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PERTURBED COMPANIONS OF OSTROWSKI’S INEQUALITY
FOR ABSOLUTELY CONTINUOUS FUNCTIONS (I)

S. S. DRAGOMIR!:2

ABSTRACT. Perturbed companions of Ostrowski’s inequality for absolutely
continuous functions whose derivatives are either bounded or of bounded vari-
ation and applications are given.

1. INTRODUCTION

In [16] we established the following companion of Ostrowski inequality [26] for
Lebesgue sup-norm:

Theorem 1. Let f : [a,b] — R be an absolutely continuous function on [a,b]. If
f' € Ly [a,b], then we have the inequalities
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or any x € [a, 2] | where
Y 2

191l ¢.),00 == €55 sup |g(s)].
te(c,d]

The inequality (1.1), the first inequality in (1.1) and the constant % are sharp.

If in Theorem 1 we choose = = a, then we get

fla+fm) 1 [ 1 /
(12) ‘ el UL RS OS] T
with 1 as a sharp constant (see for example [20, p. 25]).
If in the same theorem we now choose z = ‘LT'H’, then we get

IN
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(13) ‘f(a;b)—b_lcl/abf(t)dt : 2

IN

1
1 (b—a) ||f/||[a,b],oo

with the constants é and i being sharp. This result was obtained in [15] by a
different argument.
It is natural to consider the following corollary.

Corollary 1. With the assumptions in Theorem 1, one has the inequality:

;{f <3a2—b>+f<a—z3b)] —bia/abf(t)dt

The constant % 1s best possible in the sense that it cannot be replaced by a smaller
quantity.

1
(1.4) <3 (0= a) [1f'll 0,500 -

In the same paper [16] we established the corresponding inequalities for Lebesgue
p-norms with p > 1 as well as have provided some applications for cumulative
distribution functions and some quadrature rules.

For a monograph devoted to Ostrowski type inequalities, see [20].

For research papers on Ostrowski’s inequality see [1]-[19], [21]-[23] and [25].

Motivated by the above results, we investigate in this paper some perturbed
versions of the inequality (1.1). Applications for cumulative distribution function
are provided as well.

2. SOME IDENTITIES

The following identity holds.
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Lemma 1. Assume that f : [a,b] — C is an absolutely continuous function on
[a,b]. Then we have the equality

3 X)) — A1 (X b
R L R e =l UL

_ bia/j(ta)[f/(t))\l(x)]dt

bia /:H)_z (t— a;b) [f' (£) — A2 (z)] dt

1 b ,
tita [ aenlr o -x@l

_|_

or any = € [a, %] and \; (z), j = 1,2,3 complex numbers.
Y 2 J

Proof. Using the integration by parts formula for Lebesgue integral, we have
[ -l 0-n@la
:/m(t—a)f’(t)dt—)\l(m)/m(t—a)dt
G- f@- [ 0= 0@ e

[T e
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— fla+b—2) (“‘2”’—:5> () (x—a‘z”’) —/:er_xf(t)dt,

since, by symmetry
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Summing the above equalities, we deduce

[fa-aro-x@ias [T (-0 10 - nea

b
+/ (t—b) [ (£) — s (x)] dt

+b—x

+ fla+b- b 1
= 0— o) LI ZD [Py ars L Do) 3 @) o= o)
which is equivalent with the desired identity (2.1). O

The following particular cases are of interest:

Corollary 2. With the assumption of Lemma 1 we have the equalities

b b
(2.2) f(a);f(b)_bia/f(t)dt:ﬁ (t—aH))[f'(t)—/\z]dt,

2
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(2.3) f( ;b)+;(ba)(>\3)\1)bia/ F(t)dt
ot .
:bia/ (t—a)[f' ()~ Mldi+ = [ =) () - A,
and
b
en 3l (2F) ()] g0 -5 [0
- [ T e—aro-aa
57 fon (25 O -l

b
- / (t—B)[f (1) — Ns)dt

b—a Ja+tsb

4
for any A1, Ao, A3 € C.
The following particular result with no parameter in the left hand term holds:

Corollary 3. Assume that f : [a,b] — C is absolutely continuous on [a,b]. Then
we have the equality

b
(25) SU@+ferb-o)- o [ roa
1

— b_a/:(t—a)[f’(t)—Al(x)]dt

a+b—x a
s [ () 0 - e

b
41 / (t=b)[f (£) = A1 ()] dt,

b—a +b—=z

for any x € [a, ‘%H’] and \; (z),1=1,2 complex numbers.
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Remark 1. We get from (2. 3’) the following particular case:

(26) f (a+b)

a+b
1

:b_a/a (t—a)[f (t) dt+—/ (t— ) [ (t) — M) dt,

for any Ay € C, while from (2.4) we get
3a+0b a—+3b 1 b
(2.7) 2{f< ) >+f< 1 )]b_a/af(t)dt
/ (t—a) [f (£) — M] dt

b—a/ N (t a;")[f (0) — Aol dt

3a+b
4

b
+bia/, (t_b)[f,(t)—/\l]dt

1+3b
4
for any A1, Ao € C.
3. INEQUALITIES FOR BOUNDED DERIVATIVES

Now, for v,I' € C and [a,b] an interval of real numbers, define the sets of
complex-valued functions

Ulay) (1,1)

= {f : [a,b] — C|Re {(F —f () (m —7)} > 0 for almost every ¢ € [a,b]}
and

Aoy (1) = { £ fatl €1 [ 0) -

The following representation result may be stated.

1+r
2

1
< §|I‘—'y| for a.e. t € [a,b]}.

Proposition 1. For any~,I' € C, v # I', we have that U[mb] (7,T) and A[a,b] (,T)
are nonempty, convexr and closed sets and

(3.1) Uap) (1, T) = Blapy (1, 1) -
Proof. We observe that for any z € C we have the equivalence
vy+T 1
— < 2T =
5| <5 T =7l

if and only if
Re[(T'—z2)(z—7)] > 0.
This follows by the equality

1 v+T 2 _
FIr =l = o - 55| =Rel(r =) G- )
that holds for any z € C.
The equality (3.1) is thus a simple consequence of this fact. |

On making use of the complex numbers field properties we can also state that:
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Corollary 4. For any ~,I' € C, v # I",we have that

(32) Uapy (v,T)={f:la,b] = C| (Rel' = Re f (t)) (Re f (t) — Re7)
+(ImT —Im f (¢)) (Im f (t) — Im~y) > 0 for a.e. t € [a,b]}.

Now, if we assume that Re (') > Re () and Im (T') > Im (v) , then we can define
the following set of functions as well:

(33)  Sany (D)= {f [0l = C | Re(T) > Ref (1) > Re(y)
and Im (T") > Im f (¢) > Im (y) for a.e. t € [a,b]}.

One can easily observe that S[a,b] (7,T) is closed, convex and

(3.4) 0 # Sjap) (1:T) C Upayy (7,1).

Theorem 2. Assume that f : [a,b] — C is an absolutely continuous function
on [a,b] and x € [a, “EL]. If there exists the complex numbers v; (x) # Ly (x),
7 =1,2,3 such that

(3-5) f1 € Ay (71 (), T1 (2)) N By app—a) (72 (), T2 ()
)5

N A[a-&-b—m,b] (73 (.’E) aFS (x)

then we have the inequality

a)? 22 () + T3 (2) =71 (2) =T (z)

2 4 b—a

b
e G

<1
“4(b—a)

(3.6) ‘1[f(x)+f(a+bz)]+1(z

llrl (#) =71 (@) (= = 0)" + 2|02 (2) = 75 ()] (a;b >

+ T3 (@) = 73 (@) (@ = 0)*]

Proof. Taking the modulus in the equality (2.1) written for

M) = DEEDE 6 -

s (2) + T3 (z)
2

Y2 (z) + 12 (@)
2 )

Az (z) =
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and utilizing the condition (3.5) we have

273 (¥) + T3 (2) — v (z) — ' (2)

U@+ @b+ e -a

b—a
—bia/abf(t)dt
< [ a-a |- 2Ry
+ﬁ ra+b—zt_a,—2|—b‘ f,(t)_wdt
+bia/aibw(b_t) f’(t)——73(x);r3(x) dt
< = T @ =71 @) (o =)
b @ @) (S —e)
+ = T @) =% @) =)
and the inequality (3.6) is proved. O

Corollary 5. Assume that f : [a,b] — C is an absolutely continuous function on
[a,b] and x € [a, “£2] . If there exists the complex numbers v (@) #j(x), j=1,2
such that

(3.7) f1 € Daa) (01 (), T1(2)) N Apato—a (V2 (), T2 (2))
N A[a—&-b—z,b] (71 (LE) ﬂFl (x)) )

then we have the inequality

b
(39 |§[f<x>+f<a+b—z>1—b_1a/ £ty di

<
—2(b—-a)

[Fl (z) =7 (@)| (@ — a)* + |T2 () — 7, (2)] (“‘2”’ —ac) ] .

Remark 2. Assume that [ : [a,b] — C is an absolutely continuous function on
[a, b] .
If there exists the complex numbers vy # Ty such that f' € Ay (v2,T'2), then

<< (b—a)[ly —7y.

ool —

b
(39) |;[f @+ 1) - 5= [ fod

If there exists the complex numbers v; # I'j, j = 1,3 such that

F1 € A ege) (1, T N Aage 4y (73, T3)
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then we have the inequality

b b
H(*57) g5 - 0@ty -Ti-a) - = [ e

(3.10)

1
< 1—6(b—a) [|F1—’Y1‘+|F3—73”~

In particular, if ' € Ay (v1,11) then

f(a;b>—b1a1ff®dt

If there exists the complex numbers v; # I';, j =1,2,3 such that
1€ Al s (71, T1) N Apaase axse) (Y2,T2) 0 Apasae 4 (73, Ts),

(3.11)

1
Sg(b_a)|]~—‘1_71|°

then
(3.12) ‘; [f <3a4+b> +f <a+43bﬂ + L (b= a) Tyt —Ti—m)

64
[

< @( —a)[[T1 = 71|+ 2 T2 — o + [T — 5] -

In particular, if 73 = v, and I's =T'1, then

;[f(3a2b> +f<a+43bﬂ bia/abf(t)dt

1
< 2= (b= ) [Ty =] + I3 — 3],

(3.13)

provided
7€ Bla,sug) (11T N Afsage e (72, T2) 1 Aagie ) (00, T).
Moreover, if f' € Ajg ) (71,11) then

;[f(‘sa:b) +f<a—il—13b>} —bia/abf(t)dt

1
< 5 0—a) T -7

The case of real-valued functions is of interest.

(3.14)

Remark 3. If the function f : [a,b] — R is absolutely continuous and if there
exists the constants | < L such that I < f'(t) < L for almost every t € [a,b], then
we have the inequalities

1

2 (b—a)(L-1),

(3.15) <3

[f()+f ——/f b dt

(3.16) ‘f(a )—/f t) dt

1
<sb-a)(L-D)
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(242) (52 o

(b—a)(L—1).

and

(3.17)

1
2

/
1
<
— 16

These results improve the corresponding inequalities from Introduction.

4. INEQUALITIES FOR DERIVATIVES OF BOUNDED VARIATION

Assume that f : I — C is an absolutely continuous function on [a,b] C I , the
interior of I. Then from (2.1) we have for Ay () = f' (a), A2 (z) = w
and A3 () = f' (b) the equality

/ — f'(a b
@) U@+ fatb—a)+ g @—ap LU )—bia/ £ (t)dt

[ a0 s @l

) 1 /a+bx (ta+b) {f’(t) f’(x)+f’(a+b—x)]dt

b—a 2 2

b
i / (t=b)[f () — f (b)) dt,

b—a +b—zx

for any = € [a7 aT'H’]

We can state the following result.

Theorem 3. Assume that f : I — C is an absolutely continuous function on
[a,b] C I. If the derivative f' is of bounded variation on [a,b], then

1 1 2/ 0) = f@) 1
(4.2) E[f(sc)+f(a+b—w)]+§(m—a) — “r—al f)dt
z t a 2 a+b—zx
i [ -V s (50 V@)
b b
+bia/+b (b—t)\/(f/)dt
x 2 a+t+b—x b
S [<x PV@ (2= 50) Vo (f’)]
a x a+b—x
b
z(bfa)maX{(w_a)Za(x_uT—H))Q}\/(fl)
S a
T at+b—zx b )
Mmax{\/w, V o,V (f')}[z(x—a>2+(w—”2+”)}
a T a+b—zx

for any x € [a, ‘ITH’] .
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Proof. If we take the modulus in (4.1) we get

(4.3)

(b = f' (a b
U@ farb-a) 45— FO L P

bia/:(t—aﬂf/(t)—f’(a)dt

1 at+b—x
+ b—a[L

1 b / ! Pp—
e AU LMCEF OIS

<

t—

5 dt

a+b’

O AGEY dCEIRE.

+

for any = € [a, ‘ITH’] .

Let x € (a, “'2"1’) . Since f is of bounded variation on [a, b] , then

=1 @<V,
for any t € [a, 2] and

ORPUCEY dCEIRE.
FO) = @)+ )= a+b—a)
2

<G @ - F @+ @b~ F@OI<g V()

for any t € [z,a +b—z].
We also have

b
@)= OI<\ (), telatb—ab].

Then we get
K< bia :(t—a)\:/(f')dt+2(b1_a) a+\7(f’)/;+” t—a;b‘dt
eria/aibm(bt)\i/(f/)dt
<biagufyéﬂt—@dw+ﬂb_@aikifylwwit—ajﬂm
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1 2&0 a+b 2 at+b—2x )

2(b—a (z—a) \a/ a) <m— 2 ) \Z/ ()
1 2 ’ !
MBI GL(”’

which proves the first two inequalities in (4.2).
The last part is obvious by the maximum properties. O

Corollary 6. With the assumptions of Theorem 8 we have
b

< b-0\ ()

a

(4.4)

[f()+f f—/f b dt

(15 ‘f(“‘;b) HH -0 O -1 0] - [ Fwa

1 ath t b
gb_a/a t—a\a/ dt+—/7 _t\t/

1 b
S OAVATS)

IN

ao () ()] oo e - s

b
—bia/ ) dt

3a+b
4

S eV Ge-a V@

5. APPLICATIONS FOR PDF

Now, let X be a random variable taking values in the finite interval [a, b], with
the probability density function (PDF) f : [a,b] — [0,00) and with the cumulative
distribution function (CDF) F(z) = Pr(X <a) = [ f(t)dt. We know that F
is monotonic nondecreasing and absolutely continuous on [a b, F' = f almost
everywhere on [a,b] and F (a) =0, F (b) = f: f@)de=1.

Assume that ¢ : [a,b] — R is an absolutely continuous function on [a,b] and
there exists the constants m < M such that

m < g (t) < M for almost every t € [a, b]
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then, by Corollary 5, we have the inequality

b

6.1) @ +garv-o) - [g@a
1 x_3a+b 2

§§(M—m) +2< b—; ) (b—a)

for any = € [a, %“’] .

Proposition 2. Let X be a random variable taking values in the finite interval

[a,b], with PDF f : [a,b] — [0,00) and with CDF F (z) = Pr(X <) = [ f (t)dt.
If there exists the constants m < M such that

m < f(t) <M for almost every t € [a,b)

then,
(5.2) [F(m)+F(a+b—x)}—b;iX)‘
1 1 x — Satb ?
gi(M—m) 8+2< b_; ) (b—a)

for any z € [a, “EL] , where E (X) = f: tdF (t) is the expectation of X.

Proof. Follows from (5.1) for g = F' and by taking into account that

/bF(t)dt:b—E(X).

Corollary 7. With the assumptions in Proposition 2, we have

(53) ’;[F<3a2—b)+F(a—23b)]_b—bE(aX)‘S116(M_m)(b_a)

Utilising Theorem 3 we can also state:
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Proposition 3. If PDF f : [a,b] — [0,00) is of bounded variation on [a,b], then

(5.4) ‘1[F(a:)+F(a+b_$)]+;(x_a)2f(bl)):£(a) _b_zfiX)’

2

z t a 2 a+b—zx
s [ eoVoas g (+-50) V0

T

+b—x
1
2(b—a)
x 2 a+b—x b
X[(x—a)z\/(fH( )V eV (f)]
a x a+b—x
<t
—2(b—-a)
b
max {(z ~a)”, (z = =*)*}\/ (1),
X
x at+b—zx b )
maX{\/(f% Vo,V <f>}[2<x—a>2+(x—a;b)}
a T a+b—x

for any x € [a, “TH’] .
Finally we have:

Corollary 8. With the assumptions in Proposition 3, we have

65 3 [r () e ()] 4 o 0r - f@)

b— E(X)
 b—a ‘
S VD@t ge-a Vo
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