ON THE SUPERADDITIVITY AND MONOTONICITY OF
MAPPINGS ASSOCIATED WITH CAUCHY-SCHWARZ’S
INEQUALITY IN 2-INNER PRODUCT SPACES 1

SeonG Sik Kiv*, YEoL JE CHOT AND SEVER S. DRAGOMIR

ABSTRACT. Superadditivity and monotonicity of some mappings associated with the refinements of
Cauchy-Schwarz’s inequality in 2-inner product spaces are given.

1. Introduction

The concepts of 2-inner products and 2-inner product spaces have been intensively studied by

many authors in the last three decades. A systematic presentation of the recent results related
to the theory of 2-inner product spaces as well as an extensive list of the related references can
be found in the book ([4]). Here we give the basic definitions and the elementary properties of
2-inner product spaces.

X

(

Let X be a linear space of dimension greater than 1 and (-,+]-) be a real-valued function on

x X x X satisfying the following conditions:
(2L) (z,z|z) > 0,
(z,z]z) = 0 if and only if x and z are linearly dependent,
(2L) (z,z|2) = (z, z|x),
(203) (z,9lz) = (y,zl2),
(21y) (az,y|z) = a(z,y|z) for any real number «,
(2I5) (z + 2, yl2) = (z,yl2) + (¢, y|2).

||-) is called a 2-inner product and (X, (-,-|-)) is called a 2-inner product space. Some basic

properties of the 2-inner product (-,-|-) can be obtained as follows ([4]):

(1) For all x,y,z € X,

(&, y12)] < V/(z,z]2)V/ (4, yl2).

(2) For all z,y € X, (z,yly) =0 and (x,y|0) = 0.
(3) If (X, (:])) is an inner product space, then the 2-inner product (-,-|-) is defined on X by

zly)  (z[2)

) = 2 (z]2)(yl|=

(z,ylz) =

—
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for all z,y,z € X.

Under the same assumptions over X, the real-valued function ||-,-|| on X x X satisfying the
following conditions:

(2Ny) ||z, y|| = 0 if and only if x and y are linearly dependent,

(2N3) [z, g1l = Ily, ],

(2N3) ||laz,y|| = |af||z, y|| for all real number «,

(2Ny) [z, y + 2| < [lz, yll + ||z, =]]-
I, -|l is called a 2-norm on X and (X, ||-,-||) is called a linear 2-normed space ([7]). Some of the
basic properties of the 2-norms are that they are non-negative and ||z, y + az|| = ||z, y|| for every
x,y in X and every real number o. Whenever a 2-inner product space (X, (+,+|-)) is given, we
consider it as a linear 2-normed space on (X, ||-,-||) with the norm defined by ||z, z|| = \/(z, z|2)

for all z,z € X and for any nonzero x1, o, ...,z, in X, let V(x1, 9, ...,z,) denote the subspace
of X generated by z1,xo, ..., Tp.

Let (X, (+,+]-)) be a 2-inner product space. If (e;)1<i<n are linearly independent vectors in X
and, for a given z € X, (e;,€j]|2) = d;; for all ¢, j € {1,...,n} where §;; is the Kronecker delta (we
say that the family (e;)1<i<n is z-orthonormal), then the following inequality is the corresponding
Bessel’s inequality for the z-orthonormal family (e;)1<i<pn in X

(1.1) (2, ei]2)|? < |, 22
i=1
for any x € X. For more details on this inequality, see [1], [3], [5]-[6], [8], [9].
For a 2-inner product space (X, (-,+|-)), Cauchy-Schwarz’s inequality
(1.2) (@, yl2)| < (2, 22)" (g, y12)"/? = ||, 2|l[ly, =,

a 2-dimensional analogue of Cauchy-Schwarz’s inequality, holds ([4]). The following refinements
of Cauchy-Schwarz’s inequality in 2-inner product spaces has been obtains in [2]:

(1.3) (@, y[2)| < |(2,y]2) — (2, elz) (e, yl2)| + [(z, el2) (e, yl2)| < |, 2[[[]y, 2],

1/2

L) [(@yl2) - (@ el (el < ((IIMIIQ el Pl 2l |<y,ez>|2>)
< (nz,znny,zn - |<xve|z><e,yz>|),

(1.5) (@, yl2) — (z el2) (e, y|2)[* < (|2, 2]* = (2, el ) )y, 21* = (v el 2)[*)
<l 2P lly, 21 = Iz, yl2)*,
(1.6) (@, yl2) = (x, el2) (e, y|2)]* < (|2, 2)* = (2, el 2) )y, 21* = (5, el 2)*)

2
< (||x,z|||y,z|| - |<x7e|z><e7yz>|)
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for all z,y,z,e € X with |le,z|| =1 and z ¢ V(z,y,e).
In this paper, superadditivity and monotonicity of some mappings associated with the refine-

ments of Cauchy-Schwarz’s inequality in 2-inner product spaces are given.

2. Refinements of Cauchy-Schwarz’s inequality

In this section, we shall establish some results on the refinements of Cauchy-Schwarz’s inequal-
ity in 2-inner product spaces.

Lemma 2.1([2]). Let X be a linear 2-normed spaces and z,y, z,u,v € X with z ¢ V(z,y, u,v)
be such that
22 < 2(z,ulz) and o, 2| < 2(y,v]2).

Then we have the inequality:

1/2 1/2
(2<x,u|z> - |u) (2<y,vz> - )

(2.1) .

(x,y|2) = (,0]2) = (u,y]2) + (u, v]2)

<l |y, =]-

Theorem 2.2. Let X be a linear 2-normed space, z,y, z € X with z ¢ V(z,y) and (e;)1<i<n
be a family of z-orthonomal vectors in X. Then we have the following inequality:
n

(w,912) = Y _(w,eil)(ei ylz) + Z |(, es]2) (ei, yl2)

=1

|(z, yl2)] <

(2.2)
< [l 2[[lly, 2.
Proof. Let u=""_,(z,e;]z)e; and v =Y., (y,e;]z)e;. Then we have

n
2(w,ulz) = lu, 2l =) |2 eil2)* 20 and 2(y,v]z) — o, z]* = ZI yseilz)|* > 0.

i=1

We also have

n

(z,yl2) — Z(I, eilz)(ei, yl2)|.

=1

(z,yl2) = (z,0]2) = (u,y]2) + (v, v]2)

Thus, by the inequality (2.1) and triangle inequality, we have the desired inequality (2.2). This
completes the proof. [J

Theorem 2.3. With the assumptions of Theorem 2.2, we have the following inequality:

n

(2,912) = 3 (@, eil2) (ei.y2)

i=1

(23) < (le.aI? Zmez )(ny,zntiuy,eiu)?)
< (nx,znny,zn - Z e ensla))

2
0<
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Proof. By Cauchy-Schwarz’s inequality (1.2) in a 2-inner product space X, we have

‘ <x - i(m,ei\z)ei,y - zn:(y, eil2)e: z)

i=1 i=1

2
<

n

- Z(m,ei|z)eiz

=1

2 n

Y= Z(y’ eilz)ei, z

i=1

2

which is equivalent with

n

(2,y]2) = (@, eil2)(y. eil2)

i=1

< CEE S (@) ) (sl - i@,eﬁz)n?)

i=1 i=1

from where we have the first part of inequality (2.3).
In order to prove the second part of inequality (2.3), using Aczél’s inequality ([10]) we get

n

(ll, 2[I* — ZI z el )Py 27 = Y Iy eil2))

=1

n 2
< (nx,znny,zn —Z|<w7ei|z>|<y,ei|z>|) ,
=1

and so the second part of inequality (2.3) holds. This completes the proof. O

Corollary 2.4. With the assumptions of Theorem 2.2, we have the following inequality:

n 1/2
(|m TN e y,ei|z>|2)

=1

n 2 1/2

< (||x,z||2 B |<x,ei|z>|2) i (ny, P-3 |<ei7yz>2)
=1 =1

Theorem 2.5. With the assumptions of Theorem 2.2, we have the following inequality:

1/2

[l z[l[ly: 2| = |(2, y]2)]

(25) > (Z <x,eiz>|2)1/2 (; sl o

=1

n

> (zeil2)(eiylz)| 2 0

i=1

Proof. By the first part of inequality (2.3),

2

n
(z,yl2) = ) _(x,ei]2)(ei,y]2)
=1

< (hosl? - ; (et ) (o212 - ; (el

and using the elementary inequality

(2.6)

(a® — ) (b* — d?) < (ac — bd)?

)
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for all a,b,c,d € R, we have

(1221 = Sl o)) (=17 = Sl
(2.7 =t . 1/;:1”

< [t Attw-2l = (L) (;uy,eﬂzn?)mr-

By Bessel’s inequality (1.1), we also have

n 172 , n 1/2
IYE (Zl(x,eilz)IQ) (Z yreile )
=1 i=1

and by the inequalities (2.6) and (2.7), we yield the following inequality:

n
(2.912) = 3 (@ el (en yl2)
=1

< Jlz, 2llly, 21 - (;ux,eﬁz)l?)w (i|<y,ei|z>|2)l/2.

(2.8)

Since
n

Z(zv 61"2)(61', y|Z)

i=1

|(z, yl2)] =

ay| Z Z €z| 617y|z) )
1=1

we obtain the desired inequality (2.5). This completes the proof. [J

Corollary 2.6. With the assumptions of Theorem 2.2, we have the following inequality:

(I, 21l + lly, 2)* = Il + v, 211

%) 2[(gl<milz)2) (Sleonar) ] - S lweds) + ol 20

=1 1=1

3. Superadditivity and monotonicity of some mappings

In this section, we shall derive striking superadditivity and monotonicity properties of map-
pings associated with the refinements (2.3) and (2.5) of Cauchy-Schwarz’s inequality in 2-inner
product spaces.

Let X be a 2-inner product space and P(N) denote the class of all finite indices of N. Fixed

a family (e;);en of a z-orthonormal vectors in X. We can consider the index set mappings
a,B: P(N) x X3 — R defined by

1/2
a(I,x,y,z): <Z|(m,ez|z)|22|(y,ez|z)|2) -

i€l i€l

Z(JU, eilz)(ei, y|z)

iel
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nd
a mm%@zNWW—;WmmﬂQmﬂ—;m@wﬁVQ
|t - St eleeonis)

for all z,y,z € X with z ¢ V(z,y) and I € P(N).

Theorem 3.1. Let X be a 2-inner product space and (e;);en be a family of z-orthonormal
vectors in X. Then we have

(31) HxﬂZ”H:%Z” - |(x,y|z)| > a(Lx,y,z) —l—ﬁ([,x,y,z) >0

for all z,y,z € X with z ¢ V(z,y) and I € P(N).

Proof. Using elementary inequalities
0<ab+4cd < (a®+ A2 2 +d*)Y?  for a,b,c,d>0
and by triangle inequality, we have

all,z,y,z)+ (I, z,y,2)
= O @ el2)? ) Iy elz)?)?

iel i€l
+wa—§mmmﬁQWW—§m&wﬁr2
[t et elo)] - |k - el
< Qlzel)P) 2]+ |2l =Y I, eal) )2
iel 2 = 2
X { {(g I(@/,eiIZ)Iz)”ﬂ2 + [(y,ZF - 26; |(y,ei|z)|2)1/2r}

D (el (enyl2) + (@,ylz) = (@ eil=) (e yl2)

i€l i€l
= [l 2lllly, 2l = (=, y|2)]

for all z,y,z € X with z ¢ V(x,y) and I € P(N). Thus, the inequality (3,1) is holds. This
completes the proof. (I

Theorem 3.2. With the assumptions of Theorem 3.1, we have
(i) Forall I,J € P(N) with INJ = ¢

(3.2) a(lUuldz,y,z) > a(l,z,y,2) +a(J,z,y,2) >0

for all z,y,z € X with z ¢ V(z,y), i.e., the mapping «(-, x,y, z) is superadditivie on P(N).
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(ii) For all I,J € P(N) with I D J(# ¢)
(33) 04(17337972) Z Of(J,mvyaZ) Z 0

for all z,y,z € X with z ¢ V(x,y), i.e., the mapping a(, z,y, z) is monotonic nondecreasing on
P(N).

Proof. (i) Suppose that I,J € P(N) with I NJ = ¢. Then we have

alUJ,x,y,z)
= (Y el Y el =1 Y (@ enl2) (e yl2)|
keluJ keluJ keluJ
= O (el + Y M@ esl) Y2 s edl2) P 1y, e5]2) 1) 2
i€l jEJT iel jEJT
1Y (@ el enylz) + > (@ eil2) (e, y12)]
iel jeJ
> (O M@, el) )2 el )Y + Ol es|2) )20 |y, e502)1) 2
iel iel jeJ jeJ
1Y (@ el e yl2) + 1Y (@ eilz) (e, yl2)]
i€l jeJ

=a(l,z,y,2) + o], z,y,2)
for all z,y,2z € X and z ¢ V(x,y), and so the inequality (3.2) is proved.
(ii) Suppose that I,J € P(N) with I D J(# ¢) and I # J. Then, by (i) we have
all,z,y,z) =a((I\J)U J,z,y,2) > a(I\ Jz,y,2) + a(J,z,y, ),

which gives

all,z,y,2) —a(J,z,y,2) 2 a(l\ J,z,y,2) =20
for all z,y,z € X with z ¢ V(z,y), and so the inequality (3.3) is proved. This completes the
proof. O

Corollary 3.3. Let {e;};cn be a z-orthonormal sequence of vectors in a 2-inner product space
X. Put

O‘n(gj7 y’ Z) = a(In’ x’ y? Z)
where I, = {1,2,... ,n} € P(N). Then we have:
(i) For n > 2 and z,y,z € X with 2z ¢ V(z,y)

T 1<i<j<n

ol y,2) > | mas [(<x,eiz>|2+|<x,ej|z>|2)1/2(|<y,ei|z>|2+|<y,ej|z>2)1/2
— |(z, eilz) (e yl2) + (x,ejlz)(ej,y|z)|} > 0.

(ii) For n > 2 and z,y,2z € X with z ¢ V(z,y)

0= OZl(.’E,y,Z) < ag(amy,z) <--- < an(m,y,z) < an+1(x,y,z) <

1/2
< (SleelP Tlmal?) - |[Sael.el)

n
=supan(z,y,2) = lim a,(z,y,2)
n>1 n—oo

<z, zlllly, 2l — [(z, yl2)],
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which gives another type of refinement of Cauchy-Schwarz’s inequality.

Theorem 3.4. With the assumptions of Theorem 3.1,
(i) For all I, J € P(N) with I NJ = ¢ we have the inequality

B, z,y,2) + B(J,2,y,2)]

N =

1
(3.4) 0<p(IUJ z,y,z2)+ g[a(f,w,y, z) +a(J,x,y,2)] <

for all z,y,z € X with z ¢ V(x,y).
(ii) For all I, J € P(N) with I D J(# ¢) we have the inequality

(3.5) 0<pB(I,2,y,2) < B(J,z,y, 2)

for all z,y,z € X with z ¢ V(z,y), i.e., the mapping G(-, x,y, z) is monotonic noninecreasing on
P(N).
Proof. Let I,J € P(N) with I NJ = ¢. Using a similar argument as in Theorem 3.1, we have

BIUJ, x,y,z)
1/2
— (1212 - > el —jez;m,eﬂz)?)
(Il - Sl ;|<y7ejz>|2)1/2
@ ale) - S el en sle) - S (@ esle(es vle)
(3.6) icl jet b

< | (el - ) (el ) (1212 - ) i) |

- (;Km,eﬂzn?)m (j;(y,ejlz)IQ)m

- (aj?y|z) - Z |(:c,ei|z)(ei,y|z)

i€l
S ﬁ([7$,y72) - a(J,iC,y,Z)

+ D Iz e502)(e5,9l2)

jeJ

for all z,y,z € X with z ¢ V(x,y). By interchanging I and J in the inequality (3.6),
(3.7) BV z,y,2) < B(J,2,y,2) — oI, 2,9, 2).

Thus, by addition these inequalities (3.6) and (3.7) we can deduce the inequality (3.4).
(ii) Suppose that I D J(# ¢) and J # I. Then, by the inequality (3.6) we have

ﬁ((I\J)UJ’x7y7Z)+a(I\J"r’y7Z) SB(J7:I;7y7Z)7

which gives
B(J.x,y,2) = B 2, y,2) > a(I\ J,2,y,2) > 0
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for all z,y,z € X with z ¢ V(z,y). Thus, the inequality (3.5) holds. This completes the proof.
O

Remark. From the inequality (3.6), we have

ol z,y,z) < B(J, 2.y, 2)
forall I,J € P(N) with INJ = ¢ and z,y,2z € X with z ¢ V(z,y).

Corollary 3.5. Let {e;};en be a z-orthonormal sequence of vectors in a 2-inner product space
X. Put

Bu(,y,2) = B(In, 2, y, 2)

where I, = {1,2,... ,n} € P(N). Then we have
(i) For n > 2 and z,y,z € X with 2z ¢ V(z,y)

1/2
Bu(z,y2) < min [<|x el - |<w,ej|z>|2)

— 1<i<j<n
1/2
x (||y,z||2 e |<y,ej|z>|2)

(@, ylz) — (2, ei]2)(e:, yl2) — (2, €;2) (€5, 9l2)

|

HvaHHyazH - |(Z‘,y|2’)| > Bl(xayvz) >z 6n(xayvz) > ﬁn+l(x7yvz) =
> inf ﬂn(:uy,z) = lim ﬁn(xvywz)
n>1 n— 00

1/2
- (|x -y |<x,ei|z>|2) (||y,z||2 -y |<y,ez-z>|2)
Nyl - el el

n

(ii) For n > 2 and z,y,2z € X with z ¢ V(z,y)

1/2

which gives another type of refinement of Cauchy-Schwarz’s inequality.

Theorem 3.6. With the assumptions of Theorem 3.1, we have the following inequality:

Iz, 2l lly, 2l + BT U J, 2, y, 2)

(38) < % 6(171'7yaz) +5(J7337ya2)} —|—;[a([,x,y,z) ‘|‘01(J73373/’Z)

for all x,y,z € X with z ¢ V(z,y) and I,J € P(N) with I NJ = ¢.
Proof. Let I,J € P(N) with IN.J = ¢. From the inequality (3.6) and the following inequality

(a—b)%za%—b%zo for a>b>0,

we have
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B UJ,x,y,z)
1/2
— (sl - > el ;ux,eﬂz)ﬁ)
1/2
X(Mww—%;uﬁk é;%%l )
S CIYCEECREES WEREENE
> [(Joal? - ;|<x,ei|z>|2)l/2 - (;mejz)e)m}
| (el - > (y,eilzﬂ)m - (;<y,ej|z>|2)l/2]

LL’ y|Z Z' LL’ e’L ez,y|z) + Z|($,ej|z)(ej7y\z)

icl jedJ
> 0B, z,y,2) +alJ,z,y,2) — (I, J,x,y,2)

where

ot ) = (Jonst? = 3 I<y,eilz>|2)l/2 (z |<x,ej|z>|2>l/2

i€l jeJ
1/2 1/2
#(lesP = Tiwed?) (Slomerll)
i€l jeJ
for all z,y,z € X with z ¢ V(x,y). Hence, we have
(3'9) ﬁ(IU J71'7y7 Z) +1'11(177 J7 x?y’ Z) Z 6(17 x? y’ Z) +a(J7 :Z:’ y’ Z)'
By interchanging I and J in the inequality (3.9), we have
(3'10) B(JUI71‘7y’ Z) +ILL(J7 I":l:7 y7 z) Z /6)(']7'I7y, Z)+a(l"1:’ y7 z)'

Adding these inequalities (3.9) and (3.10), we have

(3 11) 25(1 U Ja z,Y, Z) + .[‘L(Iv J,l’,y, Z) + /U‘(Ja [axa yZ)
’ 2 ﬁ(I’ ‘/1:7 y? Z) + /6(J7 x? y7 Z) + a(I7 l‘? y’ Z) + a(J7 x? y’ z)'
Now, from Cauchy-Schwarz’s inequality in a 2-inner product space X we have

(3.12) wl, Joayy,2) + (1 2y, 2) < @2lly, 2l1P)V22lle, 2132 = 2|2, 2|y, =]

Thus, the inequalities (3.11) and (3.12) reduces to the desired inequality (3.8). This completes
the proof. (I
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