Some Gronwall Type Inequalities and Applications

Sever Silvestru Dragomir

School of Communications and Informatics Victoria University of Technology P.O. Box 14428 Melbourne City MC Victoria 8001, Australia.

Email: sever.dragomir@vu.edu.au

URL: http://rgmia.vu.edu.au/SSDragomirWeb.html

November 7, 2002

Preface

As R. Bellman pointed out in 1953 in his book “Stability Theory of Differential Equations”, McGraw Hill, New York, the Gronwall type integral inequalities of one variable for real functions play a very important role in the Qualitative Theory of Differential Equations.

The main aim of the present research monograph is to present some natural applications of Gronwall inequalities with nonlinear kernels of Lipschitz type to the problems of boundedness and convergence to zero at infinity of the solutions of certain Volterra integral equations. Stability, uniform stability, uniform asymptotic stability and global asymptotic stability properties for the trivial solution of certain differential system of equations are also investigated.

The work begins by presenting a number of classical facts in the domain of Gronwall type inequalities. We collected in a reorganized manner most of the above inequalities from the book “Inequalities for Functions and Their Integrals and Derivatives”, Kluwer Academic Publishers, 1994, by D.S. Mitrinovic, J.E. Pečarić and A.M. Fink.

Chapter 2 contains some generalization of the Gronwall inequality for Lipschitzian type kernels and a systematic study of boundedness and convergence to zero properties for the solutions of those nonlinear inequations. These results are then employed in Chapter 3 to study the boundedness and convergence to zero properties of certain vector valued Volterra Integral Equations. Chapter 4 is entirely devoted to the study of stability, uniform stability, uniform asymptotic stability and global asymptotic stability properties for the trivial solution of certain differential system of equations.

The monograph ends with a large number of references about Gronwall inequalities that can be used by the interested reader to apply in a similar fashion to the one outlined in this work.

The book is intended for use in the fields of Integral and Differential Inequalities and the Qualitative Theory of Volterra Integral and Differential Equations.

The Author.

Melbourne, November, 2002.

Contents

1 Integral Inequalities of Gronwall Type 1 1.1 Some Classical Facts . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Other Inequalities of Gronwall Type . . . . . . . . . . . . . . . 5 1.3 Nonlinear Generalisation . . . . . . . . . . . . . . . . . . . . . 11 1.4 More Nonlinear Generalisations . . . . . . . . . . . . . . . . . 13

2 Inequalities for Kernels of (L) −Type 43 2.1 Integral Inequalities . . . . . . . . . . . . . . . . . . . . . . . . 43 2.1.1 Some Generalisations . . . . . . . . . . . . . . . . . . . 49 2.1.2 Further Generalisations . . . . . . . . . . . . . . . . . . 53 2.1.3 The Discrete Version . . . . . . . . . . . . . . . . . . . 60 2.2 Boundedness Conditions . . . . . . . . . . . . . . . . . . . . . 67 2.3 Convergence to Zero Conditions . . . . . . . . . . . . . . . . . 84

3 Applications to Integral Equations 93 3.1 Solution Estimates . . . . . . . . . . . . . . . . . . . . . . . . 93 3.2 The Case of Degenerate Kernels . . . . . . . . . . . . . . . . . 101 3.3 Boundedness Conditions . . . . . . . . . . . . . . . . . . . . . 107 3.4 Convergence to Zero Conditions . . . . . . . . . . . . . . . . . 110 3.5 Boundedness Conditions for the Difference x − g . . . . . . . . 112 3.6 Asymptotic Equivalence Conditions . . . . . . . . . . . . . . . 117 3.7 The Case of Degenerate Kernels . . . . . . . . . . . . . . . . . 119 3.8 Asymptotic Equivalence Conditions . . . . . . . . . . . . . . . 124 3.9 A Pair of Volterra Integral Equations . . . . . . . . . . . . . . 129 3.9.1 Estimation Theorems . . . . . . . . . . . . . . . . . . . 129 3.9.2 Boundedness Conditions . . . . . . . . . . . . . . . . . 132 3.10 The Case of Discrete Equations . . . . . . . . . . . . . . . . . 140 iii iv CONTENTS

4 Applications to Differential Equations 149 4.1 Estimates for the General Case . . . . . . . . . . . . . . . . . 150 4.2 Differential Equations by First Approximation . . . . . . . . . 157 4.3 Boundedness Conditions . . . . . . . . . . . . . . . . . . . . . 163 4.4 The Case of Non-Homogeneous Systems . . . . . . . . . . . . 165 4.5 Theorems of Uniform Stability . . . . . . . . . . . . . . . . . . 167 4.6 Theorems of Uniform Asymptotic Stability . . . . . . . . . . . 170 4.7 Theorems of Global Asymptotic Stability . . . . . . . . . . . . 177

Chapter 1

Integral Inequalities of Gronwall Type

1.1 Some Classical Facts

In the qualitative theory of differential and Volterra integral equations, the Gronwall type inequalities of one variable for the real functions play a very important role.

The first use of the Gronwall inequality to establish boundedness and stability is due to R. Bellman. For the ideas and the methods of R. Bellman, see [16] where further references are given.

In 1919, T.H. Gronwall [50] proved a remarkable inequality which has attracted and continues to attract considerable attention in the literature.

Theorem 1 (Gronwall). Let x, Ψ and χ be real continuous functions defined in [a, b], χ (t) ≥ 0 for t ∈ [a, b] . We suppose that on [a, b] we have the inequality

x (t) ≤ Ψ (t) + ∫_t a χ (s) x (s) ds. (1.1) Then

x (t) ≤ Ψ (t) + ∫_t a χ (s) Ψ (s) exp [∫_t s χ (u) du ] ds (1.2)

in [a, b] ([10, p. 25], [55, p. 9]).

2 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

Proof. Let us consider the function y (t) := ∫_t a χ (u) x (u) du, t ∈ [a, b] . Then we have y (a) = 0 and

y^′ (t) = χ (t) x (t) ≤ χ (t) Ψ (t) + χ (t) ∫_b a χ (s) x (s) ds = χ (t) Ψ (t) + χ (t) y (t) , t ∈ (a, b) . By multiplication with exp ( − ∫_t a χ (s) ds ) > 0, we obtain d dt ( y (t) exp ( − ∫_t a χ (s) ds )) ≤ Ψ (t) χ (t) exp ( − ∫_t a χ (s) ds ) . By integration on [a, t] , one gets

y (t) exp ( − ∫_t a χ (s) ds ) ≤ ∫_t a Ψ (u) χ (u) exp ( − ∫_u a χ (s) ds ) du from where results y (t) ≤ ∫_t a Ψ (u) χ (u) exp (∫_t u χ (s) ds ) du, t ∈ [a, b] . Since x (t) ≤ Ψ (t) + y (t) , the theorem is thus proved.

Next, we shall present some important corollaries resulting from Theorem 1. Corollary 2 If Ψ is differentiable, then from (1.1) it follows that

x (t) ≤ Ψ (a) (∫_t a χ (u) du ) + ∫_t a exp (∫_t s χ (u) du ) Ψ^′ (s) ds (1.3)

for all t ∈ [a, b] .

Proof. It is easy to see that − ∫_t a Ψ (s) d dt ( exp (∫_t s χ (u) du )) ds = − Ψ (s) exp (∫_t s χ (u) du )| | | b

a + ∫_t a exp (∫_t s χ (u) du ) Ψ^′ (s) ds

= −Ψ (t) + Ψ (a) exp (∫_t a χ (u) du ) + ∫_t a exp (∫_t s χ (u) du ) Ψ^′ (s) ds

1.1. SOME CLASSICAL FACTS 3

for all t ∈ [a, b] .

Hence,

Ψ (t) + ∫_t a Ψ (u) χ (u) exp (∫_t u χ (s) ds ) du = Ψ (a) exp (∫_t a χ (u) du ) + ∫_t a exp (∫_t s χ (u) du ) Ψ^′ (s) ds, t ∈ [a, b] and the corollary is proved.

Corollary 3 If Ψ is constant, then from

x (t) ≤ Ψ + ∫_t a χ (s) x (s) ds (1.4)

it follows that x (t) ≤ Ψ exp (∫_t a χ (u) du ) . (1.5)

Another well-known generalisation of Gronwall’s inequality is the following result due to I. Bihari ([18], [10, p. 26]).

Theorem 4 Let x : [a, b] → R_+ be a continuous function that satisfies the inequality: x (t) ≤ M + ∫_t a Ψ (s) ω (x (s)) ds, t ∈ [a, b] , (1.6) where M ≥ 0, Ψ : [a, b] → R_+ is continuous and w : R_+ → R^∗_+ is continuous and monotone-increasing. Then the estimation

x (t) ≤ Φ^{−1} ( Φ (M) + ∫_t a Ψ (s) ds ) , t ∈ [a, b] (1.7) holds, where Φ : R → R is given by

Φ (u) := ∫_u u_0 ds ω (s) , u ∈ R. (1.8)

4 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE Proof. Putting y (t) := ∫_t a ω (x (s)) Ψ (s) ds, t ∈ [a, b] , we have y (a) = 0, and by the relation (1.6) , we obtain y^′ (t) ≤ ω (M + y (t)) Ψ (t) , t ∈ [a, b] . By integration on [a, t] , we have ∫_{y(t)} 0 ds ω (M + s) ≤ ∫_t a Ψ (s) ds + Φ (M) , t ∈ [a, b] that is, Φ (y (t) + M) ≤ ∫_t a Ψ (s) ds + Φ (M) , t ∈ [a, b] , from where results the estimation (1.7) .

Finally, we shall present another classical result which is important in the calitative theory of differential equations for monotone operators in Hilbert spaces ([10, p. 27], [19, Appendice]).

Theorem 5 Let x : [a, b] → R be a continuous function which satisfies the following relation: 1 2 x^2 (t) ≤ 1 2 x^2_0 + ∫_t a Ψ (s) x (s) ds, t ∈ [a, b] , (1.9) where x_0 ∈ R and Ψ are nonnegative continuous in [a, b] . Then the estimation |x (t)| ≤ |x_0| + ∫_t a Ψ (s) ds, t ∈ [a, b] (1.10) holds.

Proof. Let y_ε be the function given by

y_ε (t) := 1 2 ( x^2_0 + ε^2 ) + ∫_t a Ψ (s) x (s) ds, t ∈ [a, b] , where ε > 0.

1.2. OTHER INEQUALITIES OF GRONWALL TYPE 5

By the relation (1.9) , we have x^2 (t) ≤ y_ε (t) , t ∈ [a, b] . (1.11) Since y^′_ε (t) = Ψ (t) |x (t)| , t ∈ [a, b] , we obtain y^′_ε (t) ≤ √ 2y_ε (a) + ∫_t a Ψ (s) ds, t ∈ [a, b] . By integration on the interval [a, t] , we can deduce that √ 2y_ε (t) ≤ √ 2y_ε (a) + ∫_t a Ψ (s) ds, t ∈ [a, b] . By relation (1.11) , we obtain |x (t)| ≤ |x_0| + ε + ∫_t a Ψ (s) ds, t ∈ [a, b] for every ε > 0, which implies (1.10) and the lemma is thus proved.

1.2 Other Inequalities of Gronwall Type

We will now present some other inequalities of Gronwall type that are known in the literature, by following the recent book of Mitrinović, Pečarić and Fink [85].

In this section, we give various generalisations of Gronwall’s inequality involving an unknown function of a single variable.

A. Filatov [46] proved the following linear generalisation of Gronwall’s inequality.

Theorem 6 Let x (t) be a continuous nonnegative function such that x (t) ≤ a + ∫_t t_0 [b + cx (s)] ds, for t ≥ t_0, where a ≥ 0, b ≥ 0, c > 0. Then for t ≥ t_0, x (t) satisfies x (t) ≤ ( b c ) (exp (c (t − t_0)) − 1) + a exp c (t − t_0) .

6 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE K.V. Zadiraka [134] (see also Filatov and Šarova [47, p. 15]) proved the following:

Theorem 7 Let the continuous function x (t) satisfy

|x (t)| ≤ |x (t_0)| exp (−α (t − t_0)) + ∫_t t_0 (a |x (s)| + b) e^{−α(t−s)}ds, where a, b and α are positive constants. Then |x (t)| ≤ |x (t_0)| exp (−α (t − t_0)) + b (α − a)^{−1} (1 − exp (− (α − a) (t − t_0))) .

In the book [16], R. Bellman cites the following result (see also Filatov and Šarova [47, pp. 10-11]):

Theorem 8 Let x (t) be a continuous function that satisfies x (t) ≤ x (τ) + ∫_t τ a (s) x (s) ds, for all t and τ in (a, b) where a (t) ≥ 0 and continuous. Then x (t_0) exp ( − ∫_t t_0 a (s) ds ) ≤ x (t) ≤ x (t_0) exp (∫_t t_0 a (s) ds )

for all t ≥ t_0.

The following two theorems were given in the book of Filatov and Šarova [47, pp. 8-9 and 18-20] and are due to G.I. Čandirov [25]: Theorem 9 Let x (t) be continuous and nonnegative on [0, h] and satisfy x (t) ≤ a (t) + ∫_t 0 [a_1 (s) x (s) + b (s)] ds, where a_1 (t) and b (t) are nonnegative integrable functions on the same interval with a (t) bounded there. Then, on [0, h] x (t) ≤ ∫_t 0 b (s) ds + sup_{0≤t≤h} |a (t)| exp (∫_t 0 a_1 (s) ds ) .

1.2. OTHER INEQUALITIES OF GRONWALL TYPE 7

The second result is embodied in the following.

Theorem 10 Let x (t) be a nonnegative continuous function on [0, ∞) such that x (t) ≤ ct^α + mt^β ∫_t 0 x (s) s ds, where c > 0, α ≥ 0, β ≥ 0. Then x (t) ≤ ct^α ( 1 + ∞∑ n=1 m^nt^{nβ} α (α + β) + · · · + (α + (n − 1) β) ) .

A more general result was given in Willett [125] and Harlamov [56]. Here we shall give an extended version due to Beesack [14, pp. 3-4].

Theorem 11 Let x and k be continuous and a and b Riemann integrable functions on J = [α, β] with b and k nonnegative on J.

(i) If x (t) ≤ a (t) + b (t) ∫_t α k (s) x (s) ds, t ∈ J, (1.12) then x (t) ≤ a (t) + b (t) ∫_t α a (s) k (s) exp (∫_t s b (r) k (r) dr ) ds, t ∈ J. (1.13) Moreover, equality holds in (1.13) for a subinterval J_1 = [α, β_1] of J if equality holds in (1.12) for t ∈ J_1.

(ii) The result remains valid if ≤ is replaced by ≥ in both (1.12) and (1.13). (iii) Both (i) and (ii) remain valid if ∫_t α is replaced by ∫_β t and ∫_t s by ∫_s t throughout.

Proof. (see [85, p. 357]) This proof is typical of those for inequalities of the Gronwall type. We set

U (t) = ∫_t α k (s) x (s) ds so that U (α) = 0,

8 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE and U^′ (t) = k (t) x (t) .

Hence U^′ (s) ≤ a (s) k (s) + b (s) k (s) U (s). Multiplying by the integrating factor exp (∫_t s b (r) k (r) dr ) and integrating from α to t gives

U (t) ≤ ∫_t α a (s) k (s) exp (∫_t s b (r) k (r) dr ) ds, t ∈ J. (1.14) Since b ≥ 0, substitution of (1.14) into (1.12) gives (1.13). The equality conditions are obvious and the proof of (ii) is similar or can be done by the change of variables t → −t.

Remark 12 B. Pachpatte [93] proved an analogous result on R^+ and (−∞, 0].

Remark 13 Willett’s paper [125] also contains a linear generalisation in which b (t) k (s) is replaced by ∑_n i=1 b_i (t) k_i (s). Such a result is also given by Š.T. Gamidov [48] (see also Filatov and Šarova [47, pp. 19-20]). Moreover, this result can be derived from the case of n = 1 by observing that ∑ b_ik_i < sup_{1≤i≤n} {b_i} ∑ k_i (note that the functions are positive).

Š.T. Gamidov [48] also gave the following theorem:

Theorem 14 If

x (t) ≤ a (t) + a_1 (t) ∫_t t_1

b_1 (s) x (s) ds + a_2 (t) n∑ i=2 c_i ∫_{ti} t_1 b_i (s) x (s) ds,

for t ∈ [a, b] , where a = t_0 < · · · < t_n = b, c_i are constants and the functions appearing are all real, continuous and nonnegative, and if n∑ i=2 c_i ∫_{ti} t_1

b_i (t) [ a_2 (t) + a_1 (t) ∫_t t_1

b_1 (s) a_2 (s) (∫_t t_1

a_1 (r) b_1 (r) dr ) ds ] dt < 1, then x (t) ≤ K_1 (t) + MK_2 (t) ,

1.2. OTHER INEQUALITIES OF GRONWALL TYPE 9

where

K_1 (t) = a (t) + a_1 (t) ∫_t t_1

b_i (s) a (s) exp (∫_t s a_1 (r) b_1 (r) dr ) ds, K_2 (t) = a_2 (t) + a_1 (t) ∫_t t_1

b_1 (s) a_2 (s) exp (∫_t s a_1 (r) b_1 (r) dr ) ds, and M = (_n ∑ i=2 c_i ∫_{ti} t_1

b_i (s) K_1 (s) ds ) ( 1 − n∑ i=2 c_i ∫_{ti} t_1

b_i (s) K_2 (s) ds )_{−1} .

H. Movljankulov and A. Filatov [87] proved the following result:

Theorem 15 Let x (t) be real, continuous, and nonnegative such that for t > t_0 x (t) ≤ c + ∫_t t_0 k (t, s) x (s) ds, c > 0, where k (t, s) is a continuously differentiable function in t and continuous in s with k (t, s) ≥ 0 for t ≥ s ≥ t_0. Then

x (t) ≤ c exp (∫_t t_0 ( k (s, s) + ∫_s t_0 ∂k ∂s (s, r) dr ) ds ) . In the same paper the following result appears:

Theorem 16 Let x (t) be real, continuous, and nonnegative on [c, d] such that x (t) ≤ a (t) + b (t) ∫_t e k (t, s) x (s) ds, where a (t) ≥ 0, b (t) ≥ 0, k (t, s) ≥ 0 and are continuous functions for c ≤ s ≤ t ≤ d. Then x (t) ≤ A (t) exp ( B (t) ∫_t c K (t, s) ds ) , where A (t) = sup_{c≤s≤t} a (s), B (t) = sup_{c≤s≤t} b (s), K (t, s) = sup_{s≤σ≤t} k (σ, s).

10 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

Remark 17 The inequality x (t) ≤ a (t) + ∫_t t_0

(a_1 (t) a_2 (s) x (s) + b (t, s)) ds

was considered by S.M. Sardar’ly [110]. Using the substitution a (t)+ ∫_t t_0 b (t, s) for a (t), we see that this is the same as (1.12) so that this result follows from Theorem 11.

S. Chu and F. Metcalf [28] proved the following linear generalisation of Gronwall’s inequality:

Theorem 18 Let x and a be real continuous functions on J = [α, β] and let k be a continuous nonnegative function on T : α ≤ s ≤ t ≤ β. If x (t) ≤ a (t) + ∫_t α k (t, s) x (s) ds, t ∈ J, (1.15) then x (t) ≤ a (t) + ∫_t α R (t, s) a (s) ds, t ∈ J, (1.16) where R (t, s) = ∑_∞ i=1 K_i (t, s), with (t, s) ∈ T , is the resolvent kernel of k (t, s) and K_i (t, s) are iterated kernels of k (t, s).

Remark 19 P. Beesack [13] extended this result for the case when x, a ∈ L^2 (J) and k ∈ L^2 (T ), and he noted that the result remains valid if ≥ is substituted for ≤ in both (1.15) and (1.16).

Remark 20 If we put k (t, s) = b (t) k (s) and k (t, s) = ∑_n i=1 b_i (t) k_i (s) we get the results of D. Willett [125].

G. Jones [63] extended Willet’s result in the case of Riemann-Stieltjes integrals. For some analogous results, see Wright, Klasi, and Kennebeck [128], Schmaedeke and Sell [113], Herod [59], and B. Helton [57].

1.3. NONLINEAR GENERALISATION 11

1.3 Nonlinear Generalisation

We can consider various nonlinear generalisations of Gronwall’s inequality. The following theorem is proved in Perov [105]:

Theorem 21 Let u (t) be a nonnegative function that satisfies the integral inequality u (t) ≤ c + ∫_t t_0

(a (s) u (s) + b (s) u^α (s)) ds, c ≥ 0, α ≥ 0, (1.17)

where a (t) and b (t) are continuous nonnegative functions for t ≥ t_0. For 0 ≤ α < 1 we have u (t) ≤ { c^{1−α} exp [ (1 − α) ∫_t t_0 a (s) ds ]

+ (1 − α) ∫_t t_0

b (s) exp [ (1 − α) ∫_t s a (r) dr ] ds } 1_{1−α} ; (1.18)

for α = 1, u (t) ≤ c exp {∫_t t_0 [a (s) + b (s)] ds } ; (1.19)

and for α > 1 with the additional hypothesis c < { exp [ (1 − α) ∫_{t0+h} t_0 a (s) ds ]}^1_{α−1} { (α − 1) ∫_{t0+h} t_0 b (s) ds }_−^1_{α−1}

(1.20) we also get for t_0 ≤ t ≤ t_0 + h, for h > 0, u (t) ≤ c { exp [ (1 − α) ∫_t t_0 a (s) ds ]

− c^{−1} (α − 1) ∫_t t_0

b (s) exp [ (1 − α) ∫_t s a (r) dr ] ds } 1_{α−1} . (1.21)

Proof. (see [85, p. 361]) For α = 1 we get the usual linear inequality so that (1.18) is valid. Assume now that 0 < α < 1. Denote by v a solution of the integral equation

v (t) = c + ∫_t t_0 [a (s) v (s) + b (s) v^α (s)] ds, t ≥ t_0.

12 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE In differential form this is the Bernoulli equation v^′ (t) = a (t) v (t) + b (t) v^α (t) , v (0) = c.

This is linear in the variable v^{1−α} so can readily be integrated to produce v (t) = the right hand side of (1.18).

For α > 1 we again get a Bernoulli equation and an analogous proof where we need the extra condition (1.20) if this condition is to hold on the bounded interval t_0 ≤ t ≤ t_0 + h.

Remark 22 Inequality (1.17) is also considered in Willett [126] and Willet and Wong [127]. For a related result, see Ho [61].

The following theorem is a modified version of a theorem proved in Gamidov [48] (see also [85, p. 361]): Theorem 23 If u (t) ≤ f (t) + c ∫_t 0 ϕ (s) u^α (s) ds, where all functions are continuous and nonnegative on [0, h], 0 < α < 1, c ≥ 0, then u (t) ≤ f (t) + cξ^α_0 (∫_t 0 ϕ^{11−α} (s) ds )_{1−α} , where ξ_0 is the unique root of ξ = a + bξ^α.

Gamidov [48] also proved the following result: Theorem 24 If

u (t) ≤ c_1 + c_2 ∫_t 0 ϕ (s) u^α (s) ds + c_3 ∫_h 0 ϕ (s) u^α (s) ds, c_1 ≥ 0, c_2 ≥ 0, c_3 > 0, and the functions u (t) and ϕ (t) are continuous and nonnegative on [0, h], then for 0 < α < 1 we have

u (t) ≤ ( ξ^{1−α}_0 + c_2 (1 − α) ∫_t 0 ϕ (s) ds ) 1_{1−α} ,

1.4. MORE NONLINEAR GENERALISATIONS 13

where ξ_0 is the unique root of the equation [ c_2 + c_3 c_3 · ξ + c_1c_2 c_3 ]_{1−α} − ξ^{1−α} − c_2 (1 − α) ∫_h 0 ϕ (s) ds = 0. If α > 1 and c_2 (α − 1) ∫_t 0 ϕ (s) ds < c^{1−α}_1 , there exists an interval [0, δ] ⊂ [0, h] where u (t) ≤ ( c^{1−α}_1 − c_2 (α − 1) ∫_t 0 ϕ (s) ds ) 1_{1−α} . A related result was proved by B. Stachurska [115]:

Theorem 25 Let the functions x, a, b and k be continuous and nonnegative of J = [α, β], and n be a positive integer (n ≥ 2) and^a_b be a nondecreasing function. If x (t) ≤ a (t) + b (t) ∫_t α k (s) x^n (s) ds, t ∈ J, (1.22) then x (t) ≤ a (t) { 1 − (n − 1) ∫_t α k (s) b (s) a^{n−1} (s) ds } 1_{1−n} , α ≤ t ≤ β_n, (1.23)

where β_n = sup { t ∈ J : (n − 1) ∫_t α kba^{n−1}ds < 1 } . Remark 26 (See [85, p. 363]) The inequality (1.22) was considered by P. Maroni [82], but without the assumption of the monotonicity of the ratio^a_b . He obtained two estimates, one for n = 2 and another for n ≥ 3. Both are more complicated than (1.23). For n = 2 and^a_b nondecreasing, Starchurska’s result can be better than Maroni’s on long intervals.

1.4 More Nonlinear Generalisations

One of the more important nonlinear generalisations of Gronwall’s inequality is the well-known one of Bihari [18]. The result was proved seven years earlier by J.P. Lasalle [73].

14 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

Theorem 27 Let u (t) and k (t) be positive continuous functions on [c, d] and let a and b be nonnegative constants. Further, let g (z) be a positive nondecreasing function for z ≥ 0. If u (t) ≤ a + b ∫_t c k (s) g (u (s)) ds, t ∈ [c, d] , then u (t) ≤ G^{−1} ( G (a) + b ∫_t c k (s) ds ) , c ≤ t ≤ d_1 ≤ d, where G (λ) = ∫_λ ξ ds g (s) (ξ > 0, λ > 0) and d_1 is defined such that G (a) + b ∫_t c k (s) ds belongs to the domain of G^{−1} for t ∈ [c, d_1].

The following generalisation of the Bihari-Lasalle inequality was given by I. Györi [53]:

Theorem 28 Suppose that u (t) and β (t) are continuous and nonnegative on [t_0, ∞). Let f (t), g (u) and α (t) be differentiable functions with f nonnegative, g positive and nondecreasing, and gα nonnegative and nonincreasing. Suppose that u (t) ≤ f (t) + α (t) ∫_t t_0

β (s) g (u (s)) ds. (1.24) If f^′ (t) { 1 g (η (t)) − 1 } ≤ 0 on [t_0, ∞) (1.25) for every nonnegative continuous function η, then u (t) ≤ G^{−1} { G (f (t_0)) + ∫_t t_0

[α (s) β (s) + f^′ (s)] ds } , (1.26)

where G (δ) = ∫_δ ε ds g (s) , ε > 0, δ > 0, (1.27)

1.4. MORE NONLINEAR GENERALISATIONS 15 and (1.26) holds for all values of t for which the function δ (t) = G [f (t_0)] + ∫_t t_0

[α (s) β (s) + f^′ (s)] ds belongs to the domain of the inverse function G^{−1}.

Proof. (see [85, p. 364]) Let V (t) = f (t) + ∫_t t_0 α (s) β (s) g [u (s)] ds. Since g is nondecreasing and α is nonincreasing, we get from (1.24) that g (u (t)) ≤ g (V (t)). From this we obtain

f^′ (t) + α (t) β (t) g [u (t)] ≤ α (t) β (t) g [V (t)] + f^′ (t) , which maybe written as V^′ (t) g [V (t)] ≤ α (t) β (t) + f^′ (t) g [V (t)] . Using (1.25), we get V^′ (t) g [V (t)] ≤ α (t) β (t) + f^′ (t) .

Upon integration we get G [V (t)] ≤ G [f (t_0)] + ∫_t t_0

[α (s) β (s) + f^′ (s)] ds.

If we suppose that δ (t) is in the domain of G^{−1} then we get the result (1.26) since u (t) ≤ V (t).

Remark 29 Note that the special case α (t) ≡ 1 already implies the general result since we substitute for β the product αβ and observe that α (t) β (s) ≤ α (s) β (s) for s ≤ t.

K. Ahmedov, A. Jakubov and A. Veisov [2] proved the following theorem:

16 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE Theorem 30 Let u (t) be a continuous function on [t_0, T ] such that 0 ≤ u (t) ≤ f (t) + ∫_{ϕ(t)} t_0 k (t, s) g (u (s)) ds, where

1) f (t) is continuous, nonnegative, and nonincreasing; 2) ϕ (t) is differentiable, ϕ^′ (t) ≥ 0, ϕ (t) ≤ t, ϕ (t_0) = t_0; 3) g (u) is positive and nondecreasing on R; and 4) k (t, s) is nonnegative and continuous on [t_0, T ] × [t_0, T ] with^{∂k}_{∂t} (t, s) nonnegative and continuous.

Then for G defined by (1.27) we have

u (t) ≤ f (t) − f (t_0) + G^{−1} { G (f (t_0)) + ∫_t t_0 F (s) ds } , where F (t) = k (t, ϕ (t)) ϕ^′ (t) + ∫_{ϕ(t)} t_0 ∂k ∂t (t, s) ds. C.E. Langenhop [71] proved the following result:

Theorem 31 Let the functions u (t) and α (t) be nonnegative and continuous on [a, b], g (u) be positive and nondecreasing for u > 0, and suppose that for every y in [a, x] u (y) ≤ u (x) + ∫_x y α (r) g (u (r)) dr. Then for every x in [a, b] we have u (x) ≥ G^{−1} { G (u (a)) − ∫_x a α (r) dr } , where G is defined by (1.27) and we assume that the term in the { } is in the domain of G^{−1}.

1.4. MORE NONLINEAR GENERALISATIONS 17

Proof. (see also [85, p. 365]) We define R (y) = ∫_x y α (r) g (u (r)) dr so that the inequality becomes u (y) ≤ u (x) + R (y) . Since g is nondecreasing, we have g [u (y)] ≤ g [u (x) + R (y)] , which may be written as d (u (x) + R (y)) g [u (x) + R (y)] ≥ −α (y) dy. An integration from y to x (y ≤ x) yields −G (u (x) + R (y)) + G (u (x)) ≥ − ∫_x y α (s) ds. However, G is nondecreasing so G (u (y)) ≤ G (u (x) + R (y)). Combining the last two inequalities and rearranging, we arrive at G (u (x)) > G (u (y)) − ∫_x y α (s) ds. Applying G^{−1} we get the result when y is set to a.

The following results are proved in Ahmedov, Jakubov and Veisov [2]. Theorem 32 Suppose that u (t) < f (t) + n∑ i=1 α_i (t) ∫_t t_0 β_i (s) g [u (s)] ds, t ≥ t_0, where u (t), f (t) and β_i (t) are positive and continuous on [t_0, ∞), α_i (t) > 0 while α^′_i (t) ≥ 0; g is a nondecreasing function that satisfies g (z) ≥ z for z > 0. Then u (t) ≤ f (t) − f̄ + G^{−1} [ G (¯ f ) + ln n∏ i=1 α_i (t) − ln n∏ i=1 α_i (t_0) + ∫_t t_0 n∑ i=1 α_i (s) β_i (s) ds ] , where f̄ = max f (t) and G is defined by (1.27).

18 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

Theorem 33 Let the positive continuous function u (t) satisfy u (t) ≤ f (t) + ∫_{ϕ1(t)} t_0

a_1 (s) F_1 (u (s)) ds + ∫_{ϕ2(t)} t_0

a_2 (s) F_2 (u (s)) ds,

with the following conditions:

1) f (t) is a nonincreasing function on [t_0, T ];

2) the functions a_1 (t) and a_2 (t) are continuous and nonnegative on [t_0, T ]; 3) ϕ_1 (t) and ϕ_2 (t) are continuously differentiable and nondecreasing functions with ϕ_i (t_0) = t_0, i = 1, 2, and ϕ_1 (t) ≤ t;

4) the functions F_1 (z) and F_2 (z) are continuous, nondecreasing and satisfy F_2 (z) > 0 for all z and d dz [ F_1 (z) F_2 (z) ] = C F_2 (z) for some constant C.

Then u (t) ≤ f (t) − f (t_0) + z (t) , where G (z) =

F_1 (z) F_2 (z)

= G (z_0) + ∫_z z_0 C F_2 (s) ds, G^{−1} is its inverse function and

z (t) = G^{−1} { exp ( C ∫_{ϕ1(t)} t_0

a_1 (s) ds ) [ G (f (t_0))

+C ∫_t t_0

a_2 (ϕ_2 (s)) ϕ^′_2 (s) exp ( −C ∫_{ϕ1(s)} t_0

a_1 (r) dr ) ds ]}

is a continuous solution of the initial value problem

z^′ (t) = a_1 (ϕ_1 (t)) ϕ^′_1 (t) F_1 (z) + a_2 (ϕ_2 (t)) ϕ^′_2 (t) F_2 (z) , z (t_0) = f (t_0) .

1.4. MORE NONLINEAR GENERALISATIONS 19 Theorem 34 Let the continuous function u (t) satisfy u (t) ≤ f (t) + n∑ i=1 a_i (t) ∫_{ϕi(t)} t_0 b_i (s) f (u (s)) ds on [t_0, T ] with

1) the a_i (t) bounded nonnegative nonincreasing functions; 2) the b_i (t) continuous nonnegative functions;

3) the ϕ_i (t) continuous with ϕ^′_i (t) > 0, ϕ_i (t) ≤ t, ϕ_i (t_0) = t_0; 4) f (t) a continuous nonincreasing function; 5) g (z) a nondecreasing positive function defined on R.

Then u (t) ≤ f (t) − f (t_0) + z (t) where G is defined by (1.27) and

z (t) = G^{−1} [ G (f (t_0)) + n∑ i=1 ∫_{ϕi(t)} t_0

a_i (s) b_i (s) ]

is a continuous solution of the initial value problem z (t_0) = f (t_0) and

z^′ (t) = n∑ i=1 a_i (ϕ_i (t)) b_i (ϕ_i (t)) ϕ^′_i (t) g (z) .

In the previous results, we have a nonlinearity in the unknown function only under the integral sign. In the next few results we allow the nonlinearity to appear everywhere.

The following theorem is due to Butler and Rogers [22].

Theorem 35 Let the positive functions u (t), a (t) and b (t) be bounded on [c, d]; k (t, s) be a bounded nonnegative function for c ≤ s ≤ t ≤ d; u (t) is a measurable function and k (·, t) is a measurable function. Suppose that

20 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

f (u) is strictly increasing and g (u) is nondecreasing. If A (t) = sup_{c≤s≤t} a (s), B (t) = sup_{c≤s≤t} b (s) and K (t, s) = sup_{s≤σ≤t} k (σ, s), then from

f (u (t)) ≤ a (t) + b (t) ∫_t c k (t, s) g (u (s)) ds, t ∈ [c, d] , follows u (t) ≤ f^{−1} [ G^{−1} { G (A (t)) + B (t) ∫_t c K (t, s) ds }] , t ∈ [c, d^′] , where G (u) = ∫_u ξ dw g (f^{−1} (w)) (ξ > 0, u > 0) and d^′ = max [ c ≤ r ≤ d : G ( A (r) + B (r) ∫_r c K (r, s) ds ) ≤ G (f (∞)) ] . The following result can be found in Györi [53]:

Theorem 36 Suppose F (u (t)) s < f (a) + α (t) ∫_t t_0 β (s) g [u (s)] ds, where the functions f (t), α (t), β (t) and g (u) satisfy the conditions of Theorem 28 and the function F (u) is monotone decreasing and positive for u > 0. Then on [t_0, d^′] u (t) ≤ F^{−1} { G^{−1} [ G (f (t_0)) + ∫_t t_0

[α (s) β (s) + f^′ (s)] ds ]} , where G (z) = ∫_t ε ds g [F^{−1} (s)] , z > ε ≥ 0 and d^′ is defined such that the function δ (t) defined in Theorem 28 belongs to the domain of the definition of the function F^{−1} ∘ G^{−1}.

1.4. MORE NONLINEAR GENERALISATIONS 21

The next result allows the integral to appear in the nonlinearity. It is due to Willett and Wong [127].

Theorem 37 Let the functions x, a, b and k be continuous and nonnegative on J = [α, β], 1 ≤ p < ∞, and x (t) ≤ a (t) + b (t) (∫_t α k (s) x^p (s) ds ) 1_p , t ∈ J. Then x (t) ≤ a (t) + b (t) (∫_t α k (s) e (s) a^p (s) ds ) 1_p 1 − [1 − e (t)]^{1p} , t ∈ J, where e (t) = exp ( − ∫_t α k (s) b^p (s) ds ) . Gollwitzer [49] replaces x and x^p by g and g^p respectively. Generalisations of this result were given in Beesack [14, pp. 20-30]. Here we shall give some results obtained in Filatov and Šarova [47, pp. 34-37] and from Deo and Murdeshwar [35].

Theorem 38 Suppose

1) u (t), f (t) and F (t, s) are positive continuous functions on R, and s ≤ t; 2)^{∂F (t,s)}_{∂t} is nonnegative and continuous;

3) g (u) is positive, continuous, additive and nondecreasing on (0, ∞); 4) h (z) > 0 and in nondecreasing and continuous on (0, ∞). If u (t) ≤ f (t) + h (∫_t 0 F (t, s) g (u (s)) ds ) , then, for t ∈ I, we have u (t) ≤ f (t) + h { G^{−1} [ G (∫_t 0 F (t, s) g (f (s)) ds ) + ∫_t 0 ϕ (s) ds ]} ,

22 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE where G (u) = ∫_u ε ds g (h (s)) , u > 0, ε > 0, ϕ (t) = F (t, t) + ∫_t 0 ∂F ∂t (t, s) ds, and I = { t ∈ (0, ∞) : G (∞) ≥ G (∫_t 0 F (t, s) g (f (s)) ds ) + ∫_t 0 ϕ (s) ds } . Proof. (see [85, p. 371]) Using the additivity of the function g and the nondecreasing nature of F (t, s) in t, we have u (t) − f (t) ≤ h (v (t)) , where

v (t) = ∫_t 0 F (t, s) g (u (s) − f (s)) ds + ∫_T 0 F (T, s) g (f (s)) ds, t ∈ (0, T ) and T ∈ (0, ∞). Since g is nondecreasing, we find that g (u (t) − f (t)) ≤ g (h (v (t))) . (1.28) Multiplying this inequality by^{∂F (t,s)}_{∂t} and integrating from 0 to t, we arrive at ∫_t 0 ∂F ∂t (t, s) g (u (s) − f (s)) ds ≤ ∫_t 0 ∂F ∂t (t, s) g (h (v (s))) ds. On the other hand, if we multiply (1.28) by F (t, t) and using this last inequality, we get

v^′ (t) ≤ F (t, t) g (h (v (t))) + ∫_t 0 ∂F ∂t (t, s) g (h (v (s))) ds, that is, d dt G (v (T )) ≤ F (t, t) + ∫_t 0 ∂F ∂t (t, s) ds. Now, by integrating from 0 to T we get G (v (T )) − G (v (0)) ≤ ∫_T 0 ϕ (t) dt,

1.4. MORE NONLINEAR GENERALISATIONS 23

and since u (T ) − f (T ) < h (v (T )) we have u (T ) − f (T ) ≤ h { G^{−1} ( G [∫_T 0 F (T, s) g (f (s)) ds ] + ∫_T 0 ϕ (t) dt )} . Since T is arbitrary, we have the result.

A simple consequence of this result is:

Theorem 39 Suppose that J = (0, ∞) and

1) u (t), f (t) and F (t) are positive and continuous on J;

2) g (u) is positive, continuous, additive and nondecreasing on J;

3) h (z) > 0, nondecreasing and continuous. If u (t) ≤ f (t) + h (∫_t 0 F (s) g (u (s)) ds ) , t ∈ J, then for t ∈ J_1, we have u (t) ≤ f (t) + h { G^{−1} [ G (∫_t 0 F (s) g (f (s)) ds ) + ∫_t 0 F (s) ds ]} , where G is defined as in Theorem 38 and

J_1 = { t ∈ J : G (∞) ≥ G (∫_t 0 F (s) g (f (s)) ds ) + ∫_t 0 F (s) ds } . Deo and Murdeshwar [35] also proved the following theorem.

Theorem 40 Let the conditions 1), 2) and 3) of the previous theorem hold and let g (u) be an even function on R. If u (t) ≥ f (t) − h (∫_t 0 F (s) g (u (s)) ds ) , t ∈ (0, ∞) , then for t ∈ J_1 and g as defined in Theorem 39 we have u (t) ≥ f (t) − h { G^{−1} [ G (∫_t 0 F (s) g (f (s)) ds ) + ∫_t 0 F (s) ds ]} .

24 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

Further generalisations of this result are given in Deo and Dhongade [36] and Beesack [14, pp. 65-86]. Beesack has also given corrections of some results from Deo and Dhongade [36]. Here we give only one result of P.R. Beesack (this result for f (x) = x, h (u) = u and a (t) = a becomes Theorem 39 in Deo and Dhongade).

Theorem 41 Let x, a, k and k_1 be nonnegative continuous functions on J = [α, β), and let a (t) be nondecreasing on J. Let g and h be continuous nondecreasing functions on [0, ∞) such that g is positive, subadditive and submultiplicative on [0, ∞) and h (u) > 0 for u > 0. Suppose f is a continuous strictly increasing function on [0, ∞) with f (u) ≥ u for u ≥ 0 and f (0) = 0. If f (x (t)) ≤ a (t) + h (∫_t α k (s) g (x (s)) ds ) + ∫_t α k_1 (s) x (s) ds, t ∈ J, then x (t) ≤ ( f^{−1} ∘ F^{−1} ) {∫_t α k_1 (s) ds + F [ a (t) + ( h ∘ G^{−1} ) {∫_t α k (s) g (E (s)) ds + G (∫_t α k (s) g (a (s) E (s)) ds )}]} , for α ≤ t ≤ β_1, where

E (t) = exp (∫_t α k_1ds ) , F (u) = ∫_u y_0 dy f^{−1} (y)

, y > 0, (y_0 > 0) and G (u) = ∫_u u_0 dy g (h (y)) , u > 0, (u_0 > 0)

with

β_1 = sup { t ∈ J : G (∫_t α k (s) g (a (s) E (s)) ds )

+ ∫_t α k (s) g (E (s)) ds ∈ G ( R^+ ) } .

1.4. MORE NONLINEAR GENERALISATIONS 25

If a (t) = a then we may omit the requirement that g be subadditive and then for α ≤ t ≤ β_2 we have x (t) ≤ ( f^{−1} ∘ F^{−1} ) {∫^t α k_1 (s) ds +F [ a + ( h ∘ G^{−1}_a ) (∫^t α k (s) g (E (s)) ds )]} , where G_a (u) = ∫_u 0 dy g (|a + h (y)|) , u > 0 and β_2 = sup { t ∈ J : ∫_t α k (s) g (E (s)) ds ∈ G_a ( R^+ )} . In previous sections we have given explicit estimates for unknown functions which satisfy integral inequalities. Several of these results may be given in terms of solutions of some differential or integral equation. The first one we give is due to B.N. Babkin [7].

Theorem 42 Let ϕ (t, u) be continuous and nondecreasing in u on [0, T ] × (−δ, δ) with δ ≤ ∞. If v (t) is continuous and satisfies

v (t) ≤ u_0 + ∫_T 0 ϕ (t, v (s)) ds, where u_0 is a constant, then v (t) ≤ u (t) where u (t) is the maximal solution of the problem

u^′ (t) = ϕ (t, u) , u (0) = u_0,

defined on [0, T ].

Proof. (see [85, p. 375]) Introduce the function

w (t) = u_0 + ∫_t 0 ϕ (s, v (s)) ds,

26 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE Then v (t) ≤ w (t) and w^′ (t) = ϕ (t, v (t)) ≤ ϕ (t, w (t)) , with w (0) = u_0.

By Theorem 2 from 2. of Chapter XI, [85], we have w (t) ≤ u (t) so that the theorem is proved.

The following two theorems are generalisations of the preceding result. Theorem 43 Let ϕ (t, s, u) be continuous and nondecreasing in u for 0 ≤ t, s ≤ T and |u| ≤ δ. Let u_0 (t) be a continuous function on [0, T ]. If v (t) is a continuous function that satisfies the integral inequality (on [0, T ]) v (t) < u_0 (t) + ∫_t 0 ϕ (t, s, v (s)) ds (1.29) then v (t) < u (t) on [0, T ] , (1.30) where u (t) is a solution of the equation u (t) = u_0 (t) + ∫_t 0 ϕ (t, s, u (s)) ds on [0, T ] . (1.31) Proof. (see [85, p. 375]) From (1.29) and (1.31) we get that (1.30) is valid at t = 0. By continuity of the functions involved, we get (1.30) holding on some nontrivial interval. If the result does not hold on [0, T ] then there is a t_0 such that v (t) < u (t) on [0, t_0) but v (t_0) = u (t_0). From (1.29) and (1.31) we have v (t_0) = u_0 (t_0) + ∫_t 0 ϕ (t_0, s, v (s)) ds ≤ u_0 (t_0) + ∫_t 0 ϕ (t_0, s, u (s)) ds = u (t_0) .

This contradiction proves the theorem.

In what follows, we shall say that the function ϕ (t, s, u) satisfies the condition (μ) if the equation W (t) = u_0 (t_0) + λ + ∫_t 0 ϕ (t, s, W (s)) ds has a solution defined on [0, T ] for every constant λ ∈ [0, μ].

1.4. MORE NONLINEAR GENERALISATIONS 27

Theorem 44 Let ϕ (t, s, u) be defined for 0 ≤ t, s ≤ T , |u| < δ, and be continuous and nondecreasing in u and satisfying condition (μ). If the continuous function v (t) satisfies

v (t) ≤ u_0 (t_0) + ∫_t 0 ϕ (t, s, v (s)) ds (1.32) on [0, T ], then v (t) ≤ u (t) on [0, T ] where u (t) satisfies (1.31) on the same interval.

Proof. (see [85, p. 375]) For every fixed n we denote by W_n (t) a solution of the integral equation

W_n (t) = ε n + u_0 (t) + ∫_t 0 ϕ (t, s, W_n (s)) ds defined on [0, T ]. For ε sufficiently small, we may employ Theorem 43 to conclude that u (t) < W_{n+1} (t) < W_n (t) < W_1 (t) as well as v (t) < W_n (t). Letting n tend to ∞, we obtain the required result.

Remark 45 It can be shown (see Mamedov, Aširov and Atdaev [79, pp. 96- 98]) that the condition of monotonicity of the function ϕ in u is sufficient for the validity of the theorem on integral inequalities but is not necessary.

A generalisation of this result has a Fredholm term.

Theorem 46 Let the functions ϕ (t, s, u) be continuous and nondecreasing in u for 0 ≤ t, s ≤ T , |u| < δ. Suppose that u_0 (t) is continuous on [0, T ] and either

a) for every fixed continuous function W_0 (t) with values in |u| < δ on [0, T ] and every sufficiently small positive number λ we have

W (t) = u_0 (t) + λ + ∫_t 0 ϕ_1 (t, s, W (s)) ds + ∫_T 0 ϕ (t, s, W_0 (s)) ds has a continuous solution on [0, T ]; or

28 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE b) |u (t)| + ∫_T 0 max 0≤t≤T |ϕ_1 (t, s, δ) + ϕ_2 (t, s, δ)| ds ≤ δ. If a continuous function v (t) satisfies

v (t) ≤ u_0 (t) + ∫_t 0 ϕ_1 (t, s, v (s)) ds + ∫_T 0 ϕ_2 (t, s, v (s)) ds, then v (t) < u (t) on [0, T ], where

u (t) = u_0 (t) + ∫_t 0 ϕ_1 (t, s, u (s)) ds + ∫_T 0 ϕ_2 (t, s, u (s)) ds. Remark 47 The previous theorem is given in Mamedov, Aširov and Atdaev [79]. The book [79] also contains the following result of Ja. D. Mamedov [78].

Theorem 48 Let the function ϕ (t, s, u) be continuous in t (in [0, ∞)) for almost all s ∈ [0, ∞) and u with |u| < ∞. Suppose that for fixed t and every continuous function u (s) on [0, ∞) the function ϕ (t, s, u (s)) is measurable in s on [0, ∞). Further, let ϕ be nondecreasing in u and u_0 (t) be a continuous function on [0, ∞).

If the continuous function v (t) satisfies v (t) < u_0 (t) + ∫_∞ t ϕ (t, s, v (s)) ds on [0, ∞), (1.33) then v (t) < u (t) on [0, ∞), (1.34) where u (t) is a solution of u (t) = u_0 (t) + ∫_∞ t ϕ (t, s, u (s)) ds on [0, ∞). Remark 49 Mamedov [78] (see also Mamedov, Aširov and Atdaev [79]) also considered (1.33) with “≤” instead of “<’, as well as the inequality

v (t) ≤ u_0 (t) + ∫_t 0 ϕ_1 (t, s, v (s)) ds + ∫_∞ t ϕ_2 (t, s, u (s)) ds.

1.4. MORE NONLINEAR GENERALISATIONS 29

Theorem 42 was generalised in another way by. V. Lakshmikantham [68]. His results were extended by P.R. Beesack [14]. For this result, we shall use the following special notation and terminology. If the function F_1 (t, s, u) is defined on I_1 × J_1 × K_1 where each of the symbols represents an interval and if for every (s, u) ∈ J_1 × K_1 the function f (t) = F_1 (t, s, u) is monotone on L_1, we say that F_1 (·, s, u) is monotone. We say that F_1 and F_2 are monotone in the same sense of them being both nondecreasing or both nonincreasing, and monotone in the opposite sense if one is nondecreasing and the other nonincreasing.

Theorem 50 Let f (x) be continuous and strictly monotone on an interval I, and let H (t, v) be continuous on J ×K where J = [α, β] and K is an interval containing zero and H monotonic in v. Let T_1 = {(t, s) : α ≤ s ≤ t ≤ β} and assume that W (t, s, u) is continuous and of one sign on T_1 × I, monotone in u, and monotone in t. Suppose also that the functions x and a are continuous on J with x (J) ⊂ I and a (t) + H (t, v) ∈ f (I) for t ∈ J and |v| ≤ b, (1.35) for some constant b > 0. Let f (x (t)) ≤ a (t) + H ( t, ∫_t α W (t, s, x (s)) ds ) , t ∈ J, (1.36) and let r = r (t, T, α) be the maximal (minimal) solution of the system r^′ = W (T, t, f^{−1} [a (t) + H (t, r)]) , r (α) = 0, α ≤ t ≤ T ≤ β_1 (β_1 < β) , (1.37)

if W (t, s, ·) and f are monotonic in the same (opposite) sense, where β_1 > a is chosen so that the maximal (minimal) solution exists for the indicated interval. Then, if W (·, s, u) and H (t, ·) are monotonic in the same sense,

x (t) ≤ (≥) f^{−1} [a (t) + H (t, r̃ (t))] , α ≤ t ≤ β_1, (1.38)

where r̃ (t) = r (t, t, α) if

i) H (t, ·) and W (t, s, ·) are monotonic in the same sense and f is increasing; if

30 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE ii) f is decreasing and H (t, ·) and W (t, s, ·) are monotonic in the opposite sense (and the second reading of the other hypotheses), then the inequality is reversed in (1.38).

Proof. (see [85, p. 379]) The function F (T, t, r) = W ( T, t, f^{−1} [a (t) + H (t, r)] ) is by (1.35) continuous on the compact set T_1 × [−b, b], so it is bounded there, say by the constant M. If follows from Lemma 1 in 2. of Chapter XI, [85], that there exists, independent of t, a α < β (in fact β_1 > α + min (β − α, bM^{−1})) such that the maximal (minimal) solution of the system (1.37) exists on [α, β]. Now fix T ∈ (α, β] and let t ∈ [α, T ]. Then define v (t, u) = ∫_t α W (u, s, x (s)) ds and we have v (t, t) = ∫_t α W (t, s, x (s)) ds ≤ (≥) ∫_t α W (T, s, x (s)) ds = v (t, T ) (1.39) if W (·, s, u) is increasing (decreasing). Observe that (1.36) implies that v (t, t) ∈ K for t ∈ J. Since K is an interval containing zero, it follows that v (t, T ) ∈ K in both cases of (1.39) regardless of the sign of W .

By (1.36) we obtain x (t) ≤ (≥) f^{−1} [a (t) + H (t, v (t, t))] , (1.40) if f is increasing (decreasing). Since v^′ (t, T ) = W (T, t, x (t)) for α ≤ t ≤ T ≤ β, we have v^′ (t, T ) ≤ (≥) W ( T, t, f^{−1} [a (t) + H (t, v (t, t))] ) , (1.41) if the functions W (t, s, ·) and f are monotonic in the same (opposite) sense. On the other hand, by (1.39) we have H (t, v (t, t)) ≤ (≥) H (t, v (t, T )) , α ≤ t ≤ T, (1.42) if (a) H (t, ·) and W (t, s, ·) are monotonic in the same ((b) opposite) sense. Thus

f^{−1} [a (t) + H (t, v (t, t))] ≤ (≥) f^{−1} [a (t) + H (t, v (t, T ))] ,

1.4. MORE NONLINEAR GENERALISATIONS 31

on α ≤ t ≤ T if (a’): f is increasing and (a) or f is decreasing and (b) ((b’) f is increasing and (b) or f is decreasing and (a)). This in turn implies that W ( T, t, f^{−1} [a (t) + H (t, v (t, t))] ) ≤ (≥) W ( T, t, f^{−1} [a (t) + H (t, v (t, T ))] ) , (1.43)

if (a”): W (t, s, ·) is increasing and (a’) or W (t, s, ·) is decreasing and (b’) ((b”): W (t, s, ·) is increasing and (b’) or W (t, s, ·) is decreasing and (a’)). Combining this with (1.41), we see that if W (t, s, ·) and H (t, ·) are monotonic in the same sense, then v^′ (t, T ) ≤ (≥) W ( T, t, f^{−1} [a (t) + H (t, v (t, T ))] ) , α ≤ t ≤ T < β, (1.44) if W (t, s, ·) and f are monotonic in the same (opposite) sense.

Since v (α, T ) = 0, Theorem 2 from 2. of Chapter XI, [85] shows that if W (t, s, ·) and H (t, ·) are monotonic in the same sense and if r (t, T, α) is the maximal or the minimal solution of (1.37) as specified, then v (t, T ) ≤ (≥) r (t, T, α) for α ≤ t ≤ T ≤ β_1, from which we get in particular that, this holds when t = T . Since T is an arbitrary element of (α, β_1], we have

v (t, t) ≤ (≥) r̃ (t) on [α, β_1] (1.45)

provided that (A): W (t, s, ·) and f are monotonic in the same sense ((B): W (t, s, ·) and f are monotonic in the opposite sense).

As in the analysis of (1.39) and (1.42), we have on [α, β_1] H (t, v (t, t)) ≤ (≥) H (t, r̃ (t)) if (A’): H (t, ·) is increasing and (A) or H (t, ·) is decreasing and (B), ((B’): H (t, ·) is increasing and (B) or H (t, ·) is decreasing and (A)). Now, if (A”): f is increasing and (A’) or f is decreasing and (B’) ((B”): f is increasing and (A’) or f is decreasing and (B’) ((B”): f is increasing and (B’) or f is decreasing and (A’)) then

f^{−1} [a (t) + H (t, v (t, t))] ≤ (≥) f^{−1} [a (t) + H (t, r̃ (t))] .

32 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

Analyzing the various cases, we see that if W (·, s, u) and H (t, ·) are monotonic in the same sense and W (t, s, ·) and H (t, ·) are monotonic in the same (opposite) sense then

f^{−1} [a (t) + H (t, v (t, t))] ≤ (≥) f^{−1} [a (t) + H (t, r̃ (t))] (1.46)

on [α, β_1]. The conclusion (1.38) now follows in cases (i) or (ii) from (1.40) and (1.35).

In the same way, one can prove:

Theorem 51 Under the hypotheses of Theorem 50, suppose that f (x (t)) ≥ a (t) + H ( t, ∫_t α W (t, s, x (s)) ds ) , t ∈ J and that W (·, s, u) and H (t, ·) are monotonic in the opposite sense. Let r̃ = r (t, t, α) where r (t, T, α) is the maximal (minimal) solution of problem (1.37) and suppose that W (t, s, ·) and f are monotonic in the opposite (same) sense. Then

x (t) ≤ (≥) f^{−1} [a (t) + H (t, r (t))] on [α, β_1]

provided that conditions (i) or (ii) of Theorem 50 hold.

Remark 52 Similar results with ∫_β t instead of ∫_t α can be obtained from the previous theorems, see P.R. Beesack [14, p. 52].

Remark 53 In case K = [0, t_0], then W > 0 holds (since v (t, t) ∈ K), so in the condition (1.35) |v| ≤ b can be changed to 0 ≤ v ≤ b.

Remark 54 The assumption that W has one sign can be replaced by the condition that v (t, T ) ∈ K for α ≤ t ≤ T ≤ β.

The following theorem is a consequence of Theorem 50 (Lakshmikantham [70, Theorem 3.1 (ii)]):

Theorem 55 Let x, a, b and c be continuous nonnegative functions on J = [α, β] and f and h be continuous nonnegative functions on R^+ , with f strictly

1.4. MORE NONLINEAR GENERALISATIONS 33

increasing and h nondecreasing. In addition, suppose that k (t, s) is continuous and nonnegative on T = {(t, s) : α ≤ s ≤ t ≤ β}, and w (t, u) is continuous and nonnegative on J × R^+ , with w (t, ·) nondecreasing on R^+ . Define C (t) = max_{α≤s≤t} c (s), and K (t, s) = max_{s≤σ≤t} k (σ, s), for α ≤ s ≤ t ≤ β. If

f (x (t)) ≤ a (t) + b (t) h ( c (t) + ∫_t α k (t, s) w (s, x (s)) ds ) , t ∈ J, (1.47) then x (t) ≤ f^{−1} [a (t) + b (t) h (r̃_1 (t, C (t)))] , t ∈ J_0, (1.48) with r̃_1 (t, c (α)) = r (t, t, c (α)), where r = r (t, β, c (α)) is the maximal solution on J = [α, β_0] of

r^′ = K (β_0, t) w ( t, f^{−1} [a (t) + b (t) h (r)] ) , r (α) = c (α) . P.R. Beesack [17, pp. 56-65] showed that a sequence of well-known results can be simply obtained by using the previous results. Here we shall give one example. We consider the following inequality of Gollwitzer [49]: x (t) ≤ a + g^{−1} (∫_t α k (t, s) g (x (s)) ds ) , t ∈ J = [α, β] . We use Theorem 50 with: f (x) = x, H (t, v) = g^{−1} (v), W (t, s, u) = k (s) g (u), K = g (I) and I is an interval such that x (J) ⊂ I. The comparison equation is r^′ = k (t) g ( a + g^{−1} (r) ) , r (α) = 0. (1.49) By Theorem 50 we have

x (t) ≤ a + g^{−1} (r (t)) , α ≤ t ≤ β_1, (1.50)

where r (t) is the unique solution of problem (1.49) on [α, β_1]. If we define G by G (u) = ∫_u 0 dr g [a + g^{−1} (r)] , u ∈ g (I) = K, then by (1.50) we obtain x (t) ≤ a + g^{−1} [ G^{−1} (∫_t α kds )] , α ≤ t ≤ β, (1.51)

34 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

where β_1 = sup { t : ∫_t α kds ∈ G (K) } . In fact, Beesack showed that this result is better than that of Gollwitzer and thus he formulated the following more general result (see [85, p. 382]):

Let x and k be continuous functions with k ≥ 0 on J = [α, β], and let g be continuous and monotonic in the interval I such that x (J) ⊂ J and g is nonzero on I except perhaps at an endpoint of I. Let h be continuous and monotone on an interval K such that 0 ∈ K, and let a and b be constants such that a + h (v) ∈ I^0 for v ∈ K, |v| ≤ b.

If g and h are monotone in the same sense and x (t) ≤ a + h (∫_t α k (t, s) g (x (s)) ds ) , t ∈ J, then x (t) ≤ a + h [ G^{−1} (∫_t α kds )] , α ≤ t ≤ β_1, where G (u) = ∫_u 0 dr g [a + h (r)] , u ∈ K and β_1 = sup { t ∈ J : ∫_t α kds ∈ G (K) } . It is interesting that there exists a sequence of integral inequalities with an unknown function of one variable in which we have several integrals.

B. Pachpatte [97] proved the following result:

Theorem 56 Let x (t), a (t), b (t), c (t) and d (t) be real, nonnegative and continuous functions defined on R^+ such that for t ∈ R^+ , x (t) ≤ a (t) + b (t) (∫_t 0 c (s) x (s) ds + ∫_t 0 c (s) b (s) (∫_s 0 d (u) x (u) du ) ds ) . Then on the same interval we have x (t) ≤ a (t)+b (t) (∫_t 0 c (s) ( a (s) + b (s) exp ( − ∫_s 0 b (r) (c (r) + d (r)) dr )

× ∫_s 0 a (r) (c (r) + d (r)) exp ( − ∫_t 0 (b (u) (c (u) + d (u)) du) dr ) ds ) .

1.4. MORE NONLINEAR GENERALISATIONS 35

The following three theorems from Bykov and Salpagarov [24] are given in the book Filatov and Šarova [47].

Theorem 57 Let u (t), v (t), h (t, r) and H (t, r, x) be nonnegative functions for t ≥ r ≥ x ≥ a and c_1, c_2, and c_3 be nonnegative constants not all zero. If

u (t) ≤ c_1 + c_2 ∫_t a [ v (s) u (s) + ∫_s a h (s, r) u (r) dr ] ds + c_3 ∫_t a ∫_r a ∫_s a H (s, r, x) u (x) ds dr ds, (1.52) then for t ≥ a

u (t) ≤ c_1 exp { c_2 ∫_t a [ v (s) + ∫_s a h (s, r) dr ] ds + c_3 ∫_t a ∫_r a ∫_s a H (s, r, x) dx dr ds } . (1.53)

Proof. (see [85, p. 384]) Let the right hand side of (1.52) be denoted by b (t). Then b (s) ≤ b (t) for s ≤ t since all the terms are nonnegative. We have b^′ (t) b (t) = c_2v (t) u (t) b (t) + c_2 ∫_t a h (t, r) u (r) b (t) dr + c_3 ∫_t a ∫_r a H (t, r, x) u (x) b (t) dx dr ≤ c_2v (t) + c_2 ∫_t a h (t, r) dr + c_3 ∫_t a ∫_r a H (t, r, x) dx dr. Integration from a to t yields

log b (t) − log c_1 ≤ c_2 ∫_b 0 [ v (s) + ∫_s a h (s, r) dr ] ds + c_3 ∫_t a ∫_s a ∫_r a H (s, r, x) dx dr ds. Writing this in terms of b (t) and using u (t) ≤ b (t) completes the proof.

Theorem 58 Let the nonnegative function u (t) defined on [t_0, ∞) satisfy the inequality u (t) ≤ c + ∫_t t_0 k (t, s) u (s) ds + ∫_t t_0 ∫_s t_0 G (t, s, σ) u (σ) dσds,

36 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

where k (t, s) and G (t, s, σ) are continuously differentiable nonnegative functions for t ≥ s ≥ σ ≥ t_0, and c > 0. Then

u (t) ≤ c exp {∫_t t_0 [ k (s, s) + ∫_s t_0 ( ∂k (s, σ) ∂s + G (s, s, σ) ) dσ + ∫_t t_0 ∫_s t_0 ∂G (s, σ, r) ∂s drdσ ] ds } . Theorem 59 Let the functions u (t), σ (t), v (t) and w (t, r) be nonnegative and continuous for a ≤ r ≤ t, and let c_1, c_2 and c_3 be nonnegative. If for t ∈ I = [a, ∞) u (t) ≤ c_1 + σ (t) { c_2 + c_3 ∫_t a [ v (s) u (s) + ∫_s a w (s, r) u (r) dr ] ds } , then for t ∈ I,

u (t) ≤ c_1 + σ (t) { c_2 exp [ c_3 ∫_t a ( v (s) σ (s) + ∫_s a w (s, r) σ (r) dr ) ds ]

+ c_1c_3 ∫_t a ( v (s) + ∫_s a w (s, r) dr )

× exp [ c_3 ∫_t s ( v (δ) σ (δ) + ∫_δ a w (δ, r) σ (r) dr ) dδ ] ds } . Other related results exist. Here we shall mention one which appears in E.H. Yang [132].

Theorem 60 Let x (t) be continuous and nonnegative on I = [0, h) and let p (t) be continuous, positive and nondecreasing on I. Suppose that f_i (t, s), i = 1, . . . , n, are continuous nonnegative functions on I × I, and nondecreasing in t. If for t ∈ I x (t) ≤ p (t) + ∫_t 0 f_1 (t, t_1) ∫_{t1} 0 f_2 (t_1, t_2) . . . ∫_{tn−1} 0 f_n (t_{n−1}, t_n) x (t_n) dt_n . . . dt_1 then x (t) ≤ p (t) U (t) , t ∈ I,

1.4. MORE NONLINEAR GENERALISATIONS 37

where U (t) = V_n (t, t) and V_n (T, t) is defined successively by

V_1 (T, t) = exp {∫_t 0 t∑ j=1 f_j (T, s) ds }

V_k (T, t) = F_{n−k+1} (T, t) { 1 + ∫_t 0 f_{n−k+1} (T, s) V_{k−1} (T_1, s) F_{n−k+1} (T, s) ds } , where t, and T are in I and k = 2, 3, . . . , n and for i = 1, . . . , n − 1

F_i (T, t) = exp {∫_t 0 [_{i−1} ∑ j=1 f_j (T, s) − f_i (T, s) ] ds } .

Remark 61 In the special case of this theorem for n = 2, one can get the conclusion for t ∈ I

x (t) ≤ p (t) exp ( − ∫_t 0 f_1 (t, s) ds )

× { 1 + ∫_t 0 f_1 (t, s) { exp ∫_s 0 [2f_1 (s, r) + f_2 (s, r)] dr } ds } . In the previous theorems we have had linear inequalities. We now turn to some nonlinear inequalities. B. Pachpatte in [91] and [93] proved the following two theorems.

Theorem 62 Let x (t), a (t) and b (t) be real nonnegative and continuous functions on I = [0, ∞) such that

x (t) ≤ x_0 + ∫_t 0 a (s) x (s) ds + ∫_t 0 a (s) (∫_s 0 b (r) x^p (r) dr ) ds, t ∈ I, where x_0 is a nonnegative constant and 0 ≤ p ≤ 1. Then for t ∈ I

x (t) ≤ x_0 + ∫_t 0 a (s) exp (∫_s 0 a (r) dr )

× { x^{1−p}_0 + (1 − p) ∫_s 0 b (r) × exp ( − (1 − p) ∫_r 0 a (u) du ) dr } 1_{1−p} ds.

38 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

Theorem 63 Let x (t), a (t), b (t) and c (t) be nonnegative and continuous on R such that for t ∈ I

x (t) ≤ x_0+ ∫_t 0 a (s) ( x (s) + ∫_s 0 a (r) (∫_r 0 b (u) x (u) + c (u) x^p (u) du ) dr ) ds, where x_0 is a nonnegative constant and 0 ≤ p ≤ 1. Then for t ∈ I

x (t) ≤ x_0 + ∫_t 0 a (s) ( x_0 + ∫_s 0 a (r) exp (∫_r 0 (a (u) + b (u)) du )

× { x^{1−p}_0 + (1 − p) ∫_r 0 c (u) × exp ( − (1 − p) ∫_r 0 (a (v) + b (v)) dv ) du } 1_{1−p} dr ) ds

E.H. Yang [131] proved the following result.

Theorem 64 Let u (t), a (t), f (t, s), g_i (t, s) and h_i (t, s), i = 1, . . . , n be nonnegative continuous functions defined on I = [0, h) and I × I. Let a (t) be nondecreasing and f (t, s), g_i (t, s) and h_i (t, s) be nondecreasing in t. If 0 < p ≤ 1 and u (t) ≤ a (t) + ∫_t 0 f (t, s) u (s) ds + n∑ i=1 ∫_t 0 g_i (t, s) [∫_s 0 h_i (s, r) u^p (r) dr ] ds, then

(A) for 0 < p < 1 and t ∈ I we have

u (t) ≤ { [a (t) F (t)]^{1−p} + (1 − p) n∑ i=1 G_i (t) F (t) ∫_t 0 h_i (t, s) ds } 1_{1−p} .

(B) for p = 1 and t ∈ I we have

u (t) ≤ a (t) exp {∫_t 0 [ f (t, s) + n∑ i=1 G_i (t) F (t) h_i (t, s) ] ds } ,

1.4. MORE NONLINEAR GENERALISATIONS 39

where F (t) = exp ∫_t 0 f (t, s) ds and G_i (t) = ∫_t 0 g_i (t, s) ds, i = 1, . . . , n. The nonlinearity x^p in the previous results may be replaced by a more general nonlinearity and we give two results of Pachpatte [96] and [92].

Theorem 65 Let x (t), a (t) and b (t) be nonnegative continuous functions defined on I = [a, b], and let g (u) be a positive continuous strictly increasing subadditive function for u > 0 with g (0) = 0. If for t ∈ I x (t) ≤ a (t) + ∫_t a b (s) ( x (s) + ∫_s a b (r) g (x (r)) dr ) ds, then for t ∈ I_0 we have x (t) ≤ a (t) + ∫_b a b (s) ( x (s) + ∫_s a b (r) g (a (r)) dr ) ds + ∫_t a b (s) G^{−1} ( G (∫_b a b (r) (a (r) + b (u) g (a (u)) du) dr )

+ ∫_s a b (r) dr ) ds, where G (u) = ∫_u u_0 ds (s + g (s)) , u ≥ u_0 > 0, and I_0 = { t ∈ I : G (∞) ≥ G (∫_b a b (s) (a (s) + b (r) g (a (r)) dr) ds + ∫_t a b (s) ds )} . Theorem 66 Let x (t), a (t), b (t), c (t) and k (t) be continuous on I = [a, b] and f (u) be a positive, continuous, strictly increasing, submultiplicative, and subadditive function for u > 0, with f (0) = 0. If for t ∈ I we have x (t) ≤ a (t) + b (t) (∫_t a c (s) f (x (s)) + b (s) ∫_s 0 k (r) f (x (r)) dr ) ds,

40 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

then we also have for t ∈ I_0

x (t) ≤ a (t) + b (t) ( d + ∫_t a c (s) f ( b (s) G^{−1} × ( G (d) + ∫_s a f (b (r)) (c (r) + k (r)) dr )) ds ) , where d = ∫_b a c (s) f ( a (s) + b (s) ∫_s a k (r) f (a (r)) dr ) ds, G (u) = ∫_u u_0 ds f (s) , u ≥ u_0 > 0, and I_0 = { t ∈ I : G (∞) ≥ G (d) + ∫_b a f (b (r)) (c (r) + k (r)) dr } .

Theorem 67 Let the functions x, a, b, c, k and f satisfy the hypotheses of the previous theorem. If for t ∈ I we have

x (t) ≤ a (t) + b (t) f^{−1} (∫_t a c (s) f (x (s)) ds + ∫_t a c (s) f (b (s)) (∫_s a k (r) f (x (r)) dr ) ds ) , then we also have for t ∈ I

x (t) ≤ a (t) + b (t) f^{−1} (∫_t a c (s) f (a (s)) + f (b (s)) × ( exp (∫_b a f (b (r)) (c (r) + k (r)) dr ) ∫_s a f (a (r)) (c (r) − k (r))

× exp ( − ∫_r a f (b (u)) (c (u) + k (u)) du ) dr )) ds.

1.4. MORE NONLINEAR GENERALISATIONS 41

Theorem 68 Let the functions be defined as in Theorem 66, while for a ≤ s ≤ t ≤ b we have x (t) ≥ x (s) − b (t) f^{−1} (∫_t s c (r) f (x (r)) dr − ∫_t s c (r) (∫_t r k (u) f (x (u)) du ) dr ) , then for the same range of values we also have x (t) ≥ x (s) ( f^{−1} (1 + f (b (t)) ∫_t s c (r) exp (∫_t r (c (u) f (b (t)) + k (u)) du ) dr ))_{−1} . In Bykov and Salpagarov [24] the following theorem was proved:

Theorem 69 Suppose that the functions u (t), α (t) and β (t, s) are nonnegative for 0 < s < t < b and ϕ (s) is positive, nondecreasing and continuous for s > 0. If u (t) ≤ c + ∫_t a { α (r) ϕ (u (r)) + ∫_r a β (r, s) ϕ (u (s)) ds } dr ≡ c + ∫_t a Lϕ (u) dr = b (t) , where c is a positive number, then for t ∈ (a, b) we have ∫_{u(t)} a dx ϕ (x) ≤ ∫_t a [ α (r) + ∫_r a β (r, s) ds ] dr = P (t) . Proof. (see [85, p. 390]) From the hypotheses, it follows that

b^′ (t) ϕ (b (t)) = α (t) ϕ (u (t)) ϕ (b (t)) + ∫_t a β (t, s) ϕ (u (s)) ϕ (b (t)) ds ≤ α (t) + ∫_t a β (t, s) ds. By integration from a to t we obtain the desired result.

Remark 70 For β ≡ 0 we get the Bihari inequality.

42 CHAPTER 1. INTEGRAL INEQUALITIES OF GRONWALL TYPE

Remark 71 If the function P (t) belongs to the domain of the definition of the inverse function H^{−1}, where

H (h) = ∫_h 0 dx ϕ (x) then u (t) ≤ H^{−1} [P (t)].

Remark 72 Analogously, we can prove the corresponding theorem in which the integral ∫_t a is replaced by the integral ∫_∞ t . The following generalisation of the previous theorem was given by H.M.

Salpagarov [111]:

Theorem 73 Suppose that:

1) ϕ (u) is a nonnegative, continuous nondecreasing function on [0, ∞); 2) H (u) = ∫_u u_0 ds ϕ (s) (0 < u < ∞, u_0 ∈ (0, ∞) is fixed) , and H^{−1} is the inverse function of H;

3) u (t) is continuous on [0, ∞); and 4) M (t) is a nondecreasing nonnegative function. If u (t) ≤ M (t) + ∫_t a Lϕ (u) dr, where the operator L is defined in the previous theorem, then u (t) ≤ H^{−1} {H [M (t) + P (t)]} where P (t) is also defined as in Theorem 69.

Proof. (see [85, p. 391]) Let T > a be fixed. Then for t ∈ (a, T ] we have

u (t) ≤ M (T ) + ∫_t 0 Lϕ (u) dr, since M (T ) ≥ M (t). On the basis of in Theorem 69, we have u (t) ≤ H^{−1} {H [M (T ) + P (t)]} for t ≤ T. Setting t = T we get the conclusion.

For further results for functions of several variables, see the book [85, Chapter XIII] where further references are given.

Chapter 2

Inequalities for Kernels of (L) −Type

The first three sections of this chapter are devoted to the study of certain natural generalisations of Gronwall inequalities for real functions of one variable and kernels satisfying a Lipschitz type condition (see (2.1)). The fourth section contains the discrete version of the inequalities in Section 2.2. All the sections provide a large number of corollaries and consequences in connection with some well-known results that are important in the qualitative theory of differential equations.

In the fifth section of this chapter, some sufficient conditions of uniform boundedness for the nonnegative continuous solutions of Gronwall integral inequations are given while the last section contains some results referring to the uniform convergence of the nonnegative solutions of the above integral inequations.

2.1 Integral Inequalities

In this section we present some integral inequalities of Gronwall type and give estimates for the nonnegative continuous solutions of these integral inequations, [38] and [40].

Lemma 74 Let A, B : [α, β) → R_+ , L : [α, β) × R_+ → R_+ be continuous

44 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE and 0 ≤ L (t, u) − L (t, v) ≤ M (t, v) (u − v) , t ∈ [α, β) , u ≥ v ≥ 0, (2.1) where M is nonnegative continuous on [α, β) × R_+ .

Then for every nonnegative continuous function x : [α, t] → [0, ∞) satisfying the inequality x (t) ≤ A (t) + B (t) ∫_t α L (s, x (s)) ds, t ∈ [α, β) (2.2) we have the estimation x (t) ≤ A (t) + B (t) ∫_t α L (u, A (u)) exp (∫_t u M (s, A (s)) B (s) ds ) du (2.3) for all t ∈ [α, β) .

Proof. Let us consider the mapping y : [α, β) → R_+ given by y (t) := ∫_t α L (s, x (s)) ds. Then y is differentiable on (α, β) , y^′ (t) = L (t, x (t)) if t ∈ (α, β) and y (α) = 0.

By the relation (2.1) , it follows that for any t ∈ (α, β) y^′ (t) ≤ L (t, A (t) + B (t) y (t)) ≤ L (t, A (t)) + M (t, A (t)) B (t) y (t) . (2.4) Putting

s (t) := y (t) exp ( − ∫_t α M (s, A (s)) B (s) ds ) , t ∈ [α, β) , then from (2.4) we obtain the following integral inequality:

s^′ (t) ≤ L (t, A (t)) exp ( − ∫_t α M (s, A (s)) B (s) ds ) , t ∈ (α, β) . Integration on [α, β] , reveals z (t) ≤ ∫_t α L (u, A (u)) exp ( − ∫_u α M (s, A (s)) B (s) ds ) du, which implies that y (t) ≤ ∫_t α L (u, A (u)) exp (∫_t u M (s, A (s)) B (s) ds ) du; t ∈ [α, β) ,

2.1. INTEGRAL INEQUALITIES 45 from where results the estimation (2.3) .

The lemma is thus proved.

Now, we can give the following two corollaries that are obvious consequences of the above lemma.

Corollary 75 Let us suppose that A, B : [α, β) → R_+ , G : [α, β)×R_+ → R_+ are continuous and 0 ≤ G (t, u) − G (t, v) ≤ N (t) (u − v) , t ∈ [α, β) , u ≥ v ≥ 0, (2.5) where N is nonnegative continuous on [α, β) .

If x : [α, β) → [0, ∞) is continuous and satisfies the inequality x (t) ≤ A (t) + B (t) ∫_t α G (s, x (s)) ds, t ∈ [α, β) ; (2.6) then we have the estimate x (t) ≤ A (t) + B (t) ∫_t α G (u, A (u)) exp (∫_t u N (s) B (s) ds ) du (2.7) for all t ∈ [α, β) .

Corollary 76 Let A, B, C : [α, β) → R_+ , H : R_+ → R_+ be continuous and H satisfies the following condition of Lipschitz type: 0 ≤ H (u) − H (v) ≤ M (u − v) , M > 0, u ≥ v ≥ 0. (2.8) Then for every nonnegative continuous function verifying x (t) ≤ A (t) + B (t) ∫_t α C (s) H (x (s)) ds, t ∈ [α, β) (2.9) we have the bound x (t) ≤ A (t) + B (t) ∫_t α C (u) H (A (u)) × exp ( M ∫_t u C (s) B (s) ds ) du, (2.10) for all t ∈ [α, β) .

46 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

Remark 77 Putting H : R_+ → R_+ , H (X) = x, one obtains Lemma 1 of [37] which gives a natural generalisation of the Gronwall inequality.

A important consequence of Lemma 74 for differentiable kernels is the following result:

Lemma 78 Let A, B : [α, β) → R_+ , D : [α, β) × R_+ → R_+ be continuous and D is differentiable on domain (α, β) × (0, ∞) , (2.11) ∂D (t, x) ∂x is nonnegative on (α, β) × (0, ∞) , and there exists a continuous function P : [α, β) × R_+ → R_+ such that ∂D (t, u) ∂x ≤ P (t, v) for any t ∈ (α, β) and u ≥ v > 0. If x : [α, β) → [0, ∞) is continuous and x (t) ≤ A (t) + B (t) ∫_t α D (s, x (s)) ds, t ∈ [α, β) (2.12) then we have the inequality x (t) ≤ A (t) + B (t) ∫_t α D (u, A (u)) × exp (∫_t u P (s, A (s)) B (s) ds ) du; (2.13)

for all t ∈ [α, β) .

Proof. Applying Lagrange’s theorem for the function D in the domain Δ = (α, β) × (0, ∞) , for every u > v > 0 and t ∈ (α, β) , there exists a μ ∈ (v, u) such that D (t, u) − D (t, v) = ∂D (t, μ) ∂x (u − v) . Since, by (2.11), 0 ≤ ∂D (t, μ) ∂x ≤ P (t, v) ,

2.1. INTEGRAL INEQUALITIES 47

we obtain 0 ≤ D (t, u) − D (t, v) ≤ P (t, v) (u − v) for every u ≥ v > 0 and t ∈ (α, β) .

The proof of the lemma follows now by a similar argument to that employed in Lemma 74. We omit the details.

In what follows, we give two corollaries that are important in applications: Corollary 79 Let A : [α, β) → R^∗_+ , B : [α, β) → R_+ , I : [α, β) × R_+ → R_+ be continuous on I and satisfies the assumption:

I is differentiable on domain (α, β) × (0, ∞) , ∂I (t, x) ∂x is (2.14) non-negative continuous on (α, β) × (0, ∞) and we have ∂I (t, u) ∂x ≤ ∂I (t, v) ∂x for any u ≥ v > 0 and t ∈ (α, β) .

If x : [α, β) → [0, ∞) is continuous and satisfies the inequality x (t) ≤ A (t) + B (t) ∫_t α I (s, x (s)) ds, t ∈ [α, β) , (2.15) then we have the estimate x (t) ≤ A (t)+B (t) ∫_t α I (u, A (u)) exp (∫_t u ∂I (s, A (s)) ∂x B (s) ds ) du (2.16)

for all t ∈ [α, β) .

Corollary 80 Let A, B, C : [α, β) → R_+ , K : R_+ → R_+ be continuous, A (t) > 0 for all t ∈ [α, β) and K satisfies the condition

K is monotone-increasing and differentiable in (0, ∞) with (2.17) dK dx : (0, ∞) → R_+ is monotone decreasing in R^∗_+ .

If x : [α, β) → [0, ∞) is continuous and x (t) ≤ A (t) + B (t) ∫_t α C (s) K (x (s)) ds, t ∈ [α, β) , (2.18)

48 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE then we have the bound x (t) ≤ A (t) + B (t) ∫_t α C (u) K (A (u)) × exp (∫_t u dK dx (A (s)) B (s) C (s) ds ) du, (2.19) for all t ∈ [α, β) .

The following natural consequences of the above corollaries hold. Consequences

1. Let A, B, C; r : [α, β) → R_+ be continuous and A (t) > 0, r (t) ≤ 1 for t ∈ [α, β) . Then, for every nonnegative continuous function x : [α, β) → [0, ∞) satisfying the integral inequality x (t) ≤ A (t) + B (t) ∫_t α C (s) x (s)^{r(s)} ds, t ∈ [α, ∞) (2.20) we have the estimation x (t) ≤ A (t) + B (t) ∫_t α C (u) A (u)^{r(u)} × exp (∫_t u r (s) B (s) C (c) A (s)^{1−r(s)} ds ) du, (2.21) for all t ∈ [α, β) .

In particular, if r is constant, then x (t) ≤ A (t) + B (t) ∫_t α C (s) x (s)^r ds, t ∈ [α, β) (2.22) implies x (t) ≤ A (t) + B (t) ∫_t α C (u) A (u)^r × exp ( r ∫_t u B (s) C (s) A (s)^{1−r} ds ) du (2.23) in [α, β) .

2.1. INTEGRAL INEQUALITIES 49 2. Let A, B, C : [α, β) → R_+ be nonnegative and continuous on [α, β) . If x : [α, β) → R_+ is continuous and satisfies the relation x (t) ≤ A (t) + B (t) ∫_t α C (s) ln (x (s) + 1) ds, t ∈ [α, β) , (2.24) then we have the estimation x (t) ≤ A (t) + B (t) ∫_t α C (s) ln (A (s) + 1)

× exp (∫_t u C (u) B (u) A (u) + 1 du ) ds (2.25) for all t ∈ [α, β) .

3. Assume that A, B, C are nonnegative and continuous in [α, β) . Then for every x : [α, β) → R_+ a solution of the following integral inequation x (t) ≤ A (t) + B (t) ∫_t α C (s) arctan (x (s)) ds, t ∈ [α, β) (2.26) we have x (t) ≤ A (t) + B (t) ∫_t α C (u) arctan (A (u)) exp × (∫_t u B (s) C (s) A (s)^2 + 1 ds ) du (2.27) in the interval [α, β) .

2.1.1 Some Generalisations

In this section we point out some generalisations of the results presented above.

The first result is embodied in the following theorem [41]. Theorem 81 Let A, B : [α, β) → [0, ∞), L : [α, β) × [0, ∞) → [0, ∞) be continuous. Further, let ψ : [0, ∞) → [0, ∞) be a continuous and strictly increasing mapping with ψ (0) = 0 that satisfies the assumption 0 ≤ L (t, u) − L (t, v) ≤ M (t, v) ψ^{−1} (u − v) for all u ≥ v ≥ 0, (2.28)

50 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE where M is continuous on [α, β) × [0, ∞) and ψ^{−1} is the inverse mapping of ψ. Then for every nonnegative continuous function x : [α, β) → [0, ∞) satisfying x (t) ≤ A (t) + ψ ( B (t) ∫_t α L (s, x (s)) ds ) , t ∈ [α, β), we have the estimate x (t) ≤ A (t) + ψ ( B (t) ∫_t α L (u, A (u)) exp (∫_t u M (s, A (s)) B (s) ds ) du )

for all t ∈ [α, β).

Proof. Define the mapping y : [α, β) → [0, ∞) by y (t) := ∫_t α L (s, x (s)) ds. Then y is differentiable on [α, β) and y^′ (t) = L (t, x (t)) , for t ∈ [α, β). By the use of the condition (2.28), it follows that: y^′ (t) = L (t, x (t)) ≤ L (t, A (t) + ψ (B (t) y (t))) ≤ L (t, A (t)) + M (t, A (t)) ψ^{−1} (ψ (B (t) y (t))) = L (t, A (t)) + M (t, A (t)) B (t) y (t) for all t ∈ [α, β).

By a similar argument to the one in the proof of Lemma 74, we obtain y (t) ≤ ∫_t α L (u, A (u)) exp (∫_t u M (s, A (s)) B (s) ds ) du, t ∈ [α, β). On the other hand, we have: y (t) ≤ A (t) + ψ (B (t) y (t)) , t ∈ [α, β) and since ψ is monotonic increasing on [α, β), we deduce that the desired inequality holds.

2.1. INTEGRAL INEQUALITIES 51 Remark 82 Some general examples of mappings that satisfy the above conditions are: ψ : [0, ∞) → [0, ∞), ψ (x) := x^p, p > 0.

The following two corollaries are natural consequences of the above theorem.

Corollary 83 Let A, B, ψ be as above and G : [α, β) × [0, ∞) → [0, ∞) be a continuous mapping such that: 0 ≤ G (t, u) − G (t, v) ≤ N (t) ψ^{−1} (u − v) (2.29) for all t ∈ [α, β), u ≥ v ≥ 0 and N is continuous on [α, β). If x : [α, β) → [0, ∞) is continuous and satisfies the inequality x (t) ≤ A (t) + ψ ( B (t) ∫_t α L (s, x (s)) ds ) , t ∈ [α, β), then we have the bound: x (t) ≤ A (t) + ψ ( B (t) ∫_t α G (u, A (u)) exp (∫_t u N (s) B (s) ds ) du )

in the interval [α, β).

Corollary 84 Let A, B, ψ be as above, C : [α, β) → [0, ∞) and H : [0, ∞) → [0, ∞) be continuous and such that: 0 ≤ H (u) − H (v) ≤ Mψ^{−1} (u − v) for all u ≥ v ≥ 0 and M is a constant with M > 0. The for every nonnegative continuous function x satisfying x (t) ≤ A (t) + ψ ( B (t) ∫_t α C (s) H (x (s)) ds ) , t ∈ [α, β), we have the evaluation: x (t) ≤ A (t) + ψ ( B (t) ∫_t α C (u) H (A (u)) × exp ( M ∫_t u C (s) B (s) ds ) du )

for all t ∈ [α, β).

52 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE The second generalisation of Lemma 74 is the following:

Theorem 85 Let A, B, L and ψ be as in Theorem 81 and suppose, in addition, that ψ^{−1} (ab) ≤ ψ^{−1} (a) ψ^{−1} (b) for all a, b ∈ [0, ∞).

If x : [α, β) → [0, ∞) is continuous and x (t) ≤ A (t) + B (t) ψ (∫_t α L (s, x (s)) ds ) , t ∈ [α, β), then we have the evaluation: x (t) ≤ A (t) + B (t) ψ (∫_t α L (u, A (u)) × exp ( M (s, A (s)) ψ^{−1} (B (s)) ds ) du ) for all t ∈ [α, β).

Proof. If y is as defined in Theorem 81, we have:

y^′ (t) = L (t, x (t)) ≤ L (t, A (t)) + B (t) ψ (y (t)) ≤ L (t, A (t)) + M (t, A (t)) ψ^{−1} (B (t) ψ (y (t))) ≤ L (t, A (t)) + M (t, A (t)) ψ^{−1}B (t) y (t) , for all t ∈ [α, β). Thus we obtain y (t) ≤ ∫_t α L (u, A (u)) exp (∫_t u M (s, A (s)) ψ^{−1} (B (s)) ds ) du and since x (t) ≤ A (t) + B (t) ψ (y (t)) , t ∈ [α, β), the proof is completed.

Remark 86 As examples of functions ψ satisfying the conditions of Theorem 85, we may give the mappings ψ : [0, ∞) → [0, ∞), ψ (x) = x^p, p > 0. Remark 87 If p = 1, we also recapture Lemma 74.

2.1. INTEGRAL INEQUALITIES 53

Corollary 88 Let A, B, ψ be as in the above theorem and G satisfies the condition (2.29). Then for every nonnegative continuous function x : [α, β) → [0, ∞) verifying x (t) ≤ A (t) + B (t) ψ (∫_t α G (s, x (s)) ds ) , t ∈ [α, β), we have the bound: x (t) ≤ A (t) + B (t) ψ (∫_t α G (u, A (u)) × exp (∫_t u N (s) ψ^{−1} (B (s)) ds ) du )

for all t ∈ [α, β).

Finally, we have:

Corollary 89 Let A, B, ψ be as above, C and H be as in Corollaries 83 and 84 of Theorem 81. If x is a nonnegative continuous solution of the integral inequality: x (t) ≤ A (t) + B (t) ψ (∫_t α C (s) H (x (s)) ds ) , t ∈ [α, β), then we have x (t) ≤ A (t) + B (t) ψ (∫_t α C (s) H (A (u)) × exp ( M ∫_t u C (s) ψ^{−1} (B (s)) ds ) du )

in the interval [α, β).

2.1.2 Further Generalisations

In paper [14], P.R. Beesack proved the following comparison theorem.

54 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

Theorem 90 Let σ and k be continuous and of one sign on the interval J = [α, β] and let g be continuous monotone and non-zero on an interval I containing the point v_0. Suppose that either g is nondecreasing and k ≥ 0 or g is nonincreasing and k ≤ 0. If σ ≥ 0 (δ ≤ 0) let the maximal (minimal) solution, v (t), of dv dt = k (t) g (v (t)) + σ (t) , v (α) = v_0 (2.30)

exists on the interval [α, β_1), and let

u_1 = sup { u ∈ J : v_0 + ∫_u α σ (s) ds ∈ I } ; u_2 = sup { u ∈ J : G ( v_0 + ∫_u α σ (s) ds + ∫_t a k (s) ds ) ∈ G (I) , α ≤ t ≤ u} , where G (u) := ∫_u u_0 dy g (y) , u ∈ I, (u_0 ∈ I) . Let β_2 = min (u_1, u_2) and β̄_1 = min (β_1, β_2). Then for α ≤ t ≤ β̄_1, we have v (t) ≤ G^{−1} [∫_t a k (s) ds + G ( v_0 + ∫_u α σ (s) ds )] if σ ≥ 0 (2.31) or v (t) ≥ G^{−1} [∫_t a k (s) ds + G ( v_0 + ∫_u α σ (s) ds )] if σ ≤ 0 (2.32)

Moreover, if σ ≥ 0 and k, g have the same sign (σ ≤ 0 and k, g have the opposite sign), then β_1 ≥ β_2 and we also have: G^{−1} (∫_t a k (s) ds + G ( v_0 + ∫_u α σ (s) ds ))

≤ (≥) v (t) , α ≤ t ≤ β_1. (2.33)

Now we can give the following generalisation of the Gronwall inequality [103].

2.1. INTEGRAL INEQUALITIES 55 Theorem 91 Let A, B : [α, β) → R_+ , L : [α, β) × R_+ → R_+ be continuous and the condition (2.1) is valid. If x : [α, β) → R_+ is a nonnegative continuous functions which satisfies the inequality: x (t) ≤ A (t) + B (t) g (∫_t α L (s, x (s)) ds ) , t ∈ [α, β), (2.34) where g : [0, ∞) → R_+ is a nondecreasing continuous function, then we have the estimation:

x (t) ≤ A (t) + B (t) g ∘ Γ^{−1} (∫_t α M (s, A (s)) B (s) ds +Γ (∫_t α L (s, A (s)) ds )) , t ∈ [α, β), (2.35) where Γ (u) := ∫_u u_0 dy g (y) , u_0 > 0.

Proof. Let us consider the mapping y (t) := ∫_t α L (s, x (s)) ds. Then y is differentiable on [α, β) and ẏ (t) = L (t, x (t)) , t ∈ [α, β). By the condition (2.1), we obtain ẏ (t) ≤ L (t, A (t) + B (t) g (y (t))) ≤ L (t, A (t)) + M (t, A (t)) B (t) g (y (t)) , t ∈ [α, β), i.e., ẏ (t) ≤ L (t, A (t)) + M (t, A (t)) B (t) g (y (t)) , t ∈ [α, β). (2.36) By a similar argument to that in the proof of the Beesack theorem of comparison, we deduce

y (t) ≤ Γ^{−1} [∫_t a M (s, A (s)) B (s) ds + Γ (∫_t α L (s, A (s)) ds )] (2.37)

56 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE for all t ∈ [α, β), and now

x (t) ≤ A (t) + B (t) g ∘ Γ^{−1} [∫_t α M (s, A (s)) B (s) ds + Γ (∫_t α L (s, A (s)) ds )] , for all t ∈ [α, β).

Corollary 92 Let A, B : [α, β) → R_+ , G : [α, β) × R_+ → R_+ , be continuous and G satisfies the condition (2.5).

Then for every nonnegative continuous function x verifying the integral inequality x (t) ≤ A (t) + B (t) g (∫_t α G (s, x (s)) ds ) , t ∈ [α, β) (2.38) we have the estimation

x (t) ≤ A (t) + B (t) g ∘ Γ^{−1} (∫_t α N (s) B (s) ds + Γ (∫_t α G (s, A (s)) ds )) (2.39) for all t ∈ [α, β).

Corollary 93 Let A, B, C : [α, β) → R_+ , H : R_+ → R_+ be continuous and H satisfies the condition of Lipschitz type (2.8). Then for every nonnegative continuous solution of x (t) ≤ A (t) + B (t) g (∫_t α C (s) H (x (s)) ds ) , t ∈ [α, β) (2.40) then we have

x (t) ≤ A (t) + B (t) g ∘ Γ^{−1} [ M ∫_t α C (s) B (s) ds + Γ (∫_t α C (s) H (A (s)) ds )] (2.41) for all t ∈ [α, β).

2.1. INTEGRAL INEQUALITIES 57

Another result for differentiable kernels is embodied in the following theorem [103].

Theorem 94 Let A, B : [α, β) → R_+ , D : [α, β) × R_+ → R_+ , be continuous and D satisfies the condition (2.11). If x : [α, β) → [0, ∞) is continuous and x (t) ≤ A (t) + B (t) g (∫_t α D (s, x (s)) ds ) , t ∈ [α, β), (2.42) where g is a nonnegative nondecreasing continuous function on the interval [0, ∞), then the following estimation holds:

x (t) ≤ A (t) + B (t) g ∘ Γ^{−1} (∫_t α P (s, A (s)) B (s) ds + Γ (∫_t α D (s, A (s)) ds )) , (2.43)

where Γ (u) := ∫_u u_0 dy g (y) , u_0 > 0.

Proof. Applying Lagrange’s theorem for the mapping D in [α, β)×[0, ∞), then for every u > v ≥ 0 and t ∈ [α, β), there exists μ ∈ (v, u) such that: D (t, u) − D (t, v) = ∂D (t, μ) ∂x (u − v) . Since 0 ≤^{∂D(t,μ)}_{∂x} ≤ P (t, v), we obtain 0 ≤ D (t, u) − D (t, v) ≤ P (t, v) (u − v) (2.44) for all u ≥ v ≥ 0 and t ∈ [α, β).

Applying Theorem 91 for L = D and M = P , we obtain the evaluation (2.43). The theorem is thus proved.

Further on, we shall give some corollaries that are important in applications.

58 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE Corollary 95 Let A, B : [α, β) → R_+ , I : [α, β) × R_+ → R_+ be continuous and I satisfies the relation (2.14). Then for every nonnegative continuous function x satisfying x (t) ≤ A (t) + B (t) g (∫_t α I (s, x (s)) ds ) , t ∈ [α, β), (2.45) we have the estimation

x (t) ≤ A (t) + B (t) g ∘ Γ^{−1} [∫_t α ∂I (s, A (s)) ∂x D (s) ds + Γ (∫_t α I (s, A (s)) ds )] (2.46) for all t ∈ [α, β).

Corollary 96 Let A, B, C : [α, β) → R_+ , K : [α, β) × R_+ → R_+ be continuous and I satisfies the relation (2.14). If x : [α, β) → [0, ∞) is continuous and x (t) ≤ A (t) + B (t) g (∫_t α C (s) K (x (s)) ds ) , t ∈ [α, β), (2.47) then we have the bound

x (t) ≤ A (t) + B (t) g ∘ Γ^{−1} [∫_t α C (s) dK dx (A (s)) B (s) ds + Γ (∫_t α C (s) K (A (s)) ds )] (2.48) for all t ∈ [α, β).

In the following we mention some particular cases of interest [103]. Proposition 97 Let A, B, C, r : [α, β) → R_+ be continuous and A (t) > 0, r (t) ≤ 1 for t ∈ [α, β). Then for every nonnegative continuous function x : [α, β) → [0, ∞) satisfying x (t) ≤ A (t) + B (t) g (∫_t α C (s) x (s)^{r(s)} ds ) , t ∈ [α, β), (2.49)

2.1. INTEGRAL INEQUALITIES 59

we have the estimation

x (t) ≤ A (t) + B (t) g ∘ Γ^{−1} [∫_t α r (s) C (s) B (s) A (s)^{1−r(s)} ds +Γ (∫_t α C (s) A (s)^{r(s)} ds )] (2.50)

for all t ∈ [α, β).

In particular, if r is constant, then x (t) ≤ A (t) + B (t) g (∫_t α C (s) x (s)^r ds ) , t ∈ [α, β), (2.51) implies

x (t) ≤ A (t) + B (t) g ∘ Γ^{−1} [ r ∫_t α C (s) B (s) A (s)^{1−r} ds + Γ (∫_t α C (s) A (s)^r ds )] , t ∈ [α, β). (2.52)

The proof follows by Corollary 95 on putting I (t, x) = C (t) x^{r(t)}, t ∈ [α, β), x ∈ [0, ∞). Proposition 98 Let A, B, C : [α, β) → R be continuous and nonnegative on [α, β). If x : [α, β) → R_+ is continuous and satisfies the relation x (t) ≤ A (t) + B (t) g (∫_t α C (s) ln (x (s) + 1) ds ) , t ∈ [α, β), (2.53) then

x (t) ≤ A (t) + B (t) g ∘ Γ^{−1} [ r ∫_t α C (s) B (s) A (s) + 1 ds + Γ (∫_t α C (s) ln (A (s) + 1) ds )] (2.54)

for all t ∈ [α, β).

60 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE The proof is evident by Corollary 96 on putting K (x) = ln (x + 1) where x ∈ R_+ .

Finally, we have the following.

Proposition 99 Assume that A, B, C are nonnegative and continuous in [α, β). Then for every x : [α, β) → R_+ a solution of the integral inequation x (t) ≤ A (t) + B (t) g (∫_t α C (s) arctan (x (s)) ds ) , t ∈ [α, β), (2.55) we have the estimation

x (t) ≤ A (t) + B (t) g ∘ Γ^{−1} [ r ∫_t α C (s) B (s) A^2 (s) + 1 ds +Γ (∫_t α C (s) arctan (A (s)) ds )] (2.56) for all t ∈ [α, β).

The proof follows by Corollary 96 on putting K (x) := arctan (x), x ∈ R_+ .

2.1.3 The Discrete Version

We give now a discrete version.

In paper [101], B.G. Pachpatte proved the following discrete inequality of Gronwall type.

Lemma 100 Let x, f, g, h : N →[0, ∞) be such that x (n) ≤ f (n) + g (n) n−1∑ s=0 h (s) x (s) , n ≥ 1 then x (n) ≤ f (n) + g (n) n−1∑ s=0 h (s) f (s) n−1∏ τ =s+1 (h (τ) g (τ) + 1) for all n ∈ N^∗ .

2.1. INTEGRAL INEQUALITIES 61 Further on, we shall give the discrete analogue of the nonlinear integral inequality: x (t) ≤ A (t) + B (t) ∫_t α L (s, x (s)) ds, t ∈ [α, β) ⊂ R, (2.57) where all the involved functions are continuous and nonnegative as defined and the mapping L satisfies the condition 0 ≤ L (t, u) − L (t, v) ≤ M (t, v) (u − v) for all t ∈ [α, β) (2.58) u ≥ v ≥ 0 and M is nonnegative continuous on [α, β) × R_+ .

The following theorem holds [39].

Theorem 101 Let (A (n))_{n∈N} , (B (n))_{n∈N} be nonnegative sequences and L : N × R_+ → R_+ be a mapping with the property 0 ≤ L (n, x) − L (n, y) ≤ M (n, y) (x − y) for n ∈ N, x ≥ y ≥ 0 and M is nonnegative on N × R_+ . (2.59) If x (n) ≥ 0 (n ∈ N) and : x (n) ≤ A (n) + B (n) n−1∑ s=0 L (s, x (s)) , for n ≥ 1, then the following estimation x (n) ≤ A (n) + B (n) n−1∑ s=0 L (s, A (s)) n−1∏ τ =s+1 (M (τ , A (τ )) B (τ) + 1)

holds for all n ≥ 1.

Proof. Put y (n) := ∑_{n−1} s=0 L (s, x (s)) for n ≥ 1 and y (0) := 0. Then we have:

y (n + 1) − y (n) = L (n, x (n)) ≤ L (n, A (n) + B (n) y (n)) ≤ L (n, A (n) + M (n, A (n)) B (n) y (n)) for n ≥ 0, i.e.,

y (n + 1) ≤ L (n, A (n) + [M (n, A (n)) B (n) + 1] y (n)) , n ≥ 0.

62 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

Using the notation:

α (n) := L (n, A (n)) , β (n) := M (n, A (n)) B (n) + 1 > 0 for n ≥ 0, and z (n) := y (n) n−1∏ τ =0 β (τ) for n ≥ 1 and z (0) = 0,

we may write (_n ∏ τ =0 β (τ) ) z (n + 1) ≤ α (n) + (_n ∏ τ =0 β (τ ) ) z (n) for n ≥ 0

and since_n ∏ τ=0 β (τ ) > 0 (n ≥ 0)

we have z (n + 1) − z (n) ≤ α (n) n∏ τ =0 β (τ ) .

Summing these inequalities, we deduce

z (n) ≤ n−1∑ s=0 α (s) s∏ τ =0 β (τ ) which implies: y (n) ≤ n−1∑ s=0 L (s, A (s)) n−1∏ τ =s+1 (M (τ , A (τ )) B (τ) + 1)

for all n ≥ 1 and the theorem is proved.

Corollary 102 Let A, B : N → R be nonnegative sequences and G : N × R_+ → R_+ be a mapping satisfying the condition: 0 ≤ G (n, x) − G (n, y) ≤ N (n) (x − y) for n ∈ N, (2.60) x ≤ y ≤ 0 and N (n) is nonnegative for n ∈ N.

2.1. INTEGRAL INEQUALITIES 63 If x (n) ≥ 0 (n ∈ N) and x (n) ≤ A (n) + B (n) n−1∑ s=0 G (s, x (s)) , for n ≥ 1, then the following evaluation: x (n) ≤ A (n) + B (n) n−1∑ s=0 G (s, A (s)) n−1∏ τ=s+1 (N (τ) B (τ ) + 1)

holds, for n ≥ 1.

The statement follows directly from the above theorem.

Corollary 103 Let A, B, C : N → R be nonnegative sequences and H : R_+ → R_+ be a function satisfying the following Lipschitz type condition:

0 ≤ H (x) − H (y) ≤ M (x − y) where M > 0, x ≥ y ≥ 0. (2.61) Then for any (x (n))_{n∈N} a nonnegative sequence verifying the condition x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) H (x (s)) , n ≥ 1, we have x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) H (A (s)) n−1∏ τ =s+1 (MC (τ ) B (τ ) + 1)

for all n ≥ 1.

The proof is obvious and we omit the details. Remark 104 If in the previous corollary we put:

A (n) = f (n) , B (n) = g (n) , C (n) = h (n) (n ∈ N) and H (x) = x, (x ∈ R) ; we obtain the result of B.G. Pachpatte [101], see Lemma 100.

Another result of this subsection is the following [39].

64 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

Theorem 105 Let (A (n))_{n∈N} , (B (n))_{n∈N} be nonnegative sequences and D : N × R_+ → R_+ be a mapping satisfying the condition: for any n ∈ N, D (n, ·) is differentiable on R_+ , (2.62) dD (n, t) dt is nonnegative for n ∈ N, t ∈ R_+ and there exists a function P : N × R_+ → R_+ such that dD (n, u) Dt ≤ P (n, v) for each n ∈ N and u ≥ v ≥ 0.

If x (n) is nonnegative and verifies the inequality x (n) ≤ A (n) + B (n) n−1∑ s=0 D (s, x (s)) , n ≤ 1, then the following estimation is valid: x (n) ≤ A (n) + B (n) n−1∑ s=0 D (s, A (s)) n−1∏ τ =s+1 (P (τ , A (τ )) B (τ) + 1)

for all n ≥ 1.

Proof. Let n ∈ N. Then by Lagrange’s theorem, for any u ≥ v ≥ 0 there exists μ_n ∈ (v, u) such that: D (n, u) − D (n, v) = dD (u, μ_n) dt (u − v) , since 0 ≤ dD (n, μ_n) dt ≤ P (n, v) for n ≥ 1, we obtain 0 ≤ D (n, u) − D (n, v) ≤ P (n, v) (u − v) for u ≥ v ≥ 0 and n ∈ N.

Applying Theorem 101 for L (n, x) = D (n, x), M (n, x) = P (n, x), n ∈ N and x ∈ R_+ , the proof is completed.

2.1. INTEGRAL INEQUALITIES 65 Corollary 106 Let A (n), B (n) be nonnegative for n ≥ 1 and I : N × R_+ → R_+ be such that:

I (n, ·) is differentiable on R_+ for n ∈ N, dI (n, t) dt is nonnegative (2.63) on N × R_+ and dI (n, u) dt ≤ dI (n, v) dt for all u ≥ v ≥ 0 and n ∈ N.

If x (n) ≥ 0 (n ∈ N) satisfies the inequality: x (n) ≤ A (n) + B (n) n−1∑ s=0 I (s, x (s)) , n ≥ 1, then we have x (n) ≤ A (n) + B (n) n−1∑ s=0 I (s, A (s)) n−1∏ τ =s+1 ( dI (τ , A (τ )) dt B (τ ) + 1 )

for all n ≥ 1.

Finally, we have Corollary 107 Let (A (n))_{n∈N} , (B (n))_{n∈N} , (C (n))_{n∈N} , be nonnegative sequences and K : R_+ → R_+ be a mapping with the property:

K is momotonic decreasing and differentiable on R_+ with (2.64) the derivative dK dt monotonic nonincreasing on R_+ .

If x (n) is nonnegative and x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) K (x (s)) , n ≥ 1, then x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) K (A (s)) n−1∏ τ =s+1 ( dK dt A (τ ) B (τ ) C (τ) + 1 )

for all n ≥ 1.

66 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE Now, we can give some natural consequences of the above corollaries [39].

Consequences

1. Let (A (n))_{n∈N} , (B (n))_{n∈N} , (C (n))_{n∈N} , (r (n))_{n∈N} and (x (n))_{n∈N} be nonnegative sequences and A (n) > 0, r (n) ≤ 1 for n ≥ 1. If x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) [x (s)]^{r(s)} , n ≥ 1, (2.65)

then x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) A (s)^{r(s)} n−1∏ τ =s+1 ( r (τ ) B (τ) C (τ) [A (τ)]^{1−r(τ )} + 1 )

for n ≥ 1.

In particular, if r ∈ [0, 1], then x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) [x (s)]^r , n ≥ 1, (2.66)

implies x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) A^r (s) n−1∏ τ =s+1 ( r (τ) B (τ ) C (τ) A^{1−r} (τ) + 1 )

for all n ≥ 1.

2. If (A (n))_{n∈N} , (B (n))_{n∈N} , (C (n))_{n∈N} and (x (n))_{n∈N} are nonnegative sequences and x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) ln (x (s) + 1) , n ≥ 1, (2.67)

then we have the estimation: x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) ln (A (s) + 1) n−1∏ τ =s+1 ( B (τ) C (τ ) A (τ) + 1 + 1 )

for all n ≥ 1.

2.2. BOUNDEDNESS CONDITIONS 67

3. Assume that A, B, C, x : N → R are as above and x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) arctan (x (s)) , n ≥ 1, (2.68)

then the following inequality is also true: x (n) ≤ A (n) + B (n) n−1∑ s=0 C (s) arctan (A (s)) n−1∏ τ =s+1 ( B (τ ) C (τ) A^2 (τ ) + 1 + 1 )

for all n ≥ 1.

2.2 Boundedness Conditions

The main purpose of this section is to give some sufficient conditions of uniform boundedness for the nonnegative solutions defined in the interval [α, ∞) of the Gronwall integral inequations (2.2) , (2.6) , (2.9) , (2.12) , (2.15) and (2.18).

Theorem 108 If the kernel L of the integral inequation (2.2) satisfies the relation (2.1) in [α, ∞) and the following conditions:

A (t) ≤ M_1, B (t) ≤ M_2, t ∈ [α, ∞) (2.69) ∫_∞ α M (s, A (s)) ds, ∫_∞ α L (s, M_1) ds < ∞ (2.70)

hold, then there exists a constant M > 0 such that for every nonnegative continuous solution defined in [α, ∞) of (2.2) we have x (t) ≤ M for any t ∈ (α, ∞) i.e., the nonnegative solutions of integral inequation (2.2) are uniformly bounded in [α, ∞) .

Proof. Let x ∈ C ([α, ∞) ; R_+ ) be a solution of (2.2) . Applying Lemma 74, we have the following estimation: x (t) ≤ A (t)+B (t) ∫_t α L (u, A (u)) exp (∫_t u M (s, A (s)) B (s) ds ) du (2.71)

for any t ∈ [α, ∞).

68 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

If the conditions (2.69) and (2.70) are satisfied, we obtain

x (t) ≤ M_1 + M_2 ∫_∞ α L (s, M_1) ds exp ( M_2 ∫_∞ α M (s, A (s)) ds )

in [α, ∞) and the theorem is proved.

Let us now suppose that the kernel G of the integral inequation (2.6) satisfies the relation (2.5) on [α, ∞) and the conditions (2.69) and ∫_∞ α N (s) ds, ∫_∞ α G (s, M_1) ds < ∞ (2.72)

hold. Then the nonnegative continuous solutions of (2.6) are uniformly bounded in [α, ∞) .

If we suppose that the kernel H of integral inequation (2.9) verifies the relation (2.8) on [α, ∞) , and (2.69), ∫_∞ α C (s) ds < ∞ (2.73)

are true, then the nonnegative continuous solutions defined in [α, ∞) of (2.9) are also uniformly bounded in [α, ∞) .

Further, we shall suppose that A (t) > 0 for all t ∈ [α, ∞) . If the kernel D of integral inequation (2.12) has the property (2.11) in [α, ∞) and the conditions (2.69) and ∫_∞ α D (s, M_1) ds, ∫_∞ α P (s, A (s)) ds < ∞ (2.74) hold, then the nonnegative continuous solutions of (2.12) are uniformly bounded in [α, ∞) . If we assume that the kernel I of integral inequation (2.15) satisfies the relation (2.14) in [α, ∞) and (2.69) and ∫_∞ α I (s, M_1) ds, ∫_∞ α ∂I (s, A (s)) ∂x ds < ∞ (2.75)

hold, then the nonnegative continuous solution of (2.15) is uniformly bounded in [α, ∞) .

2.2. BOUNDEDNESS CONDITIONS 69

In particular, if the kernel K of integral inequation (2.18) verifies the relation (2.17) in [α, ∞) and the conditions (2.69) and ∫_∞ α C (s) ds, ∫_∞ α dK dx (A (s)) C (s) < ∞ (2.76)

are valid, then the solutions of (2.18) are also uniformly bounded in the interval [α, ∞) .

Finally, if we consider the integral inequation (2.20) defined in [α, ∞) and assume that the relations (2.69) and ∫_∞ α C (s) M^{r(s)}ds, ∫_∞ α r (s) C (s) A (s)^{1−r(s)} < ∞ (2.77)

hold, then the nonnegative solutions of (2.20) are uniformly bounded in [α, ∞) . Now we shall prove another theorem which gives sufficient conditions of uniform boundedness for the solutions of the above integral inequations.

Theorem 109 If the kernel L of integral inequation (2.2) defined in [α, ∞) satisfies the relation (2.1) , and the conditions

A (t) ≤ M_1, lim_{t→∞} B (t) = 0, t ∈ [α, ∞) , (2.78) ∫_∞ α L (s, M_1) ds, ∫_∞ α M (s, A (s)) B (s) < ∞ or (2.79) M (t, A (t)) B (t) ≤ k t , B (t) t^k ≤ l < ∞, α, k > 0, (2.80) t ∈ [α, ∞) and ∫_∞ α L (s, M_1) s^k ds < ∞ hold, then the nonnegative continuous solutions of (2.2) are uniformly bounded in [α, ∞) . Proof. Let x ∈ C ([α, ∞) ; R_+ ) be a solution of (2.2) . Applying Lemma 74, we obtain the estimation (2.71) . If the conditions (2.78) and (2.79) or (2.80) are satisfied, we have

x (t) ≤ M_1 + B (t) ∫_∞ α L (s, M_1) ds exp (∫_∞ α M (s, A (s)) B (s) ds )

70 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE or x (t) ≤ M_1 + l ∫_∞ α L (s, M_1) s^k ds, t ∈ [α, ∞) . Since B is continuous in [α, ∞) and lim_{t→∞} B (t) = 0, it results that B is bounded in [α, ∞) ; and the theorem is proved.

Let us now suppose that the kernel G of the integral inequation (2.6) satisfies the relation (2.5) in the interval [α, ∞) and the following conditions (2.78) and ∫_∞ α G (s, M_1) ds, ∫_∞ α N (s) B (s) < ∞ or (2.81) N (t) B (t) ≤ k t , B (t) t^k ≤ l < ∞, α, k > 0, t ∈ [α, ∞) (2.82) hold, then the nonnegative continuous solutions of (2.6) are uniformly bounded in [α, ∞) . If we assume that the kernel H of integral inequation (2.9) verifies the relation (2.8) in [α, ∞) and the following conditions (2.78) and ∫_∞ α C (s) < ∞ or (2.83) MC (t) B (t) ≤ k t , B (t) t^k ≤ l < ∞, α, k > 0, t ∈ [α, ∞) (2.84) and ∫_∞ α C (s) s^k ds < ∞ are valid, then the nonnegative continuous solutions of (2.9) are also uniformly bounded in [α, ∞) .

Further, we shall suppose that A (t) > 0 for all t ∈ [α, ∞) . In that assumption, and if the kernel D of the integral inequation (2.12) has the property (2.11) in [α, ∞) and the following conditions (2.78) and ∫_∞ α D (s, M_1) ds, ∫_∞ α P (s, A (s)) ds < ∞ or (2.85) P (t, A (t)) B (t) ≤ k t , B (t) t^k ≤ l < ∞, α, k > 0 and (2.86) ∫_∞ α D (s, M_1) s^k ds < ∞

2.2. BOUNDEDNESS CONDITIONS 71

are true, then the nonnegative continuous solutions of (2.12) are uniformly bounded in [α, ∞) .

If we assume that the kernel I of (2.15) satisfies the relation (2.14) in [α, ∞) and (2.78) , ∫_∞ α I (s, M_1) ds, ∫_∞ α ∂I (s, A (s)) ∂x B (s) ds < ∞ or (2.87) ∂I (t, A (t)) ∂x B (t) ≤ k t , B (t) t^k ≤ l < ∞, α, k > 0 (2.88) and ∫_∞ α I (s, M_1) s^k ds < ∞ hold, then the nonnegative continuous solutions of (2.15) are uniformly bounded.

In particular, if the kernel K of integral inequation (2.18) verifies the relation (2.17) in [α, ∞) and the following conditions: (2.78) and ∫_∞ α C (s) ds, ∫_∞ α dK dx (A (s)) C (s) B (s) ds < ∞ or (2.89) dK dx (A (t)) C (t) B (t) ≤ k t , B (t) t^k ≤ l < ∞, α, k > 0 (2.90) and ∫_∞ α C (s) s^k ds < ∞ hold, then the nonnegative continuous solutions of (2.18) are also uniformly bounded in [α, ∞) .

72 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

Consequences

1. Let us consider the integral inequation (2.20) of Section 2.1 defined for t ∈ [α, ∞) . If the following conditions are satisfied: (2.78) and ∫_∞ α C (s) M^{r(s)}_1 ds, ∫_∞ α r (s) C (s) B (s) A (s)^{1−r(s)} ds < ∞ or (2.91) r (t) C (t) B (t) A (t)^{1−r(t)} ≤ k t , B (t) t^k ≤ l < ∞, α, k > 0 and (2.92) ∫_∞ α C (s) M^{r(s)}_1 s^k ds < ∞; then the nonnegative continuous solutions of (2.20) are uniformly bounded in [α, ∞) . 2. Let us now consider the integral inequations (2.24) of Section 2.1 defined in [α, ∞) . If the following conditions: (2.78) and C (t) B (t) A (t) + 1 ≤ k t , B (t) t^k ≤ l < ∞, t ∈ [α, ∞) (2.93) and ∫_∞ α C (s) s^k ds < ∞ are valid, then the nonnegative continuous solutions of (2.24) are bounded in [α, ∞) . 3. Finally, if we consider the integral inequation (2.26) defined in [α, ∞) and if we assume that the following conditions are satisfied: (2.78) and C (t) B (t) A^2 (t) + 1 ≤ k t , B (t) t^k ≤ l < ∞, α, k > 0, (2.94) and ∫_∞ α C (s) s^k ds < ∞ then the nonnegative continuous solutions of (2.26) are also uniformly bounded in [α, ∞) .

We can now state another result.

2.2. BOUNDEDNESS CONDITIONS 73

Theorem 110 If the kernel L of integral inequation (2.2) satisfies the relation (2.1) in [α, ∞) and the conditions

A (t) ≤ M, t ∈ [α, ∞) ; (2.95) there exists a function U : [α, ∞) → R^∗_+ differentiable in (α, ∞) (2.96)

such that B (t) ≤ 1 U (t) , t ∈ [α, ∞) and lim_{t→∞} U (t) = ∞, lim_{t→∞} L (t, M) U^′(t) = l < ∞, ∫_∞ α M (s, A (s)) B (s) ds < ∞ (2.97) or

lim_{t→∞} exp (∫_t α M (s, A (s)) B (s) ds ) U (t) = l < ∞, and (2.98) ∫_∞ α L (s, M_1) ds exp (∫_s α M (u, A (u)) B (u) du ) < ∞ or M (t, A (t)) B (t) ≤ k t , k, α > 0, t ∈ [α, ∞) ; (2.99) and lim_{t→∞} t^k ∫_t α L(s,M_1) s^k ds U (t) = l < ∞ hold, then the nonnegative continuous solutions of (2.2) are uniformly bounded in [α, ∞) . Proof. Let x ∈ C ([α, ∞) ; R_+ ) be a solution of (2.2) . Applying Lemma 74, we obtain the estimation (2.71) . If the conditions (2.95) , (2.96) and (2.97) or (2.98) or (2.99) are satisfied, we have:

x (t) ≤ M_1 + ∫_t α L (s, M_1) U (t) exp (∫_∞ α M (s, A (s)) B (s) ds )

or

x (t) ≤ M_1+ exp (∫_t α M (s, A (s)) B (s) ds ) U (t) ∫_∞ α L (s, M_1) ds exp (∫_s α M (u, A (u)) B (u) du )

74 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE or x (t) ≤ M_1 + t^k ∫_t α L(s,M_1) s^k ds U (t) for all t ∈ [α, ∞) .

Since lim_{t→∞} ∫_t α L (s, M_1) ds U (t) = lim_{t→∞}

L (s, M_1)

U^′ (t) = l < ∞,

lim_{t→∞} exp (∫_t α M (s, A (s)) B (s) ds ) U (t) = l < ∞, lim_{t→∞} t^k ∫_t α L(s,M_1) s^k ds U (t) = l < ∞ and the functions are continuous in [α, ∞) , then they are bounded in [α, ∞) and the theorem is thus proved.

Let us now suppose that the kernel (2.5) of integral inequation (2.6) satisfies the relation (2.5) in [α, ∞) . If the following conditions: (2.95) , (2.96) and, either, lim_{t→∞} G (t, M_1)

U^′ (t) = l < ∞, ∫_∞ α N (s) B (s) ds < ∞ (2.100) or

lim_{t→∞} exp (∫_t α N (s) B (s) ds ) U (t) = l < ∞, (2.101) ∫_∞ α G (s, M_1) exp (∫_s α N (u) B (u) du )ds < ∞, or N (t) B (t) ≤ k t , k, α > 0 and (2.102) lim_{t→∞} t^k ∫_t α C(s) s^k ds U (t) = l < ∞ hold, then the nonnegative continuous solutions of integral inequation (2.6) are uniformly bounded in [α, ∞) .

2.2. BOUNDEDNESS CONDITIONS 75

If we assume that the kernel H of integral inequation (2.9) verifies the relation (2.8) in the interval [α, ∞) and the following assertion: (2.95) , (2.96) and, either, lim_{t→∞} C (t) U^′ (t) = l < ∞, ∫_∞ α C (s) B (s) ds < ∞ (2.103) or

lim_{t→∞} exp ( M ∫_t α C (s) B (s) ds ) U (t) = l < ∞, (2.104) ∫_∞ α C (s) exp ( M ∫_s α C (u) B (u) du )ds < ∞ or MC (t) B (t) ≤ k t , k, α > 0 and (2.105) lim_{t→∞} t^k ∫_t α C(s) s^k ds U (t) = l < ∞ are valid, then the nonnegative continuous solutions of (2.9) are uniformly bounded in [α, ∞) .

Further, we shall suppose that A (t) > 0 for all t ∈ [α, ∞) . In that assumption, if the kernel D of integral inequation (2.12) satisfies the relation (2.11) in [α, ∞) and the following conditions: (2.95) , (2.96) and, either, lim_{t→∞} D (t, M_1) U^′(t) = l < ∞, ∫_∞ α P (s, A (s)) B (s) ds < ∞ (2.106) or

lim_{t→∞} exp (∫_t α P (s, A (s)) B (s) ds ) U (t) = l < ∞, (2.107) ∫_∞ α D (s, M_1) ds exp (∫_s α P (u, A (u)) B (u) du ) < ∞

76 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE or P (t, A (t)) B (t) ≤ k t , k, α > 0, t ∈ [α, ∞) and (2.108) lim_{t→∞} t^k ∫_t α D(s,M_1) s^k ds U (t) = l < ∞ hold, then the nonnegative continuous solutions of (2.12) are uniformly bounded in [α, ∞) . If we assume that the kernel I of (2.15) satisfies the relation (2.14) in [α, ∞) and (2.95) , (2.96) and, either, lim_{t→∞} I (t, M_1) U^′ (t) = l < ∞, ∫_∞ α ∂I ∂x (s, A (s)) B (s) ds < ∞ (2.109) or lim_{t→∞} exp (∫_t α ∂I ∂x (s, A (s)) B (s) ds ) U (t) = l < ∞ and (2.110) ∫_∞ α I (s, M_1) ds exp (∫_s α ∂I ∂x (u, A (u)) B (u) du ) < ∞ or ∂I ∂x (t, A (t)) B (t) ≤ k t , k, α > 0, t ∈ [α, ∞) and (2.111) lim_{t→∞} t^k ∫_t α I(s,M_1) s^k ds U (t) = l < ∞ are true, then the nonnegative continuous solutions of (2.15) are uniformly bounded in [α, ∞) .

In particular, if the kernel K of integral inequation (2.18) verifies the relation (2.17) in [α, ∞) and the following conditions (2.95) , (2.96) and, either, lim_{t→∞} C (t) U^′ (t) = l < ∞, ∫_∞ α dK dx (A (a)) C (s) B (s) ds < ∞ (2.112) or lim_{t→∞} exp (∫_∞ α dK dx (A (s)) B (s) C (s) ds ) U (t) = l < ∞ and (2.113) ∫_∞ α C (s) ds exp (∫_s α dK dx (A (u)) B (u) C (u) du ) < ∞

2.2. BOUNDEDNESS CONDITIONS 77 or dK dx (A (t)) B (t) C (t) ≤ k t , k, α > 0, t ∈ [α, ∞) and (2.114) lim_{t→∞} t^k ∫_t α C(s) s^k ds U (t) = l < ∞ hold, then the nonnegative continuous solutions of (2.18) are uniformly bounded in [α, ∞) . Consequences

1. Let us consider the integral inequation (2.20) of Section 2.1. If the following conditions are satisfied: (2.95) , (2.96) and, either, lim_{t→∞} C (t) M^{r(t)} U^′ (t) = l < ∞, ∫_∞ α r (s) C (s) B (s) A (s)^{1−r(s)} ds < ∞ (2.115) or lim_{t→∞} exp (∫_t α r(s)C(s)B(s) A(s)^{1−r(s)} ds ) U (t) = l < ∞ and (2.116) ∫_∞ α C (s) exp (∫_s α r(u)C(u)B(u) A(u)^{1−r(u)} du )ds < ∞ or r (t) C (t) B (t) A (t)^{1−r(t)} ≤ k t , k, α > 0, t ∈ [α, ∞) and (2.117) lim_{t→∞} t^k ∫_t α C(s) s^k ds U (t) = l < ∞, hold, then the nonnegative continuous solutions of (2.20) are uniformly bounded in [α, ∞) .

2. Finally, we shall consider the integral inequation (2.24) of Section 2.1.

If we assume that the conditions (2.95) , (2.96) and, either, lim_{t→∞} C (t) U^′ (t) = l < ∞, ∫_∞ α C (s) B (s) A (s) + 1 ds < ∞ (2.118)

78 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE or

lim_{t→∞} exp (∫_t α C(s)B(s) A(s)+1 ds ) U (t) = l < ∞, (2.119) ∫_∞ α C (s) exp (∫_s α C(u)B(u) A(u)+1 du )ds < ∞

or C (t) B (t) A (t) + 1 ≤ k t , k, α > 0, t ∈ [α, ∞) and (2.120) lim_{t→∞} t^k ∫_t α C(s) s^k ds U (t) = l < ∞ hold, then the nonnegative continuous solutions of (2.24) are uniformly bounded in [α, ∞) .

Now we shall prove another result which is embodied in the following theorem.

Theorem 111 If the kernel L of integral inequation (2.2) satisfies the relation (2.1) in [α, ∞) and the following conditions

lim_{t→∞} A (t) = 0, B (t) ≤ M_1, t ∈ [α, ∞) , (2.121) ∫_∞ α M (s, A (s)) ds, ∫_∞ α L (s, A (s)) ds < ∞ (2.122) hold, then the nonnegative continuous solutions of (2.2) are uniformly bounded in [α, ∞) . Proof. Let x ∈ C ([α, ∞) ; R_+ ) be a solution of (2.2) . Applying Lemma 74, we have the estimation (2.71) . If (2.121) and (2.122) hold, then we have the evaluation

x (t) ≤ A (t) + M_1 ∫_∞ α L (s, A (s)) ds exp ( M_1 ∫_∞ α M (s, A (s)) ds )

for all t ∈ [α, ∞) .

2.2. BOUNDEDNESS CONDITIONS 79

Since A is continuous in [α, ∞) and lim_{t→∞} A (t) = 0, it follows that A is bounded on [α, ∞) and the theorem is proved.

Let us now suppose that the kernel G of integral inequation (2.6) satisfies the relation (2.5) in [α, ∞) and the following conditions: (2.121) and ∫_∞ α N (s) ds, ∫_∞ α G (s, A (s)) ds < ∞ (2.123) hold. Then the nonnegative continuous solutions of (2.6) are uniformly bounded in [α, ∞) .

If the kernel H of integral inequation (2.9) satisfies the relation (2.8) in [α, ∞) and the following assertion: (2.121) and ∫_∞ α C (s) ds < ∞ (2.124)

are true, then the nonnegative continuous solutions of (2.9) are uniformly bounded in [α, ∞) .

In what follows, we shall suppose that A (t) > 0 for all t ∈ [α, ∞) . In that assumption, if the kernel D of (2.12) satisfies the relation (2.11) in [α, ∞) and the following conditions: (2.121) and (2.125) where ∫_∞ α P (s, A (s)) ds, ∫_∞ α D (s, A (s)) ds < ∞ (2.125) hold, then the nonnegative continuous solutions of (2.12) are uniformly bounded in [α, ∞) . If we assume that the kernel I of the integral inequation (2.15) verifies the relation (2.14) and the following assertions: (2.121) and ∫_∞ α ∂I ∂x (s, A (s)) ds, ∫_∞ α I (s, A (s)) ds < ∞ (2.126) are valid, then the nonnegative continuous solutions of (2.15) are uniformly bounded in [α, ∞) .

In particular, if we suppose that the kernel K of (2.18) satisfies the condition (2.17) in [α, ∞) and the following conditions: (2.121) and ∫_∞ α dK dx (A (s)) C (s) ds, ∫_∞ α C (s) K (A (s)) ds < ∞ (2.127)

80 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

holds, then the nonnegative continuous solutions of (2.18) are also uniformly bounded in the interval [α, ∞) .

Consequences

1. Let us consider the integral inequation (2.20) of Section 2.1. If the following conditions are satisfied: (2.121) and ∫_∞ α r (s) C (s) A (s)^{1−r(s)} ds, ∫_∞ α C (s) A (s)^{r(s)} ds < ∞ (2.128)

then the nonnegative continuous solutions of (2.20) are uniformly bounded in [α, ∞) . 2. Finally, if we consider the integral inequation (2.24) of Section 2.1 and suppose that the following assertions are satisfied (2.121) and ∫_∞ α C (s) A (s) + 1 ds, ∫_∞ α C (s) ln (A (s) + 1) ds < ∞ (2.129)

then the nonnegative continuous solutions of (2.24) are also uniformly bounded in [α, ∞) .

The following theorem also holds.

Theorem 112 If the kernel L of integral inequation (2.2) satisfies the relation (2.1) on [α, ∞) and the following conditions lim_{t→∞} A (t) = 0, B (t) t^k ≤ l < ∞, α, k > 0, t ∈ [α, ∞) (2.130)

M (t, A (t)) B (t) ≤ k t , ∫_∞ α L (s, A (s)) s^k ds < ∞ (2.131)

hold, then the nonnegative continuous solutions of (2.2) are uniformly bounded in [α, ∞) . Proof. Let x ∈ C ([α, ∞) ; R_+ ) be a solution of (2.2). Applying Lemma 74, we have the estimation (2.71).

2.2. BOUNDEDNESS CONDITIONS 81

If the conditions (2.130), (2.131) are satisfied, we have the estimation x (t) ≤ A (t) + l ∫_∞ α L (s, A (s)) s^k ds, t ∈ [α, ∞) . Since A is continuous and lim_{t→∞} A (t) = 0, it results that A is bounded in [α, ∞) and the theorem is proved.

Let us now suppose that the kernel G of integral inequation (2.6) satisfies the relation (2.5) in [α, ∞) and the following conditions (2.130) and N (t) B (t) ≤ k t , t ∈ [α, ∞) , ∫_∞ α G (s, A (s)) s^k ds < ∞ (2.132)

hold, then the nonnegative continuous solutions of (2.6) are uniformly bounded in [α, ∞) . If the kernel H of the integral inequation (2.9) verifies the relation (2.8) in [α, ∞) and the assertions (2.130) and M C (t) B (t) ≤ k t , t ∈ [α, ∞) , ∫_∞ α C (s) H (A (s)) s^k ds < ∞ (2.133)

are true, then the nonnegative continuous solutions of (2.9) are uniformly bounded in [α, ∞) .

Further, we shall suppose that A (t) > 0 for all t ∈ [α, ∞) . In that assumption, if the kernel D of (2.12) satisfies the relation (2.11) in [α, ∞) and the following conditions: (2.130) and P (t, A (t)) B (t) ≤ k t , t ∈ [α, ∞) , ∫_∞ α D (s, A (s)) s^k ds < ∞ (2.134)

hold, then the nonnegative solutions of (2.12) are uniformly bounded in [α, ∞) . If we assume the kernel I of integral inequation (2.15) verifies the relation (2.14) in [α, ∞) and the assertions (2.130) and ∂I ∂x (t, A (t)) B (t) ≤ k t , t ∈ [α, ∞) , ∫_∞ α I (s, A (s)) s^k ds < ∞ (2.135)

are valid, then the nonnegative continuous solutions on (2.15) are uniformly bounded in [α, ∞) .

82 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

In particular, if we suppose that the kernel K of integral inequation (2.18) satisfies the condition (2.17) in [α, ∞), and the following conditions: (2.130) and dK dx (A (t)) B (t) C (t) ≤ k t , t ∈ [α, ∞) , (2.136) ∫_∞ α C (s) K (A (s)) s^k ds < ∞ hold, then the nonnegative continuous solutions of (2.18) are also uniformly bounded in [α, ∞) .

Consequences

1. Let us consider the integral inequation (2.20) of Section 2.1. If the following conditions are satisfied: (2.130) and r (t) C (t) B (t) A (t)^{1−r(t)} ≤ k t , t ∈ [α, ∞) , ∫_∞ α C (s) A (s)^{r(s)} ds < ∞ (2.137)

then the nonnegative continuous solutions of (2.20) are uniformly bounded in [α, ∞) . 2. Finally, we consider the integral inequation (2.24) of Section 2.1. If the conditions (2.130) and C (t) B (t) A (t) + 1 ≤ k t , t ∈ [α, ∞) , ∫_∞ α C (s) ln (A (s) + 1) s^k ds < ∞ (2.138)

are satisfied, then the nonnegative continuous solutions of (2.24) are also uniformly bounded in [α, ∞) .

Now we shall prove the last theorem of this section.

Theorem 113 If the kernel L of integral inequation (2.2) satisfies the relation (2.1) in [α, ∞) and the following conditions:

lim_{t→∞} A (t) = 0, (2.139)

there exists a function U : [α, ∞) → R^∗_+ differentiable on (2.140)

(α, ∞) such that B (t) ≤ 1 U (t) , t ∈ [α, ∞) and lim_{t→∞} U (t) = ∞, lim_{t→∞} L (t, A (t)) U^′ (t) = l < ∞, ∫_∞ α M (s, A (s)) B (s) ds < ∞ (2.141)

2.2. BOUNDEDNESS CONDITIONS 83 or

lim_{t→∞} exp (∫_t α M (s, A (s)) B (s) ds ) U (t) = l < ∞ (2.142) ∫_∞ α L (s, A (s)) exp (∫_s α M (u, A (u)) B (u) du )ds < ∞ or M (t, A (t)) B (t) ≤ k t , t ∈ [α, ∞) , α, k > 0 and (2.143)

lim_{t→∞} t^k ∫_t α L(s,A(s)) s^k ds U (t) = l < ∞ hold, then the nonnegative continuous solutions of (2.2) are uniformly bounded in [α, ∞) . Proof. Let x ∈ ([α, ∞) ; R_+ ) be a solution of (2.2). Applying Lemma 74, we have the estimation (2.3). If the conditions (2.139), (2.140) and, either, (2.141) or (2.142) or (2.143) are satisfied, then we have either the evaluation

x (t) ≤ A (t) + ∫_t α L (u, A (u)) U (t) du exp (∫_∞ α M (s, A (s)) B (s) ds )

or

x (t) ≤ A (t) + exp (∫_t α M (s, A (s)) B (s) ds ) U (t) × ∫_∞ α L (s, A (s)) ds exp (∫_s α M (u, A (u)) B (u) du ) or x (t) ≤ A (t) + t^k ∫_t α L(s,A(s)) s^k ds U (t) , t ∈ [α, ∞).

84 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

Since lim_{t→∞} A (t) = 0 and

lim_{t→∞} ∫_t α L (u, A (u)) du U (t) = lim_{t→∞} L (t, A (t)) U^′ (t) = l < ∞,

lim_{t→∞} exp (∫_t α L (s, A (s)) B (s) ds ) U (t) = l < ∞, and lim_{t→∞} t^k ∫_t α L(s,A(s)) s^k ds U (t) = l < ∞ and the functions are continuous on [α, ∞) , it follows that they are bounded in [α, ∞) and the theorem is proved.

Observation

If we suppose that the kernels G, H, D, I, K of the integral inequations (2.6), (2.9), (2.12), (2.15) , (2.18) satisfy the conditions (2.5) , (2.8) , (2.11), (2.14), (2.17) in the interval [α, ∞) , by the above theorem, we can deduce a large number of corollaries which may be useful in applications. We omit the details.

2.3 Convergence to Zero Conditions

The main purposes of this section are to give some conditions of convergence to zero at infinity for the solutions of Gronwall integral inequations defined in the interval [α, ∞) with kernels which satisfy the relation (2.1) in that interval.

Theorem 114 If the kernel L of integral inequation (2.2) satisfies the relation (2.1) in [α, ∞) and the following conditions

lim_{t→∞} A (t) = 0, lim_{t→∞} B (t) = 0 (2.144) ∫_∞ α L (s, A (s)) ds, ∫_∞ α M (s, A (s)) B (s) ds < ∞ (2.145) hold, then for every ε > 0 there exists δ (ε) > α such that for any x ∈ C ([α, ∞) ; R_+ ) a solution of (2.2) , we have x (t) < ε if t > δ (ε), i.e., the

2.3. CONVERGENCE TO ZERO CONDITIONS 85

nonnegative continuous solutions of (2.2) are uniformly convergent to zero at infinity.

Proof. Let ε > 0. If x ∈ C ([α, ∞) ; R_+ ) is a solution of (2.2), applying Lemma 74, we have the estimation (2.71) of Section 2.2. If the conditions (2.144) and (2.145) are satisfied, then we have x (t) ≤ A (t) + B (t) ∫_∞ α L (s, A (s)) ds exp (∫_t s M (s, A (s)) B (s) ds )

for all t ∈ [α, ∞) and there exists δ_1 (ε) > α, δ_2 (ε) > α such that A (t) < ε 2 if t > δ_1 (ε) and B (t) ∫_∞ α L (s, A (s)) ds exp (∫_∞ α M (s, A (s)) B (s) ds ) < ε 2 if t > δ_2 (ε)

from where results

x (t) < ε if t > δ (ε) = max (δ_1 (ε) , δ_2 (ε)) .

Hence the theorem is proved.

Let us now suppose that the kernel G of integral inequation (2.6) satisfies the relation (2.5) in [α, ∞) and the following conditions: (2.144) and ∫_∞ α G (s, A (s)) ds, ∫_∞ α N (s) B (s) ds < ∞ (2.146)

hold, then the nonnegative continuous solutions of (2.6) are uniformly convergent to zero at infinity.

If the kernel H of (2.9) verifies the relation (2.8) in [α, ∞) and the following assertions: (2.144) and ∫_∞ α C (s) H (A (s)) ds, ∫_∞ α C (s) B (s) ds < ∞ (2.147)

are true, then the nonnegative continuous solutions of (2.9) are uniformly convergent to zero at infinity.

86 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

In what follows, we shall suppose that A (t) > 0 for all t ∈ [α, ∞) . In that assumption, if the kernel D of integral inequation (2.12) satisfies the relation (2.11) in [α, ∞) and the following conditions: (2.144) and ∫_∞ α D (s, A (s)) ds, ∫_∞ α P (s) A (s) B (s) ds < ∞ (2.148)

hold, then the nonnegative continuous solutions of (2.12) are uniformly convergent to zero at infinity.

If we assume that the kernel I of integral inequation (2.15) verifies the assertion: (2.144) and ∫_∞ α I (s, A (s)) ds, ∫_∞ α ∂I ∂x (s, A (s)) B (s) ds < ∞ (2.149)

are valid, then the nonnegative continuous solutions of (2.15) are uniformly convergent to zero at infinity.

In particular, if the kernel K of (2.18) verifies the relation (2.17) in [α, ∞) and the condition: (2.144) and ∫_∞ α C (s) K (A (s)) ds, ∫_∞ α dK dx (A (s)) B (s) C (s) ds < ∞ (2.150)

hold, then the nonnegative continuous solutions of (2.18) are uniformly convergent to zero at infinity.

Consequences

1. Let us consider the integral inequation (2.20) of Section 2.1. If the following conditions are satisfied: (2.144) and ∫_∞ α C (s) ds, ∫_∞ α r (s) B (s) C (s) A (s)^{1−r(s)} ds < ∞, (2.151) then the nonnegative continuous solutions of (2.20) are uniformly convergent to zero at infinity.

2. Finally, if we consider the integral inequation (2.24) of Section 2.1 and the following conditions are satisfied: (2.144) and ∫_∞ α C (s) ln (A (s) + 1) ds, ∫_∞ α B (s) C (s) A (s) + 1 ds < ∞, (2.152) then the nonnegative continuous solutions of (2.24) are uniformly convergent to zero at infinity.

2.3. CONVERGENCE TO ZERO CONDITIONS 87

Now we shall prove another result which is embodied in the following theorem.

Theorem 115 If the kernel L of integral inequation (2.2) satisfies the relation (2.1) in [α, ∞) and the following conditions

lim_{t→∞} A (t) = 0, lim_{t→∞} t^kB (t) = 0, k > 0; (2.153)

M (t, A (t)) B (t) ≤ k t , t ∈ [α, ∞) , α > 0, ∫_∞ α L (s, A (s)) s^k ds (2.154)

hold, then the nonnegative continuous solutions of (2.2) are uniformly convergent to zero at infinity.

Proof. Let ε > 0. If x ∈ C ([α, ∞) ; R_+ ) is a solution of (2.2), applying Lemma 74, we have the estimation (2.71).

If the conditions (2.153), (2.154) are satisfied, we have the evaluation x (t) ≤ A (t) + B (t) t^k ∫_∞ α L (s, A (s)) s^k ds, t ∈ [α, ∞) and there exists δ_1 (ε) > α, δ_2 (ε) > α such that A (t) < ε 2 if t > δ_1 (ε) and B (t) t^k ∫_∞ α L (s, A (s)) s^k ds < ε 2 if t > δ_2 (ε)

from where results x (t) < ε if t > max (δ_1 (ε) , δ_2 (ε)) = δ (ε) and the theorem is thus proved.

Remark 116 If we assume that the kernel L of integral inequation (2.2) satisfies the relations (2.5) or (2.11) or (2.14) in [α, ∞) , we can deduce a large number of corollaries of the above theorem. We omit the details.

The following theorem also holds.

88 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

Theorem 117 If the kernel L of integral inequation (2.2) satisfies the relation (2.1) in [α, ∞) and the following conditions:

lim_{t→∞} A (t) = 0; (2.155)

there exists a function U : [α, ∞) → R^∗_+ differentiable on (2.156)

(α, ∞) such that B (t) ≤ 1 U (t) , t ∈ [α, ∞) and lim_{t→∞} U (t) = ∞;

lim_{t→∞} L (t, A (t)) U^′ (t)

= 0, ∫_∞ α M (s, A (s)) B (s) ds < ∞ (2.157) or

lim_{t→∞} exp (∫_t α M (s, A (s)) B (s) ds ) U (t) = 0, (2.158) ∫_∞ α L (s, A (s)) exp (∫_s α M (u, A (u)) B (u) du )ds < ∞ or M (t, A (t)) B (t) ≤ k t , t ∈ [α, ∞) , α, k > 0, (2.159) lim_{t→∞} t^k ∫_t α L(u,A(u)) u^k du U (t) = 0 hold, then the nonnegative continuous solutions of (2.2) are uniformly convergent to zero at infinity.

Proof. Let ε > 0. If x ∈ C ([α, ∞) ; R_+ ) is a solution of (2.2), applying Lemma 74, we have the estimation (2.71).

If the conditions (2.155), (2.156) and either (2.157) or (2.158) or (2.159) are satisfied, then we have x (t) ≤ A (t) + ∫_t α L (u, A (u)) du U (t) ∫_∞ α M (s, A (s)) B (s) ds,

2.3. CONVERGENCE TO ZERO CONDITIONS 89 or

x (t) ≤ A (t) + exp (∫_t α M (s, A (s)) B (s) ds ) U (t) × ∫_∞ α L (s, A (s)) ds exp (∫_s α M (u, A (u)) B (u) du ) or x (t) ≤ A (t) + t^k ∫_t α L(s,A(s)) s^k ds U (t) for all t ∈ [α, ∞)

and there exists δ_1 (ε) > α, δ_2 (ε) > α such that A (t) < ε 2 if t > δ_1 (ε)

and, either, ∫_t α L (s, A (s)) ds U (t) ∫_∞ α M (s, A (s)) B (s) ds < ε 2 if t > δ_2 (ε) or exp (∫_t α M (s, A (s)) B (s) ds ) U (t) × ∫_∞ α L (s, A (s)) ds exp (∫_s α M (u, A (u)) B (u) du ) < ε 2 or t^k ∫_t α L(s,A(s)) s^k ds U (t) < ε 2 if t > δ_2 (ε)

from where results x (t) < ε if t > δ (ε) = max (δ_1 (ε) , δ_2 (ε)) and the theorem is thus proved.

Let us now suppose that the kernel G of the integral inequation (2.6) satisfies the relation (2.5) in [α, ∞) and the following conditions: (2.155), (2.156) and, either, lim_{t→∞} G (t, A (t)) U^′ (t)

= 0, ∫_∞ α N (s) B (s) ds < ∞ (2.160) or lim_{t→∞} exp (∫_t α N (s) B (s) ds ) U (t) = 0, ∫_∞ α G (s, A(s) ds exp (∫_s α N (u) B (u) du ) < ∞ (2.161)

90 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE or N (t) B (t) ≤ k t , t ∈ [α, ∞) , α, k > 0, (2.162)

and lim_{t→∞} t^k ∫_t α G(u,A(u)) u^k du U^′ (t) = 0 hold, then the nonnegative continuous solutions of (2.6) are uniformly convergent to zero at infinity.

If the kernel H of integral inequation (2.9) verifies the assertions: (2.155), (2.156) and, either, lim_{t→∞} C (t) H (A (t)) U^′ (t)

= 0, ∫_∞ α C (s) B (s) ds < ∞ (2.163) or lim_{t→∞} exp (∫_t α C (s) B (s) ds ) U (t) = 0, (2.164) ∫_∞ α C (s) H (A (s)) ds exp ( M ∫_s α C (u) B (u) du ) or M C (t) B (t) ≤ k t , t ∈ [α, ∞) , α, k > 0, (2.165)

and lim_{t→∞} t^k ∫_t α C(s)H(A(s)) s^k ds U (t) = 0,

hold, then the nonnegative continuous solutions of (2.9) are uniformly convergent to zero at infinity.

Further, we shall suppose that A (t) > 0 for all t ∈ [α, ∞) . In that assumption, if the kernel D (·, ·) of integral inequation (2.12) satisfies the relation (2.11) in [α, ∞) and the following conditions: (2.155), (2.156) and, either, lim_{t→∞} D (t, A (t)) U^′ (t)

= 0, ∫_∞ α P (s, A (s)) B (s) ds < ∞ (2.166)

2.3. CONVERGENCE TO ZERO CONDITIONS 91 or lim_{t→∞} exp (∫_t α P (s, A (s)) B (s) ds ) U (t) = 0, (2.167) ∫_∞ α D (s, A (s)) ds exp (∫_s α P (u, A (u)) B (u) du ) < ∞ or P (t, A (t)) B (t) ≤ k t , t ∈ [α, ∞) , α, k > 0, (2.168) and lim_{t→∞} t^k ∫_t α D(u,A(u)) u^k du U (t) = 0 hold, then the nonnegative continuous solutions of (2.12) are uniformly convergent to zero at infinity.

Now, if we assume that the kernel I of integral inequation (2.15) satisfies the relation (2.14) in [α, ∞) and the following assertions: (2.155), (2.156) and, either, lim_{t→∞} I (t, A (t)) U^′ (t)

= 0, ∫_∞ α ∂I ∂x (s, A (s)) B (s) ds < ∞ (2.169) or lim_{t→∞} exp (∫_t α ∂I ∂x (s, A (s)) B (s) ds ) U (t) = 0, (2.170) ∫_∞ α I (s, A (s)) ds exp (∫_s α ∂I ∂x (u, A (u)) B (u) du ) < ∞ or ∂I ∂x (t, A (t)) B (t) ≤ k t , t ∈ [α, ∞) , α, k > 0, (2.171)

and lim_{t→∞} t^k ∫_t α I(u,A(u)) u^k du U (t) = 0

92 CHAPTER 2. INEQUALITIES FOR KERNELS OF (L) −TYPE

are valid, then the nonnegative continuous solutions of (2.15) are uniformly convergent to zero at infinity.

In particular, if the kernel K of (2.18) verifies the relation (2.17) in [α, ∞) and the following conditions: (2.155), (2.156) and, either, lim_{t→∞} C (t) K (A (t)) U^′ (t)

= 0, ∫_∞ α dK dx (A (s)) B (s) C (s) ds < ∞ (2.172) or

lim_{t→∞} exp (∫_t α K^′ (A (s)) B (s) C (s) ds ) U (t) = 0 and (2.173) ∫_∞ α C (s) K (A (s)) exp (∫_t α dK dx (A (u)) B (u) C (u) du ) < ∞

or dK dx (A (t)) B (t) C (t) ≤ k t , α, k > 0, t ∈ [α, ∞) , (2.174)

and lim_{t→∞} t^k ∫_t α C(s)K(A(s)) s^k ds U (t) = 0 hold, then the nonnegative continuous solutions of (2.18) are uniformly convergent to zero at infinity.

Chapter 3

Applications to Integral Equations

In this chapter we apply the results established in the second chapter to obtain estimates for the solutions of Volterra integral equations in Banach spaces and to get uniform boundedness and uniform convergence to zero at infinity conditions for the solutions of these equations.

In Sections 3.1 and 3.2 we point out some natural applications of Lemma 74, Lemma 78 and their consequences to obtain estimates for the solutions of the general Volterra integral equations and Volterra equations with degenerate kernels , respectively.

The last sections are devoted to the qualitative study of some aspects for the solutions of the above equations by using the results established in Sections 3.1 and 3.2. Results of uniform boundedness, uniform convergence to zero at infinity, and asymptotic equivalence at infinity, for the continuous solutions of a large class of equations are given. The discrete case embodied in the last section is also analysed.

3.1 Solution Estimates

The purpose of this section is to provide some estimates for the solutions of general Volterra integral equations in Banach spaces.

Let us consider the following integral equation:

x (t) = g (t) + ∫_t α V (t, s, x (s)) ds, t ∈ [α, β) , (3.1)

94 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

where V : [α, β)^2 ×X → X, g : [α, β) → X are continuous and X is a Banach space over the real or complex number field.

Further, we shall suppose that the integral equation (3.1) has solutions in C ([α, β) ; X) and in that assumption, by using the results established in Section 2.1 of Chapter 2, we can give the following lemma. Lemma 118 If the kernel V of integral equation (3.1) satisfies the relation: ‖V (t, s, x)‖ ≤ B (t) L (s, ‖x‖) ; t, s ∈ [α, β) , x ∈ X and L (3.2) verifies the condition (2.1) of Section 2.1 of Chapter 2, and B is nonnegative continuous in [α, β) ;

then for every x ∈ C ([α, β) ; X) a solution of (3.1) we have the estimate ‖x (t)‖ ≤ ‖g (t)‖ + B (t) ∫_t α L (u, ‖g (u)‖) × exp (∫_t u M (s, ‖g (s)‖) B (s) ds ) du (3.3) for all t ∈ [α, β) .

Proof. Let x : [α, β) → X be a continuous solution of (3.1). Then we have ‖x (t)‖ ≤ ‖g (t)‖ + ∫_t α ‖V (t, s, x)‖ ds, t ∈ [α, β) . Since the condition (3.2) is satisfied, we obtain ‖x (t)‖ ≤ ‖g (t)‖ + B (t) ∫_t α L (s, ‖x (s)‖) ds, t ∈ [α, β) . Applying Lemma 74, the estimation (3.3) holds and the lemma is thus proved.

Now we can give the following two corollaries which are obvious by the above lemma.

Corollary 119 If the kernel V of integral equation (3.1) satisfies the relation: ‖V (t, s, x)‖ ≤ B (t) G (s, ‖x‖) ; t, s ∈ [α, β) , x ∈ X, G (3.4) verifies the condition (2.5) and B is nonnegative continuous in [α, β) ;

3.1. SOLUTION ESTIMATES 95

then for every continuous solution of (3.1) we have the bound: ‖x (t)‖ ≤ ‖g (t)‖ + B (t) ∫_t α G (u, ‖g (u)‖) × exp (∫_t u N (s) B (s) ds ) du, (3.5) for all t ∈ [α, β) .

Corollary 120 If the kernel V of integral equation (3.1) satisfies the relation ‖V (t, s, x)‖ ≤ B (t) C (s) H (‖x‖) ; t, s ∈ [α, β) , x ∈ X, H (3.6) verifies the condition (2.8) and B, C are nonnegative continuous in [α, β) ;

then for every x ∈ C ([α, β) ; X) a solution of (3.1) we have ‖x (t)‖ ≤ ‖g (t)‖ + B (t) ∫_t α C (u) H (‖g (u)‖) × exp ( M ∫_t u C (s) B (s) ds ) du (3.7) for all t ∈ [α, β) .

In what follows, we suppose that ‖g (t)‖ > 0 for all t ∈ [α, β) . In that assumption, we can state the following corollaries.

Corollary 121 If the kernel V of integral equation (3.1) satisfies the relation: ‖V (t, s, x)‖ ≤ B (t) D (s, ‖x‖) ; t, s ∈ [α, β) , x ∈ X, D (3.8) verifies the condition (2.11) and B is nonnegative continuous in [α, β) ;

then for every x ∈ C ([α, β) ; X) a solution of (3.1) we have ‖x (t)‖ ≤ ‖g (t)‖ + B (t) ∫_t α D (u, ‖g (u)‖) × exp (∫_t u P (s, ‖g (s)‖) B (s) ds ) du (3.9) for all t ∈ [α, β) .

96 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS Corollary 122 If we assume that the kernel V of integral equation (3.1) satisfies the relation ‖V (t, s, x)‖ ≤ B (t) I (s, ‖x‖) ; t, s ∈ [α, β) , x ∈ X, I (3.10) verifies the condition (2.14) and B is nonnegative continuous in [α, β) ;

then for every continuous solution of (3.1) we have the bound

‖x (t)‖ ≤ ‖g (t)‖ + B (t) ∫_t α I (u, ‖g (u)‖) × exp (∫_t u ∂I ∂x (s, ‖g (s)‖) B (s) ds ) du (3.11) for all t ∈ [α, β) .

Also, Corollary 123 Let us suppose that the kernel V satisfies the relation ‖V (t, s, x)‖ ≤ B (t) C (s) K (‖x‖) ; t, s ∈ [α, β) , x ∈ X, K (3.12) verifies the condition (2.14) and B, C are nonnegative continuous in [α, β) ;

then for every x ∈ C ([α, β) ; X) a solution of (3.1), we have the inequality

‖x (t)‖ ≤ ‖g (t)‖ + B (t) ∫_t α C (u) K (‖g (u)‖) × exp (∫_t u dK dx (‖g (s)‖) B (s) C (s) ds ) du (3.13) for all t ∈ [α, β) .

By Corollaries 122 and 123 we can deduce the following consequences. Consequences

3.1. SOLUTION ESTIMATES 97

1. If we suppose that the kernel V of integral equation (3.1) satisfies the relation ‖V (t, s, x)‖ ≤ B (t) C (s) ‖x‖^{r(s)} ; t, s ∈ [α, β) , x ∈ X, (3.14) B, C, r are nonnegative continuous in [α, β) and 0 ≤ r (t) ≤ 1 for all t ∈ [α, β) ;

then for every x ∈ C ([α, β) ; X) a solution of (3.1) we have the estimation ‖x (t)‖ ≤ ‖g (t)‖ + B (t) ∫_t α C (u) ‖g (u)‖^{r(u)} × exp (∫_t u r (s) B (s) C (s) ds ‖g (s)‖^{r(s)} ) du (3.15)

for all t ∈ [α, β) .

2. If we assume that the kernel V satisfies the relation ‖V (t, s, x)‖ ≤ B (t) C (s) ln (‖x‖ + 1) ; t, s ∈ [α, β) , x ∈ X, (3.16) and B, C are nonnegative continuous in [α, β) ;

then for every x : [α, β) → X a continuous solution of (3.1) we have the estimation: ‖x (t)‖ ≤ ‖g (t)‖ + B (t) ∫_t α C (u) ln (‖g (u)‖ + 1)

× exp (∫_t u C (s) B (s) ds ‖g (s)‖ + 1 ) du (3.17)

for all t ∈ [α, β) .

Further, we shall give another lemma concerning the estimation of the solution of equation (3.1) assuming that the kernel (3.1) satisfies the following Lipschitz type condition.

98 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS Lemma 124 Let us suppose that the kernel V satisfies the relation ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) L (s, ‖x − y‖) ; (3.18) t, s ∈ [α, β) , x, y ∈ X, L verifies the condition (2.1) and B is nonnegative continuous in [α, β) ;

then for every continuous solution of (3.1) we have the estimate: ‖x (t) − g (t)‖ ≤ k (t) + B (t) ∫_t α L (u, k (u)) exp (∫_t u M (s, k (s)) B (s) ds ) du, (3.19)

where k (t) := ∫_t α ‖V (t, s, g (s))‖ ds and t ∈ [α, β) . Proof. Let x ∈ C ([α, β) ; X) be a solution of (3.1). Then we have ‖x (t) − g (t)‖ ≤ ∫_t α ‖V (t, s, x (s))‖ ds ≤ ∫_t α ‖V (t, s, g (s))‖ ds + B (t) ∫_t α L (s, ‖x (s) − g (s)‖) ds = k (t) + B (t) ∫_t α L (s, ‖x (s) − g (s)‖) ds for all t ∈ [α, β) .

Applying Lemma 74, the inequality (3.19) holds and the lemma is thus proved.

The following corollaries may be useful in applications. Corollary 125 If the kernel V satisfies the relation ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) G (s, ‖x − y‖) ; (3.20) t, s ∈ [α, β) , x, y ∈ X, G verifies the condition (2.5) of Section 2.1 of Chapter 2 and B is nonnegative continuous in [α, β) ;

3.1. SOLUTION ESTIMATES 99 then for every continuous solution of (3.1) we have ‖x (t) − g (t)‖ ≤ k (t) + B (t) ∫_t α G (u, k (u)) × exp (∫_t u N (s) B (s) ds ) du, (3.21) for all t ∈ [α, β) .

Corollary 126 If the kernel V satisfies the relation ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) C (s) H (‖x − y‖) ; (3.22) t, s ∈ [α, β) , x, y ∈ X, H verifies the condition (2.8) and B, C are nonnegative continuous in [α, β) ;

then for every x ∈ C ([α, β) ; X) a solution of (3.1) we have the bound ‖x (t) − g (t)‖ ≤ k (t) + B (t) ∫_t α C (u) H (k (u)) exp ( M ∫_t u C (s) B (s) ds ) du, (3.23) for all t ∈ [α, β) .

Further, we shall assume that ‖g (t)‖ > 0 for all t ∈ [α, β) . With that assumption, the following three corollaries hold.

Corollary 127 If we assume that the kernel V satisfies the relation ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) D (s, ‖x − y‖) ; (3.24) t, s ∈ [α, β) , x, y ∈ X, and D verifies the condition (2.11) and B is nonnegative continuous in [α, β) ;

then for every continuous solution of (3.1) we have ‖x (t) − g (t)‖ ≤ k (t) + B (t) ∫_t α D (u, k (u)) exp (∫_t u P (s, k (s)) B (s) ds ) du, (3.25) for all t ∈ [α, β) .

100 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS Corollary 128 Let us suppose that the kernel V satisfies the relation: ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) I (s, ‖x − y‖) ; (3.26) t, s ∈ [α, β) , x, y ∈ X, and I verifies the condition (2.14) and B is nonnegative continuous in [α, β) ;

Then, for every continuous solution of (3.1) we have the estimation ‖x (t) − g (t)‖ ≤ k (t) + B (t) ∫_t α I (u, k (u)) exp (∫_t u ∂I ∂x (s, k (s)) B (s) ds ) du, (3.27) for all t ∈ [α, β) .

Moreover, Corollary 129 If the kernel V of integral equation (3.1) satisfies the relation ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) C (s) K (‖x − y‖) ; (3.28) t, s ∈ [α, β) , x, y ∈ X, K verifies the relation (2.17) and B, C are nonnegative continuous in [α, β) ;

then for every continuous solution of (3.1) we have: ‖x (t) − g (t)‖ ≤ k (t) + B (t) ∫_t α C (u) K (k (u)) × exp (∫_t u dK dx (k (s)) B (s) C (s) ds ) du, (3.29) for all t ∈ [α, β) .

By Corollaries 128 and 129 we can deduce the following consequences. Consequences

1. Let us suppose that the kernel V satisfies the relation ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) C (s) ‖x − y‖^{r(s)} ; (3.30) t, s ∈ [α, β) , x, y ∈ X, B, C, r are nonnegative continuous in [α, β) and 0 < r (t) ≤ 1 for all t ∈ [α, β) ;

3.2. THE CASE OF DEGENERATE KERNELS 101

then for every x : [α, β) → X a continuous solution of (3.1) we have ‖x (t) − g (t)‖ ≤ k (t) + B (t) ∫_t α C (u) k (u)^{r(u)} × exp (∫_t u r (s) B (s) C (s) k (s)^{1−r(s)} ds ) du, (3.31)

for all t ∈ [α, β).

2. Finally, if the kernel V satisfies the relation ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) C (s) ln (‖x − y‖ + 1) ; (3.32) t, s ∈ [α, β) , x, y ∈ X, B, C ∈ C ([α, β) ; R_+ ) ; then for every x ∈ C ([α, β) ; X) a solution of (3.1) we have ‖x (t) − g (t)‖ ≤ k (t) + B (t) ∫_t α C (u) ln (k (u) + 1)

× exp (∫_t u B (s) C (s) k (s) + 1 ds ) du, (3.33)

for all t ∈ [α, β).

3.2 The Case of Degenerate Kernels

Further, we consider the Volterra integral equations with degenerate kernel given by:

x (t) = g (t) + B (t) ∫_t α U (s, x (s)) ds, t ∈ [α, β) , (3.34) where g : [α, β) → X, B : [α, β) → X, U : [α, β) × X → X are continuous and X is a Banach space over the real or complex number field.

In what follows, we assume that the integral equation (3.34) has solutions in C ([α, β) ; X) and in that assumption we give two estimation lemmas for the solution of the above integral equation.

1. The first result is embodied in the following lemma.

102 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS Lemma 130 If the kernel U of integral equation (3.34) satisfies the relation ‖U (t, x)‖ ≤ L (t, ‖x‖) , t ∈ [α, β) and (3.35) L verifies the conditon (2.1);

then for every continuous solution of (3.34), we have ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t α L (s, ‖g (s)‖) exp (∫_t s |B (u)| M (u, ‖g (u)‖) du ) ds, (3.36) for all t ∈ [α, β) .

Proof. Let x ∈ C ([α, β) ; X) be a solution of (3.34). Putting y : [α, β) → X, y (t) := ∫_t α U (s, x (s)) ds, we have y (α) = 0 and y (t) = U (t, g (t) + B (t) y (t)) , t ∈ [α, β) . Hence ‖y (t)‖ = ‖U (t, g (t) + B (t) y (t))‖ ≤ L (t, ‖g (t) + B (t) y (t)‖) ≤ L (t, ‖g (t)‖ + |B (t)| ‖y (t)‖) ≤ L (t, ‖g (t)‖) + |B (t)| M (t, ‖g (t)‖) ‖y (t)‖ for all t ∈ [α, β) .

By integration and since ‖y (t)‖ ≤ ∫_t α ‖ẏ (s)‖ ds, we obtain by simple computation that ‖y (t)‖ ≤ ∫_t α L (s, ‖g (s)‖) ds + ∫_t α |B (s)| M (s, ‖g (s)‖) ‖y (s)‖ ds. (3.37)

3.2. THE CASE OF DEGENERATE KERNELS 103 Applying Corollary 2 of the Introduction, we obtain ‖y (t)‖ ≤ L (s, ‖g (s)‖) × exp (∫_t s |B (u)| M (u, ‖g (u)‖) du ) ds, t ∈ [α, β) from where results (3.36) and the lemma is thus proved.

The following two corollaries are obvious by the above lemma. Corollary 131 If we assume that the kernel U satisfies ‖U (t, x)‖ ≤ G (t, ‖x‖) , t ∈ [α, β) , (3.38) x ∈ X and G verifies the relation (2.5);

then for every x ∈ C ([α, β) ; X) a solution of (3.34) we have the estimate ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t α G (s, ‖g (s)‖) × exp (∫_t s |B (u)| N (u) du ) ds, (3.39) for all t ∈ [α, β) .

Corollary 132 Let us suppose that the kernel U satisfies the relation ‖U (t, x)‖ ≤ C (t) H (‖x‖) , t ∈ [α, β) , (3.40) x ∈ X and H verifies the relation (2.8);

then for every x : [α, β) → X a continuous solution of (3.34) we have ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t α C (s) H (‖g (s)‖) exp ( M ∫_t s |B (u)| C (u) du ) ds, (3.41) for all t ∈ [α, β) .

Further, we shall suppose that ‖g (t)‖ > 0 for all t ∈ [α, β) . With this assumption we can deduce the following three corollaries which can be useful in applications.

104 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS Corollary 133 If the kernel U satisfies the relation ‖U (t, x)‖ ≤ D (t, ‖x‖) , t ∈ [α, β) , (3.42) x ∈ X and D verifies the relation (2.11);

then for every x ∈ C ([α, β) ; X) a solution of (3.34), we have the estimate ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t α D (s, ‖g (s)‖) exp (∫_t s |B (u)| P (u, ‖g (u)‖) du ) ds, (3.43) for all t ∈ [α, β) .

Corollary 134 Let us suppose the kernel U satisfies the relation ‖U (t, x)‖ ≤ I (t, ‖x‖) , t ∈ [α, β) , (3.44) x ∈ X and I verifies the condition (2.14);

then for every x : [α, β) → X a continuous solution of U, we have ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t α I (s, ‖g (s)‖) exp (∫_t s |B (u)| ∂I ∂x (u, ‖g (u)‖) du ) ds, (3.45) for all t ∈ [α, β) .

Finally, we have Corollary 135 If we assume that the kernel U satisfies the relation: ‖U (t, x)‖ ≤ C (t) K (‖x‖) , t ∈ [α, β) , x ∈ X (3.46) and K verifies the relation (2.17);

then for every x ∈ C ([α, β) ; X) a solution of (3.34) we have the estimate ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t α C (s) K (‖g (s)‖) × exp (∫_t s |B (u)| C (u) dK dx (‖g (u)‖) du ) ds, (3.47) for all t ∈ [α, β) .

3.2. THE CASE OF DEGENERATE KERNELS 105 Consequences

1. If the kernel U of integral equation (3.34) satisfies the assumption: ‖U (t, x)‖ ≤ C (t) ‖x‖^{r(t)} , t ∈ [α, β) , x ∈ X and r, C (3.48) are nonnegative continuous in [α, β) and 0 < r (t) ≤ 1 then for every x ∈ C ([α, β) ; X) a solution of (3.34) we have ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t α C (s) ‖g (s)‖^{r(s)} × exp (∫_t s r (u) C (u) |B (u)| ‖g (u)‖^{1−r(u)} du ) ds, (3.49)

in the interval [α, β) .

2. Finally, if we assume that the kernel U verifies the condition ‖U (t, x)‖ ≤ C (t) ln (‖x‖ + 1) , t ∈ [α, β) , x ∈ X (3.50) and C is nonnegative continuous in [α, β) .

then for every x ∈ C ([α, β) ; X) a solution of (3.34) we have the estimate ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t α C (s) ln (‖g (s)‖ + 1) × exp (∫_t s C (u) |B (u)| ‖g (u)‖ + 1 du ) ds, (3.51) for all t ∈ [α, β).

2. Now we shall present the second lemma of this section. Lemma 136 If the kernel U of integral equation (3.34) satisfies the relation ‖U (t, x + y) − U (t, x)‖ ≤ S (t, ‖x‖) ‖y‖ , t ∈ [α, β) , (3.52) x, y ∈ X where S is nonnegative continuous in [α, β) × R_+ ,

106 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS then for every x ∈ C ([α, β) ; X) a solution of (3.34) we have the following estimate: ‖x (t) − g (t)‖ ≤ ∫_t s |B (t)| ‖U (s, g (s))‖ exp (∫_t s S (u, ‖g (u)‖) |B (u)| du ) ds, (3.53) for all t ∈ [α, β) .

Proof. Let x ∈ C ([α, β) ; X) be a solution of (3.34). Putting y (t) := ∫_t α U (s, x (s)) ds, we have y (α) = 0 and y^′ (t) = U (t, g (t) + B (t) y (t)) .

Since ‖y (t)‖ = ‖U (t, g (t) + B (t) y (t))‖ ≤ ‖U (t, g (t))‖ + S (t, ‖g (t)‖) |B (t)| ‖y (t)‖ for all t ∈ [α, β), from where results ‖y (t)‖ ≤ ∫_t α ‖U (s, g (s))‖ ds + ∫_t α S (s, ‖g (s)‖) |B (s)| ‖y (s)‖ ds. Applying Corollary 2 of the Introduction, we obtain ‖y (t)‖ ≤ ∫_t α ‖U (s, g (s))‖ exp (∫_t s S (u, ‖g (u)‖) |B (u)| du ) ds for all t ∈ [α, β) from where results the estimation (3.53) and the theorem is proved.

Corollary 137 If the kernel U of (3.34) satisfies the relation: ‖U (t, x + y) − U (t, x)‖ ≤ C (t) R (‖x‖) ‖y‖ , t ∈ [α, β) , (3.54) x, y ∈ X and C : [α, β) → R_+ , R : R_+ → R_+ are continuous,

3.3. BOUNDEDNESS CONDITIONS 107 then for every x ∈ C ([α, β) ; X) a solution of (3.34) we have ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t α ‖U (s, g (s))‖ exp (∫_t s C (u) R (‖g (u)‖) |B (u)| du ) ds, (3.55) for all t ∈ [α, β) .

Corollary 138 If the kernel U of (3.34) satisfies the relation: ‖U (t, x + y) − U (t, x)‖ ≤ T (t) ‖y‖ , t ∈ [α, β) , (3.56) x, y ∈ X and T is a nonnegative continuous function in [α, β) , then for every x ∈ C ([α, β) ; X) a solution of (3.34) we have the estimate ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t s ‖U (s, g (s))‖ exp (∫_t s T (u) |B (u)| du ) ds, (3.57) for all t ∈ [α, β) .

3.3 Boundedness Conditions

In this section we point out some boundedness conditions for the solutions of the following Volterra integral equation: x (t) = g (t) + ∫_t α V (t, s, x (s)) ds, t ∈ [α, β) , (3.58) where V : [α, β)^2 × X → X, g : [α, β) → X are continuous in [α, β) and X is a Banach space.

We suppose that the integral equation (3.58) has solutions in C ([α, β) ; X) and in that assumption, by using Lemma 118, and the results established in Section 2.2 of Chapter 2, we can state the following theorems.

108 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

Theorem 139 If the kernel V of integral equation (3.58) satisfies the relation (3.2) and the following conditions:

‖g (t)‖ ≤ M_1, B (t) ≤ M_2, t ∈ [α, ∞); (3.59) ∫_∞ α M (s, ‖g (s)‖) ds, ∫_∞ α L (s, M_1) ds < ∞, (3.60)

hold, then there exists a constant M̃ > 0 such that for every solution x ∈ C ([α, β) ; X) of (3.58) we have ‖x (t)‖ ≤ M̃ in [α, β). That is, the continuous solutions of (3.58) are uniformly bounded in [α, β) .

The proof follows by Lemma 118 and by Theorem 108. We omit the details.

Now, using Theorem 109, we can mention another result.

Theorem 140 Let us suppose that the kernel V of (3.58) verifies the relation (3.2) and the following conditions

‖g (t)‖ ≤ M_1, lim_{t→∞} B (t) = 0, M_1 > 0, t ∈ [α, ∞) (3.61) ∫_∞ α L (s, M_1) ds, ∫_∞ α M (s, ‖g (s)‖) B (s) ds < ∞, or (3.62) M (t, ‖g (t)‖) B (t) ≤ k t , B (t) t^k ≤ l < ∞, (3.63) ∫_∞ α L (s, M_1) s^k ds < ∞, k, α > 0, t ∈ [α, ∞) hold, then the continuous solutions of (3.58) are uniformly bounded in [α, β) .

Another result is embodied in the following theorem.

Theorem 141 If we assume that the kernel V verifies the relation (3.2) and the following conditions ‖g (t)‖ ≤ M_1, t ∈ [α, ∞) (3.64) there exists a function U : [α, ∞) → R^∗_+ differentiable (3.65)

in (α, ∞) such that B (t) ≤ 1 U (t) and lim_{t→∞} U (t) = ∞; lim_{t→∞} L (t, M_1)

U^′ (t) = l < ∞, ∫_∞ α M (s, ‖g (s)‖) B (s) ds < ∞, (3.66)

3.3. BOUNDEDNESS CONDITIONS 109 or lim_{t→∞} exp (∫_t α M (s, ‖g (s)‖) B (s) ds ) U (t) = l < ∞, (3.67) ∫_∞ α L (s, M_1) exp (∫_s α M (u, ‖g (u)‖) B (u) du )ds < ∞, or M (t, ‖g (t)‖) B (t) ≤ k t , k, α > 0, t ∈ [α, ∞) (3.68)

and lim_{t→∞} t^k ∫_∞ α L(s,M_1) s^k ds U (t) = l < ∞ are true, then the continuous solutions of (3.58) are uniformly bounded in [α, β) . The proof follows by Lemma 118 and by Theorem 110 of Chapter 2. By using Theorem 111, we may deduce the following result as well. Theorem 142 Let us assume that the kernel V verifies the relation (3.2) and the conditions lim_{t→∞} ‖g (t)‖ = 0, B (t) ≤ M_1, t ∈ [α, ∞) (3.69) ∫_∞ α L (s, ‖g (s)‖) ds, ∫_∞ α M (s, ‖g (s)‖) ds < ∞, (3.70) are valid. Then the continuous solutions of (3.58) are uniformly bounded in [α, β) . Another result is embodied in the following theorem.

Theorem 143 If we assume that the kernel V satisfies the same relation (3.2) and the conditions lim_{t→∞} ‖g (t)‖ = 0, B (t) t^k ≤ l < ∞, k > 0, t ∈ [α, ∞) (3.71)

M (t, ‖g (t)‖) B (t) ≤ k t , t ∈ [α, ∞), ∫_∞ α L (s, ‖g (s)‖) s^k ds < ∞, (3.72) hold, then the continuous solutions of (3.58) are uniformly bounded in [α, β) .

110 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

The proof follows by Lemma 118 and by Theorem 112. Finally, we have

Theorem 144 If the kernel V satisfies the relation (3.2) and the conditions

lim_{t→∞} ‖g (t)‖ = 0, (3.73) there exists a function U : [α, ∞) → R^∗_+ differentiable (3.74)

in [α, ∞) such that B (t) ≤ 1 U (t) and lim_{t→∞} U (t) = ∞;

lim_{t→∞} exp (∫_t α M (s, ‖g (s)‖) B (s) ds ) U (t) = l < ∞, (3.75) ∫_∞ α L (s, ‖g (s)‖) exp (∫_s α M (u, ‖g (u)‖) B (u) du )ds < ∞, or M (t, ‖g (t)‖) B (t) ≤ k t , k, α > 0, t ∈ [α, ∞) (3.76)

and lim_{t→∞} t^k ∫_∞ α L(s,‖g(s)‖) s^k ds U (t) = l < ∞ hold, then the solutions of (3.58) are uniformly bounded in [α, β) .

The proof is evident by Theorem 113.

3.4 Convergence to Zero Conditions

In what follows, we give some convergence to zero at infinity conditions for solutions of Volterra integral equations with kernels satisfying the relation (3.2) of Section 3.1.

Further, we suppose that the integral equation (3.58) of Section 1 has solutions in C ([α, β) ; X) and in this assumption, by using Lemma 118 and the results established in Section 2.3 of Chapter 2, we may state the following theorems.

3.4. CONVERGENCE TO ZERO CONDITIONS 111

Theorem 145 If the kernel V of integral equation (3.58) verifies the relation (3.2) and the following conditions:

lim_{t→∞} ‖g (t)‖ = 0, lim_{t→∞} B (t) = 0; (3.77) ∫_∞ α L (s, ‖g (s)‖) ds, ∫_∞ α M (s, ‖g (s)‖) B (s) ds < ∞, (3.78) hold, then for every ε > 0 there exists a δ (ε) > α such that for every x ∈ C ([α, β) ; X) a solution of (3.58) we have ‖x (t)‖ < ε if t > δ (ε) i.e. the continuous solutions of (3.58) are uniformly convergent to zero at infinity.

The proof follows by Lemma 118 and by Theorem 114. Now, by using Theorem 115 of the previous chapter, we can point out another result which is embodied in the following theorem. Theorem 146 Let us suppose that the kernel V of integral equation (3.58) satisfies the relation (3.2) and the following conditions: lim_{t→∞} ‖g (t)‖ = 0, lim_{t→∞} t^kB (t) = 0, k > 0, (3.79) M (t, ‖g (t)‖) B (t) ≤ k t , t ∈ [α, ∞), α > 0, (3.80) ∫_∞ α L (s, ‖g (s)‖) s^k ds < ∞ hold, then the solutions of (3.58) are uniformly convergent to zero at infinity.

Finally, we have:

Theorem 147 If we assume that the kernel V satisfies the conditions lim_{t→∞} ‖g (t)‖ = 0, (3.81) there exists a function U : [α, ∞) → R^∗_+ differentiable (3.82) in (α, ∞) such that B (t) ≤ 1 U (t) , t > α and lim_{t→∞} U (t) = ∞;

lim_{t→∞} L (t, ‖g (t)‖) U^′ (t)

= 0, ∫_∞ α M (s, ‖g (s)‖) B (s) ds < ∞, (3.83)

112 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS or

lim_{t→∞} exp (∫_t α M (s, ‖g (s)‖) B (s) ds ) U (t) = 0 and (3.84) ∫_∞ α L (s, ‖g (s)‖) exp (∫_s α M (u, ‖g (u)‖) B (u) du )ds < ∞ or M (t, ‖g (t)‖) B (t) ≤ k t , k, α > 0, t ∈ [α, ∞) (3.85)

and lim_{t→∞} t^k ∫_t α L(u,‖g(u)‖) u^k du U (t) = 0 then the continuous solutions of (3.58) are uniformly convergent to zero at infinity.

The proof follows by Theorem 117.

3.5 Boundedness Conditions for the Difference x − g

In what follows, we consider the integral equation

x (t) = g (t) + ∫_t α V (t, s, x (s)) ds, t ∈ [α, β) , (V) where g : [α, β) → X, V : [α, β)^2 × X → X are continuous, X is a real or complex Banach space. Using Lemma 124, we point out some sufficient conditions of boundedness for the difference x − g in the normed linear space (BC ([α, β) ; X) , ‖·‖_∞) where BC ([α, β) ; X) is the linear space of all bounded continuous functions defined in [α, β) and ‖f‖_∞ := sup_{t∈[α,β)} ‖f (t)‖.

3.5. BOUNDEDNESS CONDITIONS FOR THE DIFFERENCE X − G113

Theorem 148 If the kernel V of integral equation (V) satisfies the relation (3.18) and the following conditions ∫_∞ α ‖V (t, s, g (s))‖ ds ≤ M_1, B (t) ≤ M_2, t ∈ [α, β) , (3.86) ∫_∞ α M ( s, ∫_s α ‖V (t, u, g (u))‖ du ) ds, ∫_∞ α L (s, M_1) ds < ∞ (3.87)

hold, then there exists a M̃ > 0 such that for every x ∈ C ([α, β) ; X) a solution of (V) we have x − g ∈ BC ([α, β) ; X) and in addition ‖x − g‖_∞ ≤ M̃. Proof. Let x ∈ C ([α, β) ; X) be a solution of (V). By using Lemma 124, we obtain the estimate ‖x (t) − g (t)‖ ≤ k (t) + B (t) ∫_t α L (u, k (u)) exp (∫_t u M (s, k (s)) B (s) ds ) du, where k (t) := ∫_t α ‖V (t, s, g (s))‖ ds, t ∈ [α, β) . The proof of the theorem follows by an argument similar to that in the proof of Theorem 108. We omit the details.

Theorem 149 Let us assume that the kernel V of integral equation (V) verifies the relation (3.18) and the following conditions: ∫_t α ‖V (t, s, g (s))‖ ds ≤ M_1, lim_{t→∞} B (t) = 0, M_1 > 0, t ∈ [α, ∞) , (3.88) ∫_∞ α L (s, M_1) ds, ∫_∞ α M ( s, ∫_s α ‖V (s, u, g (u))‖ du ) B (s) ds < ∞ (3.89) or M ( t, ∫_t α ‖V (t, s, g (s))‖ ds ) B (t) ≤ k t , B (t) t^k ≤ 1, α, k > 0, (3.90)

t ∈ [α, ∞) , and ∫_∞ α L (s, M_1) s^k ds < ∞

114 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

hold, then there exists an M̃ > 0 such that for every x ∈ C ([α, β) ; X) a solution of (V), we have x − g ∈ BC ([α, β) ; X) and in addition ‖x − g‖_∞ ≤ M̃. The proof follows by Theorem 109 of Chapter 2. Now, using Theorem 110, we can deduce the following result.

Theorem 150 If we suppose that the kernel V satisfies (3.18) and the following conditions: ∫_t α ‖V (t, s, g (s))‖ ds ≤ M_1, t ∈ [α, ∞) ; (3.91) there exists a function U : [α, ∞) → R^∗_+ differentiable (3.92)

in (α, ∞) such that B (t) ≤ 1 U (t) , and lim_{t→∞} U (t) = ∞;

lim_{t→∞} L (t, M_1) U^′ (t)

= l < ∞, (3.93) ∫_∞ α M ( s, ∫_s α ‖V (s, u, g (u))‖ du ) B (s) ds < ∞ or lim_{t→∞} exp (∫_t α M ( s, ∫_s α ‖V (s, u, g (u))‖ du ) B (s) ds ) U (t) = l < ∞ (3.94)

and ∫_∞ α L (s, M_1) ds exp (∫_s α M ( u, ∫_u α ‖V (u, z, g (z))‖ dz ) B (u) du ) < ∞ or M ( t, ∫_t α ‖V (t, u, g (u))‖ du ) B (t) ≤ k t , α, k > 0, t ∈ [α, ∞) ; (3.95)

and lim_{t→∞} t^k ∫_t α L(s,M_1) s^k ds U (t) = l < ∞ hold, then there exists an M > 0 such that for every x ∈ C ([α, β) ; X) a solution of (V), we have x − g ∈ BC ([α, β) ; X) and in addition ‖x − g‖_∞ ≤ M.

3.5. BOUNDEDNESS CONDITIONS FOR THE DIFFERENCE X − G115

Another result is embodied in the following theorem.

Theorem 151 Let us suppose that the kernel V satisfies (3.18) and the following conditions: lim_{t→∞} ∫_t α ‖V (t, s, g (s))‖ ds = 0, B (t) ≤ M_1, t ∈ [α, ∞) ; (3.96) ∫_∞ α M ( s, ∫_s α ‖V (s, u, g (u))‖ du ) ds, (3.97) ∫_∞ α L ( s, ∫_s α ‖V (s, u, g (u))‖ du ) ds < ∞ are valid. Then there exists an M̃ > 0 such that for every x ∈ C ([α, β) ; X) a solution of (V), we have x − g ∈ BC ([α, β) ; X) and in addition ‖x − g‖_∞ ≤ M̃. The proof follows by using a similar argument to that of Theorem 111 of the first chapter and we omit the details.

Now, by using Theorem 112, we can give another result.

Theorem 152 If the kernel V satisfies the relation (3.18) and the following assertions: lim_{t→∞} ∫_t α ‖V (t, s, g (s))‖ ds = 0, B (t) t^k ≤ l < ∞, α, k > 0 and (3.98)

M ( t, ∫_t α ‖V (t, s, g (s))‖ ds ) B (t) ≤ k t , t ∈ [α, ∞) and (3.99) ∫_∞ α L ( s, ∫_s α ‖V (s, u, g (u))‖ du ) s^k ds < ∞ are true, then there exists an M̃ > 0 such that for every x ∈ C ([α, β) ; X) a solution of (V), we have x − g ∈ BC ([α, β) ; X) and ‖x − g‖_∞ ≤ M̃.

Finally, we have

116 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

Theorem 153 If we assume that the kernel V satisfies the assumption (3.18) and the conditions lim_{t→∞} ∫_t α ‖V (t, s, g (s))‖ ds = 0; (3.100) there exists a function U : [α, ∞) → R^∗_+ differentiable (3.101)

in (α, ∞) such that B (t) ≤ 1 U (t) , t > α and lim_{t→∞} U (t) = ∞;

lim_{t→∞} L ( t, ∫_t α ‖V (t, s, g (s))‖ ds ) U^′ (t)

= l < ∞ (3.102)

and ∫_∞ α M ( s, ∫_s α ‖V (s, u, g (u))‖ du ) ds < ∞ or lim_{t→∞} exp (∫_t α M ( s, ∫_s α ‖V (s, u, g (u))‖ du ) B (s) ds ) U (t) = l < ∞ (3.103) and ∫_∞ α L ( s, ∫_s α ‖V (s, u, g (u))‖ du ) exp (∫_s α M ( u, ∫_u α ‖V (u, τ, g (τ ))‖ dτ ) B (u) du )ds < ∞ or M ( t, ∫_t α ‖V (t, s, g (s))‖ ds ) B (t) ≤ k t , t ∈ [α, ∞) , α, k > 0 (3.104)

and lim_{t→∞} t^k ∫_t α L(s,^{∫ s}_α ‖V (s,u,g(u))‖du) s^k ds U (t) = l < ∞ hold, then there exists an M̃ > 0 such that for every x ∈ C ([α, β) ; X) a solution of (V), we have x − g ∈ BC ([α, β) ; X) and ‖x − g‖_∞ ≤ M̃.

The proof is obvious by Theorem 113.

Remark 154 If we assume that the kernel V satisfies the relations (3.20), (3.22), (3.24), (3.26) and (3.28) or the particular conditions (3.30), (3.32) of Section 3.1, we can obtain a large number of corollaries and consequences for the above theorems. We omit the details.

3.6. ASYMPTOTIC EQUIVALENCE CONDITIONS 117

3.6 Asymptotic Equivalence Conditions

We assume that the integral equation (V) has solutions in C ([α, β) ; X) and in this assumption, by using Lemma 124, we give some theorems of asymptotic equivalence as follows.

Theorem 155 Let us suppose that the kernel V satisfies the relation (3.18) and the following conditions: lim_{t→∞} ∫_t α ‖V (t, s, g (s))‖ ds = 0, lim_{t→∞} B (t) = 0, (3.105) ∫_∞ α L ( s, ∫_s α ‖V (s, u, g (u))‖ du ) ds, (3.106) ∫_∞ α M ( s, ∫_s α ‖V (s, u, g (u))‖ du ) B (s) ds < ∞ hold. Then for every ε > 0, there exists a δ (ε) > α such that for every x ∈ C ([α, β) ; X) a solution of (V), we have ‖x (t) − g (t)‖ < ε for all t > δ (ε), i.e. the continuous solutions of (V) are uniformly asymptotically equivalent with g.

Proof. Let x ∈ C ([α, β) ; X) be a solution of (V). Applying Lemma 124, we obtain the bound ‖x (t) − g (t)‖ ≤ k (t) + B (t) ∫_t α L (u, k (u)) exp (∫_t u M (s, k (s)) B (s) ds ) du, where k (t) := ∫_t α ‖V (t, s, g (s))‖ ds, t ∈ [α, β) . The proof of this theorem follows by an argument similar to that in the proof of Theorem 114. We omit the details.

Now, using Lemma 124 and Theorem 115, we can state the following results.

118 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

Theorem 156 If the kernel V satisfies the relation (3.18) and the following conditions: lim_{t→∞} ∫_t α ‖V (t, s, g (s))‖ ds = 0, lim_{t→∞} t^kB (t) = 0, (3.107) M ( t, ∫_t α ‖V (t, s, g (s))‖ ds ) B (t) ≤ k t , t ∈ [α, ∞) , α > 0 and (3.108) ∫_∞ α L ( s, ∫_s α ‖V (s, u, g (u))‖ du ) s^k ds < ∞ hold, then the continuous solutions of (V) are uniformly asymptotically equivalent with g.

Finally, we have Theorem 157 Let us suppose that the kernel V of integral equation (V) verifies the relation (3.18) and the following conditions: lim_{t→∞} ∫_t α ‖V (t, s, g (s))‖ ds = 0, (3.109) there exists a function U : [α, ∞) → R^∗_+ differentiable (3.110)

in (α, ∞) such that B (t) ≤ 1 U (t) , t ∈ [α, ∞) and lim_{t→∞} U (t) = ∞;

lim_{t→∞} L ( t, ∫_t α ‖V (t, s, g (s))‖ ds ) U^′ (t)

= 0 (3.111)

and ∫_∞ α M ( s, ∫_s α ‖V (s, u, g (u))‖ du ) B (s) ds < ∞ or lim_{t→∞} exp (∫_t α M ( s, ∫_s α ‖V (s, u, g (u))‖ du ) B (s) ds ) U (t) = 0 (3.112)

and ∫_∞ α L ( s, ∫_s α ‖V (s, u, g (u))‖ du ) exp (∫_s α M ( u, ∫_u α ‖V (u, τ, g (τ ))‖ dτ ) B (u) du )ds < ∞

3.7. THE CASE OF DEGENERATE KERNELS 119 or M ( t, ∫_t α ‖V (t, s, g (s))‖ ds ) B (t) ≤ k t , t ∈ [α, ∞) , α, k > 0 (3.113)

and lim_{t→∞} t^k ∫_t α L(u,^{∫ u}_α ‖V (u,τ,g(τ ))‖dτ ) u^k du U (t) = 0 hold, then the continuous solutions of (V) are uniformly asymptotically equivalent with g.

The proof follows by Lemma 124 and Theorem 117.

Remark 158 If we assume that the kernel V of integral equation (V) satisfies the relations (3.20), (3.22), (3.24), (3.26) and (3.28) or the particular conditions (3.30), (3.32) of Section 3.1. we can obtain a large number of corollaries and consequences for the above theorems. We omit the details.

3.7 The Case of Degenerate Kernels

In what follows, we consider the Volterra integral equation with degenerate kernel given by:

x (t) = g (t) + B (t) ∫_t α U (s, x (s)) ds, t ∈ [α, ∞) , (3.114) where g : [α, β) → X, U : [α, β) × X → X, B : [α, β) → K are continuous and X is a Banach space over the real or complex number field.

We assume that the equation (3.114) has solutions in C ([α, β) ; X) and by using Lemma 130, we point out some sufficient conditions of boundedness for the difference x − g in the normed linear space (BC ([α, β) ; X) , ‖·‖_∞). Theorem 159 If the kernel U satisfies the relation (3.35) of Section 3.2, and the following conditions:

|B (t)| ≤ M_1, t ∈ [α, ∞) , M_1 > 0; (3.115) ∫_∞ α L (s, ‖g (s)‖) ds, ∫_∞ α M (s, ‖g (s)‖) ds < ∞ (3.116) hold, then there exists an M̃ > 0 such that for every x ∈ C ([α, β) ; X) a solution of (V) we have x − g ∈ BC ([α, β) ; X) and ‖x − g‖_∞ ≤ M̃.

120 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

Proof. Let x ∈ C ([α, β) ; X) be a solution of (3.114). Applying Lemma 130, we have the estimate ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t α L (s, ‖g (s)‖) × exp ( M_1 ∫_t s |B (u)| M (u, ‖g (u)‖) du ) ds, (3.117)

for all t ∈ [α, β) .

If the conditions (3.115) and (3.116) are satisfied, then we have ‖x (t) − g (t)‖ ≤ M_1 ∫_∞ α L (s, ‖g (s)‖) ds exp ( M_1 ∫_∞ α M (s, ‖g (s)‖) ds ) , for all t ∈ [α, β), and the theorem is proved.

Theorem 160 If the kernel U satisfies the relation (3.35) and the conditions |B (t)| t^k ≤ l, k, α > 0, t ∈ [α, ∞) ; (3.118) M (t, ‖g (t)‖) |B (t)| ≤ k t , ∫_∞ α L (s, ‖g (s)‖) s^k ds < ∞ (3.119)

hold, then there exists an M̃ > 0 such that for every x ∈ C ([α, β) ; X) a solution of (3.114) we have x − g ∈ BC ([α, β) ; X) and ‖x − g‖_∞ ≤ M̃.

Proof. Let x ∈ C ([α, β) ; X) be a solution of (3.114). Applying Lemma 130, we have the inequality (3.117).

If the conditions (3.118), (3.119) are satisfied, we obtain ‖x (t) − g (t)‖ ≤ l ∫_∞ α L (s, ‖g (s)‖) s^k ds, t ∈ [α, ∞) and the theorem is proved.

We now prove another theorem which gives some sufficient conditions of boundedness for the difference x − g in BC ([α, β) ; X).

3.7. THE CASE OF DEGENERATE KERNELS 121

Theorem 161 Let us suppose that the kernel U of integral equation (3.114) verifies the relation (3.35) and the following conditions:

there exists a function T : [α, ∞) → R^∗_+ differentiable (3.120)

in (α, ∞) such that |B (t)| ≤ 1 T (t) , lim_{t→∞} T (t) = ∞; lim_{t→∞} L (t, ‖g (t)‖) T^′ (t) = l < ∞, ∫_∞ α M (s, ‖g (s)‖) B (s) ds < ∞ (3.121) or lim_{t→∞} exp (∫_t α M (s, ‖g (s)‖) |B (t)| ds ) T (t) = l < ∞, (3.122) ∫_∞ α L (s, ‖g (s)‖) B (t) ds exp (∫_s α M (u, ‖g (u)‖) |B (u)| du ) < ∞ or M (t, ‖g (t)‖) B (t) ≤ k t , t ∈ [α, ∞) (3.123)

and lim_{t→∞} t^k ∫_t α L(s,‖g(s)‖) s^k ds T (t) = l < ∞ hold, then there exists an M̃ > 0 such that for every x ∈ C ([α, β) ; X) a solution of (3.114) we have x − g ∈ BC ([α, β) ; X) and ‖x − g‖_∞ ≤ M̃.

Proof. Let x ∈ C ([α, β) ; X) be a solution of (3.114). Applying Lemma 130, we have the inequality (3.117).

If the conditions (3.120), and either (3.121) or (3.122) or (3.123) are satisfied, then we have either ‖x (t) − g (t)‖ ≤ ∫_t α L (s, ‖g (s)‖) ds T (t) exp (∫_∞ α M (s, ‖g (s)‖) |B (s)| ds )

or ‖x (t) − g (t)‖ ≤ exp (∫_t α M (s, ‖g (s)‖) |B (s)| ds ) T (t) ∫_∞ α L (s, ‖g (s)‖) exp (∫_s α M (u, ‖g (u)‖) |B (u)| du )

122 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS or ‖x (t) − g (t)‖ ≤ t^k ∫_t α L(s,‖g(s)‖) s^k ds T (t) for all t ∈ [α, ∞).

Since lim_{t→∞} ∫_t α L (s, ‖g (s)‖) ds T (t) = lim_{t→∞} L (t, ‖g (t)‖) T^′ (t) = l < ∞,

lim_{t→∞} exp (∫_t α M (s, ‖g (s)‖) |B (s)| ds ) T (t) = l < ∞,

lim_{t→∞} t^k ∫_t α L(s,‖g(s)‖) s^k ds T (t) = l < ∞ and the functions are continuous in [α, β) , it follows that these functions are bounded in [α, β) and the theorem is thus proved.

Now, by using Lemma 136, we can give the following three theorems.

Theorem 162 Let us suppose that the kernel U of integral equation (3.114) satisfies the relation (3.52) and the following conditions: |B (t)| ≤ M_1, t ∈ [α, ∞) , (3.124) ∫_∞ α ‖U (s, g (s))‖ ds, ∫_∞ α S (u, ‖g (u)‖) du < ∞ (3.125) hold, then there exists an M̃ > 0 such that for every x ∈ C ([α, β) ; X) a solution of (3.114) we have x − g ∈ BC ([α, β) ; X) and ‖x − g‖_∞ ≤ M̃.

Proof. Let x ∈ C ([α, β) ; X) be a solution of (3.34). Applying Lemma 136, we have the estimate ‖x (t) − g (t)‖ ≤ |B (t)| ∫_t α ‖U (s, g (s))‖ exp (∫_t s S (u, ‖g (u)‖) |B (u)| du ) ds (3.126)

for all t ∈ [α, β) .

3.7. THE CASE OF DEGENERATE KERNELS 123

If the conditions (3.124) and (3.125) are satisfied, then we have ‖x (t) − g (t)‖ ≤ M_1 ∫_∞ α ‖U (s, g (s))‖ exp ( M_1 ∫_s α S (u, ‖g (u)‖) du ) ds for all t ∈ [α, β) , and the theorem is thus proved.

The following theorem also holds.

Theorem 163 If the kernel U satisfies the relation (3.52) and the following conditions: |B (t)| t^k ≤ l, k > 0, t ∈ [α, ∞) ; (3.127) S (t, ‖g (t)‖) |B (t)| ≤ k t and ∫_∞ α ‖U (s, g (s))‖ s^k ds < ∞ (3.128)

hold, then there exists an M̃ > 0 such that for every x ∈ C ([α, β) ; X) a solution of (3.114) we have x − g ∈ BC ([α, β) ; X) and ‖x − g‖_∞ ≤ M̃.

Proof. Let x ∈ C ([α, β) ; X) be a solution of (3.114). Applying Lemma 136, we have the estimate (3.126).

If the conditions (3.127) and (3.128) are satisfied, then we have ‖x (t) − g (t)‖ ≤ l ∫_∞ α ‖U (s, g (s))‖ s^k ds, t ∈ [α, ∞) ; and the theorem is proved.

Finally, we have

Theorem 164 If the kernel U of integral equation (3.114) satisfies the relation (3.52) and the following conditions:

there exists a function T : [α, ∞) → R^∗_+ differentiable (3.129)

in (α, ∞) such that |B (t)| ≤ 1 T (t) , lim_{t→∞} T (t) = ∞;

lim_{t→∞} U ‖(t, g (t))‖ T^′ (t)

= l < ∞ and ∫_∞ α S (s, ‖g (s)‖) |B (s)| ds < ∞ (3.130)

124 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS or lim_{t→∞} exp (∫_t α S (s, ‖g (s)‖) |B (s)| ds ) T (t) = l < ∞ (3.131)

and ∫_∞ α U ‖(s, g (s))‖ ds exp (∫_s α S (u, ‖g (u)‖) |B (u)| du ) < ∞ or S (t, ‖g (t)‖) |B (t)| ≤ k t , t ∈ [α, ∞) (3.132)

and lim_{t→∞} t^k ∫_t α U‖(s,g(s))‖ds s^k ds T (t) = l < ∞ hold, then there exists an MM̃ 0 such that for every x ∈ C ([α, β) ; X) a solution of (3.114) we have x − g ∈ BC ([α, β) ; X) and ‖x − g‖_∞ ≤ M̃.

The proof of the theorem follows by an argument similar to that in the proof of the above theorems. We omit the details.

Remark 165 If we assume that the kernel U satisfies the relations (3.38), (3.40), (3.42), (3.44) and (3.46) or (3.54), (3.56) of Section 3.2, we can obtain a large number of Corollaries of the above theorems. We omit the details.

3.8 Asymptotic Equivalence Conditions

It is the purpose of this section to establish some theorems of asymptotic equivalence between the continuous solutions of Volterra integral equations with degenerate kernels and the perturbation g.

Theorem 166 If the kernel U of integral equation (3.114) satisfies the relation (3.35) and the following conditions:

lim_{t→∞} |B (t)| = 0, (3.133) ∫_∞ α L (s, ‖g (s)‖) ds, ∫_∞ α |B (s)| M (s, ‖g (s)‖) ds < ∞ (3.134)

3.8. ASYMPTOTIC EQUIVALENCE CONDITIONS 125 are valid, then the continuous solutions of (3.114) are uniformly equivalent with g.

Proof. Let ε > 0 and x ∈ C ([α, β) ; X) be a solution of (3.114). If the conditions (3.133) and (3.134) are satisfied, we have: ‖x (t) − g (t)‖ ≤ |B (t)| ∫_∞ α L (s, ‖g (s)‖) ds × exp (∫_∞ α |B (s)| M (s, ‖g (s)‖) ds )

and there exists a δ (ε) > α such that |B (t)| ∫_∞ α L (s, ‖g (s)‖) ds exp (∫_∞ α |B (s)| M (s, ‖g (s)‖) ds ) < ε for all t > δ (ε).

It results that ‖x (t) − g (t)‖ < ε if t > δ (ε) and the theorem is thus proved.

Theorem 167 Let us suppose that the kernel U satisfies the relation (3.35) and the following conditions:

lim_{t→∞} t^k |B (t)| = 0, k > 0, t ∈ [α, ∞) (3.135) M (t, ‖g (t)‖) |B (t)| ≤ k t , k, α > 0, ∫_∞ α L (s, ‖g (s)‖) s^k ds < ∞ (3.136) hold. Then the continuous solutions of (3.114) are uniformly equivalent with g. Proof. Let ε > 0 and x ∈ C ([α, β) ; X) be a solution of (3.114). If the conditions (3.135) and (3.136) are satisfied, then we have: ‖x (t) − g (t)‖ ≤ |B (t)| t^k ∫_∞ α L (s, ‖g (s)‖) s^k ds, t ∈ [α, ∞) and there exists a δ (ε) > α such that |B (t)| t^k ∫_∞ α L (s, g (s)) s^k ds < ε if t > δ (ε) .

126 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

This proves the theorem.

Now, we can give another result which is embodied in the following theorem.

Theorem 168 If we suppose that the kernel U verifies the relation (3.35) and the following assertions

there exists a function T : [α, ∞) → R^∗_+ differentiable (3.137)

in (α, ∞) and B (t) ≤ 1 T (t) , lim_{t→∞} T (t) = ∞;

lim_{t→∞} L (t, ‖g (t)‖) T^′ (t)

= 0, ∫_∞ α M (s, ‖g (s)‖) |B (s)| ds < ∞ (3.138) or

lim_{t→∞} exp (∫_t α M (s, ‖g (s)‖) |B (s)| ds ) T (t) = 0 (3.139)

and ∫_∞ α L (s, ‖g (s)‖) |B (s)| exp (∫_s α M (u, ‖g (u)‖) |B (u)| du )ds < ∞ or M (t, ‖g (t)‖) |B (t)| ≤ k t , t ∈ [α, ∞) (3.140)

and lim_{t→∞} t^k ∫_t α L(s,‖g(s)‖) s^k ds T (t) = 0,

are valid, then the continuous solutions of (3.114) are uniformly equivalent with g.

The proof follows by a similar argument to that in the proof of the above theorems. We omit the details.

Further, by using Lemma 136, we can give the following three theorems.

3.8. ASYMPTOTIC EQUIVALENCE CONDITIONS 127 Theorem 169 If we assume that the kernel U satisfies (3.52) and the following assertions

lim_{t→∞} |B (t)| = 0 (3.141) ∫_∞ α ‖U (s, g (s))‖ ds, ∫_∞ α S (s, ‖g (s)‖) |B (s)| ds < ∞ (3.142) are valid, then the continuous solutions of (3.114) are uniformly equivalent with g.

Proof. Let ε > 0 and x ∈ C ([α, β) ; X) be a solution of (3.114). If the conditions (3.141) and (3.142) are satisfied, then we have: ‖x (t) − g (t)‖ ≤ |B (t)| ∫_∞ α ‖U (s, g (s))‖ ds exp (∫_∞ α S (u, ‖g (u)‖) |B (u)| du )

and there exists a δ (ε) > α such that |B (t)| ∫_∞ α ‖U (s, g (s))‖ ds exp (∫_∞ α S (u, ‖g (u)‖) |B (u)| du ) < ε if t > δ (ε) . The theorem is thus proved.

The second results are embodied in the following theorem. Theorem 170 Let us suppose that the kernel U of integral equation (3.114) verifies (3.52) and the following conditions:

lim_{t→∞} t^k |B (t)| = 0, k > 0 (3.143) S (t, ‖g (t)‖) |B (t)| ≤ k t , ∫_∞ α ‖U (s, g (s))‖ s^k ds < ∞ (3.144) hold. Then the continuous solutions of (3.114) are uniformly asymptotic equivalent with g.

Proof. Let ε > 0 and x ∈ C ([α, β) ; X) be a solution of (3.114). If the conditions (3.143) and (3.144) are satisfied, we have: ‖x (t) − g (t)‖ ≤ |B (t)| t^k ∫_∞ α ‖U (s, g (s))‖ s^k ds,

128 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

and there exists a δ (ε) > α such that |B (t)| t^k ∫_∞ α ‖U (s, g (s))‖ s^k ds < ε if t > δ (ε) . and the theorem is thus proved.

Finally, we have Theorem 171 If the kernel U of integral equation (3.114) verifies the relation (3.52) and the following conditions:

there exists a function T : [α, ∞) → R^∗_+ differentiable (3.145) in (α, ∞) such that |B (t)| ≤ 1 T (t) , lim_{t→∞} T (t) = ∞; lim_{t→∞} ‖U (t, g (t))‖ T^′ (t)

= 0, ∫_∞ α S (s, ‖g (s)‖) |B (s)| ds < ∞ (3.146) or lim_{t→∞} exp (∫_t α S (s, ‖g (s)‖) |B (s)| ds ) T (t) = 0 (3.147)

and ∫_∞ α ‖U (s, g (s))‖ exp (∫_s α S (u, ‖g (u)‖) |B (u)| du )ds < ∞ or S (t, ‖g (t)‖) |B (t)| ≤ k t , t ∈ [α, ∞) (3.148)

and lim_{t→∞} t^k ∫_t α ‖U(s,g(s))‖ s^k ds T (t) = 0, hold, then the solutions of (3.114) are uniformly equivalent with g.

The proof follows by an argument similar to that in the proof of the above theorems. We omit the details.

Remark 172 If we assume that the kernel U satisfies the relations (3.38), (3.40), (3.42), (3.44) and (3.46) or (3.54), (3.56) of Section 3.2, we can obtain a large number of Corollaries for the above theorems. We omit the details.

3.9. A PAIR OF VOLTERRA INTEGRAL EQUATIONS 129

3.9 A Pair of Volterra Integral Equations

3.9.1 Estimation Theorems

Further on, we consider the following two Volterra integral equations in Banach spaces:

x_0 (t) = λ_0 (t) + ∫_t α V_0 (t, s, x_0 (s)) ds, t ∈ [α, β) (3.149)

x (t) = λ (t) + ∫_t α V (t, s, x (s)) ds, t ∈ [α, β) (3.150) where λ_0, λ : [α, β) → X; V_0, V : [α, β)^2 × X → X are continuous and X is a real or complex Banach space.

We assume that the above equations have solutions in C ([α, β) : X), which denotes the set of all vector-valued continuous mappings which are defined in [α, β).

The following theorem holds [42]

Theorem 173 Suppose that the kernel V satisfies the relation: ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) L (s, ‖x − y‖) ; s, t ∈ [α, β) (3.151) and x, y ∈ X; where B : [α, β) → R_+ , L : [α, β) × R_+ → R_+ are continuous and L verifies the condition (2.1).

Then for every x_0 a continuous solution of (3.149) and x a continuous solution of (3.150), we have the estimation ‖x (t) − x_0 (t)‖ ≤ λ̃ (t) + Ṽ (t, x_0) + B (t) ∫_t α L ( u, λ̃ (u) + Ṽ (u, x_0) )

× exp (∫_t u M ( s, λ̃ (s) + Ṽ (s, x_0) ) B (s) ds ) du (3.152)

for all t ∈ [α, β) where λ̃ (t) := ‖ ‖λ̃ (t) − λ_0 (t) ‖ ‖; and

Ṽ (t, x_0) := ∫_t α ‖V (t, s, x_0 (s)) − V_0 (t, s, x_0 (s))‖ ds, t ∈ [α, β) .

130 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS Proof. Let x_0 be a solution of (3.149) and x be a solution of (3.150). It is easy to see that;

x (t) − x_0 (t) = λ (t) − λ_0 (t) + ∫_t α V (t, s, x (s)) − V_0 (t, s, x_0 (s)) ds for all t ∈ [α, β), and by passing at norms, we obtain ‖x (t) − x_0 (t)‖ ≤ ‖λ (t) − λ_0 (t)‖ + ∫_t α ‖V (t, s, x_0 (s)) − V_0 (t, s, x_0 (s))‖ ds + ∫_t α ‖V (t, s, x (s)) − V_0 (t, s, x_0 (s))‖ ds ≤ λ̃ (t) + Ṽ (t, x_0) + B (t) ∫_t α L (s, ‖x (s) − x_0 (s)‖) ds for all t ∈ [α, β).

Applying Lemma 118 for A (t) := λ̃ (t) + Ṽ (t, x_0), we deduce the estimation (3.152).

The following corollaries are important in applications: Corollary 174 Suppose that the kernel V satisfies the condition: ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) G (s, ‖x − y‖) ; s, t ∈ [α, β) (3.153) and x, y ∈ X, where B : [α, β) → R_+ , G : [α, β) × R_+ → R_+ are continuous and G verifies the condition (2.5).

Then for every x_0 a continuous solution of (3.149) and x a continuous solution of (3.150), we have the estimation: ‖x (t) − x_0 (t)‖ ≤ λ̃ (t) + Ṽ (t, x_0) + B (t) ∫_t α G ( u, λ̃ (u) + Ṽ (u, x_0) )

× exp (∫_t u N (s) B (s) ds ) du (3.154) for all t ∈ [α, β).

Corollary 175 If we assume that the kernel V satisfies the condition: ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) C (s) H (‖x − y‖) ; s, t ∈ [α, β) (3.155)

3.9. A PAIR OF VOLTERRA INTEGRAL EQUATIONS 131 for x, y ∈ X, where B, C : [α, β) → R_+ , H : R_+ → R_+ are continuous and H verifies the relation (2.8), then for every x_0 a continuous solution of (3.149) and x a solution of (3.150), we have the estimation: ‖x (t) − x_0 (t)‖ ≤ λ̃ (t) + Ṽ (t, x_0) + B (t) ∫_t α C (u) H ( λ̃ (u) + Ṽ (u, x_0) )

× exp ( M ∫_t u C (s) B (s) ds ) du (3.156) for all t ∈ [α, β).

Further on, we assume that λ̃ (t) > 0 for all t ∈ [α, β). Theorem 176 Suppose that the kernel V satisfies the condition: ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) D (s, ‖x − y‖) ; s, t ∈ [α, β) (3.157) and x, y ∈ X where B : [α, β) → R_+ , D : [α, β) × R_+ → R_+ are continuous and D verifies the condition (2.11).

Then for every x_0 a continuous solution of (3.149) and x a continuous solution of (3.150), we have the estimation: ‖x (t) − x_0 (t)‖ ≤ λ̃ (t) + Ṽ (t, x_0) + B (t) ∫_t α D ( u, λ̃ (u) + Ṽ (u, x_0) )

× exp (∫_t u P ( s, λ̃ (s) + Ṽ (s, x_0) ) B (s) ds ) du (3.158) for all t ∈ [α, β).

The proof follows by an argument similar to that in the proof of Theorem 173. We omit the details.

The following two corollaries hold.

Corollary 177 If we suppose that the kernel V verifies the relation: ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) I (s, ‖x − y‖) ; s, t ∈ [α, β) (3.159)

132 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

and x, y ∈ X where B : [α, β) → R_+ , I : [α, β) × R_+ → R_+ are continuous and I verifies the condition (2.14), then for every x_0 a solution of (3.149) and x a solution of (3.150) we have ‖x (t) − x_0 (t)‖ ≤ λ̃ (t) + Ṽ (t, x_0) + B (t) ∫_t α I ( u, λ̃ (u) + Ṽ (u, x_0) )

× exp (∫_t u ∂I ∂x ( s, λ̃ (s) + Ṽ (s, x_0) ) B (s) ds ) du (3.160)

for all t ∈ [α, β).

Finally, we have:

Corollary 178 If we suppose that the kernel V verifies the relation: ‖V (t, s, x) − V (t, s, y)‖ ≤ B (t) C (s) K (‖x − y‖) ; (3.161) s, t ∈ [α, β), x, y ∈ X, where B, C : [α, β) → R_+ , K : R_+ → R_+ are continuous and K verifies the condition (2.17), then for every x_0 a solution of (3.149) and x a solution of (3.150), we have the estimation: ‖x (t) − x_0 (t)‖ ≤ λ̃ (t) + Ṽ (t, x_0) + B (t) ∫_t α C (u) K ( λ̃ (u) + Ṽ (u, x_0) )

× exp (∫_t u dK dx ( λ̃ (s) + Ṽ (s, x_0) ) C (s) B (s) ds ) du (3.162)

for all t ∈ [α, β).

3.9.2 Boundedness Conditions

In what follows, we consider the following two Volterra integral equations:

x_0 (t) = λ_0 (t) + ∫_t α V_0 (t, s, x_0 (s)) ds, t ∈ [α, ∞) (3.163)

x (t) = λ (t) + ∫_t α V (t, s, x (s)) ds, t ∈ [α, ∞) (3.164)

3.9. A PAIR OF VOLTERRA INTEGRAL EQUATIONS 133

where λ_0, λ : [α, β) → X, V_0, V : [α, β)^2 × X → X are continuous and X is a real or complex Banach space.

We suppose that the above equations have solutions in C ([α, ∞) ; X) and in this assumption we give some sufficient conditions of boundedness for the difference x − x_0, where x_0 is a continuous solution of (3.163) and x is a similar solution of (3.164).

Theorem 179 If the kernel V if integral equation (3.164) satisfies the condition (3.151) and the following conditions hold:

λ̃ (t) ≤ M_1 < ∞, B (t) ≤ M_2 < ∞ for all t ∈ [α, ∞) ; (3.165) Ṽ (t, y) ≤ M_3 (y) < ∞, ∫_∞ α L (u, M_3 (y)) du ≤ M_4 (y) < ∞; (3.166) ∫_∞ α M ( s, λ̃ (s) + Ṽ (s, y) ) ds ≤ M_5 (y) < ∞ (3.167)

for all y ∈ C ([α, ∞) ; X) ;

then for every x_0 a continuous solution of (3.163) there exists M̃ (x_0) < ∞ such that for every continuous solution x of (3.164) we have the estimation

‖x (t) − x_0 (t)‖ ≤ M̃ (x_0) , t ∈ [α, ∞) . (3.168)

Proof. Let x_0 be a solution of (3.163) and x be a solution of (3.164). Then we have the estimation:

‖x (t) − x_0 (t)‖ ≤ λ̃ (t) + Ṽ (t, x_0) + B (t) ∫_t α L ( u, λ̃ (u) + Ṽ (u, x_0) )

× exp (∫_t u M ( s, λ̃ (s) + Ṽ (s, x_0) ) B (s) ds ) du ≤ M_1 + M_3 (x_0) + M_2M_4 (x_0) exp M_2M_5 (x_0) = M̃ (x_0)

for all t ∈ [α, ∞), and the theorem is proved.

Corollary 180 If the following conditions: (3.165) and Ṽ (t, y) ≤ M_3 < ∞, ∫_∞ α L (u, M_3) du ≤ M_4 < ∞; (3.169) ∫_∞ α M ( s, λ̃ (s) + Ṽ (s, y) ) ds ≤ M_5 < ∞ for all y ∈ C ([α, ∞) ; X) ; (3.170)

134 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

are true, then there exists M̃ < ∞ such that for every x_0 a solution of (3.163) and x a solution of (3.164), we have ‖x (t) − x_0 (t)‖ ≤ M̃, for all t ∈ [α, ∞) . (3.171) The proof follows by an argument similar to that in the proof of the above theorem. We omit the details.

Remark 181 If the equation (3.163) has a bounded continuous solution on [α, ∞) and the conditions (3.165) - (3.167) hold, then the continuous solutions of (3.164) are uniformly bounded.

Indeed, of x_0 is a bounded continuous solution of (3.163), then for every x a continuous solution of (3.164) we have: ‖x (t)‖ ≤ ‖x (t) − x_0 (t)‖ + ‖x_0 (t)‖ ≤ M̃ (x_0) + M̃, t ∈ [α, ∞) . and the remark is proved.

Theorem 182 Suppose that V satisfies the relation (3.151) and the following conditions hold:

λ̃ (t) ≤ M_1 < ∞, lim_{t→∞} B (t) = 0; (3.172) Ṽ (t, y) ≤ M_2 (y) < ∞; (3.173) ∫_∞ α L (u, M (y)) du ≤ M_3 < ∞; (3.174) ∫_∞ α M ( s, λ̃ (s) + Ṽ (s, y) ) B (s) ds ≤ M_4 (y) < ∞ (3.175)

for all y ∈ C ([α, ∞) ; X) ; or M ( t, λ̃ (t) + Ṽ (t, y) ) B (t) ≤ k (y) t , k (y) > 0, t ∈ [α, ∞) , α > 0; (3.176) B (t) t^{k(y)} ≤ l (y) < ∞, t ∈ [α, ∞) , (3.177) ∫_∞ α L (s, M_1 + M_2 (y)) s^{k(y)} ds ≤ M_5 (y) < ∞ for all y ∈ C ([α, ∞) ; X) ; (3.178) where M_2 is as given in (3.173);

then for every x_0 a continuous solution of (3.163) there exists M̃ (x_0) < ∞ such that for every x a solution of (3.164) we have the estimation (2.147).

3.9. A PAIR OF VOLTERRA INTEGRAL EQUATIONS 135

Proof. Let x_0 be a solution of (3.163) and X be a solution of (3.164). We have the estimation:

‖x (t) − x_0 (t)‖ ≤ λ̃ (t) + Ṽ (t, x_0) + B (t) ∫_t α L ( u, λ̃ (u) + Ṽ (u, x_0) )

× exp (∫_t u M ( s, λ̃ (s) + Ṽ (s, x_0) ) B (s) ds ) du. If the conditions (3.172), (3.173), (3.174) and (3.175) are satisfied, we have:

‖x (t) − x_0 (t)‖ ≤ M_1 + M_2 (x_0) + B (t) M_3 (x_0) exp M_4 (x_0) , t ∈ [α, ∞) .

Since B is continuous on [α, ∞) and lim_{t→∞} B (t) = 0, then it is bounded on [α, ∞), which implies the estimation (3.168).

Let us now suppose that the conditions (3.172), (3.176), (3.177) and (3.178) are satisfied. Then we have:

‖x (t) − x_0 (t)‖ ≤ M_1 + M_2 (x_0) + B (t) t^{k(x0)} ∫_t α L (s, M_1 + M_2 (x_0)) s^{k(x0)} ds ≤ M_1 + M_2 (x_0) + l (x_0) M_5 (x_0) = M̃ (x_0) ;

and the estimation (3.168) is valid with M̃ (x_0) given as above.

The proof is thus complete.

Corollary 183 If the following conditions: (3.172) and Ṽ (t, y) ≤ M_2 < ∞ (3.179) ∫_∞ α L (u, M_2) du ≤ M_3 < ∞; (3.180) ∫_∞ α M ( s, λ̃ (s) + Ṽ (s, y) ) B (s) ds ≤ M_4 < ∞ (3.181)

for all y ∈ C ([α, ∞) ; X) ; or M ( t, λ̃ (t) + Ṽ (t, y) ) B (t) ≤ k t , k > 0, t ∈ [α, ∞) ; (3.182) B (t) t^k ≤ l < ∞, t ∈ [α, ∞) , (3.183) ∫_∞ α L (s, M_1 + M_2 (y)) s^k ds ≤ M_5 < ∞ for all y ∈ C ([α, ∞) ; X) ; (3.184)

136 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

are valid, then there exists a M̃ < ∞ such that for every x_0 a solution of (3.163) and x a solution of (3.164) the estimation (3.168) holds.

Another result is embodied in the following theorem.

Theorem 184 Suppose that the kernel V satisfies the relation (3.151) and the following conditions hold:

λ̃ (t) ≤ M_1, Ṽ (·, y) ≤ M_2 (y) < ∞ (3.185)

there exists a function U : [α, ∞) → R^∗_+ differentiable in (α, ∞) such that B (t) ≤ 1 U (t) , t ∈ [α, ∞) and lim_{t→α} U (t) = ∞; (3.186) lim_{t→∞} L (t, M_1 + M_2 (y)) U^′ (t)

= l (y) < ∞ (3.187) and ∫_∞ α M ( s, λ̃ (s) + Ṽ (s, y) ) B (s) ds ≤ M_3 (y) < ∞ for all y ∈ C ([α, ∞) ; X) ; or M ( t, λ̃ (t) + Ṽ (t, y) ) B ( t^3 ) ≤ k (y) t , t ∈ [α, ∞) ; lim_{t→α} t^{k(y)} ∫_∞ α L(s,M_1+M_2(y)) s^k ds U (t) = l̃ (y) < ∞ (3.188)

for all y ∈ C ([α, ∞) ; X) ;

then for every x_0 a solution of (3.163) there exists M̃ (x_0) < ∞ such that for every x a solution of (3.164), we have the estimation (3.168).

Proof. Let x_0 be a solution of (3.163) and x be a solution of (3.164). We have the estimation

‖x (t) − x_0 (t)‖ ≤ λ̃ (t) + Ṽ (t, x_0) + B (t) ∫_t α L ( u, λ̃ (u) + Ṽ (u, x_0) )

× exp (∫_t u M ( s, λ̃ (s) + Ṽ (s, x_0) ) B (s) ds ) du.

3.9. A PAIR OF VOLTERRA INTEGRAL EQUATIONS 137

If the conditions (3.185), (3.186) and (3.187) or (3.188) are satisfied, we have:

‖x (t) − x_0 (t)‖ ≤ M_1 + M_2 (x_0) + ∫_t α L (s, M_1 + M_2 (y)) U (t) ds exp M_3 (x_0)

respectively

‖x (t) − x_0 (t)‖ ≤ M_1 + M_2 (x_0) + t^{k(x)} ∫_t α L(s,M_1+M_2(x_0)) s^{k(x)} ds U (t) for all t ∈ [α, ∞).

Since lim_{t→∞} ∫_t α L (s, M_1 + M_2 (x_0)) U (t) ds = lim_{t→∞} L (t, M_1 + M_2 (x)) U^′ (t)

= l (x_0) < ∞ and lim_{t→∞} t^{k(x0)} ∫_t α L(s,M_1+M_2(x_0)) s^{k(x}0^) ds U (t) = l̃ (x_0) < ∞

and they are continuous in [α, ∞), then there exists M̃ (x_0) < ∞ such that ‖x (t) − x_0 (t)‖ ≤ M̃ (x_0) for all t ∈ [α, ∞).

The theorem is thus proved. Corollary 185 If the conditions:

λ̃ (t) ≤ M_1, Ṽ (t, y) ≤ M_2 < ∞ (3.189) and lim_{t→∞} L (t, M_1 + M_2) U (t) = l (y) < ∞; (3.190) ∫_∞ α M ( s, λ̃ (s) + Ṽ (x, y) ) B (s) ds ≤ M_3 < ∞ for all y ∈ C ([α, ∞) ; X) ; or M ( t, λ̃ (t) + Ṽ (t, y) ) B (t) ≤ k t , t ∈ [α, ∞) ; (3.191) and lim_{t→α} t^k ∫_t α L(s,M_1+M_2(y)) s^k ds U (t) = l̃ < ∞ for all y ∈ C ([α, ∞) ; X) ;

are valid, then there exists a constant M̃ < ∞ such that for every x_0 a solution of (3.163) and x a solution of (3.164) we have the estimation (3.171).

138 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

Now we can prove another result which gives a sufficient condition of boundedness for the difference x − x_0.

Theorem 186 Suppose that the kernel V satisfies the relation (3.151) and the following conditions hold:

lim_{t→∞} λ̃ (t) = 0, lim_{t→∞} Ṽ (t, y) = 0; (3.192) B (t) ≤ M_1, t ∈ [α, ∞) ; (3.193) ∫_∞ α L ( s, λ̃ (s) + Ṽ (x, y) ) ds ≤ M_2 (y) < ∞ and ∫_∞ α M ( s, λ̃ (s) + Ṽ (x, y) ) ds ≤ M_3 < ∞ for all y ∈ C ([α, ∞) ; X) ; (3.194)

then for every x_0 a solution of (3.163) there exists M̃ (x_0) < ∞ such that for every x a solution of (3.164) we have the estimation (3.168).

Proof. Let x_0 be a solution of (3.163) and x be a solution of (3.164). We have the estimation:

‖x (t) − x_0 (t)‖ ≤ λ̃ (t) + Ṽ (t, x_0) + B (t) ∫_t α L ( u, λ̃ (u) + Ṽ (u, x_0) )

× exp (∫_t α M ( s, λ̃ (s) + Ṽ (s, x_0) ) B (s) ds ) du. If the conditions (3.192), (3.193) and (3.194) are satisfied, we have:

‖x (t) − x_0 (t)‖ ≤ λ̃ (t) + Ṽ (t, x_0) + M_1M_2 (x_0) exp M_1M_3 (x_0) ,

for all t ∈ [α, ∞).

Since lim_{t→∞} λ̃ (t) = 0 and lim_{t→∞} Ṽ (t, x_0) = 0 for all x_0 and they are continuous in [α, ∞), it follows that there exists M̃ (x_0) < ∞ such that the estimation (3.168) is valid.

3.9. A PAIR OF VOLTERRA INTEGRAL EQUATIONS 139

Corollary 187 If the conditions:

lim_{t→∞} λ̃ (t) = 0, lim_{t→∞} Ṽ (t, y) = 0 uniformly in rapport with y; (3.195)

and ∫_∞ α L ( s, λ̃ (s) + Ṽ (s, y) ) ds ≤ M_2 < ∞ (3.196) and ∫_∞ α M ( s, λ̃ (s) + Ṽ (x, y) ) ds ≤ M_3 < ∞ for all y ∈ C ([α, ∞) ; X) ;

are valid, then there exists M̃ < ∞ such that for every x_0 a solution of (3.163) and x a solution of (3.164) we have the estimation (3.168).

Finally, we have:

Theorem 188 Suppose that the kernel V satisfies the relation (3.151) and the following conditions hold:

lim_{t→∞} λ̃ (t) = 0, lim_{t→∞} Ṽ (t, y) = 0 (3.197) M ( t, λ̃ (t) + Ṽ (t, y) ) B (t) ≤ k (y) t , t ∈ [α, ∞) ; (3.198) B (t) t^{k(y)} ≤ l (y) < ∞; ∫_∞ α L ( s, λ̃ (s) + Ṽ (s, y) ) s^{k(y)} ds ≤ M_1 for all y ∈ C ([α, ∞) ; X) ; (3.199)

then for every x_0 a solution of (3.163) there exists M̃ (x_0) < ∞ such that for every x a solution of (3.164) we have the estimation (3.168).

The proof follows by an argument similar to that in the proof of the above theorems. We omit the details.

Corollary 189 If the following conditions hold:

lim_{t→∞} λ̃ (t) = 0, lim_{t→∞} Ṽ (t, y) = 0 uniformly in rapport with y; (3.200)

140 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS and ∫_∞ α L ( s, λ̃ (s) + Ṽ (s, y) ) s^{k(y)} ds ≤ M_1 for all y ∈ C ([α, ∞) ; X) ; (3.201)

then there exists M̃ < ∞ such that for every x_0 a solution of (3.163) and x a solution of (3.164) we have the estimation (3.171).

Remark 190 If we assume that the kernel V satisfies the relations (3.153), (3.155), (3.157), (3.159) and (3.161), we can obtain a great number of corollaries and consequences for the above theorems. We omit the details.

3.10 The Case of Discrete Equations

Further on, we consider the following discrete equation in Banach spaces:

x (n) = y (n) + n−1∑ s=0 V (n, s, x (s)) , n ≥ 1, (3.202) where x, y : N →X, V : N^2 × X → X and X is a real or complex Banach space.

The following result holds [39].

Lemma 191 Let us suppose that the kernel V of the discrete equation (3.202) satisfies ‖V (n, s, x)‖ ≤ B (n) L (s, ‖x‖) (3.203) for all n, s ∈ N and x ∈ X, where B (n) is nonnegative and L : N × R_+ → R_+ verifies the assumption (2.59). Then for any solution x (·) of (3.202), the following estimation

x (n) ≤ ‖y (n)‖ + B (n) n−1∑ s=0 L (s, ‖y (s)‖) n−1∏ τ =s+1 (M (τ , ‖y (τ)‖) B (τ ) + 1) (3.204)

holds for all n ≥ 1.

3.10. THE CASE OF DISCRETE EQUATIONS 141

Proof. Let x be a solution of (3.202). Then we have: ‖x (n)‖ ≤ ‖y (n)‖ + ‖ ‖ ‖ ‖ n−1∑ s=0 V (n, s, x (s)) ‖ ‖ ‖ ‖ ≤ ‖y (n)‖ + B (n) n−1∑ s=0 L (s, ‖x (s)‖) , n ≥ 1. Applying Theorem 101, the bound (3.204) is obtained.

If the kernel V satisfies the condition: ‖V (n, s, x)‖ ≤ B (n) G (s, ‖x‖) for all n, s ∈ N and x ∈ X (3.205) where (B (n))_{n∈N} is nonnegative and G : N × R_+ → R_+ verifies the assumption (2.60), then for any x (·) a solution of (3.202) we have the bound:

‖x (n)‖ ≤ ‖y (n)‖ + B (n) n−1∑ s=0 L (s, ‖y (s)‖)

× n−1∏ τ =s+1 (N (‖y (τ )‖) B (τ) + 1)

for all n ≥ 1.

Now, if we assume that V fulfills the assumption ‖V (n, s, x)‖ ≤ B (n) C (s) H (‖x‖) for all n, s ∈ N and x ∈ X; (3.206) where B (n), C (n) are nonnegative and H satisfies (2.61), then we have the evaluation ‖x (n)‖ ≤ ‖y (n)‖ + B (n) n−1∑ s=0 C (s) H (‖y (s)‖)

× n−1∏ τ =s+1 (MC (τ) B (τ) + 1)

for all n ≥ 1.

The following lemma also holds.

142 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

Lemma 192 Let us suppose that the kernel V of the equation (3.202) verifies: ‖V (n, s, x)‖ ≤ B (n) D (s, ‖x‖) for all n, s ∈ N and x ∈ X; (3.207) where B (n) is nonnegative and D : N × R_+ → R_+ satisfies the condition (2.62). Then for any solution (x (n))_{n∈N} of (3.202) we have: ‖x (n)‖ ≤ ‖y (n)‖ + B (n) n−1∑ s=0 D (s, ‖y (s)‖)

× n−1∏ τ =s+1 (P (τ , ‖y (τ)‖) B (τ ) + 1)

for all n ≥ 1.

The proof is obvious from Theorem 105 and we omit the details. If V verifies the condition: ‖V (n, s, x)‖ ≤ B (n) I (s, ‖x‖) for all n, s ∈ N and x ∈ X; (3.208) then the solutions of (3.202) satisfy the inequality: ‖x (n)‖ ≤ ‖y (n)‖ + B (n) n−1∑ s=0 I (s, ‖y (s)‖) n−1∏ τ =s+1 ( dI (τ , ‖y (τ )‖) dt B (τ) + 1 )

for all n ≥ 1.

Finally, if we assume that V fulfills the condition ‖V (n, s, x)‖ ≤ B (n) C (s) K (‖x‖) for all n, s ∈ N and x ∈ X; (3.209) then the evaluation ‖x (n)‖ ≤ ‖y (n)‖ + B (n) n−1∑ s=0 C (s) K (‖y (s)‖)

× n−1∏ τ =s+1 ( dK (‖y (τ)‖) dt B (τ ) c (τ) + 1 )

is also true for n ≥ 1 and x (·) a solution of (3.202).

Now, by the use of the above results, we may give the following boundedness theorems [39].

3.10. THE CASE OF DISCRETE EQUATIONS 143 Theorem 193 Assume that the kernel V of (3.202) satisfies the assertion (3.203). If the following conditions hold:

(i) ‖y (n)‖ ≤ M_1 < ∞, B (n) ≤ M_2 < ∞ for all n ≥ 1; (ii)^∞ ∑ n=0 L (n, M_1) < ∞,^∞ ∏ n=0 (M (n, ‖y (n)‖) M_2 + 1) < ∞; or (iii) ‖y (n)‖ ≤ M_1 < ∞, n ∈ N, lim_{n→∞} B (n) = 0;

(iv)^∞ ∑ n=0 L (n, M_1) < ∞,^∞ ∏ n=0 (M (n, ‖y (n)‖) B (n) + 1) < ∞ or (iv’) M (n, ‖y (n)‖) B (n) ≤^1_n (n ≥ 1), nB (n) ≤ M_3 < ∞ (n ∈ N) and ∞∑ n=0 L(n,M_1) n+1 < ∞; or (v) ‖y (n)‖ ≤ M_1 < ∞, nB (n) ≤ M_4 < ∞ for n ≥ 1; (vi) lim_{n→∞} ‖y (n)‖ < ∞, B (n) ≤ M_2 < ∞ for n ≥ 1 or (vi’) M (n, ‖y (n)‖) B (n) ≤^1_n (n ≥ 1) and^∞ ∑ n=0 L(n,M_1) n+1 < ∞; or (vii) lim_{n→∞} ‖y (n)‖ = 0, B (n) ≤ M_2 < ∞ for n ≥ 1;

(viii)^∞ ∑ n=0 (n, ‖y (n)‖) < ∞,^∞ ∏ n=0 (M (n, ‖y (n)‖) M_2 + 1) < ∞; or (ix) lim_{n→∞} ‖y (n)‖ = 0, nB (n) ≤ M_4 < ∞ for n ≥ 1; (x) lim_{n→∞} L (n, ‖y (n)‖) < ∞,^∞ ∏ n=0 (M (n, ‖y (n)‖) B (n) + 1) < ∞ or (x’) M (n, ‖y (n)‖) B (n) ≤^1_n (n ≥ 1) and^∞ ∑ n=0 L(n,‖y(n)‖) n+1 < ∞;

144 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS then there exists a constant 0 < M̃ < ∞ such that for any x (·) a solution of (3.202) we have the evaluation:

‖x (n)‖ ≤ M̃ for all n ≥ 1, (3.210) i.e., the solutions of (3.202) are uniformly bounded.

Proof. Let x (·) be a solution of (3.202). By the use of Lemma 191, we conclude that ‖x (n)‖ ≤ ‖y (n)‖ + B (n) n−1∑ s=0 L (s, ‖y (s)‖)

× n−1∏ τ =s+1 (M (τ , ‖y (τ)‖) B (τ ) + 1) (3.211)

for all n ≥ 1.

If the conditions (i) and (ii) are satisfied, we get:

‖x (n)‖ ≤ M_1 + M_2 ∞∑ s=0 L (s, ‖y (s)‖)

× ∞∏ s=0 (M (s, ‖y (s)‖) M_1 + 1) = M̃ < ∞

and the estimation (3.210) holds.

Let us suppose that (iii), (iv) or (iv’) hold. Then we have the bound: ‖x (n)‖ ≤ M_1 + B (n) ∞∑ n=0 L (n, M_1) ∞∏ n=0 (M (n, ‖y (n)‖) B (n) + 1) or ‖x (n)‖ ≤ M_1 + nB (n) ∞∑ n=0 M (s, M_1) s + 1

≤ M_1 + M_3 ∞∑ n=0 M (s, M_1) s + 1 for all n ∈ N.

Since lim_{n→∞} B (n) = 0, then there exists a constant M̃ such that the estimation (3.210) holds.

3.10. THE CASE OF DISCRETE EQUATIONS 145 Now, let us suppose that (v), (vi) or (vi’) are valid. Then by (3.211) we have

‖x (n)‖ ≤ M_1 + nB (n) n−1∑ s=0 L (s, ‖y (s)‖) n ∞∏ n=0 (M (n, ‖y (n)‖) B (n) + 1)

≤ M_1 + M_4 n−1∑ s=0 L (s, ‖y (s)‖) n , n ≥ 1, respectively ‖x (n)‖ ≤ M_1 + nB (n) n−1∑ s=0 L (s, M_1)

s + 1

≤ M_1 + M_4 ∞∑ s=0 L (s, M_1) s + 1 . Since lim_{n→∞} n−1∑ s=0 L (s, ‖y (s)‖) n = lim_{n→∞} L (n, ‖y (n)‖) then there exists M̃ < ∞ such that ‖x (n)‖ ≤ M̃ for all n ≥ 1 and the assertion is proved.

If (vii) and (viii) are valid, then we also have: ‖x (n)‖ ≤ ‖y (n)‖ + M_2 ∞∑ n=0 L (n, ‖y (n)‖) ∞∏ n=0 (M (n, ‖y (n)‖) M_2 + 1)

and since lim_{n→∞} ‖y (n)‖ = 0, then there exists a constant M̃ < ∞ such that (3.210) holds.

Finally, if we assume that (ix) and (x) or (x’) hold, then we have the bound

‖x (n)‖ ≤ ‖y (n)‖ + nB (n) n−1∑ s=0 L (s, ‖y (s)‖) n × ∞∏ n=0 (M (n, ‖y (n)‖) B (n) + 1)

146 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS

respectively

‖x (n)‖ ≤ ‖y (n)‖ + nB (n) n−1∑ s=0 L (s, ‖y (s)‖) n ≤ ‖y (n)‖ + M_4 ∞∑ s=0 L (s, ‖y (s)‖) n for all n ≥ 1.

Since lim_{n→∞} ‖y (n)‖ = 0 and lim_{n→∞} L (n ‖y (n)‖) < ∞, then there exists a constant M̃ < ∞ such that (3.210) holds.

The proof is thus completed.

Remark 194 If we assume that the kernel V of the discrete equation (3.202) satisfies one of the assertions: (3.205), (3.206), (3.207) (3.208) or (3.209) then, by the above theorem, we may formulate a great number of sufficient conditions for uniform boundedness for the solutions of this equation, but we omit the details.

Lastly, we shall give some convergence results for the solutions of (3.202). Namely, we have the following theorem.

Theorem 195 Assume that the kernel V of (3.202) satisfies the assertion (3.203). If the following conditions hold:

(i) lim_{n→∞} ‖y (n)‖ = lim_{n→∞} B (n) = 0;

(ii)^∞ ∑ n=0 L (n, ‖y (n)‖),^∞ ∏ n=0 (M (n, ‖y (n)‖) B (n) + 1) < ∞; or (iii) lim_{n→∞} ‖y (n)‖ = lim_{n→∞} nB (n) = 0;

(vi) M (n, ‖y (n)‖) B (n) ≤^1_n for n ≥ 1 and^∞ ∑ n=0 L(n,‖y(n)‖) n+1 < ∞ or (vii) lim_{n→∞} ‖y (n)‖ = 0, nB (n) ≤ M_1, for n ≥ 1;

3.10. THE CASE OF DISCRETE EQUATIONS 147

(vi) lim_{n→∞} L (n, ‖y (n)‖) = 0,^∞ ∏ n=0 (M (n, ‖y (n)‖) B (n) + 1) < ∞; or (vii) lim_{n→∞} ‖y (n)‖ = lim_{n→∞} nB (n) = 0;

(viii) lim_{n→∞} L (n, ‖y (n)‖),^∞ ∏ n=0 (M (n, ‖y (n)‖) B (n) + 1) < ∞;

then for any ε > 0 there exists a natural number n (ε) > 0 such that for any x (·) a solution of (3.202) we have ‖x (n)‖ < ε for n ≥ n (ε) , n ∈ N; (3.212) i.e., the solutions of (3.202) are uniformly convergent to zero as n tends to infinity.

Proof. Let x (·) be a solution of (3.202). By the use of Lemma 191, we have the estimation (3.211).

If (i) and (ii) hold, then

‖x (n)‖ ≤ ‖y (n)‖ + B (n) ∞∑ n=0 L (n, ‖y (n)‖) ∞∏ n=0 (M (n, ‖y (n)‖) B (n) + 1)

for all n ≥ 1. Since lim_{n→∞} ‖y (n)‖ = lim_{n→∞} B (n) = 0, the assertion (3.212) is proved.

If (iii) and (iv) are valid, then we have the estimation:

‖x (n)‖ ≤ ‖y (n)‖ + nB (n) n−1∑ n=0 L (s, ‖y (s)‖) s + 1 ≤ ‖y (n)‖ + nB (n) ∞∑ s=0 L (s, ‖y (s)‖) s + 1

for n ≥ 1 and the proof goes likewise.

148 CHAPTER 3. APPLICATIONS TO INTEGRAL EQUATIONS Now, assume that (v) and (vi) are valid. Then

‖x (n)‖ ≤ ‖y (n)‖ + nB (n) n−1∑ s=0 L (s, ‖y (s)‖) n ∞∏ n=0 (M (n, ‖y (n)‖) B (n) + 1)

≤ ‖y (n)‖ + M_1 n−1∑ s=0 L (s, ‖y (s)‖) n ∞∏ n=0 (M (n, ‖y (n)‖) B (n) + 1) for n ≥ 1. Since

lim_{n→∞} n−1∑ s=0 L (s, ‖y (s)‖) n = lim_{n→∞} L (n, ‖y (n)‖) = 0, then (3.212) also holds.

Finally, if we suppose that (vii) and (viii) hold, then the following inequality is also valid

‖x (n)‖ ≤ ‖y (n)‖ + nB (n) n−1∑ s=0 L (s, ‖y (s)‖) n ∞∏ n=0 (M (n, ‖y (n)‖) B (n) + 1) and since lim_{n→∞} n−1∑ s=0 L (s, ‖y (s)‖) n = lim_{n→∞} L (n, ‖y (n)‖) the proof is thus completed.

Chapter 4

Applications to Differential Equations

In this chapter we apply the results established in Sections 3.1 and 3.2 of Chapter 3 to obtain estimation results for the solutions of differential equations in R^n , and to get sufficient conditions of boundedness and stability for the solutions of these equations.

In Section 3.1, we point out some applications of Lemmas 130 and 136 and their consequences to obtain estimates for the solutions of the Cauchy problem (f; t_0, x_0) associated to general system (f).

In the second paragraph we present some applications of the above lemmas to obtain estimation results for the solutions of the Cauchy problem associated to a differential system of equations by the first approximation.

The last sections are devoted to qualitative study of some aspects for the trivial solutions of differential equations in R^n by using the results established in Sections 4.1 and 4.2.

Some results of uniform stability, uniform asymptotic stability, global exponential stability and global asymptotic stability for the trivial solution of a general differential system or differential system of equations by the first approximation are also given.

150 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

4.1 Estimates for the General Case

Let us consider the system of differential equations given by the following relation dx dt = f (t, x) , t ∈ [α, β) ; (4.1)

where f : [α, β) × R^n → R^n is continuous in [α, β) × R^n .

In what follows, we shall assume that the Cauchy problem dx dt = f (t, x) , t ∈ [α, β) ; x (t_0) = x_0 ∈ R^n

(4.2)

has a unique solution in [α, β), for every t_0 ∈ [α, β) and x_0 ∈ R^n . We shall denote this solution by x (·, t_0, x_0) .

Lemma 196 If the function f satisfies the relation ‖f (t, x)‖ ≤ L (t, ‖x‖) , t ∈ [α, β) , x ∈ R^n (4.3) and L verifies the condition (2.1) of Section 2.1 of Chapter 2,

then we have the estimate

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0

L (s, ‖x_0‖) exp (∫_t s M (u, ‖x_0‖) du ) ds (4.4)

for all t ∈ [t_0, β).

Proof. Let t_0 ∈ [α, β), x_0 ∈ R^n and x (·, t_0, x_0) be the solution of the Cauchy problem (f; t_0, x_0). Then we have

x (t, t_0, x_0) = x_0 + ∫_t t_0 f (s, x (s, t_0, x_0)) ds, t ∈ [t_0, β) . Applying Lemma 130 of Section 3.2, Chapter 3, we obtain the bound (4.4) and the lemma is proved.

Now, let us suppose that the function f verifies the relation ‖f (t, x)‖ ≤ G (t, ‖x‖) , t ∈ [α, β) , x ∈ R^n (4.5) and G satisfies the condition (2.5);

4.1. ESTIMATES FOR THE GENERAL CASE 151 then the following inequality

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0

G (s, ‖x_0‖) exp (∫_t s N (u) du ) ds (4.6) holds for all t ∈ [t_0, β).

If we assume that the function f satisfies the following particular relation ‖f (t, x)‖ ≤ C (t) H (‖x‖) , t ∈ [α, β) , x ∈ R^n (4.7) and H verifies the property (2.8) of Chapter 2 and C is nonnegative continuous in [α, β) , then we also have the inequality

‖x (t, t_0, x_0) − x_0‖ ≤ H (‖x_0‖) ∫_t t_0

C (s) exp ( M ∫_t s C (u) du ) ds (4.8) for all t ∈ [t_0, β) .

Further, we shall suppose that x_0 ≠ 0. With this assumption, and if f satisfies the relation: ‖f (t, x)‖ ≤ D (t, ‖x‖) , t ∈ [α, β) , x ∈ R^n (4.9) and D verifies the condition (2.11) of Chapter 2, then we obtain

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0

D (s, ‖x_0‖) exp (∫_t s P (u, ‖x_0‖) du ) ds (4.10) for any t ∈ [t_0, β) .

Now, if we assume that the function f has the property ‖f (t, x)‖ ≤ I (t, ‖x‖) , t ∈ [α, β) , x ∈ R^n (4.11) and I satisfies the condition (2.14), then we have the bound

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0

I (s, ‖x_0‖) exp (∫_t s ∂I ∂x (u, ‖x_0‖) du ) ds (4.12) for all t ∈ [t_0, β) .

152 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

In particular, if the function f satisfies the assumption ‖f (t, x)‖ ≤ C (t) K (‖x‖) , t ∈ [α, β) , x ∈ R^n (4.13) and K verifies the condition (2.17) of Chapter 2, then the following estimate:

‖x (t, t_0, x_0) − x_0‖ ≤ K (‖x_0‖) ∫_t t_0

C (s) exp ( dK dx (‖x_0‖) ∫_t s C (u) du ) ds (4.14) holds, for all t ∈ [t_0, β) . Consequences

1. Let us suppose that the function f fulfils the condition ‖f (t, x)‖ ≤ C (t) ‖x‖^{r(t)} , t ∈ [α, β) , x ∈ R^n (4.15) and C, r are nonnegative continuous in [α, β) and 0 < r (t) ≤ 1 for all t ∈ [α, β) ;

then we have

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0

C (s) ‖x_0‖^{r(s)} exp (∫_t s r (u) C (u) du ‖x_0‖^{1−r(u)} ) ds (4.16)

for all t ∈ [t_0, β) and x_0 ≠ 0.

2. Finally, if we assume that the function f verifies the relation: ‖f (t, x)‖ ≤ C (t) ln (‖x‖ + 1) , t ∈ [α, β) , x ∈ R^n (4.17) and C are nonnegative continuous in [α, β) , then the following estimation ‖x (t, t_0, x_0) − x_0‖ ≤ ln (‖x_0‖ + 1) ∫_t t_0

C (s) exp ( 1 ‖x_0‖ + 1 ∫_t s C (u) du ) ds for all t ∈ [α, β) , (4.18) also holds.

4.1. ESTIMATES FOR THE GENERAL CASE 153

Now, using Lemma 124, we can prove the following result.

Lemma 197 If the function f satisfies the relation ‖f (t, x) − f (t, y)‖ ≤ L (s, ‖x − y‖) , s ∈ [α, β) , x, y ∈ R^n (4.19) and the function L verifies the condition (2.1) of Chapter 2,

then we have:

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0 ‖f (s, x_0)‖ ds + ∫_t t_0 L ( u, ∫_u t_0 ‖f (s, x_0)‖ ds )

× exp (∫_t u M ( s, ∫_t t_0 ‖f (τ, x)‖ dτ ) ds ) du, (4.20)

for all t ∈ [t_0, β) .

The proof follows by Lemma 124 of Chapter 3. We omit the details. Let us now suppose that the function f verifies the relation ‖f (t, x) − f (t, y)‖ ≤ G (t, ‖x − y‖) , t ∈ [α, β) , x, y ∈ R^n (4.21) and G satisfies the condition (2.5) of Chapter 2.

Then the following estimation

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0 ‖f (s, x_0)‖ ds + ∫_t t_0 G ( s, ∫_s t_0 ‖f (u, x_0)‖ du )

exp (∫_s u N (u) du ) ds, (4.22)

holds, for all t ∈ [t_0, β) .

If the function f satisfies the property ‖f (t, x) − f (t, y)‖ ≤ C (t) H (‖x − y‖) , t ∈ [α, β) , x, y ∈ R^n , (4.23) H verifies the condition (2.8), and C is nonnegative continuous in [α, β) ,

154 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

then we have

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0 ‖f (s, x_0)‖ ds + ∫_t t_0 C (s) H (∫_s t_0 ‖f (u, x_0)‖ du )

× exp ( M ∫_t s C (u) du ) ds, (4.24)

for any t ∈ [t_0, β).

Further, we shall suppose that x_0 ≠ 0. With this assumption, and if the function f verifies the relation ‖f (t, x) − f (t, y)‖ ≤ D (s, ‖x − y‖) , t ∈ [α, β) , x, y ∈ R^n (4.25) and D satisfies the condition (2.11) of Chapter 2,

then we have

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0 ‖f (s, x_0)‖ ds + ∫_t t_0 D ( s, ∫_s t_0 ‖f (u, x_0)‖ du )

× exp (∫_t t_0 P ( u, ∫_u s ‖f (τ, x_0)‖ dτ ) du ) ds, (4.26)

for all t ∈ [t_0, β) .

Let us now suppose that the mapping f satisfies the following relation of Lipschitz type: ‖f (t, x) − f (t, y)‖ ≤ I (t, ‖x − y‖) , t ∈ [α, β) , x, y ∈ R^n (4.27) and I satisfies the property (2.14) of Chapter 2.

Then the following estimate

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0 ‖f (s, x_0)‖ ds + ∫_t t_0 I ( s, ∫_s t_0 ‖f (u, x_0)‖ du )

× exp (∫_t s ∂I ∂x ( u, ∫_t s ‖f (τ, x_0)‖ dτ ) du ) ds, (4.28)

4.1. ESTIMATES FOR THE GENERAL CASE 155 holds, for any t ∈ [t_0, β) .

In particular, if we assume that the function f satisfies the relation: ‖f (t, x) − f (t, y)‖ ≤ C (t) K (‖x − y‖) , t ∈ [α, β) , x, y ∈ R^n (4.29) and K verifies the property (2.17), then we have the evaluation

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0 ‖f (s, x_0)‖ ds + ∫_t t_0 C (s) K (∫_s t_0 ‖f (u, x_0)‖ du )

× exp (∫_t s dK dx (∫_u t_0 ‖f (τ, x_0)‖ dτ ) C (u) du ) ds, (4.30) in the interval [t, β) .

By the above considerations, we can deduce the following two consequences.

Consequences

1. If the function f satisfies the condition ‖f (t, x) − f (t, y)‖ ≤ C (t) ‖x − y‖^{r(t)} , t ∈ [α, β) , (4.31) x, y ∈ R^n and r, C are nonnegative continuous in [α, β) and 0 < r (t) ≤ 1 in [α, β) ;

then we have:

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0 ‖f (s, x_0)‖ ds + ∫_t t_0 C (s) (∫_s t_0 ‖f (u, x_0)‖ du )_{r(u)}

× exp ∫_t s r (u) C (u) (∫_t t_0 ‖f (τ , x0)‖ dτ )_{1−r(u)} du ds, (4.32)

for all t ∈ [t_0, β) .

156 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

2. Finally, if the mapping f verifies the relation ‖f (t, x) − f (t, y)‖ ≤ C (t) ln (‖x − y‖ + 1) , t ∈ [α, β) , (4.33) x, y ∈ R^n and C is nonnegative continuous in [α, β) , then the following inequality ‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0 ‖f (s, x_0)‖ ds + ∫_t t_0

C (s) ln [(∫_s t_0 ‖f (u, x_0)‖ du ) + 1 ]

× exp (∫_t s C (u) du ∫_u t_0 ‖f (τ, x0)‖ dτ + 1 ) ds, (4.34)

holds in the interval [t_0, β) .

Now, by using Lemma 136 of Chapter 3, we can deduce the following result.

Lemma 198 Let us suppose that the function f satisfies the relation: ‖f (t, x + y) − f (t, x)‖ ≤ S (t, ‖x‖) ‖y‖ , t ∈ [α, β) , (4.35) x, y ∈ R^n where S : [α, β) × R_+ → R_+ are continuous in [α, β) × R_+ , then we have the estimate

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0

‖f (s, x_0)‖ exp (∫_t s S (u, ‖x_0‖) du ) ds (4.36)

for all t ∈ [t_0, β) .

It is easy to see also that, if the mapping f verifies the property ‖f (t, x + y) − f (t, x)‖ ≤ C (t) R (‖x‖) ‖y‖ , t ∈ [α, β) , (4.37) x, y ∈ R^n and C : [α, β) × R_+ , R : R_+ → R_+ are continuous, then we have

‖x (t, t_0, x_0) − x_0‖ ≤ ∫_t t_0

‖f (s, x_0)‖ exp (R (‖x_0‖)) (∫_t s C (u) du ) ds (4.38)

for all t ∈ [t_0, β) .

4.2. DIFFERENTIAL EQUATIONS BY FIRST APPROXIMATION 157

4.2 Differential Equations by First Approximation

Let us consider the non-homogeneous system of differential equations dx dt = A (t) x + f (t, x) , t ∈ [α, β) , (4.39) where A : [α, β) → B (R^n ) , f : [α, β) × R^n → R^n are continuous.

If C (t, t_0) denotes the fundamental matrix of solutions of the corresponding homogeneous system, then the solutions of the Cauchy problem: dx dt = A (t) x + f (t, x) , t ∈ [α, β) , x (t_0) = x_0, t_0 ∈ [α, β) , x_0 ∈ R^n

(4.40)

are given by the following integral equation of Volterra type

x (t, t_0, x_0) = C (t, t_0) x_0 + C (t, t_0) ∫_t t_0

C (t_0, s) f (s, x (s, t_0, x_0)) ds (4.41)

for all t ∈ [α, β) .

Further, we shall establish the following result for the solutions of differential equations by the first approximation (4.39).

Lemma 199 Let us suppose that the function f satisfies the relation (4.3). If x (·, t_0, x_0) is the solution of the Cauchy problem (A, f; t_0, x_0), then we have the estimate

‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ L (s, ‖C (s, t_0) x_0‖) × exp (∫_t s ‖C (t_0, u)‖ ‖C (u, t_0)‖ M (u, ‖C (u, t_0) x_0‖) du ) ds (4.42)

for all t ∈ [t_0, β) .

Proof. If x (·, t_0, x_0) is the solution of (A, f; t, x), then x (·, t_0, x_0) satisfies the relation (4.41).

158 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS Putting y : [α, β) → R^n , y (t) := ∫_t t_0 C (t_0, s) f (s, x (s, t_0, x_0)) ds we have

y (t_0) = 0 and y^′ (t) = C (t_0, t) f (t, x (t, t_0, x_0)) = C (t_0, t) f (t, C (t, t_0) x_0 + C (t, t_0) y (t)) .

Hence

‖y^′ (t)‖ = ‖C (t_0, t) f (t, C (t, t_0) x_0 + C (t, t_0) y (t))‖ ≤ ‖C (t_0, t)‖ L (t, ‖C (t, t_0) x_0‖) + ‖C (t, t_0)‖ ‖y (t)‖ ≤ ‖C (t_0, t)‖ L (t, ‖C (t, t_0) x_0‖) + ‖C (t_0, t)‖ M (t, ‖C (t, t_0) x_0‖) ‖C (t, t_0)‖ ‖y (t)‖ . By integration and since ‖y (t)‖ ≤ ∫_t α ‖y^′ (s)‖ ds, we obtain ‖y (t)‖ ≤ ∫_t t_0 ‖C (t_0, s)‖ L (s, ‖C (s, t_0) x_0‖) ds + ∫_t t_0 ‖C (t_0, s)‖ ‖C (s, t_0)‖ M (s, ‖C (s, t_0) x_0‖) ‖y (s)‖ ds for t ∈ [t_0, β) .

Applying Corollary 2 of the Introduction we obtain, by simple computation, that ‖y (t)‖ ≤ ∫_t t_0 ‖C (t_0, t)‖ L (s, ‖C (s, t_0) x_0‖) × exp (∫_t s ‖C (t_0, u)‖ ‖C (u, t_0)‖ M (u, ‖C (u, t_0) x_0‖) du ) ds from where results (4.42) and the lemma is proved.

4.2. DIFFERENTIAL EQUATIONS BY FIRST APPROXIMATION 159 Let us now suppose that the function f verifies the relation (4.5). If x (·, t_0, x_0) is the solution of the Cauchy problem (A, f; t_0, x_0), then we have ‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ G (s, ‖C (s, t_0) x_0‖) × exp (∫_t s ‖C (t_0, u)‖ ‖C (u, t_0)‖ N (u) du ) ds, (4.43) for all t ∈ [t_0, β) .

If we assume that the mapping f has the property (4.7), then we have the estimate

‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ C (s) H (‖C (s, t_0) x_0‖) × exp ( M ∫_t s ‖C (t_0, u)‖ ‖C (u, t_0)‖ C (u) du ) ds, (4.44) for all t ∈ [t_0, β) .

Further, we shall suppose that x_0 ≠ 0. In this assumption, and if the function f satisfies the relation (4.9), then we have the bound ‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ D (s, ‖C (s, t_0) x_0‖) × exp (∫_t s ‖C (t_0, u)‖ ‖C (u, t_0)‖ P (u, ‖C (u, t_0) x_0‖) du ) ds, (4.45) in the interval [t_0, β) .

If the function f verifies the property (4.11), then the following evaluation ‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ I (s, ‖C (s, t_0) x_0‖) × exp (∫_t s ‖C (t_0, u)‖ ‖C (u, t_0)‖ ∂I ∂x (u, ‖C (u, t_0) x_0‖) du ) ds, (4.46)

160 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS holds in [t_0, β) .

In particular, if we assume that the mapping f satisfies the relation (2.17), then we have

‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ C (s) K (‖C (s, t_0) x_0‖) × exp (∫_t s ‖C (t_0, u)‖ ‖C (u, t_0)‖ C (u) dK dx (‖C (u, t_0) x_0‖) du ) ds. (4.47) By the above considerations, we can deduce the following two consequences.

Consequences

1. If the function f satisfies the relation (4.15), then we have ‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ C (s) ‖C (s, t_0) x_0‖^{r(s)} × exp (∫_t s ‖C (t_0, u)‖ ‖C (u, t_0)‖ r (u) C (u) ‖C (u, t_0) x_0‖^{1−r(u)} du ) ds (4.48)

for all t ∈ [t_0, β) .

2. Finally, if the function f verifies the relation (4.17), then we have the estimate

‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ ‖C (t, t_0)‖ ∫_t t_0

‖C (t_0, s)‖ C (s) ln (‖C (s, t_0) x_0‖ + 1) × exp (∫_t s ‖C (t_0, u)‖ ‖C (u, t_0)‖ C (u) ‖C (u, t_0) x_0‖ + 1 du ) ds (4.49) in the interval [t_0, β) .

We may also state the following result.

4.2. DIFFERENTIAL EQUATIONS BY FIRST APPROXIMATION 161 Lemma 200 Let us suppose that the function f satisfies the relation (4.19). If x (·, t_0, x_0) is the solution of the Cauchy problem (A, f; t_0, x_0) , then we have the estimate

‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ k (t) + ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ L (s, k (s)) × exp (∫_t s M (u, k (u)) ‖C (t_0, u)‖ ‖C (u, t_0)‖ du ) ds, (4.50) where k (t) := ∫_t t_0 ‖C (t, s) f (s, C (s, t_0) x_0)‖ ds and t ∈ [t_0, β) .

Proof. If x (·, t_0, x_0) is the solution of (A, f; t_0, x_0) , then we have x (t, t_0, x_0) = C (t, t_0) x_0 + ∫_t t_0 C (t, s) f (s, x (s, t_0, x_0)) ds for all t ∈ [α, β) .

Putting V (t, s, x) = C (t, s) f (s, x) , we have ‖V (t, s, x) − V (t, s, y)‖ ≤ ‖C (t, t_0)‖ ‖C (t_0, s)‖ ‖f (s, x) − f (s, y)‖ ≤ ‖C (t, t_0)‖ ‖C (t_0, s)‖ L (s, ‖x − y‖) . The proof follows by an argument similar to that in the proof of Lemma 124. We omit the details.

Now, if we suppose that the mapping f verifies the relation (4.21), then ‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ k (t) + ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ G (s, k (s)) × exp (∫_t s ‖C (t_0, u)‖ ‖C (u, t_0)‖ N (u) du ) ds (4.51)

162 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS holds, for all t ∈ [t_0, β) .

Let us now assume that the function f satisfies the property (4.23). Then we have the estimate

‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ k (t) + ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ C (s) H (k (s)) × exp ( M ∫_t s ‖C (t_0, u)‖ ‖C (u, t_0)‖ C (u) du ) ds (4.52) for all t ∈ [t_0, β) .

Further, we shall suppose that x_0 ≠ 0. In this assumption, and if f satisfies the relation (4.25), then we have the estimate

‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ k (t) + ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ D (s, k (s)) × exp (∫_t s P (u, k (u)) ‖C (t_0, u)‖ ‖C (u, t_0)‖ du ) ds (4.53) in the interval [t_0, β) .

Now, if we suppose that the mapping f has the property (4.27), then we have the evaluation:

‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ k (t) + ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ I (s, k (s)) × exp (∫_t s ∂I ∂x (u, k (u)) ‖C (t_0, u)‖ ‖C (u, t_0)‖ du ) ds (4.54) for all t ∈ [t_0, β) .

In particular, if the function f verifies the relation (4.29), then we have ‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ k (t) + ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ C (s) K (k (s)) × exp (∫_t s dK dx (k (u)) C (u) ‖C (t_0, u)‖ ‖C (u, t_0)‖ du ) ds (4.55)

4.3. BOUNDEDNESS CONDITIONS 163 in the interval [t_0, β) .

Finally, we have another result which is embodied in the following lemma. Lemma 201 Let us suppose that the function f satisfies the relation (4.35). If x (·, t_0, x_0) is the solution of the Cauchy problem (A, f; t_0, x_0) , then we have the estimation

‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ ‖C (t, t_0)‖ ∫_t t_0

‖C (t_0, s) f (s, C (s, t_0) x_0)‖ × exp (∫_t s S (u, ‖C (u, t_0) x_0‖) ‖C (u, t_0)‖ ‖C (t_0, u)‖ du ) ds (4.56) for all t ∈ [t_0, β) .

The proof follows by an argument similar to that in the proof of Lemma 136. We omit the details.

Let us now suppose that the mapping f verifies the relation (4.37) of Section 4.1. Then we have

‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ ‖C (t, t_0)‖ ∫_t t_0

‖C (t_0, s) f (s, C (s, t_0) x_0)‖ × exp (∫_t s C (u) R (‖C (u, t_0) x_0‖) ‖C (u, t_0)‖ ‖C (t_0, u)‖ du ) ds (4.57) for any t ∈ [t_0, β) .

4.3 Boundedness Conditions

Let us consider the system of differential equations given in the following from dx dt = f (t, x) , t ∈ [α, ∞) ; (4.58) where f : [α, ∞) × R^n → R^n is continuous in [α, ∞) × R^n .

164 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

In what follows, we shall assume that the Cauchy problem: dx dt = f (t, x) , t ∈ [α, ∞) ; x (t_0) = x_0 ∈ R^n

(f; t_0, x_0)

has a unique solution x (·, t_0, x_0) in [α, ∞) where t_0 ≥ α and x_0 ∈ R^n .

By using the lemmas established in Section 4.1 of this chapter, we can formulate the following theorems of boundedness.

Theorem 202 If the function f satisfies the relation (4.3) and the following conditions: ∫_∞ t_0

L (s, ‖x_0‖) ds ≤ M_1 (t_0, x_0) < ∞, (4.59) ∫_∞ t_0

M (s, ‖x_0‖) ds ≤ M_2 (t_0, x_0) < ∞ (4.60)

hold, then there exists an M̃ (t_0, x_0) > 0 such that ‖x (t, t_0, x_0) − x_0‖ ≤ M̃ (t_0, x_0) for all t ≥ t_0.

The proof follows by Lemma 196. We omit the details. Another result is embodied in the following theorem.

Theorem 203 If the function f satisfies the relation (4.19) and the following conditions: ∫_∞ t_0

‖f (s, x_0)‖ ds ≤ M_1 (t_0, x_0) < ∞, (4.61) ∫_∞ t_0

L (s, M_1 (t_0, x_0)) ds ≤ M_2 (t_0, x_0) < ∞, (4.62) ∫_∞ t_0 M ( s, ∫_s t_0 ‖f (τ, x_0)‖ dτ ) ds ≤ M_3 (t_0, x_0) < ∞ (4.63)

hold, then there exists an M̃ (t_0, x_0) > 0 such that ‖x (t, t_0, x_0) − x_0‖ ≤ M̃ (t_0, x_0) for all t ≥ t_0.

4.4. THE CASE OF NON-HOMOGENEOUS SYSTEMS 165

The proof of this theorem follows by Lemma 197. Finally we have Theorem 204 Let us suppose that the function f satisfies the relation (4.35) and the following conditions: ∫_∞ t_0

‖f (s, x_0)‖ ds ≤ M_1 (t_0, x_0) < ∞, (4.64) ∫_∞ t_0

S (s, ‖x_0‖) ds ≤ M_2 (t_0, x_0) < ∞, (4.65)

hold, then there exists an M̃ (t_0, x_0) > 0 such that ‖x (t, t_0, x_0) − x_0‖ ≤ M̃ (t_0, x_0) for all t ≥ t_0.

4.4 The Case of Non-Homogeneous Systems

Let us consider the non-homogeneous system of differential equation: dx dt = A (t) x + f (t, x) , t ∈ [α, ∞) , (4.66) where A : [α, ∞) → B (R^n ), f : [α, ∞) × R^n → R^n are continuous.

In what follows, we assume that the Cauchy problem dx dt = A (t) x + f (t, x) , t ∈ [α, ∞) , x (t_0) = x_0, x_0 ∈ R^n

(4.67)

has a unique solution defined in [α, ∞) .

By using the results established in Section 4.2 of the present chapter, we can formulate the following theorems.

Theorem 205 Let us suppose that the mapping f satisfies the relation (4.3). If the trivial solution x ≡ 0 of the corresponding homogeneous system is stable, i.e., ‖C (t, t_0)‖ ≤ μ (t_0) for all t ≥ t_0, and the following conditions: ∫_∞ t_0

‖C (t_0, s)‖ L (s, μ (t_0) ‖x_0‖) ds ≤ M_1 (t_0, x_0) < ∞, (4.68) ∫_∞ t_0

‖C (t_0, s)‖ M (s, ‖C (s, t_0) x_0‖) ds ≤ M_2 (t_0, x_0) < ∞ (4.69)

166 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

hold, then there exists an M̃ (t_0, x_0) > 0 such that ‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ M̃ (t_0, x_0) for all t ≥ t_0.

The proof follows by Lemma 199. We omit the details. Another result is embodied in the following theorem.

Theorem 206 Let us suppose that the mapping f satisfies the relation (4.19). If the trivial solution x ≡ 0 of the corresponding homogeneous system is stable and the following conditions lim_{t→∞} ∫_t t_0

‖C (t, s) f (s, C (s, t_0) x_0)‖ ds ≤ M_1 (t_0, x_0) < ∞, (4.70) ∫_∞ t_0

‖C (t_0, s)‖ L (s, M_1 (t_0, x_0)) ds ≤ M_2 (t_0, x_0) < ∞, (4.71) ∫_∞ t_0

M (s, k (s)) ‖C (t_0, s)‖ ds ≤ M_3 (t_0, x_0) < ∞ (4.72)

hold, then there exists an M̃ (t_0, x_0) > 0 such that ‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ M̃ (t_0, x_0) for all t ≥ t_0.

The proof is obvious by Lemma 200. Finally, we have Theorem 207 Let us suppose that the function f satisfies the relation (4.35). If the trivial solution x ≡ 0 of the corresponding homogeneous system is stable and the following conditions ∫_∞ t_0

‖C (t_0, s) f (s, C (s, t_0) x_0)‖ ds ≤ M_1 (t_0, x_0) < ∞, (4.73) ∫_∞ t_0

S (s, ‖C (s, t_0) x_0‖) ‖C (t_0, s)‖ ds ≤ M_2 (t_0, x_0) < ∞ (4.74)

hold, then there exists an M̃ (t_0, x_0) > 0 such that ‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ M̃ (t_0, x_0) for all t ≥ t_0.

The proof follows by Lemma 201, and we omit the details.

4.5. THEOREMS OF UNIFORM STABILITY 167

4.5 Theorems of Uniform Stability

Let us consider the system of differential equations dx dt = f (t, x) , t ∈ [α, ∞) ; (4.75)

where f is continuous in [α, ∞) × R^n and f (t, 0) ≡ 0.

The main purpose of this section is to give some theorems of uniform stability for the trivial solution of the above equation.

Theorem 208 If the mapping f satisfies the relation (4.3), L (t, 0) ≡ 0 for all t ∈ [α, ∞) and the following condition

there exists a δ_0 > 0 such that ∫_∞ α M (s, δ) ds ≤ M̃ for all (4.76) 0 ≤ δ ≤ δ_0, holds, then the trivial solution x ≡ 0 of (4.1) is uniformly stable.

Proof. Firstly, we observe that L (t, u) ≤ M (t, 0) u for all t ∈ [α, ∞) and u ≥ 0, which implies that ∫_∞ α L (s, u) ds ≤ u ∫_∞ α M (s, 0) ds ≤ M̃u. Let ε > 0 and let x (·, t_0, x_0) be the solution of the Cauchy problem (f; t_0, x_0) where x_0 is such that

‖x_0‖ < δ (ε) = min ( ε 2 , δ_0, ε 2M̃ exp M̃ ) . Then we have, by Lemma 196, that

‖x (t, t_0, x_0)‖ ≤ ‖x_0‖ + ‖x (t, t_0, x_0) − x_0‖ ≤ ‖x_0‖ + ∫_t t_0

L (s, ‖x_0‖) exp (∫_t s M (u, ‖x_0‖) du ) ds < ε 2 + ‖x_0‖ M̃ exp M̃ < ε 2 + ε 2 = ε for all t ≥ t_0. This implies the fact that the trivial solution of (4.1) is uniformly stable.

168 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

Corollary 209 If the mapping f satisfies the relation (4.5), G (t, 0) ≡ 0 for all t ∈ [α, ∞) and the condition ∫_∞ α N (s) ds < ∞ (4.77) holds, then the trivial solution x ≡ 0 of (4.1) is uniformly stable. Corollary 210 If the function f satisfies the relation (4.7), H (0) ≡ 0, and the condition ∫_∞ α C (s) ds < ∞ (4.78) holds, then the trivial solution of (4.1) is uniformly stable.

Another result is embodied in the following theorem.

Theorem 211 Let us suppose that the function f verifies the relation (4.9), D (t, 0) ≡ 0 for all t ∈ [α, ∞) and the condition

there exists a δ_0 > 0 such that ∫_∞ α D (s, δ_0) ds < M_1 (4.79) and ∫_∞ α P (s, δ) ds < M_2 for all 0 < δ ≤ δ_0.

holds. Then the trivial solution x ≡ 0 of (4.1) is uniformly stable.

Proof. Let ε > 0. If D (t, 0) ≡ 0 and D is continuous, then there exists a δ_1 (ε) > δ_0 such that ∫_∞ α D (s, ‖x_0‖) ds < ε 2 exp M_2 if ‖x_0‖ < δ_1 (ε) .

If we consider the solution x (·, t_0, x_0) such that ‖x_0‖ < δ (ε) = min {_ε 2 , δ_1 (ε) } , we have

‖x (t, t_0, x_0)‖ ≤ ‖x_0‖ + ‖x (t, t_0, x_0) − x_0‖ ≤ ‖x_0‖ + ∫_t t_0

D (s, ‖x_0‖) exp (∫_t s P (u, ‖x_0‖) du ) ds < ε 2 + ε 2 exp M_2 exp M_2 = ε for all t ≥ t_0. This mean that the trivial solution of (4.1) is uniformly stable.

4.5. THEOREMS OF UNIFORM STABILITY 169 Corollary 212 If the function f verifies he relation (4.11), I (t, 0) ≡ 0 for all t ∈ [α, ∞) and the following condition there exists a δ_0 > 0 such that ∫_∞ α I (s, δ_0) ds < M_1 (4.80) and ∫_∞ α ∂I ∂x (s, δ) ds ≤ M_2 for all 0 < δ ≤ δ_0 holds, then the trivial solution x ≡ 0 of the system (4.1) is uniformly stable. Corollary 213 If the function f satisfies the relation (4.13), K (0) ≡ 0 and the following condition ∫_∞ α C (s) ds < ∞ and there exists a δ_0 > 0 such that dK dx (4.81) is bounded in (0, δ_0) , holds, then the trivial solution of (4.1) is uniformly stable.

Finally, we have Theorem 214 Let us suppose that the function f verifies the relation (4.35) and the condition

there exists a δ_0 > 0 such that ∫_∞ α S (u, δ) du ≤ M̃ if (4.82) 0 ≤ δ ≤ δ_0, holds. Then the trivial solution x ≡ 0 of (4.1) is uniformly stable.

Proof. Since ‖f (t, x) − f (t, x + y)‖ ≤ S (t, ‖x‖) ‖y‖ for every x, y ∈ R^n , putting y = −x we obtain ‖f (t, x)‖ ≤ S (t, ‖x‖) ‖x‖ for all t ∈ [α, ∞) and x ∈ R^n .

170 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

Let ε > 0. If

‖x_0‖ < δ (ε) = min ( ε 2 , δ_0, ε 2M̃ exp M̃ )

we obtain

‖x (t, t_0, x_0)‖ ≤ ‖x_0‖ + ‖x (t, t_0, x_0) − x_0‖ ≤ ‖x_0‖ + ∫_t t_0

‖f (s, x_0)‖ exp (∫_t s S (u, ‖x_0‖) du ) ds ≤ ‖x_0‖ + ‖x_0‖ ∫_∞ α S (u, ‖x_0‖) du exp (∫_∞ α S (u, ‖x_0‖) du )

< ε 2 + ε 2M̃ exp M̃

M̃ exp M̃ = ε

for all t ≥ t_0. And the theorem is thus proved.

Corollary 215 If the function f satisfies the relation (4.37) and the following condition:

there exists a δ_0 > 0 such that R is bounded in (0, δ_0) (4.83) and ∫_∞ α C (s) ds < ∞, holds, then the trivial solution x ≡ 0 of (4.1) is uniformly stable.

4.6 Theorems of Uniform Asymptotic Stabil- ity Let us consider the non-homogeneous system dx dt = A (t) x + f (t, x) , t ∈ [α, ∞) , (4.84) where A : [α, ∞) → B (R^n ), f : [α, ∞) × R^n → R^n are continuous and f (t, 0) ≡ 0 for all t ∈ [α, ∞) .

The main purpose of this section is to give some theorems of uniform asymptotic stability for the trivial solution x ≡ 0 of the system (4.84).

4.6. THEOREMS OF UNIFORM ASYMPTOTIC STABILITY 171 Theorem 216 If the trivial solution of the system of first approximation is uniformly asymptotically stable, the mapping f satisfies the relation (4.3), L (t, 0) ≡ 0 for all t ∈ [α, ∞) and

there exists a δ_0 > 0 such that ∫_∞ α M (s, δ) ds ≤ M̃ < ∞ (4.85) for all 0 ≤ δ ≤ δ_0, then the trivial solution x ≡ 0 of the system (4.84) is uniformly asymptotically stable.

Proof. Let x (·, t_0, x_0) be a solution of the Cauchy problem (A; f, t_0, x_0). Then x (·, t_0, x_0) verifies the integral equation

x (t, t_0, x_0) = C (t, t_0) x_0 + C (t, t_0) ∫_t t_0

C (t_0, s) f (s, x (s, t_0, x_0)) ds (4.86) for all t ≥ t_0.

Passing at norms, we obtain ‖x (t, t_0, x_0)‖ ≤ ‖C (t, t_0)‖ x_0 + ‖C (t, t_0)‖ ∫_t t_0 ‖C (t_0, s)‖ L (s, ‖x (s, t_0, x_0)‖) ds for all t ≥ t_0.

Since the trivial solution of the linear system is uniformly asymptotically stable, then there exists β > 0, m > 0 such that ‖C (t, t_0)‖ ≤ βe^{−m(t−t0 )}, t ≥ t_0. It follows that ‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0)} ‖x_0‖ + βe^{−m(t−t0)} ∫_t t_0 βe^{−m(t0−s)}L (s, ‖x (s, t_0, x_0)‖) ds for all t ≥ t_0.

172 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

Applying Lemma 74, we obtain ‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0)} ‖x_0‖ + βe^{−m(t−t0)} ∫_t t_0 βe^{−m(t0−s)}L ( s, βe^{−m(s−t0)} ‖x_0‖ )

× exp (∫_t s M ( u, βe^{−m(u−t0)} ) ‖x_0‖ du ) ds for all t ≥ t_0.

By the condition (2.1), we have βe^{−m(t0−s)}L ( s, βe^{−m(s−t0)} ) ≤ βe^{−m(t0−s)}M (s, 0) βe^{−m(s−t0)} ‖x_0‖ = β^2M (s, 0) ‖x_0‖ for all s ≥ t_0.

We obtain ‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0 )} ‖x_0‖ + β^3e^{−m(t−t0)} ‖x_0‖ ∫_t α M (u, 0) × exp (∫_t α M ( s, βe^{−m(s−t)} ‖x_0‖ ) ds ) du If ‖x_0‖ <^{δ0}_β , we have ‖x (t, t_0, x_0)‖ ≤ ( β + β^3M̃ exp M̃ ) e^{−m(t−t0 )} ‖x_0‖ for all t ≥ t_0, which means that the trivial solution of (4.84) is uniformly asymptotically stable.

Another result is embodied in the following theorem.

Theorem 217 If the trivial solution of the system by the first approximation is uniformly asymptotically stable, f verifies the relation (4.3), L (t, 0) ≡ 0 for all t ∈ [α, ∞) and ∫_∞ α M (s, δ) ds ≤ M̃ < ∞ for all δ ≥ 0, (4.87)

then the trivial solution x ≡ 0 of the system (4.84) is globally exponentially stable, i.e., ‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0)} ‖x_0‖ for all x_0 ∈ R^n and t ≥ t_0.

4.6. THEOREMS OF UNIFORM ASYMPTOTIC STABILITY 173

Proof. Let x (·, t_0, x_0) be the solution of the Cauchy problem (A; f, t_0, x_0). By similar computation we have the estimate ‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0 )} ‖x_0‖ + βe^{−m(t−t0 )} ‖x_0‖ ∫_t α M (u, 0) × exp (∫_t u M ( s, βe^{−m(s−t0)} ‖x_0‖ ) ds ) du ≤ βe^{−m(t−t0 )} ‖x_0‖ + β^3e^{−m(t−t0)}M̃ exp M̃ = ( β + β^3M̃ exp M̃ ) e^{−m(t−t0 )} ‖x_0‖ for all t ≥ t_0 and x_0 ∈ R^n .

The theorem is thus proved.

Corollary 218 If the trivial solution x ≡ 0 of the linear system by the first approximation is uniformly asymptotically stable, f satisfies the relation (4.5), G (t, 0) ≡ 0 for all t ∈ [α, ∞) and ∫_∞ α N (s) ds < ∞, (4.88) then the trivial solution x ≡ 0 of the system (4.84) is global exponentially stable.

Corollary 219 If the trivial solution x ≡ 0 of the linear system by the first approximation is uniformly asymptotically stable, f verifies the relation (4.7), H (0) ≡ 0, and ∫_∞ α C (s) ds < ∞ (4.89)

then the trivial solution of (4.84) is global exponentially stable.

We can now give another result.

Theorem 220 If the fundamental matrix of the solution of the linear system of first approximation satisfies the condition: ‖C (t, t_0)‖ ≤ βe^{−m(t−t0)}, β, m > 0, t ≥ t_0. (4.90)

174 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

f verifies the relation (4.9), D (t, 0) ≡ 0 for all t ∈ [α, ∞) and

there exists a δ_0 > 0 such that ∫_∞ α e^{ms}D (s, δ_0) ds ≤ M_1 (4.91) and ∫_∞ α P (s, δ) ds ≤ M_2 for all 0 < δ ≤ δ_0,

then the trivial solution (4.84) is uniformly asymptotically stable.

Proof. Let x (·, t_0, x_0), x_0 ≠ 0, be the solution of the Cauchy problem (A; f, t_0, x_0). By similar computation we have the estimate ‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0 )} ‖x_0‖ + βe^{−m(t−t0 )} ∫_t t_0 βe^{−m(t0−s)}D ( s, βe^{−m(s−t0)} ‖x_0‖ )

× exp (∫_t s M ( u, βe^{−m(u−t0)} ‖x_0‖ ) du ) ds, t ≥ t_0. Since D (t, 0) ≡ 0 for all t ∈ [α, ∞) and D is continuous, then there exists a δ_1 (ε) > α such that ∫_∞ α e^{ms}D (s, β ‖x_0‖) ds < ε 2β^2 exp M_2

for all x_0 with ‖x_0‖ <^{δ1(ε)}_β .

Putting δ (ε) = min { δ_0 β , ε 2β , δ_1 (ε) β } , then, for every x_0 with ‖x_0‖ < δ (ε) , we have ‖x (t, t_0, x_0)‖ ≤ ε 2 + ε 2 = ε for all t ≥ t_0.

On the other hand, if ‖x_0‖ <^{δ0}_β , we have

‖x (t, t_0, x_0)‖ ≤ e^{−m(t−t0)}δ_0 + β^2e^{−mt}M_1 exp M_2

However, e^{−m(t−t0)} ≤ ε 2 iff t ≥ − 1 m ln ( ε 2β^2M_1 exp M_2 ) .

4.6. THEOREMS OF UNIFORM ASYMPTOTIC STABILITY 175

Putting

T (ε) := min { − 1 m ln ( ε 2δ_0 ) , − 1 m ln ( ε 2β^2M_1 exp M_2 )}

with ε > 0 sufficiently small, we obtain t − t_0 ≥ T (ε) implies ‖x (t, t_0, x_0)‖ ≤ ε, which means that the trivial solution of (4.84) is uniformly asymptotically stable.

Corollary 221 If the fundamental matrix of the solutions of the linear system by the first approximation satisfies the condition (4.90), f verifies the relation (4.11), I (t, 0) ≡ 0 for all t ∈ [α, ∞) and

there exists a δ_0 > 0 such that ∫_∞ α e^{ms}I (s, δ_0) ds ≤ M_1 (4.92) and ∫_∞ α ∂I ∂x (s, δ) ds ≤ M_2 for all 0 < δ ≤ δ_0,

then the trivial solution of (4.84) is uniformly asymptotically stable. Corollary 222 If the fundamental matrix of the solution of the linear system by the first approximation satisfies the condition (4.90), f verifies the relation (4.13), K (0) ≡ 0 for all t ∈ [α, ∞) and

there exists a δ_0 > 0 such that dK dx is bounded in (4.93)

(0, δ_0) and ∫_∞ α e^{ms}C (s) ds < ∞, then the trivial solution x ≡ 0 of the system (4.84) is uniformly asymptotically stable.

Another result is embodied in the following theorem.

Theorem 223 If the trivial solution of the linear system of the first approximation is uniformly asymptotically stable, f satisfies the relation (4.35) and the following condition

there exists a δ_0 > 0 such that ∫_∞ α S (s, δ) ds ≤ M̃ (4.94) for all ≤ δ ≤ δ_0 holds then the trivial solution of (4.84) is uniformly asymptotically stable.

176 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

Proof. Let x (·, t_0, x_0) be the solution of the Cauchy problem (A; f, t_0, x_0). Applying Lemma 199, we have the estimation

‖x (t, t_0, x_0) − C (t, t_0) x_0‖ ≤ ‖C (t, t_0)‖ ∫_t t_0

‖C (t_0, s) f (s, C (s, t_0) x_0)‖

× exp (∫_t s S (u, ‖C (u, t_0) x_0‖) ‖C (u, t_0)‖ ‖C (t_0, u)‖ du ) ds. By simple computation and since the trivial solution of the linear system by the first approximation is uniformly asymptotically stable, we have: ‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0 )} ‖x_0‖ + βe^{−m(t−t0 )} ‖x_0‖ ∫_t t_0 S ( s, βe^{−m(s−t0)} ‖x_0‖ )

× exp (∫_t s S ( u, βe^{−m(u−t0)} ‖x_0‖ ) du ) ds, for all t ≥ t_0.

If ‖x_0‖ <^{δ0}_β , we obtain ‖x (t, t_0, x_0)‖ ≤ β ( 1 + M̃ exp M̃ ) e^{−m(t−t0 )} ‖x_0‖ for all t ≥ t_0.

The theorem is thus proved. Similarly we can prove Theorem 224 If the trivial solution of the linear system is asymptotically stable, f satisfies the relation (4.35) and the following condition ∫_∞ α S (u, δ) du ≤ M̃ for all δ ≥ 0, is valid, (4.95)

then the trivial solution of (4.84) is globally exponentially stable. Corollary 225 If the trivial solution of the linear system by the first approximation is uniformly asymptotically stable, f satisfies the relation (4.37) and the following condition is true: ∫_∞ α C (s) ds < ∞ and there exists a δ_0 > 0 such that (4.96)

R is bounded in (0, δ_0) , then the trivial solution of (4.84) is globally exponentially stable.

4.7. THEOREMS OF GLOBAL ASYMPTOTIC STABILITY 177

4.7 Theorems of Global Asymptotic Stability

Let us consider the non-homogeneous system dx dt = A (t) x + f (t, x) , t ∈ [α, ∞) , (4.97) where A : [α, ∞) → B (R^n ), f : [α, ∞)×R^n → R^n are continuous f (t, 0) ≡ 0, for all t ∈ [α, ∞) and f is local Lipschitzian in x on R^n .

Further, we shall assume that the fundamental matrix of the solution of the corresponding homogeneous system satisfies the condition ‖C (t, t_0)‖ ≤ βe^{−m(t−t0 )}, t ≥ t_0, (4.98) i.e., the trivial solution of the linear system by the first approximation is uniformly asymptotically stable.

Definition 226 The trivial solution x ≡ 0 of the system (4.97) is said to be globally asymptotic stable iff for every t_0 ∈ [α, ∞) and x_0 ∈ R^n , the corresponding solution x (·, t_0, x_0) is defined in [t_0, ∞) and lim_{t→∞} ‖x (t, t_0, x_0)‖ = 0.

The following theorem is valid.

Theorem 227 Let us suppose that the function f satisfies the relation (4.3) and the following conditions ∫_∞ α e^{ms}L ( s, δ e^{ms} ) ds < ∞, (4.99) ∫_∞ α M ( s, δ e^{ms} ) ds < ∞ for all δ > 0, (4.100)

hold. Then the trivial solution of (4.97) is globally asymptotically stable.

Proof. Let t ∈ [α, β), x_0 ∈ R^n and x (·, t_0, x_0) be the solution of (A; f, t_0, x_0) defined in the maximal interval of existence [t_0, T ). We have

x (t, t_0, x_0) = C (t, t_0) x_0 + C (t, t_0) ∫_t t_0 C (t_0, s) f (s, x (s, t_0, x_0)) ds for all t ∈ [t_0, T ) .

178 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

Passing at norms and applying Lemma 74, we obtain the estimation ‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0 )} ‖x_0‖ + βe^{−mt} ∫_t t_0 e^{ms}L ( s, βe^{−m(s−t0)} ‖x_0‖ )

× exp (∫_t s M ( u, βe^{−m(u−t0)} ‖x_0‖ ) du ) ds for all t ∈ [t_0, T ) .

By the relations (4.99) and (4.100), we have ‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0 )} ‖x_0‖ + βe^{−mt} ∫_∞ α e^{ms}L ( s, βe^{mt0} ‖x_0‖ e^{ms} ) ds × exp (∫_∞ α M ( s, βe^{mt0} ‖x_0‖ e^{ms} ) ds ) (4.101)

for all t ∈ [t_0, T ), which implies that lim_{t→T} ‖x (t, t_0, x_0)‖ < ∞ and by Theorem 10 of [10, pp. 49], it results that lim_{t→∞} ‖x (t, t_0, x_0)‖ = 0 and the theorem is proved.

Theorem 228 Let us suppose that the function f satisfies the relation (4.3) and the following conditions lim_{t→∞} L ( t, δ e^{mt} ) = 0, (4.102) ∫_∞ α M ( s, δ e^{ms} ) ds < ∞ for all δ ≥ 0, (4.103)

hold. Then the trivial solution of (4.97) is globally asymptotically stable.

Proof. Let t_0 ∈ [α, ∞), x_0 ∈ R^n and x (·, t_0, x_0) be the solution of (A; f, t_0, x_0) defined in the maximal interval of existence [t_0, T ). We have ‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0 )} ‖x_0‖ + βe^{−mt} ∫_t t_0 e^{ms}L ( s, βe^{−m(s−t0)} ‖x_0‖ )

× exp (∫_t s M ( u, βe^{−m(u−t0)} ‖x_0‖ ) du ) ds

4.7. THEOREMS OF GLOBAL ASYMPTOTIC STABILITY 179

for all t ∈ [t_0, T ) .

Let us consider the function g : [t_0, ∞) → R^+ given by

g (t) = β e^{mt} ∫_t t_0 e^{ms}L ( s, βe^{mt0} ‖x_0‖ e^{ms} ) ds. Then g is continuous in [t_0, ∞) and

lim_{t→∞} g (t) = lim_{t→∞} e^{mt}L ( t,^{βemt0 ‖x0‖} e^{mt} ) me^{mt} = 0 for all x ∈ R^n . It results that

g (t) ≤ M̃ (t_0, x_0) for all t ∈ [t_0, ∞) ,

which implies that

‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0)} ‖x_0‖ + M̃ (t_0, x_0) ∫_t α M ( u, βe^{mt0} ‖x_0‖ e^{mu} ) du for all t ∈ [t_0, T ) .

Since lim_{t→T} ‖x (t, t_0, x_0)‖ < ∞, it results that x (·, t_0, x_0) is defined in [t_0, ∞) and by (4.7) we obtain lim_{t→∞} ‖x (t, t_0, x_0)‖ = 0 and the theorem is proved.

Further, we shall prove another theorem of global asymptotic stability.

Theorem 229 Let us assume that the mapping f verifies the relation (4.3) and the following conditions lim_{t→∞} (∫_t α M ( s, δ e^{ms} ) ds − mt ) = −∞, (4.104) ∫_∞ α e^{ms}L ( s,^δ_{ems} ) exp (∫_s α M ( u,^δ_{emu} ) du )ds < ∞ for all δ ≥ 0 (4.105)

hold. Then the trivial solutions of (4.97) are globally asymptotically stable.

180 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS

Proof. Let t_0 ∈ [α, ∞), x_0 ∈ R^n and x (·, t_0, x_0) be the solution of the Cauchy problem (A; f, t_0, x_0) defined in the maximal interval of existence [t_0, T ). By similar computation, we have ‖x (t, t_0, x_0)‖ ≤ βe^{−m(t−t0 )} ‖x_0‖ + exp (∫_t α M ( s, βe^{mt0} ‖x_0‖ e^{ms} ) ds − mt )

× ∫_∞ α e^{ms}L ( s,^{βemt0 ‖x0‖} e^{ms} ) exp (∫_s α M ( u,^{βemt0 ‖x0‖} e^{mu} ) du )ds for all t ∈ [t_0, T ), which means that lim_{t→T} t<T ‖x (t, t_0, x_0)‖ < ∞ from where it

results that T = ∞.

On the other hand, we have that lim_{t→∞} ‖x (t, t_0, x_0)‖ = 0 and the theorem is proved.

Finally, we shall prove Theorem 230 If the function f verifies the relation (4.3) and the following conditions M ( t, δ e^{mt} ) ≤ k (δ) t , k is nonnegative continuous in [0, ∞), (4.106) ∫_∞ α e^{ms}L ( s,^δ_{ems} ) s^{k(δ)} ds < ∞ for all δ ≥ 0 (4.107)

hold. Then the trivial solution of the system (4.97) is globally asymptotically stable.

Proof. If x (·, t_0, x_0) is the solution of (A; f, t_0, x_0) defined in the maximal interval of existence [t_0, T ), we have, by (4.106) and (4.107) that lim_{t→T} ‖x (t, t_0, x_0)‖ < ∞; from where results T = ∞.

On the other hand, we have that lim_{t→∞} ‖x (t, t_0, x_0)‖ = 0 and the theorem is proved.

Remark 231 If we assume that the function f satisfies the relations (4.5), (4.7), (4.9), (4.11), and (4.13) or the particular conditions (4.15) and (4.17), we can obtain a large number of corollaries and consequences for the above theorems. We omit the details.

Bibliography

[1] R.P. AGARWAL and E. THANDAPANI, Remarks on generalisations of Gronwall’s inequality, Chinese J. Math., 9 (1981), 1-22.

[2] K. AHMEDOV, M. JAKUBOV and I. VEISOV, Nokotorye integral’nye neravenstva, Izv. AN UzSSR, 1972.

[3] R.M. ALIEV, Some integral inequalities (Russian), Akad. Nauk.

Azerbaĭdzan SSR Dokl., 32 (1976), No. 9, 12-18.

[4] R.M. ALIEV and G. DINOVRUZOV, Some theorems on integral inequalities (Russian), Akad. Nauk. Azerbaĭdzan SSR Dokl., 25 (1969), No. 6, 3-9.

[5] S. AŠIROV and S. ATDAEV, Ob odnom obobščenii neravenstva Bellmana, Izv. Akad. Nauk Turkmen SSR Ser. Fiz’Tehn. Him. Geol. Nauk., 1973, 102-104.

[6] S. ATDAEV and S. AŠIROV, Ob odnom obobščenii neravenstva Bellmana, Izv. An TSSR, Ser. TFN i. GN, 1973, No. 3.

[7] B. BABKIN, On a generalisation of a theorem of Academician S.A.

Čaplygin on a differential inequality (Russian), Molotov. Gos. Univ. Uč., 8 (1953), 3-6.

[8] D.D. BAĬNOV and A.J. LAHARIEV, A generalisation of the Bellman- Gronwall inequality, Godišnik Visš Učebn. Zaved. Priložna Mat., 12 (1976), 207-210.

[9] J. BANAŚ and A. HAJNOSZ, On some integral inequalities (Russian), Zeszyty Nauk. Politech. Rzeszowskiej. Math. Fiz., No. 1 (1984), 105- 115.

182 BIBLIOGRAPHY

[10] V. BARBU, Differential equations, (in Romanian), Ed. Junimea, Iaşi, 1985.

[11] M. BEATRIZ, An extension of Gronwall’s inequality, Rev. Unión. Mat.

Argent., 25 (1971), 247-251.

[12] E. BECKENBACH and R. BELLMAN, Inequalities, Berlin- Heidelberg-New York, 1965.

[13] P.R. BEESACK, Comparison theorems and integral inequalities for Volterr intergal equations, Proc. Amer. Math. Soc., 20 (1969), 61-66.

[14] P.R. BEESACK, Gronwall inequalities, Carleton Univ. Math. Notes, 11, 1975.

[15] P.R. BEESACK, On integral inequalities of Bihary type, Acta Math.

Acad. Sci. Hung., 28 (1970), No. 1-2, 81-88.

[16] R. BELLMAN, Stability Theory of Differential Equations, McGraw Hill, New York, 1953.

[17] R. BELLMAN, The stability of solutions of linear differential equations, Duke Math. J., 10 (1943), 643-647.

[18] I. BIHARI, A generalisation of a lemma of Bellman and its application to uniqueness problems of differential equations, Acta Math. Acad. Sci. Hungar., 7 (1956), 81-94.

[19] H. BREZIS, Opératures maximaux monotones et sémigroupes de contractions dans les éspaces de Hilbert, North Holland, Amsterdam, 1973.

[20] V.P. BURLAČENKO and N.I. SIDENKO, On improving the solution of integral inequalities of the Gronwall-Bellamn type (Russian), Ukrain. Mat. Ž., 32 (1980), 538-545.

[21] J. BUSTOZ and D. WRIGHT, A note on Gronwall transforms, Applicable Anal., 6 (1976/77), No. 1, 39-45.

[22] G. BUTLER and T. ROGERS, A generalisation of a lemma of Bihari and applications to pointwise estimates for integral equations, J. Math. Anal. Appl., 33 (1971), 77-81.

BIBLIOGRAPHY 183

[23] JA. V. BYKOV, O nekotoryh zadačah teorii integrodifferencial’nyh uravneniĭ, Frunze Kirg. G.U., 1967.

[24] JA. V. BYKOV and H.M. SALPAGAROV, K theorii integrodifferential’nyh uravnenijam v Kirgizii, Izd-vo AN Kirg.SSR, 1962, No. 2.

[25] G.I. ČANDIROV, Obodnom obobšcenii neravenstva Gronuolla i ego priloženijah, Učen. Zap. Azerb. Univ., Ser. Fiz-Mat., Nauk, 1970 (2), 9-13.

[26] G.I. ČANDIROV, On a generalisation of Gronwall inequality (in Russian), Uć. Zap. Azer. Univ. Ser. Fiz.-Mat., 1978, No. 2, 27-71.

[27] G.A. CHANDIROV, On a generalisation of an inequality of Gronwall and its applications, Proc. Indian Acad. Sci. Sect. A, (1978), 27-31.

[28] S. CHU and F. METCALF, On Gronwall’s Inequality, Proc. Amer.

Math. Soc., 18 (1967), 439-440.

[29] S. CINQUINI, Un’ osservazione sopra un’estensions del lemma di Gronwall, Ist. Lombardo Accad. Sci. Lett. Rend., A 97 (1963), 64-67.

[30] D. CLARK, Generalisation of an inequality of Gronwall-Reid, J. Approx. Theory, 58 (1989), 12-14.

[31] F.M. DANNAN, Integral inequalities of Gronwall-Bellman-Bihari type and asymptotic behaviour of certain second order nonlinear differential equations, J. Math. Anal. Appl., 108 (1985), 151-164.

[32] B. DEMIDOVIČ, Lekcii po mathematičeskoi teorii ustoičivosti, Moskva, 1967.

[33] S. DEO and U. DHONGADE, Some generalisations of Bellman-Bihari integral inequalities, J. Math. Anal. Appl., 44 (1973), 218-226.

[34] S. DEO and M. MURDESHWAR, A note on Gronwall’s inequality, Bull. London math. Soc., 3 (1971), 34-36.

[35] S. DEO and M. MURDESHWAR, On a system of integral inequalities, Proc. Amer. Math. Soc., 26 (1970), 141-144.

184 BIBLIOGRAPHY

[36] U. DHONGADE and S.G. DEO, A nonlinear generalisation of Bihari’s inequality, Proc. Amer. Math. Soc., 54 (1976), 211-216.

[37] S.S. DRAGOMIR, On a Volterra integral equation, Anal. Univ.

Timişoara, Ser. Mat., Vol. 24, Fasc. 1-2 (1986), 8-18.

[38] S.S. DRAGOMIR, On a Volterra integral equation of (L) −type, Anal.

Univ. Timişoara, Ser. Math., 25 (2) (1987), 24-72.

[39] S.S. DRAGOMIR, On discrete generalisation of Pachpatte’s inequality and applications, Bull. Math. Soc. Math. Roumanie, 36(1) (1992), 45- 58. [40] S.S. DRAGOMIR, On some Gronwall type lemmas, Studia Univ.

“Babes-Bolyai”-Mathematica, 33(3) (1987), 74-80.

[41] S.S. DRAGOMIR, On some nonlinear generalisations of Gronwall’s inequality, Contributions, Macedonian Acad. of Sci. and Arts, 13 (2) (1992), 23-28.

[42] S.S. DRAGOMIR, On some qualitative aspects for a pair of Volterra integral equations (I), Anal. Univ. Timişoara, Ser. Math., 26(1) (1988), 23-34.

[43] S.S. DRAGOMIR, The Gronwall Type Lemmas and Applications, Monographii Matematice, No. 29, Univ. Timişoara, 1987.

[44] S. DŽABAROV, O nekotoryh integral’nyh neravenstvah i primenenii ih k voprosam ustoičivosti, ograničennosti, stremlenija k nulju i edinstvennosti rešenii opredelennyh klassov differencial’nyh uravnenii, Kand. diss., Baku, 1966.

[45] A.B. FAGBOHUN and C.O. IMORU, A new class of integro-differential inequalities, Simon Stevin, A Quart. J. Pure Appl. Math., 60 (1986), 301-311.

[46] A. FILATOV, Metody usrednenija v differencial’nyh i integrodifferencial’nyh uravnenijah, Taškent, 1971.

[47] A. FILATOV and L. ŠAROVA, Integral’nye neravenstva i teorija nelineinyh kolebanii, Moskva, 1976.

BIBLIOGRAPHY 185

[48] S. GAMIDOV, Nekotorye integral’nye neravenstva dlja kraevyh zadač differencial’nyh uravnenii, Differencial’nye Uravnenia, 5 (1969).

[49] H. GOLLWITZER, A note on a functional inequality, Proc. Amer.

Math. Soc., 23 (1969), 642-647.

[50] T.H. GRONWALL, Note on the derivatives with respect to a parameter of the solutions of a system of differential equations, Ann. Math., 20(2) (1919), 293-296.

[51] Ě.I. GRUDO and L.F. JANČUK, Inequalities of Gronwall, Bihari and Langenhop type for Pfaffian systems (Russian), Differencial’nye Uravnenija, 13 (1977), 749-752, 775.

[52] L. GUILLIANO, Generalizzazione di un lemma di Gronwall e di una diseguaglianza de Peano, Rend. Accad. Lincei, 1(8) (1964), 1264-1271.

[53] I. GYÖRI, A generalisation of Bellman’s inequality for Stieltjes integrals and a uniqueness theorem, Studia Sci. Math. Hungar., 6 (1971), 137-145.

[54] I. GYÖRI and L. PINTÉR, On some Stieltjes integral inequalities, Kozl.-MTA Sz̀amitastech. Automat. Kutatò. Inst. Budapest, 26 (1982), 79-84.

[55] A. HALANAY, Differential Equations, Stability, Oscillations, Time Lags, Academic Press, New York and London, 1966.

[56] P. HARLAMOV, Ob ocenke rešenii systemy differencial’nyh uravneniĭ, Ukrain. Mat. Ž., (1955), 471-473.

[57] B. HELTON, A product integral representation for a Gronwall inequality, Proc. Amer. Math. Soc., 23 (1966), 493-500.

[58] J.C. HELTON, A special integral and a Gronwall inequality, Trans.

Amer. Math. Soc., 217 (1976), 163-181.

[59] J. HEROD, A Gronwall inequality for linear Stieltjes intergals, Proc.

Amer. Math. Soc., 23 (1969), 34-36.

[60] E. HILLE, Lectures on Ordinary Differential Equations, Reading, Mass., 1969.

186 BIBLIOGRAPHY

[61] T.K. HO, A note on Gronwall-Bellman inequality, Tamkang J. Math., 11 (1980), 249-255.

[62] S.G. HRISTOVA and D.D. BAĬNOV, A generalisation of Bihari’s inequality (Russian), Godišnik Visš Učebn. Zaved. Priložna Mat., 13 (1977), 87-92.

[63] G. JONES, Fundamental inequalities for discrete and discontinuous functional equations, J. Soc. Ind. Appl. Math., 12 (1964), 43-57.

[64] E. KAMKE, Differentialgleichungen reeller Funktionen, Leipzig, 1930.

[65] M. KONSTANTINOV, Ob odnom integral’nom neravenstve (Russian), Arch. Mat., 2, Scr. Fac. Sci. Nat. Ujer Runesis, 12 (1976), 81-86.

[66] M.M. KONSTANTINOV, On a integral inequality (in Russian), Arch.

Mat., 12(1976), No. 2, 81-85.

[67] G.S. KRECMETOV, On an integral inequality (Russian), Differ.

Uravn., 29(5) (1988), 894-896.

[68] V. LAKSHMIKANTHAM, A variation of constants formula and Bellman-Gronwall-Reid inequalities, J. Math. Appl., 41 (1973), 199- 204.

[69] V. LAKSHMIKANTHAM and S. LEELA, Differential and Integral Inequalities, Vol. 1, New York-London, 1969.

[70] V. LAKSHMIKANTHAM, Upper and lower bounds of the norm of a solutions of differential equations, Proc. Amer. Math. Soc., 13 (1962), 615-616.

[71] C.E. LANGENHOP, Bounds on the norm of a solution of a general differential equation, Proc. Amer. Math. Soc., 11 (1960), 795-799.

[72] V.N. LAPTINSKIĬ, Ob odnom neravenstve, Diffenrecial’nye Uravnenija, 4(2) (1968).

[73] J.P. LASALLE, Uniqueness theorems and successive approximations, Ann. of Math., 50 (1949), 722-730.

BIBLIOGRAPHY 187

[74] M. LEES, Energy inequalities for the solutions of ordinary differential equations, Trans. Amer. Math. Soc., 94 (1960), 58-73.

[75] C.T. LIN, A note on an inequality of Gronwall type, Soochow J. Math., 9 (1983), 167-177.

[76] C.T. LIN and C.M.WU, A note on an inequality ascribed to Pachpatte, Tamkmang J. Math., 20 (1989), 221-225.

[77] W.B. LIU, Gronwall’s equation and Gronwall’s inequalities (Chinese), J. Math. (Wuhan), 5 (1985), 89-97.

[78] JA. D. MAMEDOV, Odnostrannie ocenki v uslovijah suščestvovanija i edinstvennosti rešenija predel’noi zadači Koši v Banahovom prostranstve, Sib. Mat. Ž., 6 (1965), No. 5.

[79] JA. D. MAMEDOV, S. AŠIROV and S. ATDAEV, Teoremy on Neravenstvah, Ašhabad, YLYM, 1980.

[80] F.U. MAMIKONYAN and A.B. NERSESYAN, Inversion of some integral inequalities (Russian), Izv. AN Armyan. SSR. Ser. Math., 17 (1982), 62-79.

[81] M.N. MANOUGIAN, Sur l’inégalité de Gronwall, Bull. Soc. Math.

Grèce, n. Ser., 10 (1969), 45-47.

[82] P. MARONI, Une généralisation non linéaire de l’inégalité de Gronwall, Bull. Acad. Polon. Sc. Ser. Sc. Math. Astr. Phys., 16 (1968), 703-709.

[83] A. MARTYNJUK and R. GUTOWSKI, Integral’nye neravenstva i ustoičivost dviženija, Kiev, 1979.

[84] D.S. MITRINOVIĆ, Analytic Inequalities, Berlin-Heidelberg-New York, 1970.

[85] D.S. MITRINOVIĆ, J.E. PEČARIĆ and A.M. FINK, Inequalities for Functions and Their Integrals and Derivatives, Kluwer Academic Publishers, 1994.

[86] G. MOROSAN, Nonlinear Evolution Equations and Applications (in Romanian), Ed. Acdad. R.S.R., Bucuresti, 1986.

188 BIBLIOGRAPHY

[87] H. MOVLJANKULOV and A. FILATOV, Ob odnom približennom metode postroenija rešenii integral’nyh uravnenii, Tr. In’ta Kibern. AN UzSSR, Taškent, 1972, 12, 11-18.

[88] J. MULDOWNEY and J. WONG, Bounds for solutions of nonlinear integro-differential equations, J. Math. Anal. Appl., 23 (1968), 487- 499.

[89] K. NARSIMHA REDDY, Integral inequalities and applications, Bull.

Austral. Math. Soc., 21 (1986), 13-20.

[90] K. OSTASZEWSKI and J. SOHACKI, Gronwall’s inequality and the Henstack integral, J. Math. Anal. Appl., 128 (1987), 370-374.

[91] B.G. PACHPATTE, A note on Gronwall-Bellman inequality, J. Math.

Anal. Appl., 44 (1973), 758-762.

[92] B.G. PACHPATTE, A note on integral inequalities of the Bellman- Bihari type, J. Math. Anal. Appl., 49 (1975), 295-301.

[93] B.G. PACHPATTE, A note on some integral inequalities, Math. Student, 42 (1974), 409-411.

[94] B.G. PACHPATTE, A note on some integral inequality, Math. Stud., 42 (1974-1975), No. 1-4, 409-411.

[95] B.G. PACHPATTE, A note on some integral inequality of Gronwall- Bellman type, Indian J. Pure and Appl. Math., 6 (1975), No. 7, 769- 772.

[96] B.G. PACHPATTE, An integral inequality similar to Bellman-Bihari inequality, Bull. Soc. Math. Grèce. N.S., 15 (1974), 7-12.

[97] B.G. PACHPATTE, Integral inequalities of Gronwall-Bellman type and their applications, J. Math. Phys. Sci., Madras, 8 (1974), 309-318.

[98] B.G. PACHPATTE, On some fundamental integrodifferential and integral inequalities, An. Sci. Univ. Al. I. Cuza, Iasi, 29 (1977), 77-86.

[99] B.G. PACHPATTE, On some generalisations of Bellman’s lemma, J.

Math. Anal. Appl., 51 (1975), 141-150.

BIBLIOGRAPHY 189

[100] B.G. PACHPATTE, On some nonlinear generalisations of Gronwall’s inequality, Proc. Indian Acad. Sci., 84 (1976), No. 1, 1-9.

[101] B.G. PACHPATTE, On the discrete generalisations of Gronwall’s inequality, J. Indian Math. Soc., 37 (1987), 147-156.

[102] G. PEANO, Sull’ integrabilità delle equazioni differenziali del primo ordine, All. R. Accad. Sc. Torino, 21 (1885-1886), 677-685.

[103] J.E. PEČARIĆ and S.S. DRAGOMIR, On some Gronwall type lemmas, Sem. Ecuat. Func. Univ. Timişoara, No. 86 (1988), 1-10.

[104] N.A. PERESTYUK, S.G. HRISTOVA and D.D. BAĬNOV, A linear integral inequality for piecewise continuous functions (Bulgarian), Godišnik Visš Učebn. Zaved. Priložna Mat., 16 (1980), 221-226.

[105] A.I. PEROV, K voprosu o strukture integral’noĭ voronki, Nauč. Dokl.

Vysšeĭi Školy. Ser FMN, 1959, No. 2.

[106] RAGHAVENDRA, A remark on an integral inequality, Bull. Austral.

Math. Soc., 23 (1981), 195-197.

[107] W. REID, Ordinary Differential Equations, New York-london, 1971.

[108] W. REID, Properties of solutions of an infinite system of ordinary linear differential equations of the first order with auxiliary boundary conditions, Trans. Amer. Math. Soc., 32 (1930), 284-318.

[109] T.D. ROGERS, An integral inequality, J. Math. Anal. Appl., 82 (1981), 470-472.

[110] S.M. SARDAR’LY, Issledovanie rešeniĭ nelineĭnyh integral’nyh uravneniĭ na poluoisi po parametry, Učen. Zap. Azerb. Univ., 1965, No. 6. [111] H.M. SALPAGAROV, O suščestvoanii rešeniĭ odnogo klassa integrodifferencial’nyh uravneniĭ tipa Vol’terra s osobennost’ju, Issledovanija po integrodifferencial’nyh uravnenijam v Kirgizii, 6 Frunze, Ilim, 1969.

[112] T. SATO, Sur l’équation intégrale non linéaire de Volterra, Compositio Math., 11 (1953), 271-289.

190 BIBLIOGRAPHY

[113] W. SCHMAEDEKE and G. SELL, The Gronwall inequality for modified Stieltjes integrals, Proc. Amer. Math. Soc., 19 (1968), 1217-1222.

[114] M. SOBEIH and G. HAMAD, On a generalisation to Gronwall’s integral inquality, Afrika Math., 6 (1984), 5-12.

[115] B. STACHURSKA, On a nonlinear integral inequality, Zeszyzy Nauk Univ. Jagiellonskiego 252, Prace. Mat., 15 (1971), 151-157.

[116] E. STORCHI, Su una generalizzazione dela lemma di Peano-Gronwall, Matematiche, 16 (1961), 8-26.

[117] E. THANDAPANI, A note on Bellamn-Bihari type ontegral inequalities, J. Math. Phys. Sci., 21 (19887), 1-3.

[118] A.F. VERLAN’ and V.S. GODLEVSKIĬ, Some integral estimates of the type of Gronwall-Bellman and Bihari inequalities (Russian), Točn. i Nadežn. Kibernnet. Sistem, No. 2 (1974), 3-8, 140.

[119] B. VISWANATHAM, A genralisation of Bellman’s lemma, Proc. Amer.

Math. Soc., 14 (1963), 15-18.

[120] V. VOLTERRA, Theory of Functionals and of Integral and Integrodofferential Equations, New York, 1959.

[121] W. WALTER, Differential and Integral Inequalities, New York- Heidelberg-Berlin, 1970.

[122] C.L. WANG, A short proof of a Greene theorem, Proc. Amer. Math.

Soc., 69 (1978), 357-358.

[123] C.L. WANG and L.C. ZHONG, Some remarks on integral inequalities of Bellman-Gronwall type (Chinese), Sichuan, Daxue Xuebao 1984, (1), 18-27.

[124] M.J. WATTAMWAR, On some integral inequalities of Gronwall- Bellman type, J. Maulaua Azad. College Tech., 15 (1982), 13-20.

[125] D. WILLETT, A linear generalisation of Gronwall’s inequality, Proc.

Amer. Math. Soc., 16 (1965), 774-778.

BIBLIOGRAPHY 191

[126] D. WILLETT, Nonlinear vector integral equations as contraction mappings, Arch. Rational Mech. Anal., 15 (1964), 79-86.

[127] D. WILLETT and J. WONG, On the discrete analogues of some generalsations of Gronwall’s inequality, Monatsh. Math., 69 (1965), 362-367.

[128] F. WRIGHT, M. KLASI and D. KENNEBECK, The Gronwall inequality for weighted integrals, Proc. Amer. Math. Soc., 30 (1971), 504-510.

[129] C.C. YANG, On some nonlinear generalisations of Gronwall-Bellman’s inequality, Bull. Inst. Math. Acad. Sinica, 7 (1979), 15-19.

[130] E.H. YANG, A generalisation of Bihari’s inequality and its applications to nonlinear Volterra integral equations (Chinese), Chinese Ann. Math., 3 (1982), 209-216.

[131] E.H. YANG, On asymptotic behaviour of certain integrodifferential equations, Proc. Amer. Math. Soc., 90 (1984), 271-276.

[132] E.H. YANG, On the most general form of Bellman type linear inequalities involving multiple fold integral functionals, J. Math. Anal. Appl., 103 (1984), 184-197.

[133] G.S. YANG, A note on an integro-differential inequality, Tamkang J.

Math., 12 (1981), 257-264.

[134] K.V. ZADIRAKA, Issledoavanie nereguljarnogo vozmusčennyh differencial’nyh uraveniĭ, Voprosy teorii i istorii differencial’nyh uraveniĭ, Kiev, 1968.

[135] A. ZIEBUR, On the Gronwall-Bellman lemma, J. Math. Anal. Appl., 22 (1968), 92-95.

Index

asymptotic equivalence, 117, 124

Banach spaces, 93, 101, 107, 112, 119, 129, 133, 140 Bihari inequality, 3, 14, 41 boundedness conditions, 67, 107, 112, 132, 138, 163

Cauchy problem, 150, 157, 161, 163– 165, 167, 171, 174, 180 continuous functions, 1, 3, 6, 9, 10, 14, 16, 21, 34, 46, 112 continuously differentiable function, 18, 36, 112 convergence to zero, 84, 93, 110

degenerate kernels, 93, 101, 119, 124 differentiable function

continuous, 9 differential equations, 149, 150, 157, 163, 167 discrete inequalities, 60, 61

first approximation, 157, 171, 173, 175–177 functions of a single variable, 5 fundamental matrix, 157, 173, 175, 177 global asymptotic stability, 177, 179 Gronwall inequality, 46, 54 homogeneous system, 157, 165, 166, 177 inequations, 43, 49, 60, 67–69, 84 integrable functions, 6

Riemann, 6 integral inequalities, 11, 43, 48, 53, 56 integral inequations, 43, 49, 60, 67– 69, 81, 84

kernels, 10, 43, 46, 57, 84, 110 degenerate, 93, 101, 119, 124

Lagranges theorem, 46, 57, 64 linear system, 171, 173, 175–177 Lipschitz type condition, 43, 45, 56, 63, 97

maximal (minimal) solution, 29–32, 54 maximal interval of existence, 177, 178, 180 maximal solution, 25, 33 measurable function, 19, 28 monotone operators, 4 monotone-increasing function, 47 monotonic in the same (opposite) sense, 30, 32

non-homogeneous system, 157, 165, 170, 177

INDEX 193

nondecreasing, 13–15, 18, 19, 22,

28, 33, 38, 42, 54, 55, 57 nonincreasing, 14–16, 18, 19, 29,

54, 65

perturbation, 124 positive function, 8, 14, 16, 18, 19, 24 qualitative theory, 1, 43

real functions, 43 Riemann integrable functions, 7

stability

global asymptotic, 177, 179 uniform, 167 uniform asymptotic, 170 subadditive function, 24, 39 submultiplicative function, 24, 39

trivial solution, 165–167, 169–171,

176, 179

uniform asymptotic stability, 170 uniform convergence, 85–87, 90, 91,

111, 112, 147 uniform stability, 167 uniformly bounded, 67, 68, 72, 78,

81, 83, 108, 110, 144

Volterra integral equations, 93, 101,

110, 124, 129