
OSTROWSKI�S TYPE INEQUALITIES FOR HÖLDER
CONTINUOUS FUNCTIONS OF SELFADJOINT OPERATORS IN

HILBERT SPACES

S.S. DRAGOMIR

Abstract. Some Ostrowski�s type inequalities for Hölder continuous func-
tions of selfadjoint operators in Hilbert spaces, under suitable assumptions for
the involved operators, are given.

1. Introduction

Let U be a selfadjoint operator on the Hilbert space (H; h:; :i) with the spectrum
Sp (U) included in the interval [m;M ] for some real numbers m < M and let
fE�g�2R be its spectral family. Then for any continuous function f : [m;M ]! C,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral :

(1.1) hf (U)x; xi =
Z M

m�0
f (�) d (hE�x; xi) ;

for any x 2 H with kxk = 1: The function gx (�) := hE�x; xi is monotonic nonde-
creasing on the interval [m;M ] and

(1.2) gx (m� 0) = 0 and gx (M) = 1

for any x 2 H with kxk = 1:
Utilising the representation (1.1) and the following Ostrowski�s type inequality

for the Riemann-Stieltjes integral obtained by the author in [1]:�����f (s) [u (b)� u (a)]�
Z b

a

f (t) du (t)

�����(1.3)

� L
�
1

2
(b� a) +

����s� a+ b2
�����r b_

a

(u)

for any s 2 [a; b] ; provided that f is of r � L�Hölder type on [a; b] (see (1.4)
below), u is of bounded variation on [a; b] and

_b

a
(u) denotes the total variation

of u on [a; b] ; we obtained the following inequality of Ostrowski type for selfadjoint
operators:

Theorem 1 (Dragomir, 2008, [4]). Let A and B be selfadjoint operators with
Sp (A) ; Sp (B) � [m;M ] for some real numbers m < M: If f : [m;M ] �! R
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2 S.S. DRAGOMIR

is of r � L�Hölder type, i.e., for a given r 2 (0; 1] and L > 0 we have
(1.4) jf (s)� f (t)j � L js� tjr for any s; t 2 [m;M ] ;
then we have the inequality:

(1.5) jf (s)� hf (A)x; xij � L
�
1

2
(M �m) +

����s� m+M2
�����r ;

for any s 2 [m;M ] and any x 2 H with kxk = 1.
Moreover, we have

jhf (B) y; yi � hf (A)x; xij(1.6)

� hjf (B)� hf (A)x; xi � 1H j y; yi

� L
�
1

2
(M �m) +

�����B � m+M2 � 1H
���� y; y��r ;

for any x; y 2 H with kxk = kyk = 1:

With the above assumptions for f;A and B we have the following particular
inequalities of interest:

(1.7)

����f �m+M2
�
� hf (A)x; xi

���� � 1

2r
L (M �m)r

and

(1.8) jf (hAx; xi)� hf (A)x; xij � L
�
1

2
(M �m) +

����hAx; xi � m+M2
�����r ;

for any x 2 H with kxk = 1.
We also have the inequalities:

jhf (A) y; yi � hf (A)x; xij(1.9)

� hjf (A)� hf (A)x; xi � 1H j y; yi

� L
�
1

2
(M �m) +

�����A� m+M2 � 1H
���� y; y��r ;

for any x; y 2 H with kxk = kyk = 1;

jh[f (B)� f (A)]x; xij(1.10)

� hjf (B)� hf (A)x; xi � 1H jx; xi

� L
�
1

2
(M �m) +

�����B � m+M2 � 1H
����x; x��r

and, more particularly,

hjf (A)� hf (A)x; xi � 1H jx; xi(1.11)

� L
�
1

2
(M �m) +

�����A� m+M2 � 1H
����x; x��r ;

for any x 2 H with kxk = 1:
We also have the norm inequality

(1.12) kf (B)� f (A)k � L
�
1

2
(M �m) +





B � m+M2 � 1H




�r :
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For various generalizations, extensions and related Ostrowski type inequalities
for functions of one or several variables see the monograph [5] and the references
therein.
Let A be a selfadjoint linear operator on a complex Hilbert space (H; h:; :i) :

The Gelfand map establishes a �-isometrically isomorphism � between the set
C (Sp (A)) of all continuous functions de�ned on the spectrum of A; denoted Sp (A) ;
and the C�-algebra C� (A) generated by A and the identity operator 1H on H as
follows (see for instance [6, p. 3]):
For any f; g 2 C (Sp (A)) and any �; � 2 C we have
(i) � (�f + �g) = �� (f) + �� (g) ;
(ii) � (fg) = � (f) � (g) and �

�
�f
�
= �(f)

�
;

(iii) k� (f)k = kfk := supt2Sp(A) jf (t)j ;
(iv) � (f0) = 1H and � (f1) = A; where f0 (t) = 1 and f1 (t) = t; for t 2 Sp (A) :
With this notation we de�ne

f (A) := � (f) for all f 2 C (Sp (A))
and we call it the continuous functional calculus for a selfadjoint operator A:
If A is a selfadjoint operator and f is a real valued continuous function on Sp (A),

then f (t) � 0 for any t 2 Sp (A) implies that f (A) � 0; i:e: f (A) is a positive
operator on H: Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f (t) � g (t) for any t 2 Sp (A) implies that f (A) � g (A)
in the operator order of B (H) :
For a recent monograph devoted to various inequalities for functions of selfadjoint

operators, see [6] and the references therein.
For other results see [2], [3], [4], [8], [10], [11] and [12].
Motivated by the above results we investigate in this paper other inequalities

of Ostrowski type for Hölder continuous functions and compare them with the
ones above to decide which are better. Applications in relation with the Jensen
inequality for selfadjoint operators obtained by Mond and Peµcaríc in [10] (see also
the monograph [6]) are provided as well.

2. More Inequalities of Ostrowski�s Type

The following result holds:

Theorem 2. Let A be a selfadjoint operator with Sp (A) � [m;M ] for some real
numbers m < M: If f : [m;M ] �! R is of r � L�Hölder type with r 2 (0; 1], then
we have the inequality:

jf (s)� hf (A)x; xij � L hjs � 1H �Ajx; xir(2.1)

� L
h
(s� hAx; xi)2 +D2 (A;x)

ir=2
;

for any s 2 [m;M ] and any x 2 H with kxk = 1, where D (A;x) is the variance of
the selfadjoint operator A in x and is de�ned by

D (A;x) :=
�
kAxk2 � hAx; xi2

�1=2
;

where x 2 H with kxk = 1:
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Proof. First of all, by the Jensen inequality for convex functions of selfadjoint op-
erators (see for instance [6, p. 5]) applied for the modulus, we can state that

(M) jhh (A)x; xij � hjh (A)jx; xi
for any x 2 H with kxk = 1; where h is a continuous function on [m;M ] :
Utilising the property (M) we then get

(2.2) jf (s)� hf (A)x; xij = jhf (s) � 1H � f (A)x; xij � hjf (s) � 1H � f (A)jx; xi
for any x 2 H with kxk = 1 and any s 2 [m;M ] :
Since f is of r � L�Hölder type; then for any t; s 2 [m;M ] we have

(2.3) jf (s)� f (t)j � L js� tjr :
If we �x s 2 [m;M ] and apply the property (P) for the inequality (2.3) and the
operator A we get

(2.4) hjf (s) � 1H � f (A)jx; xi � L hjs � 1H �Ajr x; xi � L hjs � 1H �Ajx; xir

for any x 2 H with kxk = 1 and any s 2 [m;M ] ; where, for the last inequality
we have used the fact that if P is a positive operator and r 2 (0; 1) then, by the
Hölder-McCarthy inequality [9],

(HM) hP rx; xi � hPx; xir

for any x 2 H with kxk = 1: This proves the �st inequality in (2.1).
Now, observe that for any bounded linear operator T we have

hjT jx; xi =
D
(T �T )

1=2
x; x

E
� h(T �T )x; xi1=2 = kTxk

for any x 2 H with kxk = 1 which implies that

hjs � 1H �Ajx; xir � ksx�Axkr =
�
s2 � 2s hAx; xi+ kAxk2

�r=2
(2.5)

=
h
(s� hAx; xi)2 + kAxk2 � hAx; xi2

ir=2
for any x 2 H with kxk = 1 and any s 2 [m;M ] :
Finally, on making use of (2.2), (2.4) and (2.5) we deduce the desired result

(2.1). �

Remark 1. If we choose in (2.1) s = m+M
2 ; then we get the sequence of inequalities����f �m+M2

�
� hf (A)x; xi

���� � L�����m+M2 � 1H �A
����x; x�r(2.6)

� L
"�
m+M

2
� hAx; xi

�2
+D2 (A;x)

#r=2

� L
�
1

4
(M �m)2 +D2 (A;x)

�r=2
� 1

2r
L (M �m)r

for any x 2 H with kxk = 1; since, obviously,�
m+M

2
� hAx; xi

�2
� 1

4
(M �m)2
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and

D2 (A;x) � 1

4
(M �m)2

for any x 2 H with kxk = 1:
We notice that the inequality (2.6) provides a re�nement for the result (1.7)

above.

The best inequality we can get from (2.1) is incorporated in the following:

Corollary 1. Let A be a selfadjoint operator with Sp (A) � [m;M ] for some real
numbers m < M: If f : [m;M ] �! R is of r � L�Hölder type with r 2 (0; 1], then
we have the inequality

(2.7) jf (hAx; xi)� hf (A)x; xij � L hjhAx; xi � 1H �Ajx; xir � LDr (A;x) ;

for any x 2 H with kxk = 1.

The inequality (2.1) may be used to obtain other inequalities for two selfadjoint
operators as follows:

Corollary 2. Let A and B be selfadjoint operators with Sp (A) ; Sp (B) � [m;M ]
for some real numbers m < M: If f : [m;M ] �! R is of r � L�Hölder type with
r 2 (0; 1], then we have the inequality

jhf (B) y; yi � hf (A)x; xij(2.8)

� L
h
(hBy; yi � hAx; xi)2 +D2 (A;x) +D2 (B; y)

ir=2
for any x; y 2 H with kxk = kyk = 1:

Proof. If we apply the property (P) to the inequality (2.1) and for the operator B;
then we get

hjf (B)� hf (A)x; xi � 1H j y; yi(2.9)

� L
�h
(B � hAx; xi � 1H)2 +D2 (A;x) � 1H

ir=2
y; y

�
for any x; y 2 H with kxk = kyk = 1:
Utilising the inequality (M) we also have that

(2.10) jf (hBy; yi)� hf (A)x; xij � hjf (B)� hf (A)x; xi � 1H j y; yi

for any x; y 2 H with kxk = kyk = 1:
Now, by the Hölder-McCarthy inequality (HM) we also have�h

(B � hAx; xi � 1H)2 +D2 (A;x) � 1H
ir=2

y; y

�
(2.11)

�
Dh
(B � hAx; xi � 1H)2 +D2 (A;x) � 1H

i
y; y
Er=2

=
�
(hBy; yi � hAx; xi)2 +D2 (A;x) +D2 (B; y)

�r=2
for any x; y 2 H with kxk = kyk = 1:
On making use of (2.9)-(2.11) we deduce the desired result (2.8). �
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Remark 2. Since

(2.12) D2 (A;x) � 1

4
(M �m)2 ;

then we obtain from (2.8) the following vector inequalities

jhf (A) y; yi � hf (A)x; xij(2.13)

� L
h
(hAy; yi � hAx; xi)2 +D2 (A;x) +D2 (A; y)

ir=2
� L

�
(hAy; yi � hAx; xi)2 + 1

2
(M �m)2

�r=2
;

and

jh[f (B)� f (A)]x; xij(2.14)

� L
h
h(B �A)x; xi2 +D2 (A;x) +D2 (B;x)

ir=2
� L

�
h(B �A)x; xi2 + 1

2
(M �m)2

�r=2
:

In particular, we have the norm inequality

(2.15) kf (B)� f (A)k � L
�
kB �Ak2 + 1

2
(M �m)2

�r=2
:

The following result provides convenient examples for applications:

Corollary 3. Let A be a selfadjoint operator with Sp (A) � [m;M ] for some real
numbers m < M: If f : [m;M ] �! R is absolutely continuous on [m;M ], then we
have the inequality:

jf (s)� hf (A)x; xij(2.16)

�

8>><>>:
hjs � 1H �Ajx; xi kf 0k[m;M ];1 if f 0 2 L1 [m;M ] ;

hjs � 1H �Ajx; xi1=q kf 0k[m;M ];p

if f 0 2 Lp [m;M ] ;
p > 1; 1p +

1
q = 1;

�

8>>><>>>:
h
(s� hAx; xi)2 +D2 (A;x)

i1=2
kf 0k[m;M ];1 if f 0 2 L1 [m;M ] ;

h
(s� hAx; xi)2 +D2 (A;x)

i 1
2q kf 0k[m;M ];p

if f 0 2 Lp [m;M ] ;
p > 1; 1p +

1
q = 1;

for any s 2 [m;M ] and any x 2 H with kxk = 1; where kf 0k[m;M ];` are the Lebesgue
norms, i.e.,

kf 0k[m;M ];` :=

8><>:
ess supt2[m;M ] jf 0 (t)j if ` =1

�RM
m
jf 0 (t)jp dt

�1=p
if ` = p � 1:
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Proof. Follows from Theorem 2 and on tacking into account that if f : [m;M ] �! R
is absolutely continuous on [m;M ] ; then for any s; t 2 [m;M ] we have

jf (s)� f (t)j =
����Z s

t

f 0 (u) du

����
�

8><>:
js� tj ess supt2[m;M ] jf 0 (t)j if f 0 2 L1 [m;M ]

js� tj1=q
�RM

m
jf 0 (t)jp dt

�1=p
if f 0 2 Lp [m;M ] ; p > 1; 1p +

1
q = 1:

�
Remark 3. It is clear that all the inequalities from Corollaries 1, 2 and Remark 2
may be stated for absolutely continuous functions. However, we mention here only
one, namely

jf (hAx; xi)� hf (A)x; xij(2.17)

�

8>><>>:
hjhAx; xi � 1H �Ajx; xi kf 0k[m;M ];1 if f 0 2 L1 [m;M ]

hjhAx; xi � 1H �Ajx; xi1=q kf 0k[m;M ];p

if f 0 2 Lp [m;M ] ;
p > 1; 1p +

1
q = 1;

�

8>><>>:
D (A;x) kf 0k[m;M ];1 if f 0 2 L1 [m;M ]

D1=q (A;x) kf 0k[m;M ];p

if f 0 2 Lp [m;M ] ;
p > 1; 1p +

1
q = 1:

3. The Case of (';�)�Lipschitzian Functions

The following lemma may be stated.

Lemma 1. Let u : [a; b] ! R and ';� 2 R be such that � > ': The following
statements are equivalent:

(i) The function u�'+�
2 �e; where e (t) = t; t 2 [a; b] ; is 12 (�� ')�Lipschitzian;

(ii) We have the inequality:

(3.1) ' � u (t)� u (s)
t� s � � for each t; s 2 [a; b] with t 6= s;

(iii) We have the inequality:

(3.2) ' (t� s) � u (t)� u (s) � � (t� s) for each t; s 2 [a; b] with t > s:

We can introduce the following class of functions, see also [7]:

De�nition 1. The function u : [a; b] ! R which satis�es one of the equivalent
conditions (i) �(iii) is said to be (';�)�Lipschitzian on [a; b] :

Utilising Lagrange�s mean value theorem, we can state the following result that
provides practical examples of (';�)�Lipschitzian functions.

Proposition 1. Let u : [a; b] ! R be continuous on [a; b] and di¤erentiable on
(a; b) : If

(3.3) �1 < 
 := inf
t2(a;b)

u0 (t) ; sup
t2(a;b)

u0 (t) =: � <1

then u is (
;�)�Lipschitzian on [a; b] :



8 S.S. DRAGOMIR

The following result can be stated:

Proposition 2. Let A be a selfadjoint operator with Sp (A) � [m;M ] for some
real numbers m < M: If f : [m;M ] �! R is (
;�)�Lipschitzian on [m;M ] ; then
we have the inequality

jf (hAx; xi)� hf (A)x; xij � 1

2
(�� 
) hjhAx; xi � 1H �Ajx; xi(3.4)

� 1

2
(�� 
)D (A;x) ;

for any x 2 H with kxk = 1.

Proof. Follows by Corollary 1 on taking into account that in this case we have r = 1
and L = 1

2 (�� 
) : �

We can use the result (3.4) for the particular case of convex functions to provide
an interesting reverse inequality for the Jensen�s type operator inequality due to
Mond and Peµcaríc [10] (see also [6, p. 5]):

Theorem 3 (Mond-Peµcaríc, 1993, [10]). Let A be a selfadjoint operator on the
Hilbert space H and assume that Sp (A) � [m;M ] for some scalars m;M with
m < M: If f is a convex function on [m;M ] ; then

(MP) f (hAx; xi) � hf (A)x; xi

for each x 2 H with kxk = 1:

Corollary 4. With the assumptions of Theorem 3 we have the inequality

(0 �) hf (A)x; xi � f (hAx; xi)(3.5)

� 1

2

�
f 0� (M)� f 0+ (m)

�
hjhAx; xi � 1H �Ajx; xi

� 1

2

�
f 0� (M)� f 0+ (m)

�
D (A;x) � 1

4

�
f 0� (M)� f 0+ (m)

�
(M �m)

for each x 2 H with kxk = 1:

Proof. Follows by Proposition 2 on taking into account that

f 0+ (m) (t� s) � f (t)� f (s) � f 0� (M) (t� s)

for each s; t with the property that M > t > s > m: �

The following result may be stated as well:

Proposition 3. Let A be a selfadjoint operator with Sp (A) � [m;M ] for some
real numbers m < M: If f : [m;M ] �! R is (
;�)�Lipschitzian on [m;M ] ; then
we have the inequality

jf (hAx; xi)� hf (A)x; xij(3.6)

� 1

2
(�� 
)

�
1

2
(M �m) +

����hAx; xi � m+M2
�����

for any x 2 H with kxk = 1.

The following particular case for convex functions holds:



OSTROWSKI�S TYPE INEQUALITIES 9

Corollary 5. With the assumptions of Theorem 3 we have the inequality

(0 �) hf (A)x; xi � f (hAx; xi)(3.7)

� 1

2

�
f 0� (M)� f 0+ (m)

� �1
2
(M �m) +

����hAx; xi � m+M2
�����

for each x 2 H with kxk = 1:

4. Related Results

In the previous sections we have compared amongst other the following quantities

f

�
m+M

2

�
and f (hAx; xi)

with hf (A)x; xi for a selfadjoint operator A on the Hilbert space H with Sp (A) �
[m;M ] for some real numbers m < M; f : [m;M ] �! R a function of r�L�Hölder
type with r 2 (0; 1] and x 2 H with kxk = 1:
Since, obviously,

m � 1

M �m

Z M

m

f (t) dt �M;

then is also natural to compare 1
M�m

RM
m
f (t) dt with hf (A)x; xi under the same

assumptions for f;A and x:
The following result holds:

Theorem 4. Let A be a selfadjoint operator with Sp (A) � [m;M ] for some real
numbers m < M: If f : [m;M ] �! R is of r � L�Hölder type with r 2 (0; 1], then
we have the inequality:����� 1

M �m

Z M

m

f (s) dt� hf (A)x; xi
�����(4.1)

� 1

r + 1
L (M �m)r

�
"*�

M � 1H �A
M �m

�r+1
x; x

+
+

*�
A�m � 1H
M �m

�r+1
x; x

+#

� 1

r + 1
L (M �m)r ;

for any x 2 H with kxk = 1:
In particular, if f : [m;M ] �! R is Lipschitzian with a constant K; then����� 1

M �m

Z M

m

f (s) dt� hf (A)x; xi
�����(4.2)

� K (M �m)
"
1

4
+

1

(M �m)2

 
D2 (A;x) +

�
hAx; xi � m+M

2

�2!#

� 1

2
K (M �m)

for any x 2 H with kxk = 1:
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Proof. We use the following Ostrowski�s type result (see for instance [5, p. 3])
written for the function f that is of r � L�Hölder type on the interval [m;M ] :����� 1

M �m

Z M

m

f (s) dt� f (t)
�����(4.3)

� L

r + 1
(M �m)r

"�
M � t
M �m

�r+1
+

�
t�m
M �m

�r+1#
for any t 2 [m;M ] :
If we apply the properties (P) and (M) then we have successively����� 1

M �m

Z M

m

f (s) dt� hf (A)x; xi
�����(4.4)

�
*����� 1

M �m

Z M

m

f (s) dt� f (A)
�����x; x

+

� L

r + 1
(M �m)r

�
"*�

M � 1H �A
M �m

�r+1
x; x

+
+

*�
A�m � 1H
M �m

�r+1
x; x

+#
which proves the �rst inequality in (4.1).
Utilising the Lah-Ribaríc inequality version for selfadjoint operators A with

Sp (A) � [m;M ] for some real numbers m < M and convex functions g : [m;M ]!
R; namely (see for instance [6, p. 57]):

hg (A)x; xi � M � hAx; xi
M �m g (m) +

hAx; xi �m
M �m g (M)

for any x 2 H with kxk = 1; then we get for the convex function g (t) :=�
M�t
M�m

�r+1
; *�

M � 1H �A
M �m

�r+1
x; x

+
� M � hAx; xi

M �m

and for the convex function g (t) :=
�
t�m
M�m

�r+1
;*�

A�m � 1H
M �m

�r+1
x; x

+
� hAx; xi �m

M �m

for any x 2 H with kxk = 1:
Now, on making use of the last two inequalities, we deduce the second part of

(4.1).
Since

1

2

*�
M � 1H �A
M �m

�2
x; x

+
+

*�
A�m � 1H
M �m

�2
x; x

+

=
1

4
+

1

(M �m)2

 
D2 (A;x) +

�
hAx; xi � m+M

2

�2!
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for any x 2 H with kxk = 1; then on choosing r = 1 in (4.1) we deduce the desired
result (4.2). �

Remark 4. We should notice from the proof of the above theorem, we also have
the following inequalities in the operator order of B (H)�����f (A)�

 
1

M �m

Z M

m

f (s) dt

!
� 1H

�����(4.5)

� L

r + 1
(M �m)r

"�
M � 1H �A
M �m

�r+1
+

�
A�m � 1H
M �m

�r+1#

� 1

r + 1
L (M �m)r � 1H :

The following particular case is of interest:

Corollary 6. Let A be a selfadjoint operator with Sp (A) � [m;M ] for some real
numbers m < M: If f : [m;M ] �! R is (
;�)�Lipschitzian on [m;M ] ; then we
have the inequality�����hf (A)x; xi � � + 
2 � 1

M �m

Z M

m

f (s) dt+
� + 


2
� m+M

2

�����(4.6)

� 1

2
(�� 
) (M �m)

�
"
1

4
+

1

(M �m)2

 
D2 (A;x) +

�
hAx; xi � m+M

2

�2!#

� 1

4
(�� 
) (M �m) :

Proof. Follows by (4.2) applied for the 12 (�� 
)-Lipshitzian function f�
�+

2 �e: �

5. Applications for Some Particular Functions

1. We have the following important inequality in Operator Theory that is well
known as the Hölder-McCarthy inequality:

Theorem 5 (Hölder-McCarthy, 1967, [9]). Let A be a selfadjoint positive operator
on a Hilbert space H. Then
(i) hArx; xi � hAx; xir for all r > 1 and x 2 H with kxk = 1;
(ii) hArx; xi � hAx; xir for all 0 < r < 1 and x 2 H with kxk = 1;
(iii) If A is invertible, then hA�rx; xi � hAx; xi�r for all r > 0 and x 2 H with

kxk = 1:

We can provide the following reverse inequalities:

Proposition 4. Let A be a selfadjoint positive operator on a Hilbert space H and
0 < r < 1: Then

(5.1) (0 �) hAx; xir � hArx; xi � hjhAx; xi � 1H �Ajx; xir � Dr (A;x)

for all x 2 H with kxk = 1:

Proof. Follows from Corollary 1 by taking into account that the function f (t) = tr

is of r � L�Hölder type with L = 1 on any compact interval of (0;1) : �
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On making use of Corollary 4 we can state the following result as well:

Proposition 5. Let A be a selfadjoint positive operator on a Hilbert space H.
Assume that Sp (A) � [m;M ] � [0;1):
(i) We have

0 � hArx; xi � hAx; xir � 1

2
r
�
Mr�1 �mr�1� hjhAx; xi � 1H �Ajx; xi(5.2)

� 1

2
r
�
Mr�1 �mr�1�D (A;x)�� 1

2
r
�
Mr�1 �mr�1� (M �m)

�
for all r > 1 and x 2 H with kxk = 1;
(ii) We also have

0 � hAx; xir � hArx; xi � 1

2
r

�
M1�r �m1�r

m1�rM1�r

�
hjhAx; xi � 1H �Ajx; xi(5.3)

� 1

2
r

�
M1�r �m1�r

m1�rM1�r

�
D (A;x)

�
� 1

2
r

�
M1�r �m1�r

m1�rM1�r

�
(M �m)

�
for all 0 < r < 1 and x 2 H with kxk = 1;
(iii) If A is invertible, then

0 �


A�rx; x

�
� hAx; xi�r � 1

2
r

�
Mr+1 �mr+1

Mr+1mr+1

�
hjhAx; xi � 1H �Ajx; xi(5.4)

� 1

2
r

�
Mr+1 �mr+1

Mr+1mr+1

�
D (A;x)

�
� 1

2
r

�
Mr+1 �mr+1

Mr+1mr+1

�
(M �m)

�
for all r > 0 and x 2 H with kxk = 1:

2. Consider the convex function f : (0;1)! R, f (x) = � lnx: On utilizing the
inequality (3.5), we can state the following result:

Proposition 6. For any positive de�nite operator A on the Hilbert space H with
Sp (A) � [m;M ] � [0;1) we have the inequality

(0 �) ln (hAx; xi)� hln (A)x; xi � 1

2
� M �m
mM

hjhAx; xi � 1H �Ajx; xi(5.5)

� 1

2
� M �m
mM

D (A;x)

 
� 1

4
� (M �m)2

mM

!
for any x 2 H with kxk = 1:

Finally, the following result for logarithms also holds:

Proposition 7. Under the assumptions of Proposition 6 we have the inequality

(0 �) hA ln (A)x; xi � hAx; xi ln (hAx; xi)(5.6)

� ln
r
M

m
hjhAx; xi � 1H �Ajx; xi

� ln
r
M

m
�D (A;x)

 
� 1

2
(M �m) ln

r
M

m

!
for any x 2 H with kxk = 1:
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Remark 5. On utilizing the results from the previous sections for other con-
vex functions of interest such as f (x) = ln [(1� x) =x] ; x 2 (0; 1=2) or f (x) =
ln (1 + expx) ; x 2 (�1;1) we can get other interesting operator inequalities.
However, the details are left to the interested reader.
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