GRUSS’ TYPE INEQUALITIES FOR SOME CLASSES OF
CONTINUOUS FUNCTIONS OF SELFADJOINT OPERATORS IN
HILBERT SPACES

S.S. DRAGOMIR

ABSTRACT. Some inequalities of Griiss’ type for continuous functions of selfad-
joint operators in Hilbert spaces, under suitable assumptions for the involved
operators, are given. Applications for power and logarithmic functions are
provided as well.

1. INTRODUCTION

In [I1], in order to generalize Griiss’ inequality in abstract structures the author
has proved the following result:

Theorem 1 (Dragomir, 1999, [I1]). Let (H,{(.,.)) be an inner product space over
K(K=R,C) ande € H, ||| = 1. If p,7v,®,T are real or complex numbers and z,y
are vectors in H such that the conditions

(1.1) Re (Pe — z,2 — pe) > 0 and Re T'e —y,y —ve) > 0
hold, then we have the inequality

1
(1.2) {z,y) — (@, e) ey < 1 1@ —¢]- [T —1].

The constant % 1s best possible in the sense that it can not be replaced by a smaller
quantity.

For other results of this type, see the recent monograph [I4] and the references
therein.

For discrete and integral inequalities of Griiss type, see Chapter X of the book
[26]. For other related results see the papers [1]-[3], [4]-[6], [7]-[9], [10]-[17], [21],
[29], [31] and the references therein.

In order to extend this result for functions of selfadjoint operators we need the
following preparation.

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)).
The Gelfand map establishes a *-isometrically isomorphism ® between the set
C (Sp (A)) of all continuous functions defined on the spectrum of A, denoted Sp (A),
and the C*-algebra C* (A) generated by A and the identity operator 1z on H as
follows (see for instance [23] p. 3]):

For any f,g € C (Sp(4)) and any «, 8 € C we have

() ®(af+89) = ad (f) + D (g);

(i) @(fg)=@(f)®(g)and @ (f) = ®(f)"
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(iii) (1@ (NI = IFI] == supsesp(ay If @)
(iv) @ (fo) =1pg and ®(f1) = A, where fo (t) =1land f; (t) =t, fort € Sp(A).
With this notation we define

F(A):=®(f) for all f e C(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on Sp (A4),
then f(t) > 0 for any ¢ € Sp(A) implies that f(A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A4) then
the following important property holds:

(P) f(t) > g(t) for any t € Sp(A) implies that f (4) > g (A)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of selfadjoint
operators, see [23] and the references therein. For other results, see [28], [25] and
[30].

In the recent paper [19] we obtained amongst other the following refinement of
the Griiss inequality for functions of selfadjoint operators:

Theorem 2 (Dragomir, 2009, [19]). Let A be a selfadjoint operator on the Hilbert
space (H; (.,.)) and assume that Sp (A) C [m, M| for some scalars m < M. If f and
g are continuous on [m, M] and v = minypm, a f (t) and T := max,e(m ) f(t)
then

(1.3) I(f(A)g(A)z,z) = (f(A)z,z) (9(A)z,z)]
<L [l — @z < tr-m -9
for each x € H with ||z|| = 1, where § := mingepm,ar g (t) and A 1= max;e[m, n 9 (1) -

Remark 1. The inequality between the first and the last term of is the oper-
ator version of the Griiss inequality and was firstly obtained by Mond and Pecaric
in [27].

The following result for one Lipschitzian function and the second continuous,
can be stated as well:

Theorem 3 (Dragomir, 2009, [20]). Let A be a selfadjoint operator with Sp (A) C
[m, M] for some real numbers m < M. If f:[m, M] — R is Lipschitzian with the
constant L > 0 and g : [m, M] — R is continuous with ¢ := minyecp, a1 9 (t) and
A = maxye[m,a 9 (t), then

(14)  [(f(A)g(A)z,2) - (f(A)z,z) (g(A)z, )]

< % (A=6)L{laqs(A)z,z) < g (A—0)L ||| Az|® - (Aa:,x)z} v

[\)

for any x € H with ||z|| = 1, where
laz (t)=(t 1g — Az, z)
is a continuous function on [m, M].

When both functions are Lipschitzian, then we have the result:
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Theorem 4 (Dragomir, 2009, [20]). Let A be a selfadjoint operator with Sp (A) C
[m, M] for some real numbers m < M. If f,g: [m, M] — R are Lipschitzian with
the constants L, K > 0, then

(1L5)  [(f (A)g(A)a,@) = (f(A)w,2) - (g(A) z.2)| < LK || Az|” — (Az,z)?|,
for any x € H with ||z|| = 1.

In order to provide some new vector Griiss’ type inequalities for continuous
functions of selfadjoint operators in Hilbert spaces, we need the following facts
concerning the spectral representation of such functions.

Let U be a selfadjoint operator on the complex Hilbert space (H, (., .)) with the
spectrum Sp (U) included in the interval [m, M| for some real numbers m < M and
let {Ex}, be its spectral family. Then for any continuous function f : [m, M] — C,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral:

M
(16) FO) = [ rabs,
m—0
which, in terms of vectors, can be written as
M
(17) W= [ FO B,
m—0

for any x,y € H. The function g, , (A\) := (Eax,y) is of bounded variation on the
interval [m, M] and

9z,y (m - O) =0 and Jz,y (M) = <xay>

for any z,y € H. It is also well known that g, (\) := (E\z, ) is monotonic nonde-
creasing and right continuous on [m, M].

Motivated by the above results we consider in the present paper the more general
problem of finding bounds for the quantity

I(f (A)z,g(B)z) = {f (A)z,z) (9 (B) z, )|
where A, B are two selfadjoint operators in the Hilbert space H with the spectra
Sp(A),Sp(B) C [m,M] for some real numbers m < M and f,g : [m,M] —
C belong to different subclasses of continuous functions on the compact interval
[m, M]. Applications for some elementary functions of selfadjoint operators are
provided as well.

2. SOME REPRESENTATION RESULTS

We start with the following representation result that will play a key role in
obtaining various bounds for different choices of functions including continuous
functions of bounded variation, Lipschitzian functions or monotonic and continuous
functions.

Theorem 5. Let A, B be two selfadjoint operators in the Hilbert space H with the
spectra Sp (A),Sp (B) C [m, M] for some real numbers m < M and let {Ex}, be
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the spectral family of A and {Fu}p the spectral family of B. If f,g : [m, M] — C
are continuous, then we have the representation

(2.1) (f (A)z,g(B)z) — (f (A) z,z) (z,9 (B)z)
= / » </ B [(Exz,x) (z, Fyz) — (Exx, F,z)]d (g (u))) d(f(\)

for any x € H with ||z|| = 1.

Proof. Integrating by parts in the Riemann-Stieltjes integral and making use of the
spectral representation (1.7)) we have

M
(2.2) / (Bxz,y) — (Bxz, z) {z,y)] df ()

m—0

= ,\ZE y> <E)\£IJ .’IJ> <x7y>]f()‘)‘7]”\n/[70

/ d[(Exe,y) — (Exz, ) (z,9)]
" M

=) [ V(B / F () d (Bxey)
m—0
= (@, y) (f (A) z,z) = (f (A) z,y)
for any x,y € H with ||z|| = 1.
Now, if we chose y = g (B) z in then we get that
M
(2.3) / . (Exz,g(B)z) — (Exv,z) (z,9 (B) z)] df (A)
= (z,9(B)z) (f (A) z,z) — (f (A) z,9(B) z)

for any x € H with ||z| = 1.
Utilising the spectral representation for B we also have for each fixed A € [m, M]
that

(2.4) (Exz,g(B)z) — (Exz,x) (2,9 (B)x)
M M
= <E)\m,/m_og(,u) dFﬂx> — (Eh\z,x) <m,/m_og(,u) dFﬂx>

M M
- / 9 (1) d((Bxz, Fu)) — (Ext,z) / 9 () d((z, Fy))
m—0 m—0

for any x € H with ||z| = 1.
Integrating by parts in the Riemann-Stieltjes integral we have

M M
| awdBaFa) = s B Rl - [ (B Fa)dg )

M
o (1) (Bye.x) = [ (B B d (g 1)
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and
M M
[ s Ra) = gl le B, - [ @ Fa)dow)
m—0 m—0
M
= 900~ [ @ Fa) ).
therefore
M M
@9 [ ad(BeRa) - e [ oG E)
M
—g (M) (Bxaa) ~ [ (Brn,Fua)d(g (1)
m—0
M
—(Bxz,a) <g 0= [ @ Fa)d m)))
M M
B [ @R - [ (B Fa)dew)

N / [(Exz,z) (z, F,z) — (Exx, o) d (g (1))

m—0

for any x € H with ||z|| =1 and X € [m, M].

Utilising (2.3)-(2.5) we deduce the desired result (2.1)). O
Remark 2. In particular, if we take B = A, then we get from the equality
(2.6) (f(A)z,g(A)z) = (f (A) z,2) (x,9 (A) )

M M
= / L ( / _ [{Exz, x) (maEu@<EA$,E#x>]d(g(/¢))>d(f (\)

0

for any x € H with ||x|| = 1, which for g = f produces the representation result for
the variance of the selfadjoint operator f (A),

2.7 If A - (f(A)z,2)°
M M
= ( / (Exa,z) (2, Ex) — (Exz, B ) d (f (u))) d(f(\)
m—0 m—0

for any x € H with ||z| = 1.

3. BOUNDS FOR f OF BOUNDED VARIATION

The first vectorial Griiss’ type inequality when one of the functions is of bounded
variation is as follows:

Theorem 6. Let A, B be two selfadjoint operators in the Hilbert space H with the
spectra. Sp (A),Sp(B) C [m, M] for some real numbers m < M and let {Ex},
be the spectral family of A and {F#}# the spectral family of B. Also, assume that
f:[m, M] — C is continuous and of bounded variation on [m,M].
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1. If g : [m, M] — C is continuous and of bounded variation on [m, M], then we
have the inequality

31 [f(A)z,g(B)z) - (f(A)z,z) (2,9 (B) )]

< max E\z,z) (z, F,z) — (Exz, FL,x g
(A,u)e[m,M]2|< ) o, Fuz) = I >|\/( )

()

3<xz

m

< E 1y —E 1/2
< \Dax [(Exz,z) (1n — EX) 2, z)]

pE[m,M]

M M 1 M M
x max [(Fu2) (1a — F) e\ @\ (H < V@V

m

for any x € H with ||z| = 1.
2. If g : [m,M] — C is Lipschitzian with the constant K > 0 on [m, M], then
we have the inequality

32)  [{(f(A)z,g(B)z) = (f(A)z,z)(z,9(B)x)|
M

M
| 1Be0) (0. Fa) = (Bxe. Byl | V()

m

M
<K\/(f) max [(Exz,z){(lg — Ex)z,2)]"
M

X
e
®
s
—
T
I
e
S~—
8
S
=
~
[ V)
o
=

for any x € H with ||z| = 1.
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3. If g : [m,M] — R is continuous and monotonic nondecreasing on [m, M],
then we have the inequality

(3-3) [(f(A)z,g(B)x) = (f(A)z,2) (z,9 (B)z)|

M
< max l/ [(Exz,x) (x, Fyx) — (Exx, F,x)| dg (1) (f)

AE[m,M] 0

3<lxz

M
1/2
< \"{ )\Em”?)](\/” (Exz,z) {(1g — E)) z, )]

M
Z, .’13 - xr,T 1/2
x/m ) [(Fya,2) (ln — Fp) x,2)]'" dg ()
M
< SV (D (00 1 = g (B)) 2,2 (g (B) — g (m) 1) 2,0)?
< 2l —gm] /(1)

for any x € H with ||z|| = 1.

Proof. 1. Tt is well known that if p : [a,b] — C is a continuous function, v : [a, b] —

C is of bounded variation then the Riemann-Stieltjes integral f p(t)dv (t) exists
and the following inequality holds

/ﬂb () dv (1)) <

where \/ (v) denotes the total variation of v on [a, b].

b

(3.4) < mnax [p lp (2)] \a/ (v),

Now, on utilizing the property (3.4) and the identity (2.1) we have
(3.5) [(f(A)z,g(B)x) — (f(A)z,x) (2,9 (B) )]

M
/ 70 [(Exz,x) (z, Fyx) — (Exz, Fux)]d

M
)WV ()

for any = € [m, M].
The same inequality (3.4]) produces the bound

(3.6) max

M
A€[m,M] / 0 [(Exz,2) (@, Fuz) — (Bxz, Fux)]d (g (n))

< max [ max |[(Exz,z) (z, Fyz) — <EA$7Fu$>] \/(f)

AE[m,M] | p€[m,M]
M
= max Eyz,z) (x, F,x) — (Exx, F,x f
= s ) (5 Bl = (B Fu)]  (7)

for any x € [m, M].
By making use of (3.5)) and (3.6) we deduce the first part of (3.1)).
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Further, we notice that by the Schwarz inequality in H we have for any u,v,e € H
with |le|| = 1 that

BT o)~ {we o)l < (Il = e)l) " (1ol - o el)

Indeed, if we write Schwarz’s inequality for the vectors u — (u,e) e and v — (v,€) e
we have

(u—(u,e)e,v = (v,€) )] < [lu—(u,e)ell [[v— (v, e) el
which, by performing the calculations, is equivalent with (3.7)).
Now, on utilizing (3.7]), we can state that
(3.8) [(Exz,z) (x, Fyx) — (Exx, Fz)|
1/2 1/2
2 2 2 2
< (I1Bxall® = 1(Bxa,2) ) (I1Fall® — (B, )

for any A, p € [m, M].
Since Ey and F), are projections and E}y, F}, > 0 then

(3.9) ||E>\$||2 — |<E>\:E,x>|2 = (E\x, ) — <E)\x,x>2
= (Bxz,2) (1 — Ey) z,2) < i

and

(3.10) |Fua|? = [(Fuz, 2)|* = (Fua,2) (1g — F,) 2, z) < i

for any A, € [m, M] and z € H with ||z| = 1.

Now, if we use — then we get the second part of .

2. Further, recall that if p : [a,0] — C is a Riemann integrable function and
v : [a,b] — C is Lipschitzian with the constant L > 0, i.e.,

F(9) = F O < Lls—1] for any t,5 € [a,1],
then the Riemann-Stieltjes integral ff p(t) dv (t) exists and the following inequality
holds

b b
(3.11) /p(t)dv(t) gL/ Ip (£)] dt.

If we use the inequality (3.11]), then we have in the case when ¢ is Lipschitzian
with the constant K > 0 that

(3.12) max

M
e [ (v o) (o Fus) = (Bxa, B o (1)

M
<K E F,z) — (Exx, F d
<K max [ | as) @ Fw) — (B Foa) u]

for any x € H with ||z|| = 1 and the first part of (3.2) is proved.
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Further, by employing (3.8])-(3.10)) we also get that

M
(3.13) )\EH[}S,)?\J] /m—o [(Exz,z) (@, Fyx) — (Exx, Fyax)| dp

< o [(Bae, @) (L = By) z,z)]"/?

M
< [ o) (L - )] d

m—0
for any x € H with ||z| = 1.
If we use the Cauchy-Bunyakovsky-Schwarz integral inequality and the spectral
representation , then we have successively

M
(3.14) / . (Fuz,z) (1g — F,) x,x>)1/2 dp
M V2o, e
< [/7710 (Fuz,x) du] l/mo (lyg — F,)z,z) du]
M 1/2
= <Fu$,$> M|%—O - /m—o ,Uzd <Fﬂx,x>

M

X [((11{ — Fy)a,z) ply _/

R mx,m]
= ((M1y — B)a,2)"* (B — mly)z,z)"/?,

for any x € H with ||z| = 1.

On employing now (3.12)-(3.14) we deduce the second part of (3.2).
The last part of (3.2) follows by the elementary inequality

(3.15) af < % (a+B)*,a8>0

for the choice a« = ((M1y — B)x,z) and 8 = (B — mly)x,x) and the details are
omitted.

3. Further, from the theory of Riemann-Stieltjes integral it is also well known
that if p : [a,b] — C is of bounded variation and v : [a,b] — R is continuous and

monotonic nondecreasing, then the Riemann-Stieltjes integrals f: p(t)dv (t) and

f: |p (¢)| dv (t) exist and
b b
/ p(t)dv(t) §/ Ip ()| dv (t).

Now, if we assume that ¢ is monotonic nondecreasing on [m, M], then by (3.16)
we have that

(3.16)

M
(3.17) e /WO [(Exz,z) (z, Fuz) — (Exz, Fux)]d(g (M))’
M
S Dax Vmo (Exz, x) (z, Fux) — (Exz, Fuz)|dg (u)}

for any x € H with ||z| = 1.
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Further, by employing (3.8])-(3.10)) we also get that

M
(3.18) max / [(Exz,x) (z, Fyx) — (Exx, Fux)| dg (1)
A€[mM] Jm g

< E 1y — B\ a, 2)]?
< Dax [(Exz,z) (g — Ex) z,2)]

M
< [ o) (1 - B )] dg )
m—0
for any « € H with ||z| = 1. These prove the first part of (3.3).
If we use the Cauchy-Bunyakovsky-Schwarz integral inequality for the Riemann-
Stieltjes integral with monotonic nondecreasing integrators and the spectral repre-
sentation , then we have successively

M
(3.19) / (Fue, ) (L — Fp) , )2 dg (1)

" 20 1/2
[ / A~ ), a) dg <u>]

0 0

M
< V (Fuz,x)dg (1)

" 1/2
= <Fuw»x>g(/~t)\ff_o—/ g(u)d<Fux,x>]

m—0

M 1/2
X [<(1H ~ F)wx) g (), —/ g(p)d{(lg — F,Jﬂ%ﬂ?)]

={(g(M)1g —g(B))z,2)""* ((g(B) — g (m) 1ar) z,2)"/*,

for any x € H with ||z| = 1.
Utilising (3.19)) we then deduce the last part of (3.3). The details are omitted. O

Now, in order to provide other results that are similar to the Griiss’ type in-
equalities stated in the introduction, we can state the following corollary:

Corollary 1. Let A be a selfadjoint operators in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers m < M and let {Ex}, be the
spectral family of A. Also, assume that f : [m, M| — C is continuous and of bounded
variation on [m, M].

1. If g : [m, M] — C is continuous and of bounded variation on [m, M], then we
have the inequality

(3.20)  [f(A)z,g(A)z) = ({f(A)z, ) (x, g (A) z)]

M
< o (Exz,x) (z, Byz) — (Exz, Epa)| \/ (9) \/ (f)

< E ly—E
< Jax [(Exz,z) (1g — Ex) z, 7))

s<xz

M
@V ()<

for any x € H with ||z| = 1.
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2. If g : [m, M] — C is Lipschitzian with the constant K > 0 on [m, M], then
we have the inequality
(3.21) [(f(A)z,g(A)z) = (f (A)z,z) (z, 9 (A) )|

M M
<K E E Eyz,E, x)|d
<K max VOK ) (2 ) = (B )| \/ ()

1/2
< K\/ )\EIIIW?)](VI] [(Exz,z) {(1g — E)) z, 2)]

x / (Buz,2) (1n — B, a.a)]? dp

-0

M
ng\/ (M1y — Az, 2)"* (A —mly)z, )"/
<K O-m)\/ ()

for any x € H with ||z|| = 1.
3. If g : Im,M] — R is continuous and monotonic nondecreasing on [m, M],
then we have the inequality

(3.22) [(f(A)z,g(A)z) = (f (A)z, ) (x,9 (A) )|

< max [/ (Bxe,a) (o, Bue) — (Baz, Bl dg () | \/ ()

AE[m,M] )

1<x

M
S\/ () o [(Bxa ) (L = By o, )] /2

(Euz,2) (g — E,) z, z)]"* dg (1)

\

n— 0
M
< é\/ (F) (g (M) Lir = g (A)z,2)"* (g (4) — g (m) Lr) w, )"
1 § v
< lo () —g(m)]\/ (£)

for any x € H with ||z| = 1.

Remark 3. The following inequality for the variance of f (A) under the assump-
tions that A is a selfadjoint operators in the Hilbert space H with the spectrum
Sp(A) C [m, M] for some real numbers m < M, {E\}, is the spectral family of A
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and f : [m, M] — C is continuous and of bounded variation on [m, M| can be stated

(3.23) 0 < |If (A)al* = (f (A) z,2)°

< max Eyz,x){x,E,x) — (E\xx, B,z
(B x) (@, Byr) — (Exe, E,a)|

AE[m,M]

M 2 | [M 2
< max [(Exz,z) (g — Ex) 2, 7)] l\/ (f)] <3 [\/(f)]

for any x € H with ||z|| = 1.

4. BOUNDS FOR f LIPSCHITZIAN

The case when the first function is Lipschitzian is as follows:

Theorem 7. Let A, B be two selfadjoint operators in the Hilbert space H with the
spectra. Sp (A),Sp(B) C [m, M] for some real numbers m < M and let {Ex\},
be the spectral family of A and {F#}# the spectral family of B. Also, assume that
f:[m, M] — C is Lipschitzian with the constant L > 0 on [m, M].

1. If g : [m, M| — C is Lipschitzian with the constant K > 0 on [m, M|, then
we have the inequality

(4.1) [(f (A) 2,9 (B)x) = (f (A) z,z) (z,9 (B) )|

< LK/ / [(Exz,x) (z, Fyx) — (Exz, Fx)| dudX
<LK/ [(E\x,x) leE,\):r,:pﬂl/Qd)\
[ B (0 B ]

m—0

< LK[(Mlg — A)z,z) (A—mlg)z, z)]"/?

x [(Mly — B)z,z) (B —mly) =z, z)]"/? < ZLK (M — m)?

1
4

for any x € H with ||z| = 1.
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2. If g : [m,M] — R is continuous and monotonic nondecreasing on [m, M],
then we have the inequality

(4.2) [(f(A)z,g(B)z) —(f(A)z,2) (x,9(B) )|
M M
<L B 0 Bz, x) (z, Fux) — (Exz, Fux)| dg (1) dA
M
<L 0 (Bxz,z) (L — Ex) 2, z)]"/? d\
Mm7
(Fuz,z) (L = Fu) @, @)Y dg (p)

m—0

< L(Mlyg—A)z,z) (A= mly)z,z)]"/?
< [{(g (M) 1y — g (B))z,2) {(g(B) — g (m) 1g) z,z)]"/?
(

X

for any x € H with ||z| = 1.

Proof. 1. We observe that, on utilizing the property (3.11) and the identity (2.1)
we have

(4.3) [(f (A)z, g (B)z) — (f(A)z,z) (2,9 (B) )]

<if

for any « € H,||z|| = 1.
By the same property (3.11)) we also have

/ [(Exz,x) (z, Fux) — (Exz, Fux)]d (g (p))] dA

M

(4.4) [<EA$ ) (&, Fux) — (Bxz, Fua)] d (g (1))

< K/ [(Erz,x) (x, Fuz) — (Exz, Fux)| dp
for any x € H, ||z|| =1 and X € [m, M].
Therefore, by and we get
(4.5) [(f (A) 2,9 (B) x) — (f (A) z,z) (x,9 (B) )|

M M
< LK/ / (Exz,x) (z, Fyz) — (Exx, Fa)| dud)
m—0Jm—0

for any « € H, ||z|| = 1, which proves the first inequality in (4.1)).

From — we have
(4.6) [(Exz,z) (z, Fuz) — (Exz, Flua)|
< (Baz,2) (1 — Ex) 2, 2))"? [(Fyz, 2) (g — F) z,2)]"/?

for any x € H, ||z|| =1 and A\, p € [m, M].
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Integrating on [m, M]” the inequality (4.6)) and utilizing the Cauchy-Bunyakowsky-
Schwarz integral inequality for the Riemann integral we have

(4.7 / / [(Exz,z) (@, Fyx) — (Exx, Fy)| dpd)
_/ ) (Exa,z) (Ly — Ex) a,2)]% dA
mM

< [ UFua,) (g — F)a,o)]' " dp

m—0
1/2
/ 1H—E,\)x,x>d)\1

< l/Mo (Exx,x d)\]
mM_ 1/2
X [/mo (Fpz,x d,u] l/m (lg — F,) z,x) du] .

Integrating by parts and utilizing the integral representation (|1.7)) we have

M M
/ (Exz,z)d\ = (Emc,x))\wf_o—/ M (Exz, )

m—0 m—0

= M- (Az,z) =((M1lg — A)z,x),

M
/ . ((1g — E))z,x)yd\ = ((A—mlyg)x,x)

and the similar equalities for B, providing the second part of (4.1).

The last part follows from ([3.15]) and we omit the details.
2. Utilising the inequality (3.16)) we have

M
(4.8) / [(Exz,z) (x, Fux) — (Exz, Fu)]d (g (1))

m—0

< [ KBxea) (o Fua) ~ (Exe. Fua)ldg (o

m—0

which, together with (4.3), produces the inequality
(4.9) [(f(A)z,g(B)z) = {f(A)z,z) (2,9 (B) z)]|

M M
<if [ (B o Fua) — (B Fua) dg ()
m—0Jm—0
for any x € H, ||z|] = 1.
Now, by utilizing (4.6) and a similar argument to the one outlined above, we
deduce the desired result (4.2)) and the details are omitted. ]

The case of one operator is incorporated in

Corollary 2. Let A be a selfadjoint operators in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers m < M and let {E\}, be the
spectral family of A. Also, assume that [ : [m,M] — C is Lipschitzian with the
constant L > 0 on [m, M].
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1. If g : [m, M] — C is Lipschitzian with the constant K > 0 on [m, M], then
we have the inequality

(4.10) [(f(A)z,g(A)z) = (f(A) z,2) (2,9 (A) z)]

< LK/ / [(Exz,z) (x, E,x) — (Exx, E, )| dpd)

2
<LK (/ y (Exa,z) (1y — Ex) z,2)]"? d>\>

—_

<LK [(Mlg — A)z,z) ((A—mlyg)z, )] < ~LK (M —m)?

=~

for any x € H with ||z| = 1.

2. If g : [m,M] — R is continuous and monotonic nondecreasing on [m, M],
then we have the inequality

(4.11) I(f (A)z, g (A) $> —(f(A)z,z)(z,9(A)z)|
M
< L/ Bz, x) (z, Fyx) — (Exz, Fux)| dg (1) dA
m—0 Jm—0

M
L/ [(Exz,x) leE)\)x,le/Qd)\

x [ (Buw,2) (g — Bu),2)]* dg (1)

<L[{ ( 1y — Az, z) (A—mly)z,z)]"/?
x [{(g (M) 1y — g (A)) z,z) (9 (A) — g (m) 1g) z,2)]"/?

for any x € H with ||z| = 1.

Remark 4. The following inequality for the variance of f (A) under the assump-
tions that A is a selfadjoint operators in the Hilbert space H with the spectrum
Sp(A) C [m, M] for some real numbers m < M, {E\}, is the spectral family of
A and f : [m,M] — C is Lipschitzian with the constant L > 0 on [m, M] can be
stated

(4.12) 0<|If(A)a|* = (f (A)z,2)°

M
< L2/ / (Exz,z) (z, E,x) — (Exz, E,z)| dud\
m—0 Jm—0

M 2
<12 (/ y (Exz,z) (1g — Ex) z,2)]"? dA)
< L*[(

(M1lg — A)z,z) (A —mly)z,z)] < =L* (M —m)?

for any x € H with ||z|| = 1.
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5. BouNDS FOR f MONOTONIC NONDECREASING

Finally, for the case of two monotonic functions we have the following result as
well:

Theorem 8. Let A, B be two selfadjoint operators in the Hilbert space H with the
spectra Sp (A),Sp (B) C [m, M] for some real numbers m < M and let {Ex}, be
the spectral family of A and {Fu}u the spectral family of B. If f,g : [m,M] — C
are continuous and monotonic nondecreasing on [m, M|, then

(5.1) [(f (A)z, g (B)x) = (f (A)z, ) (x, 9 (B) )]

o) [(Exz, x) (z, Fyx) — (Exz, Fyx)| dg (p) df (M)

M
= / [(Bxz,z) (L — Ex)a,2)]"* df (\)
m—0

IN

3

[(Fua,z) (1g — F,) z,2)]"* dg (1)
)

(f (M) 1y — f(A) @) {(f (A) — f (m) L)z, 2)]/°
(9 (M) 1y —g(B)z,2) ((9(B) — g (m) 1g) z,z)]"/?

< 7 (M) = f(m)][g (M) — g (m)]

X
s\
T &

for any x € H, ||z|| = 1.

The details of the proof are omitted.
In particular we have:

Corollary 3. Let A be a selfadjoint operators in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M and let {E\}, be the spectral
family of A. If f,g : [m, M] — C are continuous and monotonic nondecreasing on
[m, M], then

(5.2) [(f(A)z,g(A)z) = (f (A)z, ) (z,9 (A) )|
M M
- [(Exz,z) (x, Eyx) — (Exx, Eyx)| dg (1) df (A)

/M (Bxz,z) (1 — Ex) z, 2)]? df (\)

m—0

M

IN

IN

X

(Euz,z) (1u —E#)x,x>]1/2dg(/¢)

m—

((f
x [(

IN

M) i — £ (A) z,2) ((f (A) — f (m) 1g) z,2)]"/?
(9 (M) 1y — g(A)z,2) (g (A) — g (m) 1g) z,2)]"/?
< 1F M) £ m)] g (M) — g (m)]

[

A

for any z € H, ||z|| = 1.
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In particular, the following inequality for the variance of f(A) in the case of
monotonic nondecreasing functions f holds:

(53)  0<|f (A)z]? - (f (A)z2)?
M M
< / (Exe,z) (¢, Byz) — (Bxe, Eu)| df () df ()

( / (Exe,z) (L — Ex) 2] df (A >>
(f (M) 1t — F(A)z,2) (F (A) — f (m) Lr) )]

IN

IA

for any x € H, ||z|| = 1.

6. APPLICATIONS

By choosing different examples of elementary functions into the above inequali-
ties, one can obtain various Griiss’ type inequalities of interest.

For instance, if we choose f,g : (0,00) — (0,00) with f(t) = t?, ¢ (¢t) = t? and
p,q > 0, then for any selfadjoint operators A, B with Sp(A),Sp(B) C [m, M| C
(0, 00) we get from the inequalities:

(6.1) [(APz, Biz) — (APz, ) (Biz, z)|

< pq/ / (Exz,x) (z, F,x) — (Exx, Fx)| pd NP~ dud\

I A

/ (Bxz,z) (1g — Ex) z,2)]Y2 A2\

/ [(Fuz,x) leFM)x,:rﬂl/Quq*ld,u

< [((MP1yg — AP) 2, 2) (A — mP1p) @, 2]/
x [(M91g — BY)z,2) (B — mily) z,z)]"/?
< 5 (MP = 3a?) (M7 — )

for any @ € H with [|z| = 1, where {E)}, is the spectral family of A and {F},} , is
the spectral family of B.
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When B = A then by the Cebysev’s inequality for functions of same monotonicity
the inequality (6.1) becomes

(6.2) < (APg, Alx) — (APx,x) (Alz, x)

< pq/ / (Exz,x) (z, E,x) — (Exx, E,x)| pd NP dpd
1/2 p—l
< pg / [(Bxe, ) (L — By) 2, )] Y2 WL
0

M
g / (B ) (L~ B )]

< [(MPLg — APz, @) (AP — mP1p) @, @)/
(M1 = BY) ) (BT = m1py) z,2)]*

X

for any x € H with ||z|]| =1 and p,q > 0.
Now. define the coefficients

MP=t —mPlifp>1
(6.3) A, :=px

M'"P—m!'~?

On utilizing the inequality (4.1) for the same power functions considered above,
we can state the inequality

(6.4) |(APx, Blz) — (APx, ) (Blx, x)|
< ALA / / (Exz,x) (z, Fya) — (Exx, Fa)| dud)
< AA / (Exz,z) (1g — Ex)z,2)]"% dA

[ W) (0 B2
< AA (Mg — A)z,2) (A= mly)z,2)]'/
/

x [(M1yg — B)z,z) (B —mly)z,z)]"/?

for any « € H with ||z|]| =1 and p,q > 0.
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In particular, for B = A we have

(6.5) 0 < (APx, Alz) — (APx,x) (A%, x)

for

M M
< ApAq/ / (Eaz, z) (z, E,x) — (Exz, Eﬂx>| dpd\
m—0Jm—0
M 2
<AL, / (Ere, ) (L — Ex)z, 2)]Y? d
m—0
< Ay (M1 — A) ) (A — mi) 2, )] < 18,8, (M —m)?

any © € H with ||z| =1 and p,q > 0.
Similar results can be stated if p < 0 or ¢ < 0. However the details are left to

the interest reader.
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