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ON HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES
FOR n-TIMES DIFFERENTIABLE LOG-PREINVEX FUNCTIONS

M. A. LATIF AND S. S. DRAGOMIR!:2

ABSTRACT. In this paper, new Hermite-Hadamard type inequalities for n-
times differentiable log-preinvex functions are established. The established
results generalize some of those results proved in recent papers for differentiable
log-prinvex functions and differentiable log-convex functions.

1. INTRODUCTION

It is well known in mathematics literature that if f : I C R — R is a convex
mapping and a,b € I with a < b. Then

f<a+b>§ 1 /abf(w)dng(aHf(b). (1.1)

2 b—a 2

Both the inequalities hold in reversed direction if f is concave. The inequalities
(1.1), are know as Hermite-Hadamard inequalities, a result first noticed by Ch. Her-
mite in 1883 and rediscovered ten years later by J. Hadamard. Since the discovery
of (1.1) in 1883, Hermite-Hadamard inequality (see [10]) has been considered the
most useful inequality in mathematical analysis. Some of the classical inequalities
for means can be derived from (1.1) for particular choices of the function f. A num-
ber of papers have been written on this inequality providing new proofs, noteworthy
extensions, generalizations, refinements, counterparts and new Hermite-Hadamard-
type inequalities and numerous applications, see [4]-[7], [9], [11]-[15], [25], [27]-[30],
[32, 33] and the references therein.

In recent years, many mathematicians generalized the classical convexity in many
ways and some of those are given as follows.

Definition 1. [36] 4 set K C R™ is said to be invex with respect ton : K x K — R™
if

u—+tn(v,u) € K,Vu,v € K,t € [0,1].
The invex set K is also called an n-connected set.

Definition 2. [36] Let K C R™ be an invex set with respect ton : K x K — R™.
A function f: K — R is said to be preinvez with respect to n, if

fluttn(v,u)) < (1=1) f(u) +tf(v)

for all u,v € K and t € [0,1]. The function f is said to be preconcave if and only
if —f is preinver.
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It is to be noted that every preinvex function is convex with respect to the map
n(x,y) = —y but the converse is not true see for instance [34].

Definition 3. [36] Let K C R"™ be an invex set with respect ton: K x K — R"™.
A function f: K — R is said to be prequasi-invex with respect to n, if

flu+tn(v,u))(1 —¢) <max{f(u), f(v)},Vu,v € K,t € [0,1].
Definition 4. [21] Let K C R"™ be an invex set with respect ton: K x K — R™.

A function f : K — (0,00) is said to be logarithmic preinvex with respect to n, if

fu+tn(v,u) (1 =) < (f(u) " (f(©)",Vu,0 € Kt € [0,1].

It is clear from the arithmetic-geometric mean inequality that if f : K — (0, 00)
is logarithmic preinvex, we have

flu+tn(v,u)) < (f(w) ™" (f(v)'
<A =1) fu) +tf(v)
< max {f(u), f(v)},
Yu,v € Kt €[0,1].

Most recently, Noor [20] has obtained the following Hermite-Hadamard inequal-
ities for the preinvex and log-preinvex functions.

Theorem 1. [20] Let f : [a,a+n(b,a)] = (0,00) be a preinvezx function on the
interval of the real numbers K° (the interior of K) and a, b € Ko with a <
a+n(b,a). Then the following inequality holds:

a a a+n(b,a) a

Theorem 2. [20] Let f : [a,a + n(b,a)] — (0,00) be a log-preinvex function. Then

1 atn(b,a) f(a)+ f(b)
nm@L Ty < @) — 105 F ()

The other results connected with (1.2) in which two log-preinvex functions are
involved can be found in [24].

For log-preinvex functions, following Hermite-Hadamard type inequalities were
also proved in [31].

Theorem 3. [31] Let K C R be an open invex subset with respect ton : K x K — R.
Suppose that [ : K — R is a differentiable function. If |f| is log-preinvex on K,
for every a,b € K with n(b,a) > 0, we have the inequality

a+n(b,a)
n(l)la)/ f(:r)dx—f(a—i—én(bm))‘

’

ro)” - (ra) ]

"(B)]) —log (I (a)])

(1.3)

—
®]
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e
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Theorem 4. [31] Let K C R be an open invex subset with respect ton : Kx K — R.
Suppose that f : K — R is a differentiable function. If |f|*, ¢ > 1, ¢ € R, is a
log-preinvex on K, for every a,b € K with n(b,a) > 0, we have the inequality

a+n(b,a)
‘f(a—i—;n(b,a))—n(blm/a f(x)dz

’

q/2 , q/2
wv.a) @ | (Fo) - (@)
= e (ot 1) giva | Qog (IF O —log (IF (@) |

1/q

(1.4)

1,1 _
where;—&—a—l,

For more results on Hermite-Hadamard type inequalities for preinvex functions
and n-times differentiable preinvex functions, we refer the readers to the recent
works of Sarikaya et. al , [31] and Latif [16].

The main purpose of the present paper is to establish new Hermite-Hadamard
type inequalities in Section 2 that are connected with the right-side and left-side
of Hermite-Hadamard inequality for n-times differentiable log-preinvex functions
which generalize those results established for differentiable log-preinvex functions
given in [31].

2. MAIN RESULTS

In order to prove our main results, we need the following two lemmas:

Lemma 1. [16] Let K C R be an open invex subset with respect ton : K x K — R.
Suppose f : K — R is a function such that f) exists on K forn € N, n > 1. If
™) is integrable on [a,a + n (b,a)], for every a,b € K withn (b,a) > 0, the equality
holds:

f(a)+ f(a+n(ba)) 1 atn(b.a)
- ) + R [ e

~ 1) (n(ba)"
k+1)

F¥(a+1 (b, a))

VMM

( ' (n(ba

o )" /Ot”‘l(n—2t)f(")(a+t77(baa))dta (2.1)

where the sum above takes 0 when n =1 and n = 2.

Lemma 2. [16] Let K C R be an open invex subset with respect ton : K x K — R.
Suppose f : K — R is a function such that f) exists on K forn € N, n > 1. If
) is integrable on [a,a + n (b, a)], for every a,b € K withn (b,a) > 0, the equality
holds:

_ Y i
Z{ Qki 1,11 (;) Y <a+;n(b,a)) -/ T )

_ (=)™ (5 (b, a))" /lKn(t)f(n)(“JF”’ (b,a))dt, (2.2)
0

n!
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where
", telo,3]
K,(t):=
(t_l)nv te (%71]

The following useful result will also help us establishing our results:

Lemma 3. If p > 0 and p # 1, then

L= G h
/0 t"ptdt = () n+1 'uz P (2.3)

lnﬂ)
1
w—1
[[ra-
0 lnu

which coincides with the right hand side of (2.3) for n = 0.
For n = 1, we have

Proof. For n =0, we have

N 1% 1
tutdt = NI
/o“ Wi () (np)?

and it coincides with the right hand side of (2.3) for n = 1.
Suppose (2.3) is true for n — 1, i.e.

g Ut 1)t
/0 rdt= (Inp0)" D MZ n,1, ) (In p)" 24

Now by integration by parts and using (2.4), we have

1 1
/tnﬂtdt:L_L 111t
0

Inpg Inp Jg
TR G i Gl IO MZ N
Inp  Inp (Inp)" —1-K)!(ln u)k+1
B L N (71)714’1 ' Z ( 1)k+1
Inp (In p ”+1 o i—o (M —1—k)!(In ,u)k++2
= + n!
n!ln p (In p)" MZ lny)k—‘_1
=-——— +nlu .
T M
This completes the proof of the lemma. O
Lemma 4. If p > 0 and p # 1, then
: (-1)"" ! )’“
thutdt = ——— + nlpt/? . 2.5
/o ! ()t " Z 527k (n — k)! (In )"+ 29

Proof. Tt follows from Lemma 3 after making use of the substitution ¢t = 3. O
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Lemma 5. If p > 0 and p # 1, then

1 | n
n np 1/2 1
/; (np)"* 2 3 kG
Proof. Tt follows from Lemma 4 after making the substitution 1 — ¢ = w. ]

Lemma 6. [35] For o > 0 and p > 0, we have

1 % 1)L (1 ) F
I(ayp):= / o utdt = ,uz (=1) (a() 1) < 00,
0 k=1 k

where
(@), =a(a+1)(a+2)...(a+k—-1).

Moreover, it holds

oy S gyt ()" |In e
T —n 3 (0 B < Wml)(m_l) .

We are now ready to give our first result.

Theorem 5. Let K C R be an open inver subset with respect ton: K x K — R.
Suppose f : K — R is a function such that f) exists on K and f) is integrable
on [a,a+n(b,a)] form € N, n > 2. If |f(")|q 1s log-preinvez on K for n € N,
n>2,q>1, for every a,b € K with n(b,a) > 0, we have the inequality

f (a) + f (a +n (b, a)) 1 a+n(b,a)
2 am | tow

(=D (k—1) (n(ba
;2( )" (k=1) (n(b,a))

k
2(k+1)! f(k)(a+”(b’a))|

) [n—1\"1 1
<00 (2) T mma @
where
_ " a{g I (/")) —n (|£ (@))] + 2} £ (0]
El(an)_ n+1
gt [In (|00 B)]) = In ([£) (a))]

- 2|f (b)]”
g [ln (| f (®)]) = (| f™ (a)])]
W i~ (D[ (£ ®)]) = In (| (@)])] + 2}
_pnl f() b .
O e i (700 ) e (7 T

Proof. Suppose n > 2. Let a,b € K. Since K is an invex set with respect to 7, for
every t € [0,1] we have a + tn(b,a) € K. By log-preinvexity of |f(")|q, Lemma 1
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and Holder inequality, we have

a a a atn(b,a)
GRS IUEICRG) N W T

2 n(b.a) /g
n—1 k k n
. ,;(1) D00 i 1,0 < 2000

y </01 1 (n—2t) dt>1—1/q </01 1 (n — 2t) f(")(a+t7] (b7a))‘th>1/q |
< (S;L?))n (ZJ: 1)11/(1 (/01 11 (n — 2t) (( f<">(a)DQ(1_t) ( f(n)@)Dqt) dt) :
- a))Q’;\!f(") “l (211)1_1/(1 (”/Olt"—lutdt - 2/01 t”mdt)l/q’ (2.8)

where p =

|f(n)(a)|q )
By Lemma 3, we have

1 1
n/ t"’l/ﬁdt—2/ t"ptdt
0 0

(-1 2 (_1)n+1 | |MZ k

(In 1n w"  (n u)”+1 ln u)k“
- ) 2] —2u(l - "1 2
_( ) n[n/Hrn]+1 p(np)” Z Ilquk+]1 (2.9)
(Inp) k= )t (I pe)
()

Applying (2.9) in (2.8) and replacing u = %, we get the desired inequality
(2.7). This completes the proof of the theorem O

Corollary 1. Suppose the assumptions of Theorem 5 are satisfied and if g =1, we
have the inequality

fl@+fla+nba) 1 a1 (ba)
9 ) /a f(x)dz

n—1 k k n
(=1)" (k=1) (n(b,a)) (1 (b, a))
-y L < Ey(n,1), (210)

O a+n (b)) < 0

By 1) = T (1F™ B)]) = (| @))] +2} |7 (a)]
| i (57 @)~ (5 @]

_ 2lf(") ()]
[ln(|f<” )|) - ln(if (@)])]
n [In (| £ ( o (1™ (g
oty \Z {[n ([ @®)]) = (£ (@)])] +2}

=t (=R (|F0 @)]) = (|70 (@)]"
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Corollary 2. Under the assumptions of Theorem 5, if n = 2, we have the inequality

f(a)+ fla+n(,a)) 1 a+n(b,a)
2 00 / f (@) d

where

Corollary 3. Under the assumptions of Theorem &5, if n = 2 and q = 1, we have
the inequality

fl@)+fla+nba) 1 atn(b.a)
‘ 2 0 (b.a) / /() de

(n(b,a))®

<
- 4

(B (2,1)], (2.12)

where

b o) = 2{[m (|7 ®)) - 1n(]f @))] +2} |1 (@)
M (| (®)) = (| (@)

2{[m (@) -1 (f a>\2} 2|7 @]

I (1f” ®)) = (|f" (@))]*

)+
(

In (
"

Remark 1. If n(b,a) = b — a in the inequalities (2.11) and (2.12), one can get
inequalities for the bounds of the difference between middle and the right most terms
in the Hermite-Hadamard inequalities (1.1) in terms of second order derivatives for
log-convex functions.

Theorem 6. Let K C R be an open inver subset with respect ton: K x K — R.
Suppose f : K — R is a function such that f™ exists on K and f™ is integrable
on [a,a+n(b,a)] forn € N, n > 2. If |f(”)|q, q > 1, is log-preinvex on K for
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n €N, n>2, for every a,b € K with n(b,a) > 0, we have the inequality

a a a atn(b,a)
‘f()Jrf( tn(ba) 1 [ s

2 7 (b, a)
n—1 k k
U D 0,0
AN [nCa=1 /1) _ () — 9)2a=1)/(a—1) () ()71 (n) (p) |9
1. | ( z;_uqnl | (1£@) (1rw))
a— 1\ VIS e I (F®)]) ~ o (1 @)]
x<2q_1> kzﬂ( 1) CICEDEDN . (2.13)

Proof. By log-preinvexity of ’ f ’q, Lemma 1 and Holder inequality, we have

a a a a+n(b,a)
‘f()+f( tn(ba) 1 [ @

2 1 (b, a)
n—1 k _ . L ) )
_,;(_1) (;f(ki)g!(b, ) £ (a1 1 (b, a) SW

1 1-1/q 1 . 1/q
([ o-mrera) " ([ ol aso e
0 0
(n (b,a))" {n@q—l)/(qfl) —(n— 2)(2Q*1)/(q71)}

q— 1 1-1/q
22-1/ap) (Qq — 1)

" </0 w0 (o)) (rw)") dt)l/q

(1 (b,@))" [n2=D/ @) — (g — )GV D ] [ )|

22—1/ap)

g—1 1-1/q 1 ) ¢ 1/q
1= ptdt 2.14
‘ (261—1) </0 g ) B
EARIQIN

where p = @ Applying Lemma 6 to the last integral in the inequality (2.14)
and simplifying, we get the required inequality (2.13). O

<

Corollary 4. Suppose the assumptions of Theorem 6 are satisfied andn = 2. Then

‘f(a) + f(;+ n(ba) n(; . /aa+n(b,a) £ () d
sl ) (o))
8
B 1 (40 B (e

2q —1 Pt (g +1),

12

(0)

(1 (b,a))? [220" 1) /ata-] (

<

(2.15)
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Corollary 5. If n(b,a) = b— a in Corollary 4, we have

fla+fe) 1 [
‘ 5 —b_a/af(x)dx

(b— a)2 [2(2‘12—1)/%(1—1)} ( f//(b)’q)
<

rof”)
< 3 k
ozt o (=D g m ([ 0)])) = (£ (a) B
() s e (e ()]

2q — 1 pt (g+1),

(2.16)

Now we give some results related to left-side of Hermite-Hadamard’s inequality
for n-times differentiable log-preinvex functions.

Theorem 7. Let K C R be an open inver subset with respect ton: K x K — R.
Suppose f: K — R is a function such that f™) exists on K and f™) is integrable
on [a,a+n(ba)] form € N, n > 1. If |f(”)‘q 1s log-preinver on K for n € N,
n>1,q>1, for every a,b € K with n(b,a) > 0 we have the following inequality:

0t +f o) (

1
26+ (k + 1) at 3 a>>

2
k=0

1 a+n(b,a)
—717 0.a) / f(z)dx

_ (n(b,a)" [f™) (@) (n) "
2(n+1)(g—1)/q (n + 1)1*1/‘1

{1B2 (. 0)]" + [Bs (n, )]} (217)

where
(_1)n+1

Es (71» )Z n+1

U (@) - (@)

£ )] )q” d (-1)*
- <|f(n)(a)| kz:;) gtt12n=k (n — k) (In (| f™()]) — In (’f(")(a)D)kH
and
(n) a

g+ (1n (| fOO)]) ~ I (| f @)™ [ £ 0)]"

. <|f<”><b>!>Q/zi : |
(O] ) = g rn (= k)t (i (| F0 B)]) = (| £ @)])
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Proof. Suppose n > 1. By using Lemma 2 and the log-preinvexity of | £ | on K
forn € N, n > 1, we have

-« [(_1)k + 1} (n (b, a))k 1 1 a+n(b,a)
kZ:O 2R (] + 1) f(k) (a+2n(b,a)> —m/a f(z)da
S (77(1;’7'&))” [/2 "
< b,@)" /" (a)] /é tndt o /é ot "
o n! 0 o M
1 1=1/q 1 1/q
+ (/1 (1—t)" dt) (/1 1-t)" utdt> ] . (2.18)

2

1

f(”)(a+tn(b,a))‘dt+/ (1—t)"

1
2

£ (@ + tn (b, a))’ dt]

(n) a
where p = <||]J:(n>((2|> . Applying Lemma 4 and Lemma 6 to the integrals in

[£) ()]
|70 (a)]
(2.17). This completes the proof of the theorem.

q
the inequality (2.18) and replacing p = ( ) , we get the desired inequality

Corollary 6. Suppose the assumptions of Theorem 7 are fulfilled and if ¢ = 1, we
have

no1 [r_1\k ank
Z[( Y +1} G A (a+;n(b,a)>

k=0 261 (k4 1)!
1 a+n(b,a)
i T@d] < @ea) [ f @ E 0] B 1))
(2.19)
where
(!
E n, 1) = -
2( ) (ln(’f(")(b)b—ln(‘f(")(a)’)) +1
W)(b)|> v (_1)k
+ (‘f(n)(a” 1;) 2n=k (n — k)! (ln (‘f(")(b)’) —In (’f(n)(a)‘))k-'rl
and
E5(n,1) = }f(n)(b)

|
(i (lF O @®)]) = (| @)])" |70 (@)

RO !
(o) &

=020k (n— k) (n (| £ (0)]) — I (| £ (a)])
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Corollary 7. [31] If we take n = 1 in Corollary 6, we have

‘f (a o, a)) -/ Y @) da

1/2 1/272
(r@)" - (r@)”
L Y (O R Y () I

Corollary 8. [31] If n(b,a) = b — a in Corollary 7, we have

, 1/2 / 1o
|f(a+b) /f <(b-a) (7)™ - (/@)

In (| (0)]) = In (1" (a)])
Theorem 8. Let K C R be an open invex subset with respect ton: K x K — R.
Suppose f : K — R is a function such that f™ exists on K and f™ is integrable
on [a,a+n(b,a)] forn eN, n>1. If |f(”)|q is preinver on K forn e N, n > 1,
qER, g>1, for every a,b € K with n(b,a) > 0 we have the inequality

[0 ] mba) 1 L e
() a — a — X X
kzzo 2k+1 (k +1)! I ( Tyl )> n(b7a)/a fiz)a

2

(2.21)

o T T o= e
2”+1/P(np+1)1/” Van) (In ([F @) = ([F @) |~
(2.22)

1,1 _
where;—«—afl,

Proof. From Lemma 2, the Holder integral inequality and log-preinvexity of | i ‘q,
we have

[0 ] b)) 1 L e
kZ:O 9h+1 (k+ 1) A (a g (®, a>> " n(b,a) /a f (@) dz

) @] | ()" [ (OO0,
< nl (/0 t dt) (/0 <|f(”)(a)| dt
1 % 1 (n) qt %
+</ (1t)npdt> (/ <m> "

a))" {\/|f(”)(a)|+\/‘f(")(b)” [(|f(n)( |)q/2 (|fn) |)q/2]1/q.

20 +1/p (np 4 1)M/P gl/an) In (|f™(®)]) —n ([ £ (a)])

[N

(2.23)
Which is the required inequality. This completes the proof of the theorem. (I
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Corollary 9. Under the assumptions of Theorem 8, if n = 1, we have the inequality

a+n(b,a)
f(aJr;??(baa))n(bl’a)/a f(z)dz

v [VIF@1 -+ V7@ [(F )" - (7 @)™ »
) e | mAF®)-war@n | 0 %
where % + % =1.
Corollary 10. If we take n(b,a) =b— a in (2.24), we get the inequality:
() -k [ 1@
. . / /2 / g/27 14
=0 WVIF@I+VIrel] | ([(Fe)" - (|f@]) -

21+1/p (p + 1)!/7 ql/a (log (| (b)]) —log (/" (a)]))

Remark 2. Inequalities (2.24) and (2.25) are the corrected inequalities that are
given in Theorem 4 and its related corollary from [31].
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