
PERTURBED COMPANIONS OF OSTROWSKI�S INEQUALITY
FOR FUNCTIONS OF BOUNDED VARIATION

S. S. DRAGOMIR1;2

Abstract. A perturbed companion of Ostrowski�s inequality for functions of
bounded variation and applications are given.

1. Introduction

In [16], the author obtained the following companion of Ostrowski�s inequality
[29]:

Theorem 1. Assume that the function f : [a; b] ! C is of bounded variation on
[a; b] : Then we have the inequalities:�����12 [f (x) + f (a+ b� x)]� 1
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�
; where

Wd
c (f) denotes the total variation of f on [c; d] : The

constant 14 is best possible in the �rst branch of the second inequality in (1.1).

The following trapezoid inequality holds.

Corollary 1. With the assumptions in Theorem 1, one has the trapezoid inequality

(1.2)
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The constant 12 is best possible in (1.2).

The inequality (1.2) was �rst proved in a di¤erent manner in [9].
The following midpoint inequality also holds.

Corollary 2. With the assumptions in Theorem 1, one has the midpoint inequality

(1.3)
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f (t) dt

����� � 1
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The constant 12 is best possible in (1.3).

The inequality (1.3) was �rstly proved in a di¤erent manner in [10].
The best inequality we may get from Theorem 1 on using the bound provided

by the �rst branch in the second inequality in (1.1) is incorporated in the following
corollary.

Corollary 3. With the assumptions in Theorem 1, one has the inequality:

(1.4)
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The constant 14 is best possible.

For a monograph devoted to Ostrowski type inequalities, see [22].
For research papers on Ostrowski�s inequality see [1]-[21], [23]-[25] and [27].
The main aim of this paper is to provide some bounds for various perturbations

of the di¤erence
f (x) + f (a+ b� x)

2
� 1

b� a

Z b

a

f (t) dt;

where f is assumed to be a function of bounded variation on [a; b]. Particular
instances of interest are also given.

2. Some Identities

The following identity holds.

Lemma 1. Assume that f : [a; b]! C is a function of bounded variation on [a; b].
Then we have the equality

1

2
[f (x) + f (a+ b� x)] + 1

2
(x� a)2 �3 (x)� �1 (x)

b� a � 1
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(t� b) d [f (t)� �3 (x) t] ;

for any x 2
�
a; a+b2

�
and �i (x) ; i = 1; 2; 3 complex numbers.
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Proof. Using the integration by parts formula for Riemann-Stieltjes integrals, we
have Z x

a

(t� a) d [f (t)� �1 (x) t]
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x
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2

�
dt = 0

and Z b
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=
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f (t) dt+

1

2
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Summing the above equalities, we deduceZ x

a
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Z a+b�x
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2
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2
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1

2
[�3 (x)� �1 (x)] (x� a)2 ;

which is equivalent with the desired identity (2.1). �

The following particular cases are of interest:

Corollary 4. With the assumption of Lemma 1 we have the equalities

(2.2)
f (a) + f (b)

2
� 1
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Z b

a

f (t) dt =
1
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a

�
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2

�
d [f (t)� �2t] ;
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for any �1; �2; �3 2 C.

The following particular result with no parameter in the left hand term holds:

Corollary 5. Assume that f : [a; b] ! C is a function of bounded variation on
[a; b]. Then we have the equality

1

2
[f (x) + f (a+ b� x)]� 1

b� a

Z b

a

f (t) dt(2.5)

=
1

b� a

Z x

a

(t� a) d [f (t)� �1 (x) t]

+
1
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Z a+b�x

x

�
t� a+ b

2

�
d [f (t)� �2 (x) t]
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a+b�x
(t� b) d [f (t)� �1 (x) t] ;

for any x 2
�
a; a+b2

�
and �i (x) ; i = 1; 2 complex numbers.

Remark 1. We get from (2.3) the following particular case:

f

�
a+ b

2

�
� 1
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f (t) dt(2.6)

=
1
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Z a+b
2

a
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1
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2

(t� b) d [f (t)� �1t] ;
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for any �1 2 C, while from (2.4) we get

1

2

�
f

�
3a+ b
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�
+ f

�
a+ 3b

4
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a

f (t) dt(2.7)

=
1
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Z 3a+b
4

a

(t� a) d [f (t)� �1t]

+
1
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Z a+3b
4

3a+b
4

�
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2

�
d [f (t)� �2t]

+
1
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Z b

a+3b
4

(t� b) d [f (t)� �1t] ;

for any �1; �2 2 C:

3. Inequalities for Functions of Bounded Variation

The following lemma will be used in the sequel and is of interest in itself as well
[2, p. 177]. For a simple proof see [18].

Lemma 2. Let f; u : [a; b] ! C. If f is continuous on [a; b] and u is of bounded
variation on [a; b] ; then the Riemann-Stieltjes integral

R b
a
f (t) du (t) exists and

(3.1)

�����
Z b

a

f (t) du (t)

����� �
Z b

a

jf (t)j d
 

t_
a

(u)

!
� max

t2[a;b]
jf (t)j

b_
a

(u) :

We denote by ` : [a; b] ! [a; b] the identity function, namely ` (t) = t for any
t 2 [a; b] :
We have the following result:

Theorem 2. Let f : [a; b] ! C be a function of bounded variation on [a; b] : Then
we have the inequalities�����12 [f (x) + f (a+ b� x)] + 12 (x� a)2 �3 (x)� �1 (x)b� a � 1

b� a

Z b

a

f (t) dt

�����(3.2)

� 1

b� a

"Z x

a

 
x_
t

(f � �1 (x) `)
!
dt+

Z a+b
2

x

 
t_
x

(f � �2 (x) `)
!
dt

+

Z a+b�x

a+b
2

 
a+b�x_

t

(f � �2 (x) `)
!
dt+

Z b

a+b�x

 
t_

a+b�x
(f � �3 (x) `)

!
dt

#

� 1

b� a

"
(x� a)

x_
a

(f � �1 (x) `) +
�
a+ b

2
� x
� a+b�x_

x

(f � �2 (x) `)

+ (x� a)
b_

a+b�x
(f � �3 (x) `)

#
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�

8>>>>>>>>>>><>>>>>>>>>>>:

"
1

4
+

�����x� 3a+b
4

b� a

�����
#

�
hWx

a (f � �1 (x) `) +
Wa+b�x
x (f � �2 (x) `) +

Wb
a+b�x (f � �3 (x) `)

i
x+ b�3a

2

b� a
�max

nWx
a (f � �1 (x) `) ;

Wa+b�x
x (f � �2 (x) `) ;

Wb
a+b�x (f � �3 (x) `)

o

for any x 2
�
a; a+b2

�
and �i (x) ; i = 1; 2; 3 complex numbers.

Proof. Taking the modulus on (2.1) and making use of (3.1), we have

�����12 [f (x) + f (a+ b� x)] + 12 (x� a)2 �3 (x)� �1 (x)b� a � 1

b� a

Z b

a

f (t) dt

�����(3.3)

� 1

b� a

Z x

a

(t� a) d
 

t_
a

(f � �1 (x) `)
!

+
1

b� a

Z a+b�x

x

����t� a+ b2
���� d
 

t_
a

(f � �2 (x) `)
!

+
1

b� a

Z b

a+b�x
(b� t) d

 
t_
a

(f � �3 (x) `)
!
:

Integrating by parts in the Riemann-Stieltjes integral, we have

Z x

a

(t� a) d
 

t_
a

(f � �1 (x) `)
!

= (t� a)
t_
a

(f � �1 (x) `)
�����
x

a

�
Z x

a

t_
a

(f � �1 (x) `) dt

= (x� a)
x_
a

(f � �1 (x) `)�
Z x

a

t_
a

(f � �1 (x) `) dt

=

Z x

a

 
x_
t

(f � �1 (x) `)
!
dt:
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Also

Z a+b�x

x

����t� a+ b2
���� d
 

t_
a

(f � �2 (x) `)
!

=

Z a+b
2

x

�
a+ b

2
� t
�
d

 
t_
a

(f � �2 (x) `)
!

+

Z a+b�x

a+b
2

�
t� a+ b

2

�
d

 
t_
a

(f � �2 (x) `)
!

=

�
a+ b

2
� t
� t_

a

(f � �2 (x) `)
!�����

a+b
2

x

+

Z a+b
2

x

 
t_
a

(f � �2 (x) `)
!
dt

+

�
t� a+ b

2

� t_
a

(f � �2 (x) `)
!�����

a+b�x

a+b
2

�
Z a+b�x

a+b
2

 
t_
a

(f � �2 (x) `)
!
dt

=

Z a+b
2

x

 
t_
a

(f � �2 (x) `)
!
dt�

�
a+ b

2
� x
� x_

a

(f � �2 (x) `)
!

+

�
a+ b

2
� x
� a+b�x_

a

(f � �2 (x) `)
!
�
Z a+b�x

a+b
2

 
t_
a

(f � �2 (x) `)
!
dt

=

Z a+b�x

a+b
2

 
a+b�x_

t

(f � �2 (x) `)
!
dt+

Z a+b
2

x

 
t_
x

(f � �2 (x) `)
!
dt

and

Z b

a+b�x
(b� t) d

 
t_
a

(f � �3 (x) `)
!

= (b� t)
 

t_
a

(f � �3 (x) `)
!�����

b

a+b�x

+

Z b

a+b�x

 
t_
a

(f � �3 (x) `)
!
dt

=

Z b

a+b�x

 
t_
a

(f � �3 (x) `)
!
dt� (b� (a+ b� x))

 
a+b�x_
a

(f � �3 (x) `)
!

=

Z b

a+b�x

 
t_

a+b�x
(f � �3 (x) `)

!
dt:

Making use of (3.3) we deduce the �rst inequality in (3.2).
Since

Z x

a

 
x_
t

(f � �1 (x) `)
!
dt � (x� a)

x_
a

(f � �1 (x) `) ;
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Z a+b�x

a+b
2

 
a+b�x_

t

(f � �2 (x) `)
!
dt+

Z a+b
2

x

 
t_
x

(f � �2 (x) `)
!
dt

�
�
a+ b

2
� x
� a+b�x_

a+b
2

(f � �2 (x) `) +
�
a+ b

2
� x
� a+b

2_
x

(f � �2 (x) `)

=

�
a+ b

2
� x
� a+b�x_

x

(f � �2 (x) `)

and

Z b

a+b�x

 
t_

a+b�x
(f � �3 (x) `)

!
dt � (x� a)

b_
a+b�x

(f � �3 (x) `) ;

the second inequality is also proved.
The last inequality is obvious by the maximum properties. �

The following midpoint and trapezoid type inequalities hold:

Corollary 6. Let f : [a; b]! C be a function of bounded variation on [a; b] : Then
we have the inequalities

�����f (a) + f (b)2
� 1

b� a

Z b

a

f (t) dt

�����(3.4)

� 1

b� a

"Z a+b
2

a

 
t_
a

(f � �2`)
!
dt+

Z b

a+b
2

 
b_
t

(f � �2`)
!
dt

#

� 1

2

b_
a

(f � �2`) ;

�����f
�
a+ b

2

�
+
1

8
(b� a) (�3 � �1)�

1

b� a

Z b

a

f (t) dt

�����(3.5)

� 1

b� a

24Z a+b
2

a

0@ a+b
2_
t

(f � �1`)

1A dt+ Z b

a+b
2

0@ t_
a+b
2

(f � �3`)

1A dt
35

� 1

2

24 a+b
2_
a

(f � �1`) +
b_

a+b
2

(f � �3`)

35
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and �����12
�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
+
1

32
(b� a) (�3 � �1)�

1

b� a

Z b

a

f (t) dt

�����(3.6)

� 1

b� a

24Z 3a+b
4

a

0@ 3a+b
4_
t

(f � �1`)

1A dt+ Z a+b
2

3a+b
4

0@ t_
3a+b
4

(f � �2`)

1A dt
+

Z a+3b
4

a+b
2

0@ a+3b
4_
t

(f � �2`)

1A dt+ Z b

a+3b
4

0@ t_
a+3b
4

(f � �3`)

1A dt
35

� 1

4

24 3a+b
4_
a

(f � �1`) +
a+3b
4_

3a+b
4

(f � �2`) +
b_

a+3b
4

(f � �3`)

35
for any �1; �2; �3 2 C.

Corollary 7. Assume that f : [a; b] ! C is a function of bounded variation on
[a; b]. Then we have the inequalities�����12 [f (x) + f (a+ b� x)]� 1

b� a

Z b

a

f (t) dt

�����(3.7)

� 1

b� a

"Z x

a

 
x_
t

(f � �1 (x) `)
!
dt+

Z a+b
2

x

 
t_
x

(f � �2 (x) `)
!
dt

+

Z a+b�x

a+b
2

 
a+b�x_

t

(f � �2 (x) `)
!
dt+

Z b

a+b�x

 
t_

a+b�x
(f � �1 (x) `)

!
dt

#

� 1

b� a

"
(x� a)

x_
a

(f � �1 (x) `) +
�
a+ b

2
� x
� a+b�x_

x

(f � �2 (x) `)

+ (x� a)
b_

a+b�x
(f � �1 (x) `)

#

�

8>>>>>>>>>>><>>>>>>>>>>>:

"
1

4
+

�����x� 3a+b
4

b� a

�����
#

�
hWx

a (f � �1 (x) `) +
Wa+b�x
x (f � �2 (x) `) +

Wb
a+b�x (f � �1 (x) `)

i
x+ b�3a

2

b� a
�max

nWx
a (f � �1 (x) `) ;

Wa+b�x
x (f � �2 (x) `) ;

Wb
a+b�x (f � �1 (x) `)

o
for any x 2

�
a; a+b2

�
and �i (x) ; i = 1; 2; complex numbers.
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Remark 2. We have the particular inequalities of interest

�����f
�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt

�����(3.8)

� 1

b� a

24Z a+b
2

a

0@ a+b
2_
t

(f � �1`)

1A dt+ Z b

a+b
2

0@ t_
a+b
2

(f � �1`)

1A dt
35

� 1

2

b_
a

(f � �1`)

and

�����12
�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
� 1

b� a

Z b

a

f (t) dt

�����(3.9)

� 1

b� a

24Z 3a+b
4

a

0@ 3a+b
4_
t

(f � �1`)

1A dt+ Z a+b
2

3a+b
4

0@ t_
3a+b
4

(f � �2`)

1A dt
+

Z a+3b
4

a+b
2

0@ a+3b
4_
t

(f � �2`)

1A dt+ Z b

a+3b
4

0@ t_
a+3b
4

(f � �1`)

1A dt
35

� 1

4

24 3a+b
4_
a

(f � �1`) +
a+3b
4_

3a+b
4

(f � �2`) +
b_

a+3b
4

(f � �1`)

35
for any �1; �2 2 C.
If we take �1 = �2 = �; then we get

�����12
�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
� 1

b� a

Z b

a

f (t) dt

�����(3.10)

� 1

b� a

24Z 3a+b
4

a

0@ 3a+b
4_
t

(f � �`)

1A dt+ Z a+b
2

3a+b
4

0@ t_
3a+b
4

(f � �`)

1A dt
+

Z a+3b
4

a+b
2

0@ a+3b
4_
t

(f � �`)

1A dt+ Z b

a+3b
4

0@ t_
a+3b
4

(f � �`)

1A dt
35

� 1

4

"
b_
a

(f � �`)
#

for any �1; �2 2 C.
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From (3.8) we deduce the simpler inequality�����f
�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt

�����(3.11)

� 1

b� a

Z b

a

������
a+b
2_
t

(f � �`)

������ dt � 1

2

b_
a

(f � �`)

while from (3.10) we get�����12
�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
� 1

b� a

Z b

a

f (t) dt

�����(3.12)

� 1

b� a

24Z a+b
2

a

������
3a+b
4_
t

(f � �`)

������ dt+
Z b

a+b
2

0@������
a+3b
4_
t

(f � �`)

������
1A dt

35
� 1

4

b_
a

(f � �`)

for any � 2 C.

We can state the following result.

Proposition 1. Assume that f : [a; b] ! C is a function of bounded variation on
[a; b]. If there exists the constants 
;� 2 C such that

b_
a

�
f � 
 + �

2
`

�
� 1

2
j�� 
j ;

then �����f
�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt

����� � 1

4
j�� 
j

and �����12
�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
� 1

b� a

Z b

a

f (t) dt

����� � 1

8
j�� 
j :

The inequalities follow by (3.11) and (3.12).

Proposition 2. Assume that f : [a; b] ! C is a function of bounded variation on
[a; b]. If for some � 2 C the cumulative variation function V� : [a; b]! [0;1);

V� (t) :=
t_
a

(f � �`)

is Lipschitzian with the constant L
 > 0; then

(3.13)

�����f
�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt

����� � 1

4
L
 (b� a)

and

(3.14)

�����12
�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
� 1

b� a

Z b

a

f (t) dt

����� � 1

8
L
 (b� a) :
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Proof. From (3.11) we have�����f
�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt

�����
� 1

b� a

Z b

a

������
a+b
2_
t

(f � �`)

������ dt = 1

b� a

Z b

a

����V��a+ b2
�
� V� (t)

���� dt
� L

b� a

Z b

a

����a+ b2 � t
���� dt = 1

4
L
 (b� a)

and the inequality (3.13) is proved.
From (3.12) we have�����12

�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
� 1

b� a

Z b

a

f (t) dt

�����
� 1

b� a

24Z a+b
2

a

������
3a+b
4_
t

(f � �`)

������ dt+
Z b

a+b
2

0@������
a+3b
4_
t

(f � �`)

������
1A dt

35
=

1

b� a

"Z a+b
2

a

����V��3a+ b4

�
� V� (t)

���� dt
+

Z b

a+b
2

�����V��a+ 3b4

�
� V� (t)

����� dt
#

� L

b� a

"Z a+b
2

a

����3a+ b4
� t
���� dt+ Z b

a+b
2

�����a+ 3b4
� t
����� dt

#

=
L

b� a

"Z a+b
2

a

����3a+ b4
� t
���� dt+ Z b

a+b
2

�����a+ 3b4
� t
����� dt

#

=
L

b� a

�
1

16
(b� a)2 + 1

16
(b� a)2

�
=
L

8
(b� a)

and the inequality (3.14) is proved. �

4. Inequalities for Lipschitzian Functions

We say that a function f : [c; d] ! C is Lipschitzian with a constant L > 0 on
the interval [c; d] if

jf (t)� f (s)j � L jt� sj

for any t; s 2 [c; d] :

Theorem 3. Let f : [a; b] ! C be a bounded function on [a; b]. For x 2
�
a; a+b2

�
and �i (x) ; i = 1; 2; 3 complex numbers, assume that f � �1 (x) ` is Lipschitzian
with the constant L1 (x) > 0 on [a; x] ; f � �2 (x) ` with the constant L2 (x) > 0 on
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[x; a+ b� x] and f � �3 (x) ` with the constant L3 (x) > 0 on [a+ b� x; b] ; then�����12 [f (x) + f (a+ b� x)] + 12 (x� a)2 �3 (x)� �1 (x)b� a � 1

b� a

Z b

a

f (t) dt

�����(4.1)

� 1

(b� a)

"
1

2
(x� a)2 L1 (x) +

�
x� a+ b

2

�2
L2 (x) +

1

2
(x� a)2 L3 (x)

#

�

241
8
+ 2

 
x� 3a+b

4

b� a

!235 (b� a)max fL1 (x) ; L2 (x) ; L3 (x)g :
Proof. It is known that if g : [c; d] ! C is Riemann integrable on [c; d] and u :
[c; d] ! C is Lipschitzian with the constant L > 0, then the Riemann-Stieltjes
integral

R b
a
f (t) du (t) exists and we have the inequality

(4.2)

�����
Z b

a

f (t) du (t)

����� � L
Z b

a

jf (t)j dt:

Taking the modulus in (2.1) and using the property (4.2) we have�����12 [f (x) + f (a+ b� x)] + 12 (x� a)2 �3 (x)� �1 (x)b� a � 1

b� a

Z b

a

f (t) dt

�����
� 1

b� a

����Z x

a

(t� a) d [f (t)� �1 (x) t]
����

+
1

b� a

�����
Z a+b�x

x

�
t� a+ b

2

�
d [f (t)� �2 (x) t]

�����
+

1

b� a

�����
Z b

a+b�x
(t� b) d [f (t)� �3 (x) t]

�����
� 1

b� aL1 (x)
Z x

a

(t� a) dt+ 1

b� aL2 (x)
Z a+b�x

x

����t� a+ b2
���� dt

+
1

b� aL3 (x)
Z b

a+b�x
(b� t) dt

=
1

(b� a)

"
1

2
(x� a)2 L1 (x) +

�
x� a+ b

2

�2
L2 (x) +

1

2
(x� a)2 L3 (x)

#
;

which proves the �rst inequality in (4.1).
Since

1

2
(x� a)2 L1 (x) +

�
x� a+ b

2

�2
L2 (x) +

1

2
(x� a)2 L3 (x)

�
"
1

2
(x� a)2 +

�
x� a+ b

2

�2
+
1

2
(x� a)2

#
max fL1 (x) ; L2 (x) ; L3 (x)g

=

241
8
+ 2

 
x� 3a+b

4

b� a

!235 (b� a)max fL1 (x) ; L2 (x) ; L3 (x)g ;
the last part of (4.1) is also proved. �
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Corollary 8. Let f : [a; b]! C be a bounded function on [a; b].
(i) If for�2 2 C the function f ��2` is Lipschitzian with the constant L2 > 0 on

[a; b] ; then

(4.3)

�����f (a) + f (b)2
� 1

b� a

Z b

a

f (t) dt

����� � 1

4
(b� a)L2:

(ii) If for �1; �2 2 C the function f��1` is Lipschitzian with the constant L1 > 0
on
�
a; a+b2

�
and f � �3` is Lipschitzian with the constant L3 > 0 on

�
a+b
2 ; b

�
; then�����f

�
a+ b

2

�
+
1

8
(b� a) (�3 � �1)�

1

b� a

Z b

a

f (t) dt

�����(4.4)

� 1

4

�
L1 + L3
2

�
(b� a) :

(iii) If for �1; �2; �3 2 C the function f � �1` is Lipschitzian with the con-
stant L1 > 0 on

�
a; 3a+b4

�
; f � �2` is Lipschitzian with the constant L2 > 0 on�

3a+b
4 ; a+3b4

�
and f � �3` is Lipschitzian with the constant L3 > 0 on

�
a+3b
4 ; b

�
;

then �����12
�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
+
1

32
(b� a) (�3 � �1)�

1

b� a

Z b

a

f (t) dt

�����(4.5)

� 1

16

�
1

2
L1 + L2 +

1

2
L3

�
(b� a) :

Remark 3. We have the following particular cases of interest.
If for some � 2 C the function f � �` is Lipschitzian with the constant L� > 0

on [a; b] ; then

(4.6)

�����f
�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt

����� � 1

4
L� (b� a)

and �����12
�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
� 1

b� a

Z b

a

f (t) dt

�����(4.7)

� 1

8
L� (b� a) :

The following lemma may be stated:

Lemma 3. Let u : [a; b] ! R and l; L 2 R with L > l: The following statements
are equivalent:

(i) The function u� l+L
2 � e; where e (t) = t; t 2 [a; b] is 1

2 (L� l)-Lipschitzian;
(ii) We have the inequalities

(4.8) l � u (t)� u (s)
t� s � L for each t; s 2 [a; b] with t 6= s;

(iii) We have the inequalities

(4.9) l (t� s) � u (t)� u (s) � L (t� s) for each t; s 2 [a; b] with t > s:

Following [28], we can introduce the de�nition of (l; L)-Lipschitzian functions:
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De�nition 1. The function u : [a; b] ! R which satis�es one of the equivalent
conditions (i) �(iii) from Lemma 3 is said to be (l; L)-Lipschitzian on [a; b] :
If L > 0 and l = �L; then (�L;L)�Lipschitzian means L-Lipschitzian in the

classical sense.

Utilising Lagrange�s mean value theorem, we can state the following result that
provides examples of (l; L)-Lipschitzian functions.

Proposition 3. Let u : [a; b] ! R be continuous on [a; b] and di¤erentiable on
(a; b) : If �1 < l = inft2(a;b) u

0 (t) and supt2(a;b) u
0 (t) = L < 1; then u is (l; L)-

Lipschitzian on [a; b] :

As consequences of the inequalities (4.6) and (4.7) for real valued functions we
can state the following result.

Proposition 4. Let l; L 2 R with L > l and f : [a; b] ! R an (l; L)-Lipschitzian
function on [a; b] ; then

(4.10)

�����f
�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt

����� � 1

8
(L� l) (b� a)

and �����12
�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
� 1

b� a

Z b

a

f (t) dt

�����(4.11)

� 1

16
(L� l) (b� a) :
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