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SOME LIPSCHITZ TYPE INEQUALITIES FOR COMPLEX
FUNCTIONS

S.S. DRAGOMIR!»2

ABSTRACT. In this paper we establish some Lipschitz type inequalities for
complex functions when some convexity properties for powers of the absolute
value of the derivative are assumed. The case of functions defined by power
series is analysed. Some applications in bounding the Jensen difference for
complex functions are also provided.

1. INTRODUCTION

The Lipschitz inequality for a real variable function f : [a,b] C R — R on the
interval [a, b]

(L) [f () = fy)l < Lz -yl

that holds for a given L > 0 and any z,y € [a, )] is an important tool in obtaining
various famous inequalities in the literature, such as the Hermite-Hadamard type
inequalities

b

(L) ‘f(“;”)—bia/a Fo < o-ar i
b

(12) ‘f(“);f@ —bia/ F)d < 3 0-a)L, 14

or the Cebysev type inequality

b b b
= [ rswa— = [ 1w = [gwa

1
< —LK (b—a)?,
12

(1.3)

where ¢ satisfies a Lipschitz condition with the constant K.

In (1.1) and (1.2) the constant 1 is best possible in the sense that it cannot be
replaced by a smaller quantity. The same applies for the constant % in (1.3).

The interested reader may find many other inequalities involving Lipschitzian
functions in the papers [1]-[11], [13]-[20] and in the references therein.

In this paper we establish some Lipschitz type inequalities for complex functions
when some convexity properties for powers of the absolute value of the derivative
are assumed. The case of functions defined by power series is analysed. Some
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applications in bounding the Jensen difference for complex functions f: C C C —
C,

Zpkf Zk ijzj

where {py},_, , are probabilities and {z1},_, , C C, C a convex set, are also
provided.

2. SOME RESULTS

Lemma 1. Let f: D C C — C be a differentiable function on the convex domain
D. Then for any z,w € D we have the inequality

21 [f(w)=f(z)] < Iw—ZI/O (1= t) z + tw)| dt

esssupeoq) | f (1 — 1) 2 + tw)

< |w — 2| x e

(fo I/ (1 —1t)z + tw)|” dt) , oa>1

<|w—z|esssup|f (u)].
u€D

Proof. Due to the convexity of D, for any z,w € D we can define the function
o 10,1] = Rby @, ,, (t) :== f((1 —1t) 2 + tw) . The function ¢, ,, is differentiable
n (0,1) and

dp, (1)

i =(w—2)f ((1—=1t)z+tw) for t € (0,1).

‘We have

|f(w) - f(Z)| = ’@z,w szw | =

/01 o) dt‘
- ’(w—z)/olf’((l—t)z—i—tw)dt‘
< w—z|/01|f’<<1—t>z+tw>|dt

for any z,w € D.
Utilising the Holder integral inequality for the Lebesgue integral

b
/ g(s)ds .
/o
@ a)l/ﬁ(f:|g(s)|ads> a>1,é+%:1,

we deduce the second part of (2.1).
The last part is obvious. (I

(b—a)esssup erq |9 (s)]
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We recal that, for a convex function g : [a,b] — R we have the following Hermite-
Hadamard type inequality

(2.2) g(a;—b) ;[f<3a+b> <a+3b)]
bia/b (5)ds < H <a+b>+g(a>+g<b>]

2 2
_g@+g(d)
- 2

IN

If the function is concave, the inequalities in (2.2) reverse.
For other related results see the monograph [10].

Theorem 1. If the function |f'|* with o > 1 is convex on D, then we have the
inequalities

1/«

23) ()~ F ()] < Jw— 2| (/ e —t>z+tw>|°“dt)

« / a / aql/a
< Jw— 2] 21/a[ /<Z;w) L ) ;|f (w)] }
/ « ’ aql/a
<lw- 2| Pf (2)] ;|f (w)] }

for any z,w € D.
If the function |f'|* with o > 1 is concave on D, then we have the inequalities

1/«

1
@4)  1f@) - )] < w2 (/ e t>z+tw>|adt)

<ot [ (570)[ | (55)
w+ z
()

Proof. For z,w € D, consider the function ¢, ,, , : [0,1] — R given by ¢, ,, , (¢ ) =
|f/ (1 = t) 2z + tw)|*. For t1,ta € [0,1] and X\ € [0,1], by the convexity of |f/|*
D we have
Voo (L= N b1+ Mo) = [f (1= (1= A ts = M) 2 + [(1 = X) t1 + Mo] w)[*
= (=N (1= t) 2+ trw) + A (1~ t2) 2 + t2w))[”
< @A=NIF (A =t) 2z +tw)™ + X[ (1= t2) 2 + taw)[*
= (1 - >‘) ql)z,w,a (tl) + sz,w,a (tQ) )

which proves the convexity of ¢, ,, -
Applying the Hermite-Hadamard type inequality (2.2) for the function v, ,,
on the interval [0, 1] we deduce the desired result (2.3). O

)

< w2

for any z,w € D.
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Remark 1. For z € C we have

lexp (2)| = |exp (Rez + iIm z)| = |exp (Re z) exp (i Im z)|
= |exp (Re 2)| |exp (i Im 2z)| = exp (Re 2) |cos (Im z) + i sin (Im z)|
=exp (Rez).

Then for any t € [0,1] and for any z,w € C we have

lexp (1 —t) 2z + tw)|” = exp [ (Re ((1 — t) z + tw))]
=exp[(1 —t)aRez + taRew]
< (1—t)exp(aRez)+texp(aRew)
= (L—t) [exp (2)|" + ¢ [exp (w)[*

which shows that the function g (z) = |exp (2)|” is conver for any o € R~ {0} .
Utilising the inequality (2.3) for the exponential function f (z) = expz we have

(2.5) lexp (w) — exp ()|

1 1/a
< |lw— 2| </ |cxp((1—t)z—|—tw)|adt>

0

« « avl/a

1 ctw Jexp (2)|” + [exp (w)[*]"

§|w—z|21/a[exp< 5 )‘ + 5
o aql/a

< s [ el

for any z,w € C and a > 1.
Observe that

1 1
/ lexp (1 —t) z + tw)|™ dt / exp[(1 —t)aRez + taRew|dt
0 0

exp (e Re z) for Rew = Rez

mp(eledl epeRen)  for Rew £ Re

for any a > 1.
If z,w € C are such that Rez, Rew < K, then

exp[(1 —t) aRez + taRew] < exp (aK)
and we have from (2.5) the following coarser but simpler inequality

(2.6) lexp () — exp (w)] < Jw — 2] exp (K).
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Then from (2.5), for any z,w € C with Rew # Rez and o > 1, we have

exp (w) — exp (2)

2.
(2.7) —
exp (e Re z) — exp (¢ Rew) Lo
- a(Rez —Rew)
a 1/«
< 1 exp aRez—l—Rew +exp(aRez)+exp(0zRew)
21/ 2 2
{exp (aRe z) + exp (aRew)r/a
— 2 .

If we take z = €**,w = e with s,t € R in the first inequality in (2.5), then we
get

1
(2.8) |exp (e") — exp (™) | < |e” - e“| / exp [(1 — t) acos s + ta cost] dt.
0
Since

els _ eit|2 _ |6is|2 _ 9Re (ei(sft)) + |6iti2

—t
=2 —2cos (s —t) = 4sin? <s2 )

for any t,s € R, then

(2.9) e — e =2

sin s—t
2

forany t,s e R.
We then have for oo > 1

(2.10) lexp (e'*) — exp (e")]

_t 1
sin (82 >‘/ exp[(1 —t) acos s + tacost] dt
0

sin
2

« [exp [a (coss—;cost)} N exp (a cos s) —2|—exp (acost)} /e

sin (s - t> ’ [eXp (acoss) + exp(ozcost)] 1
2 2

<2

a—1
< 27w

<2

for any t,s € R.



6 S.S. DRAGOMIR!:2

Ift,s € [0,27] such that cos s # cost, then
(2.11) |exp (") —exp (eit)|

<2sin (s — t) exp (cos s) — exp (cost)
2 cos s — cost

< lsin s—t -exp cos s + cost L exp (cos s) + exp (cost)
2 )| 2 2
<2sin (s - t) exp (cos s) ;rexp (cost) .

Finally, we notice that, since coss,cost < 1 we have from (2.11) the coarser but

simpler inequality
. s—1
sin [ ——
2

Remark 2. Forn > 1 consider the power function f (z) = z"™. Then for a > 1

I ()| = no |20

(2.12) |exp (eis) — exp (e“)’ < 2e

for any t, s € [0, 27].

Define g : C — [0,00) by g (2) :=n|z|™ V. For any t € [0,1] and any z,w € C
we have

g((1 =)z +tw) =n®|(1 —t) z + tw|" "D

S ne (1 o t) |Z|(n—1)o¢ +t|w|(n—1)a:|

(1—t)n* |z|("71)a + tn® |w|(”71)a
=1 -1)g(2) +tg(w)
showing that |f'|* is convez.
Applying the inequality (2.3) for the power function f (z) = z" we have

1 1/«
(213) " = 2" S mfw 2] </ |(1—t)z+tw|("_1)adt)
0

1 (n—1) |Z‘( 1) +|w|( 1)]

921/

z4+w
2

<n|w-—z| + 5

1/«

(n—1)« (n—1)«
sww—apd + ul

2

for any z,w € D and a > 1.
If we take z = €' and w = €' with s,t € R, then we get

1 1/«
(2.14)  |e™ — e <meft — e (/ (1= A et + aeis| "D dA)
0

1/«

<n |e” — eis| 211/a [2(”11)& ’e” + eis|(”—1)0¢ i 1}

§n|€zt_ezs|.
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eznt _ ezns| =9

()]

it 1 eis’ _ “61'5‘2 4 9Re (ei(s—t)) n |eit|2:|1/2
=124+ 2cos(s— 15)}1/2 = 2|cos (S2t>

)

then by (2.15) we have

(2.15)

sin o

[\

5 — ' ; . _ 1/
t 2 S>:|' sn Sin<s t) (/ ’(1 _)\)€1t+)\625|(” l)ad)\>

0
< nlsi s—t 1 [(s—t . 1/a
S n|sin m COS 5 +
< n |sin st
="n|s 5

[\)

for any s,t € R.

Now, by the help of power series f(z) = Y - a,2" we can naturally construct
another power series which will have as coefficients the absolute values of the coef-
ficients of the original series, namely, f,(z) = > .o |an|2". It is obvious that this
new power series will have the same radius of convergence as the original series.
We also notice that if all coefficients a,, > 0 then f, = f.

We notice that if

(2.16)

o= el e po;

g(z)= Z (=1) 2> =cosz, 2z € C;

1"
Qz%"'1 =sinz, z € C;

1
)t = —— D(0,1);
(=1)" 2 T34 %€ (0,1);
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then the corresponding functions constructed by the use of the absolute values of
the coefficients are

(2.17) falz) = Lo

1
’ ( ’ ) ’

— 1
ga (2) = Z 2?" = cosh z, z € C;

1
he (2) = Z ﬁz%ﬂ =sinhz, z € C;

Theorem 2. Consider the power series f(z) = Y ", anz"™ that is convergent on
the open disck D (0, R). Then we have the inequalities

(2.18) If (w) = f(2)] < |7«U—Z|/0 If" (1 —1t) z + tw)| dt
§|w—z|/0 P =) 2 + tw]) dt

for any z,w € D.

Moreover, we have
1 1 / /
(2.19) /0 (U= 1)z + twl)dt < 5 [f; (z—;w)‘+ |fa (2)] +2 |fa (w)]

< a2 +1fa (w)]

2
and
1 fa(lTl)l:lfa(lw|) if 12| # |l
(2.20) (11— 8) 2+ tw]) dt < A
0 fa ([2]) if |2 = |wl|
L (|2l + |w| fa (z]) + fa (Jw))
<y (F) -
< Ja () + fa (lwl)

— 2 )
for any z,w € D.

Proof. We have f'(z) = > 0" na,z" ' and f,(z) =Y 0", nla,| 2" "' For m > 1,
by using the generalized triangle inequality we have

m m
E na, 2" < E n|an|z"*1.
n=1 n=1

Since the series 7, na,z" " and 7 nla,| 2" ! are convergent, then by letting
m — oo in (2.21) we get

|f'(2)| < fa(|2]) for any = € D(0,R).
This prove the second inequality in (2.18).

(2.21)
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We observe that, since f! has nonnegative coefficients, then this functions is
convex as a real variable functions on the interval (—R, R) and increasing on [0, R).

For z,w € D, consider the function h , : [0,1] — [0,00), Ay () := [l (|(1 — ) z + tw]) .
For a, 8 € [0,1] with a+ 8 =1 and ¢1,t5 € [0, 1] we have

hzﬂﬂ (Oétl + /BtQ) (‘(1 — at1 -+ Btz) z+ Oétl —+ ﬂtng

= folla (I =t1) z 4+ tiw) + B ((1 — t2) 2 + taw)]]
< folal(l=t1) z + trw| + B1(1 — t2) 2 + taw]]
<afy (|(1=t1)z+tiw]) + Bf; (|(1 = t2) 2 + tawl)

which shows that h, ,, is convex on [0,1].
If we write the Hermite-Hadamard inequality (2.2) for h. ., on [0,1] then we get

liﬁ““—ﬂz+dev<§[ﬁ(zzw>++uzu>;uzwn

< fa @)+ s (W)
= 2

for any z,w € D, which proves (2.19).
We also have

fo (X =tz +twl) < fo (1 —1) 2]+t wl)

for any z,w € D and t € [0, 1] and since the function ¢, ,, (¢) := f., ((1 —t)|z] + ¢ |w|)
is convex, then by the inequality (2.2) we have

/’ﬁou—oz+umdus/.ﬁ«r%ﬂ4+tmbﬁ
0 0

LT, (12 +|wl fo (2]) + fo (Jwl)
=3 [f“ < 2 ) + 2
< f;(\ZI)Jrfé(lwl)_

2

For |z| # |w| we have

JRACEEIERRTrS (Iz

f(z) = £ (lw))
|

—fwl

while for |z| = |w| we have

1
Aﬁ«%ﬂm+wmﬁ:ﬂww

This proves (2.20). O
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Corollary 1. With the assumptions of Theorem 2 and if R > 1, then we have
(2.22) |f (") = f ()]

sin(S;t> / (1= A) €™ + Aeit) | dA
: s—t is %
sm( 3 >/f e +/\et|)d)\

<2

<SmC;ﬁ\ﬁ(W; N+Uuwﬂgm@ﬂw
< fin (55) | 02 ) 17z ey < 2fon (550 20

for any t,s € R.
The proof is obvious by Theorem 2 on chosing z = €% and w = €.

Remark 3. We observe that the integral fol fL((1 —t) z 4 tw]) dt, which might be
difficult to compute in various examples of functions f, has got the simpler bounds

P ( —HUD NAEES7 <w|>}

b= e (|2 :
LallzD=falwD) g 141 £ |y

2
and
[z[—[w]
Bs (z,w) :=
o (Jw]) if |z = [w].
It is natural then to ask which of these bounds is better?

Let us consider the simple examples of powers, namely f (z) = 2™ with m > 1.
Then

1 2t w|™t 2™ 4w
and . ) .
W™+ | 2 [T wl # 2]
By (z,w) :=
m |z if lw| = |z].

If we take w =tz with |z| = 1 and |t| # 1 then we get

1+t m—1+1+|t|m—1
2 2

and
By (t) = [t|™ " 4 .+ |t + 1.
If we take m = 4 and plot the difference

3 3
t+1 1+t
a) :=2<‘ st R Rl )— (14 + 16+ 1t + 1)

on the interval [—8,8], then we can conclude that some time the first bound is
better than the second, while other time the conclusion is the other way around.
The details are left to the interested reader.
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Remark 4. If the power series f(z) = > .- a,z™ has nonnegative coefficients and
is convergent on the open disck D (0, R), then f' = f! and we have the inequalities

(2.23) |f(w)— f(2) < |w—z|/0 (1= 1) 2 + tw)) de
1
§|wfz|/0 F O —=1) 2+ twl]) dt

i (o) ey

<lw==z[{ £azD=sawh if |2 # |

|z]—w]

ED) if |z = |wl

for any z,w € D.
Important examples of functions as power series representations with nonnegative
coefficients in addition to the ones from (2.17), are:

<1
(2.24) eXp(Z):ZjZn7 ZG(C;
n=0
1 (1+2) & -1
> (1_Z> > , 2 € (07 )’
) 2n+1 D 1);
Z 2n+1 = e PO
ad 1
tanh—! (2) — et D(0,1);
anh™" (z) ;271_12 , 2€D(0,1);
T(n+a)T(n+pB)T(y)
r B, _ n’ s M >07
oIy (@, 8,7, 2) HZ::O T (@) T (BT (n+7) 0
z2€ D(0,1);

where ' is Gamma function.
If we write the inequality (2.23) for f(z) = (1 —2)"" with z € D(0,1), then we
have

(2.25) ‘(1 —w) o (1— z)_l‘
-z ' — —t)z wl]| 72
< |/0|1 (1= ) 2+ tu]] 2 dt

1
< \wfz|/ (1—](1—t) 2z +tw]) "> dt
0

tw |\ —2 1—]z]) 2+ —|w|) "2
%[(1—}%D +( [z]) 2( lw]) ,
S I ) e (R B e U ET ET

(=122 if |w| =zl
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If we write the inequality (2.23) for f(z) =In(1 — 2)"" with = € D (0,1), then
we have

(2.26) ‘m 1-w) ' —In(1—2)"
g\w—z|/0 L= [(1— )=+ tw]| " dt
g\w—z|/0 (1—1](1 —t) 2+ tw]) " dt

2

)

O

Slw—z|q WO=ld Zan0oleD ™ g ) £ g,

—1 .
A =1z if |w| = Iz,
for any z,w € D (0,1).
Remark 5. If we write the inequality (2.22) for f(z) = sinh (2), then we have
(2.27) |sinh (e"*) — sinh (e“)|

1
sin (S ; t) / |cosh ((1 = A)e” + Xe™) | dA
0

<2

1
<2 sin(sgt> / cosh (|(1 = X)€" + Xe™|) dA
0
< sin(g—t)‘ cosh (eis+eit)‘+ |cosh (e"s)’—i—‘cosh (e“)}
2 2 2
. (st is i (s—t\]e*+1
< sm( 5 )‘Hcosh(e ){+|cosh(et)u < Sln( 5 > .
2
< ¢ +1 |s — ¢

- 2e
for any t,s € R.

3. OTHER BOUNDS FOR SPECIAL CONVEXITIES

We say that the function f: I C R — (0,00) is log-convex or multiplicatively
convez if log f is convex, or, equivalently, if for all z,y € I and ¢t € [0, 1] one has
the inequality

(3.1) fltz+ 1 —=t)y) <[f@)])[f(y)] "

The concept can be generalised for functions defined on convex subsets of linear
spaces.

We note that if f and g are convex and g is increasing, then g o f is convex;
moreover, since f = exp(log f) , it follows that a log-convex function is convex, but
the converse may not necessarily be true. This follows directly from (3.1) because,
by the arithmetic-geometric mean inequality, we have

[F@I @) < tfe) + (1 —t)f(y)
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for any z,y € I and t € [0, 1].
It is known that, see [10, p. 199]if f : I C R — (0,00) is log-convex then for
any a,b € I with a < b, we have

b
o [ T @ < L) ).

where L(p, q) is the logarithmic mean of the strictly positive real numbers p, g, i.e.,

oty UP#FQ

(3.2)

L(p,q) ==
P if p=gq.

The inequality (3.2) can be written in an equivalent form as

1
(3.3) Léf«l—Ma+MﬁM§LUm%ﬂ®>

This inequality is obviously true for the more general case of log-convex functions
on convex subsets C' of linear spaces X and a,b € C.

Proposition 1. If the function |f'|” with a > 1 is log-convex on D, then we have
the inequalities
1/

1
(3.4) f@ﬁf@NShvd<Alf«102+w0“ﬁ>
< fw— 2| [L(If ()" 1f (w)|™)]

for any z,w € D.
The proof follows by (2.1) and (3.3). The details are omitted.

According to Hudzik & Maligranda [12], a function f : [0,00) — R is s-convex
in the second sense, with s fixed in (0, 1] if

(3.5) fFA=tuttv) < (1—1)"f(u) +t°f (v)
for any u,v € [0,00) and ¢ € [0,1]. For various properties of this class of functions
see [12] and [10, p. 286].

It is clear that, the above definition can be extended for functions defined on
convex subsets C' on linear spaces X. Now, if f: C' — R is s-convex in the second
sense on C' and for a,b € C the function f ((1 —-)a + -b) is Lebesgue integrable on
[0,1], then by integrating on (3.5) we get [10, p. 288]

(3.6) /Olf((l—t)a+tb)dt< fla+f)

s+1
Utilisig this inequality we can state:

Proposition 2. If the function |f'|* with o > 1 is s-conver in the second sense
on D, then we have the inequalities
1/a

(3.7) f@ﬂ—f@ﬂéhu—d(A|f«1—®z+woaﬁ>

U%@a+-fawar“
s+ 1

§|w—z|[

for any z,w € D.
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4. SOME DISCRETE INEQUALITIES

In some applications, one can be interested to estimate the quantity

1< 1<
ng(zk)_f EZZJ
k=1 Jj=1
for various complelx functions f: D C C — C.

The weighted case is as follows.

Theorem 3. Let f: D C C — C be a differentiable function on the convexr domain
D. Then for any z;, € D and py, > 0 for k € {1,...,n} with > ;_, px = 1 we have
the inequality

(4.1) Dol (k) = f | Do piz
k=1

n

n n 1
< vk |z — Y piz / FlO=t)z+tY piz||dt
k=1 j=1 0

j=1

2k = 251 D)%)
fl ((1 — t) Zk + t Z?:l ijj> ’ dt,
/ s\ /8
(Zk—l Pk ’Zk — 2j=1Pi% )
n 1 / n
X [Zk:1 Pk fo ‘f ((1 —t) 2 + th:I pjzj)

1 1 _ 1.
a>1’E+E_1’

maXge{1,...,n}

1
X 22:1 Dk fo

IN

dt

)

o }1/04

ZZ:1 Pk ’Zk - Z;’Z:l pjzj‘
f ((1 —t)zk+13 5, pjzj) ) dt.

1
X fo maxge{1,...,n}

Proof. We have from (2.1) that

Flz) = F 1D piz
j=1

n 1 n
< zk—zpjzj/ ‘f’ (I—t)ze+t Y pjz ||dt
j=1 0

j=1
for any k € {1,...,n}.
If we multiply by pr > 0 and sum over k from 1 to n we get

S ok |f () = D piz
j=1

n n 1 n
SZpk zk—ijzj / f (1—t)zk+thjzj dt.
k=1 j=1 0

j=1
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By the generalized triangle inequality for modulus we also have

n
Zpkf Zk ijzj < Zpk Zk ijzj
k=1
and the first ineqality in (4.1) is proved.

Now we use the Holder weighted inequality

MaXge(1,....n} {0k} Y pey Pbk

n
Zpkakbk <
=1

. s /e
(Ziimeal) T (i) a> L i =1

where pg, ax, b, > 0, to get

n n 1 n
Zpk zk—ijzj / I (l—t)zk—l—thjzj dt
k=1 j=1 0

j=1

n
maxXge(1,..,n} |k — Zj:l bjzj

X Zzzl Dh fol ! ((1 —t) 2 + tzyzlijj) ‘ dt;

5) 1/8

(EZ—1 Dk ‘Zk - Z;‘L:I Pjzj

< n arl/a
[ i (fo f’(1—t)zk+tzj:1pjzj) dt) ] :
1
a>1=+ ﬁ =1
> ket Pk ‘Zk =i szj‘
1 n
X MaXpe(1,... n} [fo f’ ((1 —t) zg, +t2j:1 pjzj) ‘ dt} .
Since
1 n “ 1 “
/ FlA=tz+t) piz||dt g/ FlA=tz+tY piz || dt
0 =1 0 j=1
and

1
max | / I (1—tzk+thjzj dt
n} | Jo

Jj=1

the last part of (4.1) is thus proved. (]
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Corollary 2. With the assumptions in Theorem 3, we have

N SFICO R D 9

Lo & 1 1<
<Y la-->% /0 PO Dzt D 2 )| di
k=1 j=1 =t
& MAXke (1, n} |2k — ¢ 2y zi‘
1
xSy ((1 —t)a +tE Y Zj) ‘ dt;
1/B
(Zk 1‘ ZJ 17:]‘ )
< @ 1/«
[Zk 1f0 (1_t)z’“+t 2= j) dt} ’
o > ]., é + ﬁ - ]-a
EOMEREREE D
1 n
X fo maxge(1,...n} |f ((1 —t) 2 th% Zj=1 Zj)‘dt.

Remark 6. If the function |f’| is convez, then

1 n n
/zpk Fla—ta+t> pe || a
0 k=1 j=1
1 n n
< [ Yon|a-olr el | Yo || @
0 k=1 j=1
me (zi)| + | f ijz] < el f (=)
k=1

and from (4.1) we have the simpler inequality

(4.3) Z prf (zk) ij 2j

IN
N =

p X Zk—Zpgzg Zpklf zk)| + | f ZPJZJ

Jj=1

n n
< max zk—ijZj Zpkz\f/ (z1)|
RE{L,...n} j=1 k=1
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Also, with the same assumption for |f’| we have

1 n
(4.4) / max |f' [ (1 —¢)zx + thjzj dt
0

ke{l,...,n} =

1
S/ max < (1= |f (zx)| +t|f ijz] dt
0

ke{l,...,n}

kemax (L Goly+|f ZpJZJ

N[ =

IN
N =

ke{l,...,n}

max {If’(Zk)|}+ZPj|f'(Zj)| S pax {If (21)[}

and from (4.1) we have the simpler inequality

(4.5) Z prf (zk) (Z D;j z])

1 n n
< 52% 2, *ijzj e {f Gl +|f (Zpﬂa) ]
k=1 j=1 L
1 n n [
< 52% z), — ijzj e {1 ()} + ij [ (2)l
k=1 j=1 L j=1
n n
< max {f ()} D k|2 — D piz) -
ke{1,...,n} 1 =

If for some o > 1, the function |f’|* is convexr on D, then

(4.6) /OZpk (1t zk+t2pjz]) dt

k=1 Jj=1
/ > ok [ L=t)|f" ()" + 2| f (ZPJZJ) ] dt
0 k=1 Jj=1
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and from (4.1) we have the simpler inequality

(4.7) Zpkf Zk) ijzj
8 1/8
< 21% Zpk 2k —ijzj
k=1 j=1

aq 1l/a

X

Zpk|f 21)] Zp]ZJ
g\ 1/8

n n n l/a
D Pk |2k = )Py (Zpk 1 <zk>|a>
k=1 j=1 k=1

IN

where é + % =1
The particular case o = 8 = 2 is of interest, since

n n n n

2
E Pk |2k — E Djzj| = E Pr |2kl — E :pjzj
k=1 j=1 k=1 j=1

and (4.7) becomes

(48) Zpkf Zk ijzj
o\ 1/2

\/§ n 2 n
§7 kz_:lpﬂzkl - ;pjzj

97 1/2

X

2
Sooelf Gl + [ D piz
k=1 =1
o\ 1/2

2
> el = D opiz (Zpkf/ (21)] )
k=1 j=1 k=1

IN

provided | f'| is convex on D.
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For the exponential function f (z) = exp z, the inequality (4.1) becomes

(4.9) Zpk exp (2x) — exp ijzj
k=1 Jj=1

n n 1 n
SZpk. zkupjzj / exp (17t)Rezk+thjRezj dt
k=1 j=1 0

j=1

maxge{1,...,n}

2= 2o szj‘
n 1 n
XD n_1 Pk [y €xp ((1 —t)Rezr +t3_;_, pjRe zj) dt;

8\ /8
(Zk=1pk’2k2j:1pjzj’ )

X [Zzzlpk fol exp [a ((1 —t)Rez +t2?:1pj Re z])} dt
a>1, é + % =1;

IN

:|1/oz

)

D o1 Pk ‘Zk — i1 Pi%

X fol exp ((1 —t)maxyeqy,.. n} Rezp + tz;;l p; Re zj> dt,

for any z; € C and py > 0 for k € {1,...,n} with >7_, pr = 1.
Since |exp|”, a > 1 is convex, then the simpler inequalities can be stated as well

(4.10) | prexp(zk) —exp | Y piz
k=1 Jj=1

1 n n n
< 3. gax , 2k — E DjZj E prexp Re (zx) + exp E p; Re z;
S o
e j=1 k=1 J=1

N

n n
< max |z —ijzj Zpkepre(zk)7
ke{l,...,n} = o1
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(4.11) Zpk exp (zx) — exp ijzj
k=1 J=1
< lzn:pk 2k — zn:Pij
2 -
k=1 j=1

n
X |exp {ke?ll,g?(.,n} Re (zk)} + exp Jz::lpj Rez;

1 & -
< 521% Zk = ijzj
k=1 Jj=1

}Re (Zk)} + ij exp Re (2;)

j=1

n n
<e ma; Re (z, 2k — izl
<ow {, pa, Reen)} Yot = 3 ove

X |exp max
ke{l,.

1,....,n

and

n n
(4.12) Z Pk €xp (2x) — exp ijzg‘
k=1 j=1

5\ /8

1 [ -
< oia | ek | — Dbz
k=1 =1

- 1/
X Zpk exp [@Re (z;)] +exp |« ij Re z;
| k=1 j=1
8\ 1/8 1/a
S o (zpk exp e (zm) |
k=1 j=1 k=1

for any zj, € C and py, > 0 for k € {1,...,n} with 32}, px = 1, where 3 + 5 = 1.
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If we consider the power function f (z) = 2™, m > 1. It is clear that |f’| is convex
and then by (4.3) we get

n n
(4.13) > e = | Y vz
k=1 j=1

m

m—1

1 . ¢ SIS
< gm max 2 — ijzj Zpk 2™+ ijzj
ke{l,n} j=1 k=1 j=1

n n
< m—1
<m max |z — g Dz g Dk |2k ,
ke{l,...,n} -
j=1 k=1

for any z; € C and py > 0 for k € {1,...,n} with >7_, pr = 1.
From (4.5) we also get

(4.14) Zpkz;c" — ijzj
k=1 j=1

m

1 n n me1l n
im;pk zk—;pm‘ {ke?f?}in}m} + ;pjzj

m—1

IN

1 n n m—1 n
< m 2k — 2 ma z Ze™ !
=5 I;pk k ;Pg J] {ke{l,i.x.,n}| k|} +kz_lpk| k|

m—1 n n
<m{k max |Zk} E Pk |2k — E Pizjl;
e{1,....,n} 1 =

for any 2z € C and p, > 0 for k € {1,...,n} with > pp = L.
Finally, from (4.8) we have

(4.15) Zpkle — ijzj
k=1 j=1

m

o\ 1/2

\/5 n 9 n
Sm? Zpk|2k| - ijzj
k=1 Jj=1
2(m—1)7 1/2
n n
2(m—1
< > pela Y Y gz
k=1 j=1
o\ 1/2

n n n 1/2
2 2(m—1
<m [ pelal” =D piz <Zpk|2k»| o )>
k=1 j=1 k=1

for any 2z, € C and p, > 0 for k € {1,...,n} with > pp = 1.
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