
COMPARISON BETWEEN FUNCTIONS OF SELFADJOINT
OPERATORS IN HILBERT SPACES AND INTEGRAL MEANS

S.S. DRAGOMIR

Abstract. Comparison between functions of selfadjoint operators in Hilbert
spaces and integral means under suitable conditions for the functions and
operators involved are given. Applications for particular instances of interest
are provided as well.

1. Scalar Ostrowski�s Type Inequalities

In the scalar case, comparison between functions and integral means are incor-
porated in Ostrowski type inequalities as mentioned below.
The �rst result in this direction is known in the literature as Ostrowski�s inequal-

ity [29].

Theorem 1. Let f : [a; b] ! R be a di¤erentiable mapping on (a; b) with the
property that jf 0 (t)j �M for all t 2 (a; b). Then

(1.1)

�����f (x)� 1

b� a

Z b

a

f (t) dt

����� �
"
1

4
+

�
x� a+b

2

�2
(b� a)2

#
(b� a)M

for all x 2 [a; b].
The constant 1

4 is the best possible in the sense that it cannot be replaced by a
smaller quantity.

The following Ostrowski type result for absolutely continuous functions holds
(see [17] �[19]).

Theorem 2. Let f : [a; b] ! R be absolutely continuous on [a; b]. Then, for all
x 2 [a; b], we have:

(1.2)

�����f (x)� 1

b� a

Z b

a

f (t) dt

�����

�

8>>>>>>>>>><>>>>>>>>>>:

�
1
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�
x� a+b

2

b�a
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(b� a) kf 0k1 if f 0 2 L1 [a; b] ;

1

(p+1)
1
p

��
x�a
b�a

�p+1
+
�
b�x
b�a

�p+1� 1p
(b� a)

1
p kf 0kq if f 0 2 Lq [a; b] ;

1
p +

1
q = 1; p > 1;h

1
2 +

���x� a+b
2

b�a

���i kf 0k1 ;
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where k�kr (r 2 [1;1]) are the usual Lebesgue norms on Lr [a; b], i.e.,
kgk1 := ess sup

t2[a;b]
jg (t)j

and

kgkr :=
 Z b

a

jg (t)jr dt
! 1

r

; r 2 [1;1):

The constants 1
4 ,

1

(p+1)
1
p
and 1

2 respectively are sharp in the sense presented in

Theorem 1.

The above inequalities can also be obtained from the Fink result in [20] on
choosing n = 1 and performing some appropriate computations.
If one drops the condition of absolute continuity and assumes that f is Hölder

continuous, then one may state the result (see for instance [15] and the references
therein for earlier contributions):

Theorem 3. Let f : [a; b]! R be of r �H�Hölder type, i.e.,
(1.3) jf (x)� f (y)j � H jx� yjr ; for all x; y 2 [a; b] ;
where r 2 (0; 1] and H > 0 are �xed. Then, for all x 2 [a; b] ; we have the inequality:�����f (x)� 1

b� a

Z b

a

f (t) dt

�����(1.4)

� H

r + 1

"�
b� x
b� a

�r+1
+

�
x� a
b� a

�r+1#
(b� a)r :

The constant 1
r+1 is also sharp in the above sense.

Note that if r = 1, i.e., f is Lipschitz continuous, then we get the following
version of Ostrowski�s inequality for Lipschitzian functions (with L instead of H)
(see for instance [8])

(1.5)

�����f (x)� 1

b� a

Z b

a

f (t) dt

����� �
241
4
+

 
x� a+b

2

b� a

!235 (b� a)L:
Here the constant 14 is also best.
Moreover, if one drops the condition of the continuity of the function, and as-

sumes that it is of bounded variation, then the following result may be stated (see
[4]).

Theorem 4. Assume that f : [a; b] ! R is of bounded variation and denote by
bW
a
(f) its total variation. Then

(1.6)

�����f (x)� 1

b� a

Z b

a

f (t) dt

����� �
"
1

2
+

�����x� a+b
2

b� a

�����
#

b_
a

(f)

for all x 2 [a; b].
The constant 12 is the best possible.

If we assume more about f , i.e., f is monotonically increasing, then the inequality
(1.6) may be improved in the following manner [7] (see also the monograph [16]).
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Theorem 5. Let f : [a; b]! R be monotonic nondecreasing. Then for all x 2 [a; b],
we have the inequality:

�����f (x)� 1

b� a

Z b

a

f (t) dt

�����(1.7)

� 1

b� a

(
[2x� (a+ b)] f (x) +

Z b

a

sgn (t� x) f (t) dt
)

� 1

b� a f(x� a) [f (x)� f (a)] + (b� x) [f (b)� f (x)]g

�
"
1

2
+

�����x� a+b
2

b� a

�����
#
[f (b)� f (a)] :

All the inequalities in (1.7) are sharp and the constant 12 is the best possible.

For other scalar Ostrowski�s type inequalities, see [1]-[2] and [9].
In order to extend the above results for functions of selfadjoint operators in

Hilbert spaces we need some preparations as follows.
Let U be a selfadjoint operator on the complex Hilbert space (H; h:; :i) with the

spectrum Sp (U) included in the interval [m;M ] for some real numbers m < M and
let fE�g� be its spectral family. Then for any continuous function f : [m;M ]! R,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral:

(1.8) hf (U)x; yi =
Z M

m�0
f (�) d (hE�x; yi) ;

for any x; y 2 H: The function gx;y (�) := hE�x; yi is of bounded variation on the
interval [m;M ] and

gx;y (m� 0) = 0 and gx;y (M) = hx; yi

for any x; y 2 H: It is also well known that gx (�) := hE�x; xi is monotonic nonde-
creasing and right continuous on [m;M ].

2. Ostrowski�s Type Vector Inequalities

The following result holds:

Theorem 6. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) � [m;M ] for some real numbers m < M and let fE�g� be its spectral
family. If f : [m;M ]! C is a continuous function of bounded variation on [m;M ],
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then we have the inequality�����hx; yi 1

M �m

Z M

m

f (s) ds� hf (A)x; yi
�����(2.1)

� 1

M �m

M_
m

(f) max
t2[m;M ]

h
(M � t) hEtx; xi1=2 hEty; yi1=2

+(t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2
i

� kxk kyk
M_
m

(f)

for any x; y 2 H:

Proof. Assume that f : [m;M ] ! C is a continuous function on [m;M ] : Then
under the assumptions of the theorem for A and fE�g� ; we have the following
representation

hx; yi 1

M �m

Z M

m

f (s) ds� hf (A)x; yi(2.2)

=
1

M �m

Z M

m�0
h[(M � t)Et + (t�m) (Et � 1H)]x; yi df (t)

for any x; y 2 H:
Indeed, integrating by parts in the Riemann-Stieltjes integral and using the

spectral representation (1.8) we have

1

M �m

Z M

m�0
h[(M � t)Et + (t�m) (Et � 1H)]x; yi df (t)

=

Z M

m�0

�
hEtx; yi �

t�m
M �m hx; yi

�
df (t)

=

�
hEtx; yi �

t�m
M �m hx; yi

�
f (t)

����M
m�0

�
Z M

m�0
f (t) d

�
hEtx; yi �

t�m
M �m hx; yi

�
= �

Z M

m�0
f (t) d hEtx; yi+ hx; yi

1

M �m

Z M

m

f (t) dt

= hx; yi 1

M �m

Z M

m

f (t) dt� hf (A)x; yi

for any x; y 2 H and the equality (2.2) is proved.
It is well known that if p : [a; b]! C is a continuous function and v : [a; b]! C is

of bounded variation, then the Riemann-Stieltjes integral
R b
a
p (t) dv (t) exists and

the following inequality holds�����
Z b

a

p (t) dv (t)

����� � max
t2[a;b]

jp (t)j
b_
a

(v)
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where
b_
a

(v) denotes the total variation of v on [a; b] :

Utilising this property we have from (2.2) that�����hx; yi 1

M �m

Z M

m

f (s) ds� hf (A)x; yi
�����(2.3)

� 1

M �m max
t2[m;M ]

jh[(M � t)Et + (t�m) (Et � 1H)]x; yij
M_
m

(f)

for any x; y 2 H:
Now observe that

jh[(M � t)Et + (t�m) (Et � 1H)]x; yij(2.4)

= j(M � t) hEtx; yi+ (t�m) h(Et � 1H)x; yij
� (M � t) jhEtx; yij+ (t�m) jh(Et � 1H)x; yij

for any x; y 2 H and t 2 [m;M ] :
If P is a nonnegative operator on H; i.e., hPx; xi � 0 for any x 2 H; then the

following inequality is a generalization of the Schwarz inequality in H

(2.5) jhPx; yij2 � hPx; xi hPy; yi

for any x; y 2 H:
On applying the inequality (2.5) we have

(M � t) jhEtx; yij+ (t�m) jh(Et � 1H)x; yij(2.6)

� (M � t) hEtx; xi1=2 hEty; yi1=2

+ (t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2

� max fM � t; t�mg

�
h
hEtx; xi1=2 hEty; yi1=2 + h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2

i
� max fM � t; t�mg

� [hEtx; xi+ h(1H � Et)x; xi]1=2 [hEty; yi+ h(1H � Et) y; yi]1=2

= max fM � t; t�mg kxk kyk ;

where for the last inequality we used the elementary fact

(2.7) a1b1 + a2b2 �
�
a21 + a

2
2

�1=2 �
b21 + b

2
2

�1=2
that holds for a1; b1; a2; b2 positive real numbers.
Utilising the inequalities (2.3), (2.4) and (2.6) we deduce the desired result (2.1).

�

The case of Lipschitzian functions is embodied in the following result:

Theorem 7. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) � [m;M ] for some real numbers m < M and let fE�g� be its spectral
family. If f : [m;M ] ! C is a Lipschitzian function with the constant L > 0 on
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[m;M ], then we have the inequality�����hx; yi 1

M �m

Z M

m

f (s) ds� hf (A)x; yi
�����(2.8)

� L

M �m

Z M

m�0

h
(M � t) hEtx; xi1=2 hEty; yi1=2

+(t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2
i
dt

� 3

4
L (M �m) kxk kyk

for any x; y 2 H:

Proof. It is well known that if p : [a; b] ! C is a Riemann integrable function and
v : [a; b]! C is Lipschitzian with the constant L > 0, i.e.,

jf (s)� f (t)j � L js� tj for any t; s 2 [a; b] ;

then the Riemann-Stieltjes integral
R b
a
p (t) dv (t) exists and the following inequality

holds �����
Z b

a

p (t) dv (t)

����� � L
Z b

a

jp (t)j dt:

Now, on applying this property of the Riemann-Stieltjes integral, we have from
the representation (2.2) that�����hx; yi 1

M �m

Z M

m

f (s) ds� hf (A)x; yi
�����(2.9)

� L

M �m

Z M

m�0
jh[(M � t)Et + (t�m) (Et � 1H)]x; yij dt:

Since, from the proof of Theorem 6, we have

jh[(M � t)Et + (t�m) (Et � 1H)]x; yij(2.10)

� (M � t) hEtx; xi1=2 hEty; yi1=2

+ (t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2

� max fM � t; t�mg kxk kyk

=

�
1

2
(M �m) +

����t� m+M2
����� kxk kyk

for any x; y 2 H and t 2 [m;M ] ; then integrating (2.10) and taking into account
that Z M

m

����t� m+M2
���� dt = 1

4
(M �m)2

we deduce the desired result (2.8). �

Finally for the section, we provide here the case of monotonic nondecreasing
functions as well:
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Theorem 8. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) � [m;M ] for some real numbers m < M and let fE�g� be its spectral
family. If f : [m;M ] ! R is a continuous monotonic nondecreasing function on
[m;M ], then we have the inequality�����hx; yi 1

M �m

Z M

m

f (s) ds� hf (A)x; yi
�����(2.11)

� 1

M �m

Z M

m�0

h
(M � t) hEtx; xi1=2 hEty; yi1=2

+(t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2
i
df (t)

�
"
f (M)� f (m)� 1

M �m

Z M

m

sgn

�
t� m+M

2

�
f (t) dt

#
kxk kyk

� [f (M)� f (m)] kxk kyk

for any x; y 2 H:

Proof. From the theory of Riemann-Stieltjes integral is well known that if p :
[a; b] ! C is of bounded variation and v : [a; b] ! R is continuous and monotonic
nondecreasing, then the Riemann-Stieltjes integrals

R b
a
p (t) dv (t) and

R b
a
jp (t)j dv (t)

exist and �����
Z b

a

p (t) dv (t)

����� �
Z b

a

jp (t)j dv (t) :

Now, on applying this property of the Riemann-Stieltjes integral, we have from the
representation (2.2) that�����hx; yi 1

M �m

Z M

m

f (s) ds� hf (A)x; yi
�����(2.12)

� 1

M �m

Z M

m�0
jh[(M � t)Et + (t�m) (Et � 1H)]x; yij df (t) :

Further on, by utilizing the inequality (2.10) we also have that

Z M

m�0
jh[(M � t)Et + (t�m) (Et � 1H)]x; yij df (t)(2.13)

�
Z M

m�0

h
(M � t) hEtx; xi1=2 hEty; yi1=2

+(t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2
i
df (t)

�
"
1

2
(M �m) [f (M)� f (m)] +

Z M

m

����t� m+M2
���� df (t)

#
kxk kyk :
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Now, integrating by parts in the Riemann-Stieltjes integral we haveZ M

m

����t� m+M2
���� df (t)

=

Z M+m
2

m

�
m+M

2
� t
�
df (t) +

Z M

m+M
2

�
t� m+M

2

�
df (t)

=

�
m+M

2
� t
�
f (t)

����M+m
2

m

+

Z M+m
2

m

f (t) dt

+

�
t� m+M

2

�
f (t)

����M
m+M
2

�
Z M

m+M
2

f (t) dt

=
1

2
(M �m) [f (M)� f (m)]�

Z M

m

sgn

�
t� m+M

2

�
f (t) dt;

which together with (2.13) produces the second inequality in (2.11).
Since the functions sgn

�
� � m+M

2

�
and f (�) have the same monotonicity, then

by the µCeby�ev inequality we haveZ M

m

sgn

�
t� m+M

2

�
f (t) dt

� 1

M �m

Z M

m

sgn

�
t� m+M

2

�
dt

Z M

m

f (t) dt = 0

and the last part of (2.11) is proved. �

3. Applications for Particular Functions

It is obvious that the above results can be applied for various particular functions.
However, we will restrict here only to the power and logarithmic functions.
1. Consider now the power function f : (0;1)! R, f (t) = tp with p > 0: This

function is monotonic increasing on (0;1) and applying Theorem 8 we can state
the following proposition:

Proposition 1. Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) � [m;M ] for some real numbers 0 < m < M and let fE�g� be its
spectral family. Then for any x; y 2 H we have the inequalities����hApx; yi � Mp+1 �mp+1

(p+ 1) (M �m) hx; yi
����(3.1)

� p

M �m

Z M

m�0

h
(M � t) hEtx; xi1=2 hEty; yi1=2

+(t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2
i
tp�1dt

�
"
Mp �mp � M

p+1 +mp+1 � 2p (M +m)
p+1

(p+ 1) (M �m)

#
kxk kyk :

On applying now Theorem 7 to the same power function, then we can state the
following result as well:
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Proposition 2. With the same assumptions from Proposition 1 we have����hApx; yi � Mp+1 �mp+1

(p+ 1) (M �m) hx; yi
����(3.2)

� Bp
M �m

Z M

m�0

h
(M � t) hEtx; xi1=2 hEty; yi1=2

+(t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2
i
dt

� 3

4
Bp (M �m) kxk kyk

for any x; y 2 H, where

Bp = p�

8<: Mp�1 if p � 1

mp�1 if 0 < p < 1;m > 0:

The case of negative powers except p = �1 goes likewise and we omit the details.
Now, if we apply Theorem 8 and 7 for the increasing function f (t) = � 1

t with
t > 0; then we can state the following proposition:

Proposition 3. Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) � [m;M ] for some real numbers 0 < m < M and let fE�g� be its
spectral family. Then for any x; y 2 H we have the inequalities����
A�1x; y�� lnM � lnm

M �m hx; yi
����(3.3)

� 1

M �m

Z M

m�0

h
(M � t) hEtx; xi1=2 hEty; yi1=2

+(t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2
i
t2dt

�

24M �m
mM

�
ln
h�

m+M
2

�2i� ln (mM)
M �m

35 kxk kyk
and ����
A�1x; y�� lnM � lnm

M �m hx; yi
����(3.4)

� 1

m2 (M �m)

Z M

m�0

h
(M � t) hEtx; xi1=2 hEty; yi1=2

+(t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2
i
dt

� 3

4

M �m
m2

kxk kyk :

2. Now, if we apply Theorems 8 and 7 to the function f : (0;1)! R, f (t) = ln t,
then we can state

Proposition 4. Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) � [m;M ] for some real numbers 0 < m < M and let fE�g� be its
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spectral family. Then for any x; y 2 H we have the inequalities

jhlnAx; yi � hx; yi ln I (m;M)j(3.5)

� 1

M �m

Z M

m�0

h
(M � t) hEtx; xi1=2 hEty; yi1=2

+(t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2
i
tdt

�
"
ln

�
M

m

�
� ln

 s
I
�
m+M
2 ;M

�
I
�
m; m+M2

� !# kxk kyk
and

jhlnAx; yi � hx; yi ln I (m;M)j(3.6)

� 1

m (M �m)

Z M

m�0

h
(M � t) hEtx; xi1=2 hEty; yi1=2

+(t�m) h(1H � Et)x; xi1=2 h(1H � Et) y; yi1=2
i
dt

� 3

4

�
M

m
� 1
�
kxk kyk ;

where I (m;M) is the identric mean of m and M and is de�ned by

I (m;M) =
1

e

�
MM

mm

�1=(M�m)

:
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