OSTROWSKI TYPE INEQUALITIES ON TIME SCALES

CRISTIAN DINU

ABSTRACT. We present an improved variant of the Ostrowski’s inequality for
continuous functions on time scales.

1. INTRODUCTION

Recently, new developments of the theory and applications of dynamic deriva-
tives on time scales were made. The study provides a unification and extension of
traditional differential and difference equations and, in the same time, it is an unifi-
cation of the discrete theory with the continuous theory, from the theoretical point
of view. Moreover, it is a crucial tool in many computational and numerical appli-
cations. Based on the well-known A (delta) and V (nabla) dynamic derivatives, a
combined dynamic derivative, so called ¢, (diamond-a) dynamic derivative, was
introduced as a linear combination of A and V dynamic derivatives on time scales.
The diamond-« dynamic derivative reduces to the A derivative for & = 1 and to the
V derivative for @« = 0. On the other hand, it represents a “weighted dynamic de-
rivative” on any uniformly discrete time scale when « = 1/2. See [1]], [2] and [4] for
the basic rules of the calculus associated with the diamond-a dynamic derivatives.

In [7], A. M. Ostrowski proved an interesting and useful inequality:

Theorem 1. Let f : [a,b] C R — R continuous on [a,b] and differentiable on (a,b),
whose deriwative [’ : (a,b) — R is bounded on (a,b). Then, for all x € [a,b] we
have

b
bia / F(t)dt

Here |[f'llco = $uPye(a,p) |/ ()]

x — afb 2
(1) ‘f(x)— < i+<b_> (b= )l

In [6], B. G. Pachpatte improved Ostrowski’s inequality and gave some applica-
tions.

The aim of this paper is to prove a variant of Ostrowski’s inequality for the time
scales.

In section [2| we review the necessary background on time scales. In section [3| we
prove our main results and detail several applications.
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2. PRELIMINARIES

A time scale (or measure chain) is any nonempty closed subset T of R (endowed
with the topology of subspace of R).

Throughout this paper T will denote a time scale.

For all t,r € T, we define the forward jump operator o and the backward jump
operator p by the formulas:

ot)=inf{r e Tt >t} € T, p(r)=sup{r € Tt <r} €T.
In this definition
inf@:=supT, sup®:=infT.

If o(t) > t, then t is said to be right-scattered, and if p(r) < r, then r is said to
be left-scattered. Points that are simultaneously right-scattered and left-scattered
are called isolated. If o(t) = t, then t is said to be right dense, and if p(r) = r, then
r is said to be left dense. Points that are simultaneously right-dense and left-dense

are called dense.
The mappings p,v : T — [0, +00) defined by

and
v(t) :=t — p(t)
are called, respectively, the forward and backward graininess functions.
If T has a right-scattered minimum m, then define T, = T — {m}; otherwise

T, = T. If T has a left-scattered maximum M, then define T" = T — {M};
otherwise T* = T. Finally, put T =T, NT".

Definition 2. For f : T — R and t € T*, we define the delta derivative of f in
t, to be the number denoted f2(t) (when it exists), with the property that, for any
e > 0, there is a neighborhood U of t such that

(o) = f()] = F2®)[o(t) = s]| < elo(t) — s
forallseU.
For f: T — R and t € T,, we define the nabla derivative of f in t, to be the
number denoted fV (t) (when it exists), with the property that, for any e > 0, there
is a neighborhood V' of t such that

(o) = f()] = Y (t)[p(t) = s]| < elp(t) — 3|
forallseV.
We say that f is delta differentiable on T*, provided f*(t) exists for all t € T*

and that f is nabla differentiable on T, provided fV (t) exists for all t € T,.
If T =R, then

AW = 1Y) = f(1).
If T=2Z, then
FAW) = Ft+1) = f(t)
is the forward difference operator, while
Y =1 - flt-1)

is the backward difference operator.
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For a function f : T — R we define f7: T — R by f7(¢t) = f(o(t)) for all ¢t € T,
(that is f7 = foo). We also define f? : T — R by fP(t) = f(p(t)) for all t € T,
(that is fP = fop).
For all t € T* we have the following properties:
(i) If f is delta differentiable at ¢, then f is continuous at .
(if) If f is left continuous at t and ¢ is right-scattered, then f is delta differen-
tiable at ¢ with f2 () = UL,
(iii) If ¢ is right-dense, then f is delta differentiable at ¢ if and only if the
limit lim,_,; f(t) f(s)
lim,_, L0100
(iv) If f is delta differentiable at ¢, then f7(t) = f(t) 4+ u(t)f2(t).
In the same manner, for all t € T,, we have the following properties:
(i) If f is nabla differentiable at ¢, then f is continuous at ¢.
(ii) If f is right continuous at ¢ and ¢ is left-scattered, then f is nabla differen-
tiable at ¢ with £V () = {70,
(iii) If ¢ is left-dense, then f is nabla differentiable at ¢ if and only if the
limit lim,_, ZU=1()
lim,_, (t)_{ (S)

(iv) If fis nabla differentiable at ¢, then f*(t) = f(t) +v(t)fV(t).

exists as a finite number. In this case, f2(t) =

exists as a finite number. In this case, fV(t) =

Definition 3. A function f: T — R is called rd-continuous, if it is continuous at
all right-dense points in T and its left-sided limits are finite at all left-dense points
in T. We denote by C..q the set of all rd-continuous functions.

A function f: T — R is called ld-continuous, if it is continuous at all left-dense
points in T and its right-sided limits are finite at all right-dense points in T. We
denote by Ciq the set of all ld-continuous functions.

It is easy to remark that the set of continuous functions on T contains both C,.4
and Old-

Definition 4. A function F : T — R is called a delta antiderivative of f: T — R
if FA(t) = f(t), for all t € T*. Then, we define the delta integral by fat f(s)As =
F(t) — F(a).

A function G : T — R is called a nabla antiderivative off T - R ifGV(t) =
f(t), forallt € T. Then, we define the nabla integral by f f(s)As = G(t)—G(a).

According to Theorem 1.74 in [2], every rd-continuous function has a delta an-
tiderivative and every ld-continuous function has a nabla antiderivative.

Theorem 5. (Theorem 1.75, in [2])
(i) If f € Crq and t € T | then

o(t)
/t F(s)As = p(t) £ (2).
(ii) If f € Cjq and t € T |, then

/ SOV =010,
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Proof. We will prove only the assertion (ii), the other one can be treated in a similar
manner. Let F' be the nabla antiderivative of f, and

/ o TV = FO) = Flple) = vOF7 (1) = ) 0).

O
Theorem 6. (Theorem 1.77,in 2]) If a,b,c € T, B € R and f,g € Cyq, then
(i) J,(f) + =, f At+fjg<t>m
(mgﬁﬂﬂt Bff
(i) [, F()AL=— [ f
(iv) [0 r@)At= [ f(t At + fc” Ft)At
() [ F(o()g® (At = (f9)(b) — (fo)(a) — [) FA(B)g(t)At;
(Vi) [ F(Og> (DAL = (£9)(b) — (f9)(a) — [) FA(Dg(o(t)At;
(vii) [ f(H)AL = 0;
(viil) if f(t) >0 for all t, then fa f(t)At > 0;
(ix) if f(t) < g(t) for allt, then [* f(t)At < [¥g(t)At
(x) if f(t) >0 for allt, then f =0 if and only if fb ft)At =0;
(xi) if |f(t)] < g(t) on [a b), then

fAt

/ g(t)AL.

In Theorem [6] (xi), if we choose g(t) = |f(t)| on [a,b] we obtain

b
< [ 1reiar

A similar theorem works for the nabla antiderivative, for f,g € Cjy. Now, we
give a brief introduction of the diamond-a dynamic derivative and the diamond-a
integral.

b
(2) ft)At

Definition 7. Let T be a time scale and for s,t € T% we define s = o(t) — s,
vis = p(t) —s. For f: T — R we define the diamond-a dynamic derivative of f
in t to be number denoted f°(t) (when it exists), with the property that, for any
€ > 0, there is a neighborhood U of t such that for all s € U

[alf(o(8)) = F()lves + (1= a)[f (p(t) = F(s)]pes = [ (B pesvs| < elpesvrs|-
A function is called diamond-a differentiable on T% if f€«(t) exists for all t € T%.

If f: T — R is differentiable on T in the sense of A and V, then f is diamond-«
differentiable at t € T%, and the diamond-a derivative f®«(t) is given by

ooty = afA ) + (1—a)f (1), 0<a<l.

As it can be seen, f is diamond-« differentiable, for 0 < o < 1 if and only if f is A
and V differentiable. It is obvious that for & = 1 the diamond-« derivative reduces
to the standard A derivative and for @ = 0 the diamond-« derivative reduces to the
standard V derivative. For a € (0, 1) it represents a “weighted dynamic derivative”.

We present here some operations with the diamond-a derivative. For that, let
f,9: T — R be diamond-« differentiable at ¢ € T. Then,
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o f+¢g:T — Ris diamond-« differentiable at t € T and
(f +9)%=(t) = f7 () + g% (t)
e if ce R and ¢f : T — R is diamond-« differentiable at ¢t € T and
(cf)C(t) = cf = (t).
e fg:T — R is diamond-« differentiable at t € T and
(f9)°=(8) = o= (D)g(t) + af7 ()g™ (1) + (1 — ) f*(t)g" (1)

Definition 8. Let f : T — R and a,b € T, then the diamond-« integral of f from
a to b is defined by

/bf(t)<>at = a/bf(t)At +(1-a) /b fOVE, 0<a<l

The combined derivative ¢, is not a dynamic derivative, since we do not have
a O, anti-derivative. In general,

( / tf(8)<>a8)% £1), teR,

but we still have some of the ”classical” properties, as one can easily be deduced
from Theorem [6] and its analogue for the nabla integral.

Theorem 9. Ifa,b,c e T, B € R and f,g continuous functions, then

(i) [2(F(t)+g1)Oat = [1 FB)Oat + [} g(t)Oat;
(i) [} BF(1)Oat =B [L [(t)Out;
(i) [0 f(6)Out = — [ F()Out;
(iv) J, F(£)0ut = [} F(#)Out + [ F()Out;
(V) [ f(t)Oat = 0;
(Vi) if f(t) >0 for all t, then [’ f(t)Oat > 0;
(vii) if f(t) < g(t) for all t, then [* f()Out < [ g(t)Out;
(viii) if £(£) > 0 for all t, then f =0 if and only if [ f()Oat = 0;
(ix) if [f(t)] < g(t) on [a,b), then
/bf(t)<>at < /bg(t)<>at.
In Theorem [9] (ix), if we choose g(t) = |f(t)| on [a,b] we have
b b
(3) / f(t)0at| < / |f(®)[Cat.

3. MAIN RESULTS

In this section we present an improved variant of Ostrowski’s inequality, for time
scales. For a function f : T — R, which is delta and nabla differentiable, we
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define [[f2]loc = supyeps [f2 ()] and [[fV]lo = super, [V (#)] . We also define
1£% oo = SUpyers |fC=(t)|. Obviously,

17% o = Sup laf2 () + (1= a)f¥ ()]
(4) < asup [f2(1)] + (1 —a) sup |f¥ (1)
teTx teTr

= afl /s + (1= )Y lloo-

We have equality in if both f2 and fV attain their maximum value at the
same point.
We need the following technical lemmas, which work for all time scales.

Lemma 10. Let f: T — R be a continuous function and a,b € T.

(i) If f is nondecreasing on T then

b b b
o-afa < [ foacs [ Foas [ fove<e- oo,
ujhere f : R — R is a continuous nondecreasing function such that f(t) =

f@), for allt € T.
(ii) If f is nonincreasing on T then

b b b
(b—a)f(a)z/ f(t)Atz/ f(t)dtz/ FOVE> (b—a)f(b),

where f : R — R is a continuous nonincreasing function such that f(t) =

f(t), for allt € T.

In both cases, there exists an ap € [0,1] such that

/abf(t)OQTt = /ab f(t)dt.

Proof. (i) We start by noticing that if T = {a,b} then by Theorem [5| we have

b o(a)
/f@m:/ FHAL = f(a)(b— a),

b F(t)AL = ’ F(t)dt.
[ swa= |

It suffices to prove that, for monotone functions, the value of fab f)AL, for a

while, if T = [a, b] then

general time scale T, remains between the values of f; f@)At for T = {a,b} and
for T = [a, b].

Now, let f : R — R be a continuous nondecreasing function such that f(t) = f(¢),
for all t € T. First, we will show that by adding a point or an interval, the

corresponding integral increases.
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Let us suppose that we add a point ¢ to T, where a < ¢ < b. If Ty = TU{c¢} and
¢ ¢ T is an isolated point of Ty (with ff f(t)Aqt the corresponding integral), then

/abf(t)Alt = /:f(t)Alt + /bf(t)Alt
:/ap(C) 1t+/ ft AIH/U(C) fOmt+ | b f(>
:/ap(C)f(t)At+ » f(t)A1t+/C A1t+/ f(®)
()

/f At—/p::) At+/ () A1t+/a f) At

= / FOAL = f(p(e)(o(c) = p(e) + fp(e))(c = p(e)) + f(e)(a(c) —¢)

> /:bf(t)At

In the same manner, we prove that if we add an interval, the corresponding
integral remains in the same interval. So, let us denote T; = T U [¢,d], with
a<c<d<band TNlcd =0 then

/ab f)Aqt

p(c) c d o(d) b
= A A A A
L f@AﬁﬁLJW)w+/f® w+/ soais [ sos

p(c) (d) b
=/ f()At + (C)f A1t+/ f(t) 1t+/ f(t)A1t+/a(d)f(t)At
(d) o(d)
/f At/p(c) f(t)AtJr/p(C)f(t)AltJr/ f(t)A1t+/ F)At

/“f At — £(p(e))(o(d) — p(c)) + F(plc)) /"f dt + 1(d)(o(d) -
‘/f)AP- (©)(d—c) + (d— ) f(s)
> /b f)At

where s € (¢, d) is the point from Mean Value Theorem.
Using the same methods, we show that if we ”extract” an isolated point or an
interval from an initial times scale, the corresponding integral decreases. And so,

the value of [ b f(t)At is between its minimum Value (corresponding to T = {a, b})
and its maximum value (corresponding to T = [a, b]), that is

(b—a)f /f At</f
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The proof is similar in the case of nonincreasing functions and also, for the nabla

integral. The final conclusion of the Lemma [10|is now clear if we take

[P [P v
P rwat— [P rove

ar

Then
b b b
[ ftde=ax [ sacs @ -ar) [ e
that is
b b
| @00, = [ Frar
Remark 11. (i) If f is nondecreasing on T then for a < ar, we have

/abf(t)OaTt > /ab f(t)dt

while, if o > ar, we have

/abf(t)OaTt < /ab f(t)dt.

(ii) If f is nonincreasing on T then for a < ar, we have

/ ' f()0ut < / " foyar

while, if o > ar, we have

/:f(t)oaTt > /ab f(t)dt.

If T = [a,b] or if f is constant, then ar can be any real number from [0, 1].

Otherwise, ar € (0,1)

Now we will prove that if f: T — R is a linear function, (that is f(¢) = ut + v)
then f: f(#)At and f; f(#)Vt are symmetric with respect to f; f(t)dt, where f :

[a,b] — R is the corresponding linear function, defined on the interval [a, b].

Lemma 12. Let f : T — R be a linear function and let f : [a,b] — R be the
corresponding linear function. If f: ft)At = f: ft)dt — C, with C € R, then

[P ryve= [P ftydt + C.

Proof. We will start by considering the case of f : T — R, f(¢t) =t. If T = [a,b],

then ¢ = 0 and the conclusion is clear. If T = [a, b] \ (¢, d), then
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b c d b
/ tAt = / tAt + / tAt + / tAt
a a c d
c o(c) b
= / tdt + / tAL + / tdt
a c d
b d
z/ tdt—/ tdt + c(d — ¢)

:/btdt—(d—c)d;Lc (d—¢)

b N2
:/ PR G
\ 2

b c d b
/ tVit = / tVit + / tVit + tVi
a a c d

c b
= / tdt + [ (d)tVt + / tdt
a P d

b d
:/ tdt— [ tdt +d(d - c)

while

b
:/ tdt—(dfc)d;rc+d(dfc)

b Y
:/ tdt + & QC)

and, obvious, if we choose C' = @ the conclusion is clear.

By repeating the same arguments several times, we can ”extract” any number
of intervals from [a,b] and get the same conclusion.

If we "extract” an interval, but we "add” an isolated point (that is T = [a, b] \

((c,e) U (e,d)) = [a,c] U {e} U[d,b]), then

b c e d b
/ tAt:/ tAt+/ tAtJr/ tAtJr/ tAt
a e d
o(c) o(e) b
/ tdt—i—/ tAt—i—/ tAt+/ tdt

/tdt /tdt+ce—c)+e(d—e)

—/ tdt — (d — )dT—l—e(c—Fd)—c —é?

b 2 2
d c 9
_/atdt7575+6( +d)76
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b c e d b
/ tVt:/ tVt—&-/ tVt+/ tVt+/ tVt
a a c e d
c e d b
:/ tdt+/ tVt—F/ tvt—l—/ tdt
a p(e) p(d) d

b d
:/ tdt—/ bt + e(e — ) + d(d — e)
b

while

d
:/ tdtf(dfc)%—e(c+d)+d2+62
b 2 2
d
:/tdt+5+%fe(c+d)+e2

and thus, for C' = @ + @ we get the conclusion.
For a general linear function, f(t) = ut + v, we have

/abf(t)Atz/ab(ut—i-v)At:u(/abtdt—0)+v(b—a):u/abtdt—uC’—i—v(b_a)
and
/abf(t)Vt:/ab(ut—l—v)Vt:u(/abtdt—kC')-Fv(b—a):u/abtdt+u0+v(b—a)

so that [* f(t)AE = [ f(t)dt — uC and [° f(1)VE = [7 F(t)dt + uC. O

Definition 13. Let T be a time scale. We define the measure of graininess between
a and b to be the function G : T x T — Ry by

Glab) = 3 @: 3 ”(;) .

a<t<b a<t<b

In other words, the function G measures the square of distances between all
scattered points between a and b and it depends on the ”geometry” of the time
scale T.

Remark 14. The difference between f; tAt and f: tdt depends on the measure of
graininess function. In fact, we have

b b
/tAt:/ tdt — G(a,b).

The proof uses the same methods as the prof of Lemma[I3, so we will omit the
details.
Notice that

b b
/th/ tdt + G(a,b).

. b
Based on the previous remarks, we can compute fa [t — s|Oqs.
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Corollary 15. Let T be a time scale. Then

b 2 2
/ = 5[0 = £ ‘;(b 2 4 (1= 20) (G b) — Gla, 2)
where G is the function introduced in Definition [13

Proof. Using Remark [14] we have

b t b
/ |t—s\<>as:/ (t—s)<>as+/ (s —t)Ons
a a t

¢ b
=t(t—a) —/ 5OCas+E(b—1) +/ 508
a t

(@—a)+ (b—a)
2

+ (1 - 2a)(G(z,b) — G(a,z)).

Now we are able to state our main result.

Theorem 16. Let f,g : T — R be continuous functions on T, whose delta and
nabla derivative are bounded (i.e. || f*]loo, 192 loos £V loos |gY loo < 00). Then

b b
F00) ~ 55— [gor) [ 160005450 [ als)00s

< %{a[lg(t)lllfAlloo HIF O loe] + @ = ) g@1F Y lloo + £ E)1lg™ loc]}

-[i+ (t_agb> +(1—2a)—G(t’b)_G(“’t) (b - a),

b—a (b—a)?

for any t € T, where G is the measure of graininess between a and b.

Proof. For any t,s € T with a <t,s < b we have the following

(5) F(t) — f(s) = / 2 () A
and
(6) a(t) — g(s) = / g ()Ar

If we multiply both sides of (§) and (6) by f(¢) and g(t), respectively and sum-
ming up , we get

(1) 2£()g(t) — 9O 1(s) + F(B)a(s)] = a(t) / FARAT £ (1) / g*(7)Ar.

And we do the same for nabla derivatives:

(8) £(t) — f(s) = / 1Y ()7
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and

If we multiply both sides of and @D by f(t) and g(t), respectively and sum-
ming, we get

(10)  2£(8)g(t) — (o)) (5) + F(B)a(5)] = g(t) / £ ()Y + £(t) / 6% (7)Vr.

Multiplying both sides of (7)) and by a and 1—q, respectively and summing,
we get

(1)
20(1)9(t) - [g(O)F(s) + F(£)g(s)] =g<t>( Smar+a-a) [ fvaT)
T

o[ P0
) <a/:gA(T)AT+(1—a) /: gV(T)vT).

If we take the diamond-« integral on both sides of with respect to s, from
a to b, after dividing all by 2(b — a), we have:

f(t)g(t)_Q(b[ / f(s)< s+f()/ g(s)COus

(12) =2(b1 /{ (/fA )AT + ( 1—oz/fv Vr)
+f(t)(a/s ()AT+(1—a)/S ()w)} 5.

Using the properties of modulus and in , we have
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b b
|f(t)g(t)—2(bl_a) [gu) [ 16000+ 10 [ 951005

1 b
< s= [ oIl + (= )l el = s

+IFOalg®lloo + (1 = )V llso]lt = 5[} Cas

— 5=y 1Ol Al + (1 = 7 )
b
+ 1FO)[ellg® oo + (1 = oz)”gV”oo]}/ it — 500
— sy Ol Al + (1 = 7 )

+1fOlallg® oo + (1 = a)]lgY 0]}
[t—a)®+(b-1)?
2

%{\g(t)\[allfAlloo + (L=l lloo] + [fOlellg™ oo + (1 = )llg™ lloo]}

+ (1 —2a)(G(t,b) — G(a,t))]

r 2
1 t— atb G(t,b) — G(a,t)
- 1 - 9q)— ) T\ _
4+<b—a> + ( a) b—a? (b—a)
and the conclusion is now clear. O

Remark 17. (i) If T = R and the functions are also differentiable, f> = f',
gV = ¢ and G(a,t) = G(t,b) = 0, then we retrieve Theorem 2.1 from [6].
(ii) If T is a reunion of intervals from R, then the functions are not differen-
tiable in the end points of the intervales, but f> = f., f¥ = fi, ¢ =g_,
g¥ =g/, then we get an extended variant of Theorem 2.1 from [6].
(iii) If a = 3 or if G(a,t) = G(t,b) for a time scale T (we call such time scale
G-symmetric to t), then we have

b b
‘f(t)g(t)—Q(bla) [gu) [ 190w+ 50 [ 51005

<

{allg@®F oo + LF O o] + (1 = )llg@II1F Voo + LFOgY lloc]}
(et
: 4+<b—a> (b—a).

(iv) If a = 1 and o = 0, then one can find the delta variant and the nabla
variant, respectively, of Theorem[1{ for time scales.

DN | =
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(v) If both f2 and f¥ attain their mazimum in the same point then we have

‘f(t)y(t)—z(bl_a) [gu) [ 190050 [ 51005

< 9O e + 1 Ollg° o}

_ ath _ Gla
.[i+w+(1_2a)cww

(b—a)2 b_ap |09

Remark 18. If we take g(t) = 1 for allt € T, then g™ (t) = gV (t) = 0 and Theorem
gives us a time scale version of Ostrowski’s inequality (5) (see also [7]):

b
f0 - 5 [ 1600

_atb? _ Cla
< [0/l + (- @) i+<tb_;> + (120 D =000

b—a) (b—a).

On the other hand, if we take the diamond-a integral in both sides of we
obtain, after rewriting and using the properties of modulus, the following Gris type
inequality

1

b b b
= | et - ( / f(t)<>at> (bf / g(t)oat>‘

b b
< sama [ (alla@l Sl + 17Ol ]

+1 = ) llgOI Y lloo + £ @MY lloo]} It = 5]CasOat.

The following theorem is a stronger variant of the Theorem

Theorem 19. Let f,g : T — R be continuous functions on T whose delta and
nabla deriative are bounded. Then

b
‘f(t)g(t)—bia g(t)/ F(5)Ous+
b b
f(t)/ 9(8)Cas +ﬁ/ £(5)9(s)0Ons
< 1 A 1 v A 1 \v4 b ¢ 2<>
< g0l e+ (1= )7 el + (1 = 0)lg ] |t = 500
forallt € T with a <t <b.

Proof. Since we have the same hypotheses as in Theorem [I6] it is obvious that

identities , @, and @ remain true. Multiplying side by side and @,
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and (9) , (5) and (9) and (6) and (8) respectively, we get

(13)
fst fA(r)AT fst g> (T)AT
fst N (r)Vr f; gV (r)VT
— S t)g(s s)g(s) =
f)gt) —[g(t) f(s) + f(t)g(s)] + f(s)g(s) Jsmart{ [t v (e
LY@Vt (n)ar

Multiplying the first and the third identity with « and 1 — « respectively, and
adding them, then doing the same operation with the second and the forth identities

in , we get

and

F(0)9(t) — (0 F(s) + FOg()] + Fls)g(s) = { / f%)vf}

- {a/: G (MAT+ (1 —a) /:gv(r)w}.

Multiplying the identity from with a and the identity from with 1 —«
after summing them, we get

(16)
F@)g(t) —[g@) f(s) + F()g(s)] + f(s)g(s)

{ /fA VAT 4 ( l—a/fV VT} { / (T)AT+(1_0¢)/:QV(T)VT}.

Taking the diamond-« integral on both sides of (16]) with respect to s, from a to
b, we have after simplification by (b —a) :

b
g t)/ f(5)Oqs+
b
s [ F00e)00s

L[ roarca-a [ rewe)
. {a/: g2 (T)AT + (1 — ) /S75 gV(T)VT} Ous.

Taking the modulus in and using its properties and , we obtain the
conclusion. (]




16 CRISTIAN DINU

Remark 20. (i) If T =R and the functions f,g are also differentiable, f* =
N =1f,9%=g" =4, then we get Theorem 2.3 in [6].
(ii) If T is a reunion of intervals for R and the functions are not differentiable
in the end points, we have f& = f', fV = fi, g® =g¢", g¥ =g/, in that
points and so, we get an extended variant of Theorem 2.8 in [6].
(iii) We have:

b t b
|t—s\2<>as:/ (t—s)2<>as+/ (5 — )20,
a a t
The function s — (t — s)? is nonincreasing on [a,t] and s — (s —t)?

nondecreasing on [t,b]. By Remark there exist an aq € [0,1] and an
ag € [0,1] such that

¢ 3
/ (t— s)2<>as < (t—a) for all a < an
a

3
and . ;
/ (s — t)2<>as < (b _?)t) for all a > as.
Thus ’
b b b
FO9(0) ~ 5 90) [ 160905+ £0) [ a(6)0as| + 77 [ F(5)g(5)00s
—a 3 _+\3
< ol + (1= T lallg o + (- @)% | EE),

for all o € [ag, q].
These a1 and g depend on the graininess of the time scale T.
(iv) If « = 1 and a = 0, then one can find the delta variant and the nabla
variant, respectively, of Theorem [I9 for time scales.
(v) If both f2 and fV attain their mazimum value in the same point then we

have
— [gu) [ 160005470 [ a(s)00s| + 57 [ 76)als)00s

b
< Tl ellg® e [ 1t = 5P 0us.

a

‘f (t)g(t) —

Remark 21. Taking the diamond-a integral on both sides of (@ with respect to t,
(from a to b), and using the properties of the modulus we get (after simplification

by (b—a)):

[ st (bf /:f(t)%t> (bi /abg(t)<>at>

< 7[a||fA”oo + (1= IV lsellallg® [l + (1 = a)llg¥[|oc]

/ / |t — 52050t
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The last inequality is a Cebysev type inequality. For T = R, we retrieve the well

known Cebysev inequality (see, for example [6], Remark 2.4).

(1]
2]
3]
(4]
(5]
(6]

[7]
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