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i
Preface

As R. Bellman pointed out in 1953 in his book “Stability Theory of Dif-
ferential FEquations”, McGraw Hill, New York, the Gronwall type integral
inequalities of one variable for real functions play a very important role in
the Qualitative Theory of Differential Equations.

The main aim of the present research monograph is to present some nat-
ural applications of Gronwall inequalities with nonlinear kernels of Lipschitz
type to the problems of boundedness and convergence to zero at infinity of
the solutions of certain Volterra integral equations. Stability, uniform stabil-
ity, uniform asymptotic stability and global asymptotic stability properties
for the trivial solution of certain differential system of equations are also
investigated.

The work begins by presenting a number of classical facts in the do-
main of Gronwall type inequalities. We collected in a reorganized manner
most of the above inequalities from the book “Inequalities for Functions and
Their Integrals and Derivatives”, Kluwer Academic Publishers, 1994, by D.S.
Mitrinovic, J.E. Pecari¢ and A.M. Fink.

Chapter 2 contains some generalization of the Gronwall inequality for
Lipschitzian type kernels and a systematic study of boundedness and con-
vergence to zero properties for the solutions of those nonlinear inequations.
These results are then employed in Chapter 3 to study the boundedness
and convergence to zero properties of certain vector valued Volterra Integral
Equations. Chapter 4 is entirely devoted to the study of stability, uniform
stability, uniform asymptotic stability and global asymptotic stability prop-
erties for the trivial solution of certain differential system of equations.

The monograph ends with a large number of references about Gronwall
inequalities that can be used by the interested reader to apply in a similar
fashion to the one outlined in this work.

The book is intended for use in the fields of Integral and Differential
Inequalities and the Qualitative Theory of Volterra Integral and Differential
Equations.

The Author.
Melbourne, November, 2002.
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Chapter 1

Integral Inequalities of
Gronwall Type

1.1 Some Classical Facts

In the qualitative theory of differential and Volterra integral equations, the
Gronwall type inequalities of one variable for the real functions play a very
important role.

The first use of the Gronwall inequality to establish boundedness and
stability is due to R. Bellman. For the ideas and the methods of R. Bellman,
see [16] where further references are given.

In 1919, T.H. Gronwall [50] proved a remarkable inequality which has
attracted and continues to attract considerable attention in the literature.

Theorem 1 (Gronwall). Let x,¥ and x be real continuous functions
defined in [a,b], x (t) > 0 fort € [a,b]. We suppose that on [a,b] we have the
inequality

x(t) < W (t) +/ X (s) x (s) ds. (1.1)
Then

rO<V0+ [ X6 [/:w) wlas )

in [a,b] ([10, p. 25], [55, p. 9]).
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Proof. Let us consider the function y (t) := fatx (u)x (u) du, t € [a,b].
Then we have y (a) = 0 and

y'(t):x(t)x(t)sX<t>w<t>+x<t>/ ¥ (5) 2 (s) ds
XDV XD y(t), e (ab).

By multiplication with exp (— fat X (s) ds> > 0, we obtain

%(y(t)exp (—/atx(s)ds)> < W (t) x (t) exp (—/atx(s)ds).

By integration on [a,t], one gets

vOew (= [v@as) < [wwrwen (- [(xeds)do
from where results
vt < [wrwen ([ xo)s) du ve .
Since x (t) < U (t) + y (t), the theorem is thus proved. m

Next, we shall present some important corollaries resulting from Theorem
1.

Corollary 2 If U is differentiable, then from (1.1) it follows that

() < T (a) (/atx(u)du) —i—/atexp (/stx(u)du) U (s)ds  (L.3)

for allt € [a,b].

Proof. It is easy to see that

[ (oo ([t
— — U (s)exp (/Stx(u)du> Z—I—/atexp (/stx(u)du) V' (s) ds
=~ () + VU (a) exp (/atx(u)du> +/ateXp (/Stx(u)du) V' (s) ds
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for all t € [a, b].
Hence,

w0+ [ e ([ xods) do

W (a) exp </:X(u)du) —i—/atexp </8tx(u)du) W (s)ds, t€ [a,1)

and the corollary is proved. m

Corollary 3 If U is constant, then from

z(t) < \If—l—/ X (s)x(s)ds (1.4)

it follows that

z(t) < Uexp (/atx(u) du) . (1.5)

Another well-known generalisation of Gronwall’s inequality is the follow-
ing result due to I. Bihari ([18], [10, p. 26]).

Theorem 4 Let = : [a,b] — R, be a continuous function that satisfies the
inequality:

x(t)§M+/ U (s)w(x(s))ds, t€lab], (1.6)

*

where M >0, ¥ : [a,b] — Ry is continuous and w : Ry — R* is continuous
and monotone-increasing.
Then the estimation

r(t) <ot <<1> (M)—I—/atlll(s) ds), t € [a,b] (1.7)

holds, where ® : R — R is given by

B (u) = /u% weR. (1.8)
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Proof. Putting

y(t) := / w(z(s)¥(s)ds, tela,bl,
we have y (a) = 0, and by the relation (1.6), we obtain
v () SwM+y@)V (), telab].

By integration on [a, t], we have

y(t) ds ¢
/0 mg/atll(s)ds+d>(M)7 t€ [a.0]

that is,
t
By )+ M) < [ V(s)ds+ @O, L fad),
from where results the estimation (1.7). m
Finally, we shall present another classical result which is important in the

calitative theory of differential equations for monotone operators in Hilbert
spaces ([10, p. 27], [19, Appendice]).

Theorem 5 Let z : [a,b] — R be a continuous function which satisfies the
following relation:

1
5:{:2 (t) <

N | —

¢

1:(2)—1-/ U (s)x(s)ds, tela,b], (1.9)

where g € R and U are nonnegative continuous in |a, b] . Then the estimation
¢

|z (t)] < |0l +/ U (s)ds, te€a,b] (1.10)

holds.

Proof. Let y. be the function given by

ye (1) Z:%($3+62)+/ U(s)z(s)ds, te€la,b],

where € > 0.
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By the relation (1.9), we have
22 (t) <y (t), t€la,b]. (1.11)
Since y. (t) = U (¢) |z (t)|, t € [a,b], we obtain

YL (t) < 2y€(a)—|—/t\11(s)ds, t € la,b].

By integration on the interval [a,t], we can deduce that

VE B < Vo (@ + [ Wi)ds, te o).

By relation (1.11), we obtain
t
|z (t)] < |zo| —l—e—l—/ U (s)ds, te€a,b]

for every ¢ > 0, which implies (1.10) and the lemma is thus proved. m

1.2 Other Inequalities of Gronwall Type

We will now present some other inequalities of Gronwall type that are known
in the literature, by following the recent book of Mitrinovi¢, Pecari¢ and Fink
[85].

In this section, we give various generalisations of Gronwall’s inequality
involving an unknown function of a single variable.

A. Filatov [46] proved the following linear generalisation of Gronwall’s
inequality.

Theorem 6 Let = (t) be a continuous nonnegative function such that

x(t)§a+/t[b+cx(s)]d3, for t > to,

to

where a >0, b >0, ¢ > 0. Then fort > ty, x (t) satisfies

z(t) < (g) (exp (c(t —tg)) — 1) +aexpec(t —tg).
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K.V. Zadiraka [134] (see also Filatov and Sarova [47, p. 15]) proved the
following:

Theorem 7 Let the continuous function x (t) satisfy

|2 ()] < |z (to)] exp (—a (t — o)) +/ (a|z (s)| + b) e =) ds,

to

where a,b and « are positive constants. Then
[ ()] < | (to) exp (—a (t —t0)) + b (a = a) ' (1 = exp (= (@ = a) (t — 1)) -

In the book [16], R. Bellman cites the following result (see also Filatov
and Sarova [47, pp. 10-11]):

Theorem 8 Let x (t) be a continuous function that satisfies

x(t) §x(7‘)+/ a(s)x(s)ds,

for allt and 7 in (a,b) where a (t) > 0 and continuous. Then

x%km(jla®¢9§x®§x%hm(é%ﬁﬂa

for allt > ty.

The following two theorems were given in the book of Filatov and Sarova
[47, pp. 8-9 and 18-20] and are due to G.I. Candirov [25]:

Theorem 9 Let x (t) be continuous and nonnegative on [0, h] and satisfy

x@£@@+£kﬂ$ﬂ@+ﬂﬂw,

where ay (t) and b (t) are nonnegative integrable functions on the same inter-
val with a (t) bounded there. Then, on [0, h]

x(t)g/otb(s)der sup |a (£)] exp (/Otal(s)ds>.

0<t<h
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The second result is embodied in the following.

Theorem 10 Let x (t) be a nonnegative continuous function on [0,00) such

that .
z(t) < ct*+ mtﬂ/ &ds,
0o S

where ¢ >0, a >0, 8> 0. Then

@ m"t"
)<t (1+Z (a+5)+ +(a+(n—1)ﬁ))'

A more general result was given in Willett [125] and Harlamov [56]. Here
we shall give an extended version due to Beesack [14, pp. 3-4].

Theorem 11 Let x and k be continuous and a and b Riemann integrable
functions on J = |a, B] with b and k nonnegative on J.

oy |
ﬂwgauﬂw@X/k@ﬁmgﬁ,tei (1.12)
then

ﬂwgﬂw+mﬂllgm@nm(l%@m@m0d&teJ

(1.13)
Moreover, equality holds in (1.13) for a subinterval Jy = [o, 3] of J if
equality holds in (1.12) fort € J.

(11) The result remains valid if < is replaced by > in both (1.12) and (1.13).

(i1i) Both (i) and (ii) remain valid if f; is replaced by ftﬂ and f; by [
throughout.

Proof. (see [85, p. 357]) This proof is typical of those for inequalities of
the Gronwall type. We set

U (t) :/tk(s)x(s)ds so that U () =0,
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and

U't)=k(t)x(t).
Hence U’ (s) < a(s)k(s) +0b(s)k(s)U (s). Multiplying by the integrating
factor exp ( b(r)k(r) 7’) and integrating from «a to t gives

U(t) < /ata(s)k:(s) exp (/:b(r) k(r) dr) ds, t€J. (1.14)

Since b > 0, substitution of (1.14) into (1.12) gives (1.13). The equality
conditions are obvious and the proof of (ii) is similar or can be done by the
change of variables t — —t. m

Remark 12 B. Pachpatte [93] proved an analogous result on RT and (—o0, 0].

Remark 13 Willett’s paper [125] also contains a linear generalisation in
which b (t) k (s) is replaced by Y21 b; () ki (s). Such a result is also given by
S.T. Gamidov [48] (see also Filatov and Sarova [47, pp. 19-20]). Moreover,
this result can be derived from the case of n = 1 by observing that > bk; <
sup {b;} > k; (note that the functions are positive).

1<i<n
S.T. Gamidov [48] also gave the following theorem:

Theorem 14 [f

x(t)ga(t)—l—al(t)/ b1(s)x(s)ds—i—ag(t)Zci/tibi(s)x(s)ds,

t1

fort € [a,b], where a =ty < -+ < t, =b, ¢; are constants and the functions
appearing are all real, continuous and nonnegative, and if

Zc,/ { t) +ay (t )/tjbl (s) as (s) (/t:al (r) by (r)dr) ds} dt < 1,

then
x(t) < Ky (t)+ MKy (1),
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where

Ki(t)=a(t)+a (t) / o (s)a(s) exp ( / " () by (r) dr) ds,

t1

Ko (t) = az () + ay (1) / b (s) az (s) exp ( / . () by (7) dr) ds,

t1

and

_ <i ¢ /tt bi (s) K1 (s) ds) (1 —gq /tt b () K> (s) ds) _1'

H. Movljankulov and A. Filatov [87] proved the following result:

Theorem 15 Let x (t) be real, continuous, and nonnegative such that for
t >ty
t
z(t) < c+/ k(t,s)z(s)ds, ¢>0,
to
where k (t,s) is a continuously differentiable function in t and continuous in
s with k(t,s) >0 fort > s >ty. Then

(1) < cexp (/tt (k: (5,5) + /t % (5,7) dr) ds) |

In the same paper the following result appears:

Theorem 16 Let x (t) be real, continuous, and nonnegative on [c,d] such
that

x (1) §a(t)—|—b(t)/ k(t,s)x(s)ds,

b(t) > 0, k(t,s) > 0 and are continuous functions for

where a (t ,
t Then

>0
c<s< d.

)
<
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Remark 17 The inequality

x(t) <alt) +/ (ay (t)as (s)x (s) +b(t,s))ds

to

was considered by S.M. Sardar’ly [110]. Using the substitution a (t)—l—ft'; b(t,s)
fora(t), we see that this is the same as (1.12) so that this result follows from
Theorem 11.

S. Chu and F. Metcalf [28] proved the following linear generalisation of
Gronwall’s inequality:

Theorem 18 Let x and a be real continuous functions on J = [a, 5] and let
k be a continuous nonnegative function on T :a < s <t < 3. If

t

x(t) <alt) +/ k(t,s)x(s)ds, teJ, (1.15)

«

then
t

z(t) <al(t) —|—/ R(t,s)a(s)ds, teJ, (1.16)
where R(t,s) = Y. K;(t,s), with (t,s) € T, is the resolvent kernel of
k(t,s) and K; (t,s) are iterated kernels of k (t, ).

Remark 19 P. Beesack [13] extended this result for the case when x,a €
L*(J) and k € L?(T), and he noted that the result remains valid if > is
substituted for < in both (1.15) and (1.16).

Remark 20 If we put k(t,s) =b(t)k(s) and k(t,s) =D 7 b (t) ki (s) we
get the results of D. Willett [125].

G. Jones [63] extended Willet’s result in the case of Riemann-Stieltjes
integrals. For some analogous results, see Wright, Klasi, and Kennebeck
[128], Schmaedeke and Sell [113], Herod [59], and B. Helton [57].
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1.3 Nonlinear Generalisation

We can consider various nonlinear generalisations of Gronwall’s inequality.
The following theorem is proved in Perov [105]:

Theorem 21 Let u(t) be a nonnegative function that satisfies the integral
inequality

¢

u(t) < c+/ (a(s)u(s)+b(s)u*(s))ds, ¢>0, a>0, (1.17)
to

where a (t) and b(t) are continuous nonnegative functions for t > ty. For

0 <a<1 we have

u(t) < {cla exp {(1 _ a) /ta(s) ds}

to
1

4 (1—04)/tb(s)exp {(1—04)/Sta(r)dr} ds}l_a; (1.18)

to

fora=1,

w(t) < cexp{/t [0 (s) + b (s) ds}; (1.19)

to

and for a > 1 with the additional hypothesis

c< {exp {(1 —a) /t:Hha (5) ds} }all {(a N /t:0+hb<s) ds}all

(1.20)
we also get fortg <t <ty+ h, for h >0,

u(t) < c{exp [(1 —a) /ta(s) ds]

—c! (oz—l)/t:b(s)exp [(1—04) /:a(r)dr] ds}all. (1.21)

Proof. (see [85, p. 361]) For a =1 we get the usual linear inequality so
that (1.18) is valid. Assume now that 0 < aw < 1. Denote by v a solution of
the integral equation

v(t):c—i-/ [a(s)v(s)+0b(s)v*(s)]ds, t>1.

to
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In differential form this is the Bernoulli equation

vVt)=a@)v(t)+b(t)v*(t), v(0)=rc.

This is linear in the variable v'~® so can readily be integrated to produce

v (t) = the right hand side of (1.18).

For o« > 1 we again get a Bernoulli equation and an analogous proof
where we need the extra condition (1.20) if this condition is to hold on the
bounded interval tg <t <ty +h. =

Remark 22 Inequality (1.17) is also considered in Willett [126] and Willet
and Wong [127]. For a related result, see Ho [61].

The following theorem is a modified version of a theorem proved in Gami-
dov [48] (see also [85, p. 361]):

Theorem 23 If
U(t)éf(t)+c/¢(s)u“(s)ds,
0

where all functions are continuous and nonnegative on [0,h], 0 < o < 1,
c >0, then

w(t) < 1 (1) + &g (/¢ <s>ds)1_a,

where &, is the unique root of & = a + b&®.
Gamidov [48] also proved the following result:

Theorem 24 [f

¢ h
u(t)§01—|—02/0 ¢(s)u°‘(s)ds+c3/0 o (s)u” (s)ds,

c1 >0, >0, c3 >0, and the functions u (t) and ¢ (t) are continuous and
nonnegative on [0, h|, then for 0 < a < 1 we have

wi < ( é—“+c2<1—a>/0t¢<s>ds)lla,
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where &, is the unique root of the equation

Co + C3 C1C2

{ E+ }1_(1—51_0‘—02(1—oz)/oh(b(s)ds—o.

C3 C3

If a > 1 and co (o — 1) fotqﬁ(s) ds < c}”“, there exists an interval [0,0] C
[0, h] where

t =
u(t) < (ci_a — ¢ (a— 1)/ o(s) ds) .
0
A related result was proved by B. Stachurska [115]:

Theorem 25 Let the functions x,a,b and k be continuous and nonnegative
of J = [a, 8], and n be a positive integer (n > 2) and § be a nondecreasing

function. If
t

x(t) <a(t)+ b(t)/ k(s)x"(s)ds, te J, (1.22)

«

then

x(t)ga(t){l—(n—l)/ k(s)b(s)a"l(s)ds}l_n,
a<t<p, (1.23)

where

¢
ﬁn:sup{te J (n—l)/ kba"'ds < 1}.

Remark 26 (See [85, p. 363]) The inequality (1.22) was considered by P.
Maroni [82], but without the assumption of the monotonicity of the ratio §.
He obtained two estimates, one for n = 2 and another for n > 3. Both are
more complicated than (1.23). Forn =2 and § nondecreasing, Starchurska’s
result can be better than Maroni’s on long intervals.

1.4 More Nonlinear Generalisations

One of the more important nonlinear generalisations of Gronwall’s inequality
is the well-known one of Bihari [18]. The result was proved seven years earlier
by J.P. Lasalle [73].
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Theorem 27 Let u(t) and k(t) be positive continuous functions on |c,d|
and let a and b be nonnegative constants. Further, let g(z) be a positive
nondecreasing function for z > 0. If

u(t)§a+b/ k(s)g(u(s))ds, te€lcd],

then .
u(t) <Gt (G(a)—i—b/ k(s)ds), c<t<d <d,

where

A ds
G(/\):/5 7 (>0, A>0)

and dy is defined such that

t
G(a)+b/ k(s)ds
belongs to the domain of G™' fort € [c,dy].

The following generalisation of the Bihari-Lasalle inequality was given by
I. Gyori [53]:

Theorem 28 Suppose that u(t) and [ (t) are continuous and nonnegative
on [tg,00). Let f (t), g (u) and o (t) be differentiable functions with f nonneg-
ative, g positive and nondecreasing, and ga nonnegative and nonincreasing.
Suppose that

W@ < F+al) [ BE)guls)ds (1.24)
If
() {m - 1} <0 on [ty, ) (1.25)
for every nonnegative continuous function n, then
R () B RAICE ISR S P SECED
where 5 g
G(é):/ m,s>0,5>0, (1.27)
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and (1.26) holds for all values of t for which the function

50 =Gl )+ [ a(s)8(s)+ ' (s))ds

to

belongs to the domain of the inverse function G™1.

Proof. (see [85, p. 364]) Let

Since ¢ is nondecreasing and « is nonincreasing, we get from (1.24) that
g(u(t)) <g(V(t)). From this we obtain

) +a®)st)glu@] <a@®)p)glV O]+ ),

which maybe written as

Using (1.25), we get

Upon integration we get
t
GIV (O] <G ()] + [ la(s)30s)+ 1 (s))ds
to
If we suppose that ¢ (¢) is in the domain of G~! then we get the result (1.26)
since u (t) <V (t). =

Remark 29 Note that the special case a(t) = 1 already implies the general
result since we substitute for 3 the product af and observe that o (t) 3 (s) <

a(s)fB(s) fors <t.

K. Ahmedov, A. Jakubov and A. Veisov [2] proved the following theorem:
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Theorem 30 Let u(t) be a continuous function on [tg, T| such that
#(t)
0<u <O+ [ kg ds
where
1) f(t) is continuous, nonnegative, and nonincreasing;
2) ¢ (t) is differentiable, ¢’ (t) >0, ¢ (t) < t, ¢ (tg) = to;
3) g (u) is positive and nondecreasing on R; and

(
4) k(t,s) is nonnegative and continuous on [to, T] x [to, T] with 2% (¢, s)
nonnegative and continuous.

Then for G defined by (1.27) we have

w0 <70+ {Gru+ [ Feash,

to

where
o(t)
F@) =k(to)d (1) + / (1,5 ds.

C.E. Langenhop [71] proved the following result:

Theorem 31 Let the functions u (t) and a (t) be nonnegative and continuous
on la,bl], g (u) be positive and nondecreasing for u > 0, and suppose that for
every y in [a, z

U(y)SU(SJ)Jr/:a(?“)g(U(T))dT-
Then for every x in |a,b] we have
u () 20-1{G<u<a>>—/ja<r>dr},

where G is defined by (1.27) and we assume that the term in the { } is in
the domain of G~1.
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Proof. (see also [85, p. 365]) We define

R)= [ agtum)d
y
so that the inequality becomes

u(y) <u(z)+R(y).
Since ¢ is nondecreasing, we have

glu@)] <glul@)+ R (),
which may be written as
d(u(z) + R (y))
glu(z)+ R(y)]
An integration from y to z (y < z) yields

4%M@+R@»+wanz—flwm3

> —a(y)dy.

However, G is nondecreasing so G (u(y)) < G (u(z)+ R(y)). Combining
the last two inequalities and rearranging, we arrive at

G(u(x)) > G (u(y)) —/ a(s)ds.
y
Applying G~ we get the result when y is set to a. =

The following results are proved in Ahmedov, Jakubov and Veisov [2].

Theorem 32 Suppose that
w) < F@O+ a0 [ ) gds 12t
i=1 to

where u (t), f(t) and B, (t) are positive and continuous on [ty, o), a; (t) >0
while o (t) > 0; g is a nondecreasing function that satisfies g (z) > z for
2> 0. Then

u(t) < f(t)—f
+G7 |G (F) —{—lnHai (t) —lnHai (to) + Zai(s)ﬁi(s)ds] ,

to ;=1

where f = max f (t) and G is defined by (1.27).
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Theorem 33 Let the positive continuous function u (t) satisfy
#1(t) Po(t)
u(t) < f(t)+ / ay (s) Fy (u(s))ds + / as (s) Fy (u(s)) ds,

to to

with the following conditions:

1) f(t) is a nonincreasing function on [ty, T|;
2) the functions ay (t) and as (t) are continuous and nonnegative on [ty, T';

3) ¢, (t) and ¢, (t) are continuously differentiable and nondecreasing func-
tions with ¢, (to) = to, 1 = 1,2, and ¢, (t) < t;

4) the functions Fy (z) and Fy (z) are continuous, nondecreasing and sat-
isfy Fy (z) > 0 for all z and

diz {FI (2)} - F;;z)

Fy (2)
for some constant C'.

Then
u(t) < ft)—f(to) +2(1),

where
Py (2)

G(z) = ) :G(zo)+/z %(S)ds,

G~ is its inverse function and

$1(t)
z(t)=G! {eXp (C/ a (s) dS) (G (f (to))

to

t #1(s)
+C/t as (¢ (s)) @3 (s) exp <—C/t a (r) d7"> ds] }

is a continuous solution of the initial value problem

Z(t) = a1 (¢ (1) 1 (1) Fi (2) + az (¢ (1)) &5 () F2 (2),
z (to) = f (to) -




1.4. MORE NONLINEAR GENERALISATIONS 19

Theorem 34 Let the continuous function u (t) satisfy

n 0]
WS FO+ 0l [ b)) ds

on [to, T] with
1) the a; (t) bounded nonnegative nonincreasing functions;
2) the b; (t) continuous nonnegative functions;
3) the ¢; (t) continuous with ¢ (t) >0, ¢, (t) < t, ¢, (to) = to;
4) f(t) a continuous nonincreasing function;

5) g(2) a nondecreasing positive function defined on R.

Then
w(t) < f ()= f(to) +2(1)
where G is defined by (1.27) and

n #;(1)
2(t) =G |G (f (to) + Z/t a; () b; (5)]

is a continuous solution of the initial value problem z (ty) = f (to) and

n

2t =Y ai(ei (1) b (& (1) 6 (£) g (2) -

=1

In the previous results, we have a nonlinearity in the unknown function
only under the integral sign. In the next few results we allow the nonlinearity
to appear everywhere.

The following theorem is due to Butler and Rogers [22].

Theorem 35 Let the positive functions u (t), a(t) and b(t) be bounded on
le,d]; k(t,s) be a bounded nonnegative function for ¢ < s <t < d; u(t)
is a measurable function and k (-,t) is a measurable function. Suppose that
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f (u) is strictly increasing and g (u) is nondecreasing. If A(t) = sup a(s),

c<s<t
B (t) = sup b(s) and K (t,s) = sup k(o,s), then from

c<s<t s<o<t

f(u(t))éa(t)+b(t)/ E(ts)g(u(s)ds, teed),

follows

u(t) < f! {G‘l{G(A(t))+B(t) /;K(t,s)ds}], t€led],

where

G(u):/5 —g(ffl(w)) (>0, u>0)

and
d = max [cgrgd:G(A(r)—i—B(r)/CTK(r,s)ds) gG(f(oo))].

The following result can be found in Gyéri [53]:

Theorem 36 Suppose

F(U(t))s<f(a)+a(t)/t B(s)glu(s))ds,

where the functions f (t), a(t), B (t) and g (u) satisfy the conditions of Theo-
rem 28 and the function F (u) is monotone decreasing and positive for u > 0.
Then on [ty, d']

wty < {6 o + / 0(56)+ 7 s |
where
G(z):/:ﬁ, z2>e>0

and d' is defined such that the function § (t) defined in Theorem 28 belongs
to the domain of the definition of the function F~'o G™1.
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The next result allows the integral to appear in the nonlinearity. It is due
to Willett and Wong [127].

Theorem 37 Let the functions x,a,b and k be continuous and nonnegative
onJ=a,p], 1 <p<oo, and

1
p

Ek(s) 2P (s) ds) , teld

t

z(t) <a(t)+0b(t) (/a
Then

, ted,

where

e (1) = exp (—/atk(s)bp(s)ds).

Gollwitzer [49] replaces x and z? by g and gP respectively.

Generalisations of this result were given in Beesack [14, pp. 20-30]. Here
we shall give some results obtained in Filatov and Sarova [47, pp. 34-37] and
from Deo and Murdeshwar [35].

Theorem 38 Suppose

1) u(t), f(t) and F (t,s) are positive continuous functions on R, and
s <t;

2) % s nonnegative and continuous;
3) g (u) is positive, continuous, additive and nondecreasing on (0,00);
4) h(z) >0 and in nondecreasing and continuous on (0, 00).

If t

w < ron( [ Feosus),

then, for t € I, we have

vy <sw+1{e o ([ Faasuenas)+ [owall,
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where “ g
s
G(U):/; m,u>0,5>0,
gzﬁ(t):F(t,t)%—/Otaa—f(t,s)ds,
and

1-freo G 26 ([ Fesstenas)+ [owas)

Proof. (see [85, p. 371]) Using the additivity of the function ¢ and the
nondecreasing nature of F (¢, s) in ¢, we have

u(t) = f(t) <h(v(t),

where

o) = [ Fts)gs) =@ ds+ [ FTs)g(f 9)ds
t € (0,7) and T € (0,00). Since g is nondecreasing, we find that
g(u()—f@) <g(h(®)). (1.28)

Multiplying this inequality by 8t’

.~ and integrating from 0 to ¢, we arrive
at

Oaalz(ts)(( ds</8 (t,5) g (h (v (s))) ds.

On the other hand, if we multiply (1.28) by F'(¢,t) and using this last in-
equality, we get

v (t) S F (1) g (h(v(t) + %—f (t,5) g (h(v(s)))ds,

0

that is,
d LOF
— < R
dtG(v (T)) < F(t,t) +/0 5 (t,s)ds

Now, by integrating from 0 to 1" we get

G(v(T))—G(v(O))s/O o (t) dt
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and since u (T) — f(T) < h (v (T')) we have

wn - <n{e (6 UOTF<T,s>g<f<s>>ds] +/OT¢<t>dt)}.

Since T' is arbitrary, we have the result. =
A simple consequence of this result is:

Theorem 39 Suppose that J = (0,00) and

1) u(t), f(t) and F(t) are positive and continuous on J;
2) g (u) is positive, continuous, additive and nondecreasing on J;

3) h(z) > 0, nondecreasing and continuous.

If
u(t)Sf(t)—i—h(/OtF(s)g(u(s))ds), teJ,

then fort € Jy, we have

s <so+n{e o ([ Feouea)+ [ Foa])

where G is defined as in Theorem 38 and

t t
Jy = {te J : G (00) ZG</ F(s)g(f(s))ds> +/ F(s)ds}.
0 0
Deo and Murdeshwar [35] also proved the following theorem.

Theorem 40 Let the conditions 1), 2) and 3) of the previous theorem hold
and let g (u) be an even function on R. If

w2 10 -h( [ FOsunis). te 0.0,

then fort € J; and g as defined in Theorem 39 we have

u(t)zf(t)—h{G‘l [G (/OtF(s)g(f(s))ds) +/OtF(s)ds]}.
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Further generalisations of this result are given in Deo and Dhongade [36]
and Beesack [14, pp. 65-86]. Beesack has also given corrections of some
results from Deo and Dhongade [36]. Here we give only one result of P.R.
Beesack (this result for f (z) =z, h (u) = u and a (t) = a becomes Theorem
39 in Deo and Dhongade).

Theorem 41 Let x,a,k and ki be nonnegative continuous functions on J =
[, B), and let a(t) be nondecreasing on J. Let g and h be continuous non-
decreasing functions on [0,00) such that g is positive, subadditive and sub-
multiplicative on [0,00) and h(u) > 0 for u > 0. Suppose f is a continuous
strictly increasing function on [0, 00) with f (u) > u foru >0 and f (0) = 0.
If

f(x(t))Sa(t)—kh(/atk;(s)g(x(s))ds) —i—/atkl(s)x(s)ds, teJ,

then

+F [a(t)—f— (hoG™) {/atk:(s)g(E(s))ds
G

+ (/atk:(s)g(a(s)E(s))ds>H}, for a <t <y,

where
E(t) = exp (/;klds), Fu) = y:%, y >0, (o > 0)
and o
G(u)—/uo T @) u >0, (up > 0)
with
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If a(t) = a then we may omit the requirement that g be subadditive and then
for a <t < B, we have

v(t) < (f o FY) {/;kl (s) ds
+ fas (o) ([ Ko enas)] b,

(" dy "
Gt = | glarn) “ "

where

and

52:sup{t€J:/atk(s)g(E(s))dseGa(RJr)}.

In previous sections we have given explicit estimates for unknown func-
tions which satisfy integral inequalities. Several of these results may be given
in terms of solutions of some differential or integral equation. The first one
we give is due to B.N. Babkin [7].

Theorem 42 Let ¢ (t,u) be continuous and nondecreasing in u on [0,T] x
(=6,0) with § < oo. If v (t) is continuous and satisfies

T
o) unt [ oto(s)ds
0
where ug s a constant, then
v(t) <wu(t)
where u (t) is the maximal solution of the problem

u’ (t) = ¢(t’u) y U (0) = Up,
defined on [0,T].

Proof. (see [85, p. 375]) Introduce the function

w (t) = ug —|—/0 o (s,v(s))ds,



26 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

Then v (t) < w (t) and
w' (t) =9 (t,v(t) < ¢(t,w(t)), with w(0) = u.

By Theorem 2 from 2. of Chapter XI, [85], we have w (t) < u (¢) so that the
theorem is proved. m
The following two theorems are generalisations of the preceding result.

Theorem 43 Let ¢ (t,s,u) be continuous and nondecreasing in u for 0 <t,
s <T and |u| <. Let ug (t) be a continuous function on [0,T]. If v (t) is a
continuous function that satisfies the integral inequality (on [0,T7])

v (t) <ug(t)+ /0 o (t,s,v(s))ds (1.29)

then
v(t) <u(t) on [0,T7], (1.30)

where u (1) is a solution of the equation
¢
u(t) =wup(t) + / o (t,s,u(s))ds on [0,T]. (1.31)
0
Proof. (see [85, p. 375]) From (1.29) and (1.31) we get that (1.30) is
valid at ¢ = 0. By continuity of the functions involved, we get (1.30) holding
on some nontrivial interval. If the result does not hold on [0,7] then there

is a to such that v (t) < u (t) on [0,9) but v (ty) = u(ty). From (1.29) and
(1.31) we have

v (to) = uo (to) —i—/o o (to,s,v(s))ds
< ug (to) + /0 ¢ (to, s,u(s))ds =u(ty) .

This contradiction proves the theorem. m

In what follows, we shall say that the function ¢ (¢,s,u) satisfies the
condition (u) if the equation

W (t) :uo(t0)+/\—i—/0 o(t,s,W(s))ds

has a solution defined on [0, 7] for every constant A € [0, 4.
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Theorem 44 Let ¢ (t,s,u) be defined for 0 < t, s < T, |u| < §, and be
continuous and nondecreasing in u and satisfying condition (u). If the con-
tinuous function v (t) satisfies

¢
v (t) < ug(to) +/ o (t,s,v(s))ds (1.32)
0
on [0,T1], then
v(t) <u(t)
on [0,T] where u (t) satisfies (1.31) on the same interval.

Proof. (see [85, p. 375]) For every fixed n we denote by W, (t) a solution
of the integral equation

W, (t) = % +ug (1) +/0 & (t,5, W, (5)) ds

defined on [0,T]. For e sufficiently small, we may employ Theorem 43 to
conclude that

w(t) < W () < Wi () < Wi (£)

as well as v (t) < W, (t). Letting n tend to oo, we obtain the required result.
u

Remark 45 It can be shown (see Mamedov, Asirov and Atdaev [79, pp. 96-
98]) that the condition of monotonicity of the function ¢ in u is sufficient for
the validity of the theorem on integral inequalities but is not necessary.

A generalisation of this result has a Fredholm term.

Theorem 46 Let the functions ¢ (t,s,u) be continuous and nondecreasing
inwu for0 <t, s <T, |ul <d. Suppose that ug (t) is continuous on [0,T]
and either

a) for every fized continuous function Wy (t) with values in |u| < § on
[0,T] and every sufficiently small positive number X\ we have

W(t):u[)(t)+/\—|—/0 ¢1(t,s,W(s))d8+/0 o (t,s,Wy(s))ds

has a continuous solution on [0,T]; or
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b)

T

lu(t)] + max |p1 (t,5,0) 4+ ¢y (t,5,0)]ds < 6.

o 0st<

If a continuous function v (t) satisfies

t) < wg(t /gbltsv d8+/¢2tsv

v(t) <wu(t) on [0,T],

+/0t¢1 (t,s,u(s))ds—i—/OTCbz(t73>u(5)>d3

Remark 47 The previous theorem is given in Mamedov, Asirov and Atdaev
[79]. The book [79] also contains the following result of Ja. D. Mamedov

[78].

Theorem 48 Let the function ¢ (t,s,u) be continuous in t (in [0,00)) for
almost all s € [0,00) and u with |u| < co. Suppose that for fized t and every
continuous function u (s) on [0,00) the function ¢ (t,s,u(s)) is measurable
in s on [0,00). Further, let ¢ be nondecreasing in u and ug (t) be a continuous
Junction on [0, c0).

If the continuous function v (t) satisfies

then

where

v (t) < uo(t)+ /too¢(t,s,v (s))ds on [0,00), (1.33)

then
v(t) <u(t) on [0,00), (1.34)

where u (t) is a solution of

u(t):uo(t)+/too<b(t,s,u(s))ds on [0, 00).

Remark 49 Mamedov [78] (see also Mamedov, Asirov and Atdaev [79]) also
considered (1.33) with “<” instead of “<’, as well as the inequality

t) < g (t /gbltsv ds—i—/ Oq (t,s,u(s))ds
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Theorem 42 was generalised in another way by. V. Lakshmikantham [68].
His results were extended by P.R. Beesack [14]. For this result, we shall use
the following special notation and terminology. If the function Fj (¢, s,u) is
defined on I; x J; x Ky where each of the symbols represents an interval and
if for every (s,u) € Ji x K; the function f (t) = Fi (¢, s,u) is monotone on
Ly, we say that F (-, s, u) is monotone. We say that F; and F, are monotone
in the same sense of them being both nondecreasing or both nonincreasing,
and monotone in the opposite sense if one is nondecreasing and the other
nonincreasing.

Theorem 50 Let f (x) be continuous and strictly monotone on an interval
I, and let H (t,v) be continuous on J x K where J = |«, 8] and K is an inter-
val containing zero and H monotonic inv. Let Ty = {(t,s) :a < s <t < [}
and assume that W (t, s,u) is continuous and of one sign on T x I, mono-
tone in u, and monotone in t. Suppose also that the functions x and a are
continuous on J with x (J) C I and

a(t)+ H (t,v) € f(I) for teJ and |v| <b, (1.35)

for some constant b > 0. Let

Fa®)<al)+H (t, /tW(t,s,x(s))ds) ted (1.36)

and let r =1 (t,T, ) be the maximal (minimal) solution of the system

=W (T,t, fa(t)+ H(t,7)]),

r(a)=0,a<t<T<p (B,<0)), (1.37)

if W (t,s,-) and f are monotonic in the same (opposite) sense, where 3, > a
is chosen so that the mazimal (minimal) solution exists for the indicated
interval. Then, if W (-, s,u) and H (t,-) are monotonic in the same sense,

() <(2)fHat)+H (7 ()], a<t< By, (1.38)
where 7 (t) = r (t,t,a) if

i) H(t,-) and W (t,s,-) are monotonic in the same sense and f is in-
creasing;

if
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it) f is decreasing and H (t,-) and W (t,s,-) are monotonic in the oppo-
site sense (and the second reading of the other hypotheses), then the
inequality is reversed in (1.38).

Proof. (see [85, p. 379]) The function
F(Tt,r) =W (T,t, f~ [a(t) + H (t,7)])

is by (1.35) continuous on the compact set T7 x [—b,b], so it is bounded
there, say by the constant M. If follows from Lemma 1 in 2. of Chapter
XI, [85], that there exists, independent of t, a o < § (in fact 5, > a +
min (3 — a, bM 1)) such that the maximal (minimal) solution of the system
(1.37) exists on [« 3]. Now fixT' € (a, 8] and let t € [o, T|. Then define

v(t,u) = / W (u,s,z(s))ds

and we have
v(t,t) = / W(t,s,xz(s))ds < (2)/ W(T,s,x(s))ds=wv(t,T) (1.39)

if W(-,s,u) is increasing (decreasing). Observe that (1.36) implies that
v(t,t) € K for t € J. Since K is an interval containing zero, it follows
that v (¢,7) € K in both cases of (1.39) regardless of the sign of W.

By (1.36) we obtain

z(t) < (2) [ a )+ H(to(t )], (1.40)

if f is increasing (decreasing). Since v’ (¢,T) = W (T, t,x (t)) for a < t <
T < 3, we have

V(6 T) < ()W (Tt fH a(t) + H (v (t,1))]), (1.41)

if the functions W (¢, s,-) and f are monotonic in the same (opposite) sense.
On the other hand, by (1.39) we have

Htott) < () Hto(tT), a<t<T, (1.42)

if (a) H (t,-) and W (¢, s, -) are monotonic in the same ((b) opposite) sense.
Thus

frHla@®+H (o)) < (2)f o)+ H(to (1)),
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on a <t <Tif (a'): fisincreasing and (a) or f is decreasing and (b) ((b)
f is increasing and (b) or f is decreasing and (a)). This in turn implies that

W (T,t, f ' a(t)+ H (t,v (L))
< ()W (Tt f 7 a(t) + H (o (1T))]), (143)

if (a”): W (t,s,-) is increasing and (a’) or W (t,s,-) is decreasing and (b’)
((b”): W (t,s,-) is increasing and (b’) or W (¢, s,-) is decreasing and (a’)).
Combining this with (1.41), we see that if W (¢, s, -) and H (¢, -) are monotonic
in the same sense, then

V(T S ()W (Tt [ a®) + H (Lo T))]), a<t<T <, (144)

if W (t,s,-) and f are monotonic in the same (opposite) sense.

Since v (o, T") = 0, Theorem 2 from 2. of Chapter XI, [85] shows that if
W (t,s,-) and H (t,-) are monotonic in the same sense and if r (¢, T, @) is the
maximal or the minimal solution of (1.37) as specified, then

v(t, T) < (>)r(t,T,a) for a<t<T<f,

from which we get in particular that, this holds when ¢ = T'. Since T is an
arbitrary element of («, 3,], we have

v(t,t) < (2)7 () on [a, By (1.45)

provided that (A): W (¢,s,-) and f are monotonic in the same sense ((B):
W (t,s,-) and f are monotonic in the opposite sense).
As in the analysis of (1.39) and (1.42), we have on |a, (4]

H (1o (1) < (2) H (7 (1))

if (A’): H (t,-) is increasing and (A) or H (¢,-) is decreasing and (B), ((B’):
H (t,-) is increasing and (B) or H (¢, -) is decreasing and (A)). Now, if (A”):
f is increasing and (A’) or f is decreasing and (B’) ((B”): f is increasing
and (A’) or f is decreasing and (B’) ((B”): f is increasing and (B’) or f is
decreasing and (A’)) then

frHa@®+H (o)) < (2)f o)+ H (L7 (1))



32 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

Analyzing the various cases, we see that if W (-, s,u) and H (¢, -) are mono-
tonic in the same sense and W (¢, s,-) and H (t,-) are monotonic in the same
(opposite) sense then

FHa )+ H (o) < (2) f7 a(t) + H (47 (1)) (1.46)

on [a, #]. The conclusion (1.38) now follows in cases (i) or (ii) from (1.40)
and (1.35). m
In the same way, one can prove:

Theorem 51 Under the hypotheses of Theorem 50, suppose that

£z () za(t)JrH(t,/atW(t,s,x(s))ds) ted

and that W (-, s,u) and H (t,-) are monotonic in the opposite sense. Let
7 =r(t,t,a) where r(t,T,«) is the mazimal (minimal) solution of problem
(1.37) and suppose that W (t,s,-) and f are monotonic in the opposite (same)
sense. Then

z(t) < () fHa®)+H(tr (@) on o8]

provided that conditions (i) or (ii) of Theorem 50 hold.

Remark 52 Similar results with ftﬁ instead of fcz can be obtained from the
previous theorems, see P.R. Beesack [14, p. 52].

Remark 53 In case K = [0,to], then W > 0 holds (since v (t,t) € K), so
in the condition (1.35) |v| < b can be changed to 0 < v < b.

Remark 54 The assumption that W has one sign can be replaced by the
condition that v (t,T) € K fora <t <T < [.

The following theorem is a consequence of Theorem 50 (Lakshmikantham
[70, Theorem 3.1 (ii)]):

Theorem 55 Let x,a,b and ¢ be continuous nonnegative functions on J =
[, B] and f and h be continuous nonnegative functions on RY, with f strictly
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increasing and h nondecreasing. In addition, suppose that k (t,s) is continu-
ous and nonnegative on T = {(t,s) : a« < s <t < [}, and w (t,u) is contin-
uous and nonnegative on J x Rt with w (t,-) nondecreasing on RT. Define
C(t) = O{ggi{tc(s), and K (t,s) = Srggictk(a, s), fora<s<t<pg. If

flx@) <a(t)+b(t)h (c (1) +/ k(t,s)w(s,z(s)) ds) ,ted, (1.47)
then
z(t) < fHa@)+b(t)h(F(t,C 1), te o, (1.48)
with 71 (t,c(a)) =7 (t,t,c(a)), where r =r(t,3,c(a)) is the maximal solu-
tion on J = [a, By] of
=K By, t)w (t, [ a@)+bE)h(r)]), r(a)=c(a).

P.R. Beesack [17, pp. 56-65] showed that a sequence of well-known results
can be simply obtained by using the previous results. Here we shall give one
example. We consider the following inequality of Gollwitzer [49]:

r)<atg’ (étk<t,s>g<x<s>>ds),ter[a,m.

We use Theorem 50 with: f(z) = z, H (t,v) = g~ ' (v), W (t,s,u) =
k(s)g(u), K =g¢g(I)and I is an interval such that x (J) C I. The compari-
son equation is

r'=k(t)g(a+g " (r), r(e)=0. (1.49)
By Theorem 50 we have

z(t)<atg ' (r(t), a<t<py, (1.50)

where r (t) is the unique solution of problem (1.49) on [«, 34]. If we define G
by

“ dr
6= |, sEraa o=k

then by (1.50) we obtain

r(t)<a+g? [G‘l (/atkds)] , a<t<g, (1.51)
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where 3, = sup {t ;[P kds € G(K)}.

In fact, Beesack showed that this result is better than that of Gollwitzer
and thus he formulated the following more general result (see [85, p. 382]):

Let x and k be continuous functions with £ > 0 on J = [«, 5], and let ¢
be continuous and monotonic in the interval I such that x (J) C J and g is
nonzero on I except perhaps at an endpoint of I. Let A be continuous and
monotone on an interval K such that 0 € K, and let a and b be constants
such that a + h (v) € I° for v € K, |v] <.

If g and h are monotone in the same sense and

x(t)§a+h(/atk(t,s)g(x(s))ds>, te

then .
x(t)ﬁa%—h{G_l(/ k:ds)], a<t<pfy,
where . p
-
G (u —/ —— uck
=) T+ h]
and

ﬁlzsup{tGJ:/tkdseG(K)}.

It is interesting that there exists a sequence of integral inequalities with
an unknown function of one variable in which we have several integrals.
B. Pachpatte [97] proved the following result:

Theorem 56 Let x(t), a(t), b(t), c(t) and d(t) be real, nonnegative and
continuous functions defined on R* such that for t € RT,

v (t) <alt)+b(#) (/Otc(s)x(s)ds—l—/otc(s)b(s) </Osd(u)x(u)du) d5>.

Then on the same interval we have
2 (1) < a (B4 (1) (/Otc(s) (a (5) + b (s) exp (— /Osb(r) (c(r)+d(r)) dr)
« /Osa(m (c(r) + d () exp (- /Ot (b () (¢ (u) + d (u)) du) dr) ds) |
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The following three theorems from Bykov and Salpagarov [24] are given
in the book Filatov and Sarova [47].

Theorem 57 Let u(t), v(t), h(t,r) and H (t,r,z) be nonnegative functions
fort>r>x >a and ¢y, co, and c3 be nonnegative constants not all zero. If

u<t)gc1+02/: [U(S)U(S)—i-/sh(s ") u(r )dr}d

—1—03///Hsrx (x)dsdrds, (1.52)
then fort > a

u(t)gclexp{CQ/at [U<s)+/ash<s,r)dr] ds
—|—03/at/aT/asH(s,r,x)dxdrds}. (153)

Proof. (see [85, p. 384]) Let the right hand side of (1.52) be denoted by
b(t). Then b(s) < b(t) for s < t since all the terms are nonnegative. We
have

b/(t):cw(t)w+c2/ h(b dr+03// H”x ) 4y ay

< v (t) + / (t,7) dr+03/ / H (t,r,x)dxdr.

Integration from a to t yields

logb (t) — log ¢y

b s t s r
< 62/ [v (s)+ / h(s,r) dr] ds + 63/ / / H (s,r,x)dzdrds.
0 a a Ja Ja

Writing this in terms of b (¢) and using u (t) < b(t) completes the proof. m

Theorem 58 Let the nonnegative function u(t) defined on [ty, 00) satisfy
the inequality

u(t)§c+/k:( ds+//Gtsa o) dods,
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where k (t,s) and G (t, s, o) are continuously differentiable nonnegative func-
tions fort > s> o > ty, and ¢ > 0. Then

u(t) < cexp {/tt {k (5,5) + /t (% + G(s,s,a)) do
4 /t: /t Wcﬁrda} ds}.

Theorem 59 Let the functions u (t), o (t), v(t) and w (t,r) be nonnegative
and continuous for a < r < t, and let ¢y, co and c3 be nonnegative. If for
tel=]a,o00)

u(®) Scl+a(t){02+03/at [v(sm(s)+/:w(s,r)u(r)dr] ds},

then fort € I,

w(t) < ey + o (1) {CQexp [03 /at <v (s)or (s) —i—/asw(s,?“)a(r) dr) ds}

+clcg/at (v(s)—l—/:w(s,r)dr)
X exp {cg/: (v(d)a(5)+/jw(&r)a(r)dr) dd} ds}.

Other related results exist. Here we shall mention one which appears in
E.H. Yang [132].

Theorem 60 Let x (t) be continuous and nonnegative on I = [0, h) and let
p(t) be continuous, positive and nondecreasing on I. Suppose that f; (t,s),
i1 =1,...,n, are continuous nonnegative functions on I x I, and nondecreas-
g int. If fort el

x (t) gp(t)+/0 fi (t,tl)/olfQ (tl,tg).../on_l Jo (tne1,tn) @ (t,) dty, . . . dty

then
z(t)<pt)U(t), tel,
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where U (t) =V, (t,t) and V,, (T, t) is defined successively by

V(0 = B (o {1+ i (To5) e S

Fn—k—l—l (Ta S

where t, and T are in I and k =2,3,...,n and fort=1,...,n—1

E(Tt—exp{/ [Zf]Ts f,Ts)d}.

Remark 61 In the special case of this theorem for n = 2, one can get the
conclusion fort e I

s <pe (- [ i) i)

« {1+ Otf1 (t, 5) {exp/os 211 (5,7) + fo (s,7) dr} ds}.

In the previous theorems we have had linear inequalities. We now turn
to some nonlinear inequalities. B. Pachpatte in [91] and [93] proved the
following two theorems.

Theorem 62 Let x(t), a(t) and b(t) be real nonnegative and continuous
functions on I = [0,00) such that

(1) gxo—l—/ota(s)m(s)ds—i—/ota(s) </08b(r):cp(r)dr) ds, t e 1T,

where xg 1s a nonnegative constant and 0 < p < 1. Then fort €I
1

x(t)§x0+/0ta(s)exp (/Osa(r)dr>
x {xé—P+(1—p)/Osb(T)Xexp (—(1—p)/ora(u)du) dr}”’ds.
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Theorem 63 Let z (t), a(t), b(t) and c(t) be nonnegative and continuous
on R such that fort e I

(1) < xo—i—/ota(s) (:E(s) —f-/osa(?“) (/Orb(u)x(u) +c(u)xp(u)du) dr) ds,
where xg is a nonnegative constant and 0 < p < 1. Then fort € I
(1) gxo—i-/ota(s) <x0+/osa(7’)exp (/Or(a(u)—i—b(u))du)
« {xép—i-(l—p)/orc(u)

X exp (- (1—p) /0 (a (v) + b () dv) du}lip dr) ds

E.H. Yang [131] proved the following result.

Theorem 64 Let u(t), a(t), f(t,s), gi(t,s) and h;(t,s), i = 1,...,n be
nonnegative continuous functions defined on I = [0,h) and I x I. Let a(t)

be nondecreasing and f (t,s), g; (t,s) and h;(t,s) be nondecreasing in t. If
0<p<1and

w(t) ga(t)—l—/Otf(t,s)u(s)ds—i-g/otgi(t,s) {/Oshi(s,r)up(r)dr} ds,

then

(A) forO0<p<1andt el we have

u(t) < {[a (&) F ()" +(1 —p)ZGi (t)F(t)/O hi (t,5) dS}

(B) forp=1 andt € I we have

u(t) < a(t)exp{/ot [f (t.5)+ Y GiO) F () <t,s>] ds},
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where .
F(t)= exp/ f(t, s)ds
0
and

t
Gi(t):/ogi(t,s)ds, i=1,...,n.

The nonlinearity x” in the previous results may be replaced by a more
general nonlinearity and we give two results of Pachpatte [96] and [92].

Theorem 65 Let z (t), a(t) and b(t) be nonnegative continuous functions
defined on I = [a,b], and let g (u) be a positive continuous strictly increasing
subadditive function for uw > 0 with g (0) =0. If fort € I

x(t)ga(t)+/:b(s) ({L’(S)—F/asb(T)g(.I(T))dT) ds,
then for t € I we have
x(t)ga(t)+/abb(s) (m(s)+/asb(r)g(a(r))dr) ds
+/atb(s)G‘1 (G </abb(r)(a(7“)—|—b(u)g(a(u))du)dr>

+ /asb(r)dr) ds,

u ds
G<“>:/wm’“2““>o’

where

and

b ¢
Iy = {t €el:G(x)>G (/ b(s) (a(s)+b(r)g(a(r))dr)ds+/ b(s)ds)}.
Theorem 66 Let x(t), a(t), b(t), ¢(t) and k (t) be continuous on I = [a,b]

and f (u) be a positive, continuous, strictly increasing, submultiplicative, and
subadditive function for uw > 0, with f (0) = 0. If for t € I we have

v (t) < alt)+b() (/:C(s)f(w(S))+b(8)/osk(r)f(x(r))dr) ds,
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then we also have fort € I

x(t) <a(t)+0b(t) (d—ir/:c(s)f(b(s)G1
« <G(d)+/asf(b(r))(c(r)+k(r))dr))ds),

where
d:/abc(s)f<a(s)+b(s)/a k(r)f(a(r))dr> ds
G(u):/u:fdé) u>ug >0
and

Iy = {te[ G (0 /f ))dr}.

Theorem 67 Let the functions x,a,b,c,k and f satisfy the hypotheses of
the previous theorem. If fort € I we have

2(t) < alt)+b(t) [ (/ ¢(5) (2 () ds

w[ewroen ([ roreea)as),

then we also have fort € I

w(t)<a(t)+b(t)f‘1(/ c(s) fla(s))+ f(b(s))

<exp(/f P4k (r dr)/f "))
xexp(—/af W) (e () u))du)dr))ds.
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Theorem 68 Let the functions be defined as in Theorem 66, while for a <
s <t <b we have

x@)Zx@)—b@xf4(/"dmfcmm>m

—/:c(r) (/rtk:(u)f(x(u))du) dr),

then for the same range of values we also have

w(t) = (s) (f7 (L+ f(0(1)

/stc(r)exp (/Tt (C(u)f(b(t))+k(u))du) dr))l,

In Bykov and Salpagarov [24] the following theorem was proved:

Theorem 69 Suppose that the functions u (t), o (t) and ((t,s) are nonneg-

ative for 0 < s <t < b and ¢ (s) is positive, nondecreasing and continuous
for s> 0. If

umSc+lTaM¢ww»+lhvﬁmww»w}w

Ec—i—/t&b(u)dr:b(t),

where ¢ is a positive number, then fort € (a,b) we have

u(t)d_x</t [a(r)_ir/arg(r,s)ds} dr = P(t).

o ) " Ja
Proof. (see [85, p. 390]) From the hypotheses, it follows that
v (t) ¢ ¢ (u(s)

= a(t)

(u(t) [ ) !
¢ (b(t)) o (b(1)) +/a Bt,s) & (b (t»ds < a(t) +/a B(t,s)ds.

By integration from a to ¢ we obtain the desired result. m

Remark 70 For 8 =0 we get the Bihari inequality.
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Remark 71 If the function P (t) belongs to the domain of the definition of
the inverse function H~', where
hode

H= | 3@

then u (t) < H '[P (t)].

Remark 72 Analogously, we can prove the corresponding theorem in which
the integral fat 1s replaced by the integral ftoo.

The following generalisation of the previous theorem was given by H.M.
Salpagarov [111]:

Theorem 73 Suppose that:

1) ¢ (u) is a nonnegative, continuous nondecreasing function on [0, 00);

2)

(" ds
uwp @(8)

and H~! is the inverse function of H;

H (u) (0 <u < o0, up € (0,00) s fized),

3) u(t) is continuous on [0,00); and

4) M (t) is a nondecreasing nonnegative function.
If t

u®) <M+ [ Lot
where the operator L is defined in the per’ous theorem, then
u(t) < HH{H[M(t) + P (t)]}

where P (t) is also defined as in Theorem 69.

Proof. (see [85, p. 391]) Let T > a be fixed. Then for ¢t € (a,T] we have

u(t)gM(TH/OtLqﬁ(u)dr,

since M (T') > M (t). On the basis of in Theorem 69, we have
u(t) < H ' {H[M(T)+ P(t)]} for t<T.

Setting t = T" we get the conclusion. =
For further results for functions of several variables, see the book [85,
Chapter XIII] where further references are given.



Chapter 2

Inequalities for Kernels of
(L) —Type

The first three sections of this chapter are devoted to the study of certain
natural generalisations of Gronwall inequalities for real functions of one vari-
able and kernels satisfying a Lipschitz type condition (see (2.1)). The fourth
section contains the discrete version of the inequalities in Section 2.2. All the
sections provide a large number of corollaries and consequences in connection
with some well-known results that are important in the qualitative theory of
differential equations.

In the fifth section of this chapter, some sufficient conditions of uniform
boundedness for the nonnegative continuous solutions of Gronwall integral
inequations are given while the last section contains some results referring to
the uniform convergence of the nonnegative solutions of the above integral
inequations.

2.1 Integral Inequalities

In this section we present some integral inequalities of Gronwall type and
give estimates for the nonnegative continuous solutions of these integral in-
equations, [38] and [40].

Lemma 74 Let A,B : [a,3) — Ry, L : o, ) x Ry — Ry be continuous

43
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and

0<L(t,u)— L(t,v) <M (t,v)(u—v), t€a,b), u>v>0, (2.1)

where M is nonnegative continuous on [a, ) X Ry.

Then for every nonnegative continuous function x : [a,t] — [0, 00) satis-
fying the inequality

t

r(t)<A(t)+ B (t)/ L(s,x(s))ds, t € |, ) (2.2)

«

we have the estimation

x(t)gA(t)JrB(t)/

«

t

L (u, A (u)) exp (/t M (s, A(s)) B (s) ds) du (2.3)

for allt € o, ).

) Proof. Let us consider the mapping y : [, ) — Ry given by y () :=
[, L(s,x(s))ds. Then y is differentiable on (a, 8), ¥/ (t) = L (¢, (t)) if t €

(o, 8) and y (a) = 0.
By the relation (2.1), it follows that for any ¢ € («, 3)

y ()<Lt A +B(t)y(t) <LEAW)+M(EAD))B{H)y(E). (24)
Putting

51 ;:y@)exp(_[M<S,A<S>>B<s>ds), tean).

then from (2.4) we obtain the following integral inequality:

s'(t) < L(t, A(t))exp <—/ M (s,A(s)) B (s) ds) , te (o, ).

Integration on [, (], reveals

20 < [ L AG)ew (- [ oA B ds)

which implies that

v < [ L Aw)es (/utM<s,A<s>>B<s>ds) du; 1 [0,f),
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from where results the estimation (2.3).

The lemma is thus proved. m

Now, we can give the following two corollaries that are obvious conse-
quences of the above lemma.

Corollary 75 Let us suppose that A, B : [a, f) — Ry, G : o, f) xRy — Ry
are continuous and

0<G(tu)—G{t,v) <N({#)(u—v), te€la,B), u>v>0, (2.5)
where N is nonnegative continuous on [, [3) .
If x:[a, B) — [0,00) is continuous and satisfies the inequality
¢

x(t) <A(t)+ B (t)/ G (s,z(s))ds, t € la,p); (2.6)

«

then we have the estimate
2 (1) < A(t) +B(t)/ G (u, A (u)) exp (/ N (s) B (s) ds> du(27)

for allt € [, ) .

Corollary 76 Let A,B,C : o, ) — Ry, H : R, — R, be continuous and
H satisfies the following condition of Lipschitz type:

0<Hu)—H@w) <M(u-v), M>0,u>v>0. (2.8)

Then for every nonnegative continuous function verifying

t

z(t) <A({t)+ B (t)/ C(s)H (z(s))ds, t € [a, ) (2.9)

«

we have the bound
s S AW+ B [ Cl)H(AW)

X exp (M /utc (s) B (s) ds> du, (2.10)

for allt € [, B) .
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Remark 77 Putting H : R, — R, H(X) = x, one obtains Lemma 1 of
[37] which gives a natural generalisation of the Gronwall inequality.

A important consequence of Lemma 74 for differentiable kernels is the
following result:

Lemma 78 Let A,B : [o,3) — Ry, D : [a,3) x Ry — Ry be continuous
and

D is differentiable on domain («, 3) x (0,00), (2.11)
oD (t,x)
Ox
a continuous function P : |, f) x Ry — Ry such that
0D (t,u)
Ox

is nonnegative on («, ) x (0,00), and there exists

< P(t,v) foranyt e (a,B) and u>v > 0.
If x : o, B) — [0,00) is continuous and
x(t) < A(t)+ B(t) /tD (s,x(s))ds, t € |, 3) (2.12)

then we have the inequality

s <A@+ B [ DuAw)
X exp (/ P (s, A(s))B(s) d8> du; (2.13)

for allt € [, ) .

Proof. Applying Lagrange’s theorem for the function D in the domain
A = (o, ) x (0,00), for every u > v > 0 and t € (a,f3), there exists a
p € (v,u) such that

D(t,u)—D(t,v):wm—v).
xr
Since, by (2.11),

0< 22U pig ),

Ox
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we obtain
0<D(t,u) — D (t,v) < P(t,v) (u—0)

for every u > v > 0and t € (o, ).

The proof of the lemma follows now by a similar argument to that em-
ployed in Lemma 74. We omit the details. m

In what follows, we give two corollaries that are important in applications:

Corollary 79 Let A:[a,3) = RY, B:[o,8) = Ry, I : o, ) x Ry — Ry
be continuous on I and satisfies the assumption:

oI (t
Tl

non-negative continuous on («, ) x (0,00) and we have

oI (t,u) < oI (t,v)
or — Oz

I is differentiable on domain («, ) x (0,00),

(2.14)

foranyu>v>0andte (a,f).

If x : [, B) — [0, 00) is continuous and satisfies the inequality

t

:c(t)gA(t)JrB(t)/ (s,2(s))ds, t € o B), (2.15)

(e}

then we have the estimate

g (u, A (u)) exp (/t (5, A() g () ds) du (2.16)

z(t) < A(t)+B(t)/ -

«

for allt € o, B) .

Corollary 80 Let A,B,C : [o,08) — Ry, K : R, — Ry be continuous,
A(t) >0 forallt € [, 3) and K satisfies the condition

K is monotone-increasing and differentiable in (0,00) with (2.17)

dK

p (0,00) — R, is monotone decreasing in R’ .
T

If x:[a,B) — [0,00) is continuous and

t

x(t) <A(t)+ B (t)/ C(s)K (z(s))ds, t €[a,f), (2.18)

«
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then we have the bound
t
s(0) <A@+ B [ CKA@)
YdK
X exp T (A(s))B(s)C(s)ds | du, (2.19)
for allt € o, ) .
The following natural consequences of the above corollaries hold.

Consequences

1. Let A, B,C;r : [o, ) — R, be continuous and A (t) > 0, r(t) < 1
for t € [a, ). Then, for every nonnegative continuous function z :
[a, B) — [0, 00) satisfying the integral inequality

z(t) < A@t)+ B (1) / e (s)z ()" ds, t € [, 00) (2.20)

(e}
we have the estimation

t

z(t) <A(t)+B (t)/ C (u) A (u)"™

X exp (/t ris) B(s) C(C)d5> du, (2.21)

A (S)I—T(s)
for all t € [, 3) .

In particular, if r is constant, then

t

v (t) < A(H) + B(t)/ C(s)x(s) ds, t € [a, B) (2.22)

e
implies

t

2 (1) gA(t)JrB(t)/ C (u) A (u)
"B (s)C(s)
X exXp <T/u st) du (223)

in [a, 7).
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2. Let A, B,C : [a, #) — R be nonnegative and continuous on [«, ). If
x: [a, B) — Ry is continuous and satisfies the relation

t

(1) gA(t)+B(t)/ C(s)In (2 (s)+ 1)ds, £ €[, 8),  (2.24)

«

then we have the estimation
(1) gA(t)+B(t)/ C'(s)In (A (s) + 1)
' C(u) B (u)
X exp (/u mdu) ds (2.25)
for all ¢ € [, 3) .

3. Assume that A, B,C are nonnegative and continuous in [a, 3). Then
for every x : [a, #) — R, a solution of the following integral inequation

t

z(t) <A({t)+B (t)/ C (s)arctan (z (s)) ds, t € [, 3) (2.26)

«

we have
v (t) < A() + B(#) / C () arctan (A (u)) exp
"' B(s)C(s)
X </u mds) du (2.27)

in the interval [a, ).

2.1.1 Some Generalisations

In this section we point out some generalisations of the results presented
above.
The first result is embodied in the following theorem [41].

Theorem 81 Let A,B : [a,3) — [0,00), L : [a,3) x [0,00) — [0,00) be
continuous. Further, let 1 : [0,00) — [0,00) be a continuous and strictly
increasing mapping with 1 (0) = 0 that satisfies the assumption

0<L(t,u)—L(t,v) <M (t,v)p " (u—v) forallu>v>0, (2.28)
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where M is continuous on |a, ) x [0,00) and ¢~ is the inverse mapping of

V.
Then for every nonnegative continuous function x : [, 3) — [0, 00) sat-
1sfying

c0 =AW+ (B0 [ o)), 1l

we have the estimate

2 () < A®t) +o (B(t)/atL(u,A(u))exp (/utM(s,A(s))B(s)ds) du)

for allt € o, B).

Proof. Define the mapping v : [«, 5) — [0, 00) by

Then y is differentiable on [«, 5) and
v (t)=L(tz(t), fort € a,f).
By the use of the condition (2.28), it follows that:

(
(1) <Lt A{#) +v (B

Y (t) Ltz (1) y (1))
L{t,A() +M(tAB) Y™ (W (B()y (1)
L(t, A1) + M(t, A(t) B(t)y(t)

for all ¢ € [a, ).

By a similar argument to the one in the proof of Lemma 74, we obtain

y (1) < / L (u, A (1)) exp (/ M (s, A(s)) B (s) ds) du, te [, B).
On the other hand, we have:

y() <AB)+¢(BH)y(t), telap)

and since v is monotonic increasing on [a, 3), we deduce that the desired
inequality holds. m
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Remark 82 Some general examples of mappings that satisfy the above con-
ditions are: 1 : [0,00) — [0,00), ¢ (z) := 2P, p > 0.

The following two corollaries are natural consequences of the above the-
orem.

Corollary 83 Let A, B,v be as above and G : [, 5) X [0,00) — [0,00) be a
continuous mapping such that:

0<G(tu)—G(t,v) <N@BY (u—w) (2.29)

forallt € [a, ), u>wv >0 and N is continuous on |a, 3).
If x . [, B) — [0, 00) is continuous and satisfies the inequality

v (t) < A(t)+ (B(t)/(:L(s,x(s))ds), t e [a, 8),

then we have the bound:

2 () < A(t)+ 2 (B(t)/atG(u,A(u))eXp (/:N(s)B(s)ds> du)
in the interval [, 3).

Corollary 84 Let A, B, be as above, C': [a, ) — [0,00) and H : [0,00) —

[0,00) be continuous and such that:
0<H(u)—H (@) <My (u—v)

for allu >v >0 and M is a constant with M > 0.
The for every nonnegative continuous function x satisfying

x(t)SA(t)er(B(t)/C(S)H(x(s))ds), te [a,8),

we have the evaluation:

x(t)gA(tHw(B(t)/o<u>H<A<u>>

X exp (M / C(5)B(s) ds) du)

for allt € o, 3).
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The second generalisation of Lemma 74 is the following:

Theorem 85 Let A, B, L and v be as in Theorem 81 and suppose, in addi-
tion, that

¢~ (ab) <7 (a) T (b)  for all a,b € [0,00).
If x : [, B) — [0,00) is continuous and

t

r0 a0+ 800 ([ L)), ref),

then we have the evaluation:
v(t) < AW+ B()v (/ L (u, A (u))
x exp (M (s, A(s)) " (B (s)) ds) du)
for allt € o, 3).

Proof. If y is as defined in Theorem 81, we have:

y' () =L(tx(t) <Lt A®W)+ B¢ (y(t))
S L(LA@) +M (AR (B (0¥ (y (1)
SL(LA®)+M(EAR) O B(1)y(t),

and since
z(t) <A@ +BE)Y(y (), tEnp),

the proof is completed. m

Remark 86 As examples of functions 1 satisfying the conditions of Theo-
rem 85, we may give the mappings 1 : [0,00) — [0,00), ¥ (x) = 2P, p > 0.

Remark 87 If p =1, we also recapture Lemma 74.
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Corollary 88 Let A, B, be as in the above theorem and G satisfies the con-
dition (2.29). Then for every nonnegative continuous function x : [a, ) —
[0, 00) wverifying

s <aw+Bwe( [ G e,
we have the bound:
s <aw+800( [ 6waw)
X exp </ut N (s)y 1 (B(s)) ds) du)
for all t € [, 8).

Finally, we have:

Corollary 89 Let A, B, be as above, C and H be as in Corollaries 83 and
84 of Theorem 81. If x is a nonnegative continuous solution of the integral
mequality:

t

x(t)gA(t)JrB(t)w(/ C(s)H(x(s))ds), te o, 9),

then we have

x(t)SA(t)+B(t)w(/ ' (s) H (A ()

in the interval o, 3).

2.1.2 Further Generalisations

In paper [14], P.R. Beesack proved the following comparison theorem.
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Theorem 90 Let o and k be continuous and of one sign on the interval
J = o, (] and let g be continuous monotone and non-zero on an interval I
containing the point vy. Suppose that either g is nondecreasing and k > 0 or
g is nonincreasing and k < 0. If o > 0 (6 <0) let the mazimal (minimal)
solution, v (t), of

kg +o (D), via)=u (2:30)

exists on the interval [«, 3;), and let
ulzsup{uEJ:vo—i-/ O'(S)dSE[};
u t
ug—sup{uEJ:G<vo+/ a(s)ds—i—/ k(s)ds) eG(I),

a<t<u},

where

Gu::/—,uEI, ug € 1).
() w 9(Y) (o€ l)

Let 35 = min (uq,uz) and £, = min (81, B3). Then for a <t < By, we
have

v(t) <G _/atk(s)ds+G(vo—l—/aua(s)ds)_ if 0>0 (2.31)

or

v(t) > Gt _/atk(s)ds+G(vo+/aua(s)ds)_ if 0<0 (2.32)

Moreover, if o > 0 and k, g have the same sign (0 < 0 and k, g have the
opposite sign), then B, > By and we also have:

Gt (/atk(s)ds+a(v0+/aua(s)ds)>

<(>)v), a<t<p. (2.33)

Now we can give the following generalisation of the Gronwall inequality
[103].
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Theorem 91 Let A, B : [o,3) — Ry, L : o, () x Ry — Ry be continu-
ous and the condition (2.1) is valid. If x : [o, ) — Ry is a nonnegative
continuous functions which satisfies the inequality:

t

()< A@M) + B(t)g (/ L(s,7(s)) ds) te ), (2.34)

where g : [0,00) — R is a nondecreasing continuous function, then we have
the estimation:

v(t) <A@t) + B(t)gor! (/ M (s, A(s)) B (s) ds

+T (/;L (5, A(s)) ds)> ctela,f), (2.35)

where

“od
I (u) ::/ —y, ug > 0.
up 9

Proof. Let us consider the mapping

t
y (1) ::/ L(s,z(s))ds.
Then y is differentiable on [«, 3) and

y(t) = L(tvx(t))a te [075)'

By the condition (2.1), we obtain

gy@) <Lt AQ)+B(t)g(y (1))
SL(EA®)+M(EA®)B(H)g(y (@), telaf),

g) <Lt A@)+M(EA®)B(H)g(y(), telaf) (2.36)

By a similar argument to that in the proof of the Beesack theorem of
comparison, we deduce

t

y(t) <T71 [/atM(s,A(s))B(s) ds+T </a L(s,A(s))ds)] (2.37)
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for all t € [«, ), and now

v (t) < A(t) + B(t)goT! [/tM(s,A(s))B(s)ds

+F(/atL(s,A(s))ds)},

Corollary 92 Let A,B : [a,3) = Ry, G : [, f) x Ry — R, be continuous
and G satisfies the condition (2.5).

Then for every monnegative continuous function x verifying the integral in-
equality

forallt € [o, (). =

t

x(t)<A({t)+B(t)g (/ G (s,z(s)) ds) , t€ o, f) (2.38)

we have the estimation

r(t) <A@t)+B(t)gol™! (/ N (s) B (s)ds

+T (/atG(s,A(s))ds)) (2.39)

Corollary 93 Let A,B,C : o, ) — Ry, H: Ry — R, be continuous and
H satisfies the condition of Lipschitz type (2.8). Then for every nonnegative
continuous solution of

for allt € o, B).

t

r(t)<A{t)+B(t)g (/ C(s)H (z(s)) ds) , t €, ) (2.40)

then we have
v () < A(t) + B(t)goT! {M/tC(s)B(s)ds

a +r(/;0(s)H(A(s))ds)] (2.41)

for allt € o, 3).
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Another result for differentiable kernels is embodied in the following the-
orem [103].

Theorem 94 Let A, B : [a,3) — Ry, D :[a,3) x Ry — Ry, be continuous
and D satisfies the condition (2.11).
If x:[a,B) — [0,00) is continuous and

() <A@ +B(t)g (/ D (5,2 (s)) ds) tewB), (2.42)

where g is a nonnegative nondecreasing continuous function on the interval
[0,00), then the following estimation holds:

t

v(t) <A@+ B(t)gor! (/aP(s,A(s))B(s)ds
+ r( atD(s,A(s))ds)>  (2.43)

where

u g
F(u)::/ )
w0 9

Proof. Applying Lagrange’s theorem for the mapping D in [a, 3) X [0, 00),
then for every v > v > 0 and ¢ € [, ), there exists p € (v,u) such that:

D(t,u)—D(t,v)z%(u—v}.

Since 0 < % < P (t,v), we obtain

0<D(t,u) — D (t,v) < P(t,v)(u—0) (2.44)

forall u > v >0 and ¢t € [a, ).

Applying Theorem 91 for L = D and M = P, we obtain the evaluation
(2.43). The theorem is thus proved. m

Further on, we shall give some corollaries that are important in applica-
tions.
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Corollary 95 Let A,B : [a,3) — Ry, I : o, 5) x Ry — Ry be continuous
and I satisfies the relation (2.14). Then for every nonnegative continuous
function x satisfying

t

z(t) <A{)+B(t)g (/ I(s,x(s))ds) , t €, ), (2.45)

we have the estimation

2(t) < A(t)+B(f)goT MWD(SW

4T </atl (s, A(5)) ds)} (2.46)

Corollary 96 Let A,B,C : [o,3) = Ry, K : [a, ) x R, — R, be contin-
uous and I satisfies the relation (2.14). If x : [a, ) — [0,00) is continuous
and

for allt € o, B).

t

x(t)<A{t)+B(t)g (/ C(s)K (z (3))ds) , t € o, ), (2.47)

then we have the bound

v(t) <A@t + B(t)gol! [/ C(s)%(A(s))B(s)ds

4T (/(:C(s) K (A(s)) ds)} (2.48)

for allt € o, B).

In the following we mention some particular cases of interest [103].

Proposition 97 Let A, B,C,r : [, 3) — Ry be continuous and A (t) > 0,
r(t) <1 fort € [a,(). Then for every nonnegative continuous function
z:[a, f) — [0,00) satisfying

t

t(t)<AH)+B(t)g ( / C(s)x(s)"™ ds) tela,f), (2.49)
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we have the estimation

r(t) SA()+B(t)goD™ [/ TR

for allt € o, B).

In particular, if r is constant, then

c(t) <A@ +B(t)g (/ Cs)a (s)rds) te o B), (2.51)

implies

'C(s)B(s)

r(t)<A@t)+B({t)gol! [r/ A(s)lfr

4T (/atc(s)A(s)Tds)} telwB). (252

The proof follows by Corollary 95 on putting I (t,z) = C (t)2™®, t €
I:a{7ﬁ)7 x e [07 OO)-

Proposition 98 Let A, B,C : o, 3) — R be continuous and nonnegative on
la, B). If x : [a, B) — Ry is continuous and satisfies the relation

z(t) <A{t)+B(t)g (/ C(s)In(z(s)+ l)ds) , t € la,B), (2.53)

then

v() < A(t)+ B(t)goT! {/ S TOESs +1

4T (/a C'(s)In (A (s)—i—l)ds)} (2.54)

for allt € o, 3).
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The proof is evident by Corollary 96 on putting K (z) = In (z + 1) where
x e Ry.

Finally, we have the following.

Proposition 99 Assume that A, B,C are nonnegative and continuous in
[, B). Then for every x : [a, f) — Ry a solution of the integral inequation

z(t)<A{)+B(t)g </ C'(s)arctan (z (s)) ds) ,t€la,B),  (2.55)

we have the estimation

z(t)<A®)+B(t)gol! [7“/(:—

for allt € o, B).
The proof follows by Corollary 96 on putting K (x) := arctan (z), x € R,.

2.1.3 The Discrete Version

We give now a discrete version.
In paper [101], B.G. Pachpatte proved the following discrete inequality of
Gronwall type.

Lemma 100 Let z, f,g,h : N —[0,00) be such that

P () < F ) 49 (0) 3 () (s), n>1
then B B
2 () < Fn) +a(m) 3 () £(s) [] (h(m)g(@) +1)

for all n € N*.
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Further on, we shall give the discrete analogue of the nonlinear integral
inequality:

t

2 (1) gA(t)+B(t)/ L(s,z(s))ds, t€a,B)CR, (2.57)

«

where all the involved functions are continuous and nonnegative as defined
and the mapping L satisfies the condition

0<L(t,u)— L(t,v) <M (t,v) (u—v) forall te€ [a,) (2.58)

u>wv >0 and M is nonnegative continuous on [a, 3) X R,.
The following theorem holds [39].

Theorem 101 Let (A(n)),cn, (B (n)),cy be nonnegative sequences and L :
N x Ry — Ry be a mapping with the property

0< L(n,2)—L(n,y) <M(ny)(r—y) forneN, 2>y>0
and M is nonnegative on N x R,. (2.59)

Ifx(n) >0 (neN) and :

—

z(n) < A(n)+ B(n) ; L(s,z(s)), forn>1,

S

Il
=)

then the following estimation

x(n) SA(n)+B(n)iL(s,A(s)) l:[ (M (r,A(1))B(1)+ 1)

holds for alln > 1.

Proof. Put y(n) :=3."") L (s, (s)) for n > 1 and y (0) := 0. Then we

have: 0
y(n+1)—y(n) = L(n,x(n)) < L(n,A(n) + B (n)y(n))
< L(n,A(n)+ M (n,A(n))B(n)y(n))
forn >0, i.e.,

y(n+1)<L(n,A(n)+[M(n,A(n))Bn)+1]y(n)), n>0.
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Using the notation:
a(n):=L(n,An)), f(n)==M(n,A(n))B(n)+1>0forn >0,

and
z(n) = n—l—n for n > 1 and 2 (0) =0,

we may write

<H5(T)> z(n+1) <a(n)+ (Hﬁ(T)) z(n) forn >0

=0 7=0
and since .
[[3() >0 (n>0)
7=0
we have
z(n+1)—2z(n) < na(n)
{15()
Summing these inequalities, we deduce
n—1
a(s)
2(n) < 3
I1 6(7)
7=0
which implies:
n—1 n—1
y(n) <Y L(s,A(s)) [ (M (7,A(r)B(r)+1)
s=0 T=5+1

for all n > 1 and the theorem is proved. m

Corollary 102 Let A, B : N — R be nonnegative sequences and G : N x R, —
R, be a mapping satisfying the condition:

0<G(n,z)—G(n,y) <N(n)(z—y) forneN, (2.60)
<y <0 and N (n) is nonnegative for n € N.
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Ifx(n) >0 (neN) and

n—1
z(n) < A(n)+ B(n)ZG(s,x(s)), forn>1,
s=0
then the following evaluation:
n—1 n—1
z(n) < An G(s,A(s) [ W () B(r)+1)
s:O T=s+1

holds, for n > 1.
The statement follows directly from the above theorem.

Corollary 103 Let A,B,C' : N — R be nonnegative sequences and H :
R, — Ry be a function satisfying the following Lipschitz type condition:

0<H(z)—H(y) <M (x—vy) where M >0, x >y > 0. (2.61)

Then for any (x (n)),cy @ nonnegative sequence verifying the condition

z(n) < An nlc ), n>1,
we have h
xODSAOw+BOw§§C@ﬂNA®»jifMChﬁBﬁ%+U
for alln > 1. _ _

The proof is obvious and we omit the details.
Remark 104 If in the previous corollary we put:
A(n)=f(n), B(n)=g(n), C(n)=h(n) (n €N) and H (z) ==z, (x € R);
we obtain the result of B.G. Pachpatte [101], see Lemma 100.

Another result of this subsection is the following [39].
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Theorem 105 Let (A (n)),cns (B (n)),en be nonnegative sequences and D :
N x R, — R, be a mapping satisfying the condition:

for anyn € N, D (n,-) is differentiable on R, (2.62)
dD (n,t)
dt
forn € N, t € Ry and there exists a function

dD (n,u)

18 nonnegative

P:N xR, — R, such that < P(n,v)

for eachn € N and u > v > 0.

If x (n) is nonnegative and verifies the inequality

[y

z(n) < A(n)+ B(n) ; D (s,z(s)), n <1,

S

Il
o

then the following estimation is valid:

x(n) SA(n)—I—B(n)z_:D(S,A(s)) 1:[ (P(r,A(T))B(1)+1)
s=0 T=s5+1

for alln > 1.

Proof. Let n € N. Then by Lagrange’s theorem, for any v > v > 0 there
exists u,, € (v, u) such that:

D
D (n,u) - D (n,v) = Z2Uttn) ()
dt
since iD
Og(d+”")gp(n,v) forn >1,
we obtain
0<D(n,u)—D(n,v) < P(n,v)(u—v) foru>v>0

and n € N.

Applying Theorem 101 for L (n,x) = D (n,x), M (n,x) = P (n,z),n € N
and x € R, the proof is completed. =
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Corollary 106 Let A(n), B (n) be nonnegative forn > 1 and I : N x R, —
R, be such that:

dI (n,t)
dt

forallu>v >0 and n € N.

I (n,-) is differentiable on R, for n € N,

dl (n,u) - dl (n,v)
. — dt

If £ (n) >0 (n € N) satisfies the inequality:

is nonnegative (2.63)

on N x R, and

—_

n—

z(n)<An)+B(n)» I(s,z(s)),n>1,
then we have
c(n) < A(m) + B S (s A() [] (MB(T)+1)

for alln > 1.
Finally, we have

Corollary 107 Let (A(n)),cn: (B (n)),en»> (C(n)),en: be nonnegative se-
quences and K : Ry — R, be a mapping with the property:

K is momotonic decreasing and differentiable on Ry with (2.64)

... dK : . .
the derivative I monotonic nonincreasing on R .

If x (n) is nonnegative and

z(n) SA(n)—i—B(n)z_:C’(s)K(x(s)), n>1,
then
z (n) §A(n)+B(n)iC(s)K(A(s)) 1:[ (dd—}t(A@')B(T)C(T)—Fl)

for alln > 1.
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Now, we can give some natural consequences of the above corollaries [39].

Consequences

L. Let (A(n))pen, (B()pens (C()pens (7(n)),en and (2 (n)),ey be
nonnegative sequences and A (n) >0, r (n) <1 forn > 1. If

() <A +Bmn)> Cs) [z, n>1, (2.65)

for n > 1.

In particular, if r € [0, 1], then

implies

() < A(n)+ B (n) S C () A7 (5) 1:[ (“T)B(T)C(”)

for all n > 1.

2. If (A(n)),en> (B(M))pens (C(n)),eny and (z(n)), oy are nonnegative
sequences and

—

z(n) < A(n)+ B(n) ; C(s)ln(z(s)+1), n>1, (2.67)

S

Il
=)

then we have the estimation:

—_

n—

() < A(n)+Bm) Y C(s)m(As) +1) [] (%H)

Il
=)

s

for all n > 1.
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3. Assume that A, B,C,z : N — R are as above and
n—1
z(n) < A(n ZC’ )arctan (z (s)), n > 1, (2.68)
s=0

then the following inequality is also true:
= (B(MCx)

z(n) < A(n)+ B(n) Z C' (s) arctan (A (s)) H <A2— + 1)
s=0 T=s+1

for all n > 1.

2.2 Boundedness Conditions

The main purpose of this section is to give some sufficient conditions of
uniform boundedness for the nonnegative solutions defined in the interval
[, 00) of the Gronwall integral inequations (2.2), (2.6), (2.9), (2.12), (2.15)
and (2.18).

Theorem 108 If the kernel L of the integral inequation (2.2) satisfies the
relation (2.1) in [a, 00) and the following conditions:

A(t) < My, B(t) < M, t € [a, 00) (2.69)

/00 M (s, A(s))ds, /Oo L(s,M;)ds < o0 (2.70)

hold, then there exists a constant M > 0 such that for every nonnegative
continuous solution defined in o, 00) of (2.2) we have x (t) < M for any
t € (a,00) i.e., the nonnegative solutions of integral inequation (2.2) are
uniformly bounded in [a, 00) .

Proof. Let x € C ([ar,0) ;R ) be a solution of (2.2). Applying Lemma
74, we have the following estimation:

(1) §A(t)+B(t)/ L (u, A (u)) exp (/ M (s, A(s)) B (s) ds) du (2.71)

for any t € [a, 00).
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If the conditions (2.69) and (2.70) are satisfied, we obtain

o

a:(t)SMl—I—MQ/

a

L(s, My) ds exp (M2 /:O M (s, A(s) ds)

in [o,00) and the theorem is proved. m
Let us now suppose that the kernel G' of the integral inequation (2.6)
satisfies the relation (2.5) on [a, 00) and the conditions (2.69) and

/aoo N (s)ds, /:OG (s, My)ds < oo (2.72)

hold. Then the nonnegative continuous solutions of (2.6) are uniformly
bounded in [, 00) .

If we suppose that the kernel H of integral inequation (2.9) verifies the
relation (2.8) on [, 00), and (2.69),

/ T O (s)ds < o0 (2.73)

are true, then the nonnegative continuous solutions defined in [a, 00) of (2.9)
are also uniformly bounded in [, 00) .

Further, we shall suppose that A (t) > 0 for all t € [«, ).

If the kernel D of integral inequation (2.12) has the property (2.11) in
[, 00) and the conditions (2.69) and

/00 D (s, M) ds, /OOP(S,A (s))ds < o0 (2.74)

hold, then the nonnegative continuous solutions of (2.12) are uniformly bounded
in [or, 00) .

If we assume that the kernel I of integral inequation (2.15) satisfies the
relation (2.14) in [a, 00) and (2.69) and

/00 I (s, My)ds, /00 w&g < 0 (2.75)

«

hold, then the nonnegative continuous solution of (2.15) is uniformly bounded
in [or, 00) .



2.2. BOUNDEDNESS CONDITIONS 69

In particular, if the kernel K of integral inequation (2.18) verifies the
relation (2.17) in [o, 00) and the conditions (2.69) and

/00 C (s)ds, /00 % (A(s))C(s) < (2.76)

are valid, then the solutions of (2.18) are also uniformly bounded in the
interval [or, 00) .

Finally, if we consider the integral inequation (2.20) defined in [, 00) and
assume that the relations (2.69) and

/OOC (s) M7 ds, /OO % < 00 (2.77)

hold, then the nonnegative solutions of (2.20) are uniformly bounded in
[, 00) .

Now we shall prove another theorem which gives sufficient conditions of
uniform boundedness for the solutions of the above integral inequations.

Theorem 109 If the kernel L of integral inequation (2.2) defined in [a, 00)
satisfies the relation (2.1), and the conditions

A(t) < My, tliI?oB (t)=0, t € [o,00), (2.78)
/:OL(S,Ml) s, :OM(S,A(S))B(S) < o0 or (2.79)
M (t,A(t))B(t) < % Bt)tF<l<oo, a,k>0, (2.80)
t € [o,00) and /:O%ds<oo

hold, then the nonnegative continuous solutions of (2.2) are uniformly bounded
in [a, 00).

Proof. Let x € C'([a,00) ;R be a solution of (2.2). Applying Lemma
74, we obtain the estimation (2.71). If the conditions (2.78) and (2.79) or
(2.80) are satisfied, we have

o0

x(t)§M1+B(t)/

«

L (s, M) dsexp (/:OM(S,A (s)) B (s) ds>
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or
*“L(s,M
x (t) §M1—i—l/ Mds, t € |a,00).
o s
Since B is continuous in [a, 00) and ltlim B(t) = 0, it results that B is

bounded in [«, 00) ; and the theorem is proved. m
Let us now suppose that the kernel G of the integral inequation (2.6)
satisfies the relation (2.5) in the interval [, 00) and the following conditions

(2.78) and

/:O / N (s or (2.81)

N (t)B(t) < B(t)t" <l <oo, a,k>0, t € [a,o0) (2.82)

c~o~|?r

hold, then the nonnegative continuous solutions of (2.6) are uniformly bounded
n [a,00).

If we assume that the kernel H of integral inequation (2.9) verifies the
relation (2.8) in [, 00) and the following conditions (2.78) and

/ C (s or (2.83)
(t)B(t)g% B(t)t" <l<oo, a,k>0, t € [a,00) (2.84)
and / ¢ (ks>d3 < 00
a S

are valid, then the nonnegative continuous solutions of (2.9) are also uni-
formly bounded in [a, 00) .

Further, we shall suppose that A () > 0 for all ¢ € [a,00). In that
assumption, and if the kernel D of the integral inequation (2.12) has the
property (2.11) in [a, 00) and the following conditions (2.78) and

/OOD(S,Ml)ds, /OOP(S,A(S))dS < o0 or (2.85)

P(t,At)B({t)<~, B(t)t" <l < oo, a,k >0 and (2.86)

>~ D
a S

w|§v
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are true, then the nonnegative continuous solutions of (2.12) are uniformly
bounded in [a, 00) .

If we assume that the kernel I of (2.15) satisfies the relation (2.14) in
[, 00) and (2.78),

/OOI (s, M) ds, /00 MB (s)ds < oo or (2.87)

N ox
I(t,A
0 (t_é (t))B (t) < % B()thr <l <oo, a,k>0 (2.88)
x
and / I(S’—If\mds<oo
N s

hold, then the nonnegative continuous solutions of (2.15) are uniformly bounded.
In particular, if the kernel K of integral inequation (2.18) verifies the
relation (2.17) in [o, 00) and the following conditions: (2.78) and

/OO C (s)ds, /00 Cfi—[; (A(s))C (s)B(s)ds < oo or (2.89)
(z—I;(A(t))C(t)B(t)g%,B(t)tk§l<oo, k>0 (2.90)
and /Oo CS(?ds < 00

hold, then the nonnegative continuous solutions of (2.18) are also uniformly
bounded in [, 00) .
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Consequences

1. Let us consider the integral inequation (2.20) of Section 2.1 defined for
t € [a,00) . If the following conditions are satisfied: (2.78) and

/ C (s) er(s)ds, / T(jf)(f)ri)@)ds < 00 or (2.91)
@ o &)
Mi)x?)(f_)ﬁ)(t) < % B(t)t" <1< o0, a,k >0 and (2.92)
t
00 (s)
N s

then the nonnegative continuous solutions of (2.20) are uniformly bounded
in [, 00).

2. Let us now consider the integral inequations (2.24) of Section 2.1 de-
fined in [, 00) . If the following conditions: (2.78) and

Ct)B(r) _
At)+1 —
and /mc(s)ds<oo

sk

k
- B(t)t" <l < oo, t € |a,o0) (2.93)

are valid, then the nonnegative continuous solutions of (2.24) are bounded
in [or, 00) .

3. Finally, if we consider the integral inequation (2.26) defined in [a, 00)
and if we assume that the following conditions are satisfied: (2.78) and

Ct)B(1) _
A2 +1 -

and / C<S)ds < 00

sk

%, B()tFr <l <oo, a,k>0, (2.94)

then the nonnegative continuous solutions of (2.26) are also uniformly
bounded in [, 00) .

We can now state another result.
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Theorem 110 If the kernel L of integral inequation (2.2) satisfies the rela-
tion (2.1) in [, 00) and the conditions

At) < M, t € |o,00); (2.95)
there exists a function U : [o,00) — R’ differentiable in (o, 00) (2.96)

such that B (t) < t € [a,00) and lim U (t) = oo,

1
U(t)’ ! P

ting[(M < o0, / M (s, A(s)) B (s) ds < o (2.97)

or

or
, kya>0,t € [a,00); (2.99)

and t L(s,Mj)
th [ 282 g
lim f—sk

=1

hold, then the nonnegative continuous solutions of (2.2) are uniformly bounded
in [a, 00).

Proof. Let x € C ([a,00);R;) be a solution of (2.2). Applying Lemma

74, we obtain the estimation (2.71) . If the conditions (2.95) , (2.96) and (2.97)
or (2.98) or (2.99) are satisfied, we have:

z (1) §M1+Mexp (/QOOM(S,A(S))B(S)@)

U )
exp (1M (s, A()) B(s)ds) L (s, M) ds
o= 0 |, st it s
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or
tk ft Lis:M)
x (t) §M1+W for all ¢ € [a, 00) .
Since
t
L(s,My)d
lim f"‘ (s, A1) - limL(s’—]Wl):l<oo,
A0 B N0
exp (f: M (s, A(s)) B(s) ds)
lim =1[ < o0,
A U
tk t L(S Ml)d
lim fo‘—sk =[l<o0
)

and the functions are continuous in [a, 00), then they are bounded in [«, 00)
and the theorem is thus proved. m

Let us now suppose that the kernel (2.5) of integral inequation (2.6)
satisfies the relation (2.5) in [a, 00) . If the following conditions: (2.95), (2.96)
and, either,

M)
lim &M < 00, / N (s)B(s)ds < oo (2.100)
t—o0 U’(
or
exp ( [N (s)B(s) ds)
lim =1 < o0, (2.101)
o M
/ G (s, M) ds < oo,
o exp (7N (u) B (u)du)
or
k
N (t)B(t) < T k,a >0 and (2.102)
A
lim M —] < o0
MU

hold, then the nonnegative continuous solutions of integral inequation (2.6)
are uniformly bounded in [o, 00) .
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If we assume that the kernel H of integral inequation (2.9) verifies the
relation (2.8) in the interval o, 00) and the following assertion: (2.95), (2.96)
and, either,

lim 5% ] < oo, :O C (s) B(s) ds < oo (2.103)
or
lim (L6 BEs) | < 00 (2.104)
e 0 ’ ‘
/a exp (M f;(é((j)B(u) u) ds < oo
or
MC (t) B(t) < % k,a >0 and (2.105)
lim tkfot‘%d =l< o
ST U

are valid, then the nonnegative continuous solutions of (2.9) are uniformly
bounded in [, 00) .

Further, we shall suppose that A (f) > 0 for all ¢ € [a,00). In that
assumption, if the kernel D of integral inequation (2.12) satisfies the relation
(2.11) in [or, 00) and the following conditions: (2.95), (2.96) and, either,

t{r&% =1 < o0, /:OP(S,A(S)) B (s)ds < o (2.106)

or

=1 < o0, (2.107)
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or
k
P(t,A(t)) B(t) < T k,a >0, t € [a,00) and (2.108)
tk t D(S,Ml)d

i e

O
hold, then the nonnegative continuous solutions of (2.12) are uniformly bounded
in [a, 00).

If we assume that the kernel I of (2.15) satisfies the relation (2.14) in
[, 00) and (2.95), (2.96) and, either,

. I(t,My) * 0l
tlggoU’—(t) =1 < o0, o (s,A(s)) B(s)ds < o0 (2.109)
or
t oI
exp (fa 5 (5, A(s)) B (s) ds)
lim =l <oo and (2.110)
i G
/°° I (s, My)ds o
o o0 (7 2 (u, A(w)) B () du)
or
oI k
B (t,A(t)) B(t) < T k,a >0, t € [o,00) and (2.111)
tk tl(sle)d
i e

U

are true, then the nonnegative continuous solutions of (2.15) are uniformly
bounded in [, 00) .

In particular, if the kernel K of integral inequation (2.18) verifies the
relation (2.17) in [a, 00) and the following conditions (2.95), (2.96) and,
either,

lim ¢t =
ST

[ < o0, /aoo Cfl—[; (A(a))C(s)B(s)ds < o0 (2.112)

or

=1 < oo and (2.113)

)
/°° C(s)ds “
o €Xp (fs 4K (A (u)) B (u) C (u) du)
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or
K
Cfi—x(A(t))B(t)C(t) % k,a >0, t € [a,00) and (2.114)
th [ €8s
lim —Jo sF 77
i U(8) Lo

hold, then the nonnegative continuous solutions of (2.18) are uniformly bounded
n [a,00).

Consequences

1. Let us consider the integral inequation (2.20) of Section 2.1. If the
following conditions are satisfied: (2.95), (2.96) and, either,

JL%@C(U)%T e [ mf <o 211
or
o () )
Jim U (1) oo and (2410
/OO C’(s) ds < o0
or
r)C®) B ) E k,a >0, t € [a,00) and (2.117)

A (t)l—T(t) t
1k ft O(:) ds

lim a5

e U(D)

=1 < o0,
hold, then the nonnegative continuous solutions of (2.20) are uniformly
bounded in [, 00) .

2. Finally, we shall consider the integral inequation (2.24) of Section 2.1.
If we assume that the conditions (2.95), (2.96) and, either,

O > C(s)B(s)
tlirgo oo [ < o0, /a mds < 00 (2.118)
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or
(s)B(s)
lim <f AH d8> — < (2.119)
BT ’
/00 Cs) ds < o0
a  exp (f A—B(“)du>
or
Ct)B(t) k
— <k t d 2.12
ATl S ,a>0,t€[a,00) an (2.120)
th [1 g
lim M =l<o0
L0

hold, then the nonnegative continuous solutions of (2.24) are uniformly
bounded in [a, 00) .

Now we shall prove another result which is embodied in the following
theorem.

Theorem 111 I[f the kernel L of integral inequation (2.2) satisfies the rela-
tion (2.1) in [a, 00) and the following conditions

lim A(t) =0, B(t) <M, te€a,00), (2.121)

t—o0

/OOM(S,A@))CZS, /mL(s,A(s))ds < oo (2.122)

hold, then the nonnegative continuous solutions of (2.2) are uniformly bounded
in [a, 00).

Proof. Let z € C ([a,00) ;R;) be a solution of (2.2). Applying Lemma
74, we have the estimation (2.71). If (2.121) and (2.122) hold, then we have
the evaluation

o0

z (1) SA(t)+M1/ L(s,A(s)) dsexp (Ml /:OM(S,A(S))ds)

«

for all t € [, 0).
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Since A is continuous in [a, 00) and tlim A(t) = 0, it follows that A is
bounded on [a, 00) and the theorem is proved. m

Let us now Suppose that the kernel G of integral inequation (2.6) satisfies
the relation (2.5) in [, 00) and the following conditions: (2.121) and

/ N (s /mG(s,A(s))ds <0 (2.123)

hold. Then the nonnegative continuous solutions of (2.6) are uniformly
bounded in [, 00) .

If the kernel H of integral inequation (2.9) satisfies the relation (2.8) in
[, 00) and the following assertion: (2.121) and

/00 C(s)ds < o0 (2.124)

are true, then the nonnegative continuous solutions of (2.9) are uniformly
bounded in [, 00) .

In what follows, we shall suppose that A (¢) > 0 for all ¢ € [a, 00) . In that
assumption, if the kernel D of (2.12) satisfies the relation (2.11) in [, 00)
and the following conditions: (2.121) and (2.125) where

/OOP(S,A(S)) ds, /OO D (s,A(s))ds < o0 (2.125)

hold, then the nonnegative continuous solutions of (2.12) are uniformly bounded
n o, 00) .

If we assume that the kernel I of the integral inequation (2.15) verifies
the relation (2.14) and the following assertions: (2.121) and

gi (5, A (s)) ds, /:OJ(S,A@))CZS < o0 (2.126)

07

are valid, then the nonnegative continuous solutions of (2.15) are uniformly
bounded in [, 00) .

In particular, if we suppose that the kernel K of (2.18) satisfies the con-
dition (2.17) in [a, 00) and the following conditions: (2.121) and

/OO i (A(s))C(s)ds, /OO C(s)K(A(s))ds < (2.127)

dx o
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holds, then the nonnegative continuous solutions of (2.18) are also uniformly
bounded in the interval [, 00) .

Consequences

1. Let us consider the integral inequation (2.20) of Section 2.1. If the
following conditions are satisfied: (2.121) and

/ 1 T(S / O (s) A(s)"" ds < o0 (2.128)

then the nonnegative continuous solutions of (2.20) are uniformly bounded
in [, 00).

2. Finally, if we consider the integral inequation (2.24) of Section 2.1 and
suppose that the following assertions are satisfied (2.121) and

/amds /a C(s)In(A(s) + ds <00 (2.129)

then the nonnegative continuous solutions of (2.24) are also uniformly
bounded in [a, 00) .

The following theorem also holds.

Theorem 112 [f the kernel L of integral inequation (2.2) satisfies the rela-
tion (2.1) on [a,00) and the following conditions

lim A(t) =0, B(t)t* <l < o0, a,k >0, t € [a,0) (2.130)

t—o0
k > L(s, A
M(t,A(t))B(t) < o / wds < 00 (2.131)
hold, then the nonnegative continuous solutions of (2.2) are uniformly bounded

in [a, 00).

Proof. Let z € C ([a,00);R,) be a solution of (2.2). Applying Lemma
74, we have the estimation (2.71).
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If the conditions (2.130), (2.131) are satisfied, we have the estimation

> L(s, As))

7 ds, t € [a,00).

x(t)gA(t)+l/

[0}

Since A is continuous and lim A (¢) = 0, it results that A is bounded in

t—o0

[, 00) and the theorem is proved. m
Let us now suppose that the kernel G of integral inequation (2.6) satisfies
the relation (2.5) in [, 00) and the following conditions (2.130) and

G (s, A(s))

o ds < oo (2.132)

N(t)B(t)g%, t € la,00), /

hold, then the nonnegative continuous solutions of (2.6) are uniformly bounded
in [or, 00) .

If the kernel H of the integral inequation (2.9) verifies the relation (2.8)
in o, 00) and the assertions (2.130) and

*C(s)H(A(5))

sk

MC(t)B(t) < %, t € la,00), / ds < o0 (2.133)

are true, then the nonnegative continuous solutions of (2.9) are uniformly
bounded in [, 00) .
Further, we shall suppose that A (¢t) > 0 for all ¢ € [a,00). In that

assumption, if the kernel D of (2.12) satisfies the relation (2.11) in [«, 00)
and the following conditions: (2.130) and

A(s))

P AW) B(1) < % € [a,00), /oo DA b o (2134

Sk
hold, then the nonnegative solutions of (2.12) are uniformly bounded in
[, 00).

If we assume the kernel I of integral inequation (2.15) verifies the relation
(2.14) in [or, 00) and the assertions (2.130) and

%(t,A(t))B(t)Sé, t € o, 00), /

«

(s, A(s))

7 ds < oo (2.135)

are valid, then the nonnegative continuous solutions on (2.15) are uniformly
bounded in [, 00) .
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In particular, if we suppose that the kernel K of integral inequation (2.18)
satisfies the condition (2.17) in [, 00), and the following conditions: (2.130)
and

EAamBmow <

[TewEGE),

gk

, t € [a,00), (2.136)

~ |

§ < 00

hold, then the nonnegative continuous solutions of (2.18) are also uniformly
bounded in [, ) .

Consequences

1. Let us consider the integral inequation (2.20) of Section 2.1. If the
following conditions are satisfied: (2.130) and

t)C(t) B(t k o
r(t) <1> (1) <2 telao00), / C(s)A(s)" W ds < 0o (2.137)
Ao t o
then the nonnegative continuous solutions of (2.20) are uniformly bounded
in [, 00).

2. Finally, we consider the integral inequation (2.24) of Section 2.1. If the
conditions (2.130) and

Ct)yB(t) k /°° C(s)ln(A(s)+ 1)d8 < oo (2.138)

< —
At)+1 —t’te[a’oo)’ sk

are satisfied, then the nonnegative continuous solutions of (2.24) are
also uniformly bounded in [, 00) .

Now we shall prove the last theorem of this section.

Theorem 113 If the kernel L of integral inequation (2.2) satisfies the rela-
tion (2.1) in [a, 00) and the following conditions:

lim A (1) =0, (2.139)
there exists a function U : [o, 00) — R differentiable on (2.140)
1
(v, 00) such that B (t) < T t € o, 00) and 75lim U (t) = oo,
L(t,A(t o
lim % — <o / M (s, A(s)) B (s)ds < (2.141)
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ex "M s, A(s))B(s)ds
lim p<f“ (U(t() NEE) ) — <0 (2.142)
> L(s,A(s)) .~ 0o
/a exp (ij(u,A(U))B(U)dU)d )
M(t,A(t) B(t) < %, t€la,00), a,k >0 and (2.143)

tk t L(s,A(s))dS
lim f“ st =[l< o0

e U (1)

hold, then the nonnegative continuous solutions of (2.2) are uniformly bounded
in [a, 00).

Proof. Let x € ([a,00) ;R) be a solution of (2.2). Applying Lemma 74,
we have the estimation (2.3). If the conditions (2.139), (2.140) and, either,
(2.141) or (2.142) or (2.143) are satisfied, then we have either the evaluation

z(t) < At) + —f;L (u A (u)

< s due </:° M (s, A(s)) B (s) ds)

or

or
+k ft L(S’A,;(s))ds

) < A(t &8 t .

z(t) <A®)+ 70 , t€ o, 00)
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Since lim A (t) = 0 and

t—o0
t
L(u, d Lt A
o LA LA
N Iy
exp (fa L(s,A(s)) B(s) ds)
im =1 < o0,
o o
and k[t HeA) g
lim a__st =[l<o0

e U (0)

and the functions are continuous on [, 00) , it follows that they are bounded
in [, 00) and the theorem is proved. m

Observation

If we suppose that the kernels G, H, D, I, K of the integral inequations
(2.6), (2.9), (2.12), (2.15), (2.18) satisfy the conditions (2.5), (2.8), (2.11),
(2.14), (2.17) in the interval o, 00), by the above theorem, we can deduce
a large number of corollaries which may be useful in applications. We omit
the details.

2.3 Convergence to Zero Conditions

The main purposes of this section are to give some conditions of convergence
to zero at infinity for the solutions of Gronwall integral inequations defined
in the interval [, 00) with kernels which satisfy the relation (2.1) in that
interval.

Theorem 114 If the kernel L of integral inequation (2.2) satisfies the rela-
tion (2.1) in [a, 00) and the following conditions

tlirgloA (t) =0, tlirgloB (t)=0 (2.144)
/00 L(s,A(s))ds, /OO M (s,A(s)) B(s)ds < o0 (2.145)

hold, then for every € > 0 there exists § (¢) > a such that for any x €
C ([a,00) ;R a solution of (2.2), we have x (t) < e if t > 6 (g), i.e., the
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nonnegative continuous solutions of (2.2) are uniformly convergent to zero at
infinity.

Proof. Let e > 0. If z € C ([ov,00) ; R,) is a solution of (2.2), applying
Lemma 74, we have the estimation (2.71) of Section 2.2. If the conditions
(2.144) and (2.145) are satisfied, then we have

o0

i <Aa0+B0 [ L<S,A<s>>dsexp(/:M<S,A<s>>3<s>ds>

«

for all t € [, 00) and there exists 01 (¢) > «, d (€) > « such that
Alt) <5 if t>61(9)
and
B (t) /:OL(S,A(S))dsexp (/I:OM(S,A(S))B(S)dS) < % if t>d5(e)
from where results
z(t)<e if t>6(e) =max(dy(g),d2(g)).

Hence the theorem is proved. m
Let us now suppose that the kernel G of integral inequation (2.6) satisfies
the relation (2.5) in [, 00) and the following conditions: (2.144) and

/OOG (s, A(s))ds, /OON(S) B (s)ds < o0 (2.146)

hold, then the nonnegative continuous solutions of (2.6) are uniformly con-
vergent to zero at infinity.
If the kernel H of (2.9) verifies the relation (2.8) in [«, 00) and the fol-

lowing assertions: (2.144) and

o0

/OO C(s)H (A(s))ds, / C(s)B(s)ds < o (2.147)

67

are true, then the nonnegative continuous solutions of (2.9) are uniformly
convergent to zero at infinity.
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In what follows, we shall suppose that A (t) > 0 for all t € [a,00). In
that assumption, if the kernel D of integral inequation (2.12) satisfies the
relation (2.11) in [o, 00) and the following conditions: (2.144) and

/DsA ds/ Ps)A(s) B (s)ds < oo (2.148)

hold, then the nonnegative continuous solutions of (2.12) are uniformly con-
vergent to zero at infinity.

If we assume that the kernel I of integral inequation (2.15) verifies the
assertion: (2.144) and

/OOI(S,A(S)) ds, /OO gi (s,A(s)) B(s)ds < o0 (2.149)

o

are valid, then the nonnegative continuous solutions of (2.15) are uniformly
convergent to zero at infinity.

In particular, if the kernel K of (2.18) verifies the relation (2.17) in [, 00)
and the condition: (2.144) and

/OOC(S)K(A(S))ds, /m‘;—fws))B(s)C(s)ds@o (2.150)

hold, then the nonnegative continuous solutions of (2.18) are uniformly con-
vergent to zero at infinity.

Consequences

1. Let us consider the integral inequation (2.20) of Section 2.1. If the
following conditions are satisfied: (2.144) and

[ ewas [HE i;f)%(‘s) ds < o0, (2150

then the nonnegative continuous solutions of (2.20) are uniformly con-
vergent to zero at infinity.

2. Finally, if we consider the integral inequation (2.24) of Section 2.1 and
the following conditions are satisfied: (2.144) and

/OO C'(s)In (A (s) + 1) ds, /OO %ds oo, (2152)

then the nonnegative continuous solutions of (2.24) are uniformly con-
vergent to zero at infinity.
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Now we shall prove another result which is embodied in the following
theorem.

Theorem 115 If the kernel L of integral inequation (2.2) satisfies the rela-
tion (2.1) in [a, 00) and the following conditions

lim A(t) =0, limt*B(t) =0, k> 0; (2.153)

t—o0 t—o00

* L(s,A(s))

M (1, A (1) B (1) < 5

%, ds  (2.154)

t € |a,00), a>0,/

«

hold, then the nonnegative continuous solutions of (2.2) are uniformly con-
vergent to zero at infinity.

Proof. Let ¢ > 0. If z € C ([or,0) ; R;) is a solution of (2.2), applying
Lemma 74, we have the estimation (2.71).
If the conditions (2.153), (2.154) are satisfied, we have the evaluation

*L(s,A(s))

7 ds, t € [a,00)

z(t) < A(t)+ B (1) tk/

«

and there exists d; (¢) > a, 02 (¢) > « such that
€.
At) < §1f t> 01 (¢)
and

sk

B () tk/wmds<gif £ 8y (2)

from where results z () < e if t > max (07 (€),02 (€)) = 0 (¢) and the theorem
is thus proved. m

Remark 116 If we assume that the kernel L of integral inequation (2.2)
satisfies the relations (2.5) or (2.11) or (2.14) in o, 00), we can deduce a
large number of corollaries of the above theorem. We omit the details.

The following theorem also holds.
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Theorem 117 If the kernel L of integral inequation (2.2) satisfies the rela-
tion (2.1) in [a, 00) and the following conditions:

lim A (1) = 0; (2.155)
there exists a function U : [o, 00) — R differentiable on (2.156)
(v, 00) such that B (t) < UL(tY t € [a,00) and tlim U (t) = oo;
im 26AG) / M (s, A(s)) B (s) ds < 0o (2.157)
2T .
or
e (faM s, Al ))B(s)ds)
lim 0 =0, (2.158)
> L(s,A(s))
ds <
/a oxp (M (w, A(w) B(w)du)
or
M(tA(t))B()S% tela,00), a,k>0, (2.159)
tk ft L( uA(u du
li = =
0

hold, then the nonnegative continuous solutions of (2.2) are uniformly con-
vergent to zero at infinity.

Proof. Let ¢ > 0. If 2 € C ([a,00) ; Ry) is a solution of (2.2), applying
Lemma 74, we have the estimation (2.71).
If the conditions (2.155), (2.156) and either (2.157) or (2.158) or (2.159)

are satisfied, then we have

r(t) < A fL d“/MSA )) B (s) ds,
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or

exp (jz_kf(s,/4(s))l3(s)ds>

U (t)
o0 L(s,A(s))ds
. /a exp ([ M (u, A(u)) B (u) du)

2 (t) < A(t) +

or
tk ft L(s, A(S))dS

sk

r() S AW + =g

and there exists 01 (¢) > «a, 3 (¢) > « such that

for all ¢ € o, 00)

A(t)<%if t> 01 ()

and, either,
fL %/‘MSA (Mwﬁﬁt>&“
am@ﬂﬂwMWwaﬂx/w L(s,A(s)) ds e
U (t) o exp ([P M (u,A(u))B(u)du) = 2

or
tk ft L(s, A(S))dS

Ué <§ﬁt>5ﬂ@
from where results z (t) < eif t > 0 (¢) = max (0 (€) , 02 (¢)) and the theorem
is thus proved. m

Let us now suppose that the kernel G of the integral inequation (2.6)
satisfies the relation (2.5) in [a, 00) and the following conditions: (2.155),
(2.156) and, either,

tlgglo G =0, / N (s)B(s)ds < oo (2.160)
e ([ING)B(s)ds) [ (A
t—00 U (t) B o exp ([TN (u) B (u)du
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or

N () B(t) <

~ | T~

, t€la,00), a,k >0, (2.162)

tk t G(u,A(u))du
and lim fo‘ ut =0

t—o00 U’ (t)

hold, then the nonnegative continuous solutions of (2.6) are uniformly con-
vergent to zero at infinity.

If the kernel H of integral inequation (2.9) verifies the assertions: (2.155),
(2.156) and, either,

tlir?o ¢ <t)[ﬁ((;)4 (®) =0, /:O C(s)B(s)ds < o (2.163)
ex "C(s) B (s)ds
lim 0 (f‘” U( (2) ©) ) =0, (2.164)
/°° C(s)H (A(s))ds
o exp (M [2C(u) B (u)du)
MC(t)B(t) < é, t€la,00), a,k >0, (2.165)

k[t COHAG)
and lim Ja st i =0,

e U0

hold, then the nonnegative continuous solutions of (2.9) are uniformly con-
vergent to zero at infinity.

Further, we shall suppose that A (t) > 0 for all ¢ € [a,00). In that
assumption, if the kernel D (-,-) of integral inequation (2.12) satisfies the
relation (2.11) in [a, 00) and the following conditions: (2.155), (2.156) and,
either,

0, /OO P(s, A(s) B(s)ds < o0 (2.166)
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exp ([P (s, A(5) B (5) ds)
lim W0 =0, (2.167)
/°° D (s, A(s))ds -
o exp (f; P(u,A(u)) B (u) du)
P AM) B(1) < % tefa,00), a k>0, (2.168)
o ft D(uA D(uA) 4.
and tll)rgo i (t) =0

hold, then the nonnegative continuous solutions of (2.12) are uniformly con-
vergent to zero at infinity.

Now, if we assume that the kernel I of integral inequation (2.15) satisfies
the relation (2.14) in [a, 00) and the following assertions: (2.155), (2.156)
and, either,

It A1) oI
tlir?o U’—(t) =9, O (

«

s,A(s)) B(s)ds < oo (2.169)

exp (f; 9 (5, A(s)) B (s) ds)
lim 20 —0, (2.170)
/oo (s, A(s))d .
o exp (79 (u, A(u) B (u)du)
%(t,A(t))B(t) < %, t €la,00), a,k >0, (2.171)

tk ft I(uA )du
and lim a =0

N0
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are valid, then the nonnegative continuous solutions of (2.15) are uniformly
convergent to zero at infinity.

In particular, if the kernel K of (2.18) verifies the relation (2.17) in [«, 00)
and the following conditions: (2.155), (2.156) and, either,

lim C(”ﬁé’;‘ W) _y /:O % (A(s)) B(s)C(s)ds < 00 (2.172)
oo ( JEK'(A(s)) B (s) C (s) ds)
tli»rgo 0@ =0 and (2.173)
I C(5) K (A(5)) .
o exp (145 (A(w) B (1) C (u) du)
% (A()B)C () < % a k>0, tefa,00), (2.174)

t C(s)K(A(s) K(A(s
£ e —0

and lim

)

hold, then the nonnegative continuous solutions of (2.18) are uniformly con-
vergent to zero at infinity.



Chapter 3

Applications to Integral
Equations

In this chapter we apply the results established in the second chapter to
obtain estimates for the solutions of Volterra integral equations in Banach
spaces and to get uniform boundedness and uniform convergence to zero at
infinity conditions for the solutions of these equations.

In Sections 3.1 and 3.2 we point out some natural applications of Lemma
74, Lemma 78 and their consequences to obtain estimates for the solutions
of the general Volterra integral equations and Volterra equations with degen-
erate kernels , respectively.

The last sections are devoted to the qualitative study of some aspects
for the solutions of the above equations by using the results established in
Sections 3.1 and 3.2. Results of uniform boundedness, uniform convergence
to zero at infinity, and asymptotic equivalence at infinity, for the continuous
solutions of a large class of equations are given. The discrete case embodied
in the last section is also analysed.

3.1 Solution Estimates

The purpose of this section is to provide some estimates for the solutions of
general Volterra integral equations in Banach spaces.
Let us consider the following integral equation:

z(t)=g(t) +/ V(t,s,x(s))ds, t €la,f), (3.1)

93



94 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

where V' : [a, 5)2 xX — X, g: o, ) — X are continuous and X is a Banach
space over the real or complex number field.

Further, we shall suppose that the integral equation (3.1) has solutions
in C (Jo, 8) ; X) and in that assumption, by using the results established in
Section 2.1 of Chapter 2, we can give the following lemma.

Lemma 118 If the kernel V' of integral equation (3.1) satisfies the relation:

[V (&, s,2)[| < B(t)L(s,[lz[]); t.s € [, 8), 2 € X and L (3.2)
verifies the condition (2.1) of Section 2.1 of

Chapter 2, and B is nonnegative continuous in [, 3);

then for every x € C ([a, 5); X) a solution of (3.1) we have the estimate

t

Iz @)1 < llg (@) +B(t)/ L (u, [lg (w)]))

o (/ M (s, g () B (5 ) du (33

forallt € o, B).

Proof. Let z : [o,3) — X be a continuous solution of (3.1). Then we
have

lz (I < {lg (@)l +/ IV (t,s,2)llds, t € o, B).

Since the condition (3.2) is satisfied, we obtain

t

Iz @)1 < llg @] +B(t)/ L(s, |z (s)l)) ds, t € [, B) .

«

Applying Lemma 74, the estimation (3.3) holds and the lemma is thus proved.
]

Now we can give the following two corollaries which are obvious by the
above lemma.

Corollary 119 If the kernel V' of integral equation (3.1) satisfies the rela-
tion:
IVt s,2) < BOG (s lal)s s clanf), e X, & (3.4)
verifies the condition (2.5) and B is nonnegative

continuous in [a, () ;
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then for every continuous solution of (3.1) we have the bound:

t

[z @)1 < llg @] +B(t)/ G (u, [lg (D)

(%

X exp (/jN(s) B (s) ds) du, (3.5)
for allt € o, B) .

Corollary 120 If the kernel V' of integral equation (3.1) satisfies the relation
IV (65,0l < B()C(s) H (Jall)s tos € [0, 8), s€X, H  (36)

verifies the condition (2.8) and B,C are nonnegative

continuous in [a, 3);

then for every x € C ([a, 5); X) a solution of (3.1) we have
lz @)1 < llg (@] +B(7f)/ C (u) H ([lg (uw)]])

X exp (M / O B (s) ds) du (3.7)
for all't € o, 3).

In what follows, we suppose that ||g (¢)|| > 0 for all ¢ € [a, 3). In that
assumption, we can state the following corollaries.

Corollary 121 If the kernel V' of integral equation (3.1) satisfies the rela-
tion:

IV (6 s.a) <BOD (s lel)s tselaf), c€X, D (38)
verifies the condition (2.11) and B is nonnegative

continuous in [, 3);

then for every x € C ([a, 5); X) a solution of (3.1) we have
lz (O < llg @] +B(t)/ D (u, g (w))
X exp (/ Ps,llg(s)]) B (s) ds> du (3.9)

forallt € o, B) .



96 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

Corollary 122 If we assume that the kernel V' of integral equation (3.1)
satisfies the relation

IV (t,s,2)[| < B(t) 1 (s,]lzl]); t,s € o, B), € X, 1 (3.10)
verifies the condition (2.14) and B is nonnegative

continuous in [a, 3);

then for every continuous solution of (3.1) we have the bound

t

lz (O < [lg @) +B(t)/ I (u,||g (u)]])
X exp (/ % (s, llg (5)I]) B (5) ds) du (3.11)
for allt € o, ).

Also,

Corollary 123 Let us suppose that the kernel V' satisfies the relation

|V (t,s,2)|| < B(t)C(s)K (J|z]]); t,s € [a, ), x € X, K (3.12)
verifies the condition (2.14) and B,C' are nonnegative

continuous in [, 3) ;

then for every x € C ([o, 8); X) a solution of (3.1), we have the inequality

t

lz (@I < llg @] + B (t)/ C (u) K ([lg (w)])
X exp (/ Z—I; (g ()11) B (s) € (s) dS) du (3.13)
for allt € o, ) .

By Corollaries 122 and 123 we can deduce the following consequences.

Consequences
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1. If we suppose that the kernel V' of integral equation (3.1) satisfies the
relation

IV (t,s,2)| <B@E)C(s) ||z t,s € [a,8), z€ X,  (3.14)
B, C,r are nonnegative continuous in [«, 3) and
0<r(t)<lforalltéea,pf);

then for every z € C ([a, #) ; X) a solution of (3.1) we have the estima-
tion

t

o @ < g @) + B 0) [ €@ g )™

«

“r(s)B(s)C(s)ds
X exp </u | ) du (3.15)

g ()]

for all ¢ € [, 3) .
2. If we assume that the kernel V' satisfies the relation

\V(t,s,z)]| <B({)C(s)ln(||z||+1); t,s €[a,5), z€X, (3.16)

and B, C are nonnegative continuous in |«, () ;

then for every x : [, f) — X a continuous solution of (3.1) we have
the estimation:

t

Iz (@& < llg (@] +B(t)/ C (u) In (lg ()] +1

o ([[COZOEY 17

for all t € [, 5).

Further, we shall give another lemma concerning the estimation of the
solution of equation (3.1) assuming that the kernel (3.1) satisfies the following
Lipschitz type condition.
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Lemma 124 Let us suppose that the kernel V' satisfies the relation

[Vt s,2) =V (t,s,y)l < B)L(s,[lz—yl); (3.18)
t,s € |a,B), x,y € X, L verifies the condition (2.1)
and B is nonnegative continuous in [a, [3);

then for every continuous solution of (3.1) we have the estimate:

|2 () — g (1)l
gk(t)+B(t)/ L (u, & (1)) exp (/ M (s,k (s)) B (s) ds> du, (3.19)
where k (t f |V (t,s,9(s))|ds and t € [a,3).

Proof. Let z € C ([, §) ; X) be a solution of (3.1). Then we have

I (t) = g (@)
/ |V (t,s,2(s))|| ds

s/ ||v<t,s,g<s>>||ds+B<t>/ L(s, | (s) — g (s)]) ds

=k(t)+ B(t)/ L (s, |lz(s) =g (s)l) ds

«

for all t € [a, 7).

Applying Lemma 74, the inequality (3.19) holds and the lemma is thus
proved. m

The following corollaries may be useful in applications.

Corollary 125 [f the kernel V' satisfies the relation

IV (£, s,2) =V (E,s,9)| < B()G (s, [lz —yll); (3.20)
t,s €la,B), x,y € X, G verifies the
condition (2.5) of Section 2.1 of Chapter 2

and B is nonnegative continuous in [, [3);
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then for every continuous solution of (3.1) we have

[z () —g (O < k() +B(t)/ G (u, k (u))
% exp ( / N (s) B (s) ds> du, (3.21)

forallt € o, 3).
Corollary 126 If the kernel V' satisfies the relation

IV (t,s,2) =V (t syl <B@E)C(s)H([lz —yl); (3:22)
t,s €|, B), x,y € X, H verifies the condition (2.8)

and B, C" are nonnegative continuous in |o, ) ;

then for every x € C ([o, 8); X) a solution of (3.1) we have the bound

|z (t) — g (D)
<k(t)+B (t)/

«

t

C (u) H (k (u)) exp (M / tC(s)B(s) ds> du, (3.23)

forallt € o, ).

Further, we shall assume that ||g (¢)|| > 0 for all ¢ € [«, 3) .
With that assumption, the following three corollaries hold.

Corollary 127 If we assume that the kernel V' satisfies the relation

1V (&, s,2) =V (t,s,9)|| < B () D (s, ||z —yll); (3.24)
t,s € |a,B), x,y € X, and D wverifies the condition (2.11)

and B is nonnegative continuous in |, 3);

then for every continuous solution of (3.1) we have

|z (¢) — g (@)
<k(t)+B (t)/

«

t

D (u, k (u)) exp (/utp (s,k (s)) B (s) ds> du, (3.25)

for allt € [, B) .
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Corollary 128 Let us suppose that the kernel V' satisfies the relation:

[V (¢t s,2) =Vt syl <BOI(s,z—yl); (3.26)
t,s €|, B), z,y € X, and I verifies the condition (2.14)

and B is nonnegative continuous in |o, 3);

Then, for every continuous solution of (3.1) we have the estimation
[z () — g ()]
<k(t)+ B(t) /

[e%

g (u, k (u)) exp (/t % (5,k (s)) B (s) ds) du, (3.27)

for allt € o, ) .
Moreover,
Corollary 129 If the kernel V' of integral equation (3.1) satisfies the relation

[Vt s,2) =V (t,s,y)l < B()C(s) K ([|z —yl]); (3.28)
t,s €|, B), z,y € X, K verifies the relation (2.17)

and B,C are nonnegative continuous in [a, (3);

then for every continuous solution of (3.1) we have:

IW@—Q@HSMﬂ+B@/QNWK%WD
X exp (/ % (k(s)) B(s)C (s) ds) du, (3.29)

for allt € o, ) .
By Corollaries 128 and 129 we can deduce the following consequences.
Consequences

1. Let us suppose that the kernel V' satisfies the relation

IV (t5.2) =V (t.5,9)| < B(#)C(s) o =y (3.30)
t,s € |a,B), z,y € X, B,C,r are nonnegative
continuous in [a,3) and 0 < r(t) <1 for all t € o, §);
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then for every z : o, f) — X a continuous solution of (3.1) we have

t

o) = g O < k(0 + B @) [ Ch@™

«

"1(s) B(s) C(s)
X exp (/u ) ds) du, (3.31)

for all t € [«, B).

2. Finally, if the kernel V' satisfies the relation

[V (t,s,2) =V (t,s, )| < B@)C(s)In(flz —yll +1); (3.32)
t,s€la,B), r,ye X, B,C e C(lo,B);Ry);

then for every x € C ([a, #) ; X) a solution of (3.1) we have

t

[l (t) — g ()]l Sk(t)+B(t)/ C (u)In (k (u) +1)

«

X exp (/ut %@) du, (3.33)

for all t € [«, B).

3.2 The Case of Degenerate Kernels

Further, we consider the Volterra integral equations with degenerate kernel

given by:
t

x(t)=g9g(t)+ B (t)/ Ul(s,z(s))ds, t €la,p), (3.34)

«

where g : [o,8) — X, B: [o,8) — X, U : [, 3) x X — X are continuous
and X is a Banach space over the real or complex number field.

In what follows, we assume that the integral equation (3.34) has solutions
in C ([a, B); X) and in that assumption we give two estimation lemmas for
the solution of the above integral equation.

1. The first result is embodied in the following lemma.
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Lemma 130 If the kernel U of integral equation (3.34) satisfies the relation

|U o)l < Lt [|ll]), ¢ € [, 5) and (3.35)
L verifies the conditon (2.1);

then for every continuous solution of (3.34), we have

= ()~ g (@)
<150l [ L oo ([ 1801 ls@ldn)as, (330

forallt € o, B).

Proof. Let z € C ([, 5) ; X) be a solution of (3.34). Putting

t

vilad) = Xy(0)i= [ Uls.a(s))ds

«

we have y (o) = 0 and
y@)=U(t,gt)+B(t)y(t)),t € [a,f).
Hence

ly O =1U(t,gt)+B@Oy@) <Lt lg)+B@)y @)
< Lt [lg @Ol + B @] [ly ()
<L Ng@)+ B @M g @)y @
for all t € [o, ).

By integration and since

!MWS/M@M&

we obtain by simple computation that

ly @) S/ L(S,HQ(S)H)dSJr/ 1B ()| M (s, [lg (s)I]) ly ()]l ds. (3.37)
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Applying Corollary 2 of the Introduction, we obtain

@Ol < L, g ()])
< exp ( [ 1B@i Hg(u)H)du> ds, 1 € [, B)

from where results (3.36) and the lemma is thus proved. m
The following two corollaries are obvious by the above lemma.

Corollary 131 If we assume that the kernel U satisfies

|U (¢ 2)| <G (@]l t €l f), (3.38)
x € X and G wverifies the relation (2.5);

then for every v € C (o, ) ; X) a solution of (3.34) we have the estimate

o) =90 <180 [ GGl ts
X exp </ |B (u)| N (u) du) ds, (3.39)
for allt € o, B) .

Corollary 132 Let us suppose that the kernel U satisfies the relation

U 2)| <C @) H(l|l2l]), t €la, 5), (3.40)
x € X and H verifies the relation (2.8);

then for every x : [a, ) — X a continuous solution of (3.34) we have

o (1) -
<1B( |/c (s @e (3 [ 1861 Cwan)ds. a1
forallt € o, B) .

Further, we shall suppose that ||g (¢)|| > 0 for all ¢t € [«, 3). With this
assumption we can deduce the following three corollaries which can be useful
in applications.
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Corollary 133 If the kernel U satisfies the relation

IU @) <D [lel), t € e, B), (3.42)
x € X and D verifies the relation (2.11);

then for every x € C ([o, 8); X) a solution of (3.34), we have the estimate
|l () = g (@)
<|B (t)|/ D (s, llg (s)I]) exp (/ | B (u)| P (u, ||9(U)||)dU) ds, (3.43)

forallt € o, B).
Corollary 134 Let us suppose the kernel U satisfies the relation

JU (&, 2)|| < It [lz]]), t € e, 5), (3.44)
x € X and I verifies the condition (2.14);

then for every x : [a, ) — X a continuous solution of U, we have

2 () =

<B|/ wgnmﬁ/w g )] du) s, (3.8

forallt € [a, B).

Finally, we have
Corollary 135 If we assume that the kernel U satisfies the relation:

U@ 2)|| <) K(l]), t €, 0), veX (3.46)
and K wverifies the relation (2.17);

then for every x € C ([, ) ; X) a solution of (3.34) we have the estimate

0 =90 < B0 [ COK (a6
xmﬁfwwww%wmmmﬁa@m
forallt € o, B) .
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Consequences
1. If the kernel U of integral equation (3.34) satisfies the assumption:

U (¢, )| <C @) ||z||", te [a,3), x € X and r,C (3.48)

are nonnegative continuous in |a, 3) and 0 < r (t) <1

then for every = € C (o, §) ; X) a solution of (3.34) we have
0 =901 < B0 [ C6)lg )"
X exp (/ r(w) O (u )‘Bj >’du> ds, (3.49)

in the interval [«, ().

2. Finally, if we assume that the kernel U verifies the condition

WUt 2) <C@l(|z)+1), tefa,f), z€X (3.50)

and C'is nonnegative continuous in [«, ().

then for every z € C' ([a, £) ; X) a solution of (3.34) we have the esti-
mate

e (®) — g ()] < |B (¢ \/ 9l (lg ()] + 1)

X exp (/ %du) ds, (3.51)

for all ¢ € [a, ).

2. Now we shall present the second lemma of this section.
Lemma 136 If the kernel U of integral equation (3.34) satisfies the relation

Utz +y) = U2 < SE [l [yl ¢ €l 5), (3.52)
x,y € X where S is nonnegative continuous in [a, ) x Ry,
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then for every x € C ([o, B); X) a solution of (3.34) we have the following
estimate:

=)~ g (@)
< [1BONU Gl ([ selswlzwla) . 65

for allt € o, ) .

Proof. Let z € C ([, 5) ; X) be a solution of (3.34). Putting

Y (t) = / U (s, (s)) ds,
we have y (o) = 0 and

y () =U(tg(t)+B(t)y()).

Since

ly N = [U (¢, g #)+ B () y (1))
< [T g@)l+S&lg @B @]y @]

for all t € [«, 3), from where results

t

Iyl < [ 10 G g@lds+ [5G la @B Gl ds

Applying Corollary 2 of the Introduction, we obtain

o< [ 10 Gaenlless ([ ula @l 15 ] ) ds

for all t € o, B) from where results the estimation (3.53) and the theorem is
proved. m

Corollary 137 If the kernel U of (3.34) satisfies the relation:

Utz +y) Ut z)| <CE Ryl t €l ), (3.54)
r,ye X and C: o, f) = Ry, R: Ry — Ry

are continuous,
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then for every xz € C (o, 5); X) a solution of (3.34) we have

2 () —
<|B(t !/ 1U (5,9 (s))|l exp (/ C (u) R (llg ( )||)|B(U)|dU> ds, (3.55)

for allt € o, B) .

Corollary 138 If the kernel U of (3.34) satisfies the relation:

Utz +y) = U2 <T @)yl t € le,5), (3.56)
x,y € X and T 1s a nonnegative continuous function
in |, 0),

then for every x € C ([a, 5); X) a solution of (3.84) we have the estimate
[l (t) — g ()]l
< |B(t)|/ 1U (5,9 (s))ll exp (/ T (u) |B(U)|du) ds, (3.57)

for allt € [, B) .

3.3 Boundedness Conditions

In this section we point out some boundedness conditions for the solutions
of the following Volterra integral equation:

x(t)=g(t)+ /t V(t,s,x(s))ds, t €[a,f), (3.58)

where V : [0, 3)° x X — X, g : [a, 8) — X are continuous in [, 3) and X
is a Banach space.

We suppose that the integral equation (3.58) has solutions in C' (|o, ) ; X)
and in that assumption, by using Lemma 118, and the results established in
Section 2.2 of Chapter 2, we can state the following theorems.
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Theorem 139 If the kernel V' of integral equation (3.58) satisfies the rela-
tion (3.2) and the following conditions:

Hg )H < Mla B( ) < M27 te [Oé OO) (359)
/ M (s, g (s)|]) ds, / L(s,M;)ds < o0, (3.60)

hold, then there exists a constant M > 0 such that for every solution x €
C([a, B); X) of (3.58) we have ||z (t)|| < M in [a, 3). That is, the continuous
solutions of (3.58) are uniformly bounded in |a, 3) .

The proof follows by Lemma 118 and by Theorem 108. We omit the
details.
Now, using Theorem 109, we can mention another result.

Theorem 140 Let us suppose that the kernel V' of (3.58) verifies the relation
(3.2) and the following conditions

lg (£)]] < My, lim B(t)=0, M; >0, t€[a,o0) (3.61)
/ (s, M) d /'Msw JI) B (s) ds < 00, or (3.62)
M(t[lg@®))) B @) < ? B(t)t" <1< oo, (3.63)

> L(s, M
/ Mds<oo, k,a>0,t € [a,o0)

e
hold, then the continuous solutions of (3.58) are uniformly bounded in [, 3) .
Another result is embodied in the following theorem.

Theorem 141 If we assume that the kernel V verifies the relation (3.2) and
the following conditions

lg ()] < My, t € [, 00) (3.64)

there exists a function U : [o, 00) — R differentiable (3.65)
1

in (a,00) such that B (t) < 0 and }HEOU () = o0;

L (t, My)
lim &U m/1MsM W) B(s)ds < oo, (3.66)
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ex 1tM S s)) B (s)ds
exp (LM (g ()ID B o) ):KOO, .
s U (1)
o0 L (s, M) - o
/a oxp (7 M (g () ) B () du) = =
M |lg@®)) B @) < é koo >0, t€ [o,o0) (3.68)
. kfoo L(sM1 B
and tlirglo U(t) =[] < o0

are true, then the continuous solutions of (3.58) are uniformly bounded in
e, B).

The proof follows by Lemma 118 and by Theorem 110 of Chapter 2. By
using Theorem 111, we may deduce the following result as well.

Theorem 142 Let us assume that the kernel V' verifies the relation (3.2)
and the conditions

tlim llg ()| =0, B(t) < M, t € [, 00) (3.69)

[ tle@hds, [ Mslg@hds <o @00

are valid. Then the continuous solutions of (3.58) are uniformly bounded in
[, 8).
Another result is embodied in the following theorem.

Theorem 143 If we assume that the kernel V' satisfies the same relation
(3.2) and the conditions

lim [lg (1) =0, B (1) th <l<oo, k>0, t¢€[a,o00) (3.71)

* L(s, llg (s)ID

- ds < oo, (3.72)
s

Ml () B (1) < 5. telavoo), [

«

hold, then the continuous solutions of (3.58) are uniformly bounded in [, 3) .
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The proof follows by Lemma 118 and by Theorem 112.
Finally, we have

Theorem 144 If the kernel V' satisfies the relation (3.2) and the conditions

lim [g ()] =0, (3.73)
there exists a function U : [o,00) — R differentiable (3.74)
1

in [, 00) such that B (t) < and lim U (t) = oo;

U (t) t—00

exp (1M (s, g (5)])) B (s) ds)

[ Ll g () ds < oo,
o exp ([7 M (u[lg (w)]) B (u) du)
or
k
M (tNlg D) B (#) < 5, kya >0, ¢ € a,0) (3.76)
gk [ LoD g
and lim —< = =1l<o0

hold, then the solutions of (3.58) are uniformly bounded in [, [3) .

The proof is evident by Theorem 113.

3.4 Convergence to Zero Conditions

In what follows, we give some convergence to zero at infinity conditions for
solutions of Volterra integral equations with kernels satisfying the relation
(3.2) of Section 3.1.

Further, we suppose that the integral equation (3.58) of Section 1 has
solutions in C ([, #); X) and in this assumption, by using Lemma 118 and
the results established in Section 2.3 of Chapter 2, we may state the following
theorems.
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Theorem 145 If the kernel V' of integral equation (3.58) verifies the relation
(3.2) and the following conditions:

lim [lg ()] = 0, Jim B (£) = 0 (3.77)
[ telaehds [T lg@hE@ds<x G

hold, then for every e > 0 there exists a 0 (¢) > « such that for every x €
C([a, 8);X) a solution of (3.58) we have ||z (t)|| < e if t > d(e) i.e. the
continuous solutions of (3.58) are uniformly convergent to zero at infinity.

The proof follows by Lemma 118 and by Theorem 114.
Now, by using Theorem 115 of the previous chapter, we can point out
another result which is embodied in the following theorem.

Theorem 146 Let us suppose that the kernel V' of integral equation (3.58)
satisfies the relation (3.2) and the following conditions:

lim g (8)]] =0, lim t*B(t)=0, k>0, (3.79)
k
Mt lg @) B () < 7, t € [a,00), a>0, (3.80)

[ LeloO,,

hold, then the solutions of (3.58) are uniformly convergent to zero at infinity.
Finally, we have:

Theorem 147 If we assume that the kernel V' satisfies the conditions

T lg ()] = 0. (3.81)
there exists a function U : [o, 00) — R differentiable (3.82)
1
in (o, 00) such that B (t) < U t>a and tlirgU( ) = o0
t
lim 9D Lt g 0l ”9 / M (s, g (5)]]) B (s) ds < oo, (3.83)
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ex ‘M s, s)||) B (s)ds
}E)puy<ggm><>)20am s
& L (s, llg (s)) e
/a oxp (7 M (u,llg () ) B () d) <
M, |lg@®]) B @) < % k,a >0, t€ [a,o00) (3.85)

k[t Lllg@l) g,
and lim fo‘ uk =

e U

then the continuous solutions of (3.58) are uniformly convergent to zero at
infinity.

The proof follows by Theorem 117.

3.5 Boundedness Conditions for the Differ-
ence r — ¢

In what follows, we consider the integral equation
t
s =90+ [ Vs () ds 1€fa9), v)

where g : [o,0) — X, V : [a,6)2 x X — X are continuous, X is a real
or complex Banach space. Using Lemma 124, we point out some suffi-
cient conditions of boundedness for the difference z — g in the normed linear
space (BC ([o, B); X)), ||"|l..) where BC ([r, B) ; X) is the linear space of all

bounded continuous functions defined in [o, §) and || f||, = sup [|f (¥)]|-
telo,B)
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Theorem 148 If the kernel V' of integral equation (V) satisfies the relation
(3.18) and the following conditions

/OO |V (t,s,9 ()] ds < My, B(t) < My, t €, ), (3.86)

/:OM (S/a IV (£, u, g (u)]] du) ds, /:OL(S,Ml)dS <oo  (3.87)

hold, then there exists a M > 0 such that for every z € C([a, §);X) a
solution of (V) we have x — g € BC (|, 8); X) and in addition ||z — gl| , <
M.

Proof. Let x € C ([a, B) ; X) be a solution of (V). By using Lemma 124,
we obtain the estimate

|2 () — g (D)l
<k(t)+B (t)/

«

t

L (u, s (u)) exp (/ M (s,k (5)) B (s) ds) du,
where .
b0 = [ 1V (Esg ()l ds. 1€ o).

The proof of the theorem follows by an argument similar to that in the proof
of Theorem 108. We omit the details. m

Theorem 149 Let us assume that the kernel V' of integral equation (V)
verifies the relation (3.18) and the following conditions:

t
/ |V (t,s,9(s))] ds < My, tlim B(t)=0, M; >0, t€[a,00), (3.88)

/:OL(S’Ml)dS’ /:OM (5’/: ||V(57U>9(U))||dU) B(s)ds < oo (3.89)

or
t
k
M(t, / \|V<t,s,g<s>>||ds)B<t>s;, Bt <1, ak>0,  (390)
< L(s,M
t € [a,00), and/ (STl)ds<oo
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hold, then there exists an M > 0 such that for every x € C(le,8);X) a
solution of (V), we have x —g € BC ([, 8) ; X) and in addition ||z — gl| , <
M.

The proof follows by Theorem 109 of Chapter 2.
Now, using Theorem 110, we can deduce the following result.

Theorem 150 If we suppose that the kernel V' satisfies (3.18) and the fol-
lowing conditions:

t
/ IV (t5,9(s))|| ds < My, ¢ € [a, 00) (3.91)
there exists a function U : [o,00) — R differentiable (3.92)
1
in (a,00) such that B (t) < T and tligloU () = oo
. L(t,My)

/:OM (S/a 1V (s, u, 9 () du) B (s)ds < 0o

e (M (s IV (s ()] de) B () d5)

Jlim D =l<o0 (3.94)

and

/OO L(s,Ml)ds
o exp ([TM (u, [M||V (u,z,9(2))| dz) B (u) du)

< 00

k
T k>0, 1€ [a,00); (3.95)

v (b [ @) 20 <

e [t Lis. M) g

and lim M
L)

hold, then there exists an M > 0 such that for every x € C (|o,3); X) a

solution of (V), we have x — g € BC ([, 8); X) and in addition ||z — g <
M.

=<
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Another result is embodied in the following theorem.

Theorem 151 Let us suppose that the kernel V' satisfies (3.18) and the fol-
lowing conditions:

t
tlim/ IV (t5,9 ()| ds = 0, B(t) < M, t€|a,00); (3.96)

/:O M (S’ / IV (s, 9 ) du) ds, .
/:OL (3/ IV (5,4, g ()] du) ds < oo

are valid. Then there exists an M > 0 such that for every z € C ([, B); X) a
solution of (V), we have x — g € BC ([, 8) ; X) and in addition ||z — g[| , <
M.

The proof follows by using a similar argument to that of Theorem 111 of
the first chapter and we omit the details.
Now, by using Theorem 112, we can give another result.

Theorem 152 If the kernel V' satisfies the relation (3.18) and the following
assertions:

t
tlim/ IV (t5,9(s)|ds =0, BT <l<o0, ak>0 and (3.98)

k
n t € la,00) and (3.99)

M (6 [ WV sl as) B0 <

ds < o0

/oo L (s, [2V (s,u,g (w))]| du)

sk

are true, then there exists an M > 0 such that for every x € C ([a, 8); X) a
solution of (V), we have x — g € BC ([, §); X) and ||z — g, < M.

Finally, we have
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Theorem 153 If we assume that the kernel V' satisfies the assumption (3.18)
and the conditions

hm/ IV (t,5, 9 (s)|| ds = 0: (3.100)
there exists a function U : [o, 00) — R differentiable (3.101)
in (a,00) such that B (t) < T t>a and tlirgoU () = o0;
O L(E LIV s g@)lds) .
Jim a0 =l< (3.102)

and /:OM (s/a 1V (5,4, g (w)]| du) ds < 0o

e (M (s, f IV (5,09 ()| du) B (s) ds)
tliglo Ut =< (3.103)
L (s, 21V (s,u,g ()] du)

/a exp ([, M (u, [, |V (. 7,9 (7))l dr) B (u) du)

or

and ds < 00

(/I\Vtsg Hds) (t) < %té[a,oo),a,k:>0 (3.104)

[ L{sJaIV(sg()ldu) 5

. k
and lim 5

=1
Jim 70 <00

hold, then there exists an M > 0 such that for every x € C([a,8);X) a
solution of (V), we have x — g € BC ([, 5); X) and ||z — g||, < M

The proof is obvious by Theorem 113.

Remark 154 If we assume that the kernel V' satisfies the relations (3.20),
(3.22), (3.24), (3.26) and (3.28) or the particular conditions (3.30), (3.32)
of Section 3.1, we can obtain a large number of corollaries and consequences
for the above theorems. We omit the details.
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3.6 Asymptotic Equivalence Conditions

We assume that the integral equation (V) has solutions in C' (o, 8) ; X) and
in this assumption, by using Lemma 124, we give some theorems of asymp-
totic equivalence as follows.

Theorem 155 Let us suppose that the kernel V' satisfies the relation (3.18)
and the following conditions:

t

tlim |V (t,s,9(s))]ds=0, tlim B (t) =0, (3.105)

/:OL <s/a 1V (s, u, g (u)]| du) ds, (3.106)

/:OM (3/a IV (5,0, g (W)l du) B (s)ds < 0

hold. Then for every ¢ > 0, there exists a § (€) > « such that for every x €
C ([, B); X) a solution of (V), we have ||z (t) — g (t)|| < € for all t > §(e),
i.e. the continuous solutions of (V) are uniformly asymptotically equivalent
with g.

Proof. Let x € C ([a, 8) ; X) be a solution of (V). Applying Lemma 124,
we obtain the bound

[l () — g ()]
<k(t)+ B(t)/

«

t

L (u & (1)) exp (/t M (s, k (5)) B (s) ds) du,

where
E(t) = / IV (£, 5.9 ()| ds. t € [, 5)

The proof of this theorem follows by an argument similar to that in the proof
of Theorem 114. We omit the details. =

Now, using Lemma 124 and Theorem 115, we can state the following
results.
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Theorem 156 If the kernel V' satisfies the relation (3.18) and the following
conditions:

t
lim / IV (t.5,9 ()]l ds = 0, lim t* B (t) =0, (3.107)

M (t,/a ||V(t,s,g(s))||d3> B(t) < %, t€fa,0), a>0 and (3.108)

ds < 0o

/°° L(s, [2IV (s,u, g (uw)] du)

k
s
hold, then the continuous solutions of (V) are uniformly asymptotically equiv-
alent with g.

Finally, we have

Theorem 157 Let us suppose that the kernel V' of integral equation (V)
verifies the relation (3.18) and the following conditions:

¢
1tlim / |V (t,s,9(s))] ds =0, (3.109)
there exists a function U : [o, 00) — R differentiable (3.110)

in (o, 00) such that B (t) < t € [a,00) and lim U (t) = oo;

N
U (t) ’ t—o00

I Lt oIV ;,é;g@))n as) ) -

and /:OM (s/a HV(s,u,g(u))Hdu) B (s)ds < o0

or

e (S0 (s, [ 1V (5,1, ()] dus) BB (5) ds)

lim T —0 (3.112)

S L(s, [2NV (s,u,g (w))]| du)
and /a exp( ds < 00

T (. [EIV (w79 (7)) dr) B () du)
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k
t

M(t,/a ||V(t,s,g(s))||ds)B(t)§ telaoo), k>0 (3.113)

[t L{w IV (wrgldr) o
and lim = u” =0

o U )
hold, then the continuous solutions of (V) are uniformly asymptotically equiv-
alent with g.

The proof follows by Lemma 124 and Theorem 117.

Remark 158 If we assume that the kernel V' of integral equation (V) sat-
isfies the relations (3.20), (3.22), (3.24), (3.26) and (3.28) or the particular
conditions (3.30), (3.32) of Section 3.1. we can obtain a large number of
corollaries and consequences for the above theorems. We omit the details.

3.7 The Case of Degenerate Kernels

In what follows, we consider the Volterra integral equation with degenerate
kernel given by:
¢

x(t):g(t)—l—B(t)/ U (s, (s)) ds, t € [a,00), (3.114)

«

where g : [o,5) — X, U : [o, ) x X — X, B : |o,5) — K are continuous
and X is a Banach space over the real or complex number field.

We assume that the equation (3.114) has solutions in C ([, 5); X) and
by using Lemma 130, we point out some sufficient conditions of boundedness
for the difference x — ¢ in the normed linear space (BC ([, 5); X)), ||-]lo)-

Theorem 159 If the kernel U satisfies the relation (3.35) of Section 3.2,
and the following conditions:

|B(t)] < My, t € o, 00), My >0; (3.115)
/ L (s, |lg (s)]) ds. / M(s,lg(s))ds <00 (3.116)

hold, then there exists an M > 0 such that for every x € C([a,8);X) a
solution of (V) we have x — g € BC ([, §); X) and ||z — g, < M.
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Proof. Let x € C ([a, B); X) be a solution of (3.114). Applying Lemma
130, we have the estimate

mwwwmww/ummm
X exp (Ml/ 1B (u)| M (u, ||g(u)\|)du> ds, (3.117)

for all t € [, 3) .
If the conditions (3.115) and (3.116) are satisfied, then we have

e () — g (0]
SM/L@MMWM%M/M@MMM%

for all t € [«, 3), and the theorem is proved. =

Theorem 160 If the kernel U satisfies the relation (3.35) and the conditions
|B(t)|t" <1, k,a>0, t €[a,00); (3.118)

k *“ L(s,|g(s
M Nlg @) B (@0)] < e / Lis llg (5)I) lLk< )“)ds < 0 (3.119)
hold, then there exists an M > 0 such that for every v € C ([, §) ; X) a
solution of (3.114) we have x — g € BC ([o, 8); X) and ||z — g, < M.

Proof. Let x € C ([a, B); X) be a solution of (3.114). Applying Lemma
130, we have the inequality (3.117).
If the conditions (3.118), (3.119) are satisfied, we obtain

" Leds 6, 4 o

o) -g@l <t [
and the theorem is proved. m
We now prove another theorem which gives some sufficient conditions of
boundedness for the difference z — g in BC ([a, 5) ; X).
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Theorem 161 Let us suppose that the kernel U of integral equation (3.114)
verifies the relation (3.35) and the following conditions:

there exists a function T : [, 00) — R differentiable (3.120)
: 1 :
in (o, 00) such that |B(t)] < TM tlggoT@) = 00;
L o0
limM:l<oo, / M (s,|lg (s)|]) B(s)ds < o0 (3.121)
LTI .
or
exp (M (s g (9B ()] ds)
lim =1 < o0, (3.122)
/°° L (s, llg (s)I)) B(t) ds
o exp (fy M (u,llg (@)])|B (u)] du)
or
k
Mt lg@N)B(@) < 7, t€lao0) (3.123)
[t LisllaG) 4
and lim Jo = S:l<oo

t—o0 T (t)

hold, then there exists an M > 0 such that for every x € C ([, ) 1 X) a
solution of (3.114) we have x — g € BC ([o, 3); X) and ||z — g, < M.

Proof. Let z € C ([, 8) ; X) be a solution of (3.114). Applying Lemma
130, we have the inequality (3.117).

If the conditions (3.120), and either (3.121) or (3.122) or (3.123) are
satisfied, then we have either

o) =g ) < EELIIE o ([ at s g 1) 12 0 s

[ (¢) = g (1)

_ o (Ja M (s lg (91D 1 )] ds) /oo L (s,llg (s)1)
< H0) o oxp ([T M (u, g (w)[)|B (w)] du)
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or
tk ft L(S’Hi(s)”)ds
o < 8] S X
|z (t) —g @) < 00 for all t € [a, 00)
Since ,
L (s, d L
i LG Lo O Ll @) _,
BT S
t
exp ([ M (s, llg () 1B (5)] ds)
lim =1 < o0,
[t Lslg@l) g
lim Jo = - [ < o0

and the functions are continuous in [, 3) , it follows that these functions are
bounded in [, 3) and the theorem is thus proved. m
Now, by using Lemma 136, we can give the following three theorems.

Theorem 162 Let us suppose that the kernel U of integral equation (3.114)
satisfies the relation (3.52) and the following conditions:

B ()] < My, t € [a,00) (3.124)
[ el [Cswls@hdi<o  (3125)

o

hold, then there exists an M > 0 such that for every z € C(jo, 3):X) a

solution of (3.114) we have x — g € BC ([, B) ; X) and ||z — g||, < M.

Proof. Let x € C (o, 5); X) be a solution of (3.34). Applying Lemma
136, we have the estimate

= ()~ 9 @)
<150 [ 10 Gl ([ slsEw]a)ds @120

for all t € [, 7).
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If the conditions (3.124) and (3.125) are satisfied, then we have

o0

o0 = 9Ol < My [ 10 g lexw (1[5 (g ) du ) ds

«

for all t € [, 3), and the theorem is thus proved. =
The following theorem also holds.

Theorem 163 If the kernel U satisfies the relation (3.52) and the following
conditions:

|B(t)[t* <1, k>0, t€a,o00); (3.127)

St llg () B (1) < % and /m st <0 (3.128)

hold, then there exists an M > 0 such that for every x € C([a,8);X) a
solution of (3.114) we have x — g € BC ([, B); X) and ||z — g||,, < M.

Proof. Let z € C (|, 8) ; X) be a solution of (3.114). Applying Lemma
136, we have the estimate (3.126).
If the conditions (3.127) and (3.128) are satisfied, then we have

o0 gl <t [ 1IN gy e o),

(67

and the theorem is proved. m
Finally, we have

Theorem 164 If the kernel U of integral equation (3.114) satisfies the re-
lation (3.52) and the following conditions:

there exists a function T : [, 00) — R differentiable (3.129)
1

in (a,00) such that |B (t)]| < TM tliréloT(t) = 00;

Ut g @)l

lim

fim =y = 1 < oo and /amS(s, lg (s))|B (s)|ds < o0 (3.130)
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exp ([15 (5.l ()] 1B (5)] ds
tll)rgo < T > =l<o0 (3.131)
T U (5,9 ()] ds N
! / exp (5 S (u, Jlg (w) ) | B ()] du)
St e B @<, tefa,00) (3.132)

[t Ullsa)lds g

and tllglo & T(;; =[l< o

hold, then there exists an MMO such that for every x € C([a,8);X) a
solution of (3.114) we have x — g € BC ([, B) ; X) and ||z — g| < M.

The proof of the theorem follows by an argument similar to that in the
proof of the above theorems. We omit the details.

Remark 165 If we assume that the kernel U satisfies the relations (3.38),
(3.40), (3.42), (3-44) and (3.46) or (3.54), (3.56) of Section 3.2, we can
obtain a large number of Corollaries of the above theorems. We omit the
details.

3.8 Asymptotic Equivalence Conditions

It is the purpose of this section to establish some theorems of asymptotic
equivalence between the continuous solutions of Volterra integral equations
with degenerate kernels and the perturbation g.

Theorem 166 If the kernel U of integral equation (3.114) satisfies the re-
lation (3.35) and the following conditions:

lim [B ()] = 0, (3.133)

o0

[ tle@hds, [TIBGIMslg@hds < @13

o
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are valid, then the continuous solutions of (3.114) are uniformly equivalent
with g.

Proof. Let ¢ > 0 and = € C (o, §) ; X) be a solution of (3.114).
If the conditions (3.133) and (3.134) are satisfied, we have:

o) =9 ®I < IBO [ Lis g ds

x exp (/m 561 (sl ()1 ds )

and there exists a 0 (¢) > « such that

B[~ L lsdses ([ 18606 lsGDas) <o

for all t > § (¢).
It results that
lx(t) —g@)|| <e if t>0(e)

and the theorem is thus proved. m

Theorem 167 Let us suppose that the kernel U satisfies the relation (3.35)
and the following conditions:

lim t* |B (t)| =0, k >0, t € [, 0) (3.135)

t—oo

M gD IBO < ka0, /MMCZS<OO (3.136)

¢ sk
hold. Then the continuous solutions of (3.114) are uniformly equivalent with
g.

Proof. Let € > 0 and = € C ([a, #) ; X) be a solution of (3.114).
If the conditions (3.135) and (3.136) are satisfied, then we have:

< L(s, llg ()1

o ds, t € [a, 00)

o) - g )] < 1B @)1

«

and there exists a ¢ (¢) > a such that

\B(t)\tk/oowds<slft>5()

sk
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This proves the theorem. m

Now, we can give another result which is embodied in the following the-

orerml.

Theorem 168 If we suppose that the kernel U wverifies the relation (3.35)

and the following assertions

there exists a function T : [, 00) — RY differentiable

in (a,00) and B () < TL@) lim T (1) = oc:
tim 20 o, [T 0t sl () 1B (9] ds < o0
07” e (LM (s lg 9D B ()] ds)
P R0
vt [ e OB <

M (&, lg OID 1B (1) <

%, t € o, 00)

k[t Lsla6)D) 4
and lim fo‘ s® i
N 0)

=0,

(3.137)

(3.138)

(3.139)

(3.140)

are valid, then the continuous solutions of (3.114) are uniformly equivalent

with g.

The proof follows by a similar argument to that in the proof of the above

theorems. We omit the details.

Further, by using Lemma 136, we can give the following three theorems.
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Theorem 169 If we assume that the kernel U satisfies (3.52) and the fol-
lowing assertions

lim | B (1) = 0 (3.141)

/O@HU(&Q(S)W& / S llg()B)ds <o  (3.142)

«

are valid, then the continuous solutions of (3.114) are uniformly equivalent
with g.

Proof. Let ¢ > 0 and z € C ([, ) ; X) be a solution of (3.114).
If the conditions (3.141) and (3.142) are satisfied, then we have:

[l (t) — g ()]l
< IB(t)I/ 1U (s, 9 (s))ll ds exp (/ S(%IIQ(U)H)IB(U)IdU)

and there exists a 0 (¢) > « such that

|B<t>\£W\|U<s,g<s>>|rdsexp (/:Osw, Hg(u)H)\B<u)!du) <e

ift>d(e).
The theorem is thus proved. m
The second results are embodied in the following theorem.

Theorem 170 Let us suppose that the kernel U of integral equation (3.114)
verifies (3.52) and the following conditions:

lim t*1B(t) =0, k>0 (3.143)
St lo 0 1B (1) <&, /Oo st < oo (3.144)

hold. Then the continuous solutions of (3.114) are uniformly asymptotic
equivalent with g.

Proof. Let ¢ > 0 and = € C ([, ) ; X) be a solution of (3.114).
If the conditions (3.143) and (3.144) are satisfied, we have:

U (5.0 (D,

|z (t) — g (1)]] < |B ()] * /

«
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and there exists a 0 (¢) > a such that
yB(t)uk/ st <cift>d(e).

and the theorem is thus proved. m
Finally, we have

Theorem 171 If the kernel U of integral equation (3.114) verifies the rela-
tion (8.52) and the following conditions:

there exists a function T : [, 00) — R differentiable (3.145)
in (a,00) such that |B(t)] < TL(t)’ tlirgoT(t) = 00;
i 0AO_o. [“sslg @ B@lds <00 @110)
exp (1S (s g ()1 1B (s)]ds)
lim o0 —0 (3.147)
o U (5.9 () .
! /a exp (f, S (u;[lg (W)|)) 1B (u)] du)d -
S g @I 1B#)] < ? t € la, 00) (3.148)

e ft IIU(syi(S))HdS
and lim a 5

=0,

hold, then the solutions of (3.114) are uniformly equivalent with g.

The proof follows by an argument similar to that in the proof of the above
theorems. We omit the details.

Remark 172 If we assume that the kernel U satisfies the relations (3.58),
(3.40), (3.42), (3-44) and (3.46) or (3.54), (3.56) of Section 3.2, we can
obtain a large number of Corollaries for the above theorems. We omit the
details.
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3.9 A Pair of Volterra Integral Equations

3.9.1 Estimation Theorems

Further on, we consider the following two Volterra integral equations in Ba-
nach spaces:

xo (1) = Ao (2) +/ Vo (t,s,20(s))ds, t € [a, ) (3.149)
x(t) = A(t) +/ V(t,s,x(s))ds, t € a,f) (3.150)

where A\, A : [, 5) = X; W,V : [a,ﬁ)2 x X — X are continuous and X is
a real or complex Banach space.

We assume that the above equations have solutions in C ([, 3) : X),
which denotes the set of all vector-valued continuous mappings which are

defined in [« ).
The following theorem holds [42]

Theorem 173 Suppose that the kernel V' satisfies the relation:
IV (ts,2) =V (sl < BOL(s,le—yl); ste B (3.151)

and z,y € X; where B : [a,3) — Ry, L:[a, ) x Ry — Ry are continuous
and L wverifies the condition (2.1).

Then for every xy a continuous solution of (3.149) and x a continuous solu-
tion of (3.150), we have the estimation

|2 (t) =z ()]
gx(t)+x7(t,xo)+3(t)/ L(u,x(u)+v(u,xo))

o

X exp ( / B, (.3() + 7 (s.20)) B3 d8> du (3.152)

for all t € [a, B) where X (t) := HS\ (t) — Xo (1)

;and

V (t,z0) := / |V (t,s,20(s)) — Vo (t,s,20 ()| ds, t € |ev,3) .
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Proof. Let xy be a solution of (3.149) and = be a solution of (3.150). It
is easy to see that;

z(t) —xo (t) = A (t) — Ao (2) +/ Vi(t,s,x(s)) — Vo (t,s,zo(s))ds

for all ¢ € [a, 8), and by passing at norms, we obtain
[ (t) — 2o ()] < [[A(E) = Ao ()] +/ 1V (¢, 5,20 (s)) = Vo (t, 5,20 (s))] ds
/ IV (¢, 5,2 () — Vi (t, 5, 20 (5))]] ds
<A()+V (t,20) + B (¢ )/a (s, | (s) — @0 (s)]]) ds

for all ¢ € [a, ).

Applying Lemma 118 for A (t) := A (t) + 1% (t,x0), we deduce the estima-
tion (3.152). =

The following corollaries are important in applications:

Corollary 174 Suppose that the kernel V' satisfies the condition:
IVt s,2) =V (sl <B@) G (s, [z —yll); s,tele,f) (3153

and x,y € X, where B : [o, ) = Ry, G : [a, ) x Ry — Ry are continuous
and G verifies the condition (2.5).

Then for every xo a continuous solution of (3.149) and x a continuous solu-
tion of (3.150), we have the estimation:

2 () = o ()]
< X(t)+f/(t,x0)+B(t)/ G(u,ﬂ(u)Jrf/(U,mo))

X exp ( / ‘N (s) B (s) ds> du  (3.154)

Corollary 175 If we assume that the kernel V' satisfies the condition:

for allt € o, B).

IV ts,2) =V (s 9)| <B@E)C(s)H([lx—yl); st €la,8) (3.155)
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forx,y € X, where B,C : [a, ) — Ry, H : Ry — R, are continuous and H
verifies the relation (2.8), then for every xy a continuous solution of (3.149)
and x a solution of (3.150), we have the estimation:

[l (2) = o (1)

gx(t)+v(t,x0)+3(t)/ € (w) H (A (u) + V (u,20))

t
X exp (M/ C (s) B (s) ds) du (3.156)
for allt € o, B).
Further on, we assume that X (t) > 0 for all t € [a, ).
Theorem 176 Suppose that the kernel V' satisfies the condition:
IV (t,s,2) =V (E,s,9)l <BE)D (s, lz—yll); s, tela,8)  (3.157)

and x,y € X where B : o, ) = Ry, D : [, f) x Ry — Ry are continuous
and D wverifies the condition (2.11).

Then for every xo a continuous solution of (3.149) and x a continuous solu-
tion of (3.150), we have the estimation:

2 (£) — o (1)
<A (t) + V (¢, m0) +B(t)/ D <u,5\(u) +V(u,xo)>

X exp ( / P (.3(5) + 7 (5.20)) B() ds) du (3.158)
forallt € o, 3).

The proof follows by an argument similar to that in the proof of Theorem
173. We omit the details.
The following two corollaries hold.

Corollary 177 If we suppose that the kernel V' wverifies the relation:

IV (ts,2) =V (ts,y)| <B@) (s [z =yll); s,tela,f)  (3.159)
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and x,y € X where B : [a, ) — Ry, I : [, f) x Ry — Ry are continuous
and I wverifies the condition (2.14), then for every xo a solution of (3.149)
and x a solution of (3.150) we have

I (8) — 20 (1)
<XO+V (o) + BO) [ 1 (A @)+ 7 (w.20))

a

t T _
X exp (/ % <S,)\ (s)+V (s,z0)) B(s) ds> du (3.160)
for allt € o, 3).
Finally, we have:

Corollary 178 If we suppose that the kernel V' verifies the relation:

[V (t,s,2) =V (t,s,9)| < B(t)C(s) K ([l —yl); (3.161)
s,t €la,B), z,y € X,

where B,C : [a, ) — Ry, K : Ry — R, are continuous and K verifies the
condition (2.17), then for every xo a solution of (3.149) and x a solution of
(3.150), we have the estimation:

|2 (t) — zo (1)
§5\(t)+f/(t,:v0)+B(t)/ C(u)K(S\(u)—I—V(u,xO))

X exp </ut i (:\ (s)+V (S,x0)> C(s) B (s) ds) du (3.162)
forallt € o, B).

3.9.2 Boundedness Conditions

In what follows, we consider the following two Volterra integral equations:
t
xo (1) = Ao (t) +/ Vo (t, 8,20 (8))ds, t € [, 00) (3.163)

z(t)=X(t)+ /t V(t,s,x(s))ds, t € [or,0) (3.164)
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where \g, A : [, ) — X, Vo, V [04,5)2 x X — X are continuous and X is
a real or complex Banach space.

We suppose that the above equations have solutions in C' ([, 00) ; X') and
in this assumption we give some sufficient conditions of boundedness for the
difference x — xy, where z( is a continuous solution of (3.163) and z is a
similar solution of (3.164).

Theorem 179 If the kernel V' if integral equation (3.164) satisfies the con-
dition (3.151) and the following conditions hold:

A(t) <M <00, B(t)< My <oo forallte [a,00); (3.165)

V(t,y) < Ms(y) < oo, /OOL (u, M3 (y)) du < My (y) < oo; (3.166)

fﬂw@X@+V@wQ@qum<m (3.167)
for all y e C ([a,00);X);

then for every xo a continuous solution of (3.163) there exists M (x0) < oo
such that for every continuous solution x of (3.164) we have the estimation

|z (t) — o (1)]] < M (x0), t € [a,00). (3.168)

Proof. Let 2 be a solution of (3.163) and x be a solution of (3.164).
Then we have the estimation:
t

Hﬂw—%@mng+V@¢@+B@/j(%Mm+mew

t
X exp (/ M (3, A(s)+V (s,x0)> B (s) ds) du
S M1 —f- M3 (ZL‘O) —I— M2M4 (l‘o) €exXp M2M5 (ZE()) = M (l’o)
for all t € [, 0), and the theorem is proved. =

Corollary 180 If the following conditions: (3.165) and

V(t,y) < M3 < 0, / L (u, M3) du < My < o0; (3.169)

/OOM<3,5\(S)+\~/(S,y)> ds < Ms < oo forally € C (Ja,00);X);
" (3.170)
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are true, then there exists M < oo such that for every xq a solution of (3.163)
and = a solution of (3.164), we have

| (t) — w0 (t)|| < M, for allt € [a,00) . (3.171)

The proof follows by an argument similar to that in the proof of the above
theorem. We omit the details.

Remark 181 If the equation (3.163) has a bounded continuous solution on
[, 00) and the conditions (3.165) - (3.167) hold, then the continuous solu-
tions of (3.164) are uniformly bounded.

Indeed, of xy is a bounded continuous solution of (3.163), then for every
x a continuous solution of (3.164) we have:

lz (@)1 < Nl () = 20 (O] + |20 ()] £ M (x0) + M, t € [, 00) .
and the remark is proved.

Theorem 182 Suppose that V' satisfies the relation (3.151) and the follow-
ing conditions hold:

At) < My < o0, tlirgoB (t) =0; (3.172)
V (t,y) < My (y) < oo; (3.173)
/ L (u, M (y)) du < My < o0 (3.174)
/OOM (5, As)+V (s,y)> B(s)ds < My (y) < o0 (3.175)
for ally € C ([a,00) ; X) ;
M (t,:\(t) + V(t,y)) B(t) < @, k(y) >0, te€[a,00), a>0; (3.176)
B(t)t"¥) <l (y) < o0, t € [, 00), (3.177)
/00 L (S’M;k—(z)M2 (y))ds < Ms(y) < oo forally € C ([a,00);X);
’ (3.178)

where My is as given in (3.173);

then for every o a continuous solution of (3.163) there exists M () < 0o
such that for every x a solution of (3.164) we have the estimation (2.147).
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Proof. Let zy be a solution of (3.163) and X be a solution of (3.164).
We have the estimation:

e (8) — 0 (8)] gi(t)+mt,xo)+3(t)/ L(u,x(u)H?(u,xo))

X exp </ (3, (s :cg)> B (s) ds) du.
)
)

If the conditions (3.172), (3.173), (3.174) and (3.175) are satisfied, we have:

|z (t) — 20 (t)|| < My + My (20) + B (t) M3 (o) exp My (o), t € [, 00).

Since B is continuous on [a,00) and tlim B (t) = 0, then it is bounded on
—00

[ar, 00), which implies the estimation (3.168).
Let us now suppose that the conditions (3.172), (3.176), (3.177) and
(3.178) are satisfied. Then we have:

t L (S, M1 + M2 (Qﬁo))
Sk(f’fo)

< My + My () + 1 (w0) M5 (w0) = M (z0) ;

ds

e (8) — o ()] < My + My (o) + B () 56 /

«

and the estimation (3.168) is valid with M (1) given as above.
The proof is thus complete. =

Corollary 183 If the following conditions: (3.172) and

V(t,y) < My < 0 (3.179)
/00 L (u, M) du < M3 < o0 (3.180)
/Oo M <s,5\ (s)+V (s,y)) B(s)ds < My < o0 (3.181)
for ally € C ([a,00); X);
< ~ k
M(t,/\(t)JrV(t,y))B(t) k>0, tea,00); (3.182)
B()t" <l < oo, t€[a,00), (3.183)

/ LM A Mo W) 4o < 1y < o0 forally € O ([ayo0); X): (3.184)

sk
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are valid, then there exists a M < oo such that for every xqo a solution of
(3.163) and x a solution of (3.164) the estimation (3.168) holds.

Another result is embodied in the following theorem.

Theorem 184 Suppose that the kernel V' satisfies the relation (3.151) and
the following conditions hold:

A(t) <My, V(hy) < Ma(y) < oo (3.185)

there exists a function U : [a,00) — R% differentiable in (o, 00) such that

B(t) < UL(Q’ t € [a,00) and }grollU () = o0; (3.186)
tim L(t, M[}/Jzté\@ W) _, (1) < oo (3.187)

/OOM(S,S\(S)%—V(s,y))B(s)dsﬁ]\/[g(y) < 00
for ally € C ([a,00); X)) ;

or
- - k
M (t,)\(t) —|—V(t,y)) B(t*) < # t € [a,00);
' +h(y) foo L(S,M1+kM2(y))dS _
lim G =1(y) < o0 (3.188)

for ally € C ([a,00) ; X)) ;

then for every o a solution of (3.163) there exists M (xy) < oo such that for
every x a solution of (3.164), we have the estimation (3.168).

Proof. Let zy be a solution of (3.163) and x be a solution of (3.164). We
have the estimation
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If the conditions (3.185), (3.186) and (3.187) or (3.188) are satisfied, we have:

|z (t) — 2o (t)|| < My + M, () +/ L (s, M[ljﬂ(;)f% (y))

ds exp M3 (xg)

respectively
th(@) ft L(S’M1+M2(zo))d8

@ sk(z)

U (1)

|z (t) — xo (t)|| < My + Ma (x0) +

for all ¢ € [a, ).

Since
t
L (s, My + M L(t, My + M.
lim fa (s, M + 2(%))615: lim ( 1+ My (7)) =1(zg) < o0
1 U0 L0
and Kzo) [t L(s:Mi+Ma(e0))
A fa = slk<zo>2 =2ds
tllglo A0 =1 (z9) <

and they are continuous in [, 00), then there exists M (z4) < oo such that
|z (t) — xo ()]| < M (z0) for all t € |, 00).
The theorem is thus proved. m

Corollary 185 If the conditions:

A(t) <My, V(ty) < My < o0 (3.189)
and
. L(t,My+ M,) '
tlirglo D =1 (y) < o0; (3.190)
/ M (5.3(5) + ¥ (2,9)) B (s) ds < My < o0
forally € C (Ja,00) ; X) ;
or L
M (t,w) n V(t,y)) B(t)< 7. t€la,00); (3.191)
and
th [t LMt Ma(y)) g ~
}1_1)1; Ja U(jfk) " o< for ally € C (Ja,00); X);

are valid, then there exists a constant M < oo such that for every zy a
solution of (3.163) and = a solution of (3.164) we have the estimation (3.171).
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Now we can prove another result which gives a sufficient condition of
boundedness for the difference x — zg.

Theorem 186 Suppose that the kernel V' satisfies the relation (3.151) and
the following conditions hold:

lim A(t) =0, lim V(t,y) =0; (3.192)
B(t) < M, te€[a,0); (3.193)

/OCOOL<3,5\(5)+\7(x,y)> ds < M; (y) < o0

and

/OOM<5,:\(S)+V(ar,y)> ds < Mz < 00
for ally € C (Ja,00); X); (3.194)

then for every o a solution of (3.163) there exists M (xy) < oo such that for
every x a solution of (3.164) we have the estimation (3.168).

Proof. Let xq be a solution of (3.163) and z be a solution of (3.164). We
have the estimation:

o 6 = O < A0+ V1) + B [ L (w30 + 7 .00)
xexp(/M(s)\() YV (s, xo))B()ds)du.

If the conditions (3.192), (3.193) and (3.194) are satisfied, we have:

v (£) = 2o ()] < A(8) + V (t,20) + My M (wo) exp M Ms (o),

for all ¢ € [a, 00). )
Since lim A (t) = 0 and tlim V (t,z9) = 0 for all xy and they are con-

t—o0 —00
tinuous in [a, 00), it follows that there exists M (zg) < oo such that the
estimation (3.168) is valid. m
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Corollary 187 If the conditions:
lim A (t) = 0, tlim V (t,y) =0 uniformly in rapport with y; (3.195)

t—o0

and

/OO L (s, As)+V (s,y)> ds < My < o0 (3.196)

and

/OOM<3,5\(S)+V(x,y))dS§M3<oo for all y € C ([a,00); X);

are valid, then there exists M < oo such that for every xo a solution of
(3.163) and x a solution of (3.164) we have the estimation (3.168).

Finally, we have:

Theorem 188 Suppose that the kernel V' satisfies the relation (3.151) and
the following conditions hold:

tlirgoﬂ (t) =0, tlggov (t,y) =0 (3.197)
M <t, At +V (t,y)) B(t) < @ t € la,00); (3.198)
B (t) ") < 1(y) < oc;
/oo L (s, A (s) + 1% (s, y))

e ds < My forallye C([a,00);X); (3.199)

then for every zy a solution of (3.163) there exists M (x4) < oo such that for
every x a solution of (3.164) we have the estimation (3.168).

The proof follows by an argument similar to that in the proof of the above
theorems. We omit the details.

Corollary 189 If the following conditions hold:

lim A (t) =0, tlim V (t,y) =0 wuniformly in rapport with y; (3.200)

t—o00
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and

~ L (5 M(5)+V (5,9))
/ k() ds < My forally € C(lo,00); X);  (3.201)

then there exists M < oo such that for every zy a solution of (8.163) and x
a solution of (3.164) we have the estimation (3.171).

Remark 190 If we assume that the kernel V' satisfies the relations (3.153),
(3.155), (3.157), (3.159) and (3.161), we can obtain a great number of corol-
laries and consequences for the above theorems. We omit the details.

3.10 The Case of Discrete Equations

Further on, we consider the following discrete equation in Banach spaces:

n) + 2_: Vin,s,z(s)), n>1, (3.202)

where 2,y : N =X, V : N2 x X — X and X is a real or complex Banach

space.
The following result holds [39].

Lemma 191 Let us suppose that the kernel V' of the discrete equation (3.202)
satisfies

IV (n,s,2)[| < B (n) L (s, [lx]]) (3.203)
foralln,s € N andx € X, where B (n) is nonnegative and L : N x Ry — R,
verifies the assumption (2.59). Then for any solution x (-) of (3.202), the
following estimation

,_.

n—

z(n) < lly(n)| +B(n) Y L(s, |y (s

s=0

1:[ (M (7, [ly (D)) B(7) +1) (3.204)

T=s+1

holds for alln > 1.
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Proof. Let = be a solution of (3.202). Then we have:

l

n—1
<y Ml +B () Y Ls e (s)ll), n > 1.
s=0

-1

E nsx

s=0

[l ()l < {ly ()] +

Applying Theorem 101, the bound (3.204) is obtained. =
If the kernel V satisfies the condition:

|V (n,s,x)|| < B(n)G (s,||z]]) foralln,s € Nandze X (3.205)

where (B (n)),,oy is nonnegative and G : N x R, — R verifies the assump-
tion (2.60), then for any z (-) a solution of (3.202) we have the bound:

n—1
lz )| < lly ()| + B (n) Y L (s, [ly (s
s=0

x H (ly (M) B (1) + 1)

T=s5+1

for all n > 1.
Now, if we assume that V' fulfills the assumption

IV (n,s,z)|| < B(n)C(s)H(||z]]) foralln,s e Nand z € X; (3.206)

where B (n), C'(n) are nonnegative and H satisfies (2.61), then we have the
evaluation

n—1
lz ()| < lly ()l + B (n) Y C (s) H (ly (s)])
s=0
n—1
x [[ (MC(r)B(r)+1)
T=s+1
for all n > 1.

The following lemma also holds.
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Lemma 192 Let us suppose that the kernel V' of the equation (3.202) veri-
fies:

IV (n,s,z)|]| < B(n)D(s,||z]]) foralln,s €N and z € X; (3.207)

where B (n) is nonnegative and D : N x R, — R, satisfies the condition
(2.62). Then for any solution (x(n)),cy of (3.202) we have:

n—1
lz )l < lly ()| + B (n) > D (s, lly (s
s=0

x H 7 ly (M) B () +1)

T=s5+1

foralln > 1.

The proof is obvious from Theorem 105 and we omit the details.
If V' verifies the condition:

|V (n,s,z)|| < B(n)I(s,|z|) foralln,s e Nandze X; (3.208)
then the solutions of (3.202) satisfy the inequality:

el < byl + 5@ Y sl TT (e 0 1)

s=0 T=5+1

for all n > 1.
Finally, if we assume that V' fulfills the condition

IV (n,s,x)|| < B(n)C(s) K (||z]]) foralln,s € Nandz e X; (3.209)

then the evaluation

[z ()|l < [ly (n)]| + B (n ZC K ([ly (s)I])

is also true for n > 1 and z (-) a solution of (3.202).
Now, by the use of the above results, we may give the following bound-
edness theorems [39].
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Theorem 193 Assume that the kernel V' of (3.202) satisfies the assertion
(3.203). If the following conditions hold:

(1) ly(n)|| < My < o0, B(n) < My < oo foralln > 1;

(i) EOL(n,Ml) < 00, n]OjO(M (n, ly ()]]) Ma + 1) < o0;

(iii) |y (n)|| < My < 00, n €N, lim B (n) = 0;

n—oo

(iv) 3 L(n. M) < 00, TL (M (. |ly (n)[) B (n) +1) < o0 or
(w’) M (n,|y(n)|])B(n) <+ (n>1), nB(n) < M;<oo (neN) and

o
L(n»Ml) .
Y. T < 0o
n=0

or
(v) lly ()|l < My < o0, nB (n) < My < oo forn=>1;
(vi) lim |y (n)]| < oo, B(n) < My < oo forn >1

or

(vi’)) M (n,[ly (n)]}) B (n) < % (n = 1) and Z Hl < oo

Tntl
or

(vii) lim |y (n)|]| =0, B(n) < My < oo forn>1;

(vii) 3% (n.ly (m)1) < oo, TT (M (. Jy ()]} Mz + 1) < o

;
n=0

or
(iz) lim ||y (n)|| =0, nB(n) < My < oo forn>1;

(@) Jim Ln. lly (n)]) < oo, TT (M (n.ly (m)[) B (n) +1) < o0

or

() M (n,ly @)[) B(n) < * (n>1) and 3 Lol < oo,

+1
n=0 "
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then there ezists a constant 0 < M < oo such that for any z () a solution of
(3.202) we have the evaluation:

|z (n)|| < M for alln > 1, (3.210)
i.e., the solutions of (3.202) are uniformly bounded.

Proof. Let z () be a solution of (3.202). By the use of Lemma 191, we
conclude that

n—1
lz ()| < lly ()| + B (n) Y L (s, ly (s
s=0

X H 7y (M) B (r) +1) (3.211)

T=s+1

for all n > 1.
If the conditions (i) and (ii) are satisfied, we get:

lz ()| < My+ My L(s, |y (s)])

s=0

x TTOM G, lly ()] My + 1) = 3T < o

s=0

and the estimation (3.210) holds.
Let us suppose that (iii), (iv) or (iv’) hold. Then we have the bound:

[ (n)|| < My + B (n ZL n, M) H M (n, [y (m)]) B (n) +1)

or
— M (s, M) — M (s, M)
< ——< —
|l (n)]| < M1+nB(n)nZ:0 1 < M1+M3HZ:0 o
for all n € N. )
Since lim B (n) = 0, then there exists a constant M such that the esti-

n—oo

mation (3.210) holds.
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Now, let us suppose that (v), (vi) or (vi’) are valid. Then by (3.211) we
have

S L sy (9)]) o
o ()| < M,y + B (n) =2 T (M (o, ly () ) B (n) + 1)

n n=0
n—1
> L(s, ly(s)ll)
§M1+M4SZO ) nZla
n
respectively
n—1
L (s, M) (s Ml)
<M B(n < M;+ M. )
o (m)|| < My B () 3 =7 < Myt 42 o
Since
n—1
> L(s, [y (s)l)
lim <=2 = lim L (n, |ly (n)||)
n—0o0 n n—oo

then there exists M < oo such that ||z (n)|| < M for all n > 1 and the
assertion is proved.
If (vii) and (viii) are valid, then we also have:

[z ()|} < lly (n)]] +MQZL [ly (n H (M (n, [ly (n)[|) Mz + 1)

n=0

and since lim ||y (n)|| = 0, then there exists a constant M < oo such that

(3.210) holds.
Finally, if we assume that (ix) and (x) or (x’) hold, then we have the
bound

SISO
& ()] < llg ()| + nB (n) =0

n

XH n [ly ()[) B (n) +1)
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respectively
n—1
2 L(s: Ny ()
lz ()| < lly ()]l +nB (n) =—
2 L (s lly ()l
< ly ()l + M=
for all n > 1.
Since lim ||y (n)|| = 0 and lim L (n ||y (n)||) < oo, then there exists a

constant M < oo such that (3.210) holds.
The proof is thus completed. m

Remark 194 If we assume that the kernel V' of the discrete equation (3.202)
satisfies one of the assertions: (3.205), (3.206), (3.207) (3.208) or (3.209)
then, by the above theorem, we may formulate a great number of sufficient
conditions for uniform boundedness for the solutions of this equation, but we
omit the details.

Lastly, we shall give some convergence results for the solutions of (3.202).
Namely, we have the following theorem.

Theorem 195 Assume that the kernel V' of (3.202) satisfies the assertion
(5.203). If the following conditions hold:

(1) lim [ly (n)]| = lim B(n) = 0;

(i) 32 L[y (m)]). TT (M (. ly ()] B (n) +1) < oo

or

(11i) lim ||y (n)|| = lim nB(n) =0;

() M (a1 Ly ()) B () < & forn > 1 and 3 L2l < o

or

(vii) lim ||y (n)|| =0, nB(n) < My, forn > 1;
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(vi) lim L (n,[ly (n)l]) = 0, ﬁo (M (n, [ly (n)]]) B (n) + 1) < oo,

or

(vii) lim |y (n)|| = lim nB (n) = 0;

(viti) Tim L (n, [}y ()]}, TT (M (. ly ()]}) B (n) +1) < oo,

n=0

then for any € > 0 there exists a natural number n (¢) > 0 such that for any
z(+) a solution of (3.202) we have

lz(n)|| <e for n>n(e), neN; (3.212)

i.e., the solutions of (3.202) are uniformly convergent to zero as n tends to
nfinity.

Proof. Let z (-) be a solution of (3.202). By the use of Lemma 191, we
have the estimation (3.211).
If (i) and (ii) hold, then

[z ()l < lly ()] + B (n ZL y[ly (n H (M (n, [ly (n)]) B (n) +1)
n=0
for all n > 1. Since lim |ly (n)|| = lim B (n) = 0, the assertion (3.212) is
proved.
If (iii) and (iv) are valid, then we have the estimation:

|z (n)]| < lly ()] +nB (n ZLSSHfl )
<|ly (n)|| +nB (n)zw

s=0

for n > 1 and the proof goes likewise.
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Now, assume that (v) and (vi) are valid. Then

Ll

lz ()l < lly ()]l +nB (n) = [T 1 (o, lly ()1 B (n) + 1)

S L sy (9)]) e
<y ()l + My = TT (M (. ()] B () + 1)
for n > 1. Since
S L(s. Jy ()]
T Sl L (o, g () = 0,

then (3.212) also holds.
Finally, if we suppose that (vii) and (viii) hold, then the following in-
equality is also valid

S L5y (6)]) o

|z ()] < lly (n)]| + nB (n) = - [T (o, lly ()I) B () + 1)
and since »
> L(s, [ly(s)ll)
lim *=°

n— oo n

the proof is thus completed. m



Chapter 4

Applications to Differential
Equations

In this chapter we apply the results established in Sections 3.1 and 3.2 of
Chapter 3 to obtain estimation results for the solutions of differential equa-
tions in R™, and to get sufficient conditions of boundedness and stability for
the solutions of these equations.

In Section 3.1, we point out some applications of Lemmas 130 and 136
and their consequences to obtain estimates for the solutions of the Cauchy
problem (f;ty, x) associated to general system (f).

In the second paragraph we present some applications of the above lem-
mas to obtain estimation results for the solutions of the Cauchy problem
associated to a differential system of equations by the first approximation.

The last sections are devoted to qualitative study of some aspects for the
trivial solutions of differential equations in R™ by using the results established
in Sections 4.1 and 4.2.

Some results of uniform stability, uniform asymptotic stability, global
exponential stability and global asymptotic stability for the trivial solution
of a general differential system or differential system of equations by the first
approximation are also given.

149
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4.1 Estimates for the General Case

Let us consider the system of differential equations given by the following
relation

dx

L), telnf); (4.1
where f : [a, 5) x R" — R" is continuous in [«, 3) x R™.

In what follows, we shall assume that the Cauchy problem
Z_f = f(t,.ilﬁ), te [a76);
(4.2)

x (to) =x9 € R"

has a unique solution in [«, ), for every ¢y € [a, ) and zy € R™. We shall
denote this solution by z (-, t, o) .

Lemma 196 If the function f satisfies the relation

If (& 2)l < Lt [lel), t€la,f), v e R" (4.3)
and L wverifies the condition (2.1) of Section 2.1
of Chapter 2,

then we have the estimate

| (¢, 0, o) — o] S/ L (s, [|zol]) exp (/ M (u, ||$o||)dU) ds — (4.4)
for allt € [ty, 5).

Proof. Let ty € [a, ), g € R™ and x (-, o, x9) be the solution of the
Cauchy problem (f;to,x9). Then we have

x (t,tg, xo) = T +/ f(s,x(s,to, o)) ds, t € [to, ).

Applying Lemma 130 of Section 3.2, Chapter 3, we obtain the bound (4.4)
and the lemma is proved. ®
Now, let us suppose that the function f verifies the relation

IF o)l <G @ lzl), t€laf), zeR" (4.5)
and G satisfies the condition (2.5);
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then the following inequality

2 (t to, o) — 20| < /t:G(s, lzoll) exp (/StN () du) ds  (46)

holds for all ¢ € [ty, 5).

If we assume that the function f satisfies the following particular relation

If &) <C@)H(z]), t€le,p), z€R" (4.7)
and H verifies the property (2.8) of Chapter 2

and C' is nonnegative continuous in [«, ),

then we also have the inequality

|z (t,t0, x0) — xol| < H (||zol|) /tC(s) exp (M /:C(u) du) ds  (4.8)

to

for all t € [to, 7).
Further, we shall suppose that xq # 0. With this assumption, and if f
satisfies the relation:

17 &)l < D [lzl)), ¢ € [, 0), = € R (4.9)
and D verifies the condition (2.11) of Chapter 2,

then we obtain

t t
|| (t, to, xo) — xo|| < / D (s, ||zol]) exp (/ P (u, ||zo]|) du) ds  (4.10)
to S

for any ¢ € [to, 3) .
Now, if we assume that the function f has the property

IF &)l < I [l]), t€la,B), ©cR (4.11)
and I satisfies the condition (2.14),

then we have the bound

t t 8[
[ (t, to, o) — @ol| S/ I (s, [|xol]) exp( (u, IISCoII)dU) ds  (4.12)

to s Ox

for all t € [to, ).
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In particular, if the function f satisfies the assumption

IF (&)l < C @) K(zl), ¢ €l f), v e R
and K verifies the condition (2.17) of Chapter 2,

then the following estimate:

|z (£, to, x0) — 0|

< K (il [ € 5) e (45 (ool [ € ) as

to
holds, for all t € [to, ) .
Consequences
1. Let us suppose that the function f fulfils the condition
If ¢ o) < C @)=, t € [o,8), w €R"

and C|r are nonnegative continuous in [«, ) and
0<r(t)<lforalltée|anf));

then we have

|z (t, to, z0) — 0|

t ” Er(w) C (u) du
g/ C (5) [|lzo] " exp (/ %) ds
to s ||.T0||

for all t € [to, 5) and zy # 0.
2. Finally, if we assume that the function f verifies the relation:

If @ o)l <C @) (el +1), t €la, f), z e R

and C' are nonnegative continuous in |«, (3),

then the following estimation

| (t,to, x0) — 0|

gln(]]:vo\]+1)/t0(s) exp (;/jcm)du) ds

to [0l +1

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

for all t € [, ), (4.18)

also holds.
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Now, using Lemma 124, we can prove the following result.
Lemma 197 If the function f satisfies the relation

If (& x) = FEy)l <L(s lz—yll), s €lo,f), 2,y eR" (4.19)
and the function L verifies the condition (2.1)
of Chapter 2,

then we have:

|z (t,to, xo) — xo|

gﬁW@mww+£L@¢ﬁﬂwwwﬁ
X exp (/:M (s, /t: If ()] dT) ds> du, (4.20)

The proof follows by Lemma 124 of Chapter 3. We omit the details.
Let us now suppose that the function f verifies the relation

LF(tz) = fF )l <G @z —yll), L€l 8), 2,y €R" (4.21)
and G satisfies the condition (2.5) of Chapter 2.

for all t € [ty, 5).

Then the following estimation

t t S
|ummww—ﬂms[Wuwwmw&3[G(a[anwmw@

exp < / N () du) ds, (4.22)

holds, for all t € [ty, ) .
If the function f satisfies the property

If @)= fEl<C@OH(lz—yl), t €la,p), z,y R, (4.23)
H verifies the condition (2.8), and C' is nonnegative

continuous in [«, 3),
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then we have

t
I (¢, t0, 20) — 20| < / 1 (s, 0)]| ds

¥ Ztc(sm (/t f ()] du)
X exp (M /: C (u) du) ds, (4.24)

for any t € [to, 7).
Further, we shall suppose that xy # 0. With this assumption, and if the
function f verifies the relation

1F @) = F ol < D (s llz—yl)), t €la, ), 2,y € R (4.25)
and D satisfies the condition (2.11) of Chapter 2,

then we have

|z (t,to, xo) — 0|

< [raias+ [0 (s [ 15
X exp (/ P (u, /“ | f (7, z0)|| dT) du) ds, (4.26)
for all t € [to, ).

Let us now suppose that the mapping f satisfies the following relation of
Lipschitz type:

If @ x) = f @Gyl <@ lle—yll), t€la, ), 2,y R (4.27)
and [ satisfies the property (2.14) of Chapter 2.

Then the following estimate

|z (¢, to, x0) — 20|

< /t:||f(87wo)||d8+ /I( [ s aac)
X €xp (/t % (u /: If (r.20)| dT) du) ds, (4.28)
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holds, for any t € [to, 3) .
In particular, if we assume that the function f satisfies the relation:

Iftz) = fyl <COK(z—yl), t€le,p), v,y eR*  (4.29)
and K verifies the property (2.17),

then we have the evaluation

|z (t,to, x0) — 0|

S/t:Hf(SaxO)Hder/t:O(s)K(/t:”f(u’x[))”du)

X exp (/t Cfl—f (/t 1f (. 20)] dT) C (u) du> ds, (4.30)

in the interval [t, 7).
By the above considerations, we can deduce the following two conse-
quences.

Consequences
1. If the function f satisfies the condition

Ifta) =yl <COlle -y, telap). (431
x,y € R" and r, C' are nonnegative continuous in [, ()
and 0 <r(t) <1lin [o,f);

then we have:

[l (£, 0, o) — o]

< / I (5,0) 1 ds + /t:c<s> ( [ 15 e du)m)

ex t r{w ¢ —~du | ds, (4.32)
v (S5 (raliar)

for all t € [to, 7).
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2. Finally, if the mapping f verifies the relation

x,y € R" and C is nonnegative continuous in [«, f3),

then the following inequality

|z (¢, to, x0) — 0|

< / I (s,20) ] ds + /totc*(s) i ([ 1 Gl 1]

¢ C (u)du
X exp </S ftz 17 (r20)ldr & 1) ds, (4.34)

holds in the interval [to, 3) .

Now, by using Lemma 136 of Chapter 3, we can deduce the following
result.

Lemma 198 Let us suppose that the function f satisfies the relation:

If (tx+y) = fE2)| <SElz)yll, t€la,B), (4.35)
z,y € R" where S : [, B) x Ry — R are continuous
in [a, B) x Ry,

then we have the estimate

o tto,0) = ol < [ 17 el ([ S alhan) as (230

for allt € [ty, ().
It is easy to see also that, if the mapping f verifies the property

If (tx+y)—ftz)] <Ryl t €l B), (4.37)
rz,y € R and C': [, f) xRy, R: Ry — Ry

are continuous,

then we have

|z (t, to, x0) — xo|

< / I£ zolexp (R (Jaal) (| ) i) ds (439

for all t € [to, 3) .
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4.2 Differential Equations by First Approxi-
mation

Let us consider the non-homogeneous system of differential equations

d
S =AW+ f(ta), teap), (4.39)
where A : [o, 3) — B(R"), f: ], ) x R* — R™ are continuous.

If C (t, o) denotes the fundamental matrix of solutions of the correspond-
ing homogeneous system, then the solutions of the Cauchy problem:

L —At)z+ f(ta), t€la,b),
(4.40)
x (to) = o, to € [, B), 2o € R"

are given by the following integral equation of Volterra type

x (t,tg,x0) = C (t,to) xo + C (t, o) /t C (to,s) f (s,x (s,to,z0))ds (4.41)

to

for all t € [a, 7).
Further, we shall establish the following result for the solutions of differ-
ential equations by the first approximation (4.39).

Lemma 199 Let us suppose that the function f satisfies the relation (4.3).
If x (-, to, zo) is the solution of the Cauchy problem (A, f;to, xg), then we have
the estimate

HLU (t, to, Io) — C (t, to) .T()H

= H0<t,to)H/t 1€ (to, s)II L (s, 1€ (s, 20) wol])
X exp (/ IC (to, )| IC (u, to) || M (u, ||C' (u, to) wol|) du) ds (4.42)

for allt € [ty, ).

Proof. If z (-, ty, x¢) is the solution of (A, f;t,z), then z (-, t, xo) satisfies
the relation (4.41).
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Putting v : [«, 5) — R",
¢
(e = [ Cltors) £ (5.2 (s, t0,0)) s
to
we have

y(to) =0 and ¢ (t) = C (to,t) f (t,x (t,to, 70))
= C (to,t) f (1, C (t,to) wo + C (t,t0) y (1)) -

Hence
1y (O = |C (to, ) £ (£, C (t,t0) o + C (£, t0) y (1))
< |C (to, )N L (¢, [|C (¢, to) woll) + |C (¢, to) || [y ()]
< || (to, DI L (¢, [|C (¢, t0) o)

+ 1€ (o, )| M (2, [|[C (£, t0) ol) 1C (&, to)l [y (£)]] -

By integration and since

ly ()] < / I/ (s)]] ds.

we obtain

ly ()] S/t 1C (o, s)I| L (s, |C (s, 20) xoll) ds
+/t 1€ (o, ) IC (s, o) || M (s, [|C (s, 20) oll) [ly ()] ds

for t € [to, 7).
Applying Corollary 2 of the Introduction we obtain, by simple computa-
tion, that

ly @)l S/t 1€ (o, )1 L (s, [|C (s, o) oll)

X exp ( / 1€ (to )| 1C (usto) | M (u, 1C (u, ) ol du) ds

from where results (4.42) and the lemma is proved. m
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Let us now suppose that the function f verifies the relation (4.5). If
x (-, to, o) is the solution of the Cauchy problem (A, f;to, xg), then we have

||J] (t, to, ZL'()) — C (t, to) ZL’()H

ﬂWWMZW%MW@W@MM)

mmgwwwmwmwwwmﬁa@m

for all ¢ € [to, 5).
If we assume that the mapping f has the property (4.7), then we have
the estimate

| (t, 20, 20) — C (¢, o) wo|

< IIC(t,to)II/t 1€ (2o, s)[| € () H ([|C (s, t0) xol])

X exp <M/ |C (to, w)|| [|C (u,to)|| C (u) du) ds, (4.44)

for all ¢ € [to, 5).
Further, we shall suppose that xq # 0. In this assumption, and if the
function f satisfies the relation (4.9), then we have the bound

||I (t, to, ZL’()) — C (t, to) .I'0||

SWWM[W%MW@W@WM)

X exp </ 1€ (o, w)[[]C (us to)[| P (u, [|[C (u, to) xol]) dU) ds, (4.45)

in the interval [ty, ).
If the function f verifies the property (4.11), then the following evaluation

||l’ (t, to, .I’()) — O (t, to) l‘o”

SWWM[W%MMMWMWW

e (16l 1€ (st 51 (010 Gusto) ) ) s, (1.40)
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holds in [tg, 3) .
In particular, if we assume that the mapping f satisfies the relation (2.17),
then we have

H.’IZ‘ (t, tg, .’130) - C (t, to) I()”

< HC(t,to)H/t 1€ (to, )1 € (s) K ([[C (s, 0) zol])

dK

X exp (/ 1€ (o, WINIC (u, to) | € (u) —— (1€ (u, to) on)dU) ds.  (4.47)

By the above considerations, we can deduce the following two conse-
quences.

Consequences
1. If the function f satisfies the relation (4.15), then we have
HZ' (t, to, $0) - C (t to) SC()H

<Qthn/ucm,wc<m0@mmm

>wm</|th|mcmumfg><>w>@ (048

1C" (u, to) zol|*

for all ¢ € [to, 5).

2. Finally, if the function f verifies the relation (4.17), then we have the
estimate

||ZL’ (t to,[Eo) — C (t to) [E()”

<ﬂwth/HCm,mCUmmC@mMﬂ+)

“NC (to, w)|| [|C (u, to)]] C (u) )
X ex du | ds (4.49
o( e (449)

in the interval [to, ).

We may also state the following result.
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Lemma 200 Let us suppose that the function f satisfies the relation (4.19).
If x (-, to, xo) is the solution of the Cauchy problem (A, f;to, xo) , then we have
the estimate

||J] (t, to, ZL'()) — C (t, to) ZL’()H

< k(0 +C e 11C (s 9) | L (s (5))

X exp ( [ M k@) e o)l 1€ )] du) ds, (4.50)
where .
k(8) ::/t IC (t,5) £ (s, C (s, t0) o)|| ds
and t € [to, ) .

Proof. If = (-, tg, z9) is the solution of (A, f;to,x¢), then we have

z (t,to, xo) = C (t,to) zo —i—/t C(t,s) f(s,x(s,to,z0))ds

for all t € [, 5).
Putting
Vit,s,x)=C(ts)f(s,2),

we have

IV (t,s,2) =V (&5, 9)| < [CEL)IIC (o, ) 1F (s,2) = f (s,9)]]
< [|C (£, )| 1€ (to, )| L (s, [l = wl]) -

The proof follows by an argument similar to that in the proof of Lemma 124.
We omit the details. =
Now, if we suppose that the mapping f verifies the relation (4.21), then

||l’ (t, to, .I’()) — C (t, to) l‘o”

< k() +C (tL.1o)] / IC (to. 5)]| G (5. k (s))

X exp ( / 1C (to, w) | 1€ (u, )| N () du) ds (4.51)
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holds, for all t € [ty, 7).
Let us now assume that the function f satisfies the property (4.23). Then
we have the estimate

Hl’ (t, to, LC()) — C (t, to) $0H

Sk(t)+HC(t,to)H/t 1C (o, s)I| C (s) H (k (s))

X exp (M/S |C (to, w)]| [|C (u,to)|| C (u) du) ds (4.52)

for all t € [to, ).
Further, we shall suppose that zo # 0. In this assumption, and if f
satisfies the relation (4.25), then we have the estimate

||.I‘ (t, to, .Z‘o) — C (t, to) .I()”

< k() +C 6] [ 1C (b ) D (5, k ()

X exp (/ P (u, k () |C (o, w)[| |C (u, to) | dU> ds (4.53)

in the interval [to, ).
Now, if we suppose that the mapping f has the property (4.27), then we
have the evaluation:

||J] (t, t(), ZE()) — C (t, to) ZE()H

< k() +C 0] 1C (b )11 (5. (5))

<esp ([ 58 0k () 1€ (o, 1€ (ot ) ds (450

for all ¢ € [to, ).
In particular, if the function f verifies the relation (4.29), then we have

||fL’ (t, t(), ZE()) — C (t, to) I()H

< k@) +[1C @ o)l /tt 1€ (to, )| C (s) K (K (s))

e (55 ) C@IC o, ] 1 o) ) ds - (455)
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in the interval [ty, 3).
Finally, we have another result which is embodied in the following lemma.

Lemma 201 Let us suppose that the function [ satisfies the relation (4.35).
If x (-, to, xo) is the solution of the Cauchy problem (A, f;to, xq) , then we have
the estimation

HI (t, to, .To) — C (t, to) Io”

<€ (to)l [ 1C (tas) £ 5. (svt0) )|
X exp </ S (u, [|C (u, to) zol|) ||C (u, to) || ||C (to, u)]] du) ds (4.56)
for all t € [ty, 5).

The proof follows by an argument similar to that in the proof of Lemma
136. We omit the details.

Let us now suppose that the mapping f verifies the relation (4.37) of
Section 4.1. Then we have

||ZL’ (t, to, I‘O) — C (t, to) 1‘0”

<€ (t.t0)] / IC (to. 5) £ (5..C (s, to) o) |
X exp ( / C (u) R(C (s to) o) |C (s t0)]] € (tor )| du) ds (457)

for any ¢ € [to, 3).

4.3 Boundedness Conditions

Let us consider the system of differential equations given in the following
from

Z—f =f(t,z), t € [a,00); (4.58)

where f : [a,00) X R" — R" is continuous in [a, 00) x R™.



164 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

In what follows, we shall assume that the Cauchy problem:

Z_f:f(tax)> tE[Oé,OO);

(fsto, wo)

x(tg) =x9 € R

has a unique solution z (-, %y, zg) in [a, 00) where to > « and zo € R™.
By using the lemmas established in Section 4.1 of this chapter, we can
formulate the following theorems of boundedness.

Theorem 202 If the function f satisfies the relation (4.3) and the following

conditions:
/ L (s, o) ds < M, (to, z0) < oo, (4.59)
to
/ M (s, ||zol]) ds < My (to, z0) < 00 (4.60)
to

hold, then there exists an M (to, xo) > 0 such that
|2 (£, to, wo) — wol| < M (to, o)
for all t > t.

The proof follows by Lemma 196. We omit the details.
Another result is embodied in the following theorem.

Theorem 203 If the function f satisfies the relation (4.19) and the follow-

ing conditions:

[5G ollds < Miz) <00, (161)

to

/ L (S, My (to,&?o)) ds < M, (to,&lo) < 00, (462)

to

/OO M (s, /S Il f (7, 20)]| dT) ds < M3 (tg, xg) < 00 (4.63)

hold, then there exists an M (to, zo) > 0 such that
2 (¢, o, o) — oll < M (to, o)
for all t > ty.
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The proof of this theorem follows by Lemma 197.
Finally we have

Theorem 204 Let us suppose that the function f satisfies the relation (4.35)
and the following conditions:

/°° I.f (s, 20)| ds < My (to, 20) < 00, (4.64)

to

/‘MﬂmmwgmeM<m (4.65)

to
hold, then there exists an M (to, zo) > 0 such that
|2 (£, to, o) — wol| < M (to, o)
forallt > ty.

4.4 The Case of Non-Homogeneous Systems

Let us consider the non-homogeneous system of differential equation:

dx
%:A(t)x—i—f(t,x),te[a,oo), (466)

where A : [o,00) — B (R"), f: [a,00) x R" — R™ are continuous.
In what follows, we assume that the Cauchy problem

&= At)z+ f(t,2), t € [o,00),

(4.67)
Xz (to) = Tog, Lo e R"

has a unique solution defined in [, 00) .
By using the results established in Section 4.2 of the present chapter, we
can formulate the following theorems.

Theorem 205 Let us suppose that the mapping f satisfies the relation (4.3).
If the trivial solution x = 0 of the corresponding homogeneous system is
stable, i.e., ||C (t,to)|| < p(to) for allt > to, and the following conditions:

/too 1€ (o, $)II L (s, 42 (o) [[zoll) ds < M (to, o) < o0, (4.68)

/00 I|C (to, s)|| M (s, ||C (s,t0) xol|) ds < My (to, o) < 00 (4.69)

to
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hold, then there exists an M (to, x9) > 0 such that
|z (¢, to, z0) — C (t,t0) zo|| < M (to, o)
for allt > ty.

The proof follows by Lemma 199. We omit the details.
Another result is embodied in the following theorem.

Theorem 206 Let us suppose that the mapping f satisfies the relation (4.19).
If the trivial solution x = 0 of the corresponding homogeneous system is stable
and the following conditions

t
tlim / |C (t,s) f(s,C (s,to) xo)|| ds < M (to, zo) < 00, (4.70)
—00 to
/ HC(to,S)HL(S,Ml (to,l’o))ds S M2 (to,l’o) < 00, (471)
to

/too M (s,k (s)) |C (to, )|l ds < Ms (ty,x0) < 00 (4.72)

hold, then there exists an M (to, xo) > 0 such that
|z (¢, to, z0) — C (t,t0) zol| < M (to, o)
for all t > t,.

The proof is obvious by Lemma 200.
Finally, we have

Theorem 207 Let us suppose that the function f satisfies the relation (4.35).
If the trivial solution x = 0 of the corresponding homogeneous system is stable
and the following conditions

/Oo 1C (to, s) f (s,C (s, t0) xo)|| ds < M; (to, zg) < 00, (4.73)

to

/ S (5, [|C (s, to) o)) |C (to, 8)|| ds < M (to, 7o) < o0 (4.74)
to

hold, then there exists an M (to, xo) > 0 such that
HJ? (t, t(), .CL’()) — C (t,to) JloH S M (to, LU())
for allt > ty.

The proof follows by Lemma 201, and we omit the details.
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4.5 Theorems of Uniform Stability

Let us consider the system of differential equations
d
d—f = f(t,x), t € [, 00); (4.75)

where f is continuous in [a, 00) X R™ and f (¢,0) = 0.
The main purpose of this section is to give some theorems of uniform
stability for the trivial solution of the above equation.

Theorem 208 If the mapping [ satisfies the relation (4.3), L(t,0) =0 for
all t € [a, 00) and the following condition

there exists a do > 0 such that / M (s,6)ds < M for all (4.76)
0 S ) S (507
holds, then the trivial solution x =0 of (4.1) is uniformly stable.

Proof. Firstly, we observe that L (t,u) < M (t,0)u for all t € [, 0)
and v > 0, which implies that

/L(s,u)dsgu/ M (s,0)ds < Mu.

Let € > 0 and let z (-, to, o) be the solution of the Cauchy problem (f; g, x¢)
where z is such that

€ €
Tol| <d(e) =min [ =, 6y, ———— | .
oo < (6) = min (5.0, 7=
Then we have, by Lemma 196, that

[ (t, to, xo)|| < [lzoll + |l (¢, 0, 20) — o
t t
< I|xoll+/ L (s, [lzol|) exp </ M(u,onH)dU) ds
to S
g ~ ~
<zt |\zo|| M exp M
< = + - €
2 2

for all t > to. This implies the fact that the trivial solution of (4.1) is uni-
formly stable. m
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Corollary 209 If the mapping f satisfies the relation (4.5), G (t,0) =0 for
all t € [, 00) and the condition

/oo N (s)ds < o0 (4.77)

holds, then the trivial solution x =0 of (4.1) is uniformly stable.

Corollary 210 If the function f satisfies the relation (4.7), H (0) =0, and
the condition

/ C(s)ds < o0 (4.78)
holds, then the trivial solution of (4.1) is uniformly stable.
Another result is embodied in the following theorem.

Theorem 211 Let us suppose that the function f verifies the relation (4.9),
D (t,0) =0 for all t € [ov,00) and the condition

there exists a 6o > 0 such that / D (s,0¢)ds < M, (4.79)

and/ P(s,0)ds < My for all0 <0 < do.

holds. Then the trivial solution x = 0 of (4.1) is uniformly stable.

Proof. Let € > 0. If D (t,0) =0 and D is continuous, then there exists
a 01 (€) > 0y such that

oo e .
/a D (8, onu) ds < m if HLC()H < 01 (8) .

If we consider the solution z (-, ¢y, zo) such that [|zo|| < 0 (¢) = min {£,4d: ()},
we have

HI‘ (t,to,&?o)” < HxOH + HJJ (t7t0>x0) - SL’()H
t t
<llal + [ Dol ([P lal) )
to S
3 €
< M, =
2 + 2exp M, xp M2 =e
for all ¢ > ty. This mean that the trivial solution of (4.1) is uniformly stable.
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Corollary 212 If the function f verifies he relation (4.11), I (t,0) =0 for
all t € [a, 00) and the following condition

o0

there exists a dg > 0 such that / I (s,00)ds < M, (4.80)

«

and/ 2—1(3,5)ds§M2 for all 0 < 6 <
o Ox

holds, then the trivial solution x = 0 of the system (4.1) is uniformly stable.

Corollary 213 If the function f satisfies the relation (4.13), K (0) =0 and
the following condition

> dK
/ C (s)ds < 0o and there ezists a dg > 0 such that T (4.81)
is bounded in (0, dy),
holds, then the trivial solution of (4.1) is uniformly stable.

Finally, we have

Theorem 214 Let us suppose that the function f verifies the relation (4.35)
and the condition

oo

there exists a do > 0 such that / S (u,8) du < M if (4.82)

o

0 S 5 S 507
holds. Then the trivial solution x = 0 of (4.1) is uniformly stable.

Proof. Since

1F (& 2) = f (G a+y)l < Sl [yl

for every x,y € R", putting y = —z we obtain

17 @)l < S (@, [l]) [l

for all ¢ € [a,00) and = € R".
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Let ¢ > 0. If
o]l < 6 (¢) = min (5 5o, ;>

we obtain

H.I’ (t,to,l‘o)” < HIOH + H$ (t7t07x0) - xOH

<ol + [ 15 Gualexp ([5G laal) )
< ol + ol [ 5 (s ) duexp(/ s<u,||xo||>du)

<—+—~MexpM—5
2 2Mexp M

for all t > to. And the theorem is thus proved. m

Corollary 215 If the function [ satisfies the relation (4.37) and the follow-
ing condition:

there exists a 09 > 0 such that R is bounded in (0, dp) (4.83)
and / C(s)ds < o0,

holds, then the trivial solution x =0 of (4.1) is uniformly stable.

4.6 Theorems of Uniform Asymptotic Stabil-
ity
Let us consider the non-homogeneous system

d
— =AM+ f(ta), t€ [a,00), (4.84)
where A : [a,00) — B(R"), f : [a,00) x R" — R" are continuous and
f(t,0)=0forall t € [o,0).

The main purpose of this section is to give some theorems of uniform
asymptotic stability for the trivial solution x = 0 of the system (4.84).
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Theorem 216 If the trivial solution of the system of first approximation is
uniformly asymptotically stable, the mapping f satisfies the relation (4.3),
L(t,0) =0 for allt € [o,00) and

there exists a 99 > 0 such that / M (5,6)ds < M < oo (4.85)
for all 0 < 6 < dy,

then the trivial solution x = 0 of the system (4.84) is uniformly asymptoti-
cally stable.

Proof. Let z (-, tg, x9) be a solution of the Cauchy problem (A; f, ¢, zo).
Then x (-, ty, xo) verifies the integral equation

x(t,to,xo)—C’(t,to)onrC(t,to)/ C(to, ) f (5,3 (5,10, 70)) ds (4.86)

for all ¢t > t,.
Passing at norms, we obtain

|z (£, 20, 20)|| < [|C (t,t0)]| w0

t
+ HC(t,to)H/ 1C (to, )| L (s, ||l (s, to, o)]|) ds
to

for all t > t,.
Since the trivial solution of the linear system is uniformly asymptotically
stable, then there exists 7 > 0, m > 0 such that

1C (¢, t)|| < Be ™10 ¢ > ¢,

It follows that

12 (¢, to, o)

t
< Be~mlt—to) || o]| + ﬂem(ttO)/ Be M=) (s, ||z (s, to, xo)||) ds

to

for all ¢t > t,.
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Applying Lemma 74, we obtain
[l (¢, o, o)

t
< Be ™10 ||z || 4 BemmEto) / B[ (5, Bem™ 0 ||
to

t
X exp (/ M (u, Bem™m=10)) ||| dU) ds

for all t > t,.
By the condition (2.1), we have

Bemmn=SIL (s, ™60 < G-I (5,0) G
= B°M (5,0) ||lzo|| for all s> t,.

We obtain

t
| (¢, to, o) | < Be™™ =) [l || + g E—0) ||960H/ M (u,0)

t
X exp (/ M (s,ﬁe’m(sft) [ oll) d5> du

If [|zo| < %0, we have

& (¢ to, w0) | < (84 BN exp I ) e~ ||

for all ¢ > ty, which means that the trivial solution of (4.84) is uniformly
asymptotically stable. m
Another result is embodied in the following theorem.

Theorem 217 If the trivial solution of the system by the first approzimation
is uniformly asymptotically stable, f wverifies the relation (4.3), L (t,0) =0
for all t € [, 00) and

/ M (5,6)ds < M < oo for all § >0, (4.87)

then the trivial solution x = 0 of the system (4.84) is globally exponentially
stable, 1.e.,
lz (£, to, o) | < Be™™ 1) [l |

for all xo € R™ and t > t,.
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Proof. Let x (-, %y, zo) be the solution of the Cauchy problem (A; f, ty, o).
By similar computation we have the estimate

t
o (o) < G o] + G ol | M (0,0)

t
X exp (/ M (s,ﬁe_m(s_t‘)) |zol]) ds) du

< Bem ) ||| + FPe “0>MexpM
(ﬁ+ﬁ3MexpM> = |

for all t > ty and zg € R™.
The theorem is thus proved. =

Corollary 218 If the trivial solution x = 0 of the linear system by the
first approximation is uniformly asymptotically stable, f satisfies the rela-
tion (4.5), G(t,0) =0 for allt € [, 0) and

/00 N (s)ds < o0, (4.88)

then the trivial solution x = 0 of the system (4.84) is global exponentially
stable.

Corollary 219 If the trivial solution x = 0 of the linear system by the first
approximation is uniformly asymptotically stable, f verifies the relation (4.7),
H(0)=0, and

/00 C(s)ds < (4.89)

then the trivial solution of (4.84) is global exponentially stable.
We can now give another result.

Theorem 220 If the fundamental matriz of the solution of the linear system
of first approximation satisfies the condition:

|C (¢, to)|| < Be ™) B.m >0, t > t,. (4.90)
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f wverifies the relation (4.9), D (t,0) =0 for all t € [a,00) and

o0

there exists a do > 0 such that / e D (s,00)ds < M (4.91)

and / P (s,8)ds < My for all 0 < § < do,
then the trivial solution (4.84) is uniformly asymptotically stable.

Proof. Let z (-, ty,20), xo # 0, be the solution of the Cauchy problem
(A; f,to, zo). By similar computation we have the estimate

[ (¢, to, o) |
t
< Be ™) ||z | 4 Bem ) / Be=m™0=)D (s, B ]|
to
t
X exp (/ M (u,ﬁe*m(“*t‘)) [E) du) ds, t > to.

Since D (t,0) = 0 for all t € [, 00) and D is continuous, then there exists a
01 (¢) > a such that

* €
"D (s, ds < —5——
| emp s slmias <

for all zo with ||| < ‘hTEE).
Putting
. 50 £ (51 (8)}
0(¢) =ming —, —, ,
© {5 26" B

then, for every zy with [|zo|| < ¢ (¢), we have

|z (t,to, xo)|| < =+ = = ¢ for all t > t.

DO ™

£
2
On the other hand, if ||z < %0, we have

| (t, to, zo)|| < e”™=0)5, + B2e™™ M, exp My

However,

e~m(t—to) < < iff ¢t > —lln 5 c )
2 m 23" M exp M,
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Putting

, 1 € 1 3
T (g) := min {—Eln (2—50) ,—Eln <2ﬁ2M1 o Mg)}

with € > 0 sufficiently small, we obtain
t —to>T () implies ||z (¢, to,z0)| < e,

which means that the trivial solution of (4.84) is uniformly asymptotically
stable. m

Corollary 221 If the fundamental matrix of the solutions of the linear sys-
tem by the first approximation satisfies the condition (4.90), f wverifies the
relation (4.11), I (¢,0) =0 for all t € [, 00) and

o0

there exists a dg > 0 such that / e™I (s,0¢)ds < M (4.92)

«

and / %(575)d5§M2 for all 0 < 6 < 4y,

then the trivial solution of (4.84) is uniformly asymptotically stable.

Corollary 222 [f the fundamental matriz of the solution of the linear system
by the first approxzimation satisfies the condition (4.90), f verifies the relation
(4.13), K (0) =0 for allt € [, 00) and

dK
there exists a 6g > 0 such that T 15 bounded in (4.93)
x

(0,d0) and / e™C (s)ds < o0,

then the trivial solution x = 0 of the system (4.84) is uniformly asymptoti-
cally stable.

Another result is embodied in the following theorem.

Theorem 223 If the trivial solution of the linear system of the first approx-
imation is uniformly asymptotically stable, f satisfies the relation (4.35) and
the following condition

o0

there exists a §g > 0 such that / S (s,0)ds < M (4.94)

«

forall <6 <46y holds
then the trivial solution of (4.84) is uniformly asymptotically stable.
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Proof. Let z (-, %y, zo) be the solution of the Cauchy problem (A; f, t, o).
Applying Lemma 199, we have the estimation

||J] (t, t(), ZE()) — C (t, to) ZE()H

<€ (t.t0)] / IC (to. ) f (5, C (s, to) o)

X exp (/ S (u, [|C (u to) wol[) |C (u, o) [ [|C (to, w)] dU) ds.

By simple computation and since the trivial solution of the linear system by
the first approximation is uniformly asymptotically stable, we have:

t
|2 (¢, to, zo) | < Be™ ™) ||g|| + B~ 10) Ha:oH/ S (s, Be™™E7) [lao))
to

t
X exp (/ S (u,ﬁe’m(”’m |zol]) du) ds,

for all t > t,.
If || zo| < %0, we obtain
| (¢ to, w0) | < 8 (14 Mexp A ) e~ | |

for all t > t,.
The theorem is thus proved. m
Similarly we can prove

Theorem 224 [f the trivial solution of the linear system is asymptotically
stable, f satisfies the relation (4.35) and the following condition

/ S (u,8)du < M for all § >0, is valid, (4.95)

then the trivial solution of (4.84) is globally exponentially stable.

Corollary 225 If the trivial solution of the linear system by the first ap-
proximation is uniformly asymptotically stable, f satisfies the relation (4.37)
and the following condition is true:

/ C'(s)ds < oo and there exists a 6o > 0 such that (4.96)

R is bounded in (0, d) ,
then the trivial solution of (4.84) is globally exponentially stable.
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4.7 Theorems of Global Asymptotic Stability

Let us consider the non-homogeneous system

d

d—f:A(t):z:Jrf(t,x),te[&,oo), (4.97)
where A : [o,00) — B (R"), f : [a,00) xR" — R™ are continuous f (¢,0) = 0,
for all ¢ € [a,00) and f is local Lipschitzian in z on R".

Further, we shall assume that the fundamental matrix of the solution of
the corresponding homogeneous system satisfies the condition

IC (£, to)|| < Be™™710), ¢ > o, (4.98)

i.e., the trivial solution of the linear system by the first approximation is
uniformly asymptotically stable.

Definition 226 The trivial solution x = 0 of the system (4.97) is said to be
globally asymptotic stable iff for every ty € [o,0) and xo € R™, the corre-
sponding solution x (-, to, xo) is defined in [to,00) and tlim |z (t, 10, x0)|| = 0.

The following theorem is valid.

Theorem 227 Let us suppose that the function f satisfies the relation (4.3)
and the following conditions

> o
/ e, (S, %) ds < o0, (499)

e )
/ M (s, %) ds < oo forall 6 >0, (4.100)

hold. Then the trivial solution of (4.97) is globally asymptotically stable.

Proof. Let t € [a,f), 2o € R" and x (-, %y, x9) be the solution of
(A; f,to, zo) defined in the maximal interval of existence [tg, T'). We have

2 (1 to, 70) = C(t,to)xo—i—C(t,to)/ C (b, 5) f (5, (5, to, 29)) ds

to

for all t € [to,T).
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Passing at norms and applying Lemma 74, we obtain the estimation

t
I (2, to, z0) | < B =) || +56_mt/ "L (s, B || )

to

t
X exp (/ M (u,ﬁe‘m(“_to) [ED) du) ds

for all ¢ € [to,T).
By the relations (4.99) and (4.100), we have

2 (¢, to, o) |

0 mto
< /66—m(t—to) HxOH +66_mt/ ems T, (S, 66 ||370||) ds
N ems

[e%¢) mto
X exp (/ M <s, ﬂe—ngH> ds) (4.101)
a ems

for all t € [ty,T"), which implies that thn% |z (t,t9, x0)|| < oo and by Theorem
10 of [10, pp. 49|, it results that tlim |z (t,to, zo)|| = 0 and the theorem is
proved. m

Theorem 228 Let us suppose that the function [ satisfies the relation (4.3)
and the following conditions

, )
0 )
/ M (s, ﬁ) ds < oo forall 6 >0, (4.103)

hold. Then the trivial solution of (4.97) is globally asymptotically stable.

Proof. Let ty € [a,00), 9y € R™ and x (-, %, x9) be the solution of
(A; f,to, zo) defined in the maximal interval of existence [ty,T"). We have

2 (¢, to, o) |

t
< Bem ™0 || +66_mt/ "L (s, Be 7 o)

to

t
X exp (/ M (u,ﬁe_m(“_to) |zol]) du) ds



4.7. THEOREMS OF GLOBAL ASYMPTOTIC STABILITY 179

for all t € [to,T).
Let us consider the function g : [ty, 00) — R™ given by

gty= 2 [ e (s, fer® ol ”330”) ds.

mt ms
e to e

Then ¢ is continuous in [¢y, 00) and

e (1, kel
lim ¢ (t) = lim - =0

t—00 t—o00 memt

for all x € R™. It results that
g (t) < M (to,x0) for all t € [t,00),

which implies that

emu

I (¢, to, )| < Be ™ |[aol| + T (o, x0) /

a

t mito
M (u, —66 ”IOH) du

for all ¢ € [to,T).
Since
lim 12 ¢t 20) | < o0,

it results that z (-, to, o) is defined in [t, o0) and by (4.7) we obtain tlim |z (t,to, x0)|| =
0 and the theorem is proved. m
Further, we shall prove another theorem of global asymptotic stability.

Theorem 229 Let us assume that the mapping f verifies the relation (4.3)
and the following conditions

t
tlim (/ M (s, i) ds — mt) = —00, (4.104)
oo N ems

ds < oo forall § >0 (4.105)

/oo ems [, (S, eis)
e o (N (o ) )

hold. Then the trivial solutions of (4.97) are globally asymptotically stable.
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Proof. Let ty € [, 00), g € R™ and x (-, %o, x9) be the solution of the
Cauchy problem (A; f,to, o) defined in the maximal interval of existence
[to, T'). By similar computation, we have

t mto
z (¢, to, xo)|| < Be ™) || 20|l + exp M 8756—||330H ds — mt
ems

e L ( _ﬁe"“mlxou)

X / i:s ds
a  exp (f:M( Be+l‘x0”> du)

for all t € [to,T), which means that thn% |z (t,t0,20)|| < oo from where it
t<T

results that 7" = oo.
On the other hand, we have that tlim ||z (t,t9,20)|| = 0 and the theorem

is proved. m
Finally, we shall prove

Theorem 230 If the function f verifies the relation (4.3) and the following
conditions

M (t, t) < —= ( ) , k is nonnegative continuous in [0, 00), (4.106)
em

oo oms [ (57 eis)
/a Tds < oo forall 6 >0 (4.107)

hold. Then the trivial solution of the system (4.97) is globally asymptotically
stable.

Proof. If z (-, ty, xo) is the solution of (A; f, tg, x¢) defined in the maximal
interval of existence [to,T"), we have, by (4.106) and (4.107) that

lim [ (¢, o, z0)|| < o0;
from where results T = oo.

On the other hand, we have that tlim |z (t,t0,20)|| = 0 and the theorem

is proved. m

Remark 231 If we assume that the function f satisfies the relations (4.5),
(4.7), (4.9), (4.11), and (4.13) or the particular conditions (4.15) and (4.17),
we can obtain a large number of corollaries and consequences for the above
theorems. We omut the details.
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