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A REFINEMENT AND A DIVIDED DIFFERENCE REVERSE OF
JENSEN’S INEQUALITY WITH APPLICATIONS

S.S. DRAGOMIR!»2

ABSTRACT. A refinement and a new sharp reverse of Jensen’s inequality for
convex functions in terms of divided diferences is obtained. Applications for
means, the Holder inequality and for f-divergence measures in information
theory are also provided.

1. INTRODUCTION

Let (2, A, 1) be a measurable space consisting of a set £, a o — algebra A of
parts of 2 and a countably additive and positive measure p on A4 with values in
RU {oo}.

For a p—measurable function w : @ — R, with w(xz) > 0 for 4 — a.e. (al-
most every) = € {2, consider the Lebesgue space L., (,u) == {f : Q@ = R, fis
p—measurable and [, w (z) | f ()| du (z) < co}. For simplicity of notation we write
everywhere in the sequel [, wdpy instead of [, w (z)dp (z).

An useful result that is used to provide simpler upper bounds for the difference
in Jensen’s inequality is the Gruss’ inequality.

We recall now some facts related to this famous result.

If f,g: Q — R are p—measurable functions and f,g, fg € L, (Q, 1), then we
may consider the Cebysev functional

(1.1) Tw (f,9) ::/ wfgd,u—/ wfd,u/ wygdp.
Q Q Q
The following result is known in the literature as the Griiss inequality
1
(1.2) Tw (f,9)l < 7 (T =) (A =9),
provided
(1.3) —co<y< f(x)<T <00, —0<d<g(x) <A<

for p —a.e. a. x € Q.

The constant % is sharp in the sense that it cannot be replaced by a smaller
quantity.

Note that if Q@ = {1,...,n} and p is the discrete measure on 2, then we obtain
the discrete Griiss inequality

(1.4) szxzyz —Zwmzwz% < i(F—V) (A—9d),
i=1 i=1 i=1
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2 S.S. DRAGOMIR

provided v < x; < T, 6 < y; < A for each i € {1,...,n} and w; > 0 with

Wn = Z?:l w; = 1.
With the above assumptions, if f € Ly, (€, 1) then we may define

(L5) Do ()= D (1) 5= | w‘f— / wfdu‘du.

In 2002, Cerone & Dragomir [7] have obtained the following refinement of the
Griiss inequality (1.2):

Theorem 1. Let w, f,g : Q — R be p—measurable functions with w > 0 p— a.e.
(almost everywhere) on Q and fQ wdp = 1. If f,g, fg € Ly, (Q, 1) and there exists
the constants §, A such that

(1.6) —00<d<g(x) <A<oo for p—ae x€,

then we have the inequality

1
(1.7) Tw (f:9) = 5 (A =8) Du (f).
The constant % is sharp in the sense that it cannot be replaced by a smaller quantity.

Remark 1. The inequality (1.7) was obtained for the particular case Q = [a,b] and
the uniform weight w (t) = 1,t € [a,b] by X. L. Cheng and J. Sun in [6]. However,
in that paper the authors did not prove the sharpness of the constant %

For f € Lpw (A p) = {f: Q=R [w|f’dp<oo}, p>1 we may also

define
P
(18)  Dup(f)i= Uﬂw’f/ﬂwfdu du} - Hf/ﬂwfdu

where |-[|, is the usual p-norm on L, ., (€2, A, y1) , namely,

Q,p

P
Ity = ([ whiran)”, o=
Using Holder’s inequality we get
(1.9) Dut (f) € Duny () for p= 1, f € Ly (A, 1)

and, in particular for p = 2

1

(1.10) D (f) < Dua (f) = [ /Q wfPdy — ( /Q wfdu)Q] N

if f€ Loy (A L0).
For f € Lo (A, 1) := {f:QHR, [ fllg.o :=esssup | f (x)| < oo} we also
’ zeQ

have

(1.11) Dup () < Do (f) = Hf— /Q wfdp

Q,00

The following corollary may be useful in practice.
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Corollary 1. With the assumptions of Theorem 1, we have

(112) T (fi0)| < 5 (A~ 6) Du(f)
<30 Duy(f) i e Ly Ap), 1<p< o0
< 3B =0 Due () i€ Lo (@A),

Remark 2. The inequalities in (1.12) are in order of increasing coarseness. If we
assume that —co < v < f(z) < T < oo for p — a.e. x € §, then by the Griiss
inequality for g = f we have for p =2

(1.13) Vﬂwfzdu (/wadu>2r < -7,

By (1.12), we deduce the following sequence of inequalities

(114) (ol <5 =0) [wlr= [ wrada
< (A-0) Vﬂwadu— (/wadu)T
<=5 r-7)

for f,g:Q — R, u — measurable functions and so that —oo < v < f(z) <T < oo,
—0 < d<g(x) <A <oo for p —ae x € Q. Thus, the inequality (1.14) is a
refinement of Griiss’ inequality (1.2).

In order to provide a reverse of the celebrated Jensen’s integral inequality for
convex functions, S.S. Dragomir obtained in 2002 [15] the following result:

Theorem 2. Let @ : [m, M] C R — R be a differentiable convex function on (m, M)

and f: Q — [m, M] so that o f, f, ® o f, (D' of)f € Ly, (Q,pun), where w >0
p-a.e. on Q with fQ wdp = 1. Then we have the inequality:

(1.15) OS/Qw(@of)du—tb(/wadu)
< [w@ o) fan= [ w@o)dn [ wran

IN

%[(I)’ (M) — @' (m)}/ﬁw’f—/ﬂwfdu‘dw

For a generalization of the first inequality when differentiability is not assumed
and the derivative @' is replaced with a selection ¢ from the subdifferential O®, see
the paper [29] by C.P. Niculescu.
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Remark 3. If un(Q) < 0o and o f, f, ®'of, (®'o f)-f € L(Q,pn), then we have
the inequality:

(1.16) osulﬂ)/ﬂ(‘l’of)d“ ((19)/ >

< L @ensdn-—e [ @opdu—o | i

Lo/ (M) — & ()] _
5 ¥ (M) = ”mm/Qf (@) Qfd“’d’”'

_

IN

Remark 4. On making use of (1.15) and (1.14), one can state the following string
of reverse inequalities for the Jensen’s difference

(1.17) OS/Qw(@of)dp@</wadu>

s/Qw@’of)fdu—/w(@'of)du/ﬂwfdu

<210y - @' (m ‘f wfdu' dy
< 219 (M)~ @ (m)] [ [ s ( /| wfdu>2] %
< {19 (M) — @' (m)] (M —m).

We notice that the inequality between the first, second and last term from (1.17) was
proved in the general case of positive linear functionals in 2001 by S.S. Dragomir
n [14].

The discrete case is as follows.

Let a = (a1,...,a,), b = (b1,...,b,), D = (p1,...,Pn) be n—tuples of real
numbers with p; > 0 (i €{1,...,n}) and > ;p; = 1. If b § < B, i€
{1,...,n}, then one has the inequahty

(1.18) szal ; Zplaz sz il < 5 (B - b)zpi a; — ijaj
i=1 =1

IN

1 n n
) (B - b) ;pi a; _;pjaj

1
i(B—b)max a; — ijaj )

i=1,n i=1

IA

where 1 < p < co. The constant % is sharp in the first inequality.
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If more information about the vector a = (a1, ...,a,) is available, namely, if
there exists the constants @ and A such that a < a; < A, 7€ {l,...,n}, then
1 n n
(119) sza1 i szaz sz il > 5 (B - b) zpi a; — lejaj
= j=
271 2
1 n n
< -(B-b) Zpi a; _ijaj
i=1 j=1
1
<1(B-H(A-a),

with the constants % and i best possible.

Corollary 2. Let @ : [m, M] — R be a differentiable convex function on (m,M).
Ifz; € [m,M] and w; >0 (i=1,...,n) with W,, :== > i w; = 1, then one has
the reverse of Jensen’s weighted discrete inequality:

(1.20) 0< sz () (Z wm>
Z wifb’ (.171) T; — Z wifb’ (xz) Z W; T;
[@" (M Zwl Ti — ijxj .

Remark 5. We notice that the inequality between the first and second term in
(1.20) was proved in 1994 by Dragomir & Ionescu, see [17].

IN

IN
| —

Remark 6. On utilizing (1.20) and (1.19) we can state the string of inequalities

(1.21) 0< Zw () (Z wm)
< Z w; @' (z;) w; — Z w; @' (x;) sz‘ffi
=1 =1 =1
% [®" (M) — @ (m)] sz T — ijxj

IN

97 1/2

IN

%[cb’ (M) — @ (m)] wa2 - (Z ww)

< 119 (M) — @' (m)] (M —m).

We notice that the inequality between the first, second and last term in (1.21) was
proved in 1999 by S.S. Dragomir in [13].

Motivated by the above results, a refinement and a new sharp reverse of Jensen’s
integral inequality for convex functions in terms of divided differences is obtained.
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Applications for means, the Holder inequality and for f-divergence measures in
information theory are also provided.
2. A REFINEMENT AND A NEW REVERSE

For a real function g : [m, M] — R and two distinct points «, 8 € [m, M| we
recall that the divided difference of g in these points is defined by

. 9B)—g(e)
[Oé, 61 g] T B — .
In what follows, we assume that w : Q@ — R, with w (z) > 0 for p —a.e. € Q,is a
p-measurable function with fQ wdp = 1.

Theorem 3. Let ® : I — R be a continuous convexr function on the interval of
real numbers I and m,M € R, m < M with [m,M] C I, I the interior of I. If
f:Q — R, is uy—measurable, satisfying the bounds

(2.1) —co<m< f(z) <M<oo for p—ae €l
and such that f,®o f € L, (2, 1), then by denoting

Tﬂ,w = /wad/u’ € [maM]
and assuming that ?Qw % m, M, we have

(2.2)

[ 10 =@ T sgm [ = Fou] wi
< [ @onuwdu— (7o)

IN

5 (Forar M; 8] = [, P05 2]) Do ()
% ([?Q,wv Mv (I)] - [ma ?Q,w? (I)]) Dw,2 (f)

(o M) = [, Foi8]) (M = ).

The constant % in the second inequality from (2.2) is best possible.

IN

IN

Proof. We recall that if & : I — R is a continuous convex function on the interval
of real numbers I and « € I then the divided difference function ®,, : I'\ {a} — R,
O(t) =P ()
P, (1) = |o, t; P) i = ———-—F
o (1) = o 58] = T
is monotonic nondecreasing on I \ {a}.

For f as considered in the statement of the theorem we can assume that that
it is not constant p —almost every where, since for that case the inequality (2.2) is
trivially satisfied.

For fq ,, € (m, M), we consider now the function defined p -almost everywhere
on ) by

e PG 2 ()
fou (@) = Fou
We will show that <I>?Q and h:= f — fQ’w are synchronous p-a.e. on Q.
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Let z,y € Q with f(z), f (y) # ?va. Assume that f (z) > f (y), then

(2.3) o7 (2) =

( ) fQ W
®(f ()~ (Fou) -
T W) —Taw | W)
and
(2.4) h(z) > h(y)
which shows that
(2.5) o7 (@) =07 ()] ) -rE)] =0

If f(x) < f(y), then the inequalities (2.3) and (2.4) reverse but the inequality (2.5)
still holds true.

This show that for p—a.e. z,y € Q we have (2.5) and the claim is proven as
stated.

Utilising the continuity property of the modulus we have

[[o7... @] |27, . @[] 1) = n )
<|le5,, @ -7, W] ke W)

=07, @ -5, ®]m@-n)

for p-a.e. x,y € Q.
Multiplying with w (), w( ) > 0 and integrating over y (x) and p (y) we have

(2.6)

wi ’ Faw y)H
h(y)lw (z)w (y) dp () du (y)|

// ¥, (@)=, )]
h(y)]w (@) w (y) dp (x) du (y) -

A simple calculation shows that
(2.7) // T ‘— ‘@m H
z) — h(y)]w (z) w(y) dp () dp (y)
/ @5, (@) h @) w @) dus(2)
A ]w ) dps (a )/Qw(w)h(m)du(w)

- [[peen -9 o)
f(x) - fﬂ,w

= [ 180 @) = (Fo) [ s9n 1 (@) ~ Faru] (o) s a)

[f(2) = fauw]w (@) du ()
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and

(28) 5 [ / f, @) =27 )

Q
x [h(z) —h(y)]w(z)w(y)du(z)du(y)
/Q<1>;M<x>h<w>w<x> ()

/an x) dp (v /h dp ()

/Q (f(x)) — (fszw) [f (x)ffgw]w(m) du (x)

3? wi

I
/Q (f (@) = ® (Fo)] w (@) dy (2)
/Qw f)du—@ (fQ w) .

On making use of the identities (2.7) and (2.8) we obtain from (2.6) the first in-
equality in (2.2).
Now, since f satisfies the condition (2.1) then we have that

o (79 w) - (I)(m)

(29) [myfﬂﬂu; (D] = Fs’z —m < ¢?Sl,w (.’L‘)
(M) - (fou) .
= M _?Q,w - HQ’WM’ !

for u—a.e. x € €.
Applying now the Griiss’ type inequality (1.7) and taking into account the second
part of the equality in (2.7) we have that

[w@endu-o(f,)
Q
< 5 (o 2:9) = [m.To019]) [ w]f = TFo.u|de
Q

which proves the second inequality in (2.2).

The other two bounds are obvious from the comments in the introduction.

It is obvious that from (2.2) we get the following reverse of the first Hermite-
Hadamard inequality for the convex function ® : [a,b] — R

(2.10) b_la/abi)(t)dtq’ (a;b>
([ ] - ] Y o

where e (t) =t,t € [a,b].
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Since a simple calculation shows that

([ 5 me] -[a "5 e])

_ 2 {@(a)wb(b) _(I)(a—i—b)]

b—a 2 2
and
1 b a+b 1
D = — = — —
w (€) b—a/at 5 ‘dt 7 (b—a),

and we get from (2.10) that

(2.11) 0< 7/ (a;’b>

im0

To prove the sharpness of the constant 3 in the second inequality from (2.2) we

need now only to show that the equality case in (2.11) is realized.

If we take, for instance ® (t) = |t “;b| , t € [a,b], then we observe that ® is

convex and we get in both 51des of (2.11) the same quantity ; (b — a).

Corollary 3. With the assumptions in Theorem 3 and if the lateral derivatives

', (m) and @' (M) are finite, then we have the inequalities
(2.12) 0< / (®o flwdp - (fo.)
Q
S [?Q,va; (b] - [m7?97w;¢])Dw (f)
<

<

<

B RPN RN =N

" (M) -9 (m)) (M —m).

The constant % in the second and third inequality from (2.12) is best possible.

Proof. We need to prove only the third inequality.
By the convexity of ® we have the gradient inequalities

© (M) - @ (fo,u)
M 7?9,10

<" (M)

and B
o (fQ,w) -9 (m)
?Q,w -m B

These imply that
VQ,uﬂM;q)] - [mvfﬂ,w; (p] S (b/— (M) - (I)ii- (m)

and the proof is concluded.
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We observe that from (2.12) we get the following reverse of the Hermite-Hadamard

inequality for the convex function ® : [a,b] — R having finite lateral derivative
P’ (a) and 9’ (b)

bia/abcb(t)dt—@(a;rb)

<1F(“)+‘I’(b) _cp(”bﬂ < 1[0 (b) ~ @, (@)] (b a).

(2.13)

—2 2 2 -8
We observe that the convex function ® (¢) = ‘t — "T“’| has finite lateral derivatives
@’ (b)) =1and ¥, (a) =—1

and replacing this function in (2.13) we get in all terms the same quantity i (b—a).
This proves that the constant 1 in the second and third inequality from (2.12)
is best possible. ([l

Remark 7. Let ® : I — R be a continuous convex function on the interval of
real numbers I and m,M € R, m < M with [m,M] C I, I the interior of I.
Let a = (a1,...,a,), D = (P1,---,Pn) be n—tuples of real numbers with p; > 0
(ie{l,....,n})and X pi=1.Ifm<a; <M, i €{l,...,n}, withy ., pia; #

m, M, then
n
o <Zpiai>
i=1
pi®(a;) — @ (Z Pi%‘)
1 i=1
([ZpiauM;‘I)} - m72piai;@ )Zpi ai—ijaj .
i=1 i=1 i=1 j=1

If the lateral derivatives ®'_ (m) and ®' (M) are finite, then we also have the
inequalities

(2.15) 0< zn:piq’ (a;) — @ (Zn:piaz)
i=1 i=1
% (lzn:pmi,M;‘D m,ipiai;q’
i=1 i=1

(2.14) Zpi l@ (ai)| —

n
‘| sgn |a; — ijaj
j=1

NE

o
I

IN
DO =

n n
> sz' a; — ijaj
i=1 j=1

% (@ (M) — @, (m)) Z:pi a; — ijaj .

IN

Remark 8. Define the weighted arithmetic mean of the positive n-tuple T =
(1, ..., xn) with the nonnegative weights w = (w1, ..., wy) by

1 n
Ay, (w,x) = W Zwimi
" oi=1
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where Wy, := Y1, w; > 0 and the weighted geometric mean of the same n-tuple,

by
" 1/Wa
G, (w,z) = (Hmf’) .
i=1

It is well know that the following arithmetic mean-geometric mean inequality holds
Ay (w,z) > Gy (w, ).

Applying the inequality (2.15) for the convex function ® (t) = —Int,t > 0 we have
the following reverse of the arithmetic mean-geometric mean inequality

Ay (w,x)
2.16 1< —=
(2.16) = Gu(w,2)
w,r)—m 3 A (w,|z—An (w,2)])
(An(w,w))A"( ,z) 2
< M—-A,(w,z)
_ M
(An(w,a:))
1M —-—m
< - A —A
<o |3 M A (e = A )

provided that 0 < m < x; <M < oo fori e {l,...,n}.

3. APPLICATIONS FOR THE HOLDER INEQUALITY

It is well known that if f € L, (Q, ), p > 1, where the Lebesgue space L, (€, i)
is defined by

L, (Qu):={f:Q—R, fis p-measurable and /Q If (z)]” dp (z) < oo}

and g € Ly (2, p) with % + % =1 then fg € L(Q,p) := L1 (2, 1) and the Holder
inequality holds true

/Qlfg\dﬂé (/Qlf”du>1/p (/Q Iglpdu)l/q-

Assume that p > 1. If h: Q — R is py-measurable, satisfies the bounds
—oo<m < |h(z)| < M < oo for prae. €

and is such that h,|h|” € Ly (2, n), for a y-measurable function w : @ — R, with
w(z) > 0 for p-a.e. z € Qand [, wdp > 0, then from (2.2) we have

. -
(3.1) ‘/Q ]W (Rl | sgm [|h| _ \h|m} wdu‘

< fQ h|” wdp _ fQ |h] wdp

T Jqwdp < Jo wep )

5 ([Pl M:.07] = [ Tl s (7] ) Do (1)
5 ([l M:0] = [, Tl (7)) Dz (1)
1
i

}
([Pl M5 (F] = [m.Thlgi (] ) (M =),

IN

IN

IN
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where |h], , = f‘fllh,rzzﬂ € [m, M] and
’ Q

. hlwd
D () = o [ |l - JoPlwdp) |
Jowdn Jo Jo wdp

while

JowlhPdu (fQ i wduﬂ g

Jo wdp Jo wdp

The following result related to the Holder inequality holds:

Dw,2 (|h|) = [

Proposition 1. If f € L,(Q,p), g € Ly (Q, 1) with p > 1, zl) + % = 1 and there
exists the constants v,I' > 0 and such that

|f]
gl

< <T p-a.e on 9,

then we have

1" (fﬂlfgdu)” L Jolfoldn] o
62 |f | TololTd ) | i ™ Tolodu | 19
_ Jolfl"dn (fg Ifgldu)p
= JolglTdp  \ folgl" du
1 [Jo | fgldp ) .p- -~ [ fQ|fg|d“, p) ~ |fl
S2<_Ig|g|qdﬂ7r,()_ _%fg‘g|qdﬂ,()_ D\g\ ‘g|q—1
1 [Jo |faldp . p -~ [ fﬂ|fg|d:“, p) - | f]
=5 (J’Q o O T g 7)) Pz | g
1 ([ Jalfgldp 1 [ Jalfgldu p> ~
S4<_fﬂ|g|qd,u’r’()_ _Fy’fﬂ\glqdu’()_ (' —7),
where
~ Ll 1 o 1L Jolfgldu J
D (glq‘l) o Igl"du/sz|g| g T JolelTan| ™
and

~ /) I P (b fgldu>2 :
q = e W T ’
D2 <g|Q‘1> lfg Igl"du/ﬂ g2 gl du

Proof. The inequalities (3.3) follow from (3.1) by choosing

)
g™

The details are omitted. O

and w = |g|?.
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Remark 9. We observe that for p = q = 2 we have from the first inequality in
(3.2) the following reverse of the Cauchy-Bunyakovsky-Schwarz inequality

2 2
sy |- (f” /s d“) s [f' -~ Jalrg e d”] of di

2 |lgl Jo 19" du lgl [, 19l dp
_ JolfPdp (fgfgldu>2
fn ‘9| dp fQ |9\2dﬂ

|f| fQ|fg|dM d
gl [, lg|? dp

IA

1
S fQHdM/II

1
1 1 2 fglfgldu>
z - - dy — | 2222
=3l fglggdu/nm 8 (fglgl%lu
1 2
SZ(Fer)a

provided that f,g € Lo (Q, ), and there exists the constants v,T' > 0 such that

|1
lg|

v < <T p-a.e on Q.

4. APPLICATIONS FOR f-DIVERGENCE

One of the important issues in many applications of Probability Theory is finding
an appropriate measure of distance (or difference or discrimination ) between two
probability distributions. A number of divergence measures for this purpose have
been proposed and extensively studied by Jeffreys [21], Kullback and Leibler [26],
Rényi [32], Havrda and Charvat [19], Kapur [24], Sharma and Mittal [34], Burbea
and Rao [4], Rao [31], Lin [27], Csiszar [9], Ali and Silvey [1], Vajda [40], Shioya
and Da-te [35] and others (see for example [28] and the references therein).

These measures have been applied in a variety of fields such as: anthropology [31],
genetics [28], finance, economics, and political science [33], [38], [39], biology [30],
the analysis of contingency tables [18], approximation of probability distributions
[8], [25], signal processing [22], [23] and pattern recognition [3], [5]. A number of
these measures of distance are specific cases of Csiszar f-divergence and so further
exploration of this concept will have a flow on effect to other measures of distance
and to areas in which they are applied.

Assume that a set 2 and the o—finite measure p are given. Consider the set of all
probability densities on p to be P := {plp: Q@ =R, p(z) >0, [,p(z)du(z)=1}.

Csiszar f—divergence is defined as follows [10]

q(z)
p(x)
where f is convex on (0,00). It is assumed that f (u) is zero and strictly convex

at w = 1. By appropriately defining this convex function, various divergences are
derived.

(4.1) 1 (0,9) :/Qp@:)f[ ]dw), PP,
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The Kullback-Leibler divergence [26] is well known among the information di-
vergences. It is defined as:

(1.2) Dic(p,0) = [ plo)n [p‘””)} dn (@), p.g P,

q(z)
where In is to base e.

In Information Theory and Statistics, various divergences are applied in addi-
tion to the Kullback-Leibler divergence. These are the: wariation distance D,,
Hellinger distance Dy [20], x*—divergence D, 2, a—divergence D, Bhattacharyya
distance Dp [2], Harmonic distance Dpg, Jeffrey’s distance Dy [21], triangular
discrimination Da [37], etc... They are defined as follows:

(4.3) D, (p.g) = /Q p(2) — q@)|du (@), pqeP;

(14) Dit0.0) = [ |V = Va@)duta). paeP

(4.5) Do) = [ 90 [(ggg) 1] dp (@), p.g P

" du(xﬂ, pog P

(4.7) Dg (p,q) == , Vp(z)q(z)du(x), p,qeP;
(4.8) Dra (p;q) :=/deu(x)7 p,q €P;

(4.9) Dy ()= [ o)~ ao))n [p (”] dn (@), pqc P

q ()

(4.10) Da (p, q) :Awdu(x), p,q € P.

For other divergence measures, see the paper [24] by Kapur or the book on line [36]
by Taneja.

Most of the above distances (4.2) — (4.10), are particular instances of Csiszar
f—divergence. There are also many others which are not in this class (see for
example [36]). For the basic properties of Csiszdr f—divergence see [10], [11] and
[40].

Before we apply the results obtained in the previous section we observe that, by
employing the inequalities from (1.17) we can state the following theorem:

Theorem 4. Let f : (0,00) — R be a convex function with the property that
f (1) =0. Assume that p,q € P and there exists the constants 0 <r <1 < R < 00
such that

~—

(x

x)

s}

(4.11) r<

< R for p-a.e. x €.

hS
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Then we have
(4.12) 0<1Is(p,q) < 5 [fL(R) = fi(r)] Dy (p,q)

1/2

(1.13) (v (22 auto) - 1 ([ ot dn))
< 5 UL (R = 7L )
< [r@| 2D~ [ 4 dnt|ane)
SHTACRAS)

<TBR-I[FL (R~ )]

and since

q(z) _

L@ |40 = [ 4w | auw =m0

and

a(2)\* ad) -

Lr@ (55) an- ([ a@an) =Ds o).

then we get from (4.13) the desired result (4.12). O

Remark 10. The inequality

(114) 15 (p.0) < 3 (R—17) [F (B) — 71 ()]

was obtained for the discrete divergence measures in 2000 by S.S. Dragomir, see
[16].

Theorem 5. With the assumptions in Theorem 4 we have

(4.15) 11 f1(sgn(-)-1) (2, @)| < If (p,q)
< 3 (LR )= [ 1 1) Dy (0,0)
< 3 (LR =10 [Dye (0.0)
< LR =LA (R =),

where 1) f|(sgn(-)—1) (P, q) is the generalized f-divergence for the non-necessarily con-
vex function |f| (sgn (-) — 1) and is defined by

(4.16) Lif(sgn()—1) (P, Q) 1:/Q f <ZEB) ‘ sgn LZE:;; - 1} p () dp.
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Proof. From the inequality (2.2) we have

o[ e
/ (5 aw) -1 ([ a@an)
< (LR A~ [ 1)
< [p@ |40 - [ awanm|aw
g%([lRf] )
[y o ()]
< TR~ f) (R -7),
from where we get the desired result (4.15). O

The above results can be utilized to obtain various inequalities for the divergence
measures in Information Theory that are particular instances of f-divergence.
Consider the Kullback-Leibler divergence

Dkr (p,q) = /Qp(f) In [];Eg

which is an f-divergence for the convex function f: (0,00) — R, f(t) = —Int.
If p, g € P such that there exists the constants 0 < r < 1 < R < co with

}du(w), p,q €P,

(4.18) r< a(z) < R for p-a.e. z € (),
p(z)

then we get from (4.12) that

R—r
. < —
(4.19) Dkr (p,q) < 5 Do (P, q)
R—r 12 _ (R—r)?
< <
< SR D 2.0)] ArR

and from (4.15) that

1
(420) DKL (pv Q) < §DU (p7 (]) In (RR—l 1—r>
1 1/2 1
< 5 [DX2 (pv Q)] In <RR—1T1—T>
1 1
S 4(R_T)IH<RR 1.1 ’r‘)

The interested reader can obtain other similar results by considering f-divergence
measures generated by other convex functions such as the Jeffrey’s distance Dy or
the triangular discrimination Da. The details are omitted.
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