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NEW INEQUALITIES FOR CO-ORDINATED CONVEX
FUNCTIONS

MARCELA V. MIHAI

ABSTRACT. We provide some new Hermite-Hadamard type inequalities for co-
ordinated convex functions.

1. INTRODUCTION

The Hermite-Hadamard inequality states that if a function f: I CR — R is
convex, then one has

(L.1) f(a;b)ﬁbia/abf(x)dng(a);f(b),

where a,b € I with a < b. Both inequalities hold in reversed direction if f is
concave.

Since 1893 when Hadamard proved his famous inequality, many mathematicians
have been working about and around it, in many different directions and with a lot
of applications (see, for instance, [1], [3], [4], [5], [6], [7], and the references therein).

Definition 1. [3] Let us consider the bidimensional interval A = [a, b] X [c, d] in R?
with a < b,c < d. A function f: A — R will be called convex on the co-ordinates
if the partial mappings f, : [a,b] — R, f,(v) = f(u,y) and fy : [c,d] — R,
fa(v) = f(x,v) are convexr where defined for all y € [c,d] and = € [a,b]. Recall
mapping [ : A — R is convex on A if the following inequality holds,

fz+ (1 —-t)y,su+ (1 —s)w) <tsf(z,u)+t(1—3)flz,w)
+s(1=1) fly,u) + (1 =1) (1 =) f(y,w)

for all (z,u), (y,w) € A and t,s € [0, 1].

In [6], Dragomir established the following inequalities of Hadamard’s type for
co-ordinated convex functions on a rectangle from the plane R2.
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Theorem 1. Suppose that f : A = [a,b] X [¢,d] — R is a convex on the co-
ordinates on A. Then one has the inequalities:

a+b c+d 1] 1 b c+d 1 d la+b
< = I
f<27 2>_2[b_a/f(x, 2>dx+d_ f(2,y>dy

_|_

/faydy+—/f ]

< f(a,c)+f(a,d)+f(b,c)+f(, d)
- 4

The above inequalities are sharp.

The purpose of our paper is to establish some Hermite-Hadamard type inequal-
ities for co-ordinated convex functions.

2. MAIN RESULTS

We assume throughout the present paper that A = [a,b] x [¢,d] in [0,00)? and
f: A — R is a differentiable mapping on A and g—g € LY(A), where a, 3 > 0.

In order to prove our main results we need the following lemma.

Lemma 1. It holds

f(a,c)+f(a7d)+f(bac)+f(b’d)+//f(u,v)dvdu

4
b d
_;lbla/ (f(u,c)+f(u,d))du+d% (f(a7v)+f(b,v)>dv]
(b—a)d—c)
16
_l’_

1 1
x[//ts;;;; (ta+(1—t)a2b,sc+(1—s)cgd>dsdt
0 0
1 1
+/ / (t—1)(s_1)§;i (ta;b+(1—t)b,sc+2d+(1—s)d)dsdt

(ta+(1—t)a+b c+d

8758 2 %79
a+b c+d
// (t—1) M (t - t)bset (1-5) S )dsdt],

for all t,s € [0,1].

+(1-s) d) dsdt
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Proof. Calculate the four integrals by parts and change of variables u = t%E2 +

(1—t)a, v=s%% 4 (1 - s)c and similar such

m [ (025 - )
—/Ot[ 1 3t2<9f (ta+(1—t) ;bsc—k(l—s)c—;d)ds}dt
:_dic/l Z{< (1_”@;[)’0)‘“
+dic/ol{/olt%:<m+(1—t) ;bsc"_(l_s)c—;d)dt]ds
:(b—af(d—c)f(a’c)_U)—CLjE(CZ—C)/Olf(m—'_(l_t)a;b’C)dt

4 ! a+b c+d
+MMAf<ta+(1—t) 9 SC+(1—S) ) )dsdt
4 g o
:mf(aac>+m f( )du

+(b_a—_c/ favdv+( 16_C / / f(u, v)dudo.

Similarly,

*f (,a+b +d
L= / / (t=1)(s—1) (9t5 ( 9 +(1—1)b,s +(1—S)d>dsdt

4
~Gmau-a’ * " 5ma _c/ )

_(b—a——c/ fbvdv+(_a //fuvdvdu

ot O*f at+b c+d
- - - — — dsdt
I /0 /0 t(s—1) 9tos (ta+ (I—t)—— 7 55 +(1—-y9) d) s

a+b

4 8 3
mf (a,d) — (b—a)(dc)/ f (u,d)du

/favdv+( 16_@/ /fuvdvdu
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and

1 1 2
= O°f (La+bd ctd
[47/0 /0 =15 505 (t 5 T (L=)bsc+ (1-8)— >dsdt

4 8 b
_mf(b,c)—m aTMf(u,c)du

ct+d ct+d

8 2 16 b 2
_m/c f(b’v)dv+mﬁ+b/c f (u,v) dvdu.

2

This completes the proof. O

We are now in a position to state and prove the following:

Theorem 2. Assume }%’ is co-ordinated convez function on A. Then the fol-

lowing inequality holds:

a,c a c b
‘f(a)‘f'f( >d)1f(b’)+f(b’d)+/a/cf(u7v)dvdu

1
2

b d
ﬁ /a (f(u,c) + f(u,d)) du+ ﬁ / i)+ 0) dv]

< (b—a)(d—c) [| O*f (a+b c+d n ’f (a J

- 144 Otos 2 7 2 0tds ’
0% f c+d 0% f c+d 0%f (a

[ (57 [ s (05 |+ s (55|

0% f

Otos 2
o2 f o2 f
a5 0¢)

" (0,0
otds Ot0s Otds

b
b

+
2
+
2

|

i

+‘ (b,d)‘—k‘ (a7d)’+‘

Proof. From Lemma 1 and by using the property of modulus, we can write

b pd
21) ’f(cuc)+f<a7d>1f<b,c>+f<b,d> N

_% [bla/a (f(u,c)+f(u,d))du+ﬁ/c (f(am)—f—f(b,v))dv]

<

b— d—
#(QA—FJQ—FJP,—FJO,
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)

where, using convexity on the co-ordinated of ‘ 5103

J1 = // ’6758 <ta+(1—t)a;_b,sc—l—(l—s)c—;d)’dsdt
<[ e[l i (+57)
0t0s otd 2
+(1—t)s‘§:8]; (“;rb, )‘—i—(l—t ‘&8 <“+b C+d>H dsdt

82f( )_‘_i 0% f c+d i a+b
atos | T 18 | otos 8 atas 2

1
1| 0°f <a+b c+d>

(a,c)| +t(1—s)

_A'_i

0tos 2
Similarly
O%f [ a+bd c+d
1-¢)(1- — — -
Jy = // s) 81?85( 5 +(1—1%)b,s 5 +(1 s)d) dsdt
1

f (fa+b c+d 1|0%f (a+b 1| 0%f c+d
atas< 3 2 >’+'8t85 2 )T 18 aws > 2

= 36
o f
+9’8t85 (b,d)|,
bt a+b c+d
- (1- 1— -

/O/Ot s) t@ +(1—1%) 55 +(1 s)d> dsdt

1| 0*f c+d o f 1|&*f (a+b c+d
< - il
— 18 | 0t0s <a, 2 )’+9‘8tas(a’d>‘+36 6‘t85< 2 7 2 )‘

110%f (a+b
+18’8t85( 2 ’d>‘

a+b c+d

J4—// (1-1)s 8158 (t ) +(1—t)b,sc+(1—s)2)‘dsdt
f (a+b 1| *f (a+b ct+d 1]9°f

8t85< 2 C)‘+36 aos 22 )| T o s ©9

1|02%f c+d
+18’8t83<b’ 2 )‘

Considering the results Ji, Ja, J3, J4 in (2.1) and making appropriate calculations,
we get the conclusion of the Theorem 2. O

< —
18

Our next result reads as:
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q
g:afs ,q > 1 is co-ordinated convex function on A. Then
the following inequality holds:

Theorem 3. Assume

b pd
|f(a,C)+f(a7d)1f(b’c)+f(b’d) +/a /C f(uﬂj)d’l}du

1
2

b d
bia/a (f(U,C)+f(u,d))du+ﬁ/c (f(a,v)-l—f(b,y))dq;]

(b—a)(d—c) y
~16-4Ya(p+1)2/p

n 0% f ac+d q+ f (a+b c+d
oos 7 2 2

OtOs 2’

o2 f T 2f [ erd\|T |82F fa+b etrd\| |8%f fa+b \|TY°
| aes @Y +’8t83 b ) Jr‘(’)t@s( 2 2 ) +‘atas( 2 ’d> }

o2 f T2 [ etd\|T |02 [a+b c+d\|T |82f fa+b \|TV°
| a5 09 +‘atas<b’ 2 ) +‘8t85< 2 2 ) +'6t63< 2 76) }

o2 f TR [ evd\|T | 2f fa+b ctd\|T |f fa+b N[
a5 (2 +’8t85(a’ 2 ) +‘0t85< 2 2 ) +‘8t65< 2 ’d) ] ’
for%—k%:l,

Proof. According to Lemma 1 and Hoélder’s inequality, we have

0 c a c b d
‘f( .¢) + £( »d)jlrf(b, >+f<b,d>+/a / £ (u,v) dvdu

1
2

b d
. / (Fan.6) + flu,d)) du + / (f(a,v)+f<bav>>dv]

< (b—a)(d—c)><

= 16
{ [/01 /01 (ts)” dsdt} " K [/01 /01 (1—1t)(1—s))? dsdt} e KM
" Uol /01 (¢ =) ds‘“} e [/01 /01 ((1-1) s)”dsdt] " K;/q} |
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Since |54-| is co-ordinated convex function, we have:

0*f a+b c+d\|*
505 <ta+(1—t) 5 ,s¢+ (1 —s) 5 ) dsdt

//tsdsdH— o ( +d)q/1/1t(1—s)dsdt

2
(1- tsdsdt—i—’af <a+b C+d)

ClC

82 a+ b
atas 2

BTGP 5 (1-t)(1—s)dsdt =
1[|8*f (a+b c+d + O?f (a+b q+ 0% f c+d 62f( )
1l|otos \ 2 ' 2 atos \ 2 ¢ Dtds 2 atas ¢

and similarly

e[

[

a+b c+d
atas( 5 +(1—-1t)b,s 5 +(1—s)d)

0% f c+d\|* 0%f (a+Db
+‘6‘t6 (b’ 2 ) +’8t85( 2 ’d)

dsdt <

q+ O%f (a+b c+d
otos 2 7 2

q

1

q

b d
(ta—i— l—t)a+ et

_ <
31585 5155 +(1 s)d) dsdt <
0% f a+b ? f (a+Db c+d\|* 0% f 1 0% f c+d\|
Ham%( 2 ’d> +’8t8 < 2 2 > +’atas(“’d) +’8t83 (a’ 2 > }

a+b c+d\|*

— — — <

4 ] |otos <t 5 + (1 =t)b,sc+ (1 —s) 5 ) dsdt <

1| 0%f c+d\|? |8%f [a+b c+d\|? |O%f T 19%f fa+b
- b, + , o)l + NG
4 ||0tos 2 Otds 2 2 0tds 2

b
(‘%88( )
A simple computation shows that

11 1
/ / tpspdsdtz/ / (1 —t)" (1 —s)"dsdt
o Jo 0o Jo
11 1o
:/ / tp(lfs)pdsdt:/ / (1 —t)PsPdsdt =
o Jo 0o Jo

and the proof is complete.

1

1
(p+1)?
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q
Theorem 4. If %‘ ,q > 1 is co-ordinated convexr function on A, then the

following inequality holds:

0 c a c b d
|f( ) + £ ,d>4+f<b, >+f<b,d>+/a / £ (u,v) dvdu

b d
_% biaA(fWJ%+ﬂmd»mr+jéE[ U@40+f®m»d4
cb—a)ld—¢)
= 64-32/a

q

Pf (a+b c+d
s (55

2f [ c+d
+2’3tas (a, 2 )

? f (a+b
+2bws< 2’0
q 2 qq1/q
oS (0,0
Otds
q
q}l/q

+4’

q
+2

o f
1] s 0.

0*f (a+Db
+2’8tas< 2 ’d)

0% f b c+d
otds \~ 2

0%f (a+b c—i—d)

q

Otos 2 7 2

!

0%f (a+Db e Pf (a+b c+d\|*
+[45W§( 2’d> * mas< 2 2 )
& f TP erd\ |
+4amsw”0 +48@s<% 2 )]
0% [ c+d\|® | 0%f a
+_{2‘8t83 (b’ 2 ) 41 505 09
2 q 2 qq1/q
n o°f a+b,c+d 49 o°f a+b’c ’
0tds 2 2 Otds 2

1,1
where;—%—g—l.

Proof. Using Lemma 1 and the power mean inequality, we have

0 c a c b d
‘f( .¢) + £( »d)jlrf(b, >+f<b,d>+/a / £ (u,v) dvdu

1
2

b d
. / (Fan.6) + flu,d)) du + / (f(a,v)+f<bav>>dv]

< (b—a)(d—c)><

/P

- 16
1,1 1/p 1 1 1
{U / tsdsdt} MﬂHU / (1t)(15)dsdt} My
0o Jo o Jo
1,1 1/p 11 1/p
+|://t(15)d5dt:| Mg/q+[//(1t)sdsdt} Mi/q}.
o Jo 0o Jo
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62}" q
otos

Lt 103 a+b ctd
Ml—/o/otslatas(ta—i—(l—t) 5 ,sc+ (1 —s) 5 )

Since is co-ordinated convex function, we have:

q

dsdt

82f q 1 122
<
_’atas(a,c) /O/Otsdsdt
82f C+d q 1 12 )
+’3t83 (a, 5 ) /O/Ot(s—s)dsdt
an Cl+b q 1 1 o o
+‘3tas< 5 ,c) /O/O(t—t)s dsdt
Pf (a+b c+d\|* [ [ ) )
+’8t85( 5 ' o > /O/O(t—t)(s—s)dsdt
_ 1 Pf (a+b c+d q+i O?f (a+b e
T 36 |otos \ 2 2 18 |otos \ 2 ¢
1| 9%f c+d\|" 1]0%*f ?
+18‘8t63 (“’ > > +9‘8tas(a’c)
and similarly
ot %f [ a+b c+d 1
Mg—/o /0 (-0 -5) |5 (t : +(1—t)b,32+(1—s)d> dsdt
1]0%f T |02 e+d\|Y 1 10%f [a+b )|
< — — _
9’atas(’d) +18‘8tas (b’ > > +18’8t83< > ’d)
1 (a+b c+d\][
36 | Otos 2 7 2 ’
1 1 2 q
B o°f a+b c+d
Mg—/o ; t(l—ys) 505 <ta+(l t) 55 +(1 s)d) dsdt
2 q 2 a 2 q
Si o°f a—f—b’d 1 o°f a—ﬁ—b’c—ﬁ—d 1 af(a,d)
18 | Otds 2 36 | Ot0s 2 2 9 | 0tds

q

)

+i 0% f c+d
18 |otos \ ' " 2

11 ) ,
- Pf (a+b ctd
M= /0 0 (1=1)s ’61583 (t 5 T (I =1)b,sc+ (1 =) > > dsdt
1| 6%f crd\|? 1 8f fa+b ct+d\|T 1|8%f q
<= b, = 7 1 (b.0)
18 | Otds 2 36 |9t9s \ 2 2 5 | 35

q

+i Pf (a+b
18 |dtos \ 2 €
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Hence the proof of the theorem is complete. O

(1
2]
(3]
[4]

(5]

(6]

(7]
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