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ON A GEOMETRIC INEQUALITY OF KLAMKIN
JIAN LIU

ABSTRACT. Several sharpened versions and a reversed result of a Klamkin’s
geometric inequality are established. As a consequence, the classical fun-
damental triangle inequality is derived by one of our results.

1. Introduction

In 1975, Klamkin first gave important “the polar moment of inertia in-
equality” in [10] (see also [21, p.278]). As a consequence, the following com-
pact geometric inequality is given:

For any triangle ABC' and a point P in the plane

aR} +bR5 + cR; > abc, (1.1)

where a, b, ¢ are the side lengths BC,CA, AB and Ry, Ry, R3 the distances
from P to the vertices A, B, C, respectively. Equality in (1.1) holds if and
only if P is the incenter of triangle ABC'.

At almost the same time, G.Bennett [6] and M.S.Klamkin [11] himself
obtained the following generalization:

aR1D1 + bRgDQ + CR3D3 Z (le, (12)

where Dy, Do, D3 are the distances from another point () in the plane to the
vertices A, B, C respectively. Equality in (1.2) holds if and only if P and @
are isogonal conjugates with respect to the triangle ABC'.

In [13], the author of this paper further generalized an equivalent form of
(1.2) to the convex polygon (see also [16]). In a recent paper [14], we also
prove that the following extension of (1.1):

aR3 4+ bR3 + cR < a®Ry + bRy + ¢* Ry (1.3)

holds for any interior P of ABC'. Equality in (1.3) occurs if and only if P co-
incide with one of the vertices of triangle ABC. The author also conjectured
that

aRY + bRY + cRY < a"Ry + V" Ry + F Ry (1.4)

holds for any interior P with £ > 1.
In this paper, we study the equivalent form of Klamkin’s inequality (1.1):
R R R
—+ =4+ —=2>1 1.5
bc ca ab — (15)
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2 JIAN LIU

We will establish several sharpened versions and a reversed result of this
inequality.

In what follows, we will continuously use the above symbols. Also, we
denote the distances from P to the sidelines BC,CA, AB by ri,79,73 Te-
spectively, and denote the area, the semi-perimeter, the circumradius and
the inradius of triangle ABC by S, s, R, r respectively. In addition, we also
often make use of the symbols > (cyclic sum) and [] (cyclic product). For
examples:

Z yza® = yza® + zab® + zyc?,

2 2 2 2 2 2 2 2
R1_7“1_R1_7”1 Ry —ry  Ry—r;
= + + )

be be ca ab
H(b+c—a):(b+c—a)(c+a—b)(a—|—b—c).

2. Several sharpened inequalities

We begin with an inconspicuous inequality first given by L.Carlitz and
M.S.K.lamkin in [7], which states that for interior point P of triangle ABC
the following inequality holds:

ary 4 bry + cry > 2sr?, (2.1)
with equality if and only if P is the incenter of triangle ABC.

In fact, by using Cauchy inequality and the following obvious inequality:

ary + brog +crs > 28, (2.2)

it is easily proven that (2.1) holds for any point P in the plane. M.S.K.lamkin
also gave the exponential generalization of (2.1), see [7] or [21,p.301-302].

Dividing both sides of (2.1) by abc and using formula abc = 4Rrs, we get
the equivalent inequality:

2 2 2
LR R

— 2.3
bc ca ab ~ 2R’ (23)
with equality if and only if P is the incenter of triangle ABC'.
If we add inequalities (1.5) and (2.3), then
Rf+r%+R§+T§+R§+r§21+L (2.4)

bc ca ab 2R’
Considering sharpened versions of this inequality, we find that

Theorem 2.1. For any point P in the plane of triangle ABC', we have

R%+T%_(T2_T3)2 R%+Tg—<T3—T1)2 R§+T§—(T1—7’2)2
+ -

be ca ab
r
2R’
with equality holding if and only if P is an interior point of triangle ABC' and
lies on the segment which is intersected by the line IO and ANABC, where 1
and O are the incenter and circumcenter of NABC' respectively.

>1+ (2.5)



ON A GEOMETRIC INEQUALITY OF KLAMKIN 3

If P lies inside triangle ABC| then inequality (2.5) actually sharpens
Klamkin’s inequality (1.5). We shall prove this fact after proving the theo-
rem. Theorem 2.1 has an interesting application, we put it in the last section.

In order to prove Theorem 2.1, we first give an identity which involving
directed distances (cf.[17]).

Lemma 2.1. Let 11,75, 73 be directed distances from a point P in the plane

of triangle ABC' to the sidelines BC,C'A, AB, then

Z R? 4777 — (75 — 13)?
be
r (b —c)(b+c—a))
=14+ — - .
* 2R * 8Rs?r3
Proof. Let (x,y, z) be the barycentric coordinates of point P with respect
to the triangle ABC (x 4+ y + z # 0). By the following known formula (see,
e.g. [21, p.278)):

(2.6)

(x+y+2)°R] = (z+y+2)(yc® + 2b*) — (yza® + zab® + 2yc®),  (2.7)
we have
R? S adaly® +20*) = > ad yzad®
be abe(> x)?
from which, by a simple calculation, we obtain

R? H
D=1y (2.8)
be abe (3" x)

where
H, :Zbc(b+c—a)x2—Za(c—i—a—b)(a—i—b—c)yz. (2.9)

On the other hand, by the known formula:

225
T=——"" 2.10
7‘1 a(r +y+ 2) (2.10)

and the equivalent form of Heron’s formula

165° =Y a[b+c-a), (2.11)

we easily obtain

(r5 — 7r3)? _ Hy) all(b+c—a)
Z be  Alabe)? (X x)? (2.12)

where
Hy =Y a*(yc — 2b)*. (2.13)
Also, using (2.10) and the following known identity in AABC:

[I(b+c—a) :%

2.14
abe R’ ( )
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one has
S
bc 2R
4% bex*  T[(b+c—a)
(b (Do) Aabe
168> bea® —abe[[(b+c—a) (3 z)?
- A(abe)? (3 x)*
I+ c—a) X ad bea? — abe (3 )’
B 4(abe)? (Y x)” '
And then
n_r _Hllbte-a (2.15)
be 2R A(abe)? (X xz)”
where
H; = Z be(b + c)z? — 2abcz yz. (2.16)
Note that r? = 77? etc., from (2.8) and (2.15), we get
T (B (HaYa—abeHs) [](b+c—a)
2R be 4(abe)? (X x)* .
We further obtain by using (2.13) and (2.16) that
o 72— (13 — 73)? _ Hi[[(b+c—a) (2.17)
2R be A(abe)? (X x)* '
where
H, = Z b2 (b + c)*r? — 2abcz a(a® 4 ab+ ac — be)yz. (2.18)

Finally, from (2.8) and (2.17), one has

Z R? + 2 (r5 — 73)?
R2 e =2 (—» —»)2
1 T — 2 —7T3

- Z be + Z be

H, r Hy[[(b+c¢—a)
abe (X af | 2R d(abe)® (3 1)’
Ty 4(abc)®*Hy — HyT[(b+ ¢ — a)
2R 4(abe)? (X x)* .

-1+

-1+

But, it is easy to check the following identity:

4(abc)*H, — H, H(b +c—a)= Za [Z be(b—c)(b+ ¢ — a)x]Q . (2.19)



ON A GEOMETRIC INEQUALITY OF KLAMKIN 5

Therefore we have the following identity:

R? 2= (15— 1%)2
Z + bc< )
r [Zbc(b—c)(b—i—c—a)a:]zZa
2R A(abe)® (3 ) | 220

Using (2.10) and relations > a = 25,5 = rs,abc = 4Rrs in AABC, we
immediately obtain identity (2.6) from (2.20). This completes the proof of
Lemma 2.1.

We now prove Theorem 2.1.

Proof of Theorem 2.1 By Lemma 2.1, we see that for any point P in the
plane

=14+

R? + 2 — (r5 — 713)? r
>14 —
2 be =t o
with equality holding if and only if

Y (b—c)b+c—a)i=0. (2.22)

Since r| = |ri| > 11,79 = |r3| > 73,73 = |r3| > 73, then we have

DR Sl (2.23)

Equality holds if and only if ry = 71,79 = r3,r3 = 73, i.e., P lies inside of
ANABC.

According to inequalities (2.21) and (2.23), we conclude that the inequality
(2.5) holds for any point in the plane. Also, identity (2.22) implies by (2.10)
that

(2.21)

Z be(b—c)(b+c—a)xr =0, (2.24)

which expresses a line passing through point (x,y, z). Since x = a,y = b,z =
c satisfy (2.24), then the incenter I(a, b, c) of AABC lies on the line. On the
other hand, it is easy to check the following identity:

Z be(b—c)(b+ ¢ —a)ag =0, (2.25)

where ag = a?(b*+c*—a?) etc. We hence conclude again that the circumcenter
O(ag, by, co) of AABC lies on the above line. Therefore, (2.24) expresses the
line 7O and there is equality in (2.21) only if P lies on this line. Thus, noting
the equality condition of (2.23), we deduce that the equality in (2.5) holds if
and only if P lies inside AABC and on the line IO at the same time. This
completes the proof of Theorem 2.1. O

Remark 2.1. For any interior point P of triangle ABC', we have the
following inequality:

r? — (ro —13)? N r3—(rs—r1)® 13— (ry —ry)? <7

bc ca ab = 2R’
which shows that inequality (2.5) improves Klamkin’s inequality (1.5) if P
lies inside triangle ABC'. This inequality can be proven as follows:

(2.26)
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When P lies inside triangle ABC, from (2.17) we have
L_er—(rg—rg)2_H4H(b+c—a) (2.27)
2R be 4(abe)? (L x)” .
Hence, we need to show that Hy > 0, namely,

Z V(b + c)’z? — Qabcz a(a® 4+ ab+ ac — be)yz > 0. (2.28)

Replacing in this inequality x, y, z by xa, yb, zc respectively and then dividing
both sides by (abc)?, we know it is equivalent to

Z(b +c)?r? -2 Z yz(a® + ab + ac — be) > 0. (2.29)

However, we recall the following classical Wolstenholme’s inequality (see [26,
p.69] or [21, p.421]):

a’zr? — Zyz(bQ +c? —a?) >0, (2.30)

with equality if and only if x = y = 2. If we apply (2.30) to the triangle with
side lengths b+ ¢, ¢ + a and a + b, inequality (2.29) follows at once and then
(2.26) is proved.

Incidentally, we have known that inequality (2.26) is not valid when P lies
outside triangle ABC'.

Remark 2.2. Inequality (2.21) is equivalent to

Z R+ (r—n)%— (ry — 13)?
bc

Since we have the following the identity:

> AU, V. (2.32)

> 1. (2.31)

be T 2R’
which is easily obtained by the identity Y~ arj = 25 and the relation ) + =
2—}% in AABC.
In particular, when P lies inside ABC, (2.31) reduces to
R2 N2 (e )2
S A 2
c

which is equivalent with inequality (2.5). We conjecture here that (2.33)
holds strictly for an external point P of ABC.

Klamkin’s inequality (1.5) and previous inequality (2.3) also motivates the
author to find the following inequality:

Theorem 2.2. For any point P in the plane of triangle ABC', we have

R%—T% R%—T% R%—r% T
>1 - — 2.34
be ca + ab — 2R’ ( )

with equality holding if and only if P is the incenter of triangle ABC.

It is interesting to compare inequality (2.4) with (2.34). Obviously, in-
equality (2.3) shows that (2.34) improves Klamkin’s inequality (1.5).

In order to prove Theorem 2.2, we need the following known lemma (for
the proofs, see e.g.[17], [18]).



ON A GEOMETRIC INEQUALITY OF KLAMKIN 7
Lemma 2.2 Let py, ps, p3, ¢1, @2, g3 be real numbers such that p1 > 0, ps >
0,p3 > 0,4pap1 — ¢ > 0,4psp1 — g3 > 0,4p1ps — q3 > 0, and
Do = 4p1paps — (q1G2a3 + Prd; + 243 + psq;) > 0. (2.35)
Then the ternary quadratic inequality:
pa’ + poy’ + 032 > qyz + e+ gy (2.36)

holds for all real numbers x,y,z. If x,y,z # 0, then the equality in (2.36)
holds if and only if Dy = 0 and (2p1q1 + q2¢3)T = (2p2G2 + @3q1)y = (2p3q3 +
1q2)%.

Proof of Theorem 2.2. From previous identities (2.8) and (2.15), we get
ZR%—T% T 4abcH; — [[(b+ ¢ —a)Hs

=1——+
be 2R 4(abc)? (3 x)°
Hence, to prove inequality (2.34), we have to prove that
dabcH, — H(b +c—a)H; >0 (2.37)

Substituting (2.9) and (2.16) into the above and arranging, we know it is
equivalent to

Z belab + ac + (b — ¢)?](b + ¢ — a)*z?
—2ach(c+a—b)(a—|—b—c)(Sa—b—c)yz > 0. (2.38)

Replacing z,y, z by /(b+c¢—a),y/(c+a—0b),z/(a+ b— c) respectively, we
see that (2.38) is equivalent to the following quadratic inequality required to
prove:
mix® + moy® + msz® — niyz — ngzx — ngry > 0, (2.39)
where
my = be [a(b

+¢)+ (b—¢)?],
msy = ca [b(c+
+

a) + (¢ —a)?],
b) + (a_b)Q] )

ny = 2abc(3a — b — ¢),
ny = 2abc(3b — ¢ — a),
ns = 2abc(3c — a — b).

With the help of the famous mathematical software Maple (we used Maple
15), it is not difficult to check the following identities:

dmomg — n} = 4bc(a + b + c)a’ (b + ¢ — a)?, (2.40)
4mymems — (ningns + mins + mons + man3) = 0, (2.41)
2miny + nong = 4ala + b+ c)(c+a—b)(a+b—c)b’c?.  (2.42)

ms = ab [c(a

From (2.40), we see that 4mgomgs — n? > 0 and its two analogues hold too.
Thus, by Lemma 2.2 and (2.41), we conclude that inequality (2.39) holds for
any real numbers x,y, z. Also by Lemma 2.2, (2.42) and its two analogues,
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we know that the equality in (2.39) holds if and only if z : y : 2 = a(b+c—a) :
b(c+a—>): c(a+b—c). Further, the equality in (2.38) holds only when
x:y:z=a:b:c, which means that the equality in (2.34) holds if and only if
the barycentric coordinates of P is (a, b, ¢), i.e., P coincide with the incentre
of AABC'. This completes the proof of Theorem 2.2. O

Remark 2.3. The previous inequality (2.3) can be strengthened to the
following:

r%—(r—r1)2+r§—(r—r2) r%—(r—r3)2>L
be ca be — 2R’

Since we have

= (r—mr)? —r? 42 12
Z%:Z%:_HZ%JFG_&Z%

S S

2

(2.43)

- abc  abe R 2R 2R’

where we used inequality (2.2) and the relations >  a = 2s,abc = 4Rrs in
triangle ABC.
Adding (2.34) and (2.43) gives

Rf—([;r—rl)QJrR%—(r—r2)2+R§—(;*—r3)2 >,
C ca C

(2.44)

which is an obvious improvement of Klamkin’s inequality (1.5). Indeed,
(2.44) is equivalent with (2.34) when P lies inside triangle ABC.

Adding inequalities of Theorem 2.1 and 2.2 and then dividing both sides
by %, we immediately obtain the following inequality:

Theorem 2.3. For any point P in the plane of triangle ABC', we have

R%—%(Tg—rg)Z R%-%(Tg—Tl)Q 4 R%-%(Tl—’l"g)Q

be ca ab

>1,  (2.45)

with equality holding if and only if P is the incenter of triangle ABC'.

Inequality (2.45) is an obvious sharpened version of Klamkin’s inequality
(1.5). In the next section (see Remark 3.4 below), we will give another direct
proof based on an identity.

Remark 2.4 The constants % in inequality (2.45) is the best possible, i.e.,
it cannot be replaced by a larger constant. This fact can be proven as follows:
Suppose that the following inequality holds:

Z R% —]{(7“2 —7"3)2 Z 1,
be

where k£ > 0 is a constant. We denote the corresponding medians and the

altitudes of ABC' by m,, my, m. and hg, hy, h. respectively. If we let P coin-

cide with the centroid of ABC', then R, = %ma,rl = %ha etc. Moreover, it

follows from (2.46) that

(2.46)

2 _ 2
Z4ma k(h —ho)?

2.4
o=t >, (247)
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which is equivalent to

4y “m2 —9abe > kY k(hy, — he)*. (2.48)

Now, we consider an isosceles triangle with sides b = ¢ = 1 and a = 2—2¢(0 <
t < 1). Then, it is easy to obtain that

1
S=(1—-t)V2t—1t2, myg=he=\t(2—1), my=m,= 3 8t2 — 16t + 9.
Further, we easily get
43 " m2 = 9abe = 2t(2t — 1)%, Y k(hy — he)® = 24(2 — t)(2t — 1)*.

In this case, it follows from (2.48) that k < 5=. Hence, by letting ¢ — 0 we
then conclude that k£ < —, which means that k = l is the best possible for

inequality (2.46).
3. A reversed inequality for the acute triangle

For the acute triangle ABC' and its interior point P, we find the following
reversed inequality similar to (2.45):

Theorem 3.1. For any interior point P of the acute triangle ABC', we
have

R%— (TQ_T3)2 + R%— (7’3—7”1)2 i Rg— (’I“l —7”2)2
be ca ab

with equality holding if and only if P is the incenter of the acute triangle
ABC.

<1, (3.1

We gave a complicated proof of Theorem 2.4 at first (we used Lemma 2.2
above). A simple proof is obtained after finding the following identity which
may be of independent interest.

Lemma 3.1 Let r1, 73,73 be directed distances from a point P in the plane
of triangle ABC' to the sidelines BC,C'A, AB, then

R? 1 (13 — 13)?
— =14+ — - 3.2
be + 2s Z s—a (3:2)

Proof. Applying the formulae (2.10), (2.11) and s = (a + b + ¢)/2, one has
Z (r2 — r3)?
s—a
45?2 1 y o 2\2
a (23;)225—@ (Z_E)

s (s —b)(s — ¢)(yc — zb)?
RorR e ‘

Hence,

(3 —73)? Hs> a
2 T 2(abe)? (Y x)*’ (33)
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where
H; = Z(c—l—a—b)(a+b—c)a2(yc—zb)2. (3.4)
By (3.3) and previous identity (2.8), we get

ZR_%_iZ (13 — 73)? 1 2abcH, — Hj
be  2s s—a 2(abe)? (X x)*

But, by using (2.9) and (3.4), it is easy to check that

QGbCHl - H5 =0. (35)
Thus, the desired identity is proved. O
Remark 3.1. By identity (3.2) and the known identity (see [21, p.280]):
aR? +bR3 + cR3 = abc + 2sPI?, (3.6)
where [ is the the incenter of triangle ABC', we obtain new identity:
= )2 4 2
ZM _ 2 pr2 (3.7)
s—a abc

Also, by the identity

8(s — a)s® — dabc = 2bc(b+c —a) + (a + b+ c)(b* + ¢* — a?), (3.8)
we see that inequality 2(s — a)s? > 2abc is valid for the acute triangle ABC'.
Thus, by (3.7), we obtain the following interesting inequality:

(13 —73)2 + (13 — 71)? + (1] — 75)? > 2PI?, (3.9)
which holds for the acute triangle ABC. Particularly, the following inequal-
ity:

' (ry — 1r3)% + (ry — 1r3)* + (o — 1r3)* > 2PI? (3.10)
holds for any interior P of the acute AABC.

We now prove Theorem 3.1
Proof of Theorem 3.1. When P lies inside triangle ABC, the identity (3.2)

becomes ( )2
T — T3
-_— 11
Z bc 23 s—a (3.11)

Consequently, we have

ZR%—(T2—T3)2_1

be
o 1 (TQ — 7”3)2 (TQ — 7'3)2
25 s—a Z be
B be — 2s(s — a) 9
Z 2sbe(s — a) (r2 = 73)

(b% + % —a®)(ry — r3)?
- <0
4s Z be(s — a) -
where we used s = (a + b+ ¢)/2 and the inequality b* 4+ ¢* — a? > 0 in the
acute triangle ABC. Thus, inequality (3.1) is proved and it is easily seen
that the equality in (3.1) holds if and only if P is the incenter of the triangle

ABC'. Theorem 3.1 is proved.
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Remark 3.2 In the same way as in Remark 2.4, we can prove that the
best possible constant k such that (2.46) holds reversely for the acute triangle
ABC is that k = 1.

Remark 3.3 When P lies inside triangle ABC', it is easy to prove the
following identity:

rors  (ry —13)%cos? A
sin? % sin® A ’
where A is the angle of ABC'. Thus, for any interior point P, we have the
strict inequality

R%_(TQ—T3)2 =

(3.12)

R? — (ry —13)* > 0. (3.13)
Hence, we can apply Cauchy inequality to inequality (3.1) and obtain the
following interesting inequality

\/R%— (re —13)% + \/PL%— (rs —ri)? + \/R%— (r1 —12)2 < Vbe + ca + ab,
(3.14)

which holds for interior point P of the acute triangle ABC'.

Remark 3.4 According to Lemma 3.1, we obtain a direct proof of inequal-
ity (2.45, is as follows: For any point P in the plane, we obviously have the
following inequality similar to (2.23):

(7‘3 - 7”3)2 (7"2 - 7“3)2
- % > - 3.15
with equality if and only if P lies inside AABC'" Thus, it follows from (3.2)
that R ( ¢
1 To — 7T
S [ NP L 2 3.16
Z be — + 2s s—a ( )
Hence, we have
1

ZR%—a(Tg—Tg)Q 1

be
R% 1 (7’2—7“3)
=2 5 Tl
1 (7’2 — 7“3)2 1 (7’2 — 7"3)
> _ -
_232 s—a QZ be

Thus, inequality (2.45) is proved.

4. An application of Theorem 2.1

In this section, we give an interesting application of Theorem 2.1. Namely,
we apply Theorem 2.1 to derive the fundamental triangle inequality which
involves the semi-perimeter, the circumradius and the inradius of a triangle.
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Theorem 4.1 In any triangle ABC, we have
s* —2(2R* + 10Rr — r*)s* + r(4R +1)* < 0, (4.1)
with equality holding if and only if the triangle ABC' is isosceles.

Proof of Theorem 4.1. In Theorem 2.1, we let point P coincide with the
centroid G of AABC, then R, = %ma,rl = %ha, etc. (the symbols my, h,
are the same as in (2.47)), then it follows from (2.5) that

4m? + hZ — (hy — he)? 9r
£ £ > —. 4.2
> % 29+ 75 (4.2)

By the relation bc = 2Rh, in AABC, we get

Z h? — (hy — h.)? 1 Z b c? — a?(b—c)?

be T 4R? be ’
and then
z:hg—(hb—hc)2 _abey be =Y at(b—c)? (4.3)
be N 4abcR? ' ’

Again, we have the following identity:

2 2
Z a*(b—c)? = Za <Z bc) — 2abc (Z a) - achbc - 2abcz a?,

(4.4)
which is readily checked by expanding. Using > a = 2s and the following
known identities (see e.g. [14, p.52]):

abc = 4Rrs, (4.5)
Z be = s> + 4Rr + 57, (4.6)
Z a® = 2(s* —4Rr —r?), (4.7)

we further obtain
> a’(b—c)* = 25" — (36Rr — 4r°)s® + (80R” + 28Rr + 2r%)r’s.  (4.8)
From (4.3), by using (4.5), (4.6) and (4.8), we obtain

h? — (hy — he)? s*—2r(10R —r)s* + (4R +r)(8R + r)r?
2. be - 8r i3 - (49)
Finally, using (4.9) and the known identity (see [21, p.211]):
m2  s?+ 2Rr + 5r?
o _ 4.1
Z be 8Rr ’ (4.10)
we easily obtain the following identity:
Z4mi+hi—(hb—hc>2 _9_7”_9
be 2R
A 24 q 22 (4 3
_ = +2(2R* 4+ 10Rr —r*)s* —r(4R+ 1) ’ (411)

8rR3
which together with (4.2) give the fundamental triangle inequality (4.1).
Now we determine the equality condition of (4.1). According to Theorem
2.1, there is equality in (4.2) if and only if the centroid G(1,1, 1), the incenter
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I(a,b,c) and the circumcenter O(ayg, by, ¢g) are collinear, where ag = a?(b* +

c? — a?) etc., which implies that

1 1 1
a b c |=0. (4.12)
Qo bo Co

But, it is not difficult to check that the value of the determinant is equal
to —[[(b— ¢) (X2 a)®. Thus, by (4.12), we conclude that the triangle ABC'
must be isosceles. i.e., the equality in (4.2) and then the one in (4.1) hold
if and only if AABC is isosceles. This completes the proof of Theorem 4.1.
O

The fundamental triangle inequality (3.16) was first proved by Sonday [4,
13.8] in 1891. Blundon [2] proved the following double inequalities from
(3.16)

2R* + 10Rr — r? — 2(R — 2r)V'R2 — 2Rr
< s <2R?*+10Rr —r* + 2(R — 2r)V Rz — 2Rr (4.13)

are the strongest possible inequalities of the form ¢(R,r) < s* < Q(R,r),
where ¢(R,r) and Q(R, r) are functions of R, r. It has the following important
consequences, i.e, the Gerretsen’s inequalities (see [9], [21, p.45]):

16Rr — 51 < s < 4R* +4Rr + 3r°. (4.14)

These inequalities has drawn a large number of research papers involving
its new proofs, various generalizations , variations and applications etc. For
more details we refer the reader to the monograph [21] and papers [1, 8, 12,
15, 19, 20], [21]-[25] and [27, 28].
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