 44 2. Total dilations: commuting dilations 48 3. Other commuting dilations 52 4. Addenda 56

Chapter 4 Inequalities for some pairs of positive operators 0. Introduction 58 1. A basic lemma 59 2. Compressions of monotone pairs 63 3. An inequality for the Hilbert-Schmidt norm 70 4. Addenda 77

Chapter 5 Dilations for strict contractions

0. Introduction 79 1. Properties of the essential numerical range 79 2. The pinching Theorem 83 3. Related results 88 4. Addenda 90