OSTROWSKTI’'S TYPE INEQUALITIES FOR SOME CLASSES OF
CONTINUOUS FUNCTIONS OF SELFADJOINT OPERATORS IN
HILBERT SPACES

S.S. DRAGOMIR

ABSTRACT. New Ostrowski’s type inequalities for some classes of continuous
functions of selfadjoint operators in Hilbert spaces, under suitable assumptions
for the involved operators, are given.

1. INTRODUCTION

The following result is known in the literature as Ostrowski’s inequality [27]:
Let f : [a,b] — R be a differentiable mapping on (a,b) with the property that

lf"(t)] < M for all t € (a,b). Then
2
1 x — afb
< |= 2 —aM
< 4+< b—a) (b—a)

b
(L.1) ‘f(x)—-b_i(L]/ 7ty dt

for all x € (a,b). The constant i is best possible in the sense that it cannot be

replaced by a smaller constant.
The above result has been naturally extended for absolutely continuous functions

and Lebesgue p—norms of the derivative f’ in [15] — [17] and can be stated as:

Theorem 1. Let f : [a,b] — R be absolutely continuous on [a,b]. Then for all
x € [a,b] we have:

b
1) |-y [ o

G () e-alrle i e Lolets
4 b—a 0o oo |W, Ul

(=) () ematis
< (p+1)% b—a b—a a q
if f'€Lylab], %—l—%:l, p>1;
1 93—“7“ /
3+ 5= ]| 171

where ||-||,. (r € [1,00]) are the usual Lebesque norms on L, [a,b], i.e.,

b G
9]l := ess sup |g ()] and g, := </ Ig(t)lrdt> ;1 e[lo0).

t€la,b]
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The constants %, m and % respectively are sharp in the sense mentioned above.

The inequalities (1.2) can also be obtained, in a slightly different form, as partic-
ular cases of some results established by A.M. Fink in [18] for n—time differentiable
functions.

For other Ostrowski type inequalities concerning Lipschitzian and r — H —Holder
type functions, see [8] and [13].

The cases of bounded variation functions and monotonic functions were consid-
ered in [4] and [7] while the case of convex functions was studied in [3].

For various generalizations, extensions and related Ostrowski type inequalities
for functions of one or several variables see the monograph [14] and the references
therein. For related results see [1]-[2] and [9].

In order to extend the Ostrowski inequality for absolutely continuous functions of
selfadjoint operators we need some definitions and results related to the continuous
functional calculus.

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)).
The Gelfand map establishes a *-isometrically isomorphism ® between the set
C (Sp (A)) of all continuous functions defined on the spectrum of A, denoted Sp (A),
and the C*-algebra C* (A) generated by A and the identity operator 1y on H as
follows (see for instance [19, p. 3]):

For any f,g € C (Sp(4)) and any «, 8 € C we have

() ®(af+89) = ad (f) + 5D (g);

(i) @(fg)=@(f)®(g) and @ (f) = ®(f)":

(i) 12 (A = 11l == supyespin 1F (O]

(iv) ®(fo) =1g and ®(f1) = A, where fo (t) = 1and f; (t) =t, fort € Sp(A).

With this notation we define

f(A) =0 (f) forall feC(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on Sp (A),
then f(¢t) > 0 for any t € Sp(A) implies that f (A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f(t)>g(t) for any t € Sp(A) implies that f(A) > g (A4)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of selfadjoint
operators, see [19] and the references therein.

For other results see [10], [11], [12], [23], [25], [26] and [28].

Motivated by the above results we investigate in this paper some Ostrowski type
inequalities for absolutely continuous functions of selfadjoint operators in Hilbert
spaces. Applications for some particular functions of interest are provided as well.

2. INEQUALITIES FOR ABSOLUTELY CONTINUOUS FUNCTIONS OF SELFADJOINT
OPERATORS

We start with the following scalar inequality that is of interest in itself since it
provides a generalization of the Ostrowski inequality (1.1) when upper and lower
bounds for the derivative are provided:
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Lemma 1. Let f : [a,b] — R be an absolutely continuous function whose derivative
is bounded above and below on [a,b], i.e., there exists the real constants v and
T,y < T with the property that v < f’ (s) < T for almost every s € [a,b]. Then we
have the double inequality

o RE[E) )]

for any s € [a,b]. The inequalities are sharp.

Proof. We start with Montgomery’s identity

b
(2.2) f(s) - 1‘/f@ﬁ
1

b—a

b
:b_a/a (tfa)f’(t)dtJrﬁ/s (t—10)f (t)dt

that holds for any s € [a, b] .
Since v < f/(¢t) < T for almost every ¢ € [a,b], then

bza/:(t“)dtﬁl - (dr < - /:(ta)dt

b—a /,

bfa/sb(bt)dtﬁ bia/;(bt)f’(t)dts br /Sb(bt)dt

for any s € [a,b].
Now, due to the fact that

and

s b
/a(t—a)dt:%(s—a)z and/s (b—t)dt:%(b—s)z

then by (2.2) we deduce the following inequality that is of interest in itself:
1

(2.3) “20-0 [F (b—3s) —~(s— a)z]

b
<f)- 5y [ T
1

< 0—a) {F(S—a)2 —7(5—5)2}
for any s € [a,b].
Further on, if we denote by
Ai=v(s—a)?-T(b-s) and B:=T(s—a)’ —y(b—s)?
then, after some elementary calculations, we derive that

B bl — avy 2 Ty 9
A(F’y)(s F—’y) +F_’V(bfa)
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and

aI‘—b’y>2 Iy (b—a)?

B_(P7)<S T -~ T —~

which, together with (2.3), produces the desired result (2.1).
The sharpness of the inequalities follow from the sharpness of some particular
cases outlined below. The details are omitted. (I

Corollary 1. With the assumptions of Lemma 1 we have the inequalities

(2.4) %’y(b—a <—/f Dt — f )g% (b—a)
and

b
(2.5) 1 0-0<i0) - [ Jwd<re-a
and

1
<=7 0b-0)

(2.6) |f<a+b>—/f ) dt

respectively. The constant % is best possible in (2.6).

The proof is obvious from (2.1) on choosing s = a,s = b and s = “T'H’, respec-
tively.

Corollary 2. With the assumptions of Lemma 1 and if, in addition v = —« and
' =3 with a, 8 > 0 then

1 b bB + ac 1 b—a
(2.7 5o [ roa - () <508 (55%)
and
af + ba 1 b 1 b—a
2. — t)dt < — - .
e () e e (550
The proof follows from (2.1) on choosing s = bf;% € [a,b] and s = ag%(l;a €

[a,b] , respectively.

Remark 1. If f : [a,b] — R is absolutely continuous and || f'|, = esssupepq ) [/ (1) <
00, then by choosing v = — || f'||, and T = ||f'||, in (2.1) we deduce the classi-

cal Ostrowski’s inequality for absolutely continuous functions incorporated in the
first inequality from Theorem 1. The constant i in Ostrowski’s inequality is best
possible.

We are able now to state the following result providing upper and lower bounds
for absolutely convex functions of selfadjoint operators in Hilbert spaces whose
derivatives are bounded below and above:

Theorem 2. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp(A) C [m, M| for some real numbers m < M. If f : [m,M] — R is
an absolutely continuous function such that there exists the real constants v and
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L,y < T' with the property that v < f'(s) < T for almost every s € [m, M], then
we have the following double inequality in the operator order of B (H) :

1 F—’y MT — my 2 M—m\?
(29) -y [(A Fv'lH> -1y (M) 1

( ()dt) 1g
i (o) ]

The proof follows by the property (P) applied for the inequality (2.1) in Lemma

1.

Theorem 3. With the assumptions in Theorem 2 we have in the operator order
the following inequalities

M
f(A)_<M1—m/ f(t)dt)-lH

m+M 2
i+ (A Or-m) 1 € L ),

(2.10)

IN

p+1 p+1 1
| () (M2 }(M—m)q 11,
(p+1)?
if f' € L,[m,M] *+*—1,p>1;

’p

A— 1
410+ SR
The proof is obvious by the scalar inequalities from Theorem 1 and the property

(P).
The third inequality in (2.10) can be naturally generalized for functions of
bounded variation as follows:

Theorem 4. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M| for some real numbers m < M. If f : [m,M] — R is a
continuous function of bounded variation on [m, M|, then we have the inequality

M M
f(A)—(Mim/ f(t)dt)-lH <l;1H+ H]\/(f)
M

M—m
where \/(f) denotes the total variation of f on [m,M]. The constant 1 is best

m+M
A miMy

(2.11)

possible in (2.11).

Proof. Follows from the scalar inequality obtained by the author in [4], namely

b b
F6) -5 [ Far < ]\/(f)

for any s € [a,b], where f is a function of bounded variation on [a, b] . The constant
1 is best possible in (2.12). O

_ atb
S 2

(2.12) —

2"
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3. INEQUALITIES FOR CONVEX FUNCTIONS OF SELFADJOINT OPERATORS

The case of convex functions is important for applications.
We need the following lemma.

Lemma 2. Let f : [a,b] — R be a differentiable convex function such that the de-
rivative [’ is continuous on (a,b) and with the lateral derivative finite and f’ (b) #
[ (a). Then we have the following double inequality

SRR W ACEYAQ

2

_bf’ b)—aft @\* e b—a
[ G- rw) f—(b)f“)(f'(b)—ﬁ(a))]
10

_a/f i< £ (s-257)

Proof. Since f is convex, then by the fact that f’ is monotonic nondecreasing, we
have

[ (a) / / <) / °

—_ a)dt < —_— t—a)dt

b—a J, (t= b —a (t-a)

chL(SCz/ (b— dt<—/ b—t) f dt<f/ (a)/g (b—t)dt

for any s € [a,b], where f! (a) and f’ (b) are the lateral derivatives in a and b
respectively.

Utilising the Montgomery identity (2.2) we then have

er_@;)/:(t—a)dt f/()/s (b—t)dt

b—a
<fs _a/f

g;:l_((z/:(ta)dt f/()/ (b—t)dt

a

for any s € [a,b].

and

which is equivalent with the following inequality that is of interest in itself

ﬁ [f'+ (@) (s a>2 -]

Bt < f'( )< a+b>

(3.2)

<f(s

for any s € [a,b].
A simple calculation reveals now that the left side of (3.2) coincides with the
same side of the desired inequality (3.1). O

We are able now to sate our result for convex functions of selfadjoint operators:
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Theorem 5. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M. If f : [m,M] — R is a
differentiable convex function such that the derivative f' is continuous on (m, M)
and with the lateral derivative finite and f' (M) # f (m), then we have the double
inequality in the operator order of B (H)

’ / / M —m 2'
N ) 700 (= i) 1H]

M
<f(4) - <M1_m/ f(t)dt) 1 < (A_m‘gM.lH>f/(A).

The proof follows from the scalar case in Lemma 2.

Remark 2. We observe that one can drop the assumption of differentiability of the
conver function and will still have the first inequality in (3.8). This follows from
the fact that the class of differentiable convex functions is dense in the class of all
convez functions defined on a given interval.

A different lower bound for the quantity

M
ﬂ@—(Mim/ ﬂmﬂ-m

expressed only in terms of the operator A and not its second power as above, also
holds:

Theorem 6. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp(A) C [m, M] for some real numbers m < M. If f : [m,M] — R is a
convez function on [m, M|, then we have the following inequality in the operator
order of B (H)

M
(3.4) ﬂ@(Mim/ ﬂm@~m

m

M
z(MimwamQ4H

MM -1 —A)+ f(m)(A—m-1g)
M —m

Proof. Tt suffices to prove for the case of differentiable convex functions defined on
(m,M).
So, by the gradient inequality we have that

F@ = f(s)=(t—9)f(s)

for any t,s € (m, M).
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Now, if we integrate this inequality over s € [m, M| we get

M
(3.5) M —m)ft)— [ f(s)ds
M
> [ - f s
M
= [ F(s)ds— (M=) F (M) — (t = m) £ (m)

for each s € [m, M].

Finally, if we apply to the inequality (3.5) the property (P), we deduce the
desired result (3.4). O

Corollary 3. With the assumptions of Theorem 6 we have the following double
inequality in the operator order

f(m) + f (M)

2
Rz

1
>
-2
1 M
Z(M—m/m f(t)dt)].H

Proof. The second inequality is equivalent with (3.4).
For the first inequality, we observe, by the convexity of f we have that

S M) (¢ Tﬁti;(m)(M t) > (1)
for any t € [m, M], which produces the operator inequality
PO A= 1) + SO0 =4) )
Now, if in both sides of (3.7) we add the same quantity

F M) (M1 — A) 1 f (m) (A—m - 1)
M —m
and perform the calculations, then we obtain the first part of (3.6) and the proof
is complete. ([l

(3.6) Ay

fM)(M-1g —A)+ f(m)(A—m-1g)
M —m

(3.7)

4. SOME VECTOR INEQUALITIES

Let U be a selfadjoint operator on the complex Hilbert space (H, (.,.)) with the
spectrum Sp (U) included in the interval [m, M] for some real numbers m < M and
let {Ex}, be its spectral family. Then for any continuous function f : [m, M] — R,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral:

M

(4.1) f(O),y) = / F ) d(Brz.y)).,

m—0
for any =,y € H. The function g, , (\) := (Exz,y) is of bounded variation and right
continuous on the interval [m, M] and

Gz (m—0) =0 and g, , (M) = (z,y)
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for any x,y € H. It is also well known that g, (\) := (E\x, ) is monotonic nonde-
creasing and right continuous on [m, M].
The following result holds:

Theorem 7. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M and let {Ex\}, be its spectral
family. If f : [m, M] — R is an absolutely continuous function on [m, M], then we
have the inequalities

M
(42) [f(s) (z,y) — ([ ( <\/ ((Eyz,v))
[3 (M —m)+[s — ZEL] || f'll if f'' € Log [m, M]
X .y
BOr =)+ s — gy, € ol M
[5 (M —m) + |s = 2EX{] ]| ]| if f' € Leo [m, M]
<z lyll .
(5 (M —m) + |5 — mg )Yy FS 6;’;[’};": !
for any x,y € H and s € [m, M].
Proof. Since f is absolutely continuous, then we have
@3) 176 =1 01=| [ £ @l <| [ 17 @)]du
It = s 1/l if ' € Leo [m, M]

1 .
b= s f, i F € Ly M) p > 1+ =1

for any s,t € [m, M].
It is well known that if p : [a,b] — C is a continuous functions and v : [a,b] — C

is of bounded variation, then the Riemann-Stieltjes integral f p (t) dv (t) exists and
the following inequality holds

b
/ p () dv (t)

b

< max p(0)]\/ (v),

t€la,b]

where \/ (v) denotes the total variation of v on [a, b].
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Now, by the above property of the Riemann-Stieltjes integral we have from the
representation (4.1) that

(44)  1f () (my) = (F (A)w.)
M
[ -1 o1 E)
M
< 2pox 11 6) = F OV (B )
M
<V (Boz,y))
maxyeim, ) [t — 8| || f']l 0 if f' € Lo [m, M]
X =F

if f''€ Ly [m, M],p>1,
:1’

1
maxiepm ) [£ = 81711, [
p q
M

where \/ (<E(_)x,y>) denotes the total variation of <E(,):E,y> and z,y € H.

™m

Since, obviously, we have max;c(y, a7 [t — 5| = % (M —m)+ |s - mJgM , then

ws) P\ (Boe)

[3 (M —m) + s = 2E2 ]| ']l if ' € Lo [m, M]

(L (M —m) + |s — =52 ] )]

if feL,[m,M],p>1,
+==1,

1
q

=

for any z,y € H.
If P is a nonnegative operator on H, i.e., (Pz,z) > 0 for any « € H, then the
following inequality is a generalization of the Schwarz inequality in H

|(Pa,y)|* < (Pz,z) (Py,y)

for any z,y € H.

Now, ifd:m =1ty <t; < ..<tp_1 <t, =M is an arbitrary partition of the
interval [m, M], then we have by Schwarz’s inequality for nonnegative operators
that

sV (Eora)
= Sgp {nz:_l |<(Et'i+1 - Eti) x,y>|}
< sup {nz: [<<Eti+1 - Eti) m,x>1/2 <(Eti+1 - Eti) yay>1/2:| } =1
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By the Cauchy-Buniakovski-Schwarz inequality for sequences of real numbers we
also have that

B 12 0 1/2
(47) I< sup [Z (Ev,, — Ev) x>] [Z (B, — Er,) y,y>]
=0 =0
n—1 1/2 n—1 1/2
S Sgp <(Et7;+1 - Eti) z, x>] Sl;p [Z <(Et7;+1 - Etl) Y, y>]

=0 =0

M

1/2
V (B, @)]

m

M

1/2
V (<E<~>y,y>)] = |lz| ly|

m

for any z,y € H.
On making use of (4.4), (4.5), (4.6) and (4.7), we deduce the desired result
(4.2). O

Corollary 4. With the assumptions of Theorem 7 we have the following inequalities

(48) 'f (“ﬁj’?) (2,90 = ( (A)2,)| < ]yl

(5 —m) + |Gtz — miat ] 1) if J € Log [m, M]
X
1 L > 1,
B 0r -z o g, € el 2]
and
M
@9 |1 ("5 ) = A < el ol
LM —m) 1], if 1 € Loo I, M)
X e T 7
e (v —mp ey, YT E

for any x,y € H.

Remark 3. In particular, we obtain from (2.8) the following inequalities

(4.10)  |f ({Az, ) = (f (A) z, )|

[3 (M —m) + [{Az,2) — =X ]| ]| if f' € Lo [m, M]

<
- m 1/ if f' € Ly [m,
[%(M—m)+|<Am,x>—%M|] qllf’llp 1p[1
q

V4

]
=1,
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and

O e R

(M —m)[|f'll if f' € Loo [m, M]
= 1 1/q  ¢1 iffIELp[mv ]7p>1a
st (O —m) | £, A

for any x € H with ||z|| = 1.

Theorem 8. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M and let {Ex}, be its spectral
family. If f : [m, M] — R is r — H-Hélder continuous on [m, M], then we have the
inequality

(4.12) |f (s) (@, y) = (F (A) z,y)]

< H\/ ((E¢yz,y)) B (M =)+ [s - 22

2

T

s —

}T

m+ M
2

1
< 1 | ol 5 (07 =) + s -

for any z,y € H and s € [m, M].
In particular, we have the inequalities

(1.13) ‘f <<A;’|§>> (2,9) — 1 (4)2,9)
1 (Az,z) m+M '
< H e Iy [2<M—m>+ =
and
sy | (") o - @) < e el 01 = my

for any x,y € H.
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Proof. Utilising the inequality (4.4) and the fact that f is r — H-Holder continuous
we have successively

(4.15) 1 () (@) — (F (A)2,9)]
- / M £ (5) = £ O] d(Ee, )
M
< e |f(s)— f(t) \w{ ((E(yz,y))
M
<H max |-t \n{ (Eoz.y))

r M

|V (@)

m

_m+M

:H[;(M—m)-i-‘s

for any z,y € H and s € [m, M].
The argument follows now as in the proof of Theorem 7 and the details are
omitted. (]

5. LOGARITHMIC INEQUALITIES

Consider the identric mean

S
=
S

Il
<

I=1(a,b):= ( )L a,b>0;
1 \P=a .
e \aa if a # b,

and observe that

b
bia/a Intdt =1n|[I (a,b)].

If we apply Theorem 5 for the convex function f (¢) = —Int, ¢t > 0, then we can
state:

Proposition 1. Let A be a positive selfadjoint operator in the Hilbert space H with

the spectrum Sp (A) C [m, M] for some positive numbers 0 < m < M. Then we

have the double inequality in the operator order of B (H)
1

(5.1) “5f (A>—mM 1) <InI(m,M) -1y —InA <
m

M
m+ ~A71—1H.

If we denote by G (a,b) := v ab the geometric mean of the positive numbers a, b,
then we can state the following result as well:

Proposition 2. With the assumptions of Proposition 1, we have the inequalities
in the operator order of B (H)

(5.2) InG(m,M) -1y

InM-(M-1g —A)+Inm-(A—m-1p)
M—-—m

1

<InI(m,M)-1g.
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The inequality follows by Corollary 3 applied for the convex function f(t) =
—Int,t > 0.
Finally, the following vector inequality may be stated

Proposition 3. With the assumptions of Proposition 1, for any x,y € H we have
the inequalities

(5.3) [{z,y)Ins — (In Az, y)|
[5 (M —m) + |s — =5 ]]

1
m’

<l lyll

R =

for any s € [m, M], wherep>1,%+%:1,
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