A GENERALIZATION OF VAN DER CORPUT’S INEQUALITY

FENG QI, JIAN CAO, AND DA-WEI NIU

Abstract. In this article, van der Corput’s inequality is generalized by using the well known Euler-Maclaurin sum formula and other analytic techniques.

1. Introduction Let S_n = ∑_n k=1 1 k and a_n ≥ 0 for n ∈ N such that 0 < ∑_∞ n=1 a_n < ∞. The van der Corput’s inequality [32] reads that ∞∑ n=1 (_n ∏ k=1 a^{1/k}_k )_{1/Sn} < e^{1+γ} ∞∑ n=1 (n + 1)a_n, (1)

where γ = 0.57721566 · · · stands for Euler-Mascheroni’s constant. The constant e^{1+γ} in (1) is the best possible.

Two refinements of (1) were given in [16, 19] respectively as ∞∑ n=1 (_n ∏ k=1 a^{1/k}_k )_{1/Sn} < e^{1+γ} ∞∑ n=1 ( n − ln n 4 ) a_n (2) and ∞∑ n=1 (_n ∏ k=1 a^{1/k}_k )_{1/Sn} < e^{1+γ} ∞∑ n=1 e^{−1/(4n)} ( n − ln n 3n ) a_n. (3)

A relation between Carleman’s inequality ∞∑ n=1 (_n ∏ i=1 a_i )_{1/n} < e ∞∑ n=1 a_n, (4)

see [3, 5, 12] and the references therein, where a_n ≥ 0 for n ∈ N such that 0 < ∑_∞ n=1 a_n < ∞ and the constant e in the right hand side of inequality (4) is the best possible, and van der Corput’s inequality (1) was established in [35] and it was presented that ∞∑ n=1 (_n ∏ k=1 a^{1/kα}_k )_{1/Sn(α)} < e ∞∑ n=1 e^{αnα−1 Sn(α)}a_n (5)

2000 Mathematics Subject Classification. 26D15.

Key words and phrases. van der Corput’s inequality, Carleman’s inequality, Euler-Maclaurin sum formula, power mean inequality.

This paper was typeset using AMS-L^ATEX. 1

for α ∈ [0, 1] and ∞∑ n=1 (_n ∏ k=1 a^{1/kα}_k )_{1/Sn(α)} < e^{11−α} ∞∑ n=1 [ 1 − 1 2(n + 1) ] α_{1−α} a_n (6)

for α ∈ [0, 1), where S_n(α) = ∑_n k=1 1 k^α .

Another extension of (1) was obtained in [37] as follows: ∞∑ n=1 (_n ∏ k=1 a^{1/(k+β)} k )_{1/Tn(β)} < e^{1+γ1(β)} ∞∑ n=1 ( n + 1 2 + β ) a_n, (7)

where β ∈ (−1, ∞), T_n(β) = ∑_n k=1 1 k+β and

γ_1(β) = lim_{n→∞} [_n ∑ k=1 1 k + β − ln(n + β) ] . (8)

Applying β = 0 in (7) leads to ∞∑ n=1 (_n ∏ k=1 a^{1/k}_k )_{1/Sn} < e^{1+γ} ∞∑ n=1 ( n + 1 2 ) a_n, (9)

which improved inequality (1) clearly.

In [4], the following extension and refinement of van der Corput’s inequality (1) were obtained as follows: Let a_n ≥ 0 for n ∈ N such that 0 ≤ ∑_∞ n=1 a_n < ∞. Then ∞∑ n=1 [_n ∏ k=1 a^{1/} √_{k(k+λ)} k ]_{1/Un(λ)}

< e^{1+(1+λ/3)γ(λ)} ∞∑ n=1 (n + 1)^{λ/3} [ 1 − ln(n + 1) 4(n + 1 + λ/2) ] a_n, (10)

where λ ∈ [0, ∞), U_n(λ) = ∑_n k=1 1 √_{k(k+λ)} and

γ(λ) = lim_{n→∞} [ U_n(λ) − 2 ln √ n + √ n + λ 1 + √ 1 + λ ] . (11)

In particular, ∞∑ n=1 (_n ∏ k=1 a^{1/k}_k )_{1/Sn} < e^{1+γ} ∞∑ n=1 n ( 1 − ln n 3n − 1/4 ) a_n. (12)

It is easy to see that inequality (12) refines inequalities (1), (2), (3) and (9).

In [21], inequality (12) was refined as ∞∑ n=1 (_n ∏ k=1 a^{1/k}_k )_{1/Sn} < e^{1+γ} ∞∑ n=1 e^{− 6(6n+1)γ−9} (6n+1)(12n+11) n ( 1 − ln n 2n + ln n + 11/6 ) a_n, (13)

where a_n ≥ 0 for n ∈ N such that 0 < ∑_∞ n=1 n ( 1 −^{ln n}

2n+ln n+11/6 ) a_n < ∞. In [20], inequalities (1), (2), (3), (9), (12) and (13) were further refined as ∞∑ n=1 (_n ∏ k=1 a^{1/k}_k )_{1/Sn} < e^{1+γ} ∞∑ n=1 e^{− 3γ6n+4} n ( 1 − ln n 2n + ln n + 4/3 ) a_n, (14) where a_n ≥ 0 such that 0 < ∑_∞ n=1 n ( 1 −^{ln n}

2n+ln n+4/3 ) a_n < ∞. The aim of this paper is to generalize and refine van der Corput’s inequality further by using Euler-Maclaurin sum formula and other analytic techniques.

Our main results are the following two theorems.

Theorem 1. Let a_n ≥ 0 for n ∈ N such that 0 ≤ ∑_∞ n=1 a_n < ∞. Then ∞∑ n=1 [_n ∏ k=1 a^{1/(k+η)λ} k ]_{1/Sn(η,λ)} a_n

≤ ∞∑ n=1 [ e ( 1 − 1 + [ (n + η + 1)^λ − (n + η)^λ ] S_n(η, λ) 2(n + η + 1)^λS_{n+1}(η, λ) )]_{1+Tn,λ,η} a_n, (15)

where S_n(η, λ) = ∑_n k=1 1 (k+η)^λ and Tn,λ,η = [(n + η + 1)

λ − (n + η)^λ]S_n(η, λ) for η ∈ (−1, ∞) and λ ∈ [0, 1].

Remark 1. If taking λ = 0, η = 0 or λ = 1 in inequality (15) respectively, then refinements of inequalities (4), (5) or (7) are deduced respectively. This means that Theorem 1 generalizes van der Corput’s inequality (1) and Carleman’s inequality (4).

Corollary 1. Let a_n ≥ 0 for n ∈ N such that 0 ≤ ∑_∞ n=1 a_n < ∞. If η ∈ (−1, ∞), then ∞∑ n=1 [_n ∏ k=1 a^{1/(k+η)} k ]_{1/Sn(η)} a_n ≤ ∞∑ n=1 e^{1+γ(η)} [ n + η + 1 2 − 3 ln(n + η + 1) 16 ] a_n, (16)

where γ(η) = γ(η, 1) and γ(η, λ) = lim_{n→∞} [_n ∑ k=1 1 (k + η)^λ − ∫_n 1 1 (t + η)^λ d t ] . (17)

Theorem 2. Let a_n ≥ 0 for n ∈ N such that 0 ≤ ∑_∞ n=1 a_n < ∞. If η ≥ 0, then ∞∑ n=1 [_n ∏ k=1 a^{1/(k+η)λ} k ]_{1/Sn(η,λ)} a_n

≤ ∞∑ n=1 [ e ( 1 − 1 2(n + η + 1) )]_{1+λ(k+η)}λ−1_{Sk (η,λ)} a_n. (18)

In particular, for η = 0 and λ ∈ [0, 1), inequality ∞∑ n=1 (_n ∏ k=1 a^{1/kλ}_k )_{1/Sn(λ)} < ∞∑ n=1 [ e ( 1 − 1 2(n + 1) )]^1_{1−λ} a_n (19)

holds, where S_n(λ) = ∑_n k=1 1 k^λ .

Remark 2. Inequalities (18) and (19) improve inequalities (5) and (6), respectively.

2. Lemmas To prove our main results, the following lemmas are necessary. Recall [22, 28] that a function f is called completely monotonic on an interval I if f has derivatives of all orders on I and (−1)^kf^{(k)}(x) ≥ 0 for all k ≥ 0 on I. Lemma 1. Let η ∈ (−1, ∞) and λ ∈ [0, ∞), the function f(x) =^1_{(x+η)λ} is completely monotonic in [1, ∞) and lim_{x→∞} f^{(i)}(x) = 0 for nonnegative integer i. Proof. Consecutive computation yields

(−1)^nf^{(n)}(x) = (λ)_n (x + η)^{λ+n} > 0, where (c)_k = c(c + 1) · · · (c + k − 1) is Pochhammer symbol.

By induction, it is easy to verify that lim_{x→∞} f^{(i)}(x) = 0 for any nonnegative integer i. The proof of Lemma 1 is complete. □

Lemma 2. Let r < 0 and n ∈ N. For any given nonnegative integer m ≥ 0, n + m n + m + 1 ≤ [_1 n+m ∑_n i=1 (i + m)^r 1 n+m+1 ∑_{n+1} i=1 (i + m)^r ]_{1/r} = [_1 n+m ∑_{n+m} i=m+1 i r 1 n+m+1 ∑_{n+m+1} i=m+1 i r ]_{1/r} . (20)

Proof. For our own convenience, let V_r(m, n) = ∑_n i=1 (i + m)^r = ∑_{n+m} i=m+1 i r. Then inequality (20) is equivalent to V_r (m, n) V_r(m, n + 1) ≤ ( n + m n + m + 1 )_{r+1} . (21)

For r ≤ −1, inequality (21) holds obviously. For 0 > r > −1, inequality (21) can be rewritten as V_r(m, n) ≤ (n + m)^{r+1}(n + m + 1)^r (n + m + 1)^{r+1} − (n + m)^{r+1}

. (22)

When n = 1, it is easy to check up that inequality (22) is true. Now assume that inequality (22) is valid for some positive integer n > 1. By induction, it is sufficient to show that inequality (22) validates for n + 1, that is, V_r(m, n + 1) ≤ (n + m + 1)^{r+1}(n + m + 2)^r (n + m + 2)^{r+1} − (n + m + 1)^{r+1}

. (23)

By inductive hypotheses and V_r(m, n + 1) = V_r(m, n) + (n + m + 1)^r, we have V_r(m, n + 1) ≤ (n + m)^{r+1}(n + m + 1)^r (n + m + 1)^{r+1} − (n + m)^{r+1}

+ (n + m + 1)^r = (n + m + 1)^{2r+1} (n + m + 1)^{r+1} − (n + m)^{r+1} . (24)

Therefore, in order to prove inequality (23), it suffices to show the right term of (23) is not less than the term in the second line of (24), that is,

(n + m + 1)^r (n + m + 2)^r ≤ (n + m + 1)^{r+1} − (n + m)^{r+1} (n + m + 2)^{r+1} − (n + m + 1)^{r+1} = (n + m + ξ)^r (n + m + 1 + ξ)^r

, (25)

where ξ ∈ (0, 1) is deduced by using Cauchy’s mean value theorem in the second term above, which sounds apparently. Thus, the proof of Lemma 2 is complete. □

Remark 3. It is remarked that some analogies of inequality (20) in Lemma 2 have been investigated extensively in [1, 2, 6, 7, 8, 9, 10, 11, 13, 14, 15, 18, 23, 24, 25, 26, 27, 29, 30, 31, 33, 34, 39] and the reference therein. Lemma 3 ([17, 35, 36]). Euler-Maclaurin’s formula states that n∑ k=1 f(k) = ∫_n 1 f(x) d x + f(n) + f(1) 2 + ∫_n 1 ρ_1(x)f^′(x) d x, (26)

where ρ_1(x) = x − [x] +^1_2 is Bernoulli’s function and f ∈ C^1[1, ∞). Furthermore, if (−1)^if^{(i)}(x) > 0 for x ∈ [n, ∞) and lim_{x→∞} f^{(i)}(x) = 0 for i = 1, 2, 3, then ∫_∞ n ρ_1(x)f^′(x) d x = − 1 12 f^′(n)ϵ, 0 < ϵ < 1. (27)

Lemma 4. For n ∈ N, η ∈ (−1, ∞) and λ ∈ [0, 1), S_n(η, λ) < (n + η + 1)^{1−λ} − (1 + η)^{1−λ} 1 − λ + γ(η, λ), (28) where S_n(η, λ) and γ(η, λ) are defined in Theorem 1 and by (17) respectively. Moreover, S_n(η, 1) < ln(n + η + 1) − ln(1 + η) + γ(η, 1). (29) Proof. It is clear that Lemma 1 allows us to apply Euler-Maclaurin’s formula (26) and formula (27) to f(x) =^1_{(x+η)λ} . From this, if λ ∈ (0, 1), it follows that S_n(η, λ) = (n + η + 1)^{1−λ} − (1 + η)^{1−λ} 1 − λ + 1 2 [ 1 (n + η)^λ + 1 (1 + η)^λ ] + ∫_n 1 ρ_1(x) [ 1 (x + η)^λ ]_′ d x, ∫_∞ n ρ_1(x) [ 1 (x + η)^λ ]_′ dx = − 1 12 [ 1 (x + η)^λ ]_′ ϵ = λϵ 12(n + η)^{1+λ} , where 0 < ϵ < 1, and γ(η, λ) = 1 2(1 + η)^λ + ∫_∞ 1 ρ_1(x) [ 1 (x + η)^λ ]_′ dx. Therefore, S_n(η, λ) = (n + η)^{1−λ} − (1 + η)^{1−λ} 1 − λ + 1 2(n + η)^λ + γ(η, λ) − λϵ 12(n + η)^{1+λ} < (n + η)^{1−λ} − (1 + η)^{1−λ} 1 − λ + 1 2(n + η)^λ + γ(η, λ), and then S_n(η, λ) = n+1∑ k=1 1 (k + η)^λ − 1 (n + η + 1)^λ < (n + η + 1)^{1−λ} − (1 + η)^{1−λ} 1 − λ − 1 2(n + η + 1)^λ + γ(η, λ) < (n + η + 1)^{1−λ} − (1 + η)^{1−λ} 1 − λ + γ(η, λ),

Inequality (28) follows for λ ∈ (0, 1).

For λ = 0, inequality (28) holds apparently. Since lim_{λ→1}

(n + η)^{1−λ} − (1 + η)^{1−λ} 1 − λ = ln(n + η) − ln(1 + η)

and^1_x < 2 ln ( 1 +^1_x ) with x ≥ 1, then

S_n(η, 1) = n∑ k=1 1 k + η < ln(n + η) − ln(1 + η) + 1 2(n + η) + γ(η, 1) < ln(n + η + 1) − ln(1 + η) + γ(η, 1).

The proof of Lemma 2 is complete. □

Lemma 5. For x ∈ [0, ∞) and α ∈ [0, ∞), [ 1 − 1 2(x + 1 + α)

]_{1+ln(x+α+1)} < 1 − 1 2(n + α + 1) − 3 ln(x + α + 1) 16(x + 1 + α)

. (30)

Proof. By ( 1 −^1_t )_{−t} > e for t > 1, e^t < 1 + t +^{t2}_2 for t < 0 and x + α > ln(x + α) with α ≥ 0, it follows that [ 1 − 1 2(x + 1 + α)

]_{1+ln(x+α+1)} < [ 1 − 1 2(x + 1 + α) ]( 1 e )^{ln(x+α+1)}

2(x+1+α)

< [ 1 − 1 2(x + 1 + α) ][ 1 − ln(x + α + 1) 2(x + 1 + α) + ln^2(x + α + 1) 8(x + 1 + α)^2 ]

< [ 1 − 1 2(x + 1 + α) ][ 1 − 3 ln(x + α + 1) 8(x + α + 1) ]

< 1 − 1 2(x + α + 1) − 3 ln(x + α + 1) 16(x + α + 1) . The proof of Lemma 5 is complete. □

Lemma 6. For k ∈ N, η ∈ [0, ∞) and λ ∈ [0, 1], we have B_k(η, λ) ≜ [ (k + η + 1)^λ S_{k+1}(η, λ) (k + η)^λ S_k(λ) ]_{(k+η)}λ_{Sk (λ)}

≤ [ e ( 1 − 1 2(k + 1 + η) )]1+λ(k+η)^{λ−1} Sk (η,λ) . (31)

Proof. For k ∈ N, B_k(η, λ) = { 1 + 1 + [ (k + η + 1)^λ − (k + η)^λ ] S_k(η, λ) (k + η)^λ S_k(λ) }_{(k+η)}λ_{Sk (η,λ)} ≜ C^{h(k)}_k , where

C_k = [ 1 + 1 g(k) ]_{g(k)} , g(k) = (k + η)^λ S_k(η, λ) h(k) and h(k, λ) = 1 + [ (k + η + 1)^λ − (k + η)^λ ] S_k(η, λ). By Lemma 2, it is easy to see that

g(k, λ) + 1 =

(k + η + 1)^λ S_{k+1}(η, λ) 1 + [ (k + η + 1)^λ − (k + η)^λ ] S_k(η, λ) ≤ k + η + 1 . (32) By ( 1 + 1 x )_x < e [ 1 − 1 2(x + 1) ] (33)

in [38] and inequality (32), it is deduced that

C_k = [ 1 + 1 g(k) ]_{g(k)} ≤ e { 1 − 1 2[g(k) + 1] } ≤ e [ 1 − 1 2(k + 1 + η) ] . (34)

For λ ∈ [0, 1], by using Bernoulli’s inequality, we have h(k, λ) ≤ 1 + (k + η)^λ [( 1 + 1 k + η )_λ − 1 ] S_k(η, λ) ≤ 1 + λ(k + η)^{λ−1} S_k(η, λ). (35)

Hence, from inequalities (34) and (35), it is showed that B_k(η, λ) ≤ { e [ 1 − 1 2(k + 1 + η) ]}_{h(k,λ)}

≤ { e [ 1 − 1 2(k + 1 + η) ]}_{1+λ(k+η)}λ−1_{Sk (η,λ)} . The proof of Lemma 6 is complete. □

3. Proofs of theorems Proof of Theorem 1. Setting c_k > 0 for 1 ≤ k ≤ n and letting [_n ∏ k=1 c^{1/(k+η)λ} k ]_{−1/Sn(η,λ)} = 1 (n + η + 1)^λS_{n+1}(η, λ) ,

then

c_k = [ (k + η + 1)^λS_{k+1}(η, λ) ]_{(k+η)}λ_{Sk (η,λ)} [ (k + η)^λS_k(η, λ) ]_{(k+η)}λ_{Sk−1(η,λ)} . (36) Using the discrete weighted arithmetic-geometric mean inequality and (36) and interchanging the order of summation yields

∞∑ n=1 [_n ∏ k=1 a^{1/(k+η)λ} k ]_{1/Sn(η,λ)}

= ∞∑ n=1 [_n ∏ k=1 (c_ka_k)^{1/(k+η)λ} ]_{1/Sn(η,λ)}[_n ∏ k=1 c^{1/(k+η)λ} k ]_{−1/Sn(η,λ)}

≤ ∞∑ n=1 n∑ k=1 1 (k + η)^λ S_n(η, λ) c_ka_k 1 (k + η + 1)^λ S_{n+1}(η, λ) = ∞∑ k=1 1 (k + η)^λ c_ka_k ∞∑ n=k 1 (k + η + 1)^λS_n(η, λ)S_{n+1}(η, λ) = ∞∑ k=1 1 (k + η)^λ c_ka_k ∞∑ n=k [ 1 S_n(η, λ) − 1 S_{n+1}(η, λ) ]

= ∞∑ k=1 1 (k + η)^λ c_ka_k 1 S_k(η, λ) = ∞∑ k=1 [ (k + η + 1)^λS_{k+1}(η, λ) (k + η)^λS_k(λ) ]_{(k+η)}λ_{Sk (λ)} a_k.

(37)

Applying (33) and the left side of inequality (32) in the final line of (37) gives inequality (15). The proof of Theorem 1 is complete. □

Proof of Corollary 1.

B_k(η) = [ (k + η + 1) S_{k+1}(η) (k + η) S_k(η) ]_{(k+η) Sk (η)}

= {[ 1 + 1 (k + η)S_k(η)/(S_k(η) + 1) ]_{(k+η)Sk (η)/(Sk (η)+1)}}Sk (η)+1

< { e [ 1 − S_k(η) + 1 2(k + η + 1)S_k(η) ]}Sk (η)+1

< { e [ 1 − 1 2(k + η + 1) ]}1+ln(k+η+1)+γ(η)

< e^{1+γ(η)}(k + η + 1) [ 1 − 1 2(k + η + 1)

]_{1+ln(k+η+1)}

< e^{1+γ(η)} [ k + η + 1 2 − 3 ln(k + η + 1) 16 ]

(38)

Taking λ = 1 in inequality (37) yields ∞∑ n=1 (_n ∏ k=1 a^{1/(k+η)} k )_{1/Sn(η)} ≤ ∞∑ n=1 [ (k + η + 1) S_{k+1}(η) (k + η) S_k (η) ]_{(k+η) Sk (η)} a_n

< ∞∑ n=1 e^{1+γ(η)} [ n + η + 1 2 − 3 ln(n + η + 1) 16 ] a_n (39)

The proof of Corollary 1 is complete. □

Proof of Theorem 2. Applying Lemma 6 in (37) gives inequality (18) clearly.

For λ = 0, since S_n(0) = n, inequality (19) is reduced to Carleman’s inequality ∞∑ n=1 (_n ∏ k=1 a_k )_n < ∞∑ n=1 e [ 1 − 1 2(n + 1) ] a_n. (40)

For λ ∈ (0, 1), S_n(η, λ) = n∑ k=1 1 (k + η)^λ < ∫_n 0 1 (t + η)^λ d t = (n + η)^{1−λ} 1 − λ − η^{1−λ} 1 − λ . (41)

Taking η = 0 in (18) and (41) yields inequality (41). The proof of Theorem 2 is complete. □

References

[1] H. Alzer, On an inequality of H. Minc and L. Sathre, J. Math. Anal. Appl. 179 (1993), no. 2, 396–402.

[2] H. Alzer, Refinement of an inequality of G. Bennett, Discrete Math. 135 (1994), no. 1-3, 39–46.

[3] J. Cao, D.-W. Niu, and F. Qi, A refinement of Carleman’s inequality, Adv. Stud. Contemp.

Math. (Kyungshang) 13 (2006), no. 1, 57–62.

[4] J. Cao, D.-W. Niu and F. Qi, An extension and a refinement of van der Corput’s inequality, Internat. J. Math. Math. Sci. 2006 (2006), Article ID 70786, 10 pages.

[5] Ch.-P. Chen, W.-S. Cheung and F. Qi, Note on weighted Carleman-type inequality, Internat.

J. Math. Math. Sci. 2005 (2005), no. 3, 475–481.

[6] Ch.-P. Chen and F. Qi, Extension of an inequality of H. Alzer, Math. Gaz. 90 (2006), no. 518, 293–294.

[7] Ch.-P. Chen and F. Qi, Extension of an inequality of H. Alzer for negative powers, Tamkang J. Math. 36 (2005), no. 1, 69–72.

[8] Ch.-P. Chen and F. Qi, Generalization of an inequality of Alzer for negative powers, Tamkang J. Math. 36 (2005), no. 3, 219–222.

[9] Ch.-P. Chen and F. Qi, Note on Alzer’s inequality, Tamkang J. Math. 37 (2006), no. 1, 11–14. [10] Ch.-P. Chen and F. Qi, Note on Alzer’s inequality, Shùxué de Shíjiàn yǔ Rènshí (Math.

Practice Theory) 35 (2005), no. 9, 155–158. (Chinese) [11] Ch.-P. Chen and F. Qi, Notes on proofs of Alzer’s inequality, Octogon Math. Mag. 11 (2003), no. 1, 29–33.

[12] Ch.-P. Chen and F. Qi, On further sharpening of Carleman’s inequality, Dàxué Shùxué (College Mathematics) 21 (2005), no. 2, 88–90. (Chinese) [13] Ch.-P. Chen and F. Qi, On integral version of Alzer’s inequality and Martins’ inequality, RGMIA Res. Rep. Coll. 8 (2005), no. 1, Art. 13, 113–118; Available online at http://rgmia.

vu.edu.au/v8n1.html.

[14] Ch.-P. Chen and F. Qi, The inequality of Alzer for negative powers, Octogon Math. Mag. 11 (2003), no. 2, 442–445.

[15] B.-N. Guo and F. Qi, Monotonicity of sequences involving geometric means of positive sequences with monotonicity and logarithmical convexity, Math. Inequal. Appl. 9 (2006), no. 1, 1–9.

[16] K. Hu, On van der Corput’s inequality, Shùxué Zázhì (J. Math. (Wuhan)) 23 (2003), no. 1, 126–128. (Chinese) [17] J.-Ch. Kuang, Asymptoic estimations of finite sums, Héxī Dàxué Xuébào (J. Hexi Univ.) 2 (2002), no. 2, 1–8. (Chinese) [18] Zh. Liu, New generalization of H. Alzer’s inequality, Tamkang J. Math. 34 (2003), no. 3, 255–260.

[19] Ch.-W. Ma, Note of the Van der Corput inequality, Xīhuá Shīfàn Dàxué Xuébào Zìrán Kēxué Bǎn (Journal of China West Normal University (Natural Sciences)) 25 (2004), no. 3, 325–327. (Chinese) [20] D.-W. Niu, J. Cao, and F. Qi, A class of logarithmically completely monotonic functions related to (1 + 1/x)^x and an application, submitted.

[21] D.-W. Niu, J. Cao, and F. Qi, A refinement of van der Corput’s inequality, J. Inequal. Pure Appl. Math. 7 (2006), no. 4, Art. 127; Available online at http://jipam.vu.edu.au/article.

php?sid=744.

[22] F. Qi, Certain logarithmically N-alternating monotonic functions involving gamma and q-gamma functions, RGMIA Res. Rep. Coll. 8 (2005), no. 3, Art. 5, 413–422; Available online at http://rgmia.vu.edu.au/v8n3.html.

[23] F. Qi, Generalizations of Alzer’s and Kuang’s inequality, Tamkang J. Math. 31 (2000), no. 3, 223–227. RGMIA Res. Rep. Coll. 2 (1999), no. 6, Art. 12, 891–895; Available online at http://rgmia.vu.edu.au/v2n6.html.

[24] F. Qi, Generalization of H. Alzer’s inequality, J. Math. Anal. Appl. 240 (1999), no. 1, 294–297.

[25] F. Qi, On a new generalization of Martins’ inequality, RGMIA Res. Rep. Coll. 5 (2002), no. 3, Art. 13, 527–538; Available online at http://rgmia.vu.edu.au/v5n3.html.

[26] F. Qi and L. Debnath, On a new generalization of Alzer’s inequality, Internat. J. Math.

Math. Sci. 23 (2000), no. 12, 815–818.

[27] F. Qi and B.-N. Guo, Monotonicity of sequences involving convex function and sequence, Math. Inequal. Appl. 9 (2006), no. 2, 247–254. RGMIA Res. Rep. Coll. 3 (2000), no. 2, Art. 14, 321–329; Available online at http://rgmia.vu.edu.au/v3n2.html.

[28] F. Qi, B.-N. Guo, and Ch.-P. Chen, Some completely monotonic functions involving the gamma and polygamma functions, J. Austral. Math. Soc. 80 (2006), 81–88. RGMIA Res. Rep. Coll. 7 (2004), no. 1, Art. 5, 31–36; Available online at http://rgmia.vu.edu.au/v7n1.html.

[29] J. Sándor, On an inequality of Alzer, J. Math. Anal. Appl. 192 (1995), 1034–1035. [30] J. Sándor, On an inequality of Alzer, II, Octogon Math. Mag. 11 (2003), no. 2, 554–555. [31] H.-N. Shi, T.-Q. Xu and F. Qi, Monotonicity results for arithmetic means of concave and convex functions, RGMIA Res. Rep. Coll. 9 (2006), no. 3, Art. 6; Available online at http:

//rgmia.vu.edu.au/v9n3.html.

[32] J. G. van der Corput, Generalization of Carleman’s inequality, Proc. Akad. Wet. Amsterdam (Kon. Akad. Wetensch. Proc.) 39 (1936), 906–911.

[33] Z.-K. Xue, On further generalization of an inequality of H. Alzer, Zhējiāng Shīfàn Dàxué Xuébào Zìrǎn Kēxué Bǎn (Journal of Zhejiang Normal University (Natural Sciences)) 25 (2002), no. 3, 217–220.

[34] Z.-K. Xu and D.-P. Xu, A general form of Alzer’s inequality, Comput. Math. Appl. 44 (2002), 365–373.

[35] B.-Ch. Yang, On a relation between Carleman’s inequality and van der Corput’s inequality, Taiwanese J. Math. 9 (2005), no. 1, 143–150.

[36] B.-Ch. Yang, On a strengthened version of the more accurate Hardy-Hilbert’s inequality, Acta Math. Sinica 42 (1999), no. 6, 1103–1110. (Chinese) [37] B.-Ch. Yang, On an extension and a refinement of van der Corput’s inequality, Chinese Quart. J. Math. 22 (2007), in press.

[38] B.-Ch. Yang, On Hardy’s ineqauality, J. Math. Anal. Appl. 234 (1999), no. 2, 717–722. [39] S.-L. Zhang, Ch.-P. Chen and F. Qi, Continuous analogue of Alzer’s inequality, Tamkang J.

Math. 37 (2006), no. 2, 105–108.

(F. Qi) Research Institute of Mathematical Inequality Theory, Henan Polytechnic University, Jiaozuo City, Henan Province, 454010, China

E-mail address: qifeng618@gmail.com, qifeng618@hotmail.com, qifeng618@msn.com, qifeng618@qq.com,

qifeng@hpu.edu.cn, fengqi618@member.ams.org

URL: http://rgmia.vu.edu.au/qi.html

(J. Cao) School of Mathematics and Informatics, Henan Polytechnic University, Jiaozuo City, Henan Province, 454010, China

E-mail address: 21caojian@163.com, goodfriendforeve@163.com

(D.-W. Niu) School of Mathematics and Informatics, Henan Polytechnic University, Jiaozuo City, Henan Province, 454010, China

E-mail address: nnddww@163.com, nnddww@hotmail.com, nnddww@gmail.com, nnddww@tom.com