APPROXIMATING n-TIME DIFFERENTIABLE FUNCTIONS OF
SELFADJOINT OPERATORS IN HILBERT SPACES BY TWO
POINT TAYLOR’S TYPE EXPANSION

S.S. DRAGOMIR

ABSTRACT. On utilizing the spectral representation of selfadjoint operators in
Hilbert spaces, some approximations for the n-time differentiable functions of
selfadjoint operators in Hilbert spaces by two point Taylor’s type expansions
are given.

1. INTRODUCTION

Let U be a selfadjoint operator on the complex Hilbert space (H, (.,.)) with the
spectrum Sp (U) included in the interval [m, M] for some real numbers m < M and
let {Ex}, be its spectral family. Then for any continuous function f : [m, M] — C,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral:

M

(1.1) fU)= f (A dE},
m—0

which in terms of vectors can be written as
M

(1.2 G = [ F0 B,
for any x,y € H. The function g, , (A\) := (Exx,y) is of bounded variation on the
interval [m, M] and

9,y (m - O) =0 and Ga,y (M) = (x,y)

for any x,y € H. It is also well known that g, (A) := (E\x, z) is monotonic nonde-
creasing and right continuous on [m, M].

For a recent monograph devoted to various inequalities for continuous functions
of selfadjoint operators, see [11] and the references therein.

For other recent results see [1], [2], [5]-[9], [13], [14], [15] and [16].

The following result provides a Taylor’s type representation for a function of
selfadjoint operators in Hilbert spaces with integral remainder:

Theorem 1 (Dragomir, 2010, [10]). Let A be a selfadjoint operator in the Hilbert
space H with the spectrum Sp (A) C [m, M] for some real numbers m < M, {Ex},
be its spectral family, T be a closed subinterval on R with [m, M| C I (the interior of
I) and let n be an integer with n > 1. If f : I — C is such that the n-th derivative
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) is of bounded variation on the interval [m, M], then for any ¢ € [m, M) we
have the equalities

(1.3) =>

k=0

f —elg)" + Ry (f,c,m, M)

zl-

where

(1.4) R, (f,e,m, M) = ;!/mj\io (/()\ (A —t)"d(f(n) (t))) dE>.

This representation provides the following vectorial error bounds:

Theorem 2 (Dragomir, 2010, [10]). Let A be a selfadjoint operator in the Hilbert
space H with the spectrum Sp (A) C [m, M] for some real numbers m < M, {Ex},

be its spectral family, I be a closed subinterval on R with [m, M] C I (the interior of
I) and let n be an integer with m > 1. If f : I — C is such that the n-th derivative
™ s of bounded variation on the interval [m, M|, then for any c¢ € [m, M] we
have the inequality

(1.5)

n!

gl(;(M—m)—f—’c m+M>n\]7 f‘”))\/ (E,9)),

for any x,y € H.for any z,y € H.

For other error bounds in the case when the n-th derivative f(™ is Lipschitzian
and some applications for particular functions including the exponential and loga-
rithmic function see [10].

As one can see, by choosing in (1.5) either ¢ = m,c= M or ¢ = , that one
can obtain some Taylor’s like expansions in terms of the function and the derivatives
values in that specific point. The error estimation is best when c is taken in the
midle of the interval [m, M] where the spectrum of the operator is located.

In the present paper however we develop a Taylor’s type expansion in terms of the
function and the derivatives values in both exteremal points m and M. Applications
for some elementary functions of interest including the logarithmic and exponential
functions are also provided.

m+M
2

2. REPRESENTATION RESULTS

We start with the following identity that has been obtained in [4]. For the sake
of completeness we give here a short proof as well.
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Lemma 1. Let I be a closed subinterval on R, let a,b € I with a < b and letn be a
nonnegative integer. If f : I — R is such that the n-th derivative f(") is of bounded
variation on the interval [a,b], then, for any x € [a,b] we have the representation

(21) [ = [b—a)f(a) + (e —a) £ (8]
n (b—2z)(z—a)

b—a

n

g {e-0 @+ o0 Y o)

o bsn (2.8 d (1 @),

where the kernel Sy, : [a,b]> — R is given by

1 (x —t)" (b— ) ifa <t<u;
(2.2) Sp (z,t) = — X
n ()" t—2)"(x—a) ifz<t<b

and the integral in the remainder is taken in the Riemann-Stieltjes sense.

Proof. We utilize the following Taylor’s representation formula for functions f :
I — R such that the n-th derivatives f(™ are of locally bounded variation on the
interval I,

(2.3) = Z % o 1® () + — / @ (1 @),

where x and c are in I and the integral in the remainder is taken in the Riemann-
Stieltjes sense.
Choosing ¢ = a and then ¢ = b in (2.3) we can write that

@) f@) =Y g i [e-ia (),
25 ',

and

(2.5) Z

) f0 () + “f / - (1™ ),

for any « € [a,].
Now, by multiplying (2.4) with (b — z) and (2.5) with (z — a) we get

26) (-2)f(@)=0b-2)f(a)+(b-2)(x—a)) o (- )kt £ ) (q)

1
+1l(bx)/j (mft)"d(f(”) (t))

n!
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and

_ (-1)F k=1 p(k)
27 (w—a)f(@)=(r—a)f(b)+(b—2)(z—a) o (=) fU(b)

k=1 ’
(_1)7l+1 b n (n)

= [ =0 a(r7 o)

respectively.
Finally, by adding the equalities (2.6) and (2.7) and dividing the sum with

(b — a), we obtain the desired representation (2.2). O

Remark 1. The case n = 0 provides the representation

1 I
28) @)= (6= D@+ @ G+ [ SEndf o)

for any x € [a,b], where
b—x ifa<t<ux,
S(xat):
a—zx ife<t<b,

and f is of bounded variation on [a,b]. This result was obtained by a different
approach in [3)].
The case n = 1 provides the representation

b
29) [@)= (0= 0 @+ - 0]+ 5 [ Qod(f ©).

where

(a—t)(b—2) ifa<t<u,
Q(z,t) = .
t—0)(r—a) ifx<t<b.
Notice that the representation (2.9) was obtained by a different approach in [3].

Theorem 3. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M, {E\}, be its spectral family,
I be a closed subinterval on R with [m, M] C I and let n be an integer with n > 1.
If f: I — C is such that the n-th derivative f™ is of bounded variation on the
interval [m, M), then we have the representation

1

(2:10) f (A) = ——— [ (m) (M1p — A) + f (M) (A= m1n)]
n (MIH —]\14'4)_(1:2— mlH)
30 L0 ) (A= 1) + (<1 599 (00 (311 — 2
k=1
+ T (f,m, M),

where the remainder T, (f,m, M) is given by

1 M
(211) Tn (fava) = m \/7:,170 Kn (ma Mava) dE)\

(
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and the kernel K, (m, M, f;-) has the representation

m

M
) - m) (/ (=" () (t)))

A
(2.12) Ko (m, M, f;)) = (M — \) (/ A—t)"d (f<n> (t)))

for A € [m, M].

Proof. Utilising Lemma 1 we have the representation
1

213)  fN) = g (M=) f(m) + (A =m) f(M)]

n

XZ;'{ B k 1f(k)( )+ (= l)k(M—)\)kflf(k)(M)}

+m l(MA)/A ()\ft)"d(f(”) (t))

m

M

+(=1)" (A = m) A (t=N"a (s (t))] :

for any A € [m, M].
If we integrate (2.13) in the Riemann-Stieltjes sense on the interval [m, M] with
the integrator E, then we get

M
(2.14) - f (V) dEy
m— ) u
= [ (M =2)f (m) + (A= m) f (M)]dE)
m—0
MM — N ( - L
+/mo( ,;k'{ —m)* ) (m)

1
(M —m)n!

X Vio(M—A) (/:(A—t)"d(f(”) (t))) dE)
ey [ MO (A —m) ( / Ce-ya (s <t>)> dE,

Now, on making use of the spectral representation (1.1) we deduce from (2.14) the
equality (2.1) with the remainder representation (2.2). O

(=D (M = N R M)} dE +

Remark 2. Let A be a selfadjoint operator in the Hilbert space H with the spectrum
Sp(A) C [m, M] for some real numbers m < M, {Ex}, be its spectral family. In
the case when the function f is continuous and of bounded variation on [m,M],
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then we get the representation

(2.15) FA) = g~ [f (m) (M1 = A) + (M) (A = mlp)]
M
T —m) lLO(M—/\)[f(/\)—f(m)]dEx

_/_O(A_m)[f(MFf(A)]dEA :

Also, if the derivative [’ is of bounded variation, then we have the representation

1

(216) F() = 5 [ (m) (ML = )+ £ (M) (4~ 1)
1 M g :
Ve [/W_O(M‘” (/ (-d(s <t>>>dEA

M M
+ 0mm (/A (t=Nd(f <t>>> a, |

Example 1. a. Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers m < M and {E\}, be its spectral
family. If we consider the exponential function, then we get from (2.10) and (2.11)
that

(2.17) et = Ml_m [e™ (M1y — A) + ™ (A—mly)]
+ (MlH —J;l(il—mlH)
xii{ (A=) T (D) M (L - )
%l (& mlg € H
k=1
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b. If A is a positive definite selfadjoint operator with the spectrum Sp(A) C
[m, M] C (0,00) and {E\}, is its spectral family, then we have the representation

1

(2.18) InA= i [(M1g — A)lnm+ (A —mlyg)ln M|
-m
n (Mlg —A)(A—mly)
M—m
z"zl -1 (A-mlg)* M1y — A"
—k mk MF

1 n M A=)
+ = [(—1) /m_o (M~ ) (/m w-r dt) dE)

M M t—\ n
L[5

The case of functions for which the n-th derivative f(™ is absolutely continuous
is of interest for applications. In this case the remainder can be represented as
follows:

Theorem 4. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M, {E\}, be its spectral family,
I be a closed subinterval on R with [m, M] C I and let n be an integer with n > 1.
If f : I — C is such that the n-th derivative f) is absolutely continuous on
the interval [m, M|, then we have the representation (2.10) where the remainder
T, (f,m, M) is given by

1 M
(2.19) T, (f,m,M):= (JW—m)TL'/ . W (m, M, f; \) Exd\

and the kernel W, (m, M, f;-) has the representation

(2.20) W, (m, M, f; ) :=(-1)" /A A =8)"""[nM +t — (n+ 1) A FOHD (1) de

- /M t—=N"""t+nm— (n+1) A FOD () dt
A
for A € [m, M].

Proof. Observe that, by Leibnitz’s rule for differentiation under the integral sign,
we have

(2.21) % [(M —-A) (/A (N— t)" f(n+1) (t) dt)]

A d )\
:_/ A =)™ fOFD () dt + (M — N) A( — )" fr D) (t)dt)

A
:-/ (= 8" £+ (1)t +n (M — /\/ YL D () g

m

= /A A=0)""" M+t — (n+ DA FOHD (1) dt

m
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for any A € [m, M].
Integrating by parts in the Riemann-Stieltjes integral we have

(2.22) / MO (M - \) ( / " (A —1)" frD) () dt) dE)

m— m

= (M- )) (/A (A=t a (s (t))> Ex

M A
- / (/ A=) M 4 £ — (n+ 1) A £+ (1) dt) Frd)
m—0 m

M

m—0

M A
- _/ (/ A=t)"""[nM +t — (n4+ 1)\ FD (1) dt) Exd\.
m—0 m
By Leibnitz’s rule we also have

(2.23) dd)\ l(/\ —m) </}\M (t — \)" FHD (¢) dt)]

M n pe(n+1) d M n pe(n+1)
:A (= )" FO) () b+ (A~ m) o A (t— 0" £ (1) it

M M
= / (t—=N)" D () dt —n (N — m)/ t—XN)""" Ot (1) dt
A A
M
- / (=N et nm — (n+ 1) A FOD () de
A

for any A € [m, M].
Utilising the integration by parts and (2.24) we get

(2.24) / MO (A—m) ( /A " (t—X\)" 0+ (1) dt) dE,

m—

M
= (A—m) ( A (t=N)" (1) dt) B\

M M
— / (/ t=N"""t+nm— (n+ 1) A FOD (1) dt) Exd\
A

M

m—0

m—0

m—

M M
= _/ </ t—N"""t+nm— (n+1) N O (1) dt) Erd.
0 A

Finally, on utilizing the representation (2.11) for the remainder T, (f, m, M) and
the equalities (2.22) and (2.24) we deduce (2.19). The details are omitted. O

Remark 3. The case n =1 provides the following equality

(2.25) FA) = = f (m) (M1g — A) + f (M) (A = mlg)]

1 M
+m/ Wl(m7M7.f;)\)E)\d)‘7
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where

M

(2)\7M7t)f”(t)dt+/ 2\ —t —

A

A

(2.26) Wy (m, M, f; ) ::/

m

for A € [m, M].

3. ERROR BOUNDS FOR f(™) OF BONDED VARIATION

m) " (t) dt

The following result that provides bounds for the absolute value of the kernel

K, (m, M, f;-) holds:

Lemma 2. Let I be a closed subinterval on R with [m, M] C I, let n be an nteger
with n > 1 and assume that f : I — C is such that the n-th derivative f™ exists

on the interval [m, M].
1. If £ is of bounded variation on [m, M], then

(3.1) | Ky, (m, M, f5 X))

< (M-=XNA=m)"

3>

(£7) + = m) (M NaY, (7)
A

A M
< i (M —m)’ [(A - m>\n{ (70) + (v — A)"*l\A/ (f(”))]
< i(M—m)2Jn(m,M;)\)
where
(3.2) Jn (m, M5 )

[3 (M —m) A = 258 [TV (7).

s<xz

)p(n—l) + (M - )\)p(n_l):| 1/p

51< me)

[;v S )|
m m A
[ —m)" ™t 4 (M — )" 1}

and A € [m, M].
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2. If € (m,M) and JRRT Ly, 1. x-Lipschitzian on [m, A] and Ly, 2 x-Lipschitzian

on [\, M], then
(3:3)  [Kn(m, M, f;))]
1 n+1 n+1
< _ _ _ _
< g [ M = D) = m)™ ™ o Lgx (A = m) (M = 2™
1 n n
< — _
S T Ena Qo m)™ Loy (M= A)]
1
“4(n+1)

[(A=m)" + (M — X)"|max{Ln1x Ln2a}

. a1 1/q
(O =m)™ (= NP (L + )
fp>1,,+c=1
[% (M —m) + |/\ — WHH (L1 )+ Ln2y)

and X € [m, M].

In particular, if f™ is L, -Lipschitzian on [m, M|, then

(3.4) Ko (m, M, ;)]
< e [ =0 0= )™ (=) (01— )
< Ln (M —m)” (A —m)™ + (M — \)"

- 4(n+1)

and X € [m, M].

3. If the function f(™ is monotonic nondecreasing on [m, M], then

(3.5)  [Kn(m, M, f; A)]

A
<U4—Mln/ Q—ﬂ"lmeﬂﬁ—%A—mmeWmﬂ

m
M

+ (A —m) [(M C N ™ (M) n A (t— )™ £ (1) dt]

X
—~
>~
|
&
7
L
=
2
—
S~—
|
=
2
—
&
| I
_|_
=
|
>
SN—
3
L
r
=
2
—~
=
|
=
2
—~
>~
.
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where

(3.6) T, (m,M;)\)
[3 (M —m) + |\ — =821 [0 (A1) — ) (m)] 5

1/
|:(/\ _ m)p(n—l) + (M _ A)p(n—l):| p

o X [(f(n) (M) - f(n) ()\))‘1 + (f(n) (\) — f(") (m))q} 1/q
fp>1,,+c=1

[% [F™ (M) — £ (m)] + ‘f(") (A) — f<"><M>-2+f<">(m) H
X [()\ )" (M — )\)"_1] .

11

Proof. 1. Tt is well known that if p : [a,b] — C is a continuous function, v : [a, b] —
C is of bounded variation then the Riemann-Stieltjes integral f;p (t) dv (t) exists

and the following inequality holds

b

< max |p (t)‘ \/ (U) )

tela,b]

(3.7) / p(t)do (t)

b
where \/ (v) denotes the total variation of v on [a, b].
a

Utilising the representation (2.12) and the property (3.7) we have successively
(3.8)  |Kn (m, M, f; M)

[ o-oma(so )

m

< (M- +(A—m)

M
Je=xra (s <t>)|
A

<82 =V (£9) + 0 my 0 = A\ (7)
A

— (M=) (A —m) l(x — )" \7 (ro0) + (=2 \A; (f("))]

m A

<

m A

(M —m)* [(A ety (£) + 1 =" V (fW)]

<

= e

(M - m)2 In (m7M7)‘)

for any A € [m, M].
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By Holder’s inequality we also have
(3.9) I, (m, M;\)

M
[5 (M —m) + [ A= =g [T/ ()

1/
|:()\ _ m)p(n—l) + (M . /\)p(n—1):| p

(o) + ()]

: 1 1 _ 1.
1fp>1,5+6—1,

VO3V 0 Y )

m

IN

x [ =m) Tt (=

for any A € [m, M].

On making use of (3.8) and (3.9) we deduce (3.1).

2. We recall that if p : [a,b] — C is a Riemann integrable function and v :
[a,b] — C is Lipschitzian with the constant L > 0, i.e.,

[f(s)—f @) < Ll|s—t| for any ¢,s € [a,b],

then the Riemann-Stieltjes integral ff p(t) dv (t) exists and the following inequality
holds

b b
/p<t>dv<t> SL/ ip (8)] dt.

Now, on applying this property of the Riemann-Stieltjes integral we have
(3.10) Ky (m, M, f; N)]

A M

< (M —)) / (A—t)nd(ﬂn) (t)) + (A —m) /A (t - A)nd(f(n) (t))’
< [Bar (M = ) =)™ o Lo (0= ) (M = 2]
= (M —n)l\:_()l\ —m) [Ln,ly)‘ (A — m)" F Lo (M — )\)n]

(M — m)2 . .
< m [Lnaax(A=m)" 4+ Loy (M —\)"]

(M —m)*
~ 4(n+1)

[(A=m)" + (M — X)"]max {Ly1x, Ln2}
1/a
x4 I =) (M = NP (L8 + L))
ifp>1,2+1=1;
[0 =)+ ] 2R (L + L)
which prove the desired result (3.4).
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3. From the theory of Riemann-Stieltjes integral is well known that if p : [a, b] —
C is continuous and v : [a,b] — R is monotonic nondecreasing, then the Riemann-

Stieltjes integrals f;p (t)dv (t) and f; Ip (t)| dv (t) exist and

b
/ p(t) dv (1)

By utilizing this property, we have

b
(3.11) S/ lp ()] dv () < max [p ()] [v(b) —v(a)].

t€la,b]

< (M-

(3.12) |K,, (m, M, f; \)]
M
+(A=m) A (t=N)"d (s <t>)‘

/T: (A=8)"d (1 @)

< (M- ) /7: A= a (50 ) + (=m) [ e=2"a (57 )
= H, (m,M;)\)

By the second part of (3.11) we also have that
(3.13) H,, (m,M;)\)
< (M =2 O =m)" [7 () = 1) (m)

(A= m) (M = X" [0 (M) = ) (V)]

= (M=) (A= m)
X [ =m0 ) = £ m)] + (g = )" [ () = 5 ()]
< O1—m)’
o (=m0 ) = ) (m)] (O =0T [ () = £ ()]
= & (M —m)? Ly (m, M; 3)

with

(3.14) Ly, (m, M;\)

[4 (M = m) + |\ = m5M "1 [0 (0) — £ (m)] 5

1/
{()\ . m)P(nfl) + (M- )\)P(nfl)} p

o [ (0 (M) = £ () (£ () = £ (m)) ]
ifp>1,0+¢=1

1/q

IN

B [f(n) (M) — f (m)] + £ (\) — f<">(M);rf(”)(M)

x“Ame4+wM7AW4y

}
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Integrating by parts we have

(3.15) H, (m,M;)\)
A M

== [Ca=0ra (0 w)+ t=m) [ e=xra (s o)

03

= (M- [(A — )" f (t)\; - n/A A=8)""" (1) dt]

M

A

+ (A= m) [(t =N @) - n /A Te-a dt]

A
= (M=) [n/ A=0)""1 ) () dt = (A = m)" f (m)l

m

M

(A —m) [(M— A" £ (M) —n/

A

t—N""1 @) dt] .
On making use of (3.12)-(3.15) we deduce the desired result (3.5). O

On making use of the bounds for the kernel K,, (m, M, f;-) provided above, we
can establish the following error estimates for the remainder T, (f, m, M) in the
representation formula (2.10).

Theorem 5. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M, {E\}, be its spectral family,
I be a closed subinterval on R with [m, M] C I and let n be an integer with n > 1.
If f : I — C is such that the n-th deriative ™) is of bounded variation on the
interval [m, M), then we have the representation

(316) (f (A)a,) = —

[f (m) (M1 — A)z,y) + f (M) (A = mly) z,y)]

S

M
X { k'f(k) (m) <(M1H—A) (A—mlH)km7y>
k=1

(—1)’“ ) (M) <(A —mlyg)(Mly — A)k x,y>}
k=1
+Tn (f7m7M;x’y),
where the remainder Ty, (f,m, M;x,y) is given by

1 M

1 Tn ) aMa ) =y N
(317) (Fom M) = e |

Ky (m, M, f; X)d(Exz,y)

and the kernel K, (m, M, f;-) has the representation (2.12).
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Moreover, we have the error estimate

(3.18) T (fsm, Mz, y)|
1 M
< o (M =m) \/ ((Byz.))
" . .
s [0 Y () o ()
1 M M
< g (M —m)"\/ (F )V (Bozw))
1 A"; .
< 2 (1 =m)"\/ (5 Il 1yl

for any x,y € H.

Proof. The identity (3.16) with the remainder representation (3.17) follows from
(2.10) and (2.11).

Now, on utilizing the property (3.7) for the Riemann-Stieltjes integral we deduce
from (3.17) that

(3.19) [T (f,m, Mz, y)| < WAGW}EM]'K” (vavf;)\)|\/(<E(~)$’y>)

for any z,y € H.
Further, by (3.1) and (3.2) we have the bounds

(3.20) | K (m, M, 5 0)]

;W_m)p W () + 00y (1)
m+M]”_1\N;(f(n));

2 m

IN

pM»—‘

(M — m)? [;(M—mﬂ-'/\—

for any A € [m, M].

Taking the maximum over A € [m, M] in (3.20) we deduce the first and the
second inequalities in (3.18).

To prove the last part of (3.18), we notice that if P is a nonnegative operator on
H,ie., (Pz,x) >0 for any € H, then the following inequality is a generalization
of the Schwarz inequality in H

(3.21) |(Pa,y)|* < (Pz.x) (Py,y)
for any z,y € H.

Now, ifd: m =1ty <t; < .. <tp_1 <t, =M is an arbitrary partition of the
interval [m, M], then we have by Schwarz’s inequality for nonnegative operators
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(3.21) that
M

V (Eoe,v))

m

= s%p {2 ’<(Eti+1 - Eti) x,y>|}
< Sl;p {"221 |:<(Eti+1 — Ey,) x,x>1/2 ((By,, — Ev,) y,y>1/2} } = B.

i=0
By the Cauchy-Buniakovski-Schwarz inequality for sequences of real numbers we
also have that

n—1 /2 rpq 1/2
R 1 SCHEEI RS B  SHCWEEN )

d i=0 i=0

n—1 1/2 n—1 1/2
< Sldlp Z <(Eti+1 - Eti) Zz, JZ>‘| Slcllp [Z <(Eti+1 - Eti) Y, y>]
i=0 i=0
M 1/2 1y 1/2
-V Eman]| Vo] = e
m m
for any z,y € H, and the proof is complete. O

Corollary 1. With the assumptions from Theorem 5 and if f™ is L,,-Lipschitzian
on [m, M], then

(3.22) T (f,m, M, y)|

1
S s (M —m)

LTL

(Eoz.y))

X max [(M_)\)()\—m)n'H+()\_m>(M_)\)"+1}

1<k

AE[m,M]
1 M
n+1
ST Mo Ln\n{ (B2, v))
1 1
— (M —m)"" L,
<t O = m)™ L o]

for any x,y € H.

4. ERROR BOUNDS FOR f(") ABSOLUTELY CONTINUOUS

The following result that provides bounds for the absolute value of the kernel
W, (m, M, f;-) holds:

Lemma 3. Let I be a closed subinterval on R with [m, M| C I, let n be an integer
with n > 1 and assume that f : I — C is such that the n-th deriative f is
absolutely continuous on the interval [m, M|. Then we have the bound

4
(4.1) [We (m, M, £50)] < 37 BY (m, M, f;2)

=1
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where
(4.2) BV (m, M, f; A)
A
:nm4—m/'@—ﬂ“ﬂﬂwﬂu>ﬁgnm4—n
w A=) [ o SO € Loo [m, AL
1 o\ 141/p1 || £(n41)
X [(n—1)p; +1]1/71 (A—m) Hf ||[ AlLa
if ft) e Ly [m, A ,p1 > 1,5 o + =1;
()‘ - m)n71 ||f(’ﬂ+1) H[m,)\],l ’
(4.3) B (m P A)

/A

(t)] at

O m)n+1 ||f(n+1)||[m,>\],oo if fHD € Lo [m, ]

. m (A — )n+1/1)2 Hf(n+1)H AL if f(n+1) € Ly, [m, A,
p2 > ]-, p% + rS = ,
A =m)" [0 0

(4.4) B® (m, M, f; \)

:=AM@—M"

i (M = N FOAD| i SO € Lo [N M

(Mﬁ

M s ||f(n+1)||[)\’M] if Y € Ly, [\, M],

o (
(npa'l'l)l/”’

S »43
p3 > 1, s + = =1;
(M —\)" Hf(nH)H[A,M],l
and
(4.5) BW (m, M, f; \)

dt <n(A—m)

M
=n(A—m) / (t— )\)”*1 ‘f("-H) (t)
A
% (M o /\)n ||f(n+1)H[)\7M],oo Zf f(n+1) c Loo [)\,M] :

. m (M - )\)7L—1+1/1)4 Hf(n—i—l)”[/\ o

iff(n+1)€qu[)\7M],p4>l 4+*_]~

1,44

(M = 2" [t D) ”[m,,\],l 5
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for any X € [m, M], where the Lebesgue norms |||, ,; ,, are defined by

1/p
(f lg( Ipdt) ifg € Lplab],p=>1
19l a5 =

essSuPeiap) |9 (t)] 4 9 € Lo [a,b].
Proof. From (2.20) we have
(4.6) (W (m, M, f; X))

A
< / A=)"""[nM +t— (n+ 1) A £ (4) de

m

M
- / (t—=N"""[t+nm— (n+ 1)\ FOD () dt

/ )" M+t — (n+1) /\|’f”+1) )‘d

of e

M
)" mm = (o DA [0 (1)
/ A —1)"""n (M—)\)—I—(/\—t)]‘f(”“)(t)‘dt
M

>,

m

+

S~

(E= 2" 1= X) (= m)] | £+ (1) at

4
=Y " BY (m, M, f; \)
i=1
for any A € [m, M], which proves (4.1).
The other bounds follows by Hoélder’s integral inequality and the details are
omitted. (]

Remark 4. It is obvious that the inequalities (4.1)-(4.5) can produce 12 differ-
ent bounds for W, (m, M, f;\)|. However, we mention here only the case when
fOFY € Lo [\, M], namely

(4.7) Wy (m, M, f; \)]

e e = KOst Ol Tl
e Tt VA NSO DI R el
<[ =) (A= m)" + (= m) (M = 3)"

b O g e e

for any X € [m, M].
Finally, we can state the following result as well:

Theorem 6. Let A be a selfadjoint operator in the Hilbert space H with the spec-
trum Sp (A) C [m, M] for some real numbers m < M, {E\}, be its spectral family,
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I be a closed subinterval on R with [m, M] C I and let n be an integer with n > 1.
If f : I — C is such that the n-th derivative f() is absolutely continuous on
the interval [m, M), then we have the representation (3.16) where the remainder
T, (f,m,M;x,y) is given by

1 M
(48) Tn (famaM;xay) = m‘/io Wn (maMaf;A) <E>\m,y> dA

(

and the kernel Wy, (m, M, f;-) has the representation (2.20).
We also have the error bounds

(4.9) T (f,m, M2, y)|

1 M
)n,/ (Wi (m, M, f3 M) [(Exz, y)| dA
*Jm—0

“(M-m
< 1/M W, (m, M, £: 3)| (Exz, 2)Y2 (Exy, )2 d\
> (M—m)n' o n 5 s J s Al Y, Y
1 M
< Gy =0l [ Wm0 piv) an

for any x,y € H.

Remark 5. On making use of Lemma 3 one can produce further bounds. However,
the details are left to the interested reader.
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