SOME TRAPEZOIDAL VECTOR INEQUALITIES FOR
CONTINUOUS FUNCTIONS OF SELFADJOINT OPERATORS IN
HILBERT SPACES

S.S. DRAGOMIR

ABSTRACT. On utilising the spectral representation of selfadjoint operators in
Hilbert spaces, some trapezoidal inequalities for various classes of continuous
functions of such operators are given.

1. INTRODUCTION

In Classical Analysis a trapezoidal type inequality is an inequality that provides
upper and/or lower bounds for the quantity

f();rf /f

that is the error in approximating the integral by a trapezoidal rule, for various
classes of integrable functions f defined on the compact interval [a, b].

In order to introduce the reader to some of the well known results and prepare the
background for considering a similar problem for functions of selfadjoint operators
in Hilbert spaces, we mention the following inequalities.

The case of functions of bounded variation was obtained in [2] (see also [1, p.
68]):

Theorem 1. Let f : [a,b] — C be a function of bounded variation. We have the
inequality

b

()+f() 1
(1.1) t) dt — (b-a)<5(b-a )V (f)

a

where \/Z (f) denotes the total variation of f on the interval [a,b]. The constant 3
is the best possible one.

This result may be improved if one assumes the monotonicity of f as follows (see
[1, p. 76]):
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Theorem 2. Let f : [a,b] — R be a monotonic nondecreasing function on [a,b].
Then we have the inequalitz’es:
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The above inequalities are sharp.

If the mapping is Lipschitzian, then the following result holds as well [3] (see
also [1, p. 82]).

Theorem 3. Let f : [a,b] — C be an L— Lipschitzian function on [a,b], i.e., f
satisfies the condition:

(L) lf(s)—f@)| <L|s—=t| forany s,t€la,b] (L>0is given).

Then we have the inequality:

/.f g LOHI®

The constant % is best in (1.3).

(1.3) (b—a)’ L.

»-lk\'—‘

If we would assume absolute continuity for the function f, then the following
estimates in terms of the Lebesgue norms of the derivative f hold [1, p. 93].

Theorem 4. Let f : [a,b] — C be an absolutely continuous function on [a,b]. Then
we have

(1.4) £) dt — ”f()( b—a)
iw—@ﬂvwm if f' € Loo[a,b];
<) -, i e Lyla),
2(qg+1)s
p>1, t+1=1;
1 p q
S(b=a) Il

where |||, (p € [1,00]) are the Lebesgue norms, i.e.,

'l = ess sup [f"(s)]

s€la,b]

, :
ww¢—</|f@nw> Pl

The case of convex functions is as follows [4]:

and
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Theorem 5. Let f : [a,b] — R be a convex function on [a,b]. Then we have the
inequalities

o el () ()
ORI ST

>~ f
< SOl [f20) - 1 (@)

The constant % is sharp in both sides of (1.5).

For other scalar trapezoidal type inequalities, see [1].

2. TRAPEZOIDAL OPERATOR INEQUALITIES

In order to provide some generalizations for functions of selfadjoint operators of
the above trapezoidal inequalities, we need some concepts as results as follows.

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)).
The Gelfand map establishes a x-isometrically isomorphism & between the set
C (Sp (A)) of all continuous functions defined on the spectrum of A, denoted Sp (A),
and the C*-algebra C* (A) generated by A and the identity operator 1y on H as
follows (see for instance [8, p. 3]):

For any f,g € C (Sp(4)) and any «, 5 € C we have

(i) @(af +B9) =a®(f)+ L2 (g);

(i) ®(fg)=® (/)@ (g) and @ () = & (f)";

(i) 0 (F) = |1l = Suprespon 1f (0)]:

(iv) ®(fo) =1g and ®(f1) = A, where fo (t) =1l and f; (t) =t, fort € Sp(A).

With this notation we define

F(A):=®(f) for all f € C(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on Sp (4),
then f(t) > 0 for any ¢t € Sp(A) implies that f(A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f(t)>g(t) for any t € Sp(A) implies that f (A4) > g (A)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for continuous functions
of selfadjoint operators, see [8] and the references therein.

For other recent results see [5], [6], [7], [9], [10], [11] and [12].

Let U be a selfadjoint operator on the complex Hilbert space (H, (.,.)) with the
spectrum Sp (U) included in the interval [m, M] for some real numbers m < M and
let {E)}, be its spectral family. Then for any continuous function f : [m, M] — C,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral:

M

(2.1) (f (U)2,y) = / FNd(Erz.y)).

m—0
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for any x,y € H. The function g, , () := (Exx,y) is of bounded variation on the
interval [m, M] and

Gz,y (m - 0) =0 and 9a,y (M) = <.’13,y>

for any x,y € H. It is also well known that g, (A) := (E\x, z) is monotonic nonde-
creasing and right continuous on [m, M].

With the notations introduced above, we consider in this paper the problem of
bounding the error

f(M) + f(m)

in approximating (f (A)z,y) by the trapezoidal type formula w Az, y),
where x,y are vectors in the Hilbert space H, f is a continuous functions of the
selfadjoint operator A with the spectrum in the compact interval of real numbers
[m, M]. Applications for some particular elementary functions are also provided.

3. SOME TRAPEZOIDAL VECTOR INEQUALITIES

The following result holds:

Theorem 6. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M and let {E\}, be its spectral
family. If f : [m, M] — C is a continuous function of bounded variation on [m, M],
then we have the inequality

(3.) PR o) = 41 () )|
< 5 e [(Brnn) (B

(g — BN a,2)? (1g — E)) y,y>1/2}

1
< 2 Izl Iyl \/

(f)

s<k

for any x,y € H.

Proof. If f,u : [m, M] — C are such that the Riemann-Stieltjes integral ff f (@) du(t)
exists, then a simple integration by parts reveals the identity

(3.2) /f ORISR

If we write the identity (3.2) for u (\) = (E\z,y

M
() = TETOD

m—0
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which, by (2.1), gives the following identity of interest in itself

(33) LEATOD (o)~ (f ().
1 M
=5 [ B+ (B =1 )] 4 ().

for any z,y € H.
It is well known that if p : [a, b] — C is a continuous function and v : [a,b] — C is

of bounded variation, then the Riemann-Stieltjes integral f; p(t) dv (t) exists and
the following inequality holds

b

b
(3.4) / p(0)do (0)] < max b O]\ (0

t€la,b

b
where \/ (v) denotes the total variation of v on [a, b].

Utilising the property (3.4), we have from (3.3) that

(35) LETOD. o) - 15 (2

<3 s (B + (B~ 1))l V ()

< 1 [ max [[(Exz,y)|+ [{(1g —Ex)w,wll} \/(f)

2 [relm,M] m

If P is a nonnegative operator on H, i.e., (Px,z) > 0 for any « € H, then the
following inequality is a generalization of the Schwarz inequality in the Hilbert
space H

(3.6) [(Pz,y)|> < (Pz,z) (Py,y),

for any z,y € H.
On applying the inequality (3.6) we have

(Bxa,y)| < (Bxz,2)'/* (Bxy,y)"?
and
(e = BN 2,y) < (i — Ex)e.2)'* (g = B y.y)'?,
which, together with the elementary inequality for a,b,c,d > 0
ab+cd < (a2 + 02)1/2 (b2 + dz)l/2
produce the inequalities
(3.7) (Exz, y)|+ (1 — Ex) z,y)]
< (Bae,2)' " (Bxy,)'* + (L = Bx)2,2)'* (L — Ex)y,9)?
< ((Baz,z) + ((1a — Ex) =, 2)) ((Exy,y) + ((1a — Ex) y,y))
= [l [yl
for any z,y € H.
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On utilizing (3.5) and taking the maximum in (3.7) we deduce the desired result
(3.1). O

The case of Lipschitzian functions may be useful for applications:

Theorem 7. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M and let {Ex\}, be its spectral
family. If f : [m, M] — C is Lipschitzian with the constant L > 0 on [m, M|, then
we have the inequality

(35) LODETE (o) (1 (2.0
M
<ii [ (B B
m—0

(= B o) (U — B )]

< 5 (M —m) L]y
for any x,y € H.

Proof. Tt is well known that if p : [a,b] — C is a Riemann integrable function and
v : [a,b] — C is Lipschitzian with the constant L > 0, i.e.,

[f(s)— f@)| < Ll|s—t| for any t,s € [a,b],

then the Riemann-Stieltjes integral f: p(t) dv (t) exists and the following inequality
holds

[ rwaww| <t [ o

Now, on applying this property of the Riemann-Stieltjes integral, we have from
the representation (3.3) that

(39) LOETOD . oy - 15 (220)
M
<t / (Exe,y) + (Bx — 1) 2, 5)] X,

m—0

IN

%L /m_o (Exz, )| + (1 — Ex) 5[] d,

for any z,y € H.
Further, integrating (3.7) on [m, M| we have

M
(3.10) / (B, )| + (L — Ex) 2, 9)]] A

m—0

M
<[ B B
0

m—

(1 — B z.2) " (Lr — Bx)y,9)' %] d
< (M —m) ||| |y
which together with (3.9) produces the desired result (3.8). O
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4. OTHER TRAPEZOIDAL VECTOR INEQUALITIES

The following result provides a different perspective in bounding the error in the
trapezoidal approximation:

Theorem 8. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M and let {E\}, be its spectral
family. Assume that f : [m, M] — C is a continuous function on [m, M]. Then we
have the inequalities

@y [TODEIOD 4y (4)a,)

M
Max e [m, M] ‘<E,\m - 3%, y>’ \/ (f) if f is of bounded variation

IN

Lme%) |(Exz — La,y)| dA if f is L Lipschitzian

fri\io ’<E)\x — %x,y>| df (\) if f is nondecreasing
M
\/ ) if f is of bounded variation

1 m
< S llal Iyl I

L(M —m) if f is L Lipschitzian
(f (M) = f(m)) if f is nondecreasing

for any x,y € H.
Proof. From (3.5) we have that
(12) L IO o) = 47 ()

= %Hﬁ’iﬂ [(Exz,y) + (Bx — 1w) 2,9 \/ ()

<E>\$— ;x,y>‘\i\2(f)

max
AE[m,M]

for any z,y € H.
Utilising the Schwarz inequality in H and the fact that E) are projectors we
have successively

1 1
<E>\x — 2x7y>’ < HEA;U — ix
1/2

1
— (B Br2) — (Bnw) + el o

(4.3) lyll

1
S lall ]

for any x,y € H, which proves the first branch in (4.1).
The second inequality follows from (3.9).



8 S.S. DRAGOMIR

From the theory of Riemann-Stieltjes integral is well known that if p : [a,b] — C
is of bounded variation and v : [a,b] — R is continuous and monotonic nondecreas-

ing, then the Riemann-Stieltjes integrals f;p (t)dv (t) and fab |p (t)] dv (t) exist and

b b
(4.4 [ r0aco|< [ b,
From the representation (3.3) we then have
m)+ f (M
(@5) L0 o) (5 ()
1 M
<5 [ 1B + (B~ 1))l df )
m—0
M 1
[ (B )|
m—0 2
for any x,y € H, from which we obtain the last branch in (4.1). O

We recall that a function f : [a,b] — C is called r — H-Holder continuous with
fixed r € (0,1] and H > 0 if

lf ()= f(s)| < H|t—s|" foranyt,s € |a,b].
We have the following result concerning this class of functions.

Theorem 9. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M and let {Ex}, be its spectral
family. If f : [m, M] — C is r — H-Hélder continuous on [m, M], then we have the
inequality

M
@e)  |TOEIOD ) (p (e < o HOE - m) ] (Bor)

IN

1 .

o HOM —m)” ]y
for any x,y € H.

Proof. We start with the equality

(4.7 TADAT 0y~ ( ()2,
- [ [P o] aee)

for any x,y € H, that follows from the spectral representation (2.1).
Since the function <E(_)ac7 y> is of bounded variation for any vector x,y € H, by
applying the inequality (3.4) we conclude that

w3 LEETED o) 15 (2
M
< x| ‘f(M);rf(m) —f (A)‘ \"{ ((Ecyz,y))

for any z,y € H.
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As f:[m,M] — C is r — H-Holder continuous on [m, M], then we have

f(M) + f(m)

(4.9) 5

-1 O] < 1FOD) = FOV+ 517 ) = £ )
< SHIM =X + (= m)]
for any A\ € [m, M].

Since, obviously, the function g, (A) :== (M — \)" + (A —m)",r € (0,1) has the
property that

m+ M
(\) =g,
\nax g (A) =g, ( 5
then by (4.8) we deduce the first part of (4.6).

Now, ifd: m=1ty <t; <..<tp_1 <t, =DM is an arbitrary partition of the
interval [m, M], then we have by the Schwarz inequality for nonnegative operators
that

) =2 0r -y,

(E)z,9))
= sgp {TS |<(Eti+1 - Eti) x,y>|}
< Sl;p {nE:I [<(Etz‘+1 - Eti) x,x>1/2 <(Eti+1 - Eti) y»y>1/2} } =1

=0

3<x

By the Cauchy-Buniakovski-Schwarz inequality for sequences of real numbers we
also have that

n—1 /2 rpq 1/2
I< Sl;p [Z <(Et7‘,+1 - Eti) T, x>‘| lz <(Et7:+1 - th',) Y, y>]
i=0 i=0
n—1 1/2 n—1 1/2
S Sl;p Z <(Eti+1 - Etz) z, "E>‘| Slcllp lz <(Eti+1 - Etz) Y, y>‘|
i=0 i=0
M 1/2 M 1/2
=1V (<E<->$»$>)1 V (<E<->y7y>)] = [l ly
m m
for any x,y € H. These prove the last part of (4.6). O

5. APPLICATIONS FOR SOME PARTICULAR FUNCTIONS

It is obvious that the results established above can be applied for various par-
ticular functions of selfadjoint operators. We restrict ourselves here to only two
examples, namely the logarithm and the power functions.

1. If we consider the logarithmic function f : (0,00) — R, f (¢) = Int, then we
can state the following result:

Proposition 1. Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers with 0 < m < M and let {E)},
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be its spectral family. Then for any x,y € H we have

(5.1) ‘(x,y) In vV/mM — <1nAx,y>‘

% max/\e[myM] [<E>\£C, $>1/2 <E)\

gy

<t (M) d 0 =By (1 = B )]

maxyepm,m] [(Ext — 32,9)|

1 M
< 3 ol Iyl ()
and

(5.2) ‘(m, y) InvmM — (In Az, y)’

1 M

2 Jm—o0 {<E)\x,$>1/2 <E)\y7y>1/2

X

IN

1
m

Jono |{Bxz = 3,9) A

(L — Bx)a,2) (L — Ex) y.y)'/? | dA

1
<E,\a: — 2x,y>’ At

1 M
< = -
< 3 lellyl (52 - 1)
and
M
(5.3) (x,y) InvVmM — (lnAx,y)‘ < /
m—0
1 M
< gleliim(5)

respectively.

The proof is obvious from Theorems 6, 7 and 8 applied for the logarithmic

function. The details are omitted.

2. Counsider now the power function f : (0,00) — R, f(t) = t? with p €
(—00,0) U (0,00) . In the case when p € (0,1), the function is p — H-Holder contin-
uous with H = 1 on any subinterval [m, M] of [0,c0). By making use of Theorem

9 we can state the following result:

Proposition 2. Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers with 0 < m < M and let {Ex},

be its spectral family. Then for p € (0,1) we have

(54) 2 : <SL’,y> - <Avay> < 7(M - m)p

mP + MP 1 M
5 3 Vv

(Emz,y))

1
— — p
< op (M —m)? |l [yl

for any x,y € H.

The case of powers p > 1 is embodied in the following:
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Proposition 3. Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers with 0 < m < M and let {E)\},
be its spectral family. Then for p > 1 and for any x,y € H we have

mP + MP
(65 | (ny) - (4P
L mascsciman) [(Eaz, )2 (Bay, p)'/?
< —mP)x { H{u =B z,a)? (1 — B\ yy)'?
maxXxem, M| |<E)\$ - %x,yﬂ
1
< 5 Izl liyll (M7 = mP)
and
mP + MP
56 [T ) - )
% 72/[7(] [<E)\$,{E>1/2 <E/\y7y>1/2
1/2 1/2
< pMP! % (g — Ex)z,2) "~ ((1a — Ex)y,y) '~ | dA
M
oo [(Bxz = 3, y)] dA
1 _
< Spllell gl M~
and
mP + MP » M 1 pe1
(5.7) 9 (z,y) — (APz,y)| <p Exr — 50y AP
m—0
1
< 3 2l lyll (AP —mP)
respectively.

The proof is obvious from Theorems 6, 7 and 8 applied for the power function

f:(0,00) = R, f(t) =t? with p > 1. The details are omitted.

The case of negative powers is similar. The details are left to the interested

reader.

(1]
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