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1. Introduction

A largely applied inequality for convex functions, due to its geometrical significance, is
Hadamard’s inequality ( see [1] or [2]) which has generated a wide range of directions for
extension and a rich mathematical literature. The following definitions are well known in
the mathematical literature: a function f : I — R, () # I C R, is said to be convex on [
if inequality

flr+ (1 —=t)y) <tf(x)+(1—1)f(y) (1)

holds for all z,y € I and t € [0, 1]. Geometrically, this means that if P, and R are three
distinct points on the graph of f with ) between P and R, then () is on or below chord
PR.

In the paper [3] Hudzik and Maligranda considered, among others, the class of functions
which are s—convex in the second sense. This class is defined in the following way: a
function f : [0,00) — R is said to be s—convex in the second sense if

fllz+Q=t)y) <tf(x)+(1—1)"f(y) (2)

holds for all z,y € [0,00), t € [0,1] and for some fixed s € (0,1]. The class of s—convex
functions in the second sense is usually denoted with K72

It can be easily seen that for s = 1 s—convexity reduces to ordinary convexity of
functions defined on [0, c0).

In the same paper [3] Hudzik and Maligranda proved that if s € (0,1), f € K2 im-
plies f([0,00)) C [0,00),i.e., they proved that all functions from K2, s € (0,1), are
nonnegative.
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Example 1 [3]. Let s € (0,1) and a,b,c € R. We define function f : [0,00) — R as

a, t=20,
f(t)_{ bt +ec,  t>0. 3)
It can be easily checked that
(1) Ifb>0and 0 <c<a, then f € K?
(2) Ifb>0and ¢ <0, then f ¢ K?
Many important inequalities are established for the class of convex functions, but one of
the most famous is so called Hermit—Hadamard’s inequality (or Hadamard’s inequality).

This double inequality is stated as follows (see for example [5]): let f be a convex function
on [0,b] C R, where a # b. Then

f(a+b>§bia/abf(x)dmgw. (4)

2 2

In [4] Pachpatte proved a variant of Hadamard’s inequality which holds for convex
functions.

Theorem 2 Let f and g real-valued, nonnegative and convez functions on [a,b]. Then

)y) g (tz + (1 — 1) y) didydz (5)
LI AT T
L[ (e o5
b_a/ F@g e+ 3 (S b (00) + N @),
where M (a,b) = g(a)+ f(b)g(b) and N (a,b) = f(a)g(b)+ f(b)g(a).

The main purpose of this paper is to establish new inequalities like those given in
Theorems 1 but now for the class of s—convex functions.

2. Main Results

In the next our theorem we will also make use of Beta function of Euler type, which is
for z,y > 0 defined as
' ['(u)T (v)
= [ "t a -t dt=
Blun) = [ -y )
and

B (U,U) = (U7u)
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Theorem 3 Let f,g : [a,b] — R,a,b € [0,00), a < b be nonnegative and s— convex
function in the second sense. If f is s;—convex in the second sense and g 18 sg— convex
in the second sense on [a,b] for somet € [0,1] and s1,s9 € (0, 1], then;

/b/b/lf tr+ (1 —t)y) g (te + (1 —t)y) dtdydx (7)
2(b—a) C(sp+1)T(so+1)
- 81+82+1/f 2F(81+82+2) [M(a’b>+N(a7b)]

where M (a,b) = f (a) g (a) + f (b) g (b) and N (a,b) = f(a) g (b) + f (b) g (a).

Proof. Since f is s;—convex and ¢ is sy—convex on [a, b] we have

for all ¢t € [0,1]. Because f and g are nonnegative, these above inequalities can be multi-
plied by side

ftr+ (1 —=t)y)gtz+(1-1)y)
< R f (@) g @)+ (1 -0 f(y) g (y)
+ (1 —1)" f(x)g(y) +t2 (1= f(y)g(@).

Integrating both sides of the above inequalities over [0, 1] we obtain

/0 flx+(1—=t)y)gte+ (1 —1t)y)dt

IA

F@g@ [ e e [ a0

0

! £ @) g )]
+6($1+182+1) ( (

@) / B = % dt+ f () g (@) / £ (1 )™ dt
= m[f(l’) g(z)+

Vg () + B (sa+1,51+1) f(y) g ()
- @@+ W)

S1+s9+1
+B8(s1+1Ls2+1)[f (2) g (y) + f (y) g (v)]
1
= m[ () g(z)+ f(y) g )

D(sp+1)T(s2+1)
F(81+82+2>

f () g(y) + f(y) g ()]



Integrating both sides of the above inequalities on ([a, b] x [a, b]) we obtain

/ab/ab/olf(tf‘f*(l —t)y) g (tr + (1 —t)y) dtdydx

ﬁ{/b/bﬂ:@ dyd:v+//f dydl}
At [ [ s [ [ 505t
&Tlﬁla)_a) U f(a:)g(:c)dx—k/a f(y)g(wdy}
+F(;1(;+32j—22+ [/f dm/ (y)dy+/abf<y>dy/abg<x>dx]

by using the right half of the Hadamard’s inequality on the right side of the above in-
equality, we have

/ab/ab/olf(mﬂl —t)y) g (tr + (1 —t)y) dtdydx

2(b—a) [
2 [ @@ s

D(si DDt 1) o f(0) 4 () gla) +()
P<81+82+2) 2 2

F(si+1)I(s24+1) (b )2f( a)+ f(b)gla)+g(b)
[ (s1+ s2+2) 2 2

B 2(b—a) b
- —sl+32+1/a f(2) g (2) da

[ (s1+ 1) (s34 1) ,
2T (51 + 59+ 2) (b= a)"[M(a,b) + N (a,)]

The proof is complete. =

IN

Remark 4 If in Theorem 2 we choose sy = sa = 1, then (7) reduces to (4).

D(s1+1)T(s2+1)  T(A+1)I(1+1) o 1 _ 1
|:< ;1(81—‘,-823-22) - F(1+1+2) ) - F(51+82+2)F (81 + 1) F (82 + 1) - 6:|

Theorem 5 Let f,g : [a,b] — R a,b € [0,00), a < b be nonnegative and s— convex
function in the second sense. If f is s1—convex in the second sense and g is So— convex
in the second sense on [a,b] for some t € [0,1] and s1, s € (0,1], then;

// <tx+1—t) ;b) <tx+(1—t) ;b)dtda: (8)

51+52+1/f (@) de
1 F(Sl—Fl)F(SQ—i—l)

_l_
|:4(81+32+1) QF(51+82+2)

](b—a) [M (a,b) + N (a,b)].



where M (a,b) and N (a,b) are as defined in Theorem 2.

Proof. Since f is s;—convex and g is s,—convex on [a, b] we have

f(t$+(1—t)&;b) < t81f(x)+(1—t)51f<“;b)

9(t$+(1—t)a;b> < t829($)+(1—t)52g(a—2i_b)

for z in [a,b] and all t € [0, 1]. Because f and g are nonnegative, these above inequalities
can be multiplied by side

f(tx+(1—t)aT+b>g(tx+(1—t)a;b>

< f(x)g(z )t81+82+f<a+b)g(a;b> (1—t)"+e

i@ () e a0 p () a0

Integrating both sides of the above inequality over [0, 1] we obtain

/1f(t$+(1—t)a+b)g(tx+ 1—1) a+b)dt
0 2 2
1

f(x)g(x)/o ts1+82dt+f<a+b) (G—;—b)/o B 51+52dt

1
+f($)g<a—2{—b)/ tsl( — S2dt+ (a+b)g t82 —t)81dt

0

a +

- r@e@ e () e ()]
(

IN

#3014 Lot )7 (@)g (P50 ) 4 st 10 7 (7)o

2
- o @ ()0 (5]
RACESINCES) [f(x)g(a—;b) +f<a—zkb>g(:c)]

F(81+82+2)

As explained in the proof (7) given above, fg is integrable on [a, b]. Now integrating both
sides of the above inequality on [a, b, using the right half of the Hadamard’s inequality



and the s—convexity of f and g we observe that

b 1
/‘/ Gw+ﬁb—ta;b)g<m+—1—t ;h)dmx

@

(b—a) a+b a+b
= 81+82+1/f z)dz + 51+ 52+ 1 ( )g< )
I'(s1+ 1) (s2+1) a+b
" [ (s1+s2+2) {( )/f dx+f< > }
_ ’ (b—a) g (b)
N Sl+82+1/af(x)g(x)dm+81—|—82+1 2 2

+F(81+1)F(82+1)(b_a)g(a)+g(b)f(a)+f(b)

P<81+82+2) 2 2
L(s DT (s 1) ) Fla) 7 (B (o) +9()
F<81+82—|—2) 2 2

= — x)g(z)dx (b—a)
B S1+32+1/a f@)g(z)d +4(51+82+1)

s+ 1) (s2+1)
Mo +5rz O @ RM(@b), N

1 b
_ ﬁ/ f () g(2)da

|: 1 F(31+1)F(82+1)
4(81+82+1) QF(81+32+2)

[M (a,b), N (a,b)]

(b—a)[M (a,b),N (a,b)]

The proof is complete. =

Theorem 6 Let f,g : [a,b] — R, a,b € [0,00), a < b be nonnegative and convex function.
If f and g are convex on |a,b] for some t € [0,1], then;

L[ g

< o [ 10w G + N o),

where M (a,b) and N (a,b) are as defined in Theorem 2.

Proof. Since f and g are convex on [a, b] we have

f(t“;bﬂl—t)y) < tf(a;b)ﬂl—t)f(y),

o150 ra-0y) < ("5 +a-n90).
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for z in [a,b] and all t € [0, 1]. Because f and g are nonnegative, these above inequalities
can be multiplied by side

f(ta—i—b 12 ) (a+b 12 )
< tf<a;b)g(&;b>+(1—t) fWay)

(530 005 ()

Integrating both sides of the above inequality over [0, 1] we obtain

S NET
() () [ e s o [ o-ora
w1 () o) [ 10 -nas 160 (50 [ra-na
)R s
AP L)oo

Now integrating both sides of the above inequality on [a,b], using the right half of the
Hadamard’s inequality and the convexity of f and g we observe that

// ( )y>g(t“7”+(1—t)y)dtdy
[ 1 (55 o (50) + o] a
+é/a {f(a;b)g()Jrf() (a;b)]dy
_ % { <a+b) <a+b> )}ij
é (a+b)/ dy+1g<a+b>/f

IN

IN

1 fla)+f I
< §<b— ERE 3/a HOIoL
() f (D) g(a)+9(b) g(a)+g(b) f(a) + f(b)
(b—a) 2 +6 2 (b=a) 2



_ (bl_Qa)[M(ab)JrNab /f
(b_“) (M (a,b) + N (a, )
- /f (b;a)[M(a,bHN(a?b)J

Now multiplying both sides of the above inequalities by %, we get required inequality

in (9).
bia/ab/;f(ta +(1—t)y)g(taTM+(1—t)y)dtdy
! /bf(y)g(y)der{M(W’HN(M)}

b—a J, 2

<

The proof is complete. =

Theorem 7 Let f,g : [a,b] — R,a,b € [0,00), a < b be nonnegative and s— convex
function in the second sense. If f is s;—convex in the second sense and g 1s ss— convex
in the second sense on [a,b] for some t € [0,1] and sy, s9 € (0,1], then,

b_a// (GM (1_t)y>g(taT+b+(1—t)y>dtdy (10)

y)d
51+82+1b /f Y

J{ 1 F(51+1)F(52—|—1)
4(81+52+1) 2F(81+82+2)

IN

} [M (a,b) + N (a,b)].
where M (a,b) and N (a,b) are as defined in Theorem 2.

Proof. The proof of this theorem can easily be made like Theorem 3. =

3. Applications to some special means

We now consider the applications of our Theorems to the following special means
The power mean: M, = M, (zq, ..., x,) == (£ 37 mp)l/p, a,b >0,

=11

a)
b) The arithmetic mean: A = A (a,b) := %2, a,b> 0,
¢) The geometric mean: G = G (a,b) := vab, a,b >0,
d) The harmonic mean: H = H (a,b) := 2% a,b >0,
e) The quadratic mean: K = K (a,b) := \/‘ﬂQLbz a,b >0,

o
f) The logarithmic mean: L = L (a,b) := { “ bea ljf Z%Z , a,b>0,

Inb—Ina



a if a=0b
The Identri I =1(a,b):= — , a,b>0,
g) The Identric mean (a,b) %(%)b i oasth a
ppt+1_gp+1 1/p f b
h) The p-logarithmic mean:L, = L, (a,b) := [(erl)(b*a)] it o , DpE€
a if a=0

R\ {-1,0}; a,b>0.

The following inequality is well known in the resources:
H<G<L<I<A<K

It is also known that L, is monotonically increasing over p € R, denoting Lo = I and
L,l == L

In [3] the above Example 1 is given:
Let s € (0,1) and a, b, c € R.We define function f : [0,00) — R as

a, t=0,
f<t)_{bt5+c, t > 0.
Ifb>0and 0 < ¢ < a, then f € K2. Consequently, for a = c= 0,0 =1,s = 1/2, we have
f:0,1 = [0.1), f(t) =t2, f € K2

Proposition 8 Leta,b € [0,00), a < b andb—a < 1. Then one has the inequality:

403 —a®)  6A2(a,b)
b—a + (b—a)2 (11)

Proof. If f is s;—convex function in the second sense and g is sy—convex function in
the second sense on [a,b] for some t € [0,1] and s1,s9 € (0, 1], then; in Theorem 2, if
we choose f,¢ : [0,1] — [0,1] f(z) = 2™, g(x) = 2*, © € [a,b] and s; = s; = 1 and
b—a<1,so

/// (tx + (1 — ) y)? dtdyda

11K2% (a,b) + 7G* (a,b) <

b—a 2 2

< T/axdx—l—%a;z)[ +b +2ab}
= géw—a)(Ua?+LMb+1wﬂ

< 3&5_2@3 )+%ﬂa+®

= (b—a)® (11 (a® +b*) + 14ab)

< 8(b—a)(b*—a®) +3(a+b)’

= (b—a)” (22K? (a,b) + 14G? (a, b))

< 8(b—a) (b’ —a®) +12A°(a,b)
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Now multiplying both sides of the above inequalities by SO

_1
(bfa)2 ’

4 (6% —a®)  6A2(a,b)
b—a +(b_a)2

11K? (a,b) + 7G? (a,b) <

The proof is complete. =

Proposition 9 Leta,b € [0,00), a < b andb—a > 1. Then one has the inequality:

4(6%—a®)  6A2(a,b)

11K? (a,b) + 7G? (a,b) > + 12
(@.0) 4767 a,0) 2 5 =2 4 S (12)
Proof. The proof of this proposition can easily be made like Proposition 1. m
Proposition 10 Let a,b € [0,00),a < b. Then one has the inequality:
2 2 12 5(° —a’) 4 4 4
36G* (a,b) A (a®,b°) < ———= + 94 (a*,b*) 4+ 2G* (a,b) (13)

b—a

Proof. In Theorem 3, let us assume that f,g : [a,b] — R,a,b € [0,00), a < b; Then we
have for convex mapping f(r) = 2? and g (z) = 2%, x > 0 :We have

3 bt atb N
t 1—t dtd
b—a/a/o( 5+ )y) y
b

1 1

< b_a/ax4dx+§[a4+b4+2a2b2]
8§ , 18, 23,, 18 ., 8 ,
B B . T R e - s ) R

= 950 T gt T gy A gpab oy
BP—d  at+bt

< b2

< 5(b—a)+ 5 +a

— Ba@ )
25
b — ab 9 2

< e 4 b4 _2b2

= 5(b—a)+50(a+ )+ 550

= 18ab (a® +b?)
b5— 5 4 b4

< U Za) g (THDN Loz
b—a 2

We get required inequality in (13). The proof is complete. ®
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