OSTROWSKI’S TYPE INEQUALITIES FOR HOLDER
CONTINUOUS FUNCTIONS OF SELFADJOINT OPERATORS IN
HILBERT SPACES

S.S. DRAGOMIR

ABSTRACT. Some Ostrowski’s type inequalities for Holder continuous func-
tions of selfadjoint operators in Hilbert spaces, under suitable assumptions for
the involved operators, are given.

1. INTRODUCTION

Let U be a selfadjoint operator on the Hilbert space (H, (.,.)) with the spectrum
Sp (U) included in the interval [m, M] for some real numbers m < M and let
{Ex} cr be its spectral family. Then for any continuous function f : [m, M] — C,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral:

M

(L1) (f (U) 2, 2) = / F (N d(Bxe, z)),

m—0
for any « € H with ||z|| = 1. The function g, (A) := (Exz, ) is monotonic nonde-
creasing on the interval [m, M] and
(1.2) gz:(m—0)=0and g, (M) =1

for any « € H with ||z]| = 1.
Utilising the representation (1.1) and the following Ostrowski’s type inequality
for the Riemann-Stieltjes integral obtained by the author in [1]:

(1.3) £ () [u(b) - u(a)] - / £ (t) du ()

r b

| Vi

a

a+b
2

SLB(b—a)+‘s—

for any s € [a,b], provided that f is of » — L—Holder type on [a,b] (see (1.4)

b
below), u is of bounded variation on [a,b] and \/ (u) denotes the total variation

of w on [a, b] , we obtained the following inequality of Ostrowski type for selfadjoint
operators:

Theorem 1 (Dragomir, 2008, [4]). Let A and B be selfadjoint operators with
Sp(A), Sp(B) C [m,M] for some real numbers m < M. If f : [m,M] — R
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is of r — L—Hélder type, i.e., for a given r € (0,1] and L > 0 we have
(1.4) ()= @I < Lls— " for any s,t € [m, M],
then we have the inequality:

m+ M
2

15 1fe) =W o) < L[5 00— m) +|s -

for any s € [m, M] and any x € H with ||z| = 1.
Moreover, we have

(1.6) (F(B)y,y) = ([ (A) z,z)]
< (£ (B) = (f (A)z,z) - 1uly,y)

<L[;(M—m)+< m+ M

for any x,y € H with ||z|| = |ly|]| = 1.

B - 1y

)]

With the above assumptions for f, A and B we have the following particular
inequalities of interest:

F("5) - e < oo -y

(1.7) =

and

1

(8 1 (o) (W) < 2[5 01 =) + |(An,z) - "2

2

] T
for any x € H with ||z| = 1.
We also have the inequalities:

(1.9) (F(A)y,y) = (f(A)z, )]
< (f(A) = {f(A)zz) 1uly,y)

gL[;(M—m)+<A—mJ;M&H'y,yHT,

for any x,y € H with ||z|| = ||y| = 1,

(1.10) (If(B) = f(A)]z,z)|
<(f(B) = {f(A)z,z) - 1u|z,z)

SLB(M—m)+< mt+ M

and, more particularly,

(1.11) (If (A) = (f(A)z,z) - 1p|z, 2)
m+ M

B —

)

Ay

<LE(M—m)+<’A— “lg x,xﬂ ;
for any x € H with ||z| = 1.
We also have the norm inequality
1 m+ M "
1D U@ - <y or-m+ s - "5 ]
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For various generalizations, extensions and related Ostrowski type inequalities
for functions of one or several variables see the monograph [5] and the references
therein.

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)).
The Gelfand map establishes a *-isometrically isomorphism ® between the set
C (Sp (A)) of all continuous functions defined on the spectrum of A, denoted Sp (A),
and the C*-algebra C* (A) generated by A and the identity operator 1y on H as
follows (see for instance [6, p. 3]):

For any f,g € C (Sp(A)) and any «, 8 € C we have

(i) @ (af +Bg) =a®(f)+ B2 (g);

(i) ®(fg)=(f)®(g) and & (f) = & ()"

(i) 0 (7))l = I = Suprespon 1f (0)]:

(iv) @ (fo) =1pg and ®(f1) = A, where fo (t) =1and f; (t) =t, fort € Sp(A).

With this notation we define

F(A) == (f) for all f € C(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on Sp (A4),
then f(t) > 0 for any ¢t € Sp(A) implies that f(A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f () >g(t) for any t € Sp(A) implies that f (A) > g (A)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of selfadjoint
operators, see [6] and the references therein.

For other results see [2], [3], [4], [8], [10], [11] and [12].

Motivated by the above results we investigate in this paper other inequalities
of Ostrowski type for Holder continuous functions and compare them with the
ones above to decide which are better. Applications in relation with the Jensen
inequality for selfadjoint operators obtained by Mond and Pecari¢ in [10] (see also
the monograph [6]) are provided as well.

2. MORE INEQUALITIES OF OSTROWSKI'S TYPE

The following result holds:

Theorem 2. Let A be a selfadjoint operator with Sp (A) C [m, M| for some real
numbers m < M. If f : [m, M] — R is of r — L—Hélder type with v € (0,1], then
we have the inequality:

(2.1) [f () = {f (A z,2)| < L{s-1pg — Az, z)"

< L[(s = (Az,2))* + D* (4;2)| i

)

for any s € [m, M| and any x € H with ||z|| = 1, where D (A;x) is the variance of
the selfadjoint operator A in x and is defined by

D (4:2) = (s — Az, ?)

where x € H with ||z|| = 1.
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Proof. First of all, by the Jensen inequality for convex functions of selfadjoint op-
erators (see for instance [6, p. 5]) applied for the modulus, we can state that

(M) [(h(A)z, 2)| < ([ (A)] @, z)

for any x € H with ||z|| = 1, where h is a continuous function on [m, M].
Utilising the property (M) we then get

22) [f(s) = (f D)z, z)|=[(f(s) 1a — f(A)z,z)| < (|f (s) - 1u — [ (A)|z, x)
for any x € H with ||z|| =1 and any s € [m, M].
Since f is of r — L—Holder type, then for any ¢, s € [m, M] we have

(2:3) [f ()= f@OI<Lls—1".

If we fix s € [m, M] and apply the property (P) for the inequality (2.3) and the
operator A we get

24) (IS ()1 — F (D|e.a) < Ls- 1y — A" w,2) < L{ls- 1y — Ala,a)’

for any © € H with ||z]| = 1 and any s € [m, M|, where, for the last inequality
we have used the fact that if P is a positive operator and r € (0,1) then, by the
Holder-McCarthy inequality [9],

(HM) (P"z,z) < (Pz,x)"

for any « € H with ||z|| = 1. This proves the fist inequality in (2.1).
Now, observe that for any bounded linear operator T' we have

(T)20) = (1) 2,2) < (T°T)2,2)** = |
for any x € H with ||z|| = 1 which implies that

r/2
(2.5) (|s-1g — Alz,z)" < ||sz — Az|" = (52 —2s(Azx,z) + ||Am||2>

- [(s — (Az,2))” + | Az||* — <Ax,x>2}”2

for any « € H with ||z| = 1 and any s € [m, M].
Finally, on making use of (2.2), (2.4) and (2.5) we deduce the desired result
(2.1). O

Remark 1. If we choose in (2.1) s = W, then we get the sequence of inequalities

(2.6) ‘f(m;M>—<f(A)x,x> §L<"”ZM-1H_A$,$>T
<1 (m;M—<Ax7x>)2+D2(A;m) T/Z

<L [i (M —m)® + D? (4; m)} T

1
< yL (M —m)"
for any x € H with ||z|| = 1, since, obviously,
M 1
(m5Y - s < G 0r-mp?
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and

D?(A;z) <

<O —my

for any x € H with ||z| = 1.
We notice that the inequality (2.6) provides a refinement for the result (1.7)
above.

The best inequality we can get from (2.1) is incorporated in the following:

Corollary 1. Let A be a selfadjoint operator with Sp (A) C [m, M] for some real
numbers m < M. If f : [m, M] — R is of r — L—Hdolder type with v € (0,1], then
we have the inequality

2.7)  |f (Az,2)) = (f (A) z,2)| < L{(Az,2) - 1y — Alz,2)" < LD" (4;2),
for any x € H with ||z|| = 1.

The inequality (2.1) may be used to obtain other inequalities for two selfadjoint
operators as follows:

Corollary 2. Let A and B be selfadjoint operators with Sp (A),Sp(B) C [m, M]
for some real numbers m < M. If f : [m, M] — R is of r — L—Hdolder type with
r € (0,1], then we have the inequality

(2.8) (F(B)y,y) = (f (A) z, z)]
< L[((By.y) — (Az.2))* + D? (Aix) + D* (Biy)|
for any x,y € H with ||z|| = |ly|]| = 1.

Proof. If we apply the property (P) to the inequality (2.1) and for the operator B,
then we get

(2.9) (IF (B) = (f (A z,z) - 1uly,y)

< ([(B - (s 10+ D* (i) 1] )

for any x,y € H with ||z|| = ||y| = 1.
Utilising the inequality (M) we also have that

(2.10) [f ((By,y)) = (f (A)z,2)| < (|f(B) = (f(A) z,z) - 1|y, y)

for any =,y € H with ||z]| = ||ly|| = L.
Now, by the Holder-McCarthy inequality (HM) we also have

(2.11) <[(B — (Az, ) - lH)2 + D? (A;2) - 1H] " y,y>

< <[(B —(Az,z) 1) + D2 (A; ) - 1H} y,y>”2

— ((By.y) — (Aw.2)? + D (Ai2) + D2 (Biy))

for any z,y € H with |z]| = |ly|| = 1.
On making use of (2.9)-(2.11) we deduce the desired result (2.8). O
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Remark 2. Since

1
(2.12) D (Asx) < £ (M — m)?,

then we obtain from (2.8) the following vector inequalities

(2.13) [(f (A y,y) = (f (A) 2, 2)|

< 1 [(Ay,) — (Ao ))? + D? () + 0 (A39)]

) 1 ) r/2
< £ ((Ayn) — (o) + 3 00|

and

(2.14) ([f (B) = f(A)]z,z)|

9 r/2
<L {((B — A)z,x)" + D* (A;z) + D? (B;x)}

gLﬁw—Anwf+;M—mﬂ”2

In particular, we have the norm inequality

r/2
(2.15) I78) = FAN < L |18 = A1+ 5 01 -]

The following result provides convenient examples for applications:

Corollary 3. Let A be a selfadjoint operator with Sp (A) C [m, M] for some real
numbers m < M. If f : [m, M] — R is absolutely continuous on [m, M|, then we
have the inequality:

(2.16) [f (s) = (f (A) z,z)]

(Is-1a = Alz, 2} [/ lm 00 W f' € Lo [m, M],
: y if € Ly lm, M]
(Is -1 = Alz,2) " | vy p P> 1,%1%:1’
2 2 1/2 / popr
S — xT,T s T m,M],00 ?, oo M, )
(s = (Az,2))" + D* (As2)| (1 NI, 0y f " € Lo [m, M]
<
2 2 . qu / iffleLp[maM]7
(5= (o)’ + D ()| " 1 oy 51 2% 120,

for any s € [m, M] and any x € H with ||z|| = 1, where || ', rr,, are the Lebesgue
norms, i.e.,

essSUPyepm ) [f' (B)] if £ =00

||f/H[m,M]7Z =

(B2 @ a)” ge=p=a
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Proof. Follows from Theorem 2 and on tacking into account that if f : [m, M] — R
is absolutely continuous on [m, M], then for any s,¢ € [m, M| we have

()~ F(0) LﬂfwMu

|s — t| ess supyepm, a1 f (2)] if f" € Log [m, M]

IA

1 M Up
s — t|'/ (fm |f/(t)|Pdt> it f/ € LymM],p>1,2+1=1
O

Remark 3. It is clear that all the inequalities from Corollaries 1, 2 and Remark 2
may be stated for absolutely continuous functions. However, we mention here only
one, namely

217)  [f ((Az,z)) = (f(A) =, 2)|

((Az,2) - 1 — Az, @) | f | aryo0 T € Loo [m, M]
< /
([{Az,2) - 1y — Al x7$>1/q Hle[m,MLP leji 167 fi[ngviwﬂ,’
D (A;2) | Nl 217,00 if [' € Loo [m, M]
< TN M
DY (43 [ s Ly 2

3. THE CASE OF (¢, ®) —LIPSCHITZIAN FUNCTIONS
The following lemma may be stated.

Lemma 1. Let u : [a,b] — R and ¢, ® € R be such that ® > . The following
statements are equivalent:
(i) The function u—#f, wheree (t) =t,t € [a,b], is 3 (® — @) — Lipschitzian;
(ii) We have the inequality:
t) —
(3.1) p < M <& foreach t,s¢€a,b] witht#s;
-5
(iii) We have the inequality:
(32) @t—s)<u(t)—u(s)<P(t—s) foreach t,s¢€[a,b] witht> s.
We can introduce the following class of functions, see also [7]:

Definition 1. The function u : [a,b] — R which satisfies one of the equivalent
conditions (i) — (iii) is said to be (p, ®) — Lipschitzian on [a,b] .

Utilising Lagrange’s mean value theorem, we can state the following result that
provides practical examples of (¢, ®) —Lipschitzian functions.

Proposition 1. Let u : [a,b] — R be continuous on [a,b] and differentiable on
(a,b). If

(3.3) —oo <v:= inf o (t), sup v (t) =T < o0
tE(aJ)) tE(a,b)

then w is (,T') — Lipschitzian on [a,b] .
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The following result can be stated:

Proposition 2. Let A be a selfadjoint operator with Sp(A) C [m, M] for some
real numbers m < M. If f : [m, M] — R is (v, ') — Lipschitzian on [m, M], then
we have the inequality

(3-4) [f ({(Az,2)) = (f (A z,2)] < 5 (T =) ((Az,2) - 1 — Al z, )

IN
N = N =

([ =) D (4A;2),
for any x € H with ||z| = 1.

Proof. Follows by Corollary 1 on taking into account that in this case we have r = 1
and L =3 (' — 7). O

We can use the result (3.4) for the particular case of convex functions to provide
an interesting reverse inequality for the Jensen’s type operator inequality due to
Mond and Pecari¢ [10] (see also [6, p. 5]):

Theorem 3 (Mond-Pecari¢, 1993, [10]). Let A be a selfadjoint operator on the
Hilbert space H and assume that Sp(A) C [m,M] for some scalars m,M with
m < M. If f is a convex function on [m,M], then

(MP) f(Az, z)) < (f (A) z, z)
for each x € H with ||z| = 1.

< S () = £ m) (A2, @) - 1y — Al )
1

Corollary 4. With the assumptions of Theorem 8 we have the inequality
(3.5) 0 <) (F Az, z) - f({(Az, z))
2
< 3 (F2 () = £ (m) D (As2) < ¢ (7 (M) — £ (m) (M —m)
for each x € H with ||z|| = 1.
Proof. Follows by Proposition 2 on taking into account that
fiom)(t=s) < f(t)—f(s) < fL(M)(t—>s)
for each s,t with the property that M > ¢ > s > m. (]

The following result may be stated as well:

Proposition 3. Let A be a selfadjoint operator with Sp(A) C [m, M] for some
real numbers m < M. If f : [m, M] — R is (v,T') — Lipschitzian on [m, M], then
we have the inequality

(36) £ (A, )) — (F () 2,29
<5 =) [50r=m+ |ute.a) - "EH

for any x € H with ||z|| = 1.

The following particular case for convex functions holds:
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Corollary 5. With the assumptions of Theorem 3 we have the inequality
(3.7) (0 (f(A)z,z) — f((Az, 7))

< 5 (00 = 7 () [ 507 = m) + (A} -

for each x € H with ||z| = 1.

m—s—M}

4. RELATED RESULTS

In the previous sections we have compared amongst other the following quantities

f (m ; M) and f ((Az, )

with (f (A) z, x) for a selfadjoint operator A on the Hilbert space H with Sp(A) C
[m, M] for some real numbers m < M, f : [m, M] — R a function of r — L—Holder
type with r € (0,1] and x € H with ||z|| = 1.

Since, obviously,

1 M
m < / Ft)dt <M,
M m

—m

then is also natural to compare ;— fi‘:j f(t)dt with (f (A) z,x) under the same
assumptions for f,; A and z.

The following result holds:

Theorem 4. Let A be a selfadjoint operator with Sp (A) C [m, M| for some real
numbers m < M. If f : [m, M] — R is of r — L—Hdlder type with v € (0,1], then
we have the inequality:

(4.1) s)dt - {f (A)z,2)
< LM -m)
r+1 r+1
xK () e () )
< L(M—m)",
7’+1

for any x € H with ||z|| = 1.
In particular, if f : [m, M] — R is Lipschitzian with a constant K, then

M
1) | [ F©d- (W)
1 1 2, _m+M\®
<K (M —m) 4+(1\4—m)2<D (A,$)+(<A337£L'> 5 ))]
S%K(Mfm)

for any x € H with ||z|| = 1.
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Proof. We use the following Ostrowski’s type result (see for instance [5, p. 3])
written for the function f that is of r — L—Holder type on the interval [m, M] :

(4.3)

M
‘Mimélﬂ@ﬁﬂw

L M—t\""! t—m "
< M —m)"
_r—|—1( m) l(M—m) +(M—m)
for any t € [m, M].
If we apply the properties (P) and (M) then we have successively

M
@) | [ f@d- W)
M
§<M£m/ ﬂ@m—ﬂwa>
L r
= 7“—1—1(M_m)

[ty (e

which proves the first inequality in (4.1).

Utilising the Lah-Ribari¢ inequality version for selfadjoint operators A with
Sp(A) C [m, M] for some real numbers m < M and convex functions g : [m, M| —
R, namely (see for instance [6, p. 57]):

M]\—4<:4::r;w>g(m)+ <A]T47:C_>;lm

for any x € H with ||z|| = 1, then we get for the convex function g(t) :=

r+1
M—
(=)
— r+1 —
M-1g—-A o gM (Az, )
M—-m M—m
and for the convex function g () := (

A—m- 15\ (Az,x) —m
o e pow )y < 2l
M —m M—m
for any « € H with ||z]| = 1.
Now, on making use of the last two inequalities, we deduce the second part of

(4.1).
;<(M3;H;A)2%x>+<(Ai/”;ﬁ)2%x>

Since
1

T <D2 (4;2) + ((Ax,x) _ m;M)2>

(9(A)z,z) < g (M)

B~ =
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for any « € H with ||| = 1, then on choosing r = 1 in (4.1) we deduce the desired
result (4.2). O

Remark 4. We should notice from the proof of the above theorem, we also have
the following inequalities in the operator order of B (H)

f(A) - (Mlm | (s)dt) g

(4.5)

L M1y —ANTTY fA—me1g T
< — - - - A
S Ty M-m [( M—m ) "\ Tar—m
1
< L(M—m)" -1g.
—r+1 ( m) =

The following particular case is of interest:

Corollary 6. Let A be a selfadjoint operator with Sp (A) C [m, M] for some real
numbers m < M. If f : [m,M] — R is (,T') —Lipschitzian on [m, M], then we
have the inequality

@6)  |(f(A)z2) ”7 - m/ f(s dt+m m;M‘
ggwfwuwfm
2
x i+M<DQ(A;x)+(<Am,x>—mJ;M> )]
1

<= (M —m).

Proof. Follows by (4.2) applied for the % 5 (I' = v)-Lipshitzian function f— Fj O

5. APPLICATIONS FOR SOME PARTICULAR FUNCTIONS

1. We have the following important inequality in Operator Theory that is well
known as the Holder-McCarthy inequality:

Theorem 5 (Holder-McCarthy, 1967, [9]). Let A be a selfadjoint positive operator
on a Hilbert space H. Then

(i) (ATz,z) > (Ax,z)" for allT > 1 and x € H with ||z| = 1;

(ii) (ATz,z) < (Az,x)" for all0 <r <1 and x € H with ||z| = 1;

(iii) If A is invertible, then (A~"x,x) > (Az,z)"" for all v > 0 and v € H with
]l = 1.

We can provide the following reverse inequalities:

Proposition 4. Let A be a selfadjoint positive operator on a Hilbert space H and
0<r<1. Then

(5.1) (0 <) {Az,x)" — (A"z,x) < ({Az,x) - 1y — A|z,2)" < D" (A;x)
for all x € H with ||z| = 1.

Proof. Follows from Corollary 1 by taking into account that the function f (t) = ¢"
is of r — L—Holder type with L = 1 on any compact interval of (0, 00). O
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On making use of Corollary 4 we can state the following result as well:

Proposition 5. Let A be a selfadjoint positive operator on a Hilbert space H.
Assume that Sp (A) C [m, M] C [0, c0).
(i) We have

r (M7-_1 _ m7-_1) <|<A£L‘71'> T A‘ (p,x>
r (M —m™ 1) D (A; ) (S %’f (M1 —m" 1) (M~ m)>

for allr > 1 and x € H with ||z| = 1;
(i) We also have

Ml—r _ml—r

1 Ml—r _ ml—r 1 Ml—r _ ml—r
S §T ( mlerlfr ) D (A,J?) (S 5’/" ( mi-rp1-T > (M o m))
for all0 <r <1 and x € H with ||z|| = 1;
(iti) If A is invertible, then

r r 1
(5.3) 0< (Az,x)" — (A"x,2) < 3" (

MrJrl _ mr+1
Mr+lgmr+1
1 (MLt 1 (Mt

=5 <M+m+> Didiz) (S 5" <M+m+> (M= m>)

for allr >0 and x € H with ||z| = 1.

(54) 0< (A2, 2) — (Az,z) " < %T < ) ({Az,z) - 1g — Alz, z)

2. Consider the convex function f : (0,00) — R, f () = —Inz. On utilizing the
inequality (3.5), we can state the following result:

Proposition 6. For any positive definite operator A on the Hilbert space H with
Sp(A) C [m, M] C [0,00) we have the inequality

(5.5) (0<)In ((Az,2)) — (In (A) 2, 2) < % - % ((Az,z) 15 — Az, 2)
1 M—-m _ 1 (M —m)?
<3 Tmid D<A’“)<§4'mM>

for any x € H with ||z| = 1.
Finally, the following result for logarithms also holds:

Proposition 7. Under the assumptions of Proposition 6 we have the inequality

(5.6) (0<)(Aln(A)z,z) — (Az, ) In ((Az, x))

< ln\/ZQ(Am,:c) Ay —Alz,x)
§ln\/Z~D(A;:U) <§ ;(Mm)ln\/g>

for any x € H with ||z| = 1.



OSTROWSKI'S TYPE INEQUALITIES 13

Remark 5. On utilizing the results from the previous sections for other con-
vex functions of interest such as f(x) = In[(1—=z)/z], = € (0,1/2) or f(z) =
In(l+expx),xz € (—oo,00) we can get other interesting operator inequalities.
However, the details are left to the interested reader.
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