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HERMITE-HADAMARD TYPE INEQUALITIES

LOREDANA CIURDARIU

ABSTRACT. Two inequalities will be presented using Barnes-Gudunova-Levin
inequality. Then a similar lemma will be presented for partial differentiable
mapping and an related to the right side of Hermite-Hadamard type inequality
for co-ordinated convex functions in two variables are obtained.

1. INTRODUCTION

We recall the well-known Holder’s integral inequality which can be stated as
follows, see [18], [9] and then Theorem 2.1, see [9].

Theorem 1. If f(z) > 0, g(z) > 0 and f(xz) € LP[a,b], g(x) € L%a,b] and
p>1, %4—%:1, then

b b VA q
1) | t@gtas < ( / fp(:r)dﬂr> ( / gq<z>dx> .
Theorem 2. If the conditions of Theorem 1 are satisfied and t > 0 then

b b % b é
(2) f(@)g(a)dz < C(p,1) ( / fp(x)dx> < / g%w)dx) |

We also need to recall the definition of the (a,m) -convex functions, see for
example [22].

Definition 1. The function f : [0,b] — R, b > 0 is said to be (a,m) -convez,
where (a,m) € [0,1]? if we have

[tz +m(l —t)y) <t f(z) +m1l —t*)f(y)
for all z,y € [0,b] and t € [0, 1].

We will use below in the proof of some theorem the following inequality, called
Barnes-Gudunova-Levin inequality, see [29] and [24], [25], [26].
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Let f,g be nonnegative concave functions on [a,b]. Then, for p,q > 1 we have

</ab f(x)pdz>; </abg(x)qd:r>; < B(p,q) /ab f(2)g(z)dz,

6(b— a)(%)ﬂ%)ﬂ
(p+1)¥(g+1)7

where
B(p,q) =

In the special case ¢ = p we have

(/ab f(:v)pdx>; </ab g(:v)de>; < B(p,p) /ab f(a)g(@)de,

6(b—a)F) 1
(p+1)
We also need the following two results from [29] and [19]:

Remark 1. (Remark 1.1 [29]) Observe that whenever, fP is concave on [a,b] the
nonnegative function f is also concave on [a,b], where p > 1.

For q > 1 similarly if g9 is concave on [a, b], the nonnegative function g is concave
on [a,b).

with
B(p,p) =

Lemma 1. (Lemma 1 [19]) Let f : I C R — R be a twice differentiable mapping
onlI® a, bel witha<bandf € Lla,b]. Then the following equality holds:

b —a)? [t ,
f(a);rf(b) _bia/a f(:c)dx:(bQ)/o {1 = 0)f (ta + (1 - ).

Lemma 2. (Lemma 2 [21]) Let f: I C R — R be a twice differentiable mapping
on I° such that f~ € Li[a,b], where a, b € I with a < b and r € RT. Then the
following equality holds:

1 2 _a+b 2 b
@+ O+ 1) - s [ e =
=(b—a)? /1 k() (tb+ (1 — t)a)dt
0
where
(1) b() :{ (1(1?)(?)—7 th)[’o%?e) 12,1

Lemma 3. (Lemma 2.1 [5]) Suppose that f: I CR — R is a twice differentiable
function on I°, the interior of I. Assume that a, b € I° with a < b and f” 18
integrable on [a,b]. Then the following equality holds,

f@+fe) 1 _
2 _b—a/af(x)dx_

(b*(l)2 12 1+t ].7t 12 I,t 1+t

=16 /o (1—)(f (TGJF Tb» +(f (TGJF Tb))dt
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Let A = [a,b] x [c,d] in R? with a < b and ¢ < d be a bidimensional interval. We
recall, see [13] that a mapping f : A — R is said to be convex on A if the inequality

f()‘x+ (1 - A)Zv)‘y'i_ (1 - A)w) < )\f(x,y) + (1 - )‘)f(sz)a

holds for all (z,y), (z,w) € A and X € [0,1]. Now we recal below also the definition
of co-ordinated convex functions, see [13].

Definition 2. A function f: A — R is said to be convex on the co-ordinates on
A if the inequality

flz+(1=t)y, su+(1—s)w) < tsf(x,u)+t(1—s) f(z,w)+s(1—t) f(y, u)+(1—t)(1—s) f (y, w),
holds for all t,s € 0,1] and (x,u), (y,w) € A.

Also we need to recall the following the definition of quasi-convex functions on
the co-ordinates, see [14] and we will use in our proof the second, which is the
formal definition.

Definition 3. A function f: A = [a,b] x [¢,d] = R is said to be quasi-conver on
A if the inequality

fOz+ (1 =)z Ay + (1 = Nw) < max{f(z,y), f(z,w)},
holds for all A € [0,1] and (x,y), (z,w) € A.

Definition 4. A function f: A — R is said to be quasi-convex on the co-ordinates
on A if

f(tfﬂ + (1 - t)Z,Sy + (]' - S)UJ) < max{f(z,y),f(x,w),f(z,y),f(z,w)}
for all (z,y), (z,w) € A t,s €[0,1].

A formal definition for co-ordinates s- convex functions in the second sense, which
can be found in [15], is given below:

Definition 5. A mapping f : A — R is said to be s-convex in the second sense on
the co-ordinates on A if the inequality

fz+ 1=ty ru+(1—rw) <

<t fz,u) +°(1 = r)° fo,w) +r°(1 = 1)° f(y, u) + (1 = £)°(1 = 7)° f(y, w),
holds for all t,r € [0,1], (z,u), (y,w) € A and for some fized s € (0,1].

2. SOME HERMITE-HADAMARD’S TYPE INEQUALITIES FOR (o, m)- CONVEX
FUNCTIONS

We give an analog of Lemma 1 from [30] for the second derivative of f. Then
using this lemma and Theorem 1 we give some variant of right hand left Hermite-
Hadamard inequality for functions whose powers of second derivative in absolute
value are (o, m)- convex.
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Lemma 4. Let f : I° — R I° C [0,00) be a twice differentiable function on I°
where a, be I°, a <b. If f € Lla,b]. Then we have:

%/ Flads = 150 = ST f ok - e

+/11(t —1)2f" (ta + (1 — t)b)dt].

2

Proof. As in the proof of Lemma 1, [30] we note that

b (atb . }
/0 2y (ta+(1—t)b)dt=i(ijb))—(a_lb)Qf( ‘2”’) a_b)2/0 Fta+(1—)b)dt
and

1 9 _ (%) 1 CL+b
/;(t—l) I (a1t = — o~ 1 / f(ta(1—t)b

using the integration by parts.
Using the last two equalities and the substitution z = ta + (1 — )b we obtain:

e /f 2f(a+b)_/2t2f”(ta+(1—t)b)dt+/1(t—1)2f”(ta+(1—t)b)dt

—b) 0 3
i.e. the desired 1nequahty.

Theorem 3. Let f: I C [0,b*] = R be a twice differentiable function on I° such
that f* € Lla,b] where a,b € I° with a < b, b* > 0. If |f"| is (e, m) - convezx on
[a,b] for (a,m) € (0,1) x (0,1) then the following inequality holds:

b
b — "
s [ = 1D < S i i - e

- JHE O (5=t g+ 1
(o +1)(a 4 2)20+1 12 a+3 a+2 a+1l (a+1)(a+2)20+!

Proof. Using now Lemma 4 and then Definition 1 we will obtain:

b a a — 2 % "
Iﬁ/a f(x)dz — f( ;rb)lg( 2b) [/0 2 f (ta+ (1 —t)b)|dt+

+ 02 waromlad < ST el (el @)

)l

2

1 n ., Q 7"
+A (t = D2 (me|f () + (1= (B)])e].

2
By calculus we obtain

b
s [ s — 1 < CS i (g - ey
1

a+3 a+2 a—l—l_
1 1 1 2 1 1

- b)|(— — _ .

itz T OG- St e i T e e gzt

"
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Next we will find a lower bound for the expression from the Hermite-Hadamard
inequality for functions which satisfy the conditions from the Barnes-Gudunova-
Levin inequality.

Theorem 4. Let f: I C R — R be a twice differentiable mapping on I°, a, b € I°
with a < b and | € Lla,b]. If I is nonnegative on [a,b] and (f”)q s concave on
[a,b] for some fized m € (0,1], a € (0,1) and ¢ > 1 then the following inequality

holds: @ - ,
fla)+ f(b 1
2 _b—a/af(x)dzz

(b—a)? L (Dp+1)» N ()b
(g + 1) G e ayE @ e

where D(t) = [~ e "2'~tdx, t > 0 is the function I' of Euler,
B(p,q) = fol 2P~ Y(1 — 2)97Ydx is the function [ of Euler.

>

+1 =1 and
q

D =

Proof. Using Lemma 1, see [19] and the Barnes-Gudunova-Levin inequality for f "
and the function t(1 —¢), ¢ € [0, 1] we obtain

b 2 1
f(a)-;f(b)_bla/a f()do = (b;“) /Ot(1_t)f”(ta+(1—t)b)dt2

zBéﬁD<A%d1w%ﬁ);<A%f1w+(lwwﬁﬁ>éz

1
q

: , s 4 " (b))? —
B(p,q) Bp+1,p+1))? (/0 (t(f (a)?+ (1 —t)(f (b)) )dt) _

v

Remark 2. (i) Under the above conditions, using the power-mean inequality, the
inequality can be also written as:

f() —a/f

(b—a)? ig, (D(p+ 1)
(¢+1) 2q((gpﬂ)m(pw)ﬁ(f<>+f<>>

i) If we consider in previous theorem p = q > 1 not that + + 1 = 1 then by
P q
Barnes-Gudunova-Levin inequality we have:

>

b
ﬂ@;ﬂ@_bia Fa)dr >
(- 1 T+ p+1)r b ()P
T Ry eyt @Oy



6 LOREDANA CIURDARIU

In the following theorem we will find a lower bound for the left member of the
equality from Lemma 2, see [21] when r € (0,1) and f has some properties.

Theorem 5. Let f: 1 CR — R be a twice differentiable mapping on I° such that
f € Lila,b], where a, b € I with a <b and r € (0,1). If f is nonnegative on
[a,b] and (f")? -is concave on [a,b] then the following inequality holds:

1 2 a+ b
[Fa) + FO] + = f(= = / @
(b-a) 1 L(pi +1) L 1
2 2o+ 1) Bona) 2@m + Deloi £ 1) (RO + 3
1 F(p2+1) é § . 1 . %
Bl S o) GO+ 5 @)
where p1, q, p2 > 1 and B(p,q) is given in Barnes-Gudunova-Levin inequality.

S @)+

Proof. From Lemma 2 we can notice that

1 2 a+ b
b
@ o)+ ,a/f
it ! 1
=(b-a)?| - —t)dt L—t)(= — ——)dt].
=P o 0 [ 00—
Taking into account that for » € (0,1), k(¢) > 0 and that 7t"(7‘+1 —t) and (1 —
t)(% — T}rl) are concave because its second derivative is negative we apply the
Barnes-Gudunova-Levin inequality obtaining:
1 2 a+ b
b Ydx >
L@+ o)+ ,a/f :

1

> 0= ol — (/Ozdgilt))pldt) 1 (/02<f”<tb+<1t>a>>th> -

1 =

1 1 ¢ 1 . D2 T . ) 1
+m (/; ((1—t)(;—m)) dt) </§ (f (tb+ (1 — t)a)) dt) ] >

(b—a)? 1
r(r+1) B(p1,q)

N|=

( / L P (Lt 1)) ( / (" B)1+(1—1)(f (@) ")dt) ¥ +

0
1

1 1 . bt ) q . o L
+B(P2,Q)(/; (L=8)(t(r +1) =) dt) (/; BT+ —t)(f (a)D)dt)7] =
(b_a)Z 1 1 " 3. %

e B G @+ U @[ty

! St 1 1 ”aq% ' _ +)P2 r — p)P2 %
g G B+ 5 @ A=+ 1) =]

2
If we denote f2 tP(1—t(r+1))Pdt by I (p) and f (1—t)P(t(r+1)—r)Pdt by I(p) then
using the substitution u = 1—t we have I>(p fo uP((1—u)(r+1)—r)Pdu = I;(p).
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Therefore we obtain,

1 2 a+b
U@ 1)+ 2 [ e
(b—a)? 1
~r(r+1)"B(p1,q)
1 L3 1

+mll(p2)ﬁ(§(f (b))Q+§(f (a))q)a]

h <p1>f<§<f (b))‘“rg(f @)+

Now we consider

Lip) = /OE (1= t(r + 1))Pdt, 7 € (0,1), p> 1.

Then it is easy to see that tP(1 —¢(r + 1))? > t*(1 — 2¢t)? > 0 and

/i (1 = t(r + 1))Pdt > /E (1 — 20)Pdt.

0 0
If we use substitution 2¢ = u in last integral, we obtain

1
B 1t 1
1:/0 (1 — 2t)Pdt — 2p+1/0 W1~ ufPdu= s flp+ Lp+ 1)

Thus

I'(p+1)
20t1(2p+1)...(p+ 1)

1
Lp) > 5ogBlp+Lp+1) =

and then the inequality becomes:

1 2 a+b
@+ Ol _a/f Jdz >
(b—a) 1 L(p1 +1) i 1 .
= 2r(r+1) B(p1,9) 2(2p1 + 1).. (p1+1)) (s(f o) 8(f (@)t
1 I(p2 +1) 13 1

)7z (S(f () + 2 (f () 9)3).

B(p2,q) 2(2p2 +1)...(p2 + 1)
|

Remark 3. (i) Under the above conditions if p1 = ps = p then the inequality
becomes:

1 2 La+ b
m[f(a)+f(b)]+r+1f( —a/f
> e G “’W%(f” <a>>Q>%+(§<f”<b)>q+§<f“ (@)%

(ii) Under the above conditions if p1 = pa = q1 = g2 = p then the inequality
becomes:

1 2 a+b
@+ O+ 1) - / e

L (=) Trp+1Dp+1)
1 r(r+1)247 2p+1)...(p+2)

=

)7 (" 0)P+3(f (a ))P)i +3(f7 (0)P+8(f" (a)?)

!
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Next theorem will give a lower bound for the left member of the equality from
Lemma 3, see[5].

Theorem 6. Suppose that f: I C R — R is a twice differentiable function on I1°,
the interior of I. Assume that a, b € 1° with a < b and f” is integrable on [a,b].

If f is nonnegative on [a,b] and (f”)q is concave, ¢ > 1, p1 > 1, pa > 1 then the
following inequality holds:

b
f(a)+f(b)_ L / f(@)da >

Val(pi+1) 1+1)
(b_a)2 ( F(p1+ ) ) 3 7 1 " 1
> 44— b))?)q
VAL (pa+1) y
( F(p2p_i ) ) 2 ]_ 1 3 1"

By (U @)+ @),

Proof. Using Lemma 3 and the Barnes-Gudunova-Levin inequality we have

f@+fe) 1 _
2 _b—a/f(m)dx_

:(b;(ia)/o (=) (1—2H +7b)) (f//(12 +ﬁb))dt2
(b—a)2 1 1 PV ; ﬂa ﬁ .
SNT; [B(phq)(/o (1 —t)"dt) (/0 (f (—a+ —5=b)dt) s+
L[ epmay [ o L any ) >
+B(p2,q)(/0 (1 —t%)P2dt) (/0 (F (—5—a+ —=b)tdt)a] >

(b—a)?, 1 R L FUCTIINVINS L 1
> Eth o 100 (| (¢ @)+ 50 yani+
1 Y1t . 1+t

+m1(p2)5(/0 (5= (f (@) + ——=(f (©)))dt)7],

where we denoted fol(l — t2)Pdt by I(p). By calculus we obtain,

fl@+fo) 1
2 71)—@/af(x)dm2

1
I(pl)pl 3 7 ]_ 7"

(b—a)? a4 = )7 I(pQ)% 1 "(a))? 3 )7
> C B G @ 10 O+ 52 G @) 0 O

But by substitution ¢ = /1 — s we obtain I(p) = %fol spx/llifsds =3Bp+1,3) =

M, and replacing in previous inequality,
T(p+3)

b
MOS0 L s

—a 2 (fr(p1+1)) " ” 1
> 0o Fg’g; (G @)+ ()
( \/IT(F(T+)1) ) P2 1" 3 " 1
W 1( (a))? Z(f ()7)4]
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Remark 4. (i) Under the above conditions, if p1 = ps we have:

flay+f) 1
5 —b_a/(lf(x)dzz

Val(p+1)

(b - a)2 (F(T"'%)>% 3, q 1 " q 1 1 " q 3, q 1
> O T 3 @y + 0 )0+ (G @)+ 0 @)
(i) Under the above conditions, if p1 = pa = ¢ = p we have:
fla+fo) 1 [°
: ‘bfa/af“)dmz
g2 (e , A , A
> OO T D GG @+ 0700+ GU @+ 5 @)

3. SOME HERMITE-HADAMARD’S TYPE INEQUALITIES FOR DIFFERENTIABLE
CO-ORDINATED CONVEX, QUASI-CONVEX AND S-CONVEX FUNCTIONS

We will give an analog of Lemma 1 see [11] for functions on rectangle from the
plane R?. This result will be used then in the proof of next theorems.

Lemma 5. Let f : A C R? — R be a partial differentiable mapping on A :=

[a,b] X [¢,d] with a < b, ¢ < d. If g € L(A), then the following identity takes
place:

64 3a+b 3c+d 3a+b c+3d a+3b 3c+d
a+3b c+3d 2 4 3a+b a+3b 2 b 3c+d
R 2 R e (R a2 [ e S
c+3d 4 b pd
d B E— dxdyl =
o SN+ e [ [ pwpdody
3 1 1 af
= 2 0 [ [ 00+ (0= B+ (=
0,5=0 0
where
s;:10,1] = R, s;(t) =t, i € {0,2},
s;:]0,1] > R, s;(t) =1—t, ie{1,3}
T; = 7(471")10‘4»%’ 7, = O, 4 and y_] = 7(4*j216+jd’ ] = ()77

Proof. We denote

mi(t) = tSCi_H + (1 — t)$¢, 1= 0,3,
n;(r) =ryjy+ 1 —r)y;, 5=0,3,

and

1 1 82f
L= [ ] sit0s0) g i+ (1= i,y + (= e
0 0
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yl g

y2 5

y3 4

y40

Now by integration by parts, we have

2

Y A N _
L= [ sit)sy0) 53 (ma(0)my () e =

= smnﬁg—ﬁmim,w» A i 0) )

~-1 E(mxtm(r»dt]dr ! )[1‘(‘1)” A sj<r>g—f<mi<1>,nj<r>>dr—

_1—(2_1)i /Olsj(r)gf(ml //s] n; (r))dtdr] =

(z,_a;? = (EW = QW f<mz<1>,nj<1>>—1 =L

/ fom 11— (2—1)’(1 — (=1)7* f(m;(0),n;(1))—

<2—1>] Foms(0)m;0) = (<17 [ Foms(0),ms () +

11 (1)t — (=1}
#e A 0y 1) = E 0,0

_ ' 1V £(m, 16 (1= (=1)"*1)(1 = (=1)7+Y)
|07 0.y = G| (
i —(=1)H)(1 = (=1)7+1
'f(mi(l),nj(l))—( - (=1 4)( - (= ))f(mi(l),nj(()))—(l (-1) )(i (=1)7*)
Flmi(0),ms (1) + L5 ”4(1 (_I)J)f(mz(O) ny() + (-1 L (;1)1+1
/f(mi( n;(r))dr+( ) 1—<_1)J+1

L ) 1—(—1)3 o
[ ey g1y + / / Fm(t), n; ()],



HERMITE-HADAMARD INEQUALITIES 11

If we make use of the substitution x = tz; 11 + (1 — t)x;, i =
means t € [0,1] = z € [z;,2;41] and dz = 22dt) y = ryj41 + (1 — )yJ7 j=0,3,

€ [0,1] (that means r € [0,1] = vy € [y;,y;j+1] and dy = %3¢) and take into
account that mq(0) = mo(1) = x1, ms(0) = ma(l) = z3 and no( ) = n1(0) =
Y1, n3(0) = ny(1) = y3 we obtain

3 € [0,1] (that

Zﬂ/ / si(t)s;(r) 5 at(tle + (L= zi, ryje1 + (1 —r)y;)dtdr =
=0 :O

<.

16 3 b 3c+d 3 b 3d 3b 3c+d
- g ‘j) A ) a2 R

a+3b c+3d S
+4f( 11 )+ b a)d—0) Z / / (z,y)dzdy+
3 .3

3 i+1 Yj+1 _ 1)t Yj+1
+dfc(z _1+(2_1) ! Z/ f($i+1,y)dy+zl%(l)2/ [z, y)dy)+

i=0 j=0"Yi j=1"Y
3
4 71+ g+1 1+1 1+1
> > L s S [ s -
16 3a+b 3c+d 3a+b c+3d a+3b 3c+d

3b ¢+ 3d
+4f(a+ et )+ //fxydxdy-l—
4 b—a)(d—rc)
4 —1+ 1)ttt 1+
+d76(2 fwz+17 dy+2 ffcz,ydy
=0
4 —1+ 1)7+L
b_ﬂ(Z /fxyg+1 dx+Z /fxy] o)
=0

Theorem 7. Let f : A C R? — R be a partial differentiable mapping on A =

[a,b] X [c,d] with a < b, ¢ <d. If \3r6t| is convexr on the co-ordinates on A then
the following inequality holds:

64 3a+b 3c+d. . 3a+b ct3d 3b 3¢+ d
b-aa—a a: ’ CZ )+ a: ch >+f<(”; ’CZ)

3b 3d, 2 [ 3a+b 3b 2 [° 3c+d
R I [ e (g [ (e )

c+3d 4 bord
*f(‘”vT”d“m/a / f(z,y)dzdy] <
4 0%f 3a+b 3c+d 0% f

3a+b c+3d 0%f a+3b 3c+d

<olga T2 Mg T ) |a o g It
0*f a+3b c+3d 1., 0%f o’ f 0% f 0> f
ron a1 M agligrar @ g (o D g5 (b Ol G5 0 Dl
*f  c+d O*f a+b O%f a+b O*f  c+d
P2 g A Ty N g T D 2l 5 ()]
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82f(a+b c+d)|] [(6f(3a+b ) |82f(a+3b )H_‘@Qf(?)a—l—b
orot 2 2 oMorat 4 e T4 M a4
0%f a+3b 0%f 3a+b c+d 0%f a+3b c+d 0%f  3c+d
aror 1 I IR g e
O%f , c+3d 0%f , 3c+d 0% f c+3d 0%f a+b 3c+d
8r6t(a’ 4 ) |6r8t(b’ 4 ) |8r8t(b )+2 |(’) at( 2 7 4 )+
82f(a+b c+3d)m
orot: 2 7 4 '
Proof. Using previous lemma and Definition 2 we have
64 3a+b 3c+d 3a+b c+3d a+3b 3c+d
a+3b c+3d, 2 [* _ 3a+b a+3b 2 [° 3c+d
O = [ R (R i [ e S
c+3d 4 bord
_ <
+f(a, ”d“(b_a)(c_ 5| [t <

/ / 8 gt (tzip1 + (1 — )i, ryjp1 + (1 —r)y;)|dtdr <

)+

+|

+2

’Ljo

52
<3 [ [ st >[tr|8§t<xz+1,yj+1>|+t<1—r>|a§t<wz+hyj>\+

4,7=0

0 o2
(115 gtm,ym)\+<1—t><1—r>|a §t<wi»yj>|1 =

3
Z i1 j+1/ / trs;(t)s;(r dtdr—l—DHU/ / t(1 —7r)si(t)s;(r)dtdr+

—|—D”+1// 1 —t)rs;(t)s;(r dtdr—}—D”// 1—1t)(1 —r)s;(t)s;(r)dtdr]

= z+1J+1/ / t2r 2dtdr+Dl+1j/ / t2 1 —r)rdtdr+

ZJE{O 2}

1 1 11
+Di,j+1/ / (l—t)tTZdtdr—I—D@j/ / (1 = t)t(1 — r)rdtdr]+

+ >0 Hlﬁl//tr —t)( —rdtdr—l—DHlj// t(1—1t)(1—r)2dtdr+

i,j€{1,3}

+Dm-+1/1 /1(1 —)?r(1 —r)dtdr + D; ; /1 /1(1 —1)%(1 — r)*dtdr]+

+ > ZHJH/ / t2r( 1—tdtdr+D1+1j/ / t2(1 — r)2dtdr+

1€{0,2},5€{1,3}

1 1 1 1
+Dz,j+1/ / t(l—t)r(l—r)dtdr—l—Di,j/ / {1 — #)(1 — r)2dtdr] +
0 0 0 0

1 1 1 1
+ Z [Di+1,j+1/ / t(l—t)’l“thdT—i-DiJrLj/ / t(l—t)r(l—r)dtdr—i—
0 JoO 0 JO

i€{1,3},5€{0,2}
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+D; ,JH/ / t)? thdr—i—D”/ / 1 —t)%r(1 — r)dtdr],

where D; ; = \W(xi,yjﬂ, i,7 = 0,4. By calculus we obtain:

1 1 1
I< | Z [Dz+1,g+19 + Diy1,75 T Diji1— +D;
1,7€{0,2}

18 b 36]

1 1 1 1
+ | EZ{;S}[ i+Li+136 T Divrjg + Digrigg + D 719]
2,] 3

+' Z [Dl+1j+11 +Dl+l]9+D’]+136+Di’j178]+
1€{0,2},5€{1,3}

1 1 1 1
+ > [Dit1 a+ig T Divrige + Dijurg + D

) 7]1
i€{1,3},5€{0,2} ) 18
and then the inequality from theorem.

We formulate below now the a similar result for quasi-convex functions on co-
ordinates.

Theorem 8. Let f : A C R? — R be a partial differentiable mapping on A =

[a,b] x [e,d] with a < b, ¢ < d. If|§:gt| is quasi-convex on the co-ordinates on A
then the following inequality holds:

64 3a+b 3c+d 3a+b c+3d a+3b 3c+d
3b 3d 2 4 3a+b 3b 2 b 3c+d
2 [ s (a5 [ e T

d b pd
+f(33,c_23 ))dﬂc—f—ﬁ/ /C f(z,y)drdy] <

3
1 o*f *f 0 f
Z Z a‘X{la at( Z+1’yj+1)| |a 8t( 1+1’y.7)| |8rat(xl7y]+1)|7|8rat(l‘l7y])‘}

Proof, Using now Lemma 5 and Definition 4 we find that the left member is less
than the following expressions:

Z / / 8 gt (txipr + (1 = t)zi, 1y + (1 —r)y;)|dtdr <
7,j=0
82f 82f an 82]”
= 0/ / maX{'(’) at(zz+uyg+1)\ ‘M('Ii+layj)|7|m(xi,yj+1)|,|m(xivyj)|}'

For s- convex functions on the co-ordinates we can formulate also the following
result:
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Theorem 9. Let f : A CR%2 — R be a twice partial diﬁerentiable mapping on A°,

A = [a,b] x [¢,d] with a < b, ¢ < d, ac>03uchthat§rgt€L( ). If |2

s-convex on the co-ordinates on A then the following inequality holds:

64 3a+b 3c+d 3a+b c+3d a+3b 3c+d

a+3b c+3d. 2 [ 3a+b a+3b 2 [ 3c+d
- [ y = [ (e )

orot | is

+/(

c b d
fe e+ e [ [ ey <

1 0%f 3a+b 3c+d 0%f 3a+b c+3d 0?f a+3b 3c+d
—(s+2)2“arat( 4 7 4 ) ‘arat( 4 7 4 ) ‘aat( 4 7 4 )
g G D550 2|§f§t<“?w»ﬂl?ﬁg‘#“;” 9 a;; .
+4|§:gt(a;b’cgd)”+(s+1)Es+2)2[(|§:éft(3azb’c)|+|§r§t(a23b’0”+
AT B P S L By P

gL vy F et

Proof. The proof will be as in Theorem 7. 1
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