Received 08/02/14

COMPANIONS OF HERMITE-HADAMARD INEQUALITY FOR
CONVEX FUNCTIONS (I)

S. S. DRAGOMIRY2AND I. GOMM!

ABsTRACT. Companions of Hermite-Hadamard inequalities for convex func-
tions defined on the positive axis in the case when the integral has the weight
t%, t > 0 are given. Applications for special means are provided as well.

1. INTRODUCTION

The following integral inequality

b
(1) 150 <52, | r@as KO,

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, for which we would like to refer the reader to the
papers [1] — [60] and the references therein.

In this paper we establish some companions of Hermite-Hadamard inequalities
for convex functions defined on the positive axis in the case when the integral has
the weight t%, t > 0. Applications for special means are provided as well.

2. THE RESULTS

The following result holds:

Theorem 1. Let f : [a,b] C (0,00) — R be a convex function on [a,b], then we
have the inequalities

(2.1) GZ(a D) zb_a/a ﬁf(t)dtZW’
where
H{(p.q) = $ G (p,q) = v/pq and A (p,q) :=p;q

p ' q
are the Harmonic, Geometric and Arithmetic means, respectively.
If the function f is concave, then the inequalities (2.1) reverse.
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2 DRAGOMIR & GOMM

Proof. Let  := $ < 1 :=y and consider the function ¢ : [z,y] — R defined by

(1) = tf (1) |

If 1,5 € [z,9] and o, 8 > 0 with « + 8 = 1 then by the convexity of f we have

¢ (aty + B) = (at1 + Bta) f (Oatrlkﬂtg)

= (ati + Bt2) f (M)

atl.zfll+ﬂt2't12>

= (aty + Bta) f ( oty + Bl

atrf (&) +Btaf ()
aty + Bty

atyf (f) + Blaf (j) — ap(t) + e (ts).

which shows that the function ¢ is convex on [z,y] .
Now, if we write the Hermite-Hadamard inequality for the function ¢ on the
interval [z,y], namely

w(a:);rtp(y) > ylx/xy@(t)dtZ‘P(m;y)’

< (aty + Bta)

then we have

1 1 1 1 Y 1 T+y 2
a{xf(m)ﬂf(yﬂzyz/m’ff<t>dt2 2 f(z+y)

that is equivalent with

L[f®)  f(a) ab [« . (1 a+b, [ 2ab
(22) 2{ b T a }Zb—a/i tf<t)dt2 2abf<a+b>’

since r = % < % =y, which is an inequality of interest in itself.
However, if we make the change of variable s = % in the integral from (2.2), then

we get
S| b
/l tf <t> dt = /a 373 (S) dS

b

and from (2.2) we deduce the desired result (2.1). O

The following reverses of (2.1) also hold:

Theorem 2. Let [ : [a,b] C (0,00) — R be a convex function on [a,b], then we
have the inequalities

A f(aa)7f(b> ) by
(2.3) 0< (G2(a,,b; ) b—a/a L
b—a
< é(ﬂ( b) [bf—/i- (b) —afl (a)*f(b)wa(a)],
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1 b f(H (a,b))
(24) 0= b—a/a 3 (t)dt_H(a,b)GQ(a,b)
1 b—a

< §Gi@p LA —afl (@)~ (O)+ [ (@)

Proof. We use the following reverses of the Hermite-Hadamard inequalities

e 0<20EEW L Fogasiw-a) [ @ -1 @), 1

and

2o o<t [Tewa-p("3Y) < g2 7 o)~ @) 1

where ¢ is convex on [z,y], f' (y), f (x) are the lateral derivatives assumed to be

finite and the constant é is sharp in both inequalities.

Observe that if ¢ (t) =tf (1), then

do=1(3)-17(3):

By the inequality (2.5) we have
anast oo ()] [ ()
vab Q)b () () )

If we take z = § < 1 =y in (2.7), then we get

<

ol — N

b sty ()
< Tt @ = (@) = £ (8)+ b1 )]

which is equivalent to (2.3).
The inequality (2.4) follows in a similar way from (2.6) and the details are omit-
ted. O

Remark 1. We observe that the second inequality in (2.8) is equivalent to

(2.9 1 V(b) (252) + £ (0 W)] [k

2 a2b? b—a

< o b4 )~ af” @),

while the second inequality in (2.4) can be written as

b a "

1 b—a , ,
< ém [bf+ (b) —afl (a)} .



4 DRAGOMIR & GOMM

3. APPLICATIONS FOR SPECIAL MEANS

Let us recall the following means :
(1) The arithmetic mean

a+b
5

A= A(a,b):= a,b>0;

(2) The geometric mean:
GzG(a,b):z\/%, a,b>0;

(3) The harmonic mean:

2
H = H (a,b) := T a,b>0;
ath
(4) The logarithmic mean:
a ifa=10
L=1L(a,b):= b—a ot a,b > 0;
Inb—1Ina
(5) The identric mean:
a ifa=5
I:=1(a,b)= L/ L a,b>0;
- (> ifa#b
e \ a?
(6) The p-logarithmic mean:
1
pptl _ gptl } D
—_— if a # b;
L, =1L, (a,b):= {(p+ 1) (b—a)
a ifa=0»

where p € R\ {-1,0} and a,b > 0.

It is well known that L,, is monotonic nondecreasing over p € R with L_; := L
and Lo := 1.
In particular, we have the inequalities

(3.1) H<GLSL<LI<A
We can state the following proposition:

Proposition 1. For any 0 < a < b we have

(3.2) G? > LH,
3.3 0< — <-(b—a) —
AL - G? ib 22’;
and
1 AL
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Proof. If we write the inequality (2.1) for the convex function f : [a,b] — (0,00),
f (t) = t? then we get

Ala,b) < Inb—Ina < H (a,b)

G?(a,b) = b—a ~ G%(a,b)’

ie.
(3.5) LA>G?*>LH.
The first inequality is trivial by (3.1) so we keep only the second inequality.
If we use the inequality (2.3) for f : [a,b] — (0,00), f (t) = t? then we get
Al(a,b) 1 1 b—a ,5 o 1 2 A(a,b)
0< — <= — =_(b-— =
= G2 (a,b)  L(a,b) — 8GH(a,b) (0 —a?) = (b-a) G (a, b)
which is equivalent to (3.3).
If we use the inequality (2.4) for f : [a,b] — (0,00), f (t) = t2, then we get

1 H(a,b) 1 2 Al(a,b)
< - <Z(b-
0 Twn o =109 Gy
which is equivalent to (3.4). O

‘We also have:

Proposition 2. For any 0 < a <b andp € (—00,0) U (1,00) \ {2,3} we have

A(aP=t P71 _ HP 1 (a,b)

. S > pr? > ’

>0 CINDE AT
A (Pt P 1) ~ 1 (b—a)® ,_

) < _C ) pp2 <>(p— p—1
(3.7) 0< ) L, 5 (a,b) < 5 (p 1)pG4 @b Ly~ (a,b)
and

HP=1 (a,b) —a)?

(3.8) 0< LIP3 (a,b) —

Proof. Consider the function f : [a,b] — (0,00), f(t) = t? with p € (—o0,0) U
(1,00) \ {2,3}, then f is convex on [a,b] and if we apply the inequality (2.1), we
get

L i I T HP"! (a,b)
. i > 3> —
(3:9) o) - b—a/a = "G (ab)

Since

1 b
— / P=3dt = L3 (a,b) ,

then we get from (3.9) the desired result (3.6).
By the inequality (2.3) we have

A a1 )

-2
§ G2 (a, b) - L272 (a7 b)
1 b-—a ., 1 (b—a)? -1
§§G4(a,b) (b 70’):g(pil)qu(a’b)Lpfl(a’vb)’

which proves (3.7).
The inequality (3.8) follows by (2.4). O
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