ON AN INTEGRAL INEQUALITY
SEVER S. DRAGOMIR AND QUOC ANH NGO

ABSTRACT. Let f : [a,b] — [0,00) be continuous function and g : [a,b] —
[0, 00) be non-decreasing, differentiable on (a,b). In this short paper, we prove

that the following inequality

[ oz [ o

holds for 0 < a < 8 and for all « € [a, b] provided

[ rwarz [ @

Jx

holds for all = € [a, b].

1. INTRODUCTION

Let f,g: [a,b] — [0,00) be continuous functions and g is non-decreasing satisfy-

[mwszw. (1)

ing

and
b b
/ f(t)dt > / ot)dt 2)

Recently, the authors obtained an interesting inequality for these functions f and
g in [2]. Precisely, using the well-known second mean value theorem for integrals,

they got
Theorem 1 (See [2]). If and hold then

b b
/mme/mmwt 3)

validates for every convex function h on [0, 00).
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In particularly, if we choose h(t) := t* for a > 1 then function h is convex on

[0,00). Now reads as following

b b
/ Fo) dt > / (1) dt. )

Besides, in the case g(¢) := t and without assumption (T]), the authors in [I]

obtained the following result

Theorem 2 (See [1]). Let f : [a,b] — [0,00) be continuous function such that

[f(t) dt>/:tdt (5)

/ab fA)dt > /ab t2dt. (6)

It is obvious to see that (@ can be rewritten to
b b
/ fA(t)dt > / t2dt (7)
x xr

Summarizing all the above discussion, in this short note, without the assumption

for x € [a,b]. Then

for all x € [a, b].

, we are interested in comparing the following two types of integral inequalities

b b
/ fo ) di > / g (t)dt, (8)
and
b b
/ Pyt > / S, (9)

where «, § are given positive numbers.
Our main results are included in a couple of theorems below. The first theorem

concerns to the case when o = 1.

Theorem 3. Let f : [a,b] — [0,00) be continuous function and g : [a,b] — [0,00)

be non-decreasing, differentiable on (a,b) satisfying . If

/ " fyde s / oL (10)

holds then @D holds for 1 < f3.

And the second theorem concerns to the general case when 0 < «.
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Theorem 4. Let f : [a,b] — [0,00) be continuous function and g : [a,b] — [0,00)
be non-decreasing, differentiable on (a,b) satisfying . If holds then @ holds

for a < B.

2. PROOF OF THEOREM [3

First, we prove the inequality @D for positive integers. That is, for positive

integer n,
b b
/ () dt > / g () dt, (11)
The case that n = 1 is just the hypothesis. For n = 2, by and integrating by

parts,

/g(t)(f(t)—g(t))dt=—/ g<t>d</t (f(s)—g(s))ds>

t=1> b b /
. +/x (/ (f(S)—g(S))dé‘)g(t)dt

b
S / (f (s) — g (5)) ds

Therefore
b b
[ rwgwaz [ #an
On the other hand, from the fact that (f (£) — g (t))* > 0 we obtain
b
[ =g ar=o

which yields
b

/bfz(t)dt>2/bf(t)g(t)dt—/ o (t) dt
b

> / g% (t)dt.
Suppose now that @D is valid for n > 2. It is obvious that
(" @) =g"®)(ft)—gt) =0 , Vte]a

that is

O 2 g (O +g"OF () — g™ (), V€ [ab]
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Therefore, integrate both sides from = to b and with the hypothesis of the induction,

/ L de > / o(t) f (t)dt + / g (O (t) dt - / LBt | Vo€ o,

By simple calculation, we see that

[fsormae==[awa( [ 7o)

:jz +/:</tbfn(5)ds>g’(t)dt
g(fﬂ)/:f”(t)dwr/:</tbf”(s)ds>g/(t)dt
Zg(x)/:g"(t)dw/: </tbg"(s)ds> J (1) dt

ij +/: (/tbg"(S)OB) g (t)dt
/:g(t)d</tbg"(s)ds>

b
- / gt (1) dt

b
— g() / 7 (s) ds

b
— g() / g" () ds
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b
:/ g" Tt (t)dt.
Hence
b b b b
[ rowaez [oormas [ oo rtoa- [oma

b
> / g™t (1) dt.
T

This means @D is valid for all positive integers. Now for any 8 > 1, denote by | 3]
the greatest integer not greater than « and set [3] := § — |3]. General Cauchy
Inequality tells us that, for positive numbers A, B and ~, 6 with v+ 0 =1,

YA+ 6B > AYBO.
Therefore

L?),Jfﬁ () + @g% > g0 £l (t) Vi € [a, 1]

This and (9)) imply, for all = € [a,b], that

B [ s L " 81 flal
. /If (t)de > / o <t>dt+Lg (1) £l (1) at
:_/b@ga(t)d / 9 ( (/ flal (s )

- [ Bl wa-go [ 1o eas]

/(/ Flad (s ds) [m(t))

2_/1 (? Byt + ¢ (2 /fLaJ

N /: /tbgLaJ (s)ds) d (gHﬂ (t))
- _/: @gﬁ (t)dt—/:g[m (t)d </tbgL“J (S)ds)

/b@gﬁ(t)dt+/bgﬁ(t)dt

_ 1Bl s
_ﬁ/mg(t)dt

t=ux
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S L5] ’ L8] ’
et B vl B
/w 2 (t)dt > /I g” (t)dt.

The conclusion of the proposition follows since % #0.

3. PrROOF oF THEOREM []

Since g(t) is non-decreasing then ¢g*(¢) is also non-increasing for o > 0. If
replacing f(x) by f*(x) and g(x) by g%(x), then Proof of Theorem 4| is obtained
by applying Theorem [3| with exponential g Therefore, we omit it.
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