Hermite-Hadamard’s Type Inequalities for Convex
Functions of Selfadjoint Operators in Hilbert Spaces

S.S. Dragomir

ABSTRACT. Some Hermite-Hadamard’s type inequalities for convex functions
of selfadjoint operators in Hilbert spaces under suitable assumptions for the
involved operators are given. Applications in relation with the celebrated
Holder-McCarthy’s inequality for positive operators and Ky Fan’s inequality
for real numbers are given as well.

1. Introduction

If f: I — R is a convex function on the interval I, then for any a,b € I with
a # b we have the following double inequality

a b .
o f( ;b>§bia/a f(t)dtgw'

This remarkable result is well known in the literature as the Hermite-Hadamard
inequality [17].

For various generalizations, extensions, reverses and related inequalities, see
(1], [2], [9], [11], [13], [14], [15], [17] the monograph [8] and the references therein.

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)).
The Gelfand map establishes a *-isometrically isomorphism ® between the set
C (Sp (A)) of all continuous functions defined on the spectrum of A, denoted Sp (A4),
and the C*-algebra C* (A) generated by A and the identity operator 1y on H as
follows (see for instance [10, p. 3]):

For any f,g € C (Sp(A)) and any «, 8 € C we have

(i) @ (af +Bg) = a®(f) + B2 (g);

(i) @(fg)=®(f)®(g) and ®(f) =2 (f)";

(iil) (| () = 7]l := supresyay If (B

(iv)  ®(fo) = 1g and ®(f;) = A, where fy(t) = 1 and f; (t) = ¢, for
te Sp(A).

With this notation we define

f(A) = (f) forall feC(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.
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If A is a selfadjoint operator and f is a real valued continuous function on
Sp(A), then f(t) > 0 for any ¢ € Sp(A) implies that f(A4) > 0, 1g.e. f(A) is
a positive operator on H. Moreover, if both f and g are real valued functions on
Sp (A) then the following important property holds:

(P) f(t)>g(t) for any t € Sp(A) implies that f(A) > g (A4)

in the operator order of B (H).

Jensen’s inequality for convex functions is one of the most important result
in the Theory of Inequalities due to the fact that many other famous inequalities
are particular cases of this for appropriate choices of the function involved, see for
instance [20, p.].

The following result that provides an operator version for the Jensen inequality
for convex functions is due to Mond and Pecari¢ [21] (see also [10, p. 5]):

THEOREM 1 (Mond-Pecari¢, 1993, [21]). Let A be a selfadjoint operator on
the Hilbert space H and assume that Sp (A) C [m, M] for some scalars m, M with
m < M. If f is a convex function on [m, M|, then
(MP) f({Az,z)) < (f (A)z, )
for each x € H with ||z|| = 1.

The following reverse for the Mond-Pecari¢ inequality that generalizes the scalar

Lah-Ribari¢ inequality for convex functions is well known, see for instance [10, p.
57]:

THEOREM 2. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a convex function
on [m, M|, then

(L.1) (f(A)z,z) <
for each x € H with ||z|| = 1.

M — (Az,x)
M —m

(Az,x) —m

fm)+ 220

(M)

For a recent monograph devoted to various inequalities for functions of selfad-
joint operators, see [10] and the references therein. For other results, see [23], [16],
[22] and [19]. For recent results, see [4], [5], [6] and [7].

The main aim of the present paper is to establish some Hermite-Hadamard’s
type inequalities for convex functions. Applications in relation with the celebrated
Holder-McCarthy’s inequality for positive operators and Ky Fan’s inequality for
real numbers are given as well.

2. Some Inequalities for Convex Functions
The following inequality related to the Mond-Pecari¢ result also holds:

THEOREM 3. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M.
If f is a convex function on [m, M|, then

o LOELOD L (SO S M=), )
f({Az,z)) + f (m+ M — (Ax,x)) m+ M
e N
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for each x € H with ||z|| = 1.
In addition, if x € H with ||z|| = 1 and (Az,x) # LM then also

f((Az,2)) + f (m + M — (Az, z))

2
9 m+M—(Az,z) M
/ f(u)du>f<m+ )
(

B —
- M Az, ) JiAwa) 2

(2.2)

PROOF. Since f is convex on [m, M] then for each u € [m, M] we have the
inequalities

23 Jrof )+ S () 2 ] (Gt M) = 1)
and

M—u u—m M—-u u—m
24) G )+ = ) 2 f (G 4 )

If we add these two inequalities we get
fm)+ f(M) = f(u)+ f(M+m—u)

for any u € [m, M|, which, by the property (P) applied for the operator A, produces
the first inequality in (2.1).
By the Mond-Pecari¢ inequality (MP) we have

(f(m+M)1g —A)z,z) > f(m+ M — (Az,z)),

which together with (MP) produces the second inequality in (2.1).

The third part follows by the convexity of f.

In order to prove (2.2), we use the Hermite-Hadamard inequality for the convex
functions f and the choices a = (Az,z) and b=m + M — (Azx,x).

The proof is complete. O

REMARK 1. We observe that, from the inequality (2.1) we have the following
inequality in the operator order of B (H)

o5) [LELOD),, 5 SO AW o), (medY,,

where [ is a conver function on [m, M] and A a selfadjoint operator on the Hilbert
space H with Sp (A) C [m, M] for some scalars m, M with m < M.

The case of log-convex functions may be of interest for applications and there-
fore is stated in:

COROLLARY 1. If g is a log-convex function on [m, M], then

(2:6) Vg (m)g (M) = exp (In[g (4) g (m+ M) 1y — A))/*2,2)
>

> /g ({Az.2)) g (m + 3 — Az z)) g(

for each x € H with ||z| = 1.

m+ M
2
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In addition, if v € H with ||z|| = 1 and (Az,z) # E2 then also

(27) Vg (Az,2)) g (m+ M — (Az,x))

2 m+M—(Az,z) .Y
S s Ty 1 du| > '
explw_<Ax7$> /(Aw,x) ng(u) m g< 5 )

The following result also holds

THEOREM 4. Let A and B selfadjoint operators on the Hilbert space H and
assume that Sp (A),Sp (B) C [m, M] for some scalars m, M with m < M.
If f is a convex function on [m, M|, then

(2.8) f <<A ; Ba:,:17>>

% [f (1 =t) (A, z) + ¢ (B, x)) + [ (¢ (Az, ) + (1 — ) (B, )]

<

< <;[f((l—t)A+tB)+f(tA+(1—t)B)]x,x>

M—<A+—Bw x) <A+—Bcc x>—m
< — 2 7 A2 (M
<2 B ) L2 B T )
for any t € [0,1] and each v € H with ||z| = 1.
Moreover, we have the Hermite-Hadamard’s type inequalities:
1
(2.9) f <<A;Bac,x>> g/ F((1= 1) (Az,2) + t (Bx, ) dt
0
1
< <[/ f1—t A—i—tB)dt} :E,ac>
0
M7<A+—B:c :c> <A+—B:c :z:>fm
B N bl \To mE)—m
< S )+ LT

each x € H with ||z| = 1.
In addition, if we assume that B — A is a positive definite operator, then

(2.10) f <<A ! B.. x>> (B — A)z,z)

g/<<Bm’z>f<u)dug ((B—A)x,at)<[/Olf((l—t)Aﬁ—tB)dt} mx>

Az,z)
M — <A+—Bz, x>

(4520.2) ~m

M—m

2

<(B- M) | =52

f(m) +

yor].

PROOF. It is obvious that for any ¢ € [0, 1] we have Sp ((1 —t) A+tB),Sp(tA+ (1 —t)B) C
[m, M].
On making use of the Mond-Pecari¢ inequality (MP) we have

(2.11) F(—=t){(Az,z) +t(Bx,z)) < (f ((1 —t) A+tB)z,x)
and
(2.12) ft{Az,z) + (1 —t)(Bx,z)) < {(f(tA+ (1 —t)B)z,z)

for any ¢ € [0,1] and each x € H with ||z| = 1.
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Adding (2.11) with (2.12) and utilising the convexity of f we deduce the first
two inequalities in (2.8).
By the inequality (1.1) we also have

M — (1 —-1t){Az,z) — t (Bz,x)

(213) (f(1—t)A+iB)aa) < S - (m)
Jr(17t)<Ax,]:\E/[>ithrfo,x)fm.f(M)

and

(214) (fA+ (1) B)ra) < T HERD 20D BRD) 4,
+t<Am,x>+(]\14[:tgrfo7m>—m.f(M)

for any ¢ € [0,1] and each x € H with ||z| = 1.

Now, if we add the inequalities (2.13) with (2.14) and divide by two, we deduce
the last part in (2.8).

Integrating the inequality over ¢ € [0, 1], utilising the continuity property of
the inner product and the properties of the integral of operator-valued functions
we have

(2.15) f <<A JQF B, x>>

1 ! 1
=3 [/0 f<(1—t)<f4x’w>+t<Bx,w>)dt+/0 f(t(Az,z) + (1 —t) (Bx,x))dt}

< <; [/Olf((l—t)A+tB)dt+/01f(tA+(1—t)B)dt] x:c>
M — <Mm7m> <Ai2Bm,x> —-m

2 f(m)'i'wf(M)-

<
- M —m

Since

/f((l—t)(Am,z:>+t(Bx,x>)dt:/0 F(E(Az,2) + (1 — ) (B, 2)) dt

0

and ) )
/ f((lft)AthB)dt:/ ftA+ (1 —¢t)B)dt
0 0

then, by (2.15), we deduce the inequality (2.9).
The inequality (2.10) follows from (2.9) by observing that for (Bz,z) > (Ax, x)
we have

1 A Ba, ) dt — 1 PR
[ fa=o s sumama= ot [

Ax,z)

for each x € H with ||z| = 1. O
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REMARK 2. We observe that, from the inequalities (2.8) and (2.9) we have the
following inequalities in the operator order of B (H)

(216) L1 ((1-H)A+1B)+ [ (tA+ (1~ 1) B)]

M1y — ALB ALB gy

24 f(M)—2

A T “M-m

<
where [ is a convex function on [m, M| and A, B are selfadjoint operator on the
Hilbert space H with Sp (A), Sp(B) C [m, M] for some scalars m, M with m < M.

The case of log-convex functions is as follows:

COROLLARY 2. If g is a log-convex function on [m, M], then

2.17) ¢ (<A ; Bm,x>)

<Vg((1=1t)(Az,z) + t (Bz,x)) g (t (Az,z) + (1 — t) (Bz, x))

Sexp<;[lng((l—t)A—|—tB)—|—lng(tA—|—(1—t)B)}x,m>

M—<AJ§BI,I> A;Bz,z>—m

<g(m) g (M) v

for any t € [0,1] and each x € H with ||z| = 1.
Moreover, we have the Hermite-Hadamard’s type inequalities:

(2.18) ¢ <<A ; Bm7:c>)

< exp [/01 Ing ((1—1¢)(Ax,z) +t(Bzx,z)) dt}

§exp<[/ollng((1—t)A+tB)dt} xw>

Mo(AfPea)  (A4Be)om

S g (m) M—m g (M) M—m

for each x € H with ||z| = 1.
In addition, if we assume that B — A is a positive definite operator, then

((B—A)z,z) (Bz,x)
(2.19) ¢ <<A+Bx,x>) < exp l/ Ing(u) du]
2 (Az,x)

< exp {((B—A)x,x)<[/011ng((1—t)A+tB)dt} mﬂ

M7<#m,z> #z.m>77n

S [g (m) M—m g (M) M—m

~| (B—A)z,z)

for each x € H with ||z|| = 1.

From a different perspective we have the following result as well:
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THEOREM 5. Let A and B selfadjoint operators on the Hilbert space H and
assume that Sp (A),Sp(B) C [m, M] for some scalars m, M with m < M. If f is
a convex function on [m, M|, then

(2.20) f<<Ax’x>;r<By’y>)</o F (1= ) (Az,z) +t (By, 1)) di

< <[/01f((1—t)A+t<By,y> 1H)dt} xm>

< U7 (A)w2) + 1 (Byy))
< S U (2o + (£ (B)v.o)]
and
(2.21) f ((A:c,x) ;— (By,y>) < <f <A+<B2y,y>1H) a:,a:>

< <U01f((1_t)A+t<By,y> lH)dt} ”>

for each x,y € H with ||z| = ||y|| = 1.

PRrROOF. For a convex function f and any w,v € [m, M] and t € [0,1] we have
the double inequality:

22) £(“50) < 5U A= gut )4 f et -0 < 31 @+ 7]

Utilising the second inequality in (2.22) we have

(2.23) S[f((L=t)u+t(By,y)+f(tu+(1-1t)(Byy))

DN | =

|
S )+ £ (B, )]

for any u € [m, M|, t € [0,1] and y € H with |jy|| = 1.

Now, on aplying the property (P) to the inequality (2.23) for the operator A
we have

(2.24) S[(f((A=t)A+t(By,y))z z)+ (f @A+ (1—1)(By,y))z,z)]

[(f (A)z,z) + f ((By,y))]

N | =

<

N =

for any t € [0,1] and =,y € H with ||z|| = |ly|| = 1.
On applying the Mond-Pecari¢ inequality (MP) we also have

[f (1 =t)(Az,z) + t (By,y)) + f (t (Az,2) + (1 — t) (By,y))]
[(f (1 —=t) A+t(By,y) lu)z,x) + (f (tA+ (1 —1)(By,y) 1u) z,z)]

for any t € [0,1] and =,y € H with ||z|| = |ly|| = L.
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Now, integrating over ¢ on [0,1] the inequalities (2.24) and (2.25) and taking
into account that

/0(f((lft)A+t<By,y>1H)$’$>dt
:/0 (f(tA+ (1 —t)(By,y)1g)z,x)dt

= <{/01f((1—t)A+t<By,y> lH)dt} x,x>
and
(-0 (Aax) ¢ By dt = [ F(E(Avz) + (L 1) (By,g)) .
| |

we obtain the second and the third inequality in (2.20).
Further, on applying the Jensen integral inequality for the convex function f
we also have

1
/0 F (L= ) (Az,z) + t (By,y)) dt

> f (/ [(1— ) {Aw, @) +t (By,y)] dt)
:f(<Ax,m>—;<By,y>>

for each z,y € H with ||z| = ||y|| = 1, proving the first part of (2.20).
Now, on utilising the first part of (2.22) we can also state that

(2.26) f(“+<By’y>> L

> < S =tu+t(By,y)+ f(tut (1-1)(By,y))]

-2
for any u € [m, M], t € [0,1] and y € H with [jy|| = 1.
Further, on aplying the property (P) to the inequality (2.26) and for the oper-
ator A we get

) )

< U (=) A+ £(By,y) 1), 2) + (7 (t4+ (1~ 1) (By,v) Lir) )]

for each z,y € H with ||z| = ||ly|| = 1, which, by integration over ¢ in [0, 1] produces
the second inequality in (2.21). The first inequality is obvious. O

REMARK 3. It is important to remark that, from the inequalities (2.20) and
(2.21) we have the following Hermite-Hadamard’s type results in the operator order
of B(H) and for the convex function f:[m,M] — R

an) £ (B < [ p A+t By ) o

<

[f (A) + f ((By, y)) 1u]

N —
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for any y € H with ||y|| = 1 and any selfadjoint operators A, B with spectra in

[m, M].
In particular, we have from (2.27)

29) £ (I < [ - At Gy L)

<

[f (A) + F ((Ay, 9)) 1]

DN | =

for any y € H with ||y]| =1 and

(220)  f (‘4+2SIH> g/o FIO =) A+ tsly)dt < %[f (A) + £ (s) 1]
for any s € [m, M].

As a particular case of the above theorem we have the following refinement of
the Mond-Pecari¢ inequality:

COROLLARY 3. Let A be a selfadjoint operator on the Hilbert space H and
assume that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a convex
function on [m, M), then

(230) 1 ((Az,2)) < <f (W) x>

< <[/01f((1 —t) A+t (Azx, x) 1H)dt} x,x>
[(f(A)z,z) + [ ((Az,2))] < (f (A) 2, 7).

<

N

Finally, the case of log-convex functions is as follows:

COROLLARY 4. If g is a log-convex function on [m, M], then

(2.31) ¢ <<Ax’m> ; <By’y>> < exp [/01 Ing ((1—t)(Az,z) + t (By,y)) dt}

< exp<[/ollng((1 — ) A+t(By,y) lH)dt] ”>
< exp |5 [ (4) ) + g ()]

< oxp | g (4)0,2) + (g (B) 1)

(2.32) ¢ (<Ax’$> * <By’y>> < exp <lng <A+<B§/’y>1H) x$>

gexp<[/011ng((1—t)A+t(By,y) lH)dt} mx>
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and

(2.33) g ((Az,2)) < exp <lng (A”AWLI) ”>

2
Sexp<[/Ollng((l—t)A—i-t(Am,x) 1H)dt} a:x>

< exp [; [(ing (A)z,2) +Ing <<Ax,x>>]} < exp (Ing (4) 2, 2)

respectively, for each x € H with ||z|| = 1 and A, B selfadjoint operators with
spectra in [m, M] .

It is obvious that all the above inequalities can be applied for particular convex
or log-convex functions of interest. However, we will restrict ourselves to only a

few examples that are connected with famous results such as the Holder-McCarthy
inequality or the Ky Fan inequality.

3. Applications for Hélder-McCarthy’s Inequality

We have the following important inequality in Operator Theory that is well
known as the Holder-McCarthy inequality:

THEOREM 6 (Holder-McCarthy, 1967, [18]). Let A be a selfadjoint positive
operator on a Hilbert space H. Then

(i) (ATz,z) > (Ax,z)" for allT > 1 and x € H with ||z|| = 1;

(ii) (ATz,z) < (Az,x)" for all0 <r <1 and x € H with ||z| = 1;

(iii) If A is invertible, then (A~"z,x) > (Az,x)" " for allT > 0 and x € H
with ||z|| = 1.

We can improve the above result as follows:

PROPOSITION 1. Let A be a selfadjoint positive operator on a Hilbert space H.
If r > 1, then

6 < (AR ) )

< <[/01((1t)A+t<A:1:,x> 1H)Tdt} a:,x>

< - [(A"z,x) + (Az,2)"] < (A"z, 2)

N

for any x € H with ||z| = 1.
If 0 < r <1, then the inequalities reverse in (3.1).
If A is invertible and r > 0, then

(32) (Az,z)" < <<A+<A2“3>1H) - xm>

< <[/01((1—t)A+t<Ax,:c> 1H)’”dt} m7:c>

1 - -r -
< B [<A ac,x> + (Az, z) } < <A x,ac>
for any x € H with ||z| = 1.
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Follows from the inequality (2.31) applied for the power function.
Since the function g (t) = t~" for » > 0 is log-convex, then by utilising the
inequality (2.33) we can improve the Holder-McCarthy inequality as follows:

PROPOSITION 2. Let A be a selfadjoint positive operator on a Hilbert space H.
If A is invertible, then

(3.3) (Ax,z)"" <exp <ln (A+<A§’m>1H) x,m>

< exp<[/011n((1 —t)A+t(Azx,z) 1H)"’dt} a:x>

< exp B [<1n A_Tx,x> + In <A$,x)_T]] < exp <ln A", x>

for allr >0 and x € H with ||z| = 1.

Now, from a different perspective, we can state the following operator power
inequalities:

PROPOSITION 3. Let A be a selfadjoint operator with Sp (A) C [m, M] C [0, c0),
then

5.4 m”'—;M"' . <A"'+((m+é\4)1H—A)T%x>
< (Az, )" + (m+ M — (Az, z))" S <m+M)T
- 2 - 2

for each x € H with ||z|| =1 and r > 1.
If 0 < r < 1 then the inequalities reverse in (3.4).
If A is positive definite and r > 0, then

m- ;M* ><A +((m+ M)y — A) ”>

(3.5) ;

o (Az, )"+ (m+ M — (Az,z))"" S (m+M -
- 2 - 2
for each x € H with ||z|| = 1.

The proof follows by the inequality (2.1).
Finally we have:

PROPOSITION 4. Assume that A and B are selfadjoint operators with spectra
in [m, M] C [0,00) and x € H with |z|| =1 and such that (Az,z) # (Bz,z).
Ifr > 1 orr € (00,—1)U(—1,0) then we have

o0 ((*57) ) = o

< <{/01((1t)A+tB)Tdt} x,x>

A+B
<M— Ta:,x>mr+ m,w>—m
- M —m M —m

(ihes) =,
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If 0 < r < 1, then the inequalities reverse in (3.6).
If A and B are positive definite, then

o0 ((457)m) < G

< <U01((1—t)A+tB)1dt] mx>

N

M- (40)  (4800)—m
- (M-m)m (M —m)M

4. Applications for Ky Fan’s Inequality

Consider the function g : (0,1) — R, g (¢t) = (%)T ,7 > 0. Observe that for

the new function f: (0,1) — R, f (¢) =lng (¢) we have

7 72T(%_t)
=100 and f (75)77]52(1702 for t € (0,1)

showing that the function g is log-convex on the interval (O, %) .
If p; > 0 for i € {1,...,n} with 3. p; =1 and t; € (0,3) for i € {1,...,n},
then by applying the Jensen inequality for the convex function f (with » = 1) on

the interval (O, %) we get

i1 Diti - ti A\
(4.1) et T (1)
1-— Zi:l piti i1 1-— ti

which is the weighted version of the celebrated Ky Fan’s inequality, see [3, p. 3].
This inequality is equivalent with

= (1 —tz‘)pi > 11— piti
-1

t; Y piti

3

where p; > 0 for i € {1,...,n} with >/ ; p; =1and ¢; € (0,3) for i € {1,...,n}.
By the weighted arithmetic mean - geometric mean inequality we also have that

i=1 i=1 ¢

giving the double inequality

n n n n -1
(4.2) Zpi(l—t,-)t;lzH((l—ti)t;I)’“zsz-a—ti) (Zm) .
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PROPOSITION 5. Let A be a selfadjoint positive operator on a Hilbert space H.
If A is invertible and Sp (A) C (0, 3), then

r

(4.3) (<(1H — A)z,z) <Ax,x>*1)
<exp (I ([1g = A+ ((Lg — A)2,2) L] (A + Az, 2) 1) ") 2, 0)
< <exp Uol In (1= #) (1 — A) +{(1g — A) z,2) 1)
% (1= ) A+t (Az, z) lH)_l]Tdt] 5
< exp B [<1n (1 — A) A7 :vx> +In (<(1H ~ A)z,z) <Aw,x>1)r]]
< exp <1n (1 —A)A™Y]" m>

for any x € H with ||z| = 1.

It follows from the inequality (2.33) applied for the log-convex function g :

(0,1) >R, g(t) = ()", r > 0.

PROPOSITION 6. Assume that A is a selfadjoint operator with Sp (A) C (0, %)
and s € (0, %) Then we have the following inequality in the operator order of

B(H):
(44) W [[2~5) 1y — A (A+s1m)"']
< /0 tn ([0~ t) L — (1= ) AJ (L~ 1) A+ ts1) ") de

< % (ln (g —A) A +1n (1;3)T1H) .

If follows from the inequality (2.29) applied for the log-convex function g :

0,1) =R, g(t) = ()" ,r > 0.
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