COMPARISON BETWEEN FUNCTIONS OF SELFADJOINT
OPERATORS IN HILBERT SPACES AND INTEGRAL MEANS

S.S. DRAGOMIR

ABSTRACT. Comparison between functions of selfadjoint operators in Hilbert
spaces and integral means under suitable conditions for the functions and
operators involved are given. Applications for particular instances of interest
are provided as well.

1. SCALAR OSTROWSKI'S TYPE INEQUALITIES

In the scalar case, comparison between functions and integral means are incor-
porated in Ostrowski type inequalities as mentioned below.

The first result in this direction is known in the literature as Ostrowski’s inequal-
ity [29].

Theorem 1. Let f : [a,b] — R be a differentiable mapping on (a,b) with the
property that |f' (t)| < M for allt € (a,b). Then
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for all x € [a,b].

The constant i is the best possible in the sense that it cannot be replaced by a

smaller quantity.
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The following Ostrowski type result for absolutely continuous functions holds
(see [17] — [19)).

Theorem 2. Let f : [a,b] — R be absolutely continuous on [a,b]. Then, for all
x € [a,b], we have:
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where ||-||,. (r € [1,00]) are the usual Lebesgue norms on L, [a,b], i.e.,

gl :=ess sup |g(t)]
t€la,b]

lall, - (/w |ﬁ>,reww>

respectively are sharp in the sense presented in

and

1
1
(p+1)7

The constants i, %

Theorem 1.

The above inequalities can also be obtained from the Fink result in [20] on
choosing n = 1 and performing some appropriate computations.

If one drops the condition of absolute continuity and assumes that f is Holder
continuous, then one may state the result (see for instance [15] and the references
therein for earlier contributions):

Theorem 3. Let f: [a,b] — R be of r — H—Hoélder type, i.c.,
(1.3) [f @)= fWI < Hlz—yl", for all z,y € [ab],
where r € (0,1] and H > 0 are fived. Then, for all x € [a,b], we have the inequality:

1 b
1.4 — t)dt
(14) f@ 5= [ 10
H b—az\ z—a\ ! .
—r+1 (b—a) +(b—a) (b—a).
The constant m 18 also sharp in the above sense.

Note that if » = 1, i.e., f is Lipschitz continuous, then we get the following
version of Ostrowski’s inequality for Lipschitzian functions (with L instead of H)
(see for instance [8])

b
(15) P@%wia/fﬁmté

Here the constant i is also best.
Moreover, if one drops the condition of the continuity of the function, and as-
sumes that it is of bounded variation, then the following result may be stated (see

[4])-

Theorem 4. Assume that f : [a,b] — R is of bounded variation and denote by
b
V (f) its total variation. Then

a

b
(16) |ﬂ@bfa/f@Mt

for all x € [a,b)].
The constant % 18 the best possible.

T — a+b

<

Ty

If we assume more about f, i.e., f is monotonically increasing, then the inequality
(1.6) may be improved in the following manner [7] (see also the monograph [16]).
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Theorem 5. Let f : [a,b] — R be monotonic nondecreasing. Then for all x € [a,b],
we have the inequality:

b
(17) ‘f(x) S e G

b
Sbia{[Qﬂf(aer)]f(w)Jr/a Sgn(ta:)f(t)dt}
<A @@l @) - F@)+ 6D B - F@)])

1 :z:—“T‘H’
§l2+ — ][f(b)—f(a)].

All the inequalities in (1.7) are sharp and the constant % 1s the best possible.

For other scalar Ostrowski’s type inequalities, see [1]-[2] and [9].

In order to extend the above results for functions of selfadjoint operators in
Hilbert spaces we need some preparations as follows.

Let U be a selfadjoint operator on the complex Hilbert space (H, (.,.)) with the
spectrum Sp (U) included in the interval [m, M] for some real numbers m < M and
let {E)}, be its spectral family. Then for any continuous function f : [m, M] — R,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral:

M

(18) (f (U)z,9) = / F N d(Exz.y)).

m—0

for any x,y € H. The function g, , (A) := (Exx,y) is of bounded variation on the
interval [m, M] and

9xy (m —0) =0 and Jz,y (M) = (z,y)

for any x,y € H. It is also well known that g, (\) := (E\z, ) is monotonic nonde-
creasing and right continuous on [m, M].

2. OSTROWSKI'S TYPE VECTOR INEQUALITIES

The following result holds:

Theorem 6. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M and let {E\}, be its spectral
family. If f : [m, M] — C is a continuous function of bounded variation on [m, M],
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then we have the inequality

M
(21) @) g | PO (F (W)
1 Y 1/2 1/2
< M—m\n{(f)telﬁi’&] {(M—t) (Byx,z)"? (By, y)

+(t=m) (1 — B)a.2)* (1 — B y.y)' |

M
<l Iyl \/ (f)

for any x,y € H.

Proof. Assume that f : [m,M] — C is a continuous function on [m, M]. Then

under the assumptions of the theorem for A and {E)},, we have the following
representation

1

M
(22) <xy>M /f()ds—<f(A)w,y>

M _ M —t)Ey+ (t —m) (B — 1) 2, y) df (£)

for any z,y € H.

Indeed, integrating by parts in the Riemann-Stieltjes integral and using the
spectral representation (1.8) we have

e [ 0T 0 Bt (= m) (B~ ) 2a) df 1)

m—0

= [" (B - ) a0

- <<Etx,y> - ]\Zi_ﬂ:n <w,y>) f(t)‘:jo
_ mMOf( t)d <<Etx,y> - ;[_ﬂ; <x,y>>

M M
F () d (B y) + ()~ /f(t)dt

m—0 M—m

>M_m/m £ (0 d = (f (A),)

for any x,y € H and the equality (2.2) is proved.
It is well known that if p : [a,b] — C is a continuous function and v : [a,b] — C is

of bounded variation, then the Riemann-Stieltjes integral f p(t
the following inequality holds

/ab () dv (1) <

= (z,y

) dv (t) exists and

b

max p (¢ )I\a/(v)
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b
where \/ (v) denotes the total variation of v on [a, b].
Utilising this property we have from (2.2) that

1

(23) o [ T (W)

(z,y)

M

< S e O =0 Bt (6= m) (B~ 1)]2.9)| /()

m

for any z,y € H.
Now observe that

(2.4) (M =) Bt + (t —m) (B — 1u)] z, y)|
= (M =) (Ez,y) + (t = m) ((EB; — 1u) 2,y)]
< (M =t) (B, y)| + (¢ —m) [(Ey — 1) z,y)]

for any xz,y € H and t € [m, M].
If P is a nonnegative operator on H, i.e., (Pz,z) > 0 for any « € H, then the
following inequality is a generalization of the Schwarz inequality in H

(2.5) |(Pa,y)* < (Pz,x) (Py,y)

for any z,y € H.
On applying the inequality (2.5) we have

(26) (M —t)|(E, )| + (¢t — m) |((E; — 1u) 2, v)]
< (M —t) (B, 2)"* (By, )"/
+(t—m) (g — B)z,2)* (1 — B y,y)?
<max{M —t,t —m}
x| (B, a) " (B, ) + {1y — B, 2)? (1y — By
<max{M —t,t —m}

x [(Eyz,z) + (g — BEy) gg,xﬂl/z [(Ewy,y) + (1 — Ey) y,y)]1/2
=max {M —t,t —m} |lz|| [[y]l,

where for the last inequality we used the elementary fact
2.7) arbs +azby < (a3 +a3) " (12 +13)"/?

that holds for ay, b1, as, ba positive real numbers.
Utilising the inequalities (2.3), (2.4) and (2.6) we deduce the desired result (2.1).
O

The case of Lipschitzian functions is embodied in the following result:

Theorem 7. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M and let {Ex}, be its spectral
family. If f : [m,M] — C is a Lipschitzian function with the constant L > 0 on
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[m, M], then we have the inequality

M
(28) @) g | TG ds = (f(A)ay)

n

M
st 010 )

= m) (L = B a,a) (1~ B ) de

<

< LM —m) [l [yl
for any x,y € H.

Proof. Tt is well known that if p : [a,b] — C is a Riemann integrable function and
v : [a,b] — C is Lipschitzian with the constant L > 0, i.e.,

[f(s)—f @) < Ll|s—t| for any ¢,s € [a,b],

then the Riemann-Stieltjes integral f;) p(t) dv (t) exists and the following inequality
holds

b b
/p(t)dv(t) SL/ p (t)] dt.

Now, on applying this property of the Riemann-Stieltjes integral, we have from
the representation (2.2) that

M
@) e | F©ds = (F (o)

L
M—m

(2.9)

< | =0 Bt = m) (B = 1))

Since, from the proof of Theorem 6, we have
(2.10) (M =) By + (t —m) (B — 1u)] =, y)]
< (M —t) (B, )" (Byy, )"/

+(t—m) (1g — B)w,a)* (1 — B y,)'?
< max {M — t,t —m} |lz|| |yl

1 m+ M
=[5 0r=my+ o= 22 ot )

for any z,y € H and t € [m, M], then integrating (2.10) and taking into account

that
M
m+ M 1 2
t— dt =— (M —
I
we deduce the desired result (2.8). O

Finally for the section, we provide here the case of monotonic nondecreasing
functions as well:
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Theorem 8. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M and let {Ex}, be its spectral
family. If f : [m, M] — R is a continuous monotonic nondecreasing function on
[m, M), then we have the inequality

M
1) e g [ @ ds = (f (A)n)
Se—— (M =) (i, 2)'" (Eiy,y)'?
7M7m b )

m—0

+(t=m){(ln = B o, 0} (1w = B y,w)' ] df (@)

M
[f (01) = ) = g [ s (1= ) 10 dt] I ]
< [ () — £ ()] ) o]

IN

for any x,y € H.

Proof. From the theory of Riemann-Stieltjes integral is well known that if p :
[a,b] — C is of bounded variation and v : [a,b] — R is continuous and monotonic

nondecreasing, then the Riemann-Stieltjes integrals f p(t)dv (t) and f Ip ()] dv (t)

exist and
b b
/ p(H)dv(t)| < / 1p ()] do (£)

Now, on applying this property of the Riemann-Stieltjes integral, we have from the
representation (2.2) that

1

M
(212) - m/ 7 (8)ds — (F (A),)

(z,y)

<o [ M =) B (- m) (B = L)l dF ().

Further on, by utilizing the inequality (2.10) we also have that

M
(2.13) / B (M —t) By + (t = m) (B — 1g)] 2, y)| df (t)
M
/ B ) (B, ) (B, y)'/*

(=) (1 = B w,2)' (L = B yo) 2] ar (1)

M m
[; ron - o+ [ o= "5 g ]nxnnm

IN

m
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Now, integrating by parts in the Riemann-Stieltjes integral we have

[ =¥

m 2
B m M M m+ M
:/m ( : —t>df(t)+/m;M<t— . )df(t)
:(m—;M—t)f(t)‘Q-i-/Qf(t)dt
m+ M M M
+(t— d >f(t)m+M—/m§M 1) dt
M
3 0= a0 = £ - [ son (0= "5 )

which together with (2.13) produces the second inequality in (2.11).
Since the functions sgn ( — #) and f (-) have the same monotonicity, then
by the Cebysev inequality we have

/Msgn (t— m;M>f(t)dt

1 M m+ M M
> t— dt t)dt =0
_Mm/mSgn< 2 ) /mf<)
and the last part of (2.11) is proved. (]

3. APPLICATIONS FOR PARTICULAR FUNCTIONS

It is obvious that the above results can be applied for various particular functions.
However, we will restrict here only to the power and logarithmic functions.

1. Consider now the power function f : (0,00) — R, f (¢) = t? with p > 0. This
function is monotonic increasing on (0,00) and applying Theorem 8 we can state
the following proposition:

Proposition 1. Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers 0 < m < M and let {E\}, be its
spectral family. Then for any x,y € H we have the inequalities

MPTL _ ppt1

(3.1) ‘<A”x,y> - m (z,y)

< —F /M[wftmazm”%mymm
_M—m "0 ) i

Yt —m) (g — Bz, a)? (g — By, y>1/2} =Lt

MPHY 4P tl —9p (M + m)P T
< lMp—mP— [yl -

(p+1) (M —m)

On applying now Theorem 7 to the same power function, then we can state the
following result as well:
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Proposition 2. With the same assumptions from Proposition 1 we have

MPFL —

(32) ‘<Ap$7?/> - m (x,y)‘
< 1) (EBw,2)"? (Buy,y)
+@7m«m;Emmw“mﬂfawﬂW2ﬁ
3

< 2B, (M —m) [l 1y

for any x,y € H, where

MP—1 ifp>1
B, =px
mP~l ifo<p<1,m>0.
The case of negative powers except p = —1 goes likewise and we omit the details.
Now, if we apply Theorem 8 and 7 for the increasing function f (¢) = f% with

t > 0, then we can state the following proposition:

Proposition 3. Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers 0 < m < M and let {E\}, be its
spectral family. Then for any x,y € H we have the inequalities

lnM—lnm

(3.3) ‘(A z, >— <,y>’

< M - ) (B, x) 1/2 <Ety,y>1/2

+(t—m) ((lH — E) x,x)1/2 (g — Ey) y,y>1/2 t2dt

M_m [(m'gM)Q] —In (mM)
<|Mom 2LE T el s

InM —1Inm

(3.4) ‘<A‘1x, V)~ o

(, y)‘

1 M )
< = [, (40 (B B
‘H“WQWH*@MJW%OH*&WWWﬂﬁ
3M—m
< -
4

2. Now, if we apply Theorems 8 and 7 to the function f : (0,00) — R, f (t) = Int,
then we can state

Proposition 4. Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers 0 < m < M and let {E\}, be its
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spectral family. Then for any x,y € H we have the inequalities

(3.5) [(In Az, y) — (x,y) In T (m, M)]

1
P
—M-m

(e =m) (1~ B )7 (Ln — Br) )"t

M

<[ (2) - I&fiﬁ? Il |
and
(3.6) (In Az, y) — (z,y) In I (m, M)|
< 1/M [(M—t) (Eyx,2)'/* (Byy, y) '/
m(M—m) J,_o

+(t—m) (1 — Ee)z,2)* (Llg — Ee)y, )"/ dt

3 (M
<2 (=-1
<3 (5= 1) el

where I (m, M) is the identric mean of m and M and is defined by

(1]

2]

[10]

[11]

L/ pM M )
T =1 (30) .

e \ mm
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