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Abstract. Some inequalities of Grüss�type for continuous functions of selfad-
joint operators in Hilbert spaces, under suitable assumptions for the involved
operators, are given. Applications for power and logarithmic functions are
provided as well.

1. Introduction

In [11], in order to generalize Grüss�inequality in abstract structures the author
has proved the following result:

Theorem 1 (Dragomir, 1999, [11]). Let (H; h:; :i) be an inner product space over
K (K = R,C) and e 2 H; kek = 1: If '; 
;�;� are real or complex numbers and x; y
are vectors in H such that the conditions

(1.1) Re h�e� x; x� 'ei � 0 and Re h�e� y; y � 
ei � 0
hold, then we have the inequality

(1.2) jhx; yi � hx; ei he; yij � 1

4
j�� 'j � j�� 
j :

The constant 14 is best possible in the sense that it can not be replaced by a smaller
quantity.

For other results of this type, see the recent monograph [14] and the references
therein.
For discrete and integral inequalities of Grüss type, see Chapter X of the book

[26]. For other related results see the papers [1]-[3], [4]-[6], [7]-[9], [10]-[17], [21],
[29], [31] and the references therein.
In order to extend this result for functions of selfadjoint operators we need the

following preparation.
Let A be a selfadjoint linear operator on a complex Hilbert space (H; h:; :i) :

The Gelfand map establishes a �-isometrically isomorphism � between the set
C (Sp (A)) of all continuous functions de�ned on the spectrum of A; denoted Sp (A) ;
and the C�-algebra C� (A) generated by A and the identity operator 1H on H as
follows (see for instance [23, p. 3]):
For any f; g 2 C (Sp (A)) and any �; � 2 C we have
(i) � (�f + �g) = �� (f) + �� (g) ;
(ii) � (fg) = � (f) � (g) and �

�
�f
�
= �(f)

�
;
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(iii) k� (f)k = kfk := supt2Sp(A) jf (t)j ;
(iv) � (f0) = 1H and � (f1) = A; where f0 (t) = 1 and f1 (t) = t; for t 2 Sp (A) :
With this notation we de�ne

f (A) := � (f) for all f 2 C (Sp (A))

and we call it the continuous functional calculus for a selfadjoint operator A:
If A is a selfadjoint operator and f is a real valued continuous function on Sp (A),

then f (t) � 0 for any t 2 Sp (A) implies that f (A) � 0; i:e: f (A) is a positive
operator on H: Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f (t) � g (t) for any t 2 Sp (A) implies that f (A) � g (A)

in the operator order of B (H) :
For a recent monograph devoted to various inequalities for functions of selfadjoint

operators, see [23] and the references therein. For other results, see [28], [25] and
[30].
In the recent paper [19] we obtained amongst other the following re�nement of

the Grüss inequality for functions of selfadjoint operators:

Theorem 2 (Dragomir, 2009, [19]). Let A be a selfadjoint operator on the Hilbert
space (H; h:; :i) and assume that Sp (A) � [m;M ] for some scalars m < M: If f and
g are continuous on [m;M ] and 
 := mint2[m;M ] f (t) and � := maxt2[m;M ] f (t)
then

jhf (A) g (A)x; xi � hf (A)x; xi � hg (A)x; xij(1.3)

� 1

2
� (�� 
)

h
kg (A)xk2 � hg (A)x; xi2

i1=2
� 1

4
(�� 
) (�� �)

for each x 2 H with kxk = 1; where � := mint2[m;M ] g (t) and � := maxt2[m;M ] g (t) :

Remark 1. The inequality between the �rst and the last term of (1.3) is the oper-
ator version of the Grüss inequality and was �rstly obtained by Mond and Peµcaríc
in [27].

The following result for one Lipschitzian function and the second continuous,
can be stated as well:

Theorem 3 (Dragomir, 2009, [20]). Let A be a selfadjoint operator with Sp (A) �
[m;M ] for some real numbers m < M: If f : [m;M ] �! R is Lipschitzian with the
constant L > 0 and g : [m;M ] �! R is continuous with � := mint2[m;M ] g (t) and
� := maxt2[m;M ] g (t) ; then

jhf (A) g (A)x; xi � hf (A)x; xi � hg (A)x; xij(1.4)

� 1

2
(�� �)L h`A;x (A)x; xi �

p
2

2
(�� �)L

h
kAxk2 � hAx; xi2

i1=2
for any x 2 H with kxk = 1; where

`A;x (t) := hjt � 1H �Ajx; xi

is a continuous function on [m;M ] :

When both functions are Lipschitzian, then we have the result:
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Theorem 4 (Dragomir, 2009, [20]). Let A be a selfadjoint operator with Sp (A) �
[m;M ] for some real numbers m < M: If f; g : [m;M ] �! R are Lipschitzian with
the constants L;K > 0; then

(1.5) jhf (A) g (A)x; xi � hf (A)x; xi � hg (A)x; xij � LK
h
kAxk2 � hAx; xi2

i
;

for any x 2 H with kxk = 1:

In order to provide some new vector Grüss� type inequalities for continuous
functions of selfadjoint operators in Hilbert spaces, we need the following facts
concerning the spectral representation of such functions.
Let U be a selfadjoint operator on the complex Hilbert space (H; h:; :i) with the

spectrum Sp (U) included in the interval [m;M ] for some real numbers m < M and
let fE�g� be its spectral family. Then for any continuous function f : [m;M ]! C,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral :

(1.6) f (U) =

Z M

m�0
f (�) dE�;

which, in terms of vectors, can be written as

(1.7) hf (U)x; yi =
Z M

m�0
f (�) d hE�x; yi ;

for any x; y 2 H: The function gx;y (�) := hE�x; yi is of bounded variation on the
interval [m;M ] and

gx;y (m� 0) = 0 and gx;y (M) = hx; yi

for any x; y 2 H: It is also well known that gx (�) := hE�x; xi is monotonic nonde-
creasing and right continuous on [m;M ].
Motivated by the above results we consider in the present paper the more general

problem of �nding bounds for the quantity

jhf (A)x; g (B)xi � hf (A)x; xi hg (B)x; xij
where A;B are two selfadjoint operators in the Hilbert space H with the spectra
Sp (A) ; Sp (B) � [m;M ] for some real numbers m < M and f; g : [m;M ] !
C belong to di¤erent subclasses of continuous functions on the compact interval
[m;M ] : Applications for some elementary functions of selfadjoint operators are
provided as well.

2. Some Representation Results

We start with the following representation result that will play a key role in
obtaining various bounds for di¤erent choices of functions including continuous
functions of bounded variation, Lipschitzian functions or monotonic and continuous
functions.

Theorem 5. Let A;B be two selfadjoint operators in the Hilbert space H with the
spectra Sp (A) ; Sp (B) � [m;M ] for some real numbers m < M and let fE�g� be
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the spectral family of A and fF�g� the spectral family of B: If f; g : [m;M ] ! C
are continuous, then we have the representation

hf (A)x; g (B)xi � hf (A)x; xi hx; g (B)xi(2.1)

=

Z M

m�0

 Z M

m�0
[hE�x; xi hx; F�xi � hE�x; F�xi] d (g (�))

!
d (f (�))

for any x 2 H with kxk = 1:

Proof. Integrating by parts in the Riemann-Stieltjes integral and making use of the
spectral representation (1.7) we haveZ M

m�0
[hE�x; yi � hE�x; xi hx; yi] df (�)(2.2)

= [hE�x; yi � hE�x; xi hx; yi] f (�)jMm�0

�
Z M

m�0
f (�) d [hE�x; yi � hE�x; xi hx; yi]

= hx; yi
Z M

m�0
f (�) d hE�x; xi �

Z M

m�0
f (�) d hE�x; yi

= hx; yi hf (A)x; xi � hf (A)x; yi

for any x; y 2 H with kxk = 1:
Now, if we chose y = g (B)x in (2.2) then we get thatZ M

m�0
[hE�x; g (B)xi � hE�x; xi hx; g (B)xi] df (�)(2.3)

= hx; g (B)xi hf (A)x; xi � hf (A)x; g (B)xi

for any x 2 H with kxk = 1:
Utilising the spectral representation for B we also have for each �xed � 2 [m;M ]

that

hE�x; g (B)xi � hE�x; xi hx; g (B)xi(2.4)

=

*
E�x;

Z M

m�0
g (�) dF�x

+
� hE�x; xi

*
x;

Z M

m�0
g (�) dF�x

+

=

Z M

m�0
g (�) d (hE�x; F�xi)� hE�x; xi

Z M

m�0
g (�) d (hx; F�xi)

for any x 2 H with kxk = 1:
Integrating by parts in the Riemann-Stieltjes integral we haveZ M

m�0
g (�) d (hE�x; F�xi) = g (�) hE�x; F�xi]Mm�0 �

Z M

m�0
hE�x; F�xi dg (�)

= g (M) hE�x; xi �
Z M

m�0
hE�x; F�xi d (g (�))
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and Z M

m�0
g (�) d (hx; F�xi) = g (�) hx; F�xi]Mm�0 �

Z M

m�0
hx; F�xi d (g (�))

= g (M)�
Z M

m�0
hx; F�xi d (g (�)) ;

therefore Z M

m�0
g (�) d (hE�x; F�xi)� hE�x; xi

Z M

m�0
g (�) d (hx; F�xi)(2.5)

= g (M) hE�x; xi �
Z M

m�0
hE�x; F�xi d (g (�))

� hE�x; xi
 
g (M)�

Z M

m�0
hx; F�xi d (g (�))

!

= hE�x; xi
Z M

m�0
hx; F�xi d (g (�))�

Z M

m�0
hE�x; F�xi d (g (�))

=

Z M

m�0
[hE�x; xi hx; F�xi � hE�x; F�xi] d (g (�))

for any x 2 H with kxk = 1 and � 2 [m;M ] :
Utilising (2.3)-(2.5) we deduce the desired result (2.1). �

Remark 2. In particular, if we take B = A; then we get from (2.1) the equality

hf (A)x; g (A)xi � hf (A)x; xi hx; g (A)xi(2.6)

=

Z M

m�0

 Z M

m�0
[hE�x; xi hx;E�xi � hE�x;E�xi] d (g (�))

!
d (f (�))

for any x 2 H with kxk = 1; which for g = f produces the representation result for
the variance of the selfadjoint operator f (A) ;

kf (A)xk2 � hf (A)x; xi2(2.7)

=

Z M

m�0

 Z M

m�0
[hE�x; xi hx;E�xi � hE�x;E�xi] d (f (�))

!
d (f (�))

for any x 2 H with kxk = 1:

3. Bounds for f of Bounded Variation

The �rst vectorial Grüss�type inequality when one of the functions is of bounded
variation is as follows:

Theorem 6. Let A;B be two selfadjoint operators in the Hilbert space H with the
spectra Sp (A) ; Sp (B) � [m;M ] for some real numbers m < M and let fE�g�
be the spectral family of A and fF�g� the spectral family of B: Also, assume that
f : [m;M ]! C is continuous and of bounded variation on [m;M ] :



6 S.S. DRAGOMIR

1. If g : [m;M ]! C is continuous and of bounded variation on [m;M ] ; then we
have the inequality

jhf (A)x; g (B)xi � hf (A)x; xi hx; g (B)xij(3.1)

� max
(�;�)2[m;M ]2

jhE�x; xi hx; F�xi � hE�x; F�xij
M_
m

(g)
M_
m

(f)

� max
�2[m;M ]

[hE�x; xi h(1H � E�)x; xi]1=2

� max
�2[m;M ]

[hF�x; xi h(1H � F�)x; xi]1=2
M_
m

(g)

M_
m

(f) � 1

4

M_
m

(g)

M_
m

(f)

for any x 2 H with kxk = 1:
2. If g : [m;M ] ! C is Lipschitzian with the constant K > 0 on [m;M ] ; then

we have the inequality

jhf (A)x; g (B)xi � hf (A)x; xi hx; g (B)xij(3.2)

� K max
�2[m;M ]

"Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij d�

#
M_
m

(f)

� K
M_
m

(f) max
�2[m;M ]

[hE�x; xi h(1H � E�)x; xi]1=2

�
Z M

m�0
[hF�x; xi h(1H � F�)x; xi]1=2 d�

� 1

2
K

M_
m

(f) h(M1H �B)x; xi1=2 h(B �m1H)x; xi1=2

� 1

4
K (M �m)

M_
m

(f)

for any x 2 H with kxk = 1:
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3. If g : [m;M ] ! R is continuous and monotonic nondecreasing on [m;M ] ;
then we have the inequality

jhf (A)x; g (B)xi � hf (A)x; xi hx; g (B)xij(3.3)

� max
�2[m;M ]

"Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij dg (�)

#
M_
m

(f)

�
M_
m

(f) max
�2[m;M ]

[hE�x; xi h(1H � E�)x; xi]1=2

�
Z M

m�0
[hF�x; xi h(1H � F�)x; xi]1=2 dg (�)

� 1

2

M_
m

(f) h(g (M) 1H � g (B))x; xi1=2 h(g (B)� g (m) 1H)x; xi1=2

� 1

4
[g (M)� g (m)]

M_
m

(f)

for any x 2 H with kxk = 1:

Proof. 1. It is well known that if p : [a; b]! C is a continuous function, v : [a; b]!
C is of bounded variation then the Riemann-Stieltjes integral

R b
a
p (t) dv (t) exists

and the following inequality holds

(3.4)

�����
Z b

a

p (t) dv (t)

����� � max
t2[a;b]

jp (t)j
b_
a

(v) ;

where
b_
a

(v) denotes the total variation of v on [a; b] :

Now, on utilizing the property (3.4) and the identity (2.1) we have

jhf (A)x; g (B)xi � hf (A)x; xi hx; g (B)xij(3.5)

� max
�2[m;M ]

�����
Z M

m�0
[hE�x; xi hx; F�xi � hE�x; F�xi] d (g (�))

�����
M_
m

(f)

for any x 2 [m;M ] :
The same inequality (3.4) produces the bound

max
�2[m;M ]

�����
Z M

m�0
[hE�x; xi hx; F�xi � hE�x; F�xi] d (g (�))

�����(3.6)

� max
�2[m;M ]

�
max

�2[m;M ]
jhE�x; xi hx; F�xi � hE�x; F�xij

� M_
m

(f)

= max
(�;�)2[m;M ]2

jhE�x; xi hx; F�xi � hE�x; F�xij
M_
m

(f)

for any x 2 [m;M ] :
By making use of (3.5) and (3.6) we deduce the �rst part of (3.1).
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Further, we notice that by the Schwarz inequality inH we have for any u; v; e 2 H
with kek = 1 that

(3.7) jhu; vi � hu; ei he; vij �
�
kuk2 � jhu; eij2

�1=2 �
kvk2 � jhv; eij2

�1=2
:

Indeed, if we write Schwarz�s inequality for the vectors u� hu; ei e and v � hv; ei e
we have

jhu� hu; ei e; v � hv; ei eij � ku� hu; ei ek kv � hv; ei ek

which, by performing the calculations, is equivalent with (3.7).
Now, on utilizing (3.7), we can state that

jhE�x; xi hx; F�xi � hE�x; F�xij(3.8)

�
�
kE�xk2 � jhE�x; xij2

�1=2 �
kF�xk2 � jhF�x; xij2

�1=2
for any �; � 2 [m;M ] :
Since E� and F� are projections and E�; F� � 0 then

kE�xk2 � jhE�x; xij2 = hE�x; xi � hE�x; xi2(3.9)

= hE�x; xi h(1H � E�)x; xi �
1

4

and

(3.10) kF�xk2 � jhF�x; xij2 = hF�x; xi h(1H � F�)x; xi �
1

4

for any �; � 2 [m;M ] and x 2 H with kxk = 1:
Now, if we use (3.8)-(3.10) then we get the second part of (3.1).
2. Further, recall that if p : [a; b] ! C is a Riemann integrable function and

v : [a; b]! C is Lipschitzian with the constant L > 0, i.e.,

jf (s)� f (t)j � L js� tj for any t; s 2 [a; b] ;

then the Riemann-Stieltjes integral
R b
a
p (t) dv (t) exists and the following inequality

holds

(3.11)

�����
Z b

a

p (t) dv (t)

����� � L
Z b

a

jp (t)j dt:

If we use the inequality (3.11), then we have in the case when g is Lipschitzian
with the constant K > 0 that

max
�2[m;M ]

�����
Z M

m�0
[hE�x; xi hx; F�xi � hE�x; F�xi] d (g (�))

�����(3.12)

� K max
�2[m;M ]

"Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij d�

#

for any x 2 H with kxk = 1 and the �rst part of (3.2) is proved.



GRÜSS� TYPE INEQUALITIES 9

Further, by employing (3.8)-(3.10) we also get that

max
�2[m;M ]

Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij d�(3.13)

� max
�2[m;M ]

[hE�x; xi h(1H � E�)x; xi]1=2

�
Z M

m�0
[hF�x; xi h(1H � F�)x; xi]1=2 d�

for any x 2 H with kxk = 1:
If we use the Cauchy-Bunyakovsky-Schwarz integral inequality and the spectral

representation (1.7), then we have successivelyZ M

m�0
(hF�x; xi h(1H � F�)x; xi)1=2 d�(3.14)

�
"Z M

m�0
hF�x; xi d�

#1=2 "Z M

m�0
h(1H � F�)x; xi d�

#1=2

=

"
hF�x; xi�jMm�0 �

Z M

m�0
�d hF�x; xi

#1=2

�
"
h(1H � F�)x; xi�jMm�0 �

Z M

m�0
�d h(1H � F�)x; xi

#
= h(M1H �B)x; xi1=2 h(B �m1H)x; xi1=2 ;

for any x 2 H with kxk = 1:
On employing now (3.12)-(3.14) we deduce the second part of (3.2).
The last part of (3.2) follows by the elementary inequality

(3.15) �� � 1

4
(�+ �)

2
; �� � 0

for the choice � = h(M1H �B)x; xi and � = h(B �m1H)x; xi and the details are
omitted.
3. Further, from the theory of Riemann-Stieltjes integral it is also well known

that if p : [a; b] ! C is of bounded variation and v : [a; b] ! R is continuous and
monotonic nondecreasing, then the Riemann-Stieltjes integrals

R b
a
p (t) dv (t) andR b

a
jp (t)j dv (t) exist and

(3.16)

�����
Z b

a

p (t) dv (t)

����� �
Z b

a

jp (t)j dv (t) :

Now, if we assume that g is monotonic nondecreasing on [m;M ] ; then by (3.16)
we have that

max
�2[m;M ]

�����
Z M

m�0
[hE�x; xi hx; F�xi � hE�x; F�xi] d (g (�))

�����(3.17)

� max
�2[m;M ]

"Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij dg (�)

#
for any x 2 H with kxk = 1:
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Further, by employing (3.8)-(3.10) we also get that

max
�2[m;M ]

Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij dg (�)(3.18)

� max
�2[m;M ]

[hE�x; xi h(1H � E�)x; xi]1=2

�
Z M

m�0
[hF�x; xi h(1H � F�)x; xi]1=2 dg (�)

for any x 2 H with kxk = 1: These prove the �rst part of (3.3).
If we use the Cauchy-Bunyakovsky-Schwarz integral inequality for the Riemann-

Stieltjes integral with monotonic nondecreasing integrators and the spectral repre-
sentation (1.7), then we have successivelyZ M

m�0
(hF�x; xi h(1H � F�)x; xi)1=2 dg (�)(3.19)

�
"Z M

m�0
hF�x; xi dg (�)

#1=2 "Z M

m�0
h(1H � F�)x; xi dg (�)

#1=2

=

"
hF�x; xi g (�)jMm�0 �

Z M

m�0
g (�) d hF�x; xi

#1=2

�
"
h(1H � F�)x; xi g (�)jMm�0 �

Z M

m�0
g (�) d h(1H � F�)x; xi

#1=2
= h(g (M) 1H � g (B))x; xi1=2 h(g (B)� g (m) 1H)x; xi1=2 ;

for any x 2 H with kxk = 1:
Utilising (3.19) we then deduce the last part of (3.3). The details are omitted. �

Now, in order to provide other results that are similar to the Grüss� type in-
equalities stated in the introduction, we can state the following corollary:

Corollary 1. Let A be a selfadjoint operators in the Hilbert space H with the
spectrum Sp (A) � [m;M ] for some real numbers m < M and let fE�g� be the
spectral family of A: Also, assume that f : [m;M ]! C is continuous and of bounded
variation on [m;M ] :
1. If g : [m;M ]! C is continuous and of bounded variation on [m;M ] ; then we

have the inequality

jhf (A)x; g (A)xi � hf (A)x; xi hx; g (A)xij(3.20)

� max
(�;�)2[m;M ]2

jhE�x; xi hx;E�xi � hE�x;E�xij
M_
m

(g)
M_
m

(f)

� max
�2[m;M ]

[hE�x; xi h(1H � E�)x; xi]
M_
m

(g)
M_
m

(f) � 1

4

M_
m

(g)
M_
m

(f)

for any x 2 H with kxk = 1:
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2. If g : [m;M ] ! C is Lipschitzian with the constant K > 0 on [m;M ] ; then
we have the inequality

jhf (A)x; g (A)xi � hf (A)x; xi hx; g (A)xij(3.21)

� K max
�2[m;M ]

"Z M

m�0
jhE�x; xi hx;E�xi � hE�x;E�xij d�

#
M_
m

(f)

� K
M_
m

(f) max
�2[m;M ]

[hE�x; xi h(1H � E�)x; xi]1=2

�
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 d�

� 1

2
K

M_
m

(f) h(M1H �A)x; xi1=2 h(A�m1H)x; xi1=2

� 1

4
K (M �m)

M_
m

(f)

for any x 2 H with kxk = 1:
3. If g : [m;M ] ! R is continuous and monotonic nondecreasing on [m;M ] ;

then we have the inequality

jhf (A)x; g (A)xi � hf (A)x; xi hx; g (A)xij(3.22)

� max
�2[m;M ]

"Z M

m�0
jhE�x; xi hx;E�xi � hE�x;E�xij dg (�)

#
M_
m

(f)

�
M_
m

(f) max
�2[m;M ]

[hE�x; xi h(1H � E�)x; xi]1=2

�
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 dg (�)

� 1

2

M_
m

(f) h(g (M) 1H � g (A))x; xi1=2 h(g (A)� g (m) 1H)x; xi1=2

� 1

4
[g (M)� g (m)]

M_
m

(f)

for any x 2 H with kxk = 1:

Remark 3. The following inequality for the variance of f (A) under the assump-
tions that A is a selfadjoint operators in the Hilbert space H with the spectrum
Sp (A) � [m;M ] for some real numbers m < M , fE�g� is the spectral family of A
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and f : [m;M ]! C is continuous and of bounded variation on [m;M ] can be stated

0 � kf (A)xk2 � hf (A)x; xi2(3.23)

� max
(�;�)2[m;M ]2

jhE�x; xi hx;E�xi � hE�x;E�xij
"
M_
m

(f)

#2

� max
�2[m;M ]

[hE�x; xi h(1H � E�)x; xi]
"
M_
m

(f)

#2
� 1

4

"
M_
m

(f)

#2

for any x 2 H with kxk = 1:

4. Bounds for f Lipschitzian

The case when the �rst function is Lipschitzian is as follows:

Theorem 7. Let A;B be two selfadjoint operators in the Hilbert space H with the
spectra Sp (A) ; Sp (B) � [m;M ] for some real numbers m < M and let fE�g�
be the spectral family of A and fF�g� the spectral family of B: Also, assume that
f : [m;M ]! C is Lipschitzian with the constant L > 0 on [m;M ] :
1. If g : [m;M ] ! C is Lipschitzian with the constant K > 0 on [m;M ] ; then

we have the inequality

jhf (A)x; g (B)xi � hf (A)x; xi hx; g (B)xij(4.1)

� LK
Z M

m�0

Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij d�d�

� LK
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 d�

�
Z M

m�0
[hF�x; xi h(1H � F�)x; xi]1=2 d�

� LK [h(M1H �A)x; xi h(A�m1H)x; xi]1=2

� [h(M1H �B)x; xi h(B �m1H)x; xi]1=2 �
1

4
LK (M �m)2

for any x 2 H with kxk = 1:
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2. If g : [m;M ] ! R is continuous and monotonic nondecreasing on [m;M ] ;
then we have the inequality

jhf (A)x; g (B)xi � hf (A)x; xi hx; g (B)xij(4.2)

� L
Z M

m�0

Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij dg (�) d�

� L
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 d�

�
Z M

m�0
[hF�x; xi h(1H � F�)x; xi]1=2 dg (�)

� L [h(M1H �A)x; xi h(A�m1H)x; xi]1=2

� [h(g (M) 1H � g (B))x; xi h(g (B)� g (m) 1H)x; xi]1=2

� 1

4
L (M �m) [g (M)� g (m)]

for any x 2 H with kxk = 1:

Proof. 1. We observe that, on utilizing the property (3.11) and the identity (2.1)
we have

jhf (A)x; g (B)xi � hf (A)x; xi hx; g (B)xij(4.3)

� L
Z M

m�0

�����
Z M

m�0
[hE�x; xi hx; F�xi � hE�x; F�xi] d (g (�))

����� d�
for any x 2 H; kxk = 1:
By the same property (3.11) we also have�����

Z M

m�0
[hE�x; xi hx; F�xi � hE�x; F�xi] d (g (�))

�����(4.4)

� K
Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij d�

for any x 2 H; kxk = 1 and � 2 [m;M ] :
Therefore, by (4.3) and (4.4) we get

jhf (A)x; g (B)xi � hf (A)x; xi hx; g (B)xij(4.5)

� LK
Z M

m�0

Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij d�d�

for any x 2 H; kxk = 1; which proves the �rst inequality in (4.1).
From (3.8)-(3.10) we have

jhE�x; xi hx; F�xi � hE�x; F�xij(4.6)

� [hE�x; xi h(1H � E�)x; xi]1=2 [hF�x; xi h(1H � F�)x; xi]1=2

for any x 2 H; kxk = 1 and �; � 2 [m;M ] :
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Integrating on [m;M ]2 the inequality (4.6) and utilizing the Cauchy-Bunyakowsky-
Schwarz integral inequality for the Riemann integral we haveZ M

m�0

Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij d�d�(4.7)

�
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 d�

�
Z M

m�0
[hF�x; xi h(1H � F�)x; xi]1=2 d�

�
"Z M

m�0
hE�x; xi d�

#1=2 "Z M

m�0
h(1H � E�)x; xi d�

#1=2

�
"Z M

m�0
hF�x; xi d�

#1=2 "Z M

m�0
h(1H � F�)x; xi d�

#1=2
:

Integrating by parts and utilizing the integral representation (1.7) we haveZ M

m�0
hE�x; xi d� = hE�x; xi�jMm�0 �

Z M

m�0
�d hE�x; xi

= M � hAx; xi = h(M1H �A)x; xi ;Z M

m�0
h(1H � E�)x; xi d� = h(A�m1H)x; xi

and the similar equalities for B; providing the second part of (4.1).
The last part follows from (3.15) and we omit the details.
2. Utilising the inequality (3.16) we have�����

Z M

m�0
[hE�x; xi hx; F�xi � hE�x; F�xi] d (g (�))

�����(4.8)

�
Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij dg (�)

which, together with (4.3), produces the inequality

jhf (A)x; g (B)xi � hf (A)x; xi hx; g (B)xij(4.9)

� L
Z M

m�0

Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij dg (�) d�

for any x 2 H; kxk = 1:
Now, by utilizing (4.6) and a similar argument to the one outlined above, we

deduce the desired result (4.2) and the details are omitted. �

The case of one operator is incorporated in

Corollary 2. Let A be a selfadjoint operators in the Hilbert space H with the
spectrum Sp (A) � [m;M ] for some real numbers m < M and let fE�g� be the
spectral family of A: Also, assume that f : [m;M ] ! C is Lipschitzian with the
constant L > 0 on [m;M ] :
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1. If g : [m;M ] ! C is Lipschitzian with the constant K > 0 on [m;M ] ; then
we have the inequality

jhf (A)x; g (A)xi � hf (A)x; xi hx; g (A)xij(4.10)

� LK
Z M

m�0

Z M

m�0
jhE�x; xi hx;E�xi � hE�x;E�xij d�d�

� LK
 Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 d�

!2
� LK [h(M1H �A)x; xi h(A�m1H)x; xi] �

1

4
LK (M �m)2

for any x 2 H with kxk = 1:
2. If g : [m;M ] ! R is continuous and monotonic nondecreasing on [m;M ] ;

then we have the inequality

jhf (A)x; g (A)xi � hf (A)x; xi hx; g (A)xij(4.11)

� L
Z M

m�0

Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij dg (�) d�

� L
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 d�

�
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 dg (�)

� L [h(M1H �A)x; xi h(A�m1H)x; xi]1=2

� [h(g (M) 1H � g (A))x; xi h(g (A)� g (m) 1H)x; xi]1=2

� 1

4
L (M �m) [g (M)� g (m)]

for any x 2 H with kxk = 1:

Remark 4. The following inequality for the variance of f (A) under the assump-
tions that A is a selfadjoint operators in the Hilbert space H with the spectrum
Sp (A) � [m;M ] for some real numbers m < M , fE�g� is the spectral family of
A and f : [m;M ] ! C is Lipschitzian with the constant L > 0 on [m;M ] can be
stated

0 � kf (A)xk2 � hf (A)x; xi2(4.12)

� L2
Z M

m�0

Z M

m�0
jhE�x; xi hx;E�xi � hE�x;E�xij d�d�

� L2
 Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 d�

!2
� L2 [h(M1H �A)x; xi h(A�m1H)x; xi] �

1

4
L2 (M �m)2

for any x 2 H with kxk = 1:



16 S.S. DRAGOMIR

5. Bounds for f Monotonic Nondecreasing

Finally, for the case of two monotonic functions we have the following result as
well:

Theorem 8. Let A;B be two selfadjoint operators in the Hilbert space H with the
spectra Sp (A) ; Sp (B) � [m;M ] for some real numbers m < M and let fE�g� be
the spectral family of A and fF�g� the spectral family of B: If f; g : [m;M ] ! C
are continuous and monotonic nondecreasing on [m;M ] ; then

jhf (A)x; g (B)xi � hf (A)x; xi hx; g (B)xij(5.1)

�
Z M

m�0

Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij dg (�) df (�)

�
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 df (�)

�
Z M

m�0
[hF�x; xi h(1H � F�)x; xi]1=2 dg (�)

� [h(f (M) 1H � f (A))x; xi h(f (A)� f (m) 1H)x; xi]1=2

� [h(g (M) 1H � g (B))x; xi h(g (B)� g (m) 1H)x; xi]1=2

� 1

4
[f (M)� f (m)] [g (M)� g (m)]

for any x 2 H; kxk = 1:

The details of the proof are omitted.
In particular we have:

Corollary 3. Let A be a selfadjoint operators in the Hilbert space H with the spec-
trum Sp (A) � [m;M ] for some real numbers m < M and let fE�g� be the spectral
family of A: If f; g : [m;M ] ! C are continuous and monotonic nondecreasing on
[m;M ] ; then

jhf (A)x; g (A)xi � hf (A)x; xi hx; g (A)xij(5.2)

�
Z M

m�0

Z M

m�0
jhE�x; xi hx;E�xi � hE�x;E�xij dg (�) df (�)

�
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 df (�)

�
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 dg (�)

� [h(f (M) 1H � f (A))x; xi h(f (A)� f (m) 1H)x; xi]1=2

� [h(g (M) 1H � g (A))x; xi h(g (A)� g (m) 1H)x; xi]1=2

� 1

4
[f (M)� f (m)] [g (M)� g (m)]

for any x 2 H; kxk = 1:
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In particular, the following inequality for the variance of f (A) in the case of
monotonic nondecreasing functions f holds:

0 � kf (A)xk2 � hf (A)x; xi2(5.3)

�
Z M

m�0

Z M

m�0
jhE�x; xi hx;E�xi � hE�x;E�xij df (�) df (�)

�
 Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 df (�)

!2
� [h(f (M) 1H � f (A))x; xi h(f (A)� f (m) 1H)x; xi]

� 1

4
[f (M)� f (m)]2

for any x 2 H; kxk = 1:

6. Applications

By choosing di¤erent examples of elementary functions into the above inequali-
ties, one can obtain various Grüss�type inequalities of interest.
For instance, if we choose f; g : (0;1) ! (0;1) with f (t) = tp; g (t) = tq and

p; q > 0; then for any selfadjoint operators A;B with Sp (A) ; Sp (B) � [m;M ] �
(0;1) we get from (5.1) the inequalities:

jhApx;Bqxi � hApx; xi hBqx; xij(6.1)

� pq
Z M

m�0

Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij�q�1�p�1d�d�

� pq
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 �p�1d�

�
Z M

m�0
[hF�x; xi h(1H � F�)x; xi]1=2 �q�1d�

� [h(Mp1H �Ap)x; xi h(Ap �mp1H)x; xi]1=2

� [h(Mq1H �Bq)x; xi h(Bq �mq1H)x; xi]1=2

� 1

4
(Mp �mp) (Mq �mq)

for any x 2 H with kxk = 1; where fE�g� is the spectral family of A and fF�g� is
the spectral family of B:
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WhenB = A then by the µCeby�ev�s inequality for functions of same monotonicity
the inequality (6.1) becomes

0 � hApx;Aqxi � hApx; xi hAqx; xi(6.2)

� pq
Z M

m�0

Z M

m�0
jhE�x; xi hx;E�xi � hE�x;E�xij�q�1�p�1d�d�

� pq
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 �p�1d�

�
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 �q�1d�

� [h(Mp1H �Ap)x; xi h(Ap �mp1H)x; xi]1=2

� [h(Mq1H �Bq)x; xi h(Bq �mq1H)x; xi]1=2

� 1

4
(Mp �mp) (Mq �mq)

for any x 2 H with kxk = 1 and p; q > 0:
Now. de�ne the coe¢ cients

(6.3) �p := p�

8<:
Mp�1 �mp�1 if p � 1

M1�p�m1�p

M1�pm1�p if 0 < p < 1:

On utilizing the inequality (4.1) for the same power functions considered above,
we can state the inequality

jhApx;Bqxi � hApx; xi hBqx; xij(6.4)

� �p�q
Z M

m�0

Z M

m�0
jhE�x; xi hx; F�xi � hE�x; F�xij d�d�

� �p�q
Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 d�

�
Z M

m�0
[hF�x; xi h(1H � F�)x; xi]1=2 d�

� �p�q [h(M1H �A)x; xi h(A�m1H)x; xi]1=2

� [h(M1H �B)x; xi h(B �m1H)x; xi]1=2 �
1

4
�p�q (M �m)2

for any x 2 H with kxk = 1 and p; q > 0:
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In particular, for B = A we have

0 � hApx;Aqxi � hApx; xi hAqx; xi(6.5)

� �p�q
Z M

m�0

Z M

m�0
jhE�x; xi hx;E�xi � hE�x;E�xij d�d�

� �p�q

 Z M

m�0
[hE�x; xi h(1H � E�)x; xi]1=2 d�

!2
� �p�q [h(M1H �A)x; xi h(A�m1H)x; xi] �

1

4
�p�q (M �m)2

for any x 2 H with kxk = 1 and p; q > 0:
Similar results can be stated if p < 0 or q < 0: However the details are left to

the interest reader.
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