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PERTURBED COMPANIONS OF OSTROWSKI’S INEQUALITY
FOR FUNCTIONS OF BOUNDED VARIATION

S. S. DRAGOMIR!:2

ABSTRACT. A perturbed companion of Ostrowski’s inequality for functions of
bounded variation and applications are given.

1. INTRODUCTION

In [16], the author obtained the following companion of Ostrowski’s inequality
[29]:

Theorem 1. Assume that the function f : [a,b] — C is of bounded variation on
[a,b]. Then we have the inequalities:

(1.1) |;[f()+f(a+bx _a/f t)dt
1 T a+b at+b—zx b
S x_a\a/ ( 2 _x> \x/ (f)+($_a)a+\z!_z(f)
'1 T 3a+b b
-Z+ b—a ‘|\a/(f)7
r—a\” atb _ 2\ s
2<b—a) +< ?)—@)
= x B a+b—zx B b A ;;
AV + V0] ] v (f)] a1 led=ot,
T b=3a x a+b—x
b*_;max{vm, V. v (f)}
a x a+b—x

for any z € [a, aT'H’] , where \/g (f) denotes the total variation of f on [c,d]. The
constant L is best possible in the first branch of the second inequality in (1.1).
1

The following trapezoid inequality holds.

Corollary 1. With the assumptions in Theorem 1, one has the trapezoid inequality
fla)+ f(b 1
f tdt| < 5 \/ (£)-
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The constant L is best possible in (1.2).

The inequality (1.2) was first proved in a different manner in [9].
The following midpoint inequality also holds.

Corollary 2. With the assumptions in Theorem 1, one has the midpoint inequality

(13) |f<a;b>—b_1a/abf<t>dt S;\:/(f%

The constant % is best possible in (1.3).

The inequality (1.3) was firstly proved in a different manner in [10].

The best inequality we may get from Theorem 1 on using the bound provided
by the first branch in the second inequality in (1.1) is incorporated in the following
corollary.

Corollary 3. With the assumptions in Theorem 1, one has the inequality:

;{f <3a:b>+f(a—23b)] _bia/abf(t)dt

The constant i 1s best possible.

(1.4)

1b
Sl\a/(f)'

For a monograph devoted to Ostrowski type inequalities, see [22].
For research papers on Ostrowski’s inequality see [1]-[21], [23]-[25] and [27].
The main aim of this paper is to provide some bounds for various perturbations

of the difference
fe)+ fla+b—x 1 b

where f is assumed to be a function of bounded variation on [a,b]. Particular
instances of interest are also given.

2. SOME IDENTITIES

The following identity holds.

Lemma 1. Assume that f : [a,b] — C is a function of bounded variation on [a,b).
Then we have the equality

(2.1)

r)— A1 (T b
f@)+ S aro-o]+ 3 e-o MO0 [
1

- b_a/am(t—a)d[f(t)—)q(fﬂ)ﬂ
+bia/za+bm (t a;b)d[f(t))\z(x)t]

. 1 / (t—b)d[f (£) — A3 (2)1],

—a a+b—x

DN | =

for any x € [a, ‘ITH’] and \; (z),i=1,2,3 complex numbers.
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Proof. Using the integration by parts formula for Riemann-Stieltjes integrals, we
have

[ a0 -z @
= [-aa®-xn [ o
~@-a)f@ - [ SOd- 0@ -,

/:+b—z (t_ a;rb> A[f () = A2 (2) 1]

/fﬂ <ta—2'—b)df(t))\2(x)/;+bw (ta;b> dt

= fla+b—u) (“;l’_m> @) (z_a;rb>

atb—x a+tb—z
_/ f(t)dt—Ag(x)/w (t—a;b>dt

_f(a+bx)<a;bz> I (@) (z“;b> [Ea+bzf(t)dt

since, by symmetry

and

b
/ (t—B)d[f (£) — s (2) 1]

+b—x

b b
:/ (t—b)df(t)—/\g(z)/ (t—0b)dt

+b—zx at+b—x

:(a:—a)f(a—l—b—x)—/ f(t)dt—&—%/\g(x)(x_a)Q.

a+b—zx

b

Summing the above equalities, we deduce

/agc(t—a)d[f(t)_/\1 (x)t]+/a+bx <t_ 0t

x

>Mf@—kﬂwﬂ
b
+/ (t—B)d[f (t) s (2)1]

+b—2x

z)+ fla+b—z b 1
= 0— LOELOEOZD s o) - A @) - ),
which is equivalent with the desired identity (2.1). O
The following particular cases are of interest:

Corollary 4. With the assumption of Lemma 1 we have the equalities

a b b a
ey HOZIO L [ rga= 2 [ (- 250 ar o - s,
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b
(23) (“* > FL-a) oA - b_a/Qf

+b b
[ vt -,

t—a ()—)qt]

—Qa

and
(2.4) ;{f<3a2—b>+f(a—z3b)]+312(b ) (A3 — A1) — —a/f
:bia + (t—a)d[f (t) = Mt]
+bia 3: <t—a;b)d[f(t)—A2t]

b
1([ (t—b)dlf (1) — M,

er—a at3b
4

for any A, Ao, A3 € C.
The following particular result with no parameter in the left hand term holds:

Corollary 5. Assume that f : [a,b] — C is a function of bounded variation on
[a,b]. Then we have the equality
/f
—a
1

:b_a/x(t—a)d[f(t)—/\l(iﬁ)t]
at+b—x a
iy A P
1 b
b—a a+b—x

[f (@) + f(a+b— )]

N |

(2.5)

(t=0)d[f(t) = M (2)1],

for any x € [a, QTH’] and X\; (z),i = 1,2 complex numbers.

Remark 1. We get from (2.3) the following particular case:

(2.6) f<a+b)

o) b
— @*@dU®*AM+5%ELﬁ@*@dU@*Aﬂ,

b—a
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for any Ay € C, while from (2.4) we get

0 () o ()] v [ oo
N bia/jaﬁ (t—a)d[f (1) — A
e (1= 5" ) a1 0 -

b
* bia/wr?,b (t_b)d[f(t)_)\lt],

4

for any A, Ay € C.

3. INEQUALITIES FOR FUNCTIONS OF BOUNDED VARIATION

The following lemma will be used in the sequel and is of interest in itself as well
[2, p. 177]. For a simple proof see [18].

Lemma 2. Let f, u: [a,b] — C. If f is continuous on [a,b] and u is of bounded
variation on [a,b], then the Riemann-Stieltjes integral fab f(t)du(t) exists and

b
Gy | rwae

b t b
</ f(t)|d<\/(u)> < max |F (01 (w).

We denote by £ : [a,b] — [a,b] the identity function, namely ¢ (t) = ¢ for any
t€la,b].
We have the following result:

Theorem 2. Let f : [a,b] — C be a function of bounded variation on [a,b]. Then
we have the inequalities

(3.2) ’;[f(m)+f(a+b—x)]+;(x—a)2>‘3($;_2‘1( )_bia/ f(e)de

| (\7<f—xl<x>é>>dt+/2 (\/(f—mm@)dt

t T

atb—z [atb—zx t
+ - +\/ (f = o (z)0) ) dt + b \V (f=2s(x)0) ) at
atb 1bh—

2 t a+b—2x

v a+b—x
= bia [(m_a)\a/(f_)‘l(m)g)‘f‘(a;—b_$> \V (F=X@0

xT

1
<
“b—-a

at+b—x

b
+(@—a) \/ (f—As(w)ﬁ)]
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1 z—S“Ter

l4+ b—a ]

< [Va (=M@ 0+ Vi ™ (F =22 (@) 0+ Vi, (F = X (2) 0)]
<
- :U—l—b_%

b—a

xmax {V7 (F = A @) 0, Ve (F =22 (@) 0. Viry, (F= X @) 0

for any x € [a, %H’] and X\; (x),i=1,2,3 complex numbers.

Proof. Taking the modulus on (2.1) and making use of (3.1), we have

b
1 (.Z‘ _ CL)Q A3 (.T) - )\1 (:C) _ 1 / f (t) dt

(3.3) ‘;[f($)+f(a+b_x)]+2 b—a b—a

<

< bfa/m@—a)d(\/(f—mwz))
a+b—zx
] (\/(f e m)

a

1t !
—l—ba/a+bxb—t (\a/f As (z )

b
po ot

Integrating by parts in the Riemann-Stieltjes integral, we have




PERTURBED COMPANIONS OF OSTROWSKI'S INEQUALITY

o (\/<f—Az<m>€>> a

a

/:bz <a+\b/_T (f =22 (2) é)) dt+/z

t

b t
L, 00 (\/ (f =X (wm)
a+b—x M

b

b t
+ / . (\/ (f =% (@) e)) dt

a

a+b—x

b k a+b—x
:/ﬁb_z (\/(f—)@(x)ﬁ)) dt—(b—(a+b—x))< \/ (f—&(m)ﬁ))

a

Making use of (3.3) we deduce the first inequality in (3.2).

Since

/ (\7f AL (z )dt< x—a\m/f A (2)0),
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at+b—z [atb—z L*b t
/ﬂ < \/ (f—Ag(x)€)>dt+/ <\/ (f = A2 (z )dt

2 t x

a+b

§<a;b$>a+\b/m(f/\2($)£) <a+b )\/f N (z

x

x

and
t b

b
/ (\/ (f&(x)é))dtg(xa) V (=)0,

+bo—w at+b—zx at+b—x
the second inequality is also proved.
The last inequality is obvious by the maximum properties. [
The following midpoint and trapezoid type inequalities hold:

Corollary 6. Let f : [a,b] — C be a function of bounded variation on [a,b]. Then
we have the inequalities

b
5.0 |f(a);f(b)bia/ F )t
atb /¢ b
o[ (Vo (o)
1b
<§\a/(f A2l)
5) |f(“;b)+;<b )02 [

Sbia{/an;” (a\ir/[)(f_)\lg))dt+/ (\t/f Agé) ]

IN
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and
(3.6) ;[f(3a:b>+f<a23b>}+;2(b_a) s — M) _7/ foa
1 3a+b 3a4+b . t
<b—a[/a (\t/ (f - M)dﬁﬁm (3}4#—&@)&
a+3b a+3b . t
/ \/ (f = Xal) dt+/1+3b \/(f*)\:),ﬁ) "
3a4+b a-z:sb \
Sj‘[v(f_MHv (F=x0+ \ (F- w]

a 3a+b a+3b

for any A1, Ao, A3 € C.

Corollary 7. Assume that f : [a,b] — C is a function of bounded variation on
[a,b]. Then we have the inequalities

b
(37) ‘;[f<x>+f<a+b—w>1—bia/f<t>dt

/m (\/(f& <z>e>> dt+/7 (\/(fmm)) dt

t

at+b—z [atb—z b t
+/M ( \/ (f—Az(x)£)>dt+ ( \V (f—)\l(x)g)>dt]

b
x a-+b
bia[(x—a)\a/(f—kl(x)f)wt(a;b—w> V @0

t@—a) \/ (Ff—N (fﬂ)@]

|

1
<
“b—a

b—a
Vo (F =M@ 0+ Vi™" ™ (F =22 () 0+ Vi (F = M (2) 0)]

IN

T+ %
b—a
xmax {2 (f =2 (@) 0, Ve (f =X (@) 0, Vosy, (F = A (@) 0)}

for any x € [a, “TH’] and X\; (z),i = 1,2, complex numbers.
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Remark 2. We have the particular inequalities of interest
b
(3.8) ’f(“;r ) / () dt
1 g () !
<o [/ (\/f M)dt+/ (\/f M) ]
a t 4\ aze

and

;{f(ga:b)-Ff(ang)} _bia/:f(t)dt
. bia [/:af (?/M(f_)\lg)> dt+/3zb (\t/ (f—Agé)) dt

2 4 +3b
3a+b a+3b b
1 4 4
<3 [\/ =20+ =20+ (f—M)]
a 3a+b a+3b
4 4

for any A1, Ao € C.
If we take A1 = Ay = A, then we get

{f(ga:b)H(ang)} _bia/abf(t)dt
. bia [/* (S%/M(fxe)) dt+/3:ib (g/b(f)\é)) dt

+/a (\/ (f—/\ﬁ)) dt+/ab+3b (\/ (f—AE)) dt]

%&b
b
VA /\E]

(3.10)

N =

for any A, Ay € C.
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From (3.8) we deduce the simpler inequality

a+b 1 b
f( 5 >_b—a/a f(t)at
agt b

<o [V u-r0a<iVi -2

a

(3.11)

while from (3.10) we get

1 3a+0b a+3
(3.12) 2[f< : >+f< - )} /f 1) di
%H% b a-tliib
<o | [TV G [ ||V -0
1.
SZ\Q/f )
for any A € C.

We can state the following result.

Proposition 1. Assume that f : [a,b] — C is a function of bounded variation on
[a,b]. If there exists the constants v,T’ € C such that

\/(f—Mﬁ) S,
)
(B2 () e

The inequalities follow by (3.11) and (3.12).

then

1
2T —
4:I ol

and

1
<=0 =~
8| ol

Proposition 2. Assume that f : [a,b] — C is a function of bounded variation on
[a,b]. If for some A € C the cumulative variation function Vy : [a,b] — [0, 00),
¢
Va(t) =\ (f =20

is Lipschitzian with the constant L, > 0, then

(3.13) f(a;rb)—/f 1) dt iL (b—a)
and
(3.14) ;[f<3“4+b>+f<“+43b>} bia/abf()dt géL (b—a).
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Proof. From (3.11) we have
a+b
|f ( )

a

L, /
b—a J,
and the inequality (3.13) is proved.

From (3.12) we have

L (52) 05 (52)] -5 o

3a+b
4

t)dt

\;/f A0)| dt = <a+b>VA(t)'dt

1

a+b—t’dt:4Lv(b—a)

2

IN

a+b

ath b adgt
Sbia/ \/(f—M)dt+/a+b \ (F=x0) ] dt

t 2 t

L, [1 s 1 )] L,
b—a_lG(b a) +16(b a)]— 5 (b—a)
and the inequality (3.14) is proved. O

4. INEQUALITIES FOR LIPSCHITZIAN FUNCTIONS

We say that a function f : [c,d] — C is Lipschitzian with a constant L > 0 on
the interval [c, d] if

lf @)= f(s)<Lft—s
for any t, s € [e,d].

Theorem 3. Let f : [a,b] — C be a bounded function on [a,b]. For z € [a, “£?]

and A (x),i = 1,2,3 complex numbers, assume that f — A1 (z) € is Lipschitzian
with the constant Ly (x) > 0 on [a,z], f — A2 (z) £ with the constant Ly (x) > 0 on
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[z,a+b—x] and f — A3 (x) £ with the constant L3 (z) > 0 on [a + b — x,b], then

w0 (L sarimo bemap BEAE L,
o= l;(x‘ahl(x“(m‘a;b) Ly (@) + 5 (2~ a)* Ly (2

—a

1 x — 3atb ?
< §—|—2 <b4> (b—a)max {L;y (x), Ly (x), L3 (x)}.

Proof. Tt is known that if g : [¢,d] — C is Riemann integrable on [c¢,d] and u :
[c,d] — C is Lipschitzian with the constant L > 0, then the Riemann-Stieltjes

integral f: f(t) du (t) exists and we have the inequality

b b
/f(t>du(t) gL/ |f (t)] dt.

Taking the modulus in (2.1) and using the property (4.2) we have

(4.2)

1 1 2 Az (2) — A1 (@) I
SU@+Flasb—o)+5 - 22 [rga

<

/j (t—a)d[f (&) = M (@ﬂ'
/wa-i-b—w <t_ a;rb> dlf (t) = A2 (z)1]

b
/ (t—B)d[f (£) — s (2)1]

+b—x

b—a
1

+b—a

n 1
b—a

1 x 1 at+b—zx
< _
< b_aLl(m)/a (t a)dter_aLg(:E)/$

b

1
Ly (@) /M_x (b—t)dt

B (bia) E<xa)2L1(m)+<x

30) L@+ -0 Lale)

)

which proves the first inequality in (4.1).
Since

L e @)+ <¢—

2

IN

l; (@—a)?+ (m ‘“;’) Jr;(xa)Z] max {L1 (z), L (), Ls ()}

1 T — 3a4+b 2
3 +2 <ba> (b—a)max{Ly (z),La(x), L3 ()},

the last part of (4.1) is also proved. O
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Corollary 8. Let f : [a,b] — C be a bounded function on |a,b].
(i) If forha € C the function f — Aol is Lipschitzian with the constant Ly > 0 on

[a,b], then
fla)+f(b
[ s

(4.3) 5

(b—a) Lo.

pM»—'

(ii) If for A1, A2 € C the function f—A1{ is Lipschitzian with the constant L1 > 0
on [a, %H’] and f — A3l is Lipschitzian with the constant Lz > 0 on [“Tﬂ’,b] , then

f(a;b)+;<bamm>b_la/ffw

<i(L1;L3>(b—a).

(iti) If for A, Xa, A3 € C the function f — A\i{ is Lipschitzian with the con-
stant L1 > 0 on [a, 3a4+b] , f — Aol is Lipschitzian with the constant Lo > 0 on
[%, %?’b] and f — A3l is Lipschitzian with the constant Lz > 0 on [“f’b,b} ,

then
s 1)+ ()] +312<b—a><A3—A1>—b_1a/abf<t>dt

1 1
S 16( L1+L2+ L3> (bfa).

(4.4)

(4.5)

Remark 3. We have the following particular cases of interest.
If for some A € C the function f — M is Lipschitzian with the constant Ly > 0
on [a,b], then

(4.6) ’f(aer)—/f t)dt i (b —a)

and

(47) ;[ <3a+b) f<az3b>}_bia/abf(t)dt
<1

Ly(b—a).

OO

The following lemma may be stated:
Lemma 3. Let u: [a,b] — R and [,L € R with L > I. The following statements
are equivalent:
(i) The function u—EL e, where e (t) =t, t € [a,b] is § (L — )-Lipschitzian;
(ii) We have the inequal@tzes
t —
(4.8) 1< M < L foreach t,s € [a,b] with t+#s;
—s
(iii) We have the inequalities

(49) I(t—s)<u(t)—u(s)<L(t—s) foreach t,s¢€a,b] with t> s.

Following [28], we can introduce the definition of (I, L)-Lipschitzian functions:
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Definition 1. The function u : [a,b] — R which satisfies one of the equivalent
conditions (i) — (iii) from Lemma 3 is said to be (I, L)-Lipschitzian on [a,b].

If L >0 and !l = —L, then (—L, L) — Lipschitzian means L-Lipschitzian in the
classical sense.

Utilising Lagrange’s mean value theorem, we can state the following result that
provides examples of (I, L)-Lipschitzian functions.

Proposition 3. Let u : [a,b] — R be continuous on [a,b] and differentiable on
(a,0). If —oo <l = infie(ap) ' (t) and sup,e(,p) v (t) = L < oo, then u is (I, L)-
Lipschitzian on [a,b].

As consequences of the inequalities (4.6) and (4.7) for real valued functions we
can state the following result.

Proposition 4. Let I,L € R with L > [ and f : [a,b] — R an (I, L)-Lipschitzian
function on [a,b], then

a+b 1 b 1
4.10 — t)dt| < = (L—-1)(b—
(4.10) C S R RICL BRI
and
1 3a+b a-+3b 1P
4.11 - — t)dt
(111) s 1) ()] - [ e
<rtioz-vo-a
— (L — —a).
— 16
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