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Abstract. Some Hermite-Hadamard�s type inequalities for convex functions
of selfadjoint operators in Hilbert spaces under suitable assumptions for the
involved operators are given. Applications in relation with the celebrated
Hölder-McCarthy�s inequality for positive operators and Ky Fan�s inequality
for real numbers are given as well.

1. Introduction

If f : I ! R is a convex function on the interval I; then for any a; b 2 I with
a 6= b we have the following double inequality

(HH) f

�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt � f (a) + f (b)

2
:

This remarkable result is well known in the literature as the Hermite-Hadamard
inequality [17].

For various generalizations, extensions, reverses and related inequalities, see
[1], [2], [9], [11], [13], [14], [15], [17] the monograph [8] and the references therein.

Let A be a selfadjoint linear operator on a complex Hilbert space (H; h:; :i) :
The Gelfand map establishes a �-isometrically isomorphism � between the set
C (Sp (A)) of all continuous functions de�ned on the spectrum of A; denoted Sp (A) ;
and the C�-algebra C� (A) generated by A and the identity operator 1H on H as
follows (see for instance [10, p. 3]):

For any f; g 2 C (Sp (A)) and any �; � 2 C we have
(i) � (�f + �g) = �� (f) + �� (g) ;
(ii) � (fg) = � (f) � (g) and �

�
�f
�
= �(f)

�
;

(iii) k� (f)k = kfk := supt2Sp(A) jf (t)j ;
(iv) � (f0) = 1H and � (f1) = A; where f0 (t) = 1 and f1 (t) = t; for

t 2 Sp (A) :
With this notation we de�ne

f (A) := � (f) for all f 2 C (Sp (A))
and we call it the continuous functional calculus for a selfadjoint operator A:
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If A is a selfadjoint operator and f is a real valued continuous function on
Sp (A), then f (t) � 0 for any t 2 Sp (A) implies that f (A) � 0; 1H :e: f (A) is
a positive operator on H: Moreover, if both f and g are real valued functions on
Sp (A) then the following important property holds:

(P) f (t) � g (t) for any t 2 Sp (A) implies that f (A) � g (A)
in the operator order of B (H) :

Jensen�s inequality for convex functions is one of the most important result
in the Theory of Inequalities due to the fact that many other famous inequalities
are particular cases of this for appropriate choices of the function involved, see for
instance [20, p.].

The following result that provides an operator version for the Jensen inequality
for convex functions is due to Mond and Peµcaríc [21] (see also [10, p. 5]):

Theorem 1 (Mond-Peµcaríc, 1993, [21]). Let A be a selfadjoint operator on
the Hilbert space H and assume that Sp (A) � [m;M ] for some scalars m;M with
m < M: If f is a convex function on [m;M ] ; then

(MP) f (hAx; xi) � hf (A)x; xi
for each x 2 H with kxk = 1:

The following reverse for the Mond-Peµcaríc inequality that generalizes the scalar
Lah-Ribaríc inequality for convex functions is well known, see for instance [10, p.
57]:

Theorem 2. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [m;M ] for some scalars m;M with m < M: If f is a convex function
on [m;M ] ; then

(1.1) hf (A)x; xi � M � hAx; xi
M �m � f (m) + hAx; xi �m

M �m � f (M)

for each x 2 H with kxk = 1:

For a recent monograph devoted to various inequalities for functions of selfad-
joint operators, see [10] and the references therein. For other results, see [23], [16],
[22] and [19]. For recent results, see [4], [5], [6] and [7].

The main aim of the present paper is to establish some Hermite-Hadamard�s
type inequalities for convex functions. Applications in relation with the celebrated
Hölder-McCarthy�s inequality for positive operators and Ky Fan�s inequality for
real numbers are given as well.

2. Some Inequalities for Convex Functions

The following inequality related to the Mond-Peµcaríc result also holds:

Theorem 3. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) � [m;M ] for some scalars m;M with m < M:

If f is a convex function on [m;M ] ; then

(2.1)
f (m) + f (M)

2
�
�
f (A) + f ((m+M) 1H �A)

2
x; x

�
� f (hAx; xi) + f (m+M � hAx; xi)

2
� f

�
m+M

2

�



HERMITE-HADAMARD�S TYPE INEQUALITIES 3

for each x 2 H with kxk = 1:
In addition, if x 2 H with kxk = 1 and hAx; xi 6= m+M

2 ; then also

(2.2)
f (hAx; xi) + f (m+M � hAx; xi)

2

� 2
m+M
2 � hAx; xi

Z m+M�hAx;xi

hAx;xi
f (u) du � f

�
m+M

2

�
:

Proof. Since f is convex on [m;M ] then for each u 2 [m;M ] we have the
inequalities

(2.3)
M � u
M �mf (m) +

u�m
M �mf (M) � f

�
M � u
M �mm+

u�m
M �mM

�
= f (u)

and

(2.4)
M � u
M �mf (M) +

u�m
M �mf (m) � f

�
M � u
M �mM +

u�m
M �mm

�
= f (M +m� u) :

If we add these two inequalities we get

f (m) + f (M) � f (u) + f (M +m� u)

for any u 2 [m;M ] ; which, by the property (P) applied for the operator A; produces
the �rst inequality in (2.1).

By the Mond-Peµcaríc inequality (MP) we have

hf ((m+M) 1H �A)x; xi � f (m+M � hAx; xi) ;

which together with (MP) produces the second inequality in (2.1).
The third part follows by the convexity of f:
In order to prove (2.2), we use the Hermite-Hadamard inequality for the convex

functions f and the choices a = hAx; xi and b = m+M � hAx; xi :
The proof is complete. �

Remark 1. We observe that, from the inequality (2.1) we have the following
inequality in the operator order of B (H)

(2.5)
�
f (m) + f (M)

2

�
1H �

f (A) + f ((m+M) 1H �A)
2

� f
�
m+M

2

�
1H ;

where f is a convex function on [m;M ] and A a selfadjoint operator on the Hilbert
space H with Sp (A) � [m;M ] for some scalars m;M with m < M:

The case of log-convex functions may be of interest for applications and there-
fore is stated in:

Corollary 1. If g is a log-convex function on [m;M ] ; then

(2.6)
p
g (m) g (M) � exp

D
ln [g (A) g ((m+M) 1H �A)]1=2 x; x

E
�
p
g (hAx; xi) g (m+M � hAx; xi) � g

�
m+M

2

�
for each x 2 H with kxk = 1:
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In addition, if x 2 H with kxk = 1 and hAx; xi 6= m+M
2 ; then also

(2.7)
p
g (hAx; xi) g (m+M � hAx; xi)

� exp
"

2
m+M
2 � hAx; xi

Z m+M�hAx;xi

hAx;xi
ln g (u) du

#
� g

�
m+M

2

�
:

The following result also holds

Theorem 4. Let A and B selfadjoint operators on the Hilbert space H and
assume that Sp (A) ; Sp (B) � [m;M ] for some scalars m;M with m < M:

If f is a convex function on [m;M ] ; then

(2.8) f

��
A+B

2
x; x

��
� 1

2
[f ((1� t) hAx; xi+ t hBx; xi) + f (t hAx; xi+ (1� t) hBx; xi)]

�
�
1

2
[f ((1� t)A+ tB) + f (tA+ (1� t)B)]x; x

�
�
M �



A+B
2 x; x

�
M �m f (m) +



A+B
2 x; x

�
�m

M �m f (M)

for any t 2 [0; 1] and each x 2 H with kxk = 1:
Moreover, we have the Hermite-Hadamard�s type inequalities:

(2.9) f

��
A+B

2
x; x

��
�
Z 1

0

f ((1� t) hAx; xi+ t hBx; xi) dt

�
��Z 1

0

f ((1� t)A+ tB) dt
�
x; x

�
�
M �



A+B
2 x; x

�
M �m f (m) +



A+B
2 x; x

�
�m

M �m f (M)

each x 2 H with kxk = 1:
In addition, if we assume that B �A is a positive de�nite operator, then

(2.10) f

��
A+B

2
x; x

��
h(B �A)x; xi

�
Z hBx;xi

hAx;xi
f (u) du � h(B �A)x; xi

��Z 1

0

f ((1� t)A+ tB) dt
�
x; x

�
� h(B �A)x; xi

"
M �



A+B
2 x; x

�
M �m f (m) +



A+B
2 x; x

�
�m

M �m f (M)

#
:

Proof. It is obvious that for any t 2 [0; 1] we have Sp ((1� t)A+ tB) ; Sp (tA+ (1� t)B) �
[m;M ] :

On making use of the Mond-Peµcaríc inequality (MP) we have

(2.11) f ((1� t) hAx; xi+ t hBx; xi) � hf ((1� t)A+ tB)x; xi
and

(2.12) f (t hAx; xi+ (1� t) hBx; xi) � hf (tA+ (1� t)B)x; xi
for any t 2 [0; 1] and each x 2 H with kxk = 1:
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Adding (2.11) with (2.12) and utilising the convexity of f we deduce the �rst
two inequalities in (2.8).

By the inequality (1.1) we also have

(2.13) hf ((1� t)A+ tB)x; xi � M � (1� t) hAx; xi � t hBx; xi
M �m � f (m)

+
(1� t) hAx; xi+ t hBx; xi �m

M �m � f (M)

and

(2.14) hf (tA+ (1� t)B)x; xi � M � t hAx; xi � (1� t) hBx; xi
M �m � f (m)

+
t hAx; xi+ (1� t) hBx; xi �m

M �m � f (M)

for any t 2 [0; 1] and each x 2 H with kxk = 1:
Now, if we add the inequalities (2.13) with (2.14) and divide by two, we deduce

the last part in (2.8).
Integrating the inequality over t 2 [0; 1], utilising the continuity property of

the inner product and the properties of the integral of operator-valued functions
we have

(2.15) f

��
A+B

2
x; x

��
� 1

2

�Z 1

0

f ((1� t) hAx; xi+ t hBx; xi) dt+
Z 1

0

f (t hAx; xi+ (1� t) hBx; xi) dt
�

�
�
1

2

�Z 1

0

f ((1� t)A+ tB) dt+
Z 1

0

f (tA+ (1� t)B) dt
�
x; x

�
�
M �



A+B
2 x; x

�
M �m f (m) +



A+B
2 x; x

�
�m

M �m f (M) :

SinceZ 1

0

f ((1� t) hAx; xi+ t hBx; xi) dt =
Z 1

0

f (t hAx; xi+ (1� t) hBx; xi) dt

and Z 1

0

f ((1� t)A+ tB) dt =
Z 1

0

f (tA+ (1� t)B) dt

then, by (2.15), we deduce the inequality (2.9).
The inequality (2.10) follows from (2.9) by observing that for hBx; xi > hAx; xi

we haveZ 1

0

f ((1� t) hAx; xi+ t hBx; xi) dt = 1

hBx; xi � hAx; xi

Z hBx;xi

hAx;xi
f (u) du

for each x 2 H with kxk = 1: �
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Remark 2. We observe that, from the inequalities (2.8) and (2.9) we have the
following inequalities in the operator order of B (H)

(2.16)
1

2
[f ((1� t)A+ tB) + f (tA+ (1� t)B)]

� f (m)
M1H � A+B

2

M �m + f (M)
A+B
2 �m1H
M �m ;

where f is a convex function on [m;M ] and A;B are selfadjoint operator on the
Hilbert space H with Sp (A) ; Sp (B) � [m;M ] for some scalars m;M with m < M:

The case of log-convex functions is as follows:

Corollary 2. If g is a log-convex function on [m;M ] ; then

(2.17) g

��
A+B

2
x; x

��
�
p
g ((1� t) hAx; xi+ t hBx; xi) g (t hAx; xi+ (1� t) hBx; xi)

� exp
�
1

2
[ln g ((1� t)A+ tB) + ln g (tA+ (1� t)B)]x; x

�
� g (m)

M�hA+B2 x;xi
M�m g (M)

hA+B2 x;xi�m
M�m

for any t 2 [0; 1] and each x 2 H with kxk = 1:
Moreover, we have the Hermite-Hadamard�s type inequalities:

(2.18) g

��
A+B

2
x; x

��
� exp

�Z 1

0

ln g ((1� t) hAx; xi+ t hBx; xi) dt
�

� exp
��Z 1

0

ln g ((1� t)A+ tB) dt
�
x; x

�
� g (m)

M�hA+B2 x;xi
M�m g (M)

hA+B2 x;xi�m
M�m

for each x 2 H with kxk = 1:
In addition, if we assume that B �A is a positive de�nite operator, then

(2.19) g

��
A+B

2
x; x

��h(B�A)x;xi
� exp

"Z hBx;xi

hAx;xi
ln g (u) du

#

� exp
�
h(B �A)x; xi

��Z 1

0

ln g ((1� t)A+ tB) dt
�
x; x

��

�
"
g (m)

M�hA+B2 x;xi
M�m g (M)

hA+B2 x;xi�m
M�m

#h(B�A)x;xi
for each x 2 H with kxk = 1:

From a di¤erent perspective we have the following result as well:
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Theorem 5. Let A and B selfadjoint operators on the Hilbert space H and
assume that Sp (A) ; Sp (B) � [m;M ] for some scalars m;M with m < M: If f is
a convex function on [m;M ] ; then

(2.20) f

�
hAx; xi+ hBy; yi

2

�
�
Z 1

0

f ((1� t) hAx; xi+ t hBy; yi) dt

�
��Z 1

0

f ((1� t)A+ t hBy; yi 1H) dt
�
x; x

�
� 1

2
[hf (A)x; xi+ f (hBy; yi)]

� 1

2
[hf (A)x; xi+ hf (B) y; yi]

and

(2.21) f

�
hAx; xi+ hBy; yi

2

�
�
�
f

�
A+ hBy; yi 1H

2

�
x; x

�
�
��Z 1

0

f ((1� t)A+ t hBy; yi 1H) dt
�
x; x

�
for each x; y 2 H with kxk = kyk = 1:

Proof. For a convex function f and any u; v 2 [m;M ] and t 2 [0; 1] we have
the double inequality:

(2.22) f

�
u+ v

2

�
� 1

2
[f ((1� t)u+ tv) + f (tu+ (1� t) v)] � 1

2
[f (u) + f (v)] :

Utilising the second inequality in (2.22) we have

(2.23)
1

2
[f ((1� t)u+ t hBy; yi) + f (tu+ (1� t) hBy; yi)]

� 1

2
[f (u) + f (hBy; yi)]

for any u 2 [m;M ], t 2 [0; 1] and y 2 H with kyk = 1:
Now, on aplying the property (P) to the inequality (2.23) for the operator A

we have

(2.24)
1

2
[hf ((1� t)A+ t hBy; yi)x; xi+ hf (tA+ (1� t) hBy; yi)x; xi]

� 1

2
[hf (A)x; xi+ f (hBy; yi)]

for any t 2 [0; 1] and x; y 2 H with kxk = kyk = 1:
On applying the Mond-Peµcaríc inequality (MP) we also have

(2.25)
1

2
[f ((1� t) hAx; xi+ t hBy; yi) + f (t hAx; xi+ (1� t) hBy; yi)]

� 1

2
[hf ((1� t)A+ t hBy; yi 1H)x; xi+ hf (tA+ (1� t) hBy; yi 1H)x; xi]

for any t 2 [0; 1] and x; y 2 H with kxk = kyk = 1:
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Now, integrating over t on [0; 1] the inequalities (2.24) and (2.25) and taking
into account thatZ 1

0

hf ((1� t)A+ t hBy; yi 1H)x; xi dt

=

Z 1

0

hf (tA+ (1� t) hBy; yi 1H)x; xi dt

=

��Z 1

0

f ((1� t)A+ t hBy; yi 1H) dt
�
x; x

�
and Z 1

0

f ((1� t) hAx; xi+ t hBy; yi) dt =
Z 1

0

f (t hAx; xi+ (1� t) hBy; yi) dt;

we obtain the second and the third inequality in (2.20).
Further, on applying the Jensen integral inequality for the convex function f

we also haveZ 1

0

f ((1� t) hAx; xi+ t hBy; yi) dt

� f
�Z 1

0

[(1� t) hAx; xi+ t hBy; yi] dt
�

= f

�
hAx; xi+ hBy; yi

2

�
for each x; y 2 H with kxk = kyk = 1, proving the �rst part of (2.20).

Now, on utilising the �rst part of (2.22) we can also state that

(2.26) f

�
u+ hBy; yi

2

�
� 1

2
[f ((1� t)u+ t hBy; yi) + f (tu+ (1� t) hBy; yi)]

for any u 2 [m;M ], t 2 [0; 1] and y 2 H with kyk = 1:
Further, on aplying the property (P) to the inequality (2.26) and for the oper-

ator A we get�
f

�
A+ hBy; yi 1H

2

�
x; x

�
� 1

2
[hf ((1� t)A+ t hBy; yi 1H)x; xi+ hf (tA+ (1� t) hBy; yi 1H)x; xi]

for each x; y 2 H with kxk = kyk = 1; which, by integration over t in [0; 1] produces
the second inequality in (2.21). The �rst inequality is obvious. �

Remark 3. It is important to remark that, from the inequalities (2.20) and
(2.21) we have the following Hermite-Hadamard�s type results in the operator order
of B (H) and for the convex function f : [m;M ]! R

(2.27) f

�
A+ hBy; yi 1H

2

�
�
Z 1

0

f ((1� t)A+ t hBy; yi 1H) dt

� 1

2
[f (A) + f (hBy; yi) 1H ]
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for any y 2 H with kyk = 1 and any selfadjoint operators A;B with spectra in
[m;M ] :

In particular, we have from (2.27)

(2.28) f

�
A+ hAy; yi 1H

2

�
�
Z 1

0

f ((1� t)A+ t hAy; yi 1H) dt

� 1

2
[f (A) + f (hAy; yi) 1H ]

for any y 2 H with kyk = 1 and

(2.29) f

�
A+ s1H

2

�
�
Z 1

0

f ((1� t)A+ ts1H) dt �
1

2
[f (A) + f (s) 1H ]

for any s 2 [m;M ] :

As a particular case of the above theorem we have the following re�nement of
the Mond-Peµcaríc inequality:

Corollary 3. Let A be a selfadjoint operator on the Hilbert space H and
assume that Sp (A) � [m;M ] for some scalars m;M with m < M: If f is a convex
function on [m;M ] ; then

(2.30) f (hAx; xi) �
�
f

�
A+ hAx; xi 1H

2

�
x; x

�
�
��Z 1

0

f ((1� t)A+ t hAx; xi 1H) dt
�
x; x

�
� 1

2
[hf (A)x; xi+ f (hAx; xi)] � hf (A)x; xi :

Finally, the case of log-convex functions is as follows:

Corollary 4. If g is a log-convex function on [m;M ] ; then

(2.31) g

�
hAx; xi+ hBy; yi

2

�
� exp

�Z 1

0

ln g ((1� t) hAx; xi+ t hBy; yi) dt
�

� exp
��Z 1

0

ln g ((1� t)A+ t hBy; yi 1H) dt
�
x; x

�
� exp

�
1

2
[hln g (A)x; xi+ ln g (hBy; yi)]

�
� exp

�
1

2
[hln g (A)x; xi+ hln g (B) y; yi]

�
and

(2.32) g

�
hAx; xi+ hBy; yi

2

�
� exp

�
ln g

�
A+ hBy; yi 1H

2

�
x; x

�
� exp

��Z 1

0

ln g ((1� t)A+ t hBy; yi 1H) dt
�
x; x

�
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and

(2.33) g (hAx; xi) � exp
�
ln g

�
A+ hAx; xi 1H

2

�
x; x

�
� exp

��Z 1

0

ln g ((1� t)A+ t hAx; xi 1H) dt
�
x; x

�
� exp

�
1

2
[hln g (A)x; xi+ ln g (hAx; xi)]

�
� exp hln g (A)x; xi

respectively, for each x 2 H with kxk = 1 and A;B selfadjoint operators with
spectra in [m;M ] :

It is obvious that all the above inequalities can be applied for particular convex
or log-convex functions of interest. However, we will restrict ourselves to only a
few examples that are connected with famous results such as the Hölder-McCarthy
inequality or the Ky Fan inequality.

3. Applications for Hölder-McCarthy�s Inequality

We have the following important inequality in Operator Theory that is well
known as the Hölder-McCarthy inequality:

Theorem 6 (Hölder-McCarthy, 1967, [18]). Let A be a selfadjoint positive
operator on a Hilbert space H. Then

(i) hArx; xi � hAx; xir for all r > 1 and x 2 H with kxk = 1;
(ii) hArx; xi � hAx; xir for all 0 < r < 1 and x 2 H with kxk = 1;
(iii) If A is invertible, then hA�rx; xi � hAx; xi�r for all r > 0 and x 2 H

with kxk = 1:
We can improve the above result as follows:

Proposition 1. Let A be a selfadjoint positive operator on a Hilbert space H.
If r > 1; then

(3.1) hAx; xir �
��

A+ hAx; xi 1H
2

�r
x; x

�
�
��Z 1

0

((1� t)A+ t hAx; xi 1H)r dt
�
x; x

�
� 1

2
[hArx; xi+ hAx; xir] � hArx; xi

for any x 2 H with kxk = 1:
If 0 < r < 1; then the inequalities reverse in (3.1).
If A is invertible and r > 0; then

(3.2) hAx; xi�r �
*�

A+ hAx; xi 1H
2

��r
x; x

+

�
��Z 1

0

((1� t)A+ t hAx; xi 1H)�r dt
�
x; x

�
� 1

2

h

A�rx; x

�
+ hAx; xi�r

i
�


A�rx; x

�
for any x 2 H with kxk = 1:
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Follows from the inequality (2.31) applied for the power function.
Since the function g (t) = t�r for r > 0 is log-convex, then by utilising the

inequality (2.33) we can improve the Hölder-McCarthy inequality as follows:

Proposition 2. Let A be a selfadjoint positive operator on a Hilbert space H:
If A is invertible, then

(3.3) hAx; xi�r � exp
*
ln

�
A+ hAx; xi 1H

2

��r
x; x

+

� exp
��Z 1

0

ln ((1� t)A+ t hAx; xi 1H)�r dt
�
x; x

�
� exp

�
1

2

h

lnA�rx; x

�
+ ln hAx; xi�r

i�
� exp



lnA�rx; x

�
for all r > 0 and x 2 H with kxk = 1:

Now, from a di¤erent perspective, we can state the following operator power
inequalities:

Proposition 3. Let A be a selfadjoint operator with Sp (A) � [m;M ] � [0;1);
then

(3.4)
mr +Mr

2
�
�
Ar + ((m+M) 1H �A)r

2
x; x

�
� hAx; xir + (m+M � hAx; xi)r

2
�
�
m+M

2

�r
for each x 2 H with kxk = 1 and r > 1:

If 0 < r < 1 then the inequalities reverse in (3.4).
If A is positive de�nite and r > 0; then

(3.5)
m�r +M�r

2
�
*
A�r + ((m+M) 1H �A)�r

2
x; x

+

� hAx; xi�r + (m+M � hAx; xi)�r

2
�
�
m+M

2

��r
for each x 2 H with kxk = 1:

The proof follows by the inequality (2.1).
Finally we have:

Proposition 4. Assume that A and B are selfadjoint operators with spectra
in [m;M ] � [0;1) and x 2 H with kxk = 1 and such that hAx; xi 6= hBx; xi :

If r > 1 or r 2 (1;�1) [ (�1; 0) then we have

(3.6)
��

A+B

2

�
x; x

�r
� 1

r + 1
� hAx; xi

r+1 � hBx; xir+1

hAx; xi � hBx; xi

�
��Z 1

0

((1� t)A+ tB)r dt
�
x; x

�
�
M �



A+B
2 x; x

�
M �m mr +



A+B
2 x; x

�
�m

M �m Mr:



12 S.S. DRAGOMIR

If 0 < r < 1; then the inequalities reverse in (3.6).
If A and B are positive de�nite, then

(3.7)
��

A+B

2

�
x; x

��1
� ln hBx; xi � ln hAx; xi

hBx; xi � hAx; xi

�
��Z 1

0

((1� t)A+ tB)�1 dt
�
x; x

�
�
M �



A+B
2 x; x

�
(M �m)m +



A+B
2 x; x

�
�m

(M �m)M :

4. Applications for Ky Fan�s Inequality

Consider the function g : (0; 1) ! R, g (t) =
�
1�t
t

�r
; r > 0: Observe that for

the new function f : (0; 1)! R, f (t) = ln g (t) we have

f 0 (t) =
�r

t (1� t) and f
00 (t) =

2r
�
1
2 � t

�
t2 (1� t)2

for t 2 (0; 1)

showing that the function g is log-convex on the interval
�
0; 12
�
:

If pi > 0 for i 2 f1; :::; ng with
Pn

i=1 pi = 1 and ti 2
�
0; 12
�
for i 2 f1; :::; ng ;

then by applying the Jensen inequality for the convex function f (with r = 1) on
the interval

�
0; 12
�
we get

(4.1)

Pn
i=1 piti

1�
Pn

i=1 piti
�

nY
i=1

�
ti

1� ti

�pi
;

which is the weighted version of the celebrated Ky Fan�s inequality, see [3, p. 3].
This inequality is equivalent with

nY
i=1

�
1� ti
ti

�pi
� 1�

Pn
i=1 pitiPn

i=1 piti
;

where pi > 0 for i 2 f1; :::; ng with
Pn

i=1 pi = 1 and ti 2
�
0; 12
�
for i 2 f1; :::; ng :

By the weighted arithmetic mean - geometric mean inequality we also have that

nX
i=1

pi (1� ti) t�1i �
nY
i=1

�
1� ti
ti

�pi
giving the double inequality

(4.2)
nX
i=1

pi (1� ti) t�1i �
nY
i=1

�
(1� ti) t�1i

�pi � nX
i=1

pi (1� ti)
 

nX
i=1

piti

!�1
:
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Proposition 5. Let A be a selfadjoint positive operator on a Hilbert space H:
If A is invertible and Sp (A) �

�
0; 12
�
; then

(4.3)
�
h(1H �A)x; xi hAx; xi�1

�r
� exp

D
ln
�
[1H �A+ h(1H �A)x; xi 1H ] (A+ hAx; xi 1H)�1

�r
x; x

E
�
�
exp

�Z 1

0

[ln ((1� t) (1H �A) + t h(1H �A)x; xi 1H)

� ((1� t)A+ t hAx; xi 1H)�1
ir
dt
i
x; x

E
� exp

�
1

2

hD
ln
�
(1H �A)A�1

�r
x; x

E
+ ln

�
h(1H �A)x; xi hAx; xi�1

�ri�
� exp

D
ln
�
(1H �A)A�1

�r
x; x

E
for any x 2 H with kxk = 1:

It follows from the inequality (2.33) applied for the log-convex function g :
(0; 1)! R, g (t) =

�
1�t
t

�r
; r > 0:

Proposition 6. Assume that A is a selfadjoint operator with Sp (A) �
�
0; 12
�

and s 2
�
0; 12
�
: Then we have the following inequality in the operator order of

B (H):

(4.4) ln
h
[(2� s) 1H �A] (A+ s1H)�1

i
�
Z 1

0

ln
�
[(1� ts) 1H � (1� t)A] ((1� t)A+ ts1H)�1

�
dt

� 1

2

�
ln
�
(1H �A)A�1

�r
+ ln

�
1� s
s

�r
1H

�
:

If follows from the inequality (2.29) applied for the log-convex function g :
(0; 1)! R, g (t) =

�
1�t
t

�r
; r > 0:
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