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Abstract. By using methods on the theory of majorization, three known extensions of Bernoulli’s
inequality are proved and a new extension of this inequality is established by the Schur-concatity
of the elementary symmetric function and simple majoricotions.

1. Introduction

Let x > −1 and n is a positive integer. Then

(1.1) (1 + x)n ≥ 1 + nx.

(1.1) is known as the Bernoulli’s inequality which play an important role in analysis and its
applications. So, during the past few years, many researchers obtained various generalizations,
extensions of inequality (1.1). For example, the following extensions and variants of (1.1) were
recorded in [2, pp.127-128 ]:

Theorem A. Let x > −1. If α > 1 or α < 0, then

(1.2) (1 + x)α ≥ 1 + αx,

if 0 < α < 1, then

(1.3) (1 + x)α ≤ 1 + αx.

In (1.2) and (1.3), equalities holding if and only if x = 0.

Theorem B. Let ai ≥ 0, xi > −1, i = 1, . . . , n, and
∑n

i=1 ai ≤ 1. Then

(1.4)
n∏

i=1

(1 + xi)
ai ≤ 1 +

n∑
i=1

aixi,

if ai ≥ 1 and xi > 0, or ai ≤ 0 and xi < 0, i = 1, . . . , n, then

(1.5)
n∏

i=1

(1 + xi)
ai ≥ 1 +

n∑
i=1

aixi.

Theorem C. Let x > 0,x 6= 1. If 0 < α < 1, then

(1.6) αxα−1(x− 1) < xα − 1 < α(x− 1),

if α > 1 or α < 0, then the inequalities in (1.6) are all reversed.
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Throughout the paper we assume that the set of n-dimensional row vector on real number field
by Rn.

Rn
+ = {x = (x1, . . . , xn) ∈ Rn : xi ≥ 0, i = 1, . . . , n},

Rn
++ = {x = (x1, . . . , xn) ∈ Rn : xi > 0, i = 1, . . . , n}.

In particular, R1, R1
+ and R1

++ denoted by R, R+ and R++ respectively.
Let x = (x1, . . . , an) ∈ Rn. Its elementary symmetric functions are

Ek(x) = Ek(x1, . . . , xn) =
∑

1≤i1<...<ik≤n

∏k

j=1
xij , k = 1, . . . , n.

In particular, En(x) =
∏n

i=1 xi, E1(x) =
∑n

i=1 xi, and defined E0(x) = 1 and Ek(x) = 0 for k < 0
or k > n.

Seven proofs for Theorem A are recorded in [1-3], in this paper, by using methods on the theory
of majorization, three known extensions of Bernoulli’s inequality are proved and a new extension
of this inequality is established by the Schur-concatity of the elementary symmetric function and
simple majoricotions.

We need the following definitions and lemmas.

Definition 1.1 ([4]). Let x = (x1, . . . , xn) and y = (y1, . . . , yn) ∈ Rn.

(i) x is said to be majorized by y (in symbols x ≺ y) if
∑k

i=1 x[i] ≤
∑k

i=1 y[i] for k = 1, 2, . . . , n−
1 and

∑n
i=1 xi =

∑n
i=1 yi, where x[1] ≥ · · · ≥ x[n] and y[1] ≥ · · · ≥ y[n] are rearrangements of

x and y in a descending order, and x is said to strictly majorized by y( in symbols x ≺≺ y)
if x is not permutation of y.

(ii) x ≥ y means xi ≥ yi for all i = 1, 2, . . . , n. let Ω ⊂ Rn, ϕ: Ω → R is said to be increasing
if x ≥ y implies ϕ(x) ≥ ϕ(y). ϕ is said to be decreasing if and only if −ϕ is increasing.

(iii) Ω ⊂ Rn is called a convex set if (αx1 +βy1, . . . , αxn +βyn) ∈ Ω for any x and y ∈ Ω, where
α and β ∈ [0, 1] with α + β = 1.

(iv) let Ω ⊂ Rn, ϕ: Ω → R is said to be a Schur-convex function on Ω if x ≺ y on Ω
implies ϕ (x) ≤ ϕ (y) . ϕ is said to be a Schur-concave function on Ω if and only if −ϕ
is Schur-convex function. ϕ is said to be a strictly Schur-convex function on Ω if x ≺≺
y on Ω implies φ (x) <φ(y), ϕ is said to be a strictly Schur-concave function on Ω if and
only −ϕ is strictly Schur-convex on Ω.

Lemma 1.1. [4, p. 5] Let x ∈ Rn and x̄ = 1
n

∑n
i=1 xi. Then (x̄, . . . , x̄) ≺ x.

Lemma 1.2. [5] Let x,y ∈ Rn, x1 ≥ x2 ≥ . . . ≥ xn and
∑n

i=1 xi =
∑n

i=1 yi. If for some
k, 1 ≤ k ≤ n, xi ≤ yi, i = 1, . . . , k, xi ≥ yi, i = k + 1, . . . , n, then x ≺ y.

Lemma 1.3 ([4, pp. 48–49]). Let x,y ∈ Rn, I ⊂ R be an interval and g : I → R.
(1) x ≺ y if and only if

∑n
i=1 g(xi) ≤

∑n
i=1 g(yi) for all convex functions g,

(2) x ≺ y if and only if
∑n

i=1 g(xi) ≥
∑n

i=1 g(yi) for all concave functions g,
(3) x ≺≺ y if and only if

∑n
i=1 g(xi) <

∑n
i=1 g(yi) for all strictly convex functions g,

(4) x ≺≺ y if and only if
∑n

i=1 g(xi) >
∑n

i=1 g(yi) for all strictly concave functions g.

2. Main results and their proofs

Theorem I. Let m,n is a positive integer,
(i) if m ≥ n and x > −1, then

(2.1) Ck
m

(
1 +

n

m
x
)k
≥

k∑
i=0

Ci
nCk−i

m−n(1 + x)i, for k = 1, . . . , n
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(ii) if m < n and x > −m
n , then

(2.2) Ck
m (1 + x)k ≥

k∑
i=0

Ci
mCk−i

n−m(1 +
m

n
x)i, for k = 1, . . . , n

where Ck
n = n!

k!(n−k)! is the number of combinations of n elements taken k at a time, defined C0
n = 1

and Ck
n = 0 for k > n. In (2.1) and (2.2), equalities holding if and only if x = 0.

Proof. From Lemma 1, we have

p :=

1 +
n

m
x, . . . , 1 +

n

m
x︸ ︷︷ ︸

m

 ≺

1 + x, . . . , 1 + x︸ ︷︷ ︸
n

, 1, . . . , 1︸ ︷︷ ︸
m−n

 := q

and p ≺≺ q for x 6= 0. If m ≥ n, from x > −1, we have x + 1 > 0 and 1 + n
mx > 1 − n

m > 0, i.e.
p, q ∈ Rn

++. Since Ek(x) be increasing and Schur-concave on Rn
+ and it be increasing and strictly

Schur-concave on Rn
++ for k > 1 (see Proposition 6.7 in [4]), we have Ek(p) ≥ Ek(q), i.e. (2.1)

holds, and equality holding if and only if x = 0.
The proof of Theorem 1 is completed. �

Majorized Proof of Theorem A.

Proof. Now we consider three cases:
Case 1. 0 < α < 1. Notice that Ck

n = 0 for k > n, taking k = m in (2.1), we get(
1 +

n

m
x
)m

≥ (1 + x)n,

i.e.

(2.3) (1 + x)n/m ≤ 1 +
n

m
x

and equality holding if and only if x = 0. Taking m = 1, (2.3) is deduces to (1.1), so (2.1) is an
extension of (1.1). And (2.3) is show that (1.3) is holds for the rational number α with 0 < α < 1.
If α is a irrational number, then there exists sequence of rational numbers {rk} with 0 < α < 1,
k = 1, 2, . . ., such that rk → α, (k →∞). From (2.3), we have (1 + x)rk ≤ 1 + rkx, and let k →∞,
it deduce to (1.3).

Case 2. α > 1. If αx ≤ −1, i.e. αx + 1 ≤ 0, then it is clear that (1.2) is holds, if αx > −1, since
0 < 1

α < 1, from (1.3), we have (1 + αx)1/α ≤ 1 + 1
ααx, i.e. (1.2) is holds.

Case 3. α < 0. Since 1− α > 1 and − x
1+x > −1, from (1.2), we have(

1
1 + x

)1−α

=
(

1− x

1 + x

)1−α

≥ 1− (1− α)x
1 + x

,

i.e. (1 + x)α ≥ 1 + αx. And then, the proof of Theorem A is completed, by Theorem I. �

Theorem II. Let ai ≥ 1 and xi > 0, or ai ≤ 0 and 0 ≥ xi ≥ −1. Then

(2.4) Ck
n

[
1
n

n∑
i=1

(1 + xi)
ai

]k

≥
∑

1≤i1<...<ik≤n

k∏
j=1

(
1 + xij

)aij

≥
∑

1≤i1<...<ik≤n

k∏
j=1

(
1 + aijxij

)
> Ck

n−1 + Ck−1
n−1

(
1 +

n∑
i=1

aixi

)
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Proof. Set y = 1
n

∑n
i=1 (1 + xi)

ai , from (1.2), we have (1 + xi)
ai ≥ 1 + aixi, i = 1, . . . , n, and by

lemma 1 , it follows that

(y, . . . , y︸ ︷︷ ︸
n

) ≺ ((1 + x1)a1 , . . . , (1 + xn)an)

≥ (1 + a1x1, . . . , 1 + anxn) ≺≺

1 +
n∑

i=1

aixi, 1, . . . , 1︸ ︷︷ ︸
n−1

 .

And then since Ek(x) be increasing and Schur-concave on Rn
+ and it be increasing and strictly

Schur-concave on Rn
++ for k > 1, we have

Ek(y, . . . , y︸ ︷︷ ︸
n

) ≥ Ek ((1 + x1)a1 , . . . , (1 + xn)an)

≥ Ek (1 + a1x1, . . . , 1 + anxn) > Ek

1 +
n∑

i=1

aixi, 1, . . . , 1︸ ︷︷ ︸
n−1

 ,

i.e. (2.4) is holds. The proof of Theorem 2 is completed. �

Remark 2.1. When k = n, (2.4) is deduce to (1.5).

Majorized Proof of Theorem C.

Proof. Since the right inequality in (1.6) equivalent to (1.3), it is sufficient prove that the left
inequality in (1.6) holds. Now we consider three cases:

Case 1. α > 1. Let m < n, now proof

(2.5)
n

m
x

n
m
−1(x− 1) > x

n
m − 1.

For x > 1, let

u :=

 n

m
lnx, . . . ,

n

m
lnx︸ ︷︷ ︸

m

,
( n

m
− 1
)

lnx, . . . ,
( n

m
− 1
)

lnx︸ ︷︷ ︸
n


and

v :=

 n

m
lnx, . . . ,

n

m
lnx︸ ︷︷ ︸

n

, 0, . . . , 0︸ ︷︷ ︸
m

 .

Since m < n, we have 0 <
(

n
m − 1

)
lnx < n

m lnx, this is ui ≤ vi, i = 1, . . . , n, and ui ≥ vi, i =
n+1, . . . ,m+n, and

∑m+n
i=1 ui =

∑m+n
i=1 vi = n2

m lnx, from Lemma 2, it follows u ≺ v and u ≺≺ v for
x 6= 1, and then by the strictly convexity of ex on R, from Lemma 3, we have

∑m+n
i=1 eui <

∑m+n
i=1 evi ,

i.e.
mx

n
m + nx

n
m
−1 < nx

n
m + m,

it equivalent to (2.5).
For 0 < x < 1, let

u′ :=

( n

m
− 1
)

lnx, . . . ,
( n

m
− 1
)

lnx︸ ︷︷ ︸
n

,
n

m
lnx, . . . ,

n

m
lnx︸ ︷︷ ︸

m


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and

v′ :=

0, . . . , 0︸ ︷︷ ︸
m

,
n

m
lnx, . . . ,

n

m
lnx︸ ︷︷ ︸

n

 .

Since m < n, we have 0 >
(

n
m − 1

)
lnx > n

m lnx, this is u′i ≤ v′i, i = 1, . . . ,m, and u′i ≥
v′i, i = m + 1, . . . ,m + n, and

∑m+n
i=1 u′i =

∑m+n
i=1 v′i = n2

m lnx, from Lemma 2, it follows u′ ≺ v′

and u′ ≺≺ v′ for x 6= 1, and then by the strictly convexity of ex on R, from Lemma 3, we have∑m+n
i=1 eu′i <

∑m+n
i=1 ev′i , i.e.

mx
n
m + nx

n
m
−1 < nx

n
m + m,

it equivalent to (2.5).
To sum up, for x > 0, x 6= 1,m < n, (2.5) is holds, it is show that the inequality αxα−1(x− 1) >

xα − 1 is holds for the rational number α with α < 1. And then, By the rational numbers
approximation, we can know that the inequality αxα−1(x− 1) > xα− 1 is holds for all real number
α with α > 1.

Case 2. α < 0. Here 1 − α > 0, from x > 0, x 6= 1, we have x−1 > 0, x−1 6= 1, by Case 1, it
follows

(1− α)
(
x−1

)(1−α)−1 (
x−1 − 1

)
>
(
x−1

)1−α − 1,

i.e. αxα−1(x− 1) > xα − 1.
Case 3. 0 < α < 1. Here α−1 > 1, from x > 0, x 6= 1, we have xα > 0, xα 6= 1, by Case 1, it

follows
α−1 (xα)(α

−1−1)
(
(xα)−1 − 1

)
> (xα)α−1

− 1,

i.e. αxα−1(x− 1) < xα − 1. The proof of Theorem C is completed. �
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