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SOME INEQUALITIES OF JENSEN TYPE FOR OPERATOR
CONVEX FUNCTIONS IN HILBERT SPACES

S.S. DRAGOMIR!»2

ABSTRACT. Some inequalities for operator convex functions of selfadjoint op-
erators in Hilbert spaces that are related to the Jensen inequality are given.
Natural examples for some fundamental operator convex functions are pre-
sented as well.

1. INTRODUCTION

The Jensen inequality for convex functions plays a crucial role in the Theory of
Inequalities due to the fact that other inequalities such as that arithmetic mean-
geometric mean inequality, Holder and Minkowski inequalities, Ky Fan’s inequality
etc. can be obtained as particular cases of it.

Let C' be a convex subset of the linear space X and f a convex function on
C.If p = (p1,...,pn) where p; > 0, j € {1,...,n} with P, := 3% p; > 0 and
x = (21,...,2,) € C", then

(1.1) f <]i ZP#&) < Pi szf($7)7
" oi=1 "oi=1

is well known in the literature as Jensen’s inequality.

In order to extend this inequality for operator convex functions of selfdjoint
bounded linear operators on complex Hilbert spaces we need the following prelim-
inary facts.

A real valued continuous function f on an interval I is said to be operator convex
(operator concave) on I if

(0C) FA=XNA+AB) < (2)(1-A)f(A)+Af(B)

in the operator order, for all A € [0,1] and for every selfadjoint operator A and B
on a Hilbert space H whose spectra are contained in I. Notice that a function f is
operator concave if —f is operator convex.

A real valued continuous function f on an interval I is said to be operator
monotone if it is monotone with respect to the operator order, i.e., A < B with
Sp(A),Sp(B) C I imply f(A) < f (B).

For some fundamental results on operator convex (operator concave) and oper-
ator monotone functions, see [7] and the references therein.

As examples of such functions, we note that f (¢) =¢" is operator monotone on
[0,00) if and only if 0 < < 1. The function f (t) = t" is operator convex on (0, c0)
if either 1 <r <2 or —1 < r < 0 and is operator concave on (0,00) if 0 < r < 1.
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The logarithmic function f(¢f) = Int is operator monotone and operator concave
on (0,00). The entropy function f (t) = —tInt is operator concave on (0,00). The
exponential function f (t) = e’ is neither operator convex nor operator monotone.
We also have the following Jensen type inequality for operator convex functions
f:I—R.
Let A; be selfadjoint operators with Sp(4;) C I, j € {1,..,n}. If p; > 0,
je{l,..,n} with P, > 0 and f is an operator convex function on I then

(1.2) f (Fl, ZpiAj> < Pinif(Aj%
" oi=1 oi=1

in the operator order.

This is a well known result and can be proved easily by mathematical induction
over n > 2. The details are left to the reader.

For recent results related to the Jensen inequality for selfadjoint operators in
Hilbert spaces see the papers [1]-[5], [8]-[14], [15] and the monograph [6].

In this paper we consider two functionals associated with the Jensen inequality
for operator convex functions (1.2) and provide some refinements and reverse in-
equalities of interest. They will be ilustrated for some particular operator convex
functions such as the power and logarithmic functions mentioned above.

2. A FuNcTIONAL OF WEIGHTS

We consider the functional
n 1 n
(2.1) To (1A £ 1) =D i f (A7) = Puf | 5D pi4;
j=1 " j=1

where p = (p1,...,pn), p; > 0with j € {1,...,n} and P, >0, A =(A4,...,Ay,) is an
n-tuple of selfadjoint operators with Sp(A;) C I for j € {1,...,n} and f: I — R is
a operator convex function defined on the interval I.

We denote by P;! the set of all n-tuples p = (p1, ..., pn) , p; > 0 with j € {1,...,n}
and P, > 0. For p,q €P; we denote p > q if p; > ¢, for any j € {1,...,n}.

Theorem 1. Assume that f : I — R is an operator convex function and A = (A1, ..., A,)
an n-tuple of selfadjoint operators with Sp (A;) C I, then for any p,q €P, we have

(22) JTL(p+q7A7f7I) Z JTL(p7A7f7I)+Jﬂ (quv.va) ZO’

ie., Jo (A, £, 1) is a super-additive functional in the operator order.
Moreover, if p,q €P;} with p > q, then also

(2.3) Jn (P A, f 1) > T (@3 A, f, 1) 20,

i.e., Jo (s A, f, I) is a monotonic functional in the operator order.
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Proof. We have

(2.4) Jn(P+a; A, f,I)
:]z::l(pj +QJ)f(AJ)_(Pn+Qn)f (PniQnZ(pj—FQj)Aj)

= Z (pj + ;) f (4)

B Sy is) + @ (G T 04)
P+ Qn

P (
Now, consider the operators
1< 1 ¢
A= —ijAj and B := —quAJ
Pa i3 @n =

Then Sp(A),Sp(B) C 1.
Applying the inequality (OC) for A and B given above and A = PfkﬂQn we have

(2.5) f (Pn (pL Z] 1 DA ) +Qn (* Z?:1 QjAj))

Pn +Q'VL

P, Q@
S P7L+Q7L ( II Zp] j) P +Qrb (Qn Zq] )

in the operator order.
Making use of (2.4) and (2.5) we have

(2.6) Jo(P+a A, f, )

n

> Z(pj JFQj)f(Aj) - (PnJFQn)

Jj=1

P, 1 « Qn 1 &
i | = A _Wn e A
X Pn+an Pnj;pj j +Pn+an Qn;% J
1

P,
J

I
M=
M=

pif (A;) — Pof PjA;

1

<.
Il
Il
o

3

n

qif(A;) = Qnf - > 44,

j=1 Qn j=1

:Jn(vaafaI)+Jﬂ(q7A’f’I)

+

in the operator order, and the inequality (2.2) is proved.



4 S.S. DRAGOMIR!:2

Now, let p,q €P;} with p > q. Then by the super-additivity property (2.2) we
have
(2'7) ']'IL (p;A7 f’ I) = Jn ((p_q)+q; A‘7 f?I)
> Jn((P—a); A, £, 1) + Ju (@ A, £, 1) > T (a AL f, 1)
in the operator order, and the monotonicity property (2.3) is proved. (]
Corollary 1. Assume that the function f : I — R is operator conver and the
n-tuple of selfadjoint operators (A, ..., A,) satisfies the condition Sp (A;) C I for

any j € {1,...,n}. If p,q €P,;" and there exists the positive constants m, M such
that

(2.8) mq < p < Mq
then
(29) mJn(q;A7f=I)SJn(p;Aafw[)SMJn(q;Ay.ﬂI)

in the operator order.

Proof. Observe that for a > 0 we have J,, (ap; A, f,I) = aJ,, (p; A, f,I).
Utilising the monotonicity property (2.3) we have

o (ma; A, f, 1) < Jn (p3 A, f, 1) < Jn (Ma; A, f, 1)

which imply the desired result (2.9). O
Remark 1. We observe that if all ¢; > 0 then we have the inequality

2100 win {20 (@A LD < 2 AL
eeesTL '

< max {”}Jn (@A, £, 1)
je{l,...,n} G4
in the operator order.
In particular, if q is the uniform distribution, i.e., q; = %,j € {1,...,n}, then
we have the inequalities

JjE n ;

yeens Je{l,...,n
where
1 & 1 ¢
(2.12) In (A, 1) = ;Zf(Aj) —f gZAJ‘
j=1 Jj=1

Forn =2 and by choosing p1 = &, py =1 —a with o € [0,1],, we get from (2.11)
the inequality
(2.13) 2min {a, 1 — a} [f(A);f(B)_f<A—&2-B>]
<(1-a)f(A)+af(B)—f((1-a)A+aB)
f(A) +f(B) A+B
2 )

in the operator order, where f : I — R is an operator convex function and A
and B are two bounded selfadjoint operators on the complex Hilbert space H with

Sp(A),Sp(B) CI.

< Qmax{oz,l—a}[
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We have some refinements of the power inequality as follows.

Remark 2. Assume that (A1, ..., Ay) is an n-tuple of positive operators. If p,q €P;
and g; > 0 for j € {1,...,n}, then for p € [1,2] we have

P
. V2 -
(2.14) ~ min {j} Z%AI; —Qy’ quAj

je{l,..n} [ gj = j=1

n n b
< p A - Pl [ 4,

j=1 =1

p

n n
b _
<  max {j} E G A — Q)P E qGA;
je{l,..mn} L gj = =

in the operator order.

If (Aq, ..., Ay,) is an n-tuple of positive definite operators then for p € [—1,0) the
inequality (2.14) also holds.

If g € (0,1] then we have the reverse inequalities

q
. by -
(2.15) o Fn {j} Q| i | D a4
je{l,.m} Gy j=1 j=1
q
n n
<SPy Y A =) pAl
Jj=1 Jj=1

q
n n
bj _
< max {]} QL1 E GA;j | — E qu;J-
je{1,...,n} q; = =

When ¢; = 1,5 € {1,...,n} we get from (2.14) the inequality

p
. 1 n ) 1 n
(2.16) nomin (o} (22 47— S|4
j=1 j=1
n n p
<D pA =P ) pid,
j=1 j=1
P
1 n ’ 1 n
P
<n max  {p;} gz;Aj—*p z;Ay
J= J=

The case for two operators is as follows:
AP 4 BP A+ B\’
—(57)
<(1—a)A? +aB? — ((1 —a) A+ aB)”
AP+ BP (A+ B)p]
2 2 ’
where A and B are positive and p € [1,2], or positive definite and p € [—1,0].

(2.17) 2min {a, 1 — a} [

<2max{a,1—a} {
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We have some logarithmic inequalities as follows:

Remark 3. Assume that (A, ..., An) is an n-tuple of positive definite operators.
Ifp,q €P; and q; > 0 for j € {1,...,n}, then

n

. 1 n
(2.18) min ” {pj} QnIn 0. quAj - qu InA,
" =1

ie{l., a —

1 n n
S Pn In E;p]Aj _;pj hlA]'

~ je{l,...,n}

. 1 n n
< max {p]} Q. In Q— Z giA; | — Z gjlnA;
=1 j=1

In particular, we have

(2.19) ; min {p,;} |In

n 1 n
ZAJ' - — ZIHAJ‘
=1 Lt

m

n

:—‘

3

<
SE

1 n 1 n
< max {p;} |In| — Al —— InA;

The case of two operators is as follows:
A+ B InA+1InB
(2.20) 2min {a, 1 — o} [m( ; )— - ;n }
<In(l-a)A+aB)—(1—a)lnA—InaB
A+ B InA+InB
2 2 ’

where A and B are positive definite operators.

< 2max{a,1 - a} [n

3. A FUNCTIONAL OF INDICIES

Let Ps (N) be the family of finite parts of the set of natural numbers N, A(H)
the linear space of all sequences of selfadjoint operators defined on the complex
Hilbert space, i.e.,

A(H) = {A =(Ak) ey | Ar are selfadjoint operators on H for all k € N}

and S; (R) the family of nonnegative real sequences.
We consider the functional

(3.1) J(K,p; A, f,1) =Y pif(Ax) = P f (PlK ZP!«%)

keEK keK

where K € Py (N),p €51 (R),A €A(H) with P :=), cppx >0and f: I — R
is a operator convex function on the interval I.
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Theorem 2. Let f : I — R be an operator convex function on the interval I and
p €S (R),A €A(H). Assume that Sp(Ay) C I for any k € N.

If K,L € Py(N)\ {0} with KNL = 0 and Pg,Pr > 0, then we have the
inequality

(3.2) J(KUL,p; A, f,I) > J(K,p; A, f, 1)+ J (L,p; A, f, 1) > 0,

i.e., J(,p; A, f,I) is super-additive as an index set functional in the operator order.
If ) # K C L then we have

(3-3) J(L,p; A, f, 1) 2 J(K,p; A, f,1) 2 0

ie., J(-,p; A, f,I) is monotonic as an index set functional in the operator order.

Proof. If K,L € Py (N)\ {0} with K N L = 0 and Pk, P, > 0, then we have the
equality

(34)  J(KUL,p;A, f,1)

> pif (Ay) = Prurf (P;UL > pkAk->

keKUL keKUL
= pef (A) + D pef (Ar)
keK keL
Pg - =Y per PRAR + PL - 5= Y e DAk
—(Pk+Pr)f .
Py + Py,

Consider the operators

A= P ZpkAk andB—P ZpkAk

keK kel

We have that Sp(A),Sp(B) C
Utilising the inequality (OC
we have

I
) for the operators A and B as above and A =

Pr,
Prx+Prw

(3.5) ﬁ ( ZPki‘hc) P7+PL ( ZpkAk>

K ek L keL
> f (PK . i > ke PRAr + Pr - pflL EkekaAk>

P + P,
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On making use of (3.4) and (3.5) we have
(3.6) J(KUL,p; A, f,1)

= Y pef (A) - me< > pkAk>

ke KUL /CEKUL
> > pef (AR) + D pef (Ax) — (Px + Pr)

keK keL

Pre A A

merd (m ) mwd (S
= oif (Ax) — Picf < > pkAk>

keK kGK
+ Y oS (Ax) = Prf ( ZpkAk)

keL Lger

=J(K,p; A, f, 1)+ J(L,p; A, f, 1)

and the inequality (3.2) is proved.
If ) # K C L with I\ K # () then we have by (3.2)

J(L,p; A, f, 1) = J (KU (LNK),p; A, f,1)
> J(K,p; A, f, 1)+ J(L\NK,p; A, f, 1) > J (K, p; A, f,1)

and the inequality (3.3) is proved. O
We consider the functionals:
On (DA, £, 1) = poj_1f (Azj1) = > _paj1f ST oo szj 14251
j=1 j=1 J 102j-

and

b, p»A fa Zp2]f A2] ZPng n D2 ZPQJAQJ
] 1 J

We can state the following corollary.

Corollary 2. Let f: I — R be an operator convex function on the interval I and
P =P1,P2n), A =(A1,..., Asy) with pr > 0, Ay selfadjoint operators and such
that Sp (Ar) C I for any k € {1,...,2n},n > 1. The we have the inequality

(3.7) Jon (B3 AL 1) 2 O (p; A, f, 1) + En (P35 A, f, 1) 20

in the operator order, where, as in (2.1)

2n
1
J2n(p7A f7 ) p7A f7 E p] P2nf P2 E p]Aj
n i

The proof follows by (3.2) on choosing K = {2,...,2n} and L = {1,...,2n — 1}.
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Corollary 3. Let f: I — R be an operator convex function on the interval I and
P=P1,Pn), A=(A1,...., A,) with p, > 0, Ay selfadjoint operators and such
that Sp (Ax) C I for any k € {1,...,n} ,n > 2. Then we have the inequality

for any k € {1,...,n} withn >k > 2.
We also have that

(3.9) Jn (P; A, f, 1)

> max|pf(A) e (A — (0 ) (

pjA; + prAg >0
k,je{1,..., n} -

Pj + Dk

in the operator order.
The proof follows by the monotonicity property (3.3).

Remark 4. Utilising the inequality for the operator convex function f (t) =tP,p €
[1,2] we have the inequality

p
n n
(310) Zp]Ag — P;_p ijAj
j=1 j=1
piA; + oAk \’
> AP+ pp A — (p; + e A e >0,
= [pg 5+ oAy — (pj + pr) E—— >

for the positive selfadjoint operators (A, ..., Ay) .
In particular, we have the inequality

2

3.11 A2 — Pt A; ] > max { Dibi_(4;- 4 2}>0.
( ) j;pj j j;py B I pj+pk( j k) ¢ 2>

If (A4, ..., A,) are positive definite operators, then we have

1 n n
3.12 P,In | — A | — In A
( ) P, j;pj j j;pj J

piAj + prAg

> max p-—i—pkln(
[0y g (22D

—piInA; —prIlnAg| >0.
= e > Dy j — Pk k| =
4. A REVERSE INEQUALITY
The following result also holds:
Theorem 3. If the function f : [m, M] — R is operator convex and if the n-tuple

of selfadjoint operators (A, ..., Ay) has the property that Sp (A;) C [m, M| for any
j € {1,...,n}, then for any p; > 0 with j € {1,...,n} and P, := Z;;lpj > 0 we
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have
1 n n
(41) Os?n;pjf<AJ>—f - ;pJAJ
2 [fm)+fOD) _(mtM
M—m 2 2
X 1(]\4—7’7’1,)1[{—{- iipj14j—7’n—’—1\41[_1
nj:1

< 2 [ﬂm);f(M) _f<m;M)] "

in the operator order.

Proof. Since the function f : [m, M] — R is operator convex, then it is convex and
we have the inequality

f) = f<(M‘t)A”;f(;l‘m)M)
(M —t) £ (m) + (¢ —m) £ (M)
- M—-—m

for any t € [m, M].
Utilising the continuous functional calculus for a selfadjoint operator A with
spectrum Sp (A) C [m, M], we have in the operator order

(4.2) f(A) < f(m) (Ml —Aj) + f(M) (4 —mly)

M—m
for any j € {1,...,n}.
If we multiply the inequality (4.2) by p; and sum over j from 1 to n we get

43 5wt )

) (Ml — 2 551 piAs) + 7 O (3 S pids — i)
- M—-m
in the operator order.
Therefore we have

1 & 1 &
(44) 0< szjf(Aj) —f szjAj
n =1 n =1

f(m) (MlH - P%l Z?:l ijj) + f (M) (p% Z?:l pjA; — mlH)
M—-m

IN

1 n
AR
]:

in the operator order, which is a reverse of Jensen’s inequality that is of interest in
itself.
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Now, from the scalar version of (2.13) we have

(4.5) 0<A-=8t)f(m)+tf(M)—f(1—-t)m+tM)
< 2max {t,1 —t} [f(m)—;—f( )—f<m—;M>]

_2<Ht;’) V(m);f( ) f<m+M)}

for any t € [m,M], where f : [m,M] — R is a continuous convex function on
[m, M].

Utilising the continuous functional calculus for a selfadjoint operator T with
0 < T <1y we have from (4.5) that

(4.6) 0<f(m)(Ag —T)+ f(M)T - f((lg —T)m+TM)
o[ 00 (2 )] 1 -

2 2

in the operator order.
Writing the inequality (4.6) for the operator

LZ? 1 DA m1H<1

0<T = WV —m < lg
we have
) f(m )(MlH— P 2y PiA )-l-f(M) (p%Z?:lijj—mlfO
’ M—m
L m(MlH—P%Z?ﬂijJ)-I—M( D EyIYY mlH)
M—-—m
Fm) (M = 2 Y p A ) + £ (M) (3 S piAs —miln )
N M—-m

1

B > piA;
o

n .

. {f(m);f(M) _f(m;Mﬂ

M
X (M m) g + Zp] — 1y

in the operator order.
The last part is obvious since

m—|—M 1
Zp] H §§(M—m)1H
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Remark 5. Assume that (A, ..., A,) are positive and with Sp (A;) C [m, M] for
any j € {1,....,n}. Then for any p € [1,2] we have the inequality

P
1 n 1 n
p
(4.8) 0< 5 ijAj |z ijAJ
Jj=1 Jj=1
< 2 mP + MP (m+ MN\?
—M-m 2 2
M
x (M m) 1y + ij m+ Uik P
2 mP 4+ MP m+ M
< — 1.
M—-m 2 2
If the operators (Ay, ..., An) are positive definite, i.e., m > 0, then
1 n n
(4.9) 0<In B ijAj Z In A
n =1 =1
+ M\
m =
<In|—
o (2\/mM>

1 m+M
X 2(M m1H+ ij 1y

<1 <m+M>Mm 1
n .
= \avmM "

5. A REFINEMENT OF JENSEN INEQUALITY

The following result provides an additive refinement of Jensen inequality (1.2).

Theorem 4. If the function f : I — R is operator convex and if the n-tuple of
selfadjoint operators (Ai,...,Ay) is such that Sp(A;) C I for any j € {1,...,n},
then for any p; > 0 with j € {1,...,n} and Py := Z§=1 p; >0, Py :=P,— P, >0,
with k € {1,...,n — 1} we have

L
1 < P A |
ol 0= ed iy {( P, )

f (p%g > ijj) +f (%k 2kt ijj)
2

X

p%Zj 1 DA + 5 ZJ k1 DiAj
2

-f

1 n 1 n
<5 > pif(A) —f B > piA;

in the operator order.
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Proof. Consider the n-tuple of selfadjoint operators (Aq, ..., A,,) and define the op-
erators

k
A= P%ijAj andB—j Z p;A
J=1 k =kt
Then Sp(A),Sp(B) C I for ke {1,..,n—1}.
Applying the first inequality in (2.13) for A and B as above and o = ?’:, for
ke{l,...,n—1}, we have

[ Pp P
5.2 2 —
(5.2) mln{Pn, 23 }
k
f(p%cz] 1 DA >+f( Z] k+1pJA)
x 2
%ij 1PiA; + = Z? k1 DA
—f 2
Py
< Ff P ZP;A + Z piA
n J k+1
1 n
Fnzijj ;
Jj=1
in the operator order.
By Jensen’s inequality (1.2) we have
R R
f kijA ,EZpgf(Ag)
j=1 j=1

and

which imply that

k - n
P 1 P. [ 1
(5.3) by S piA, +5 1|5 > pid;
n kj:l n J=k+1
1 n
< 7ijf(AJ)

in the operator order.
Since

(P P.) 11 _
mm{Pn’Pn}ZZ_QPJP’“_Pk}

then we get from (5.2) and (5.3) the desired result (5.1). O
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Remark 6. If the operators (A1, ..., Ay,) are positive, then for any p; > 0 with
je{l,...,n} and Py := Zlepj >0, Pp:=P,— P, >0, withk € {1,...,n—1}
we have

[P — Pi|
5.4 0< -
(5.4) *ke{lr,l.l%—l} P,
(> ,A.er# S 4.)"
PP j=1Pi4j @) j=k+1Pij
2

1k 1 P
P 2j=1 PiAs + 5 Yok PiA;

2

p
1< 1
< 5 2 piAT — pp | 2 pids
" =1 " o\s=t

for any p € [1,2]. If (A1,...,Ay) are positive definite, then (5.4) also holds for
p€[-1,0].
If (A4, ..., A,) are positive definite, then we also have the logarithmic inequality

[P~ Py
5.5 0< 1—-—
55) S ed™ P,

1 k 1
P =1 Pidi + 5 Yk iy
2

k AL n A
In (Z]‘Fl)kaA]> +1n (Zj:k%; ;DJAJ)

2

x |In

> i1 DiA; I &

Remark 7. The interested reader may obtain some other inequalities of interest in
the operator order by using, for instance, the operator convex function f (t) =tInt
on the interval (0,00) . The details are omitted.
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