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INEQUALITIES AND ASYMPTOTIC EXPANSIONS
FOR THE CONSTANTS OF LANDAU AND LEBESGUE

CHAO-PING CHEN* AND JUNESANG CHOI'

ABSTRACT. The constants of Landau and Lebesgue are defined, for all integers n > 0, in order,
by

sin ((n + %)t)

"1 2k 1 (7
GWZZW<1€> and Ln =20 ) sin(1¢)

k=0

dt,

which play important roles in the theories of complex analysis and Fourier series, respec-
tively. We establish new bounds for the Landau constants G, in terms of the Digamma and
Polygamma functions, which improves all of earlier involved results, for example, those by
Alzer who provided sharp bounds for G, in terms of the Digamma function. We also estab-
lish inequalities for the Lebesgue constants L, /2 and then apply it to derive the asymptotic
expansion for L, /5.

1. Introduction and Preliminaries

The Landau constants are defined by

n

Gn 212%(2:) (neNy:=NU{0}; N:={1,2,3,...}), (1.1)

k=0

which play an important role in the theory of complex analysis. More precisely, in 1913, Landau
[17] proved that if f(z) = Y po ax 2" is an analytic function in the unit disc D := {z € C :
|z| < 1}, C being the set of complex numbers, which satisfies |f(z)| < 1 for all z € D, then
1> 5o @kl < G (n € Np) whose bounds are seen to be optimal.

The Lebesgue constants are defined by

™ Isin ((n + )t
n:%/_ﬂé;(;;)) dt (neNy), (1.2)

which play an important role in the theory of Fourier series. More precisely, in 1906, Lebesgue
[18] proved the following result: Assume a function f is integrable on the interval [—m, 7] and
Sn(f, ) is the nth partial sum of the Fourier series of f. That is,

ar =~ _ﬂ f(t)cos(kt) dt (k€ No) and by = % _ﬂ f(t)sin(kt) dt (k € N)
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and

1 n

Sn(f,x) = 540 + Z (ak cos(kzx) + by, sin(kx)) (n € Np),
k=1

where the empty sum is (as usual, throughout this paper) understood to be nil. If | f(x)| < 1 for

all z € [—m, «], then

It is noted that L, is the smallest possible constant for which the inequality (1.3) holds true for
all continuous functions f on [—m, 7].

Here, in this paper, we aim at presenting new bounds for the Landau constants G,, in terms of
the Digamma and Polygamma functions, which improves all of earlier related results, for example,
those by Alzer [3] who provided sharp bounds for G,, in terms of the Digamma function. We also
establish inequalities for the Lebesgue constants L, /o and then apply it to derive the asymptotic
expansion for Ly, /5.

For this purpose, we recall the following functions and Lemmas. The familiar (Euler’s) Gamma
function I'(z) is defined by

I(z) = /0 TEletar (R(2) > 0), (1.4)

which is one of the simplest and most important special functions and has several other important
equivalent forms (see, e.g., [25, Section 1.1]), knowledge of whose properties is a prerequisite for
the study of many other special functions. The Gamma function I'(z) arises in many areas of
mathematics such as applied mathematics as well as mathematical analysis. The origin, history,
and development of the Gamma function I'(z) are described very nicely by Davis [9].

The logarithmic derivative of the Gamma function I'(2):

0 = P} = 5 o wre) = [ e (15)

is known as the Psi (or Digamma) function. The successive derivatives of the Psi function v (z):

W) = L) men (16)

are called the Polygamma functions. In particular, the functions ¢’(z) and 1(?(z) are called the
Trigamma and Tetragamma functions (see, e.g., [1, p. 260]).

The following lemma is required in the sequel.

Lemma 1.1 ([27]). The following Brouncker’s continued fraction formula holds true

4

1
2 —
r 1]_ 12
(n+ ) 1+4n+2+8n+$52
24+8n+

(n € Np). (1.7)

2+48n+

Very recently, Granath [14] derived the asymptotic expansions for the Landau constants (1.1)
and related inequalities by using Brouncker’s continued fraction formula (1.7).
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By (1.7), one finds the following inequality [14, pp. 741-742]:

16(19 + 92n + 96n? + 128n?) B 4
105 + 704n + 192002 + 2048n3 + 2048n* 1 +4n+ — 12
2+8n+ﬁ35—
2+8n+m
2
T(n+ 3 4 4(13 + 32n 4 64n?
< (n+3) < . = (18 + 32n + 64n”) (neN). (1.8)
(n+1) 1+4n+—21 15+ 92n + 192n2 + 25603
2+48n+ 25,
2. THE LANDAU CONSTANTS
Landau studied the asymptotic behavior of G,, to show that
1
Gn~—Inn (n— o0). (2.1)
™
Watson [28] continued this investigation to prove the asymptotic formula:
G 1ln(n+1)+c ! +0 ! (n — o) (2.2)
= — _——_— — —_ .
"o " dn(n+1) n? ’
where
1
o= —(y+4In2) = 1.06627 58532... .. (2.3)
™

Here « denotes the Euler-Mascheroni constant defined by (see, for details, [12, Section 1.5] and
[25, Section 1.2])

n—oo

n 1
= lim — —logn | =0.5772156649 .... 2.4
i (3 - s 2

In what follows, g is referred to the constant in (2.3). Inspired by formula (2.2), Brutman [4]
discovered upper and lower bounds for G,:

1 1
1+;ln(n+1) SGn<co+;ln(n+l) (n € Np). (2.5)
New bounds for G,, were given by Falaleev [10] who proved
1 3 1 3
co+-—-In{n+-)<G,<1.0976+ —In|n+ - (nGNO). (2.6)
s 4 s 4
In fact, Falaleev’s approximation

1 3
Gn%co—s—ln(n—l—)
T 4

is better than Brutman’s approximation
1
Gp~co+—Inn+1),
™

since, as n — 00,

Go—co—~ln(n+3)=0(=) and Gu-co—~l(n+1)=0(~
T 4 n? T n
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(see, e.g., [5]). Zhao [30, Theorem 1] established the following two-sided inequality:

1 5
I+ 1) 192n(n £ 1)?
1 5 3
+ + :
dr(n+1) " 192n(n+ 12 ' 128(n+ 1)3

1
—In(n+1)+co— <Gy
™

1
< In(n+1) 4+ ¢ — (2.7)

which implies Watson’s asymptotic formula (2.2).
Another direction for developing the problem of approximation of GG,, was initiated by Cvijovi¢
and Klinowski [8] who gave some estimates in terms of the Digamma function 1, namely,

1 5 1 5
co+ = (n+=) <Gn<10725+ =t (n+ = (n € No); (2.8)
T 4 T 4
1 3 1 3
0.9883 + —1 <n + ) < Gp <co+ =1 (n + ) (n € Np). (2.9)
T 2 m 2
Alzer [3, Theorem 1] established sharp inequalities for G,, in terms of the Digamma function:
1 1
co+;7,/1(n+o¢) <G, < co+;¢(n+6) (n € No) (2.10)
with the best possible constants
a= Z and B=1v " (7(1—cp)) =1.26621... .

Alzer [3, Remark 1] affirmed that, for all n € N, the upper and lower bounds for G,, given in
(2.10) improve the bounds presented in (2.5) to (2.9). In fact, we have

Gn=co+ %z/) (n + i) +0(n"?) (n— o) (2.11)

(see, e.g., [5, Theorem 4]).

Very recently, some sharp inequalities and asymptotic expansions for G,, have been established
(see, e.g., [, 6, 7, 14, 20, 21, 22, 23, 24]).

Theorem 2.1 below establishes new asymptotic expansion for the Landau constants G, in
terms of the digamma and polygamma functions.

Theorem 2.1. The Landau constants G, has the following asymptotic expansion

1 5 1 — : 5
Gy, NCO“F;"# (TL—|—4> +;j§::102j¢(2]) (TL—|— 4) (TL—> OO)? (212)
where the coefficients co; are given by
2k 2 iy
m [ 2m 25 mlS(k, m) )
k=0 m=0

and S(k,m) denotes Stirling numbers of the second kind. Namely,
1 5 1 5 11 5
~ - i A )| 2 (4) 2
Cn ot o9 <”+4> 6ir" <”+4> + Jo1527 " <”+4>

173 5 22931 5
_ (©) 5 (8) 5Y L.
171859207 " (” + 4) T 3352286745607 (” + 4)

(2.14)
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ot

Proof. Tt is known [22] that, for n € Ng and 0 < h < 3,

1 1 00 1 €(h_1/2)t .
_ — —(n+h)t
where
201 2K\
F(:C)—ka(k>x (Jz| < 1).
k=0
Taking h = 2 in (2.15) yields
1 5 L [>®/(1 e VF(1—et
Gpo==In(n+-)+co+ —/ L ) e~ (nF5/Dt gy, (2.16)
™ 4 T Jo t 1—e-t

Using the following known integral representation for i(x) (see, e.g., [25, p. 26, Eq. (20)]):

1/)(x):lnm+/ooo (115— 1_1675)6‘” dt (x > 0),

we have

5 5 < /1 1
In <n+ 4> =1 (n + 4) 7/0 <t — 1= e—t) e~ (nF5/Dt gy, (2.17)

Plugging (2.17) into (2.16) yields

1 1 [
Gn =co+ = (n - 5> —~ f/ <f(t)t> e~ (H8/Dt gy, (2.18)
m 4 T Jo 1—e

where
ft):=F1—etHe*—1  (t>0).
It was shown in [22] that
[e'S) k 2 .
_ 2m\ “m!S(k,m) \ t¥
F(1 - B = —1 m+k Pt S AN
=g (o () ) 6

where S(k,m) denotes Stirling numbers of the second kind (see, e.g., [25, Section 1.6]). Hence
we have

o k m Qm. m Lk oo 1V
) = 3 (Z . (Zm) fg;)) . <4j1j>! b1

k=0 \m=0 §j=0
oo 7 k 2 /.
(2 1S(k )
> (e () (1) k) o
j=0 \k=0m=0 J:
R WP PR (I 22931 o 1319183 g
64 49152 47185920 338228674560 974098582732800
233526463 b 2673857519 iy
8229184826926694400 4356979312001915289600 ’

or

F(£) = east™,
j=1
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where

2%k 2 .
2m 25 mlS(k, m) ,
. = —]_ m T 5 s N .

=2 2 (0 (m) (k) ey s UEN)
In fact, since F' is analytic in (—1,1), f is continuous in (—In2,00) and analytic around the
origin. Note that F(1 —e™t) = F(1 — et)et/? (see [22]). Thus we find

fO)=F1—e e —1=F1—-e)et/2e ¥t —1=F(1 —e")et/* =1 = f(-1),
that is, f is an even function. From these facts, we see that cp;_1 =0 (j € N).

It is known (see [1, p. 260]) that

. . 00 J
and
. —1)7=1( = 1)! 1 .
w(])(z):< ) Zj(j ) +O(zj+l> (z — o0; |argz| < m; j €N).
We find that
5 (2N +1)! 1 1
(2N+2) o) _ — -
o )~ o hes) o ()
and

1 )
o(5t) o (-3

Hence, (2.18) implies that, for n — oo,
N

Gp=co+ %dJ <n+ i) + 71Tj2162j1/1(2j) (n+ Z) +0 (nQJ}H-Q>
1 5) 1 , 5 5
=co+ ;1/) (n + 4) + - ;c%@b@]) (n + 4) +0 (w(2N+2) (n + 4)) ,
which is equivalent to (2.12). The proof of Theorem 2.1 is complete. O

The formula (2.14) motivated us to introduce Theorem 2.2, which provides newer bounds for
G,, in terms of the digamma and polygamma functions.

Theorem 2.2. For every n € N, we have
1 5 1 5 11 5
hl )= @ 2 (4) 2
ot ¥ ("*4) 6ir ¥ <”+4) T 1915277 ("*4)
1 5 1 5
<Gy <c0+;w (n—l—) - ——® (n—i— 4>.

(2.19)

4 64m
Proof. We consider the sequence (2, )nen defined by

1 5 1 5 11 5
— e = 2 3@ ) (4) b N).
Tn = Gn—co =20 ("+ 4) T oan ("+ 4) 1915277 (n+ 4) (n €N)
By applying (2.11) and the asymptotic formulas of 1/(?)(z) and ¥ (2) (see, e.g., [1, p. 260]), we
conclude that

lim z, = 0.

n—oo
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Applying (1.8) and the representation (see [3, p. 218] and [14, p. 739]):

2 2 1 2
I'2n+1 2n)! 1 [T(n+2
G Gyy = LCr+D) . [ SL”? 2] _ - [(” 2)} (2.20)
16" (T(n + 1)) 4n(n!) T [T(n+1)
and the recurrence formula [1, p. 260]:
M (2 +1) = ™ (2) + (=1)"nlz7" ", (2.21)
we have
( ) {r(n+§)r 11 ( 2 ) 11 ( 24 )
T(Ty — Tp—1) = - — —
I(n+1) ntg 64\ (ng 1)’ 49152 \ (n+ 1)°
4(13 + 32n + 64n?) 4 2 11
15+ 92n +192n2 + 256n3  4n+1 (4n + 1)3 2(4n + 1)°
121

- 0.
5(1 + 4n)5(64n% 1 320 1 15)

We thus find that the sequence {x,}, _ is strictly decreasing for n € N. This leads us to the
following inequality: For every n € N,

1 5) 1 5 11 >
_ 1 B L@ 2) 4) =
Tn=Gn—co— ¥ <" N 4> T ot (n - 4> 915277 <n i 4> (2:22)
> lim z, =0 (n € N).

We also consider the sequence {yn}neN defined by
1 5 1 5
= —cg— = 2 BN ©)) 2
Yn = Gn — o 7T1/)<n+4)+647r1/1 <n+4> (n € N).
By applying (2.11) and the asymptotic formula of 12 (2) [1, p. 260], we see that
lim y, = 0.

Applying (1.8), (2.20) and (2.21), we have

( - rn+1H1? 4 L2
16(19 4 92n + 96n? + 128n3) 4 2

105 + 704n + 1920n2 + 2048n3 + 2048n*  4n +1 + (4n + 1)3

B 2(47 + 176n + 352n2) -
= (105 + 704n + 192012 + 204803 + 2048nY)(1 + 4n)® ~

We thus see that the sequence {yn}n e 18 strictly increasing for n € N. This leads us to the
following inequality:
1 5 1 5
_ S 2 @ b i =
Yn = G, — o Wz/z (n—l— 4> + 647r1/) (n—|— 4> <n11_>120y” 0 (n €N). (2.23)

Now it is easy to observe that the inequalities in (2.22) and (2.23) prove the first and second
inequalities in (2.19). Hence the proof of Theorem 2.2 is complete. O

Following the same method used in the proof of Theorem 2.2, we can prove the following
further refined inequalities for G,, than those in (2.19).



8 CHAO-PING CHEN AND JUNESANG CHOI

Theorem 2.3. For every n € N, we have

1 5 5 5
sl e (2) (4)
ot v (n + 4) 61 ? ( ) 49152# (n + 4)
173 5 92931 5
I YGRS 22931 s 5
171859207 ¥ ( ) * 3332286745607 " <” + 4)
1 5 5 5
1 LA SE) 5 @)
<Cn<cot Y <”+4) 64777’[} <”+4> 49152#” < 4)

173 5
L R—0 2. 2.24
171859207 (” * 4) (224)

Remark 2.1. Computer experiments point out that, for all n € N, the upper and lower bounds
for G, given in (2.19) improve the bounds presented in (2.10). Computer experiments also show
that the inequalities in (2.24) is sharper than those in (2.19).

3. THE LEBESGUE CONSTANTS

The Lebesgue constants L,, in (1.2) attracted the attention of several well-known mathemati-
cians, such as Fejér [11], Gronwall [15], Hardy [16], Szegé [26], and Watson [28], who established
remarkable properties of these numbers. For instance, they presented monotonicity theorems as
well as various series and integral representations for L,,. The following asymptotic formula is
due to Watson [28]:

4 1
Lyo = = In(n+1)+¢ +0 <n2> (n — o00), (3.1)
where
> Ink 4
=— § 4; + —(7+2In2) = 0.9894312738 ..., (3.2)
™

~ being the Euler-Mascheroni constant given in (2.4). It should be remarked in passing that c;
in this section has nothing to do with the coefficient ¢; (= 0) appearing in the proof of Theorem
2.1. Throughout this section, ¢; is referred to the constant in (3.2). Using (3.1) and (3.2), Galkin
[13] obtained the following inequalities for L, /o:

4 4
c1+ - In(n+1) < Ly <1+ w2 In(n + 1) (n € No); (3-3)

4 4
0.7190 + — In(n +2) < Lypo < c1 + — In(n +2) (n € Np). (3.4)
7r T

Another direction for developing the problem of approximation of L,, /o was initiated by Alzer
[3, Theorem 4] who gave an estimate in terms of the Digamma function v, namely,

4 4
crt U (nta) <Lyp<e+ —w(ntb)  (n€No) (3.5)
with the best possible constants
ar =9 (7*(1—c1)/4) =1.48891... and b = ;

Zhao [30] pointed out that the error order of the second inequality in (3.5) to Ly, /5 is just O(n=2),
but the first one is only O(n~1). Thus, the inequality (3.5) does not imply the Watson asymptotic
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formula (3.1). Zhao [30, Theorem 2] established the following two-sided inequalities:
12 — 72 7(720 — 6072 — 7t)
1872(n+1)2 1080072 (n + 1)4
- iln(n—l—l)—&—cl—l— 12—m*  7(720 — 607 — 1)
2 1872(n+1)2  1080072(n + 1)4
30240 — 252072 — 427* — 76
1512072 (n 4 1)6

which implies Watson’s asymptotic formula (3.1).

4
—In(n+1)+c¢ +

2 < Ln/2

(’I’L < N(]), (36)

Secondly we aim at establishing inequalities for L, /, and then using them to derive the
asymptotic expansion for L,, ;.

Theorem 3.1. Forn € Ny and N € Ny, we have

4 B 1/2 1 1
—1 J - - < L
2 n( +01 2 Z ( ; (4k2 _ 1)k2]> (n+ 1)2j < Ln/2

2N+1 o]
4 sz 1/2 1

j=1 1

where

Bi(1/2) = — (1 - 2;_1) Bi (keNo),

By, being the Bernoulli numbers defined by

z > Z"
= Z)Bnm (2] < 2m).

Proof. By using the Szegé formula (see [26]):

16 & o Ry

Lnjp=— 2 Z ;
2\ -1 & 2j -1

and the formula [1, p. 258]:
0 41 21 2+22 1
2) = .~ _9n
" 7 2j — 1
as well as the formula:
i#fl
4k2 -1 2’
k=1
we get
L 2—cl—i1nn—|—1 Z (n—&—l)—i—1 —In(k(n+1))|. (3.8)
n/ 72 el 4k2 2

It is known (see [2, p. 550]) that, for x > 0 and N € Ny,

2N 2N+1
Z Boy(1/2) 1 Z Boy(1/2)
k=1 k=1
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Applying the inequality (3.9) to (3.8) leads to the desired inequality (3.7). This completes the

proof of Theorem 3.1. O
Remark 3.1. We can simplify the coefficients in Theorem 3.1 by noting that
Byj(1/2) & 1 By —— 1
21(./ )Z ‘ :ﬁ(l_QQJ—l)Z i
27 = (4k% — 1)k% J Pt (4k%2 — 1)(2k)%
Bo; I 1 1 1 1
= 242 (1 —92% -
j ( )g 4k2 -1 (2k)%2  (2k)4 (2k)2
By 25—1 d (_1)k 2k
= 1-2% 1 B
2 ) +kz::1 (2k) 2T
and using the following formula [1, p. 807]
st 1 (27T)2n22n .
= —1)""" By,.
7nZ:1 m2n 2(2n)! (=1) n

The inequality (3.7) can be rewritten as follows:

4 2N a
_ I
S +1)+a JZ_I CEEEA Loy
- (3.10)
2N+1
4 a;
<ﬁln(n+l)+01f El m (nGNO,NENO),
ji=
where
8 By 2j—1 . (_1)k 2k
o= ——2(1— 2% 1 -~——B . 3.11

Now it is easy to see that, by taking N = 1 in (3.10), we obtain the inequalities (3.6). The
formula (3.11) shows also how one can arrive at the coefficients appearing in the inequalities

(3.5).
From (3.10) we obtain the following corollary.

Corollary 3.1. The following asymptotic formula holds:

4 L a 1
Ln/271'21n(n+1)+01j21(n‘|'1)2j+0((n+1)2m+2> (n, m € Ny), (3.12)

where a; are the coefficients given by (3.11).

Remark 3.2. The asymptotic formula (3.12) can be found in Wong [29, pp. 40-42]. Here we
give a different proof of (3.12) from that in [29, pp. 40-42].
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