SOME OSTROWSKI TYPE INEQUALITIES FOR
QUASI-CONVEX FUNCTIONS WITH APPLICATIONS TO
SPECIAL MEANS

MOHAMMAD ALOMARI* AND MASLINA DARUS

ABSTRACT. Some inequalities of Ostrowski’s type for quasi-convex functions
are introduced. An improvements for some Midpoint type inequalities are
given. Some applications to special means are also obtained.

1. INTRODUCTION

Let f: 1 C [0,00) — R be a differentiable mapping on I°, the interior of the
interval I, such that f’ € L[a,b], where a,b € I with a < b. If |f' (z)] < M, then
the following inequality,

1 b
b—a/ f(u)du

holds. This result is known in the literature as the Ostrowski inequality. For recent
results and generalizations concerning Ostrowski’s inequality see [4]-[10] and the
references therein.

The notion of quasi-convex functions generalizes the notion of convex functions.
More precisely, a function f : [a,b] — R is said quasi-convex on [a, b] if

(1) ’f(fv) - <

M [(w—a)Q—k(b—x)Q}

—a 2

[z + (1= A)y) <max{f(z),f(y)},

for any z,y € [a,b] and X € [0,1]. Clearly, any convex function is a quasi-convex
function. Furthermore, there exist quasi-convex functions which are not convex
(see [10]). For refinements inequalities concerning quasi-convex functions, see [2],
[3], [9] and [10].

Recently, Alomari et al. [2] established several inequalities for functions whose
first derivatives in absolute value are quasi-convex. Namely, the authors obtained
the following results:
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Theorem 1. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with
a<b. If |f'|? is quasi-convex on [a,b], ¢ > 1, then the following inequality holds:

b_la/abf(x)dxf<a;rb>’
<t (o (55 aror))
(ol (9] wor)) ]

Corollary 1. Let f be as in Theorem 1. Additionally, if

(1.2)

(1) |f'] is increasing, then we have

’ b
i [ r@an-1(%52)
(2) |f’| is decreasing, then we have
b b—
(1.4) . /f (a; ) < 8a[|f’(a)|+
(3) f'(a) = f"(b) =0, then we have
,(a+Db
(53]

ot b b—
i [t (5 )|§ e

The aim of this paper is to establish some Ostrowski type inequalities for the
class of functions whose derivatives in absolute value are quasi-convex functions.

S

(1.3)

(1.5)

2. OSTROWSKI'S TYPE INEQUALITIES

In order to prove our main theorems, we need the following lemma (see [1]):

Lemma 1. Let f: I C R — R be a differentiable mapping mapping on 1° where
a,b € I with a <b. If f' € L[a,b], then the following equality holds:

20 fl2)-

b 1
bfa/a f(u)du:(b—a)/o p(t) f (ta+ (1 —1¢)b)dt

for each t € [0,1], where

for all x € [a,b].

The following result may be stated:
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Theorem 2. Let f : I C [0,00) — R be a differentiable mapping on I° such that
f' € Lla,b], where a,b € I with a < b. If |f'| is quasi-convex on [a,b], then the
following inequality holds:

b
_bia/ f(u)du

(b—a)’ (¢ —a)” /
(22) < = )maX{If @ 1/ )} + 5 = )maX{\f @) [ (a)]},
[a,

.

Proof. By Lemma 1 and since |f’| is quasi-convex, then we have

for each x €

b
f(u)du

b—a /,
Z:J

s(b—co/o "t max {|f (@), |/ (b))} dt

b [y (=0 max {7 @] 1F (@)} de

b—a
b—=x
! ! bT
= (= aymax {|f @.1f O} [ 1
1
40—y max{|f @17 @] [,_, (-0
b—a
_ (b_x)2 I °
= g max {1 @17 O+

This completes the proof. i

(x —a)
2(b—a)

max {|f* ()], [f" (a)[}

Corollary 2. In Theorem 2. Additionally, if |f' (z)] < M, M > 0, then inequality
(1.1) holds.

Corollary 3. In Theorem 2, Additionally, if

(1) |f’| is increasing, then we have

(z —a)*

b _ )2
ey |- [ rwa < S o S @),

(2) |f’] is decreasing, then we have

b 2 2
(b—1) ’ (x—a) ’
(24) = | s2(b7a)|f @)+ 5 I @)
Corollary 4. In Theorem 2, choose x = 42, then

(3 e o
o <S5

8

()

@]
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Corollary 5. In Corollary 4. Choosing x = ”TH’,

(1) If |f'] is increasing, then we have

(2.6) ‘f(a;b)—bia/abf(u)du

(2) If |f'| is decreasing, then we have

(2.7) ‘f(a;b)—bla/abf(u)du

(3) If f' (a) = f' (b) =0, then we have

(2.8) ‘f(a”) _a/f ) du

b—al
S LG

<2t i @i+ |

(=l

,(a+Db
< (%)

Remark 1. We note that the inequalities (2.6)-(2.8) improve the inequalities

(1.3)-(1.5), respectively.

The corresponding version for powers of the absolute value of the first derivative

is incorporated in the following result:

Theorem 3. Let f : I C [0,00) — R be a differentiable mapping on I° such that
f' € Lla,b], where a,b € I with a < b. If |f'| is quasi-convex on [a,b], then the

following inequality holds:

b
Qﬂ)‘fwﬂ—bia/ ﬂwdu

w)PJrl

o= N @) N
<(w—aﬂp+n> [max {| " @)I", 11 (B)"}]

(czc—a)pJrl %
+ (m) [max {|f" (2)|",|f" (a)|"}] ,

for each x € [a,b], where 1—17 + % =1.

1
q
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Proof. Suppose that p > 1. From Lemma 1 and using the Holder inequality, we
have

b
‘ﬂm— 1L/fwmu

b—a
b—z
g(b—a)/ob’“t|f’(m+(1—t)b)|dt

1
+(b—a)ﬁ_w [t —1]|f (ta+ (1 —t)b)|dt

b—a

b—x

1/q
U (taJr(lt)b)th)

bz Up /o bea
< (b-a) (/Oba t”dt) (/Ob
1 1/p 1 1/q

+(b—a) (/H (1 t)pdt> </H Ilf (ta+ (1 t)b)|th>

b—a b—a
b—x)prl
- 1 1[max{|f/(x)\q,|f’(b)|q}]l/q
(b—a)p (p+1)P
p+1
(x—a) P

* e fmax {|f @), | (@)] "}
(b—a)r (p+1)P

This completes the proof. il

Corollary 6. In Theorem 3. Additionally, if | f' (x)| < M, M > 0, then inequality
(1.1) holds.

Corollary 7. In Theorem 3, Additionally, if

(1) |f'] is increasing, then we have

b
Pu%wla/fwwu

(2.10) <

—
!
—
S
I
8
~
=
=
=
=
+
—~
8
I
S
~
=
=
—
8
=

(b—a)r (p+1)7

(2) |f'| is decreasing, then we have

b
Pu»—bia/fﬂwdu

(2.11) <
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Corollary 8. In Theorem 3, choose x = ‘LTH’, then

(2.12) |f (“+b>

; <(>) {m{

07 <b>|q}2
()] (a)"}f’-

,(a+b\]|
r(%5)
—|—max{

Corollary 9. In Corollary 8. Additionally, if

(1) |f'| is increasing, then we have

(213) |f(“§b)—bia/abf<m>dx

(b_a) ! 1
< o | 01|

(2) |f'| is decreasing, then we have

(2.14) ‘f(”b) _a/f

(b_a) "(a /
< o @l |

(3) If f' (a) = f' (b) =0, then we have

(2.15) ‘f <“+b)

A different approach leads to the following result:

du<

1
;/ (b—a)

,{a+b
/ (2)\

Theorem 4. Let f: I C [0,00) — R be a differentiable mapping on I° such that
I’ € Lla,b], where a,b € I with a <b. If |f'|? is quasi-convez on [a,b], ¢ > 1, and
If' ()] < M, x € [a,b], then the following inequality holds:

(2.16) ‘ . / fu

S (o {1 @17 @)

(b_@g q Y
O e (1 @115 1)

+

for each x € [a,b].
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Proof. Suppose that ¢ > 1. From Lemma 1 and using the well known power mean
inequality, we have

b
’f(x)—bla/ f(u)du

bz
g(bfa)/ob’“t|f’(ta+(1ft)b)|dt

+(b—a)ﬁ7$ it — 1)1 (ta+ (1 — ) )| dt
b—a

b—x b—zx

b—z 1-1/q bz 1/q
< (b—a) (/_ tdt) (/b_at|f’(ta+(1t)b)|th)
0 0
X YA g
+(b—a)</x(1—t)dt) (/H(1—t)|f’(m+(1—t)b)|th> .

b— b—a

s}

Since |f’|? is quasi-convex, we have

b—x bfr
/biat|f’(m+(1—t) )|th</ Tt max {|f' (z)|*,[f" (b)|"} dt
0 0
o (b_x)z q
=s0=qp Pl @I oy

and

Joa =017 ot =00t < [, (=t max {I @I 1 )"} e

b—a b—a
(z — a)2 q
S a—af max {|f' ()", |f" (2)|"}
Therefore, we have
—a)’

(max {|f @)|",1f (@)|"})7

(b—2)
2(b—a) (

(a)

.

+ 028 max {If (@) 1F (B)|7})7

which is required. il

Corollary 10. In Theorem 4. Additionally, if |f' (z)| < M, M > 0, then inequality
(1.1) holds.
Corollary 11. In Theorem 4, Additionally, if

(1) |f'| is increasing, then (2.3) holds.
(2) |f'| is decreasing, then (2.4) holds.
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Corollary 12. In Theorem 4, choose & = % then

2
(2.17) %(a;b)bia[ffmym
e[l 3 o))
e )

Corollary 13. In Corollary 12. Choosing z = %2,

2
(1) If |f’| is increasing, then (2.6) holds.
(2) If |f'| is decreasing, then (2.7) holds.
(3) If f' (a) = f' (b) =0, then (2.8) holds.

Remark 2. We note that the inequality (2.17) improve the inequality (1.2).

3. APPLICATIONS TO SPECIAL MEANS

We shall consider the means for arbitrary real numbers «, 5 (a # ). We take

(1) Arithmetic mean :

a+p

A(Oz,ﬁ)zT, OZ,BGR
(2) Logarithmic mean :
__a-b
L(a,B) = Mol —m|3]’ la| # 8], o, 8#0, o, €R.

(3) Generalized log-mean:

ﬁn+1 _ an+1
(n+1) (68— a)

Now, using the results of Section 2, we give some applications to special means of
real numbers.

Ln<a,ﬁ>=[ ]n,neza,ﬁeﬂ&a#ﬁ.

Proposition 1. Let a,b € R, a < b and 0 ¢ [a,b]. Then, for allp > 1, we have

p—1
2p_ P
b— bl p-1 _2p
|A™" (a,0) = L7 (a,b)] (—a)l/ sup | | %7 ‘ T )
2P (p+1)77 2
2 p—1
a+b| o1 2 \|7F
+ | sup ‘2 L0 Pl

Proof. The assertion follows from Corollary 8 applied to the quasi-convex mapping

fx)=1/x, x € [a,b]. 1
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Proposition 2. Let a,b € R, a < b andn € N, n > 2. Then, for all ¢ > 1, we
have

(n—1) 1/q
! 7 |a|(n—1)q

ba> a+b
sup 5

|A™ (a,b) — L (a,b)] < n (8

(n—1)q /a

a+tb |b|(n—1)q

+ |sup 5

Proof. The assertion follows from Corollary 12 applied to the quasi-convex mapping
flx)y=a2",zcR. 1
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