SCHWARZ AND GRUSS TYPE INEQUALITIES FOR
C*-SEMINORMS AND POSITIVE LINEAR FUNCTIONALS ON
BANACH «-MODULES

AMIR G. GHAZANFARI AND SEVER S. DRAGOMIR

ABSTRACT. Let A be a unital Banach *-algebra, v a C*-seminorm or a positive
linear functional on A and X be a semi-inner product A-module. We define
a real function T on X by T'(z) = (v({z,x)))!/2 and show that the Schwarz
inequality holds, therefore (X, T") is a semi-Hilbert .A-module. We also obtain
some Griiss type inequalities for C*-seminorms and positive linear functionals

on A.

1. INTRODUCTION

In 1934, G. Griiss [6] showed that for two Lebesgue integrable functions f,g :
[a,b] — R,

b b .
bia/a f(t)g(t)dt—ﬁ/a f(t)dtﬁ/a g(t)dt

provided m, M,n, N are real numbers with the property —co <m < f < M <
and —co <n < f <N <oo ae. on [a,b]. The constant % is best possible in the
sense that it cannot be replaced by a smaller constant.

The following inequality of Griiss type in real or complex inner product spaces
is known [3].

1
< Z(M—m)(N—n),

Theorem 1. Let (H;(-,-)) be an inner product space over K (K = C,R) and
eeHe||=1. Ifa,8,\,p € K and z,y € H are such that conditions

Re{ae — z,x — Be) >0, Re(de—y,y—pe) >0

or, equivalently,

1 A 1
o= 252 < gla-s [u-252e < gn-u
2 2
hold, then we have the inequality
1
(1.1) {z,y) = (@ e) (e, y)] < Fla—BlIA = pl.

The constant 1 is best possible in (1.1).

Dragomir in [5] presented refinements of the Griiss type inequality (1.1) and
some companions and applications. Iligevi¢ and VaroSaneé¢ in [7] have proved a
refinement of a Griiss type inequality in proper H*-modules and C*-modules.
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In this paper we obtain a version for the Schwarz inequality and provide inequal-
ities of Griiss type in inner product Banach *-modules.

2. PRELIMINARIES

Let A be a #-algebra. A seminorm v on A is a real-valued function on A4 such that
for a,b € Aand A € C: v(a) >0, ~(Aa) = |\|y(a), ~(a+b) <7(a)+~(b). A
seminorm «y on A is called a C*-seminorm if it satisfies the C*-condition: v(a*a) =
(7(a))? (a € A). By Sebestyen’s theorem [2, Theorem 38.1] every C*-seminorm -y
on a x-algebra A is submultiplicative, i.e., y(ab) < v(a)y(b) (a,b € A), and by [1,
Section 39, Lemma 2 (i)] v(a) = v(a*). For every a € A, the spectral radius of a is
defined to be r(a) = sup{|A| : A € o.4(a)}.

The Ptdk function p on x-algebra A is defined to be p : A — [0,00), where
pla) = (r(a*a))l/ . This function has important roles in Banach x-algebras, for
example, on C*-algebras, p is equal to the norm and on hermitian Banach *-algebras
p is the greatest C*-seminorm. By utilizing properties of the spectral radius and
the Pték function, V. Pték [9] showed in 1970 that an elegant theory for Banach
x-algebras arises from the inequality r(a) < p(a).

This inequality characterizes hermitian (and symmetric) Banach x-algebras, and
further characterizations of C*-algebras follow as a result of Ptak theory.

Let A be a x-algebra. We define AT by

k=1

At = {Zaiak:neN,ak €A for k= 1,2,...,11}7

and call the elements of A* positive.

The set AT of positive elements is obviously a convex cone (i.e., it is closed under
convex combinations and multiplication by positive constants). Hence we call AT
the positive cone. By definition, zero belongs to AT. It is also clear that each
positive element is hermitian.

Definition 1. Let A be a *-algebra. A semi-inner product A-module (or semi-
inner product x-module) is a complex vector space which is also a right A-module
X with a sesquilinear semi-inner product (-,-) : X x X — A, fulfilling

(x,ya) = (z,y)a forz, ye€ X, a€ A, (right linearity)
(,x) € AT forz e X. (positivity)

Furthermore, if X satisfies the strict positivity condition
x=0 if (z,x) =0, (strict positivity)

then X is called an inner product A-module (or inner product x-module).

Let v be a seminorm or a positive linear functional on A and I'(z) = (v ({z, 1:)))1/2
(x € X). If T is a seminorm on a semi-inner product A-module X, then (X,T') is
said to be a semi-Hilbert A-module.

If T is a norm on an inner product A-module X, then (X,T') is said to be a
pre-Hilbert A-module.

A pre-Hilbert A-module which is complete with respect to its norm is called a

Hilbert A-module.
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3. SCHWARZ INEQUALITY

Let ¢ be a positive linear functional on a x-algebra A and X be a semi-inner
A-module. We can define a sesquilinear form on X x X by o(z,y) = ¢ ({z,y)); the
Schwarz inequality for o implies that

(3.1) o (@, ) < ¢ ((z,2) ¢ ((3,)) -

Therefore ®(z) = (¢ ((x,z)))"/? is a seminorm on X and (X,®) is a semi-Hilbert
A-module.

Proposition 1. Let A be a x-algebra and X be a semi-inner product A-module. If
v is a C*-seminorm on A and I'(x) = (fy((m,m>))1/2 (x € X) then the Schwarz
inequality holds, that is

(3.2) (v (@, y)))? < v (@) 7 (y,9) -

Therefore T' (z +y) < T (x) + T'(y) for every z,y € X. Thus T is a seminorm on
X and (X,T) is a semi-Hilbert A-module.

Proof. First we show that v has the following monotone property:
v(a) <) if 0<a<b (a,beA).
Let J, be the ideal defined by
J, ={a€ A:r(a) = 0}
and 4 the algebra norm defined on the algebra A/J, by
() =v(a)  (acbeAl,).

We denote by B, the completion of A/J, with respect to the norm 4 and we
denote also by 7 the usual extension of this norm to B,. Suppose that a,b € A
and 0 < a < b, then [a] =a+ J, < b+ J, =[b] in A/J,. Since 7 is a C*-norm on
B, therefore Y([a]) < #([b]) [8, Theorem 2.2.5 (3)] consequently v(a) < y(b).

The rest of the proof is similar to the proof of Lemma 15.1.3 in [10]; we include
it for the sake of completion:

If v({(z,y)) = 0, this is trivial. Suppose that v ({(z,y)) # 0 put a = (z,z),
b:= (y,y), ¢ := (x,y) and let A be an arbitrary real number. Then

(3.3) 0 < (z —yAe*, z — yAe*) = a — 2 ec”™ + N2cbe”.

Adding the self-adjoint element 2Acc* at both sides and taking seminorms, we
obtain

2A17(e)* < y(a+ Nebe”) < y(a) + A*5(ebe”) < y(a) + A*y(e)*y(b).
Now, for all A € R we have the inequality
0< 7(e)*7(b) - A% = 29(c)?|A[ +(a),

so that the discriminant 4+(c)* — 4v(c)?v(b)y(a) must be non-positive. Since we
suppose that y(c) # 0, by dividing with 4vy(c)? we deduce the desired inequality
(3.2).



4 GHAZANFARI AND DRAGOMIR

It follows that

vy
V(@) + (@) + 1y, ) + (5, 9)
< y({z, ) + 2(v((z, 2))) 2 ( (5, 90)) F +7({y, )

1 2
(G, 2 + (G ) )

Therefore I is a seminorm on X, and (X,T") is a semi-Hilbert .A-module. O

[N

Example 1.

(a) Let A be a *-algebra and v a positive linear functional or a C*-seminorm
on A. Tt is known that (A,v) is a semi-Hilbert A-module over itself with
the inner product defined by (a,b) := a*b, in this case T =~.

(b) Let A be a hermitian Banach x-algebra and p be the Ptdk function on A. If
X is a semi-inner product A-module and P(z) = (p((z,z)))'/? (x € X),
then (X, P) is a semi-Hilbert A-module.

(¢) Let A be a A*-algebra and | - | be the auziliary norm on A. If X is an
inner product A-module and |z| = | (z,z) |'/? (z € X), then (X,|-|) is a
pre-Hilbert A-module.

Remark 1. Let ¢ be a positive linear functional on a unital Banach x-algebra A,
X a semi-inner A-module and x,y € X. Put a := (z,z),b:= (y,y) and ¢ := (z,y).
From (8.8) and [1, Section 37 Lemma 6 (iii)] we have
2Xec < a+ Nebe*,  therefore 2Xp(cc) < p(a+ Nebe*) = p(a) + N p(cbe®)
< p(a) + Np(ec”)r(b).
Thus for all X € R inequality 0 < N @ (cc*)r(b) — 2Xp(cc*) + p(a) holds. So the dis-

(
c}:z’mmant w(cc*)? — p(cc*)p(a)r(b) = p(ec*)(p(ec*) — p(a)r(b)) < 0. This implies
that

(3.4) plec”) < @la)r(b) or o((z,y) (y,2)) < o((z,2))r({y, y))-

Now suppose that X is a C*-module on C*-algebra A and a,b,c are as above. By
[8, Theorem 3.3.6] there is a state ¢ on A such that p(cc*) = |cc*|| = ||c||?. Using
inequality (3.4) we have

llell* = @(ce”) < p(a)r(b) < |lallllb]-

Therefore (3.4) is a refinement of Schwarz’s inequality for C*-modules [10, Lemma
15.1.3].

4. GrRUss TYPE INEQUALITIES

We assume, unless stated otherwise, throughout this section that A is a unital
Banach x-algebra. The following Lemma 1 is a version of [4, Lemma 2.1] for a semi-
inner product A-module and the following Lemma 3 is a version of ([4, Lemma 2.4])
for an inner product A-module.
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Lemma 1. Let X be an semi-inner product A-module, and x,y € X,«a,B € C.
Then

Re(ay —z,x — By) >0
if and only if

a+p a+
- Yy, T — Yy

x B , L 5

><1w—m%%m.

Proof. Follows from the equalities:

Re oy — 2,2 — By) = =((oy — 2,2 — By) + (& — By, ae — )

2
=By - P ) ey + 2T
1 a+pf a+p
*Z|a7ﬁ|2 <yay><m 2 Yy, T — 2 y>

O

Lemma 2. Let X be an inner product A-module and z,y,e € X. If (e e) is
idempotent, then e (e,e) = e, and therefore

(e,e) (e,x) = (e,x), (x,e) = (z,€e)e,e).
Proof. Observe that the equality
(e(e,e) —e,e(e,e) —e) = (ele,e),ele e)) — (ele,e),e) — (e ele,e)) + (e, e)
= (e,e) {e,e) (e,e) — (e, e) (e,e) — (e, e) (e,e) + (e, e)
=0,
implies that e (e,e) — e = 0.
The rest follows from this fact and we omit the details. O

Lemma 3. Let X be an inner product A-module and v be a C*-seminorm or a
positive linear functional on A and T'(z) = (y((z,2)))"/? (z € X). Ifz,e € X
and (e, e) is an idempotent then

] 0 < (x,x)— (z,€) (e, x)
({2, 2) — {z,€) {e,2)) < mf Tz ~ e)?.
Proof. Observe, for any a € A, that
(x —ea,x —e(e,z)) = (x,x) — (z,e (e, x)) — (ea,x) + (ea, e (e, x))
= (z,x) — (x,e) {e,x) — a* {e,x) + a* (e, e) (e, x)
= (z,z) — {(x,e) {e,x).
This implies that
(x,x) — (z,e) (e,x) = (x —ele,x),x —ele,x)) > 0.
Also observe, for any A € C, that
(x — e,z —ele,x)) = (z,x) — (x,e(e,x)) — (Ne,xz) + (Ne, e (e, x))
= (z,z) — (z,e) {e,z) — A (e, z) + A (e, e) (e, x)

= <$,$> - <1’,€> <€,$>.
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Using Schwarz’s inequality, we have
v({z,z) = (z,€) (e,2))* = 7({& = Ae,z — e (e, 2)))”

< ’7(<x - A@, T — )\6>)’Y(<SE - €< 7‘T> y L — € <63 $>>)
=7z = e,z = Ae))y((z,2) — (x,€) (e, 1)),

therefore giving the bound

Yz, z) — (z,€) {e,7)) < y((x — de,x — Ae)) =T'(x — Ae)®* N eC.

Taking the infimum in the above relation over A € C, we deduce

- < i — e)?.
1((z,2) = (z,) {e,2)) < inf ['(z — Ae)
O

Let X be a semi-inner product A-module, z,y € X,a,8 € C and v be a C*-
seminorm or a positive linear functional on A. Put T'(z) = (y((z, z)))"/?(z € X).
By Lemma 1, Re {ay — z,z — By) > 0 implies that

(= 55) = (- 25 na-255))
Sv) = T oY
< i\a — By, )

= tlo— AP

Also, let 0 # e € X and (e, e) be idempotent. If v is a C*-seminorm, then it is
trivial that y((e,e)) = 0 or v({e,e)) =1, i.e., I'(e) < 1.

Lemma 4. Let X be an inner product A-module, v be a C*-seminorm on A and
L(z) = (v({(z,2))Y/? (z € X). Ifx,y,e € X, {e,e) is idempotent and a, B, \, 1
are real or complex numbers such that

1 A 1
r<x“*ﬂQSQMﬂLI(p ;ﬂQSQMu

2
hold, then one has the inequality

1 9) — (@,€) (e,4)) < glo— BlIA gl

Furthermore, if there is a non zero element f in X such that (e, f) =0 and T'(f) #
0, then the constant i is best possible.

Proof. By (3.2), I is a seminorm on X. It can be easily shown that,
<$,y> - <{E,€> <€,y> = <$—6<€,$> ,y—e(e,y>> .
From the Schwarz inequality, we obtain
Y(z,y) = (z,€) (e,9))
= 7(<x - €<6,.T> Y — e(e,y)))
(A1) <yl —eles) .z —elem) (Y —eley) y—eley)?
= (@, 2) = (@,¢) (,2)) 27, 9) — (y,€) (e,9)) "
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Using Lemma 3 and the above assumptions, we have that

(@, 2) — (z,e) (e,2))* < inf T(z — Ae)

sr(a:—‘”ﬁe) S%Ia—ﬁl

and

1(4:9) = (u:€) (e.y))* < inf T(y — de)

Therefore the desired inequality is obtained.
Now we show that the constant i is best possible. If f is a non zero element of
X with T'(f) # 0 such that (e, f) = 0 and given € > 0, then for

| — ] a+f A=y
TN+l T2 O VAl T

the assumptions of the previous lemma hold and in this case

_la=Blx—pl _ T(f)?

A+
2

Te =

7(<$67y6> - <$6,€> <e7ye>) - 4 (F(f) + 6)2.
Now if ¢ is a constant such that 0 < ¢ < % then there is a ¢ > 0 such that
% > ¢. Therefore

7(<x67ye> - <.’£E,€> <€7y5>) > C|a - 6H)‘ - :u|
(]

In the following lemma ¢ is a positive linear functional on A. Putting ®(z) =
o({z,z))2 (z € X), by (3.1), ® is a seminorm on X. Therefore we have:

Lemma 5. Let X be an inner product A-module and ¢ a positive linear functional
on A. If z,y,e € X, {e,e) is idempotent and «, B, A\, u are real or complex numbers
such that

A
#(a- 23 0) < Jlasine). @ (y-2Tre) < G- ule)

hold, then one has the inequality
1
p((z,y) = (z,€) {e,9)) < o = BlIA = p|®(e)*.

Furthermore, if there is a non zero element f in X such that (e, f) = 0 and ®(f) # 0
then the constant % is best possible.

We are able now to state our first main result:

Theorem 2. Let X be an inner product A-module, v a C*-seminorm on A and
I(z) = (’y((m,z)))% (xeX). Ifx,y,e € X, (e, e) is idempotent and o, B, A, 1 are
real or complex numbers such that

a+ B 1 A p 1
_ < Zlo — _ < 2\ —
r(o-232e) < gla-sl. r(y-2Fte) < gl
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hold, then one has the inequality

(4.2) v((z,y) = (z,¢) (e, 9))

1 1 ) a+8\\°
< — — — — — — — —
< gla=BlA—ul <4a Al F(ﬂ«” 5 6))
1 ) A+ )\ 2
2 — D o PP
><<4|A l (y 5 e)

Furthermore, if there is a non zero element f in X such that (e, f) =0 and T'(f) # 0
then the constant % 1s best possible.

Proof. A simple calculation shows that
(ae—e(e,z), e (e,x) — fe) — (e —z,x — fe) = (x,x) — (z,€) (¢, 7),
therefore
Re{ae —e{e,x),e(e,z) — fe) — Re{ae — z,x — Be) = (z,x) — (x,e) (e, x) .
Since (a,b) + (b,a) < L (a+b,a+b), so

Re{ae —e(e,z),e{e,x) — fe) < i|a—ﬁ|2 (e, e).

As in the proof of Lemma, 1

Re (e — z,z — Be) = 3|a—ﬁ|2<e,e) - <x—

2 ' T
therefore
(4.3) (a:,:c}—(sc,e><67x>§<x—a;ﬁe,m—a;ﬂe>.
Analogously
A4 p At p
(4.9 ) = ) e < (=25 ey - 25,
We obtain

2 2
a+p A+
(o) = (ool (l) — e o) < T (0= 50 ) 1 (- 212
Finally, using the elementary inequality for real numbers

(m* —n?)(p* — ¢%) < (mp — ng)?

on
1 1 , at+B L]*
m = gla—pl, nLIOf BI* = T'(x 5 e)] ,
1 1 9 At+p o2
— — — — — — _F - -
p 2|A wl, q [4I>\ 1| (y 5 el
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we get

F<x—a;—66>f‘<y—>\;—ue>

2\ 2
< Lo BlA— 1l - (ia—ﬁﬁ—r(x—“;ﬁe) )

The fact that % is the best constant can be proven in a similar manner to the one
in the previous lemma. The details are omitted. ([l

Similarly for a positive linear functional ¢, the following theorem holds.

Theorem 3. Let X be an inner product A-module, p a positive linear functional
A and ®(z) = (p((z,z))2 (¢ € X). If z,y,e € X, (e,e) is idempotent and
a, By A, i are real or complex numbers such that

1 A 1
(1)(1;_ O‘;ﬂe> < Sla—pla(e), o <y_;“e) < 5= uld(e)

hold, then one has the inequality

(4.5)  ¢((z,y) — (z,€) (e, y))

9\ 3
= i'o‘—ﬁ\lk—ﬂ\@@z_ (ia—m%(e)?—@ (m— “ﬁe) )

2

1 2\ 2
X <4|)\ — pf’®(e)® — @ <y - >\‘|2'll€> )

Furthermore, if there is a non zero element f in X such that (e, f) =0 and ®(f) #
0, then the constant i is best possible.

Remark 2.

(i) If in the above theorem ¢ is a state on A then, obviously, inequality (4.5)
becomes the following:

(4.6)  o((z,y) — (z,€) (e, ¥))

1 1 2\ 2
<Y sl <4a—6|2—<1>(w—‘“§5e) )
A

1 + w 2\ ?
><<4| i (y 9 e>>

(ii) Let X be a C*-module and x,y,e € X. If (e, e) is idempotent and o, B, \, pu
are real or complex numbers such that
a+f
2

(4.7)

e

1 A+ p 1
< Zla— < ZIA—
< gla—4l, 5| < 5lA—ul
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hold, then by [8, Theorem 3.3.6] there are states ¢ and i on a C*-algebra
A such that

e((z,z) — (z,€) (e,2)) = || (z,z) — (z,¢€) (e, 2} |
and

¢(<y>y> - <y7 €> <€,y>) = || <y,y> - <y7 €> <€,y> H
Inequalities (4.3), (4.4) imply that

49 el - (o) o) < o ((o - 5o - 250

2 2
and
(49 Wllmy) — we) o) <v (<y— Ay A‘g"e>) |

From Schwarz’s inequality (4.1) and inequalities (4.8), (4.9) we get

(@, y) — (ze) (e.y) | < || (z,2) — (z,e) (e ) || 2] (g, ) — (yoe) (e, ) |2
= o({z,z) — (z,€) (e, ) T ({y,y) — (y, €) (e, 1)) *

S@(x—ﬁe)@(y—/\;ue).
By (4.7) we have

a+p a+pf loo — f3]
_ < — <
O | B B

A A A —
ORI R ST REE)
2 2 2

Using the elementary inequality for real numbers

(m* —n?)(p® — ¢%) < (mp — ng)?
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we obtain

1z, y) = (2, €) (e, 9) |

N
< Flo—IA — pl - (ia—m?—@(x_“;ﬂe) >

1 1 a+8 I*\?
< Zla— —ul— | Zla=812=|lz -
< Ha—glr—p <4a i )
1 ) A IP\?
(4.10) S ETTC P

which is a refinement of the Griiss inequality for C*-modules [7, Theorem
5.1].

(iii) By inequality (3.4) we may obtain another refinement of [7, Theorem 5.1]:
Put G = (z,y) — (x,€) (e,y) and R(z) = (r(z,z))2. For every positive
linear functional ¢ on A we have

2\ 2
P(GC") < Tl BIA — ul - (iam’z@ (x “5@) )

2

1 , /\+M2§
X<4M—MI—R<y— 5 % :

and we know that there is a state ¢ on the C*-algebra A such that p(GG*) =
GG =Gl

5. A COMPANION OF THE GRUSS INEQUALITY

The following companion of the Griiss inequality for positive linear functionals
holds:

Theorem 4. Let X be an inner product A-module, p a positive linear functional

on A and z,y,e € X. If (e,e) is idempotent and «, 5, A, 1 are real or complex
numbers such that

Re (e —z,2 — Be) >0, Re(he—y,y— ue) >0
hold, then one has the inequality

ﬂ@w%%%@@wﬂéim—ﬂM—Mé@Q
_¢<a;ﬁe—e(e,x>)¢(A;Me—e(e,@).

Furthermore, if there is a non zero element f in X such that (e, f) =0 and ®(f) #0
then the constant % 1s best possible.
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Proof. For every k € K we have
(x,x2) — (z,€) (e,x) = (x — ke,x — ke) — (ke — e (e,z) ke — e (e, x)) .
For k = O‘—;B Lemma 1 implies that

a+p
2

(2.0) = (o,6) ) < Tl B2 ere) =
Therefore
()~ {o.) ) < la - BP0 ~ @ (e ce))
Analogously
1 o o A+ 2
P9} = ) (o) < JA- PR @ (2H e cfen))

Using Schwarz’s inequality and the elementary inequality for real numbers

(m* —n®)(p® — ¢%) < (mp — ng)?

e—e(e,x),agﬁe—e<e,x>>.

we obtain

(e((w,y) — (2, ) {e;y)))*
< o({z,z) = (z,¢) (e, 1)) ((y,y) — (y: ) (¢,9))

< i|a—ﬂ||)\—,u|<1>(e)2—<1> <O‘;5€—e<e,x>> o <>\;ue—e<e,x>>r.

Therefore we get
e((z,y) — (z,€) (e,y))
< i|a—ﬁ||)\—u|¢(e)2 ) (a—gﬁe—e(e,@) ® (A;—ue—e(e,@) )
([

Other inequalities related to the Griiss inequality such as Theorem 18, Propo-
sition 18, Theorem 20, Corollary 20 and Remark 23 in [5], have versions that are
valid for positive linear functionals and C*-seminorms on unital Banach x-algebras.
However, the details are omitted.
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