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POWER SERIES INEQUALITIES RELATED TO
YOUNG’S INEQUALITY AND APPLICATIONS

1, 3

Alawiah Ibrahim'3, Sever S. Dragomir!?, and Maslina Darus

ABSTRACT. On utilising a refimenent and a reverse of Young’s inequality, in
this paper, we establish new inequalities for functions defined by power series
with positive coefficients, which improve the famous Holder’s inequality for
power series. Some applications for special functions such as polylogarithm,
hypergeometric and Bessel functions are presented as well.

1. Introduction

The classical Young inequality for two scalars is the v—weighted arithmetic-
geometric mean inequality, which is a fundamental relation between two nonnega-
tive real numbers. This inequality says that for a,b are positive real numbers and
0<r<il,

(1.1) a’b' " <va+(1-v)b

1 1
with equality if and only if a = b. If p, ¢ > 1 such that — + — = 1, then the
p q

inequality (1.1) can be written as
(1.2) ry < — + =—
q

for any x, y > 0. In this form, the inequality (1.1) was used to prove the celebrated
Holder inequality, see (1.9) below.

The inequalities (1.1) and (1.2) have been refined by several authors (see [3], [4],
[9], [10], [11], [13], [16] and the references cited therein). For instance, Hirzallah
and Kittaneh [13] obtained the refinement of the scalar Young’s inequality (1.1) as
follows:

(1.3) [va+ (1—v)b)* — (a”bl_”)2 > 12 (a—b)?

for a,b > 0,0 < v <1 and r = min{v,1 —v}. Notice that, in [16] Kittaneh and
Manasrah provided the refinement of the Young inequality (1.1) in the following
form,

(1.4) 1/a+(1—u)b—a”b17”27“(\f7\/l;)2
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fora,b>0,0<pv<1.

1 1
For all z,y > 0 and 1 < p < 2 with — + — = 1, Aldaz [3] proved the following
p q
inequality,
1 q p 2 q P 1 q p 2
(1.5) *(ﬂ*yi) SwaryffxySf(ﬂfyf) :
q q p p

which provided a refinement and a reverse of the Young’s inequality (1.2). The
inequality (1.5) can be written in the same notation as above when we change the

1 1
variables in (1.5) asa=z%,b=yP,v=—and 1 —v = —, ie,
q p

(1.6) QV(a;b—m> gua+(1—u)b—a”b1—”§2(1—u)(a;rb—\/@)

1
for any a,b > 0 and v € [O, 2}. This inequality (1.6) has appeared in [4] (also in

(5], [9])-
A generalization of the Young inequality (1.1) was given by Furuichi in [11],
that is

n n 1 n n
Py 1/
(1.7) j;pjaj —jl;[1 ay’ > Npmin E;aj —jl;[1 a;’"

for aj,p; >0, j € {1,2,...,n} with Z?lej =1 and pyin = min {p1,p2,...,Dn}
The equality holds in (1.7) if and only if a; = as = ... = a,. Note that, for n = 2,
the inequality (1.7) reduces to (1.4).

Other generalizations of Young’s inequality can be found in [1] and [2]. See
also [8], [12], [17], [18] and the references cited therein for some improvements and
their recent advances on Young’s inequality.

If, now we consider an analytic function defined by power series

(1.8) f(z) = Z anz"
n=0

with positive coefficients and convergent on the interval (0, R) and utilizing the
weighted version of Hélder’s inequality, namely

1 1
(1.9) Zpkakbk < (ZPWQ) (ZPk%)
k=1 k=1 k=1

1 1

where pg,ag, b, >0, k € {1,2,...,n} and p > 1 with — + — = 1, then we can state
P q

that

(1.10)  f(xy) = Z anz"y" < Z ana?" Z anyq"> =fr () fi (¥9)

3
I 3
(=)
N
3
I 3
(=)
N———
10
N
3
I 3
o

for z,y > 0 with zy, 2P, y? < R.

In [14], the authors provided some related results to the Holder’s inequality
(1.10) via Young’s inequality (1.1) for the functions defined by complex power
series with real coefficients. In this paper, we refine the Young’s inequality (1.1)
and (1.4), and utilizing these results, we derive new inequalities for functions defined
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by real power series with positive coefficients and convergent on the interval (0, R),
which improve the Hélder type inequality (1.10) for power series. In particular, we
improve the refinements of Holder’s type inequalities from the the paper [14] for
the real power series with positive coefficients. Some applications for fundamental
functions of interest are also presented.

2. Some inequalities via a refinement of Young’s inequality

Before we state our results, we first refine and provide a reverse for the Young’s
inequality as follows.

LEMMA 1. For any a,b >0 and v € [0, 1], we have

(21) 2min{r,1-v} (a o

\/%) <va+ (1 —-v)b—a’b'™"

< 2max {v,1— }<a+b x/%)

PROOF. We recall the following result obtained by Dragomir in [8] that pro-
vides a refinement and a reverse for the weighted Jensen’s discrete inequality:

1 — 1 —
2.2 i =N D) - | - -

Jj=1

1 « 1 «
<5 > “p;®(z;) - ® FE PjT;
noj=1 =1

2\'—‘

<n max D;
- je{172,...,n}{ J

n 1 n

2% S|
where ® : C' — R is a convex function deﬁned on convex subset C' of the linear space
X, {xj}je{l.Q ...n} are vectors in C' and {p;} n) re nonnegative numbers
with P, = -7, p; > 0.

We notice that Furuichi’s result (1.7) is a particular case of (2.2) applied for
the convex function f(t) = exp(¢) and denoting exp(z;) as a; for j € {1,...,n}.

For n = 2, we deduce from (2.2) that

d d
(2.3) 2min {v,1 - v} { (x)—; W) _(b(a:—;—y)}
<0 () + (1- 1) D (y) - @[uw+<1—u)y]

<2max{1/1—1/}[ (”3 @(x;yﬂ

je{1.2,...

for any z,y € R and v € [0,1].
If we take ® (x) = exp (z), then we get from (2.3)

(2.4) 2min {v,1 - v} {QXP () ;reXp ®) _ o <:v—2|—yﬂ

<wvexp(z) + (1 —v)exp(y) — exp vz + (1 —v)y]

(o1l [exp (@) ey ®) _ o (”“;yﬂ
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for any z,y € R and v € [0,1].
Further, denote exp(z) = a, exp(y) = b with a,b > 0, then from (2.4) we obtain
the desired result (2.1). O

From the refinement of the Young’s inequality (2.1), we have the following
corollary:

1 1
COROLLARY 1. For any z,y > 0 and p > 1 with — + — = 1, we have
q

p
11 q P a p
(2.5) 2min{,} (z ty x2y2)
qp 2
q P
<4 ¥ xy
q p
11 g P a p
<2max{,} <a: +y ;pzyz)
qp 2
. 1 1,
PROOF. The proof follows by choosing a = z?, b=y?, v =—-,1—v = — in
q p
Lemma 1. (]

REMARK 1. The first inequality in (2.1) provides the Kittaneh and Manasrah
result in (1.4) as well as a reverse of that result. It is also more general than the
Aldaz result (1.5) since no restriction on p is assumed.

First, utilizing the inequality (1.1) for the real power series with positive coef-
ficients, the following result holds.

THEOREM 1. Let f(z) =Y.~ pnx™ be a power series with positive coefficients
and convergent on (0, R). Then for v € [0,1], z,y > 0 such that y, zy, x"y, 27"y €
(0, R), we have

(2.6) f"y) f(@'y) < flay)fy).
PRrOOF. The proof follows by choosing in (1.1) a = 27, b = z*, j k € {0,1,...,n}.

Thus, we have

(2.7) gk < i 4 (1 —v) 2k

for any > 0 and v € [0, 1].
If now we multiply this inequality (2.7) with p;y/pry® > 0, y € (0, R) and
summing over j and k from 0 to n, then we get

(2.8) S i@y S pe (@)
7=0 k=0

<> iy Y e+ (=)D it Y o (a)*
k=0 j=0 k=0

Jj=0

Since all the series whose partial sums are involved in inequality (2.8) are convergent
on the interval (0, R) by taking the limit as n — oo in (2.8), we deduce the desired
inequality (2.6). O
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REMARK 2. (a) If vy = z in (2.6), then we have

(2.9) Fy =) F (' 72") < F)f(2)

fory, z,y" 217" yt=vz" € (0, R) and v € [0,1].
(b) If y = x in (2.6), then we also have

(2.10) f(a) F(a*7) < F@®) f(=)
for x, 2%z 2>~V € (0,R) and v € [0, 1].

Some applications of the inequality (2.9) for particular functions of interest are
as follows:

(1) If we apply the inequality (2.9) for the function f(z) = = > z",

z € (0,1), then we get

(2.11) (I—y)(1—2) < (1—y"2'7") (1—y'7"2")
for y, z,y" 277, y7*2¥ € (0,1) and v € [0, 1].
1 x "
(2) If we consider the function f(z) =In (1> =5, x—, xz € (0,1) and
— T n=0 N

applying the inequality (2.9), then we get
(2.12) In(1-y"2""")In(1-y""2") <In(1—y)In(l —2)

for y, z,y" 2, y17v2" € (0,1) and v € [0, 1].

Next, based on refinement and a reverse of the Young’s inequality (2.1), we
prove the following inequality.

THEOREM 2. Let f(z) be as in Theorem 1. Then, one has the inequality

(2.13) 2min {v, 1= v} [ f (2y) f(y) = /* (a%y)]
< flay)f(y) = f (@"y) f (a""y)
< 2max{v,1-v} £ (ay) f(y) — * ()]

for x,y > 0 such that zy,y, x2y, a"y,z' "y € (0,R) and v € [0,1].

PrOOF. We use the inequality (2.1) for a = 27, b = 2*, j,k € {0,1,...,n} to
get

xd + zk J
—z2x

(2.14) 2min {v,1— v} < 5 )

< vzl + 1-v) ok — grigp(-v)k

[SEd

xd + zk i
71:2

§2max{1/,11/}( : : >

ol

T

for any z,y > 0 and v € [0, 1].
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Then, multiplying the inequality (2.14) with p;y7pry® > 0 and summing over
7 and k from 0 to n, we have

215 | S+ S S
j=0 k=0 j=0 k=0
n . n A
2 4 k
=Y ity Y pray”
=0 k=0
n n n n
< piaty S+ 1 -0)Y pi? Y pratyt
i=0 k=0 ) k=0
n n
= pay? Y TRy
=0 k=0

n

1 ) ) n n ) n

- U/ k nyd k,k

2T 5 E pix’y E LY +§ DY E PrTY
7=0 k=0 7=0 k=0

IN

n n
i j E L
= piwry Y paty
j=0 k=0

where t = min {r,1 — v} and T = max {v,1 — v}.

Since all the series whose partial sums are involved in inequality (2.15) are
convergent on the interval (0, R) by taking the limit as n — oo in (2.15), we deduce
the desired result (2.13). O

REMARK 3. (a) If zy = z in (2.18), then we have
(2.16) 2min {v, 1= v} [f(W)f (2) — f* (V2)]
SFf(2) = F(y'= ") f(y'772")
< 2max {v,1 - v} [f(y)f (2) - f* (Vy2)]

for y,z,2"y*=, 217y" € (0,R) and v € [0,1]. This result provides somehow a
symmetric form for (2.13) and has some nice applications as well, see (2.18).
(b) If y = x in (2.13), then we also have

(2.17) 2 min {v,1 - v} [f(a:)f (2?) — 12 (x%)]

< f@)f (@) = f (@) f (27)

<2max {v,1 - v} [f(@)f (+2) = 2 («F)].
for 2%, x2 2 227 € (0,R) and v € [0, 1].

Now, if we consider the function f(xz) = exp(z), + € R and applying the
inequality (2.16), then we get

(2.18) 2min {v,1 — v} [exp(y + 2) — exp (24/y2)]
<exp(y+z) —exp (y“zlﬂ’ + ylf”z”)
< 2max{r,1 —v}[exp(y + 2) — exp (2y/y7)]
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for any y,z > 0 and v € [0, 1].
The second improvement of the Holder’s inequality (1.10) via a refinement and
a reverse of the Young’s inequality (2.5) is incorporated in the following results.

1 1
THEOREM 3. Let f(x) be as in Theorem 1. Ifp>1, —+ = =1 and z,y >0
P g

D

z € (0, R), then

3L+ 7000 - 1 (o404

<L+ %f () — f (aw)

such that xy, z7, y*, x3y

(2.19) 2

L —
N| =

S

<o [31r @)+ 10 1 (o))

11 11
wheret—min{,} andT—maX{,}-
q p q p

PROOF. If we choose z = 2/, y = y7, j € {0,1,2,...,n}, then we have from
(2.5)
qJ PJ 4. p qj DJ .
e (T st ) < T gy
2 g p
qj DJ 4
<oT (x ;y _zt yza>

1 1
for any z,y > 0 and p > 1 with — 4+ - =1.
P q
If we multiply this inequality (2.20) with positive quantities p;, j € {0,1,2,...,n}

and summing over j from 0 to n, then we get

1 n ‘ n ‘ n 4 j
(2.21) 2 | 5 | dop? + X pw” | Do (m?y?)
7=0 7=0 7=0
<= paP =) piy™ =Y pj (ay)
7750 Pis =0
; ; a4 P
ST (5 [ Dopie® + D e | =D p (mzyz)
=0 =0 =0

Since all the series whose partial sums are involved in inequality (2.21) are
convergent on the interval (0, R) by taking the limit as n — oo in (2.21), we deduce
the desired inequality (2.19). O

COROLLARY 2. Ify = = in (2.19), then for any x? x9 2P 2% € (0,R) and

1 1
p>1 with — + — =1 we have
P q

1 q P B 1 q 1 Py _ 2
22) 2|5+ f @)~ f (oF)] < Tr e+ r ) -1 ()
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Some applications of the inequality (2.22) for particular functions of interest
are as follows:

1
(1) If we apply the inequality (2.22) for the function f(z) = T € (0,1),
then we get
1 1 2

2.2 t —
(2:23) [1—xq+1—xp 1xp2q]

< 1 n 1 1

S T plow) T

1 1 2
<T —
= {l—mq R 1—35”2"}

for 22,249, 2P, 2% € (0,1), p> 1.

1
(2) If we apply the inequality (2.22) for the function f(z) = In (1 — x)’

x € (0,1), then we get

(U S RO
(224) ((1_xq) (1_:1;13)> < (17.’#1)% (]_*:L'p)%

(1-a%)
<<u~mu—ﬂﬂ’

pa A |
for xz’xq7xp’x7 € (071)3 D> 1 with -+ -=1.
p q

& 1
(3) If we consider the function f(z) = sinh(z) = ;::0 mx%“, zeR

and applying the inequality (2.22), then we get

(2.25) t {Sinh (z9) + sinh (2”) — 2sinh (x%)]

1 1
< —sinh (z7) + ’ sinh (z) — sinh (z?)

LS}

<T [sinh (%) 4 sinh (z?) — 2sinh (x%q)} ,

1 1
for any x > 0, p > 1 with — 4+ — = 1.
p q

Similar result can be obtained for cosh(z) as well.

Further, we utilize the inequality (2.5) to improve the results from ([14]), giving
the refinements and the reverses of the Holder’s inequality for two functions defined
by power series with positive coefficients. First, the following result holds.

THEOREM 4. Let f(z) = > 7 pnx™ and g(x) = >0y qnz™ be two power
1

series with positive coefficients and convergent on (0,R). Ifp>1, — 4+ - =1 and
P q

P
2

[N
[N
s

z,y > 0 such that xy, o, x7, y?, yi, xiy% oiy?, (2y)?, (zy)? oyt ayP~! €
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(0, R), then
(22600 t[f@g") + 96 f ") —2f (c1y?) g (cFy?)]
< HaNgn) + o)1)~ § () g (o)
< T |f)gly") + 9@ fy") - 2f (2Fy?) g (aBy?) ]
and
(2:27) L[ @) + 9@) () - 2/ @ty gty
< ") + @) F6") — Flayglay )
ST [f@9W?) + 9@ f(y") - 2/ hydg(atyh)] .

PROOF. If we choose in (2.5) z = z/y*,y = 2¥y/, 5,k € {0,1,2...,n}, then
we have

qj 4,9k pk, pj e b by q
(2.28) 2t (a? Y —;—x Y —x23y2jm2ky2k>

< L awiymy 4 % (a#*y#7) — () (ap)*

qJ 4,9k Pk, pj o
<2T <$ il S xgjygjxgkygk>
- 2

(=}

1 1
for any z,y > 0 and p > 1 with — + - = 1.
qg p
Multiplying this inequality (2.28) with p;gr > 0 and summing over j and k

from 0 to n, we get

(2.29) 2t 3 ijw‘“ Z ary™ + Z qeaP* ijypj
j=0 k=0 k=0 j=0

n n
g5 Pg P a
_ E pszjyzj E qufzkyzk
=0 k=0

<= DD ey |+ = Y@k piy™
7 \i= ) P \i=o =0
n n
j k
- Z p; (zy)’ Z ar (zy)
=0 k=0

1 n ) n n n )
— Q] qk pk .2PJ
<o |5 Zopjw ];)Qky +kZOQk$ z;)pgy
j: = = J:

n n
9,5 Pg p 9
= padlyB > qathyst
=0 k=0
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1 1

where p > 1, — + — = 1.

q P

j k
Further, if we choose in (2.5) x = x—j, Y= x—k, y#0,4,ke{0,1,2,...,n} and
Y

repeating the same method as above, then we get

1 n ) n n n )
(2.30) 2t | 5 | Dopia® D ey + Y k™ Y py®
=0 k=0 3=0

k=0
n n
= piaydl gyt
=0 k=0
1 n n 1 n n
<=3 pir Yy ayt + =Y aat Y piy¥
1520 k=0 Pz =0

n n
= pady @i 3 gakyrk
=0 k=0

IN

1 n ) n n n )
20| 5 [Dopse™ Y aky™ + D aa D psy®
k=0 k=0 =0

j=0
n n
a; 9.5 P y
=Y paydl gyt
=0 k=0

1 1
where p > 1, -+ - =1.
q

Since all the series whose partial sums are involved in inequalities (2.29) and
(2.30) convergent on the interval (0, R) by taking the limit as n — oo in (2.29) and
(2.30) respectively, we deduce the desired inequalities (2.26) and (2.27). O

COROLLARY 3. If g(x) = f(z) in (2.26) and (2.27), then we have

231 | f@f@N + @) - 2f (2fyE) £ (aFy?)]
< CH@SW) + 2 F @)~ £ (o)
ST [f@f") + F@)fy7) - 2f (22yF) £ (o802 )]
and
(2.32) L@ + F@) ) — 20 (@hyh) by )]
< @)+ F @) = Fey' ) )
ST [F@) ") + F@") fly") - 2f (aty?) flaly?)]

respectively, for any x,y > 0 such that xy,z?, 2%, y?,y? € (0,R) and p > 1 with
1

- +-=1.

P q
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The above results (2.31) and (2.32) have some natural applications for partic-

ular functions of interest. For example, if we apply the inequality (2.31) and (2.32)
for the function f(x) = exp (z), z € R, then we get the following inequalities

(2.33) t[exp(a? + ) + exp(a? +y7) — 2exp (2fy? + oty )]

< éeXp(xq +y?) + %eXp(ﬂip + y”) — exp (2zy)

<T [exp(axq + 99) + exp(zP + yP) — 2exp (a:%yg + x%y%)}
and
(2.34) t [exp(xq +yP) +exp(af +y?) — Qexp(m%y% + :cgyg)]

1 1
< = exp(a? +y) + —exp(a” +y7) — exp(ay?! +ay”T")
q p

s

<T {exp(xq + yP) + exp(a? + y?) — 2exp(ziy? + :E%yg)} '

1 1
respectively, for any z > 0,y > 0 and p > 1 with — + - = 1.
p q

THEOREM 5. Let f(x) and g(z) be as in Theorem 4. Then one has the inequality
(235 t[f@)g() + 9@ ") — 29 (eFy?) £ (Fy?)]
£ + Sola) ") = £ (a5 ) g (o)

1
q
ST |F@")g(y") + g(a") f(y") — 29 (a8y? ) £ (502

< %g (a2) F () + = (@) g (4) — f (a9) g (x%y%)
<T [g (=%) f(y) + f (") g (v°) — 2f (xgy%> 9 (my)}
yk l'k 2 .
PRrOOF. Also, if we choose in (2.5) 2 = =,y = —, z,y # 0 and = = walyd,
y] xJ

y= xjy%k, J,k €{0,1,2,...,n}, then we have the following inequalities:
(2.37) t (xpquk + aPhyd — 2x§ky%kx§jy%j)
1 1 A . .
< ,l,pquk + ,xpkyqj _ z(pfl)ﬂy(qfl)axkyk

<T <xpquk 4 aPhyai Qx%ky%kmgjy%j)
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and
(2.38) t (x%y‘U + aPiy2k _ Qx%jy%jxkyk)
< 7$2kyqj + lijyzk _ xjij%k;y%k
q

<T (kayqj + aPiy?k Qx%jy%jxkyk)

1 1
respectively, for any z,y > 0 and p > 1 with — + — =
p

q
Now, repeating the same method as Theorem 4, we obtain the desired inequal-
ities (2.35) and (2.36). O

COROLLARY 4. If g(x) = f(z) in (2.35) and (2.36), then we have

(239) 2t )" - £ (afyd)] < Fn)f ") - f(wp YY) £ (ay)
o [fnson - (o507
and
(2.40) E[7 @) @) + 1 @) F (67) —2f @) £ (2802 )]
S FE@) £+ 1 @) ) =1 @) S (oF0F)

ST £ (@) F W)+ @) g () = 2f (ay) £ (Fy?)]

The above inequalities (2.39) and (2.40) also provide some natural applications
for particular functions of interest. We give here some examples as follows:

(1) If we apply the inequality (2.35) for the function f(z) = sinh(x) and
g(x) = cosh(z), z € R, then we get

(2.41) [Slnh (2P 4+ y?) — sinh (2x%y%)]
<

1
sinh(z?) cosh(y?) + ’ cosh(zP) sinh(y9)

Q| =

— sinh (2P~ 'y?") cosh (zy)
< T [sinb(a” + y7) — sinh (205y# )]
o1 1
for any z,y > 0 and p > 1 with — + - = 1.
p

q
(2) Further, if we consider the function f(x) = exp (z), x € R and applying

the inequality (2.39), then we get
(2.42) 2t {exp(a:p +y?) —exp (2x§y%)]
< exp(z? +y7) — exp (2P~ Hy? ! + xy)
<2T [exp(xp +y?) —exp (ngy%)}

1 1
for any z,y > 0 and p > 1 with — + - = 1.
P q

Finally, the following result holds.
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THEOREM 6. Let f(x) and g(z) be as in Theorem 4. Then one has the inequality
(2.43) L@ g (v?) +9 () f ) - 2f (eFy?) g (am)]
< éf (@) g (v*) + %g (=) f ") = f(«P'y" ) g (xzyg)
<T [f @) g (v*) +9 (%) f (") — 2f (ﬁyf) 9 (xy)}
and
(2.44) t [f (#*) g (v") + g («%) f (v") —2f (ﬂﬁy§ 9 (myf)}
< %f (%) g (y") + ;1)9 (=) f ")~ f (xgy) g (xzy)
<T [f (*) g (") + g («%) f (v°) —2f (xy?) 9 (wyf)} :
PRrOOF. Again, the proof follows by 2using the same method as in Theorem 4
2 2

xJ
j,k€{0,1,2,...,n} respectively. O

my £ 0and @ = zilyk, y = zityd,

on choosing in (2.5) as z = %, y =
Y

COROLLARY 5. If g(x) = f(x) in (2.48) and (2.44), then we have
(2.45) L @) F (%) + F (%) £ ") = 2f (ay) £ (aBy?)]
! P 2 1 2 q p—1,q-1 2 2
S TEF )+ f @) T~ 7 () £ (why)
<T[F @) (7) + F (@%) F ") = 2f @) £ (250t )]

and

(2.46) t [f (=) [f W) + f (WP)) - 2f (zyf) f (xy7>:|
< f(2?) Bf (y9) + %f <y”>} 1 (+%y) 1 (+F0)
<T {f (=) [f %) + f (")) - 2f (xyi) f (wyg)}

3. Applications for special functions

In this section, we provide some inequalities for special functions such as poly-
logarithm, hypergeometric and modified Bessel functions for the first kind by uti-
lizing the inequality (2.9). Before that, we recall here some basic concepts of these
functions that will be used in the sequal.

The polylogarithm Li, (), also known as the de Jonquiéres function is the
function defined by

(3.1) Lin(z) =) o
k=1
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for all values of order n and = € (0,1). When n = 1, the polylogarithm involves

1
the ordinary logarithm, i.e., Li; (z) = In <1>, x € (0,1) and for n = 2,
—x

(3.2) Lis(x Z =

is known as the dilogarithm or Spence’s functzon.
The polylogarithm (3.1) reduces to the ratio of a polynomial in z for some
integer values of n. For instance
x

Lig (z) = T Li—l(l“):m7
@y EEED e tdrda?)
Li_s(z) = 1—2p Li_z(z) = (1—2)

The hypergeometric functions oF} (a,b;c;x) are defined by the Gauss series,
that is,

(3.3) o F1 (a,b; ¢; ) Z

=0
for a,b, ¢ are real numbers with ¢ # 0,—-1,—-2,... and x € (0,1), while the (), is
known as Pochhammer symbol which is defined by

(), = 1 if k=0,
FVt@t+1) - (t+k—1) ifk=1,23....

Some of the basic properties of the hypergeometric functions are

2F1(CL bCI)* QFl(b,CL;C;SC),

oF (a,biex) = (1—2) " 3F (c—a,c—byc;a),
1

2F1(abcx) 7a2F1 c,C bC ZE

(1—x) -1

T

F b;b —_—

241 (a7 ) (1 — x)am

coF] (a,b;b;x) = abyF(a+1,b+1;¢+4 1;2).

Hypergeometric functions (3.3) with particular values of a,b and ¢ reduce to ele-
mentary functions, such as

1
oF1 (1, z) = oF (1,2;2;96)=1 ,
Fi(1,2;1;2) 1
241 5 & 7x = T 20
(1-2)°

1 1
QFl (1,1,2,$) = 1I1< >,
T

1—2

1
oF1 (1,1;2;—2) = —Iln(l+x).
x

Further, the Bessel functions of the first kind, denoted as J, (z) are defined by the
power series

(3.4) i o (2)2k+a
k=0
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for any o,z € R such that « € (0,1). If x is replaced by the arguments +ix, then
from (3.4) we have

> 1  2k+a
3.5 I, (z) =i %, (ix) =Y —— (7)
(3:5) () (iz) ,;) K (o + k) \2

for any o, x € R such that = € (0,1). These functions (3.5) are called the modified
Bessel functions of the first kind.
In the following, we state some particular values of I, (z) for &« € R and z > 0.

\/Zsinh(x), I (z)= Wicosh(x),
JZ (oo 220,

Is(2) = 2 <sinh(x)—COSh(x)>.

T™r T

—~
8

~
I

Nl=

(SIS
—~
8
~
Il

It is clearly seen that from (3.1), (3.3) and (3.5), that is, Li,, (x), 2F1 (a, b; ¢; x)
and I, (x) are power series functions with positive coeflicients and convergent on
the interval (0,1). Therefore, all the results in the above section hold true. For
instance, from (2.9) we have the following inequalities.

COROLLARY 6. If Liy, () is the polylogarithm function, then we have
(3.6) Li,, (y”zl_”) Li,, (yl_”z”) < Lin(y)Lin(2)
fory,z,y’ 277 yt=vzr € (0,1), v €[0,1] andn € Z={...—2,-1,0,1,2,...} .
In particular, if n = 0 in (3.6), then we get the inequality (2.11). Also, if
n=11n (3.6), then we get the inequality (2.12). Further, we obtain the following
inequality by choosing n =2 in (3.6)
(3.7) Liy (2y"™") Lis (2'"y") < Lis(z)Lis(y)
for y,z,y 2177 yt=v2" € (0,1) and v € [0,1], where Liy (z) is the dilogarithm
function which is difined in (3.2).
COROLLARY 7. If oF) (a,b;c; x) is the hypergeometric function, the we have
(3.8)  oFi (a,bi;y”2" ), Fi (a,byc;y'2") < oF (a,bic;y), Fi (a,byc; 2)

fory, z,y’ 27" yt=vz" € (0,1) and v € [0,1].

In particular, if we choose a = b = ¢ = 1, then the inequality (3.8) reduces to
(2.11). In fact, the inequality (3.8) reduces to (2.11) for any a,b,c € R such that
c=b#0,-1,-2,....

COROLLARY 8. If I, (x) is the modified Bessel function for the first kind, then
we have

(3~9) I, (yyzliy) 1, (yliyzy) < Ia(y)la(z)
fory, z,y" 27" yt=vz" € (0,1) and v € [0,1].
In particular, if « =0, then from (3.9) we get
(3.10) I (y”zl_”) Iy (yl_”z”) < Io(y)Io(z)
o g2k

Jory,z,y’ 2yt 72" € (0,1) and v € [0,1], where Iy (z) = Y, ———.
k=0 4 (k!)
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. 1 .
If in (3.9) we choose o = 3 the we obtain
(3.11) sinh (y”z' ") sinh (y'~“2") < sinh (y) sinh (2)

fory, z,y? 27" yt=vz" € (0,1) and v € [0,1].

If we take o = g, the we get from (3.9)

(3.12) [y"2" 7" cosh (y”2' ") — sinh (y”2' )]

1-v v

X [y 2" cosh (yl_”z”) — sinh (yl_”z”)]
< [y cosh (y) — sinh (y)] [z cosh (z) — sinh ()]

fory, z,y’ 27" yt=vz" € (0,1) and v € [0,1].

1 3
REMARK 4. For a = —3 and —3 in (8.9), we get the dual results, namely
(3.13) cosh (y”z" ") cosh (y'7z") < cosh (y) cosh (z)
and
(3.14) [y”zl_” sinh (y”zl_”) — cosh (y”zl_”)]

X [ylf”z” sinh (y'~"2") — cosh (ylf”z”)]
< [y sinh (y) — cosh (y)] [z sinh (2) — cosh (2)]

respectively, for y,z,y* 27", y1=vz* € (0,1) and v € [0, 1].

Other inequalities connected to these special functions for further reading can

be found in the literature, see [6], [7], [15], [19], [20] and the references cited
therein.
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