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ON HADAMARD’S INEQUALITIES FOR THE PRODUCT OF
TWO CONVEX MAPPINGS DEFINED IN TOPOLOGICAL
GROUPS

M. A. LATIF, S. S. DRAGOMIRY2, AND E. MOMONIAT

ABSTRACT. In this paper we study Hermite-Hadamard type inequalities for
the product of two midconvex and quasi-midconvex functions and give some
applications of our results.

1. INTRODUCTION

Let f : I — R be a cnovex mapping defined on the interval I of real numbers
and a, b € I with a < b. The following double inequality:

(1.1) f(a;b><bia/abf(x)dx<f(a);f(b)

is known as Hadamard’s inequality for convex mappings. The history of this in-
equality goes back to the papers of Ch. Hermite [9] and J. Hadamard [8] in 1883
and 1893 respectively. This inequality produces some classical inequalities of means
for particular choice of the mapping f. The inequality (1.1) attracted a number of
mathematicians and is generalized, extended, and refined it in a number of ways
(see e.g. [3, 4] and [7]). Also some mappings naturally connected with (1.1) are
defined and properties of these mappings are discussed by many mathematicians
(see e.g. [5, 6]). We discuss only recent studies in this paper.

A generalization of the left side of (1.1) for convex functions defined on a convex
subset of R™ is the following inequality from [13]

1
(1.2) 10) < = [ riayas,
where X C R” is a convex bounded symmetrical set that is, if xt € X = —x € X
f is a lower semicontinuous convex function f : X — R and p(X) is the volume
of the set X.

In [12], Morassaei established Hadamard’s inequality for midconvex and quasi-
midconvex functions in topological groups and discussed some of the properties
of the mapping naturally connected with the Hadamard’s inequality for globally
midconvex function defined in a topological group. Some of the main results from
[12] are stated in the following theorems.
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Theorem 1. [12] Let G be a locally compact group and Q@ C G an open symmetric
set relative to a € G with 0 < p(Q) < co. If f: Q@ — R is measurable and locally
midconver in a and f € L1(2). If w: Q@ — R is non-negative symmetric to a and
w € L1(Q) such that fw € L1(N), then

(1.3) f(a) / w(az)du(z / f(az)g(az)w(az)du(z),

where v is the Haar measure.

Theorem 2. [12] Suppose that G be a locally compact group and Q C G an open
symmetric set relative to a € G with0 < 1 (Q) < oo and e € Q. Let f be measurable
and quasi-midconver real-valued function on Q such that f € Ly (Q). Ifw:Q =R
is a non-negative and symmetric to a and w € L (), then

(1.49) @) [ wlaz)dn(z) < [ flaz)olaz)auz) + I(a),
where .
=5 [ 17(02) = flaz) | swlaz)au().
Furthermore, I (a) satisfies the following inequality
(1.5) 0<1I(a)
< min { L (Jo P (@2)dp(=) = Jo £2(@2) flaz V() (Jow?(a)d(2))? }
- fg\f az |W(a2)du( )-

Theorem 3. Let G be a locally compact group and Q C G an open symmetric set
relative to a € G with 0 < p (Q) < oo. If f are measurable real valued P-function on
Q such that f € L1 (Q). If w: Q — R is non-negative symmetric to a, w € Ly ()
and fw € L1(QY), then

(L6) f (a) /Q w(az) du(2) < 2 /Q Flaz)g(az)w (az) du (2).

We give a result similar to (1.2) for the product of two convex functions defined
on a convex bounded symmetrical subset X of R™. We will also give our results for
the product of two midconvex and qusi-midconvex mappings defined in a topological
groups in Section 3. Applications of the obtained results are given as well in Section
3.

2. A SECONDARY RESULT

Theorem 4. Let f, g be two convex functions defined on a convexr bounded sym-
metrical subset X of R™, we have

1
2u(X)

(2.1)  f(0)g(0) < /X[f(fﬂ)g(x)Jrf(x)g(—x)]dx

a
= —— f(x)g(x) + f(—x)g(x)]| dz.
50 @o@) + F(-)gte)
Proof. Consider the transformation of the R™ in itself defined by

hiR" — R" h=(hy,..., hn)
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and
h,‘ (xl, ,xn) = — Ty, 1= 1,2, ey N

Then h(X) = X and since

-1 0 0 0

0 -1 0 0
D(hy,-ha) Vo 0 -1 0= (-1)n
D(Z‘l, 7x7l) :

0 0 0 -1

Thus we have, by the change of variables that

/f X1y ey ) G (X1, .ony ) dxy . dXyy

/f (h1 (21, ey Zn) s ooy B (21, ey ) g (R (T2, ooy T ) 5 ooy P (T, 0y ) X
’ (h1y ooy hn) dey...de.

(1, ey Tn)

/f LYy ey — )g(fxla"'vfxn)dxl---dxn

/ fz1, o zn) g (=21, .0y —xy) doy ..dzy,

/ R (z1,y e @n) s ey B (@1 ey ) g (e (T, ooy @) 5 ooy =B (X1, 0y ) X
’ (h1y .y hp) dey...de,
Zn)

.’El,...,
/ =21, ., —xn) g (@1, oy ) day..day,.
Now by the convexity of f and g on X, we get that

£(0,...,0)g(0, ..., 0)

_ (xla axn)"_( Ty, xn) (mlv vmn)+( L1y eeey xn)
i )a ; )
< 1 @) 4 F (=0 =20 g (21, 00) + g (1, —20)]
ZEU(% Tn) 9 (X1, s ) + f (=21, 0y —20) g (=21, .0y =)
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which gives by integration on X that
(2.2) / £(0,...,0)g(0, ..., 0)dz ...dz,
X
1
< - [2 f(x1yezn) g(x1, .y 2p) day..dey,
41 Jx
+/ flxe, o zn) g (=21, .y —xy) day ...day,
X

—|—/ f=x1, ., —xn) g (21, .y p) day...day
b'e
Hence (2.1) follows from (2.2). This completes the proof of the Theorem. O

3. MAIN RESULTS

Now we prove Hadamard’s type inequalities for product of midconvex and quasi-
convex functions defined in a topological groups. Before we proceed to prove our
results we give some definitions from [1, 11] and [12].

We recall that for a group (G, -, €), a topology on G is compatible with the group
structure when the maps G x G — G : (z,y) — zy (multiplication) and G — G
:x +— 27! (inverse) are continuous. A group together with a topology compatible
with its group structure is a topological group.

A Haar measure on G is a measure p : X — [0,00), with a o-algebra containing
all Borel subsets of G, such that p(G) =1 and p (vS) = pu(S) forally € G, S € &,
where 7S = {ya : a € S}.

Definition 1. [1] Let G be a topological group, 2 a non-empty open subset of G
and f a real-valued function on Q. We say that f is globally (right) midconvex if

2f(a) < f(az) + f(az™")

foralla, z € G such that a,az,az=* € Q. We say that f is locally (right) midconvex
in a € Q if there exists an open symmetric set V =V ~! from e such that

2f(a) < f(az) + f(az™")
for all z € G such that az,az"t € Q.

Definition 2. [11] Let G be a topological group, 2 a non-empty open subset of G
and [ a real-valued function on Q. The mapping f is called quasi-(right) midconvez,
if

f(az) < max{f(a), f(az®)}
for every a,z € G so that a,az,az® € Q. Note that a is midpoint of az™' and az,
and az is midpoint of a and az>.

Definition 3. [12, Definition 1, page 4] Let 2 be an open subset of topological group
G, and a € G. Q is said to be symmetric relative to a, if a~'Q is symmetric and
e€atQ.

Definition 4. [12, Definition 2, Page 4] Let G be a topological group and Q C G an
open set. A function w: Q — R is called symmetric relative to a € G, if Vz € G;
az,az"!t € Q and w(az) = wlaz™1).

We now give our main result.
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Theorem 5. Suppose that G be a locally compact group and 0 C G an open
symmetric set relative to a € G with 0 < p(Q) < co. Let f, g : @ — Ry be
measurable and locally midconvex in a and f,g € L1(2). Ifw : Q@ — R is non-
negative symmetric to a and w € L1(Q) such that fgw € L1(R), we have

3.1)  fla)g(a) | wlaz)du(z)

S~

<

[ Zf(aZ)g(aZ) (az)dp(z /f az)g Jw(az)dp(z )}
{ / f(az)glaz)w(az)du(z / fla (az)du(z)],

N =

where 1 is the Haar measure.

Proof. Since f and g are midconvex in a, therefore we have

2f(a) < f(az) + flaz™")
and
29(a) < g(az) + g(az™").

for any z € . From these inequalities we get that

< f(az)g(az) + f(az™")g(az)
flaz)g(az™") + flaz"")(g(az™).

Since w is non-negative and symmetric relative to a, we have

4f(a)g(a)w(az)
< flaz)g(az)w(az) + flaz™")glaz)w(az™)
+ flaz)glazMw(az) + flaz™")(glaz™ w(az™).
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Integrating this inequality over 2, we get that

4/(@(a) [ wla)dn(z)
/ flaz)g(az)w(az)du(z / flaz™ 27N du(z)
/ flaz)g(az™ " w(az)du(z / flaz™ 27 du(z)

— [ @) + / £ ()= du(z)
a=10 a=1Q
[ e ue) + / _19f(Z‘l)g(Z‘l)w(z‘l)du(Z)

/f xa-1ar ( /f Ng(2)w(zXa 10 (2) dia(2)
/ f(z Xa-102 (2) dis(2) / £ Vg (= xag (2) dp(2)
G
/ FEgEw()Xa 10 (2) dulz) + /G FE Y920z Xama (271) du(2)
/f 2)Xa-10 ( du(z)+/ f N9 Dw(z ) xe-10 (271) du(2).

G
That is
(32) f(a)g(a) / w(az)du(z)
<2 / F@)g(2)w()xasadu(z) +2 / £z () Xm0 (2) dpa(2)

= / mf(Z)g(Z)w( () +2 / F@g(= ()dn(2)
[/faz (az)w(az)du(z /faz (az7Hw(az)du(z)| .

Since

/f(az)g(az_l)w(az)du(zt):/f(az)g(az_1>w(az_l)d“(z)
Q Q
B / F(2)g(z"Hw(z"")du(z)
a—1Q
= [ Fe ol a2 )
= [ 1@ i (1) du2)
_ /G FNg(2)w(2)Xa10 (2) dulz)
- / (" Ng(2)w (2) dp(z)
a—1Q
= [ sa=gaheta)dntz).
Q
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Thus, we also have

(33) f(@g(o) [ wlaz)du(z

Q
1
<5 | [ femteatanint) + [ tasttazyin)|.
Consequently the inequality (3.1) follows from (3.2) and (3.3). This completes the
proof of the theorem. ([

Remark 1. If we take a = e and w =1 on Q in Theorem 5, we have

(34 f)le)
5 | [ FGs@ane) + [ o0 e

<
= o | /Q F@)g(N(z)du(z) + /Q f<z1>g<z>w<z>du<z>}

which is similar to (2.1).

Remark 2. If g =1 on Q in Theorem 5, we have

(3.5) @) [ wlaz)dut) < [ flazlglaz)o(az)dnc:)

which is a similar result as proved in [12, Theorem 1].

Remark 3. If we takea =e, w=1 and g =1 on Q in Theorem 5, we have
1

3.6 fle) < —= [ f(z)du(z

(3.6) (e) M(Q)Q()()

which is the same result as proved in [12, Remarkl].

Theorem 6. Suppose that G be a locally compact group and @ C G an open
symmetric set relative to a € G with 0 < u(Q) < 0o and e € Q. Let f and g be
measurable and quasi-midconver non-negative real-valued functions on 0 such that
fg € La(Q). Ifw: Q — R is a non-negative and symmetric to a and w € Lo (),
we have

(37 f(a)gla) / w(az)du(z)

/f az)g(az)w(az)du(z /faz Jw(az)dp(z) + I(a)
/ Flaz)g(az)o(az)du(z) + 5 /Q flaz VY glaz)w(az)dp(z) + I(a),

where

= %/Qf(az) l9(az) — glaz™")| w(az)dp(z)
* % /Q |f(az) — flaz™h)| g(az)w(az)du(z)
+ i /Q |f(az) = flaz™Y)]]g(az) — glaz™")|w(az)dp(2).
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Furthermore, I (a) satisfies the following inequality

(3.8) I(a)
i (fg ) (9l02) ~ gla="1))"di(2) " (Jo (az)duz)
+5 (o (902 (£(02) = f(o27))" du(2)) " (o (az)an(2))*
+1 (o (F@=™) = fla ))( (a2) = glaz")) du(2))" (Jow(az)du(2))* |
L (fQ f?(az)du(z ) (Jo 9*(az)w?(az)du(z) 1
_ng az) g(az e 2(aZ)du( ))% + } (fQ 9% (az)dp(2))*
< min (fQ f*(az)w?(az du fQ “Nw?(az)dp(z)
+3 (Jo f2(az)du(z fQ az)d,u(z)) 1
(ng (az)w (az)du(z fgg az) ( 2w (az)dp(z )7,
75 (Jo 9% (az)du(z) - [, 2( 2)g(az™")du(z))?
(fﬂ 2 (az)w?(a z)d,u(z)) + f (Jo f2 (az)du(z) — [ f*(az) ~d (22)%
% (Jiy g (az)w?(az)dp(2))* + (fgg aZ)d (2) = Jo 9 az)g( )du( ))?
< (Jo f2 az)w?(az)dp(z) — fg f2 (az) ) *(az)dp(z ))
8 iy Flaz)glaz)w(az)dp(=) + 5 fy £ Yao(az)dp(2).

Proof. Since 2 is symmetric set relative to a, thus for any z € G and by the
quasi-midconvexity of f and g, we have

) = ma{(az), ozt = LI D 1 0z) - flez D)

and

B Ly _ 9(a2) + glaz™) + [g(az) — glaz7)
g(a) = max{g(az), glaz 1)} = 5 .

Now by the non-negativity of f and g, we get

(3.9) fla)g(a) < % [f(az)g(az) + f(az)g(az™") + f(az) |g(az) — g(az™")]

+ flaz™")g(az )+f(az Dglaz™) + f(az™") |g(az) — glaz™)]
+]f(az) - Dlglaz) + [ f(az) — flaz™)| glaz™")
+|f(az) = flaz™h)| [g(az) — g(az™h)|] -

Since w is non-negative and symmetric relative to a, we have from (3.9) that
fla)gla) [ wlazdu(z

/faz az)w(az)du(z /faz az” w(az)du(z) + I(a)

/f az)g(az)w(az)dpu(z /f az” (az)du(z) + I(a).
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Hence (3.7) is proved, where

(3.10) I(a) /faz ’gaz w(az)dp(z)
/ | f(az) Y| g(az)w(az)du(z)
/Q | f(az) ‘ ‘g az) g(az_l)’ w(az)dp(z).

Now by Cauchy-Schwartz inequality, we observe from (3.10) that

(3.11)

0<I()<;</(f(az)(g(az ) (/Q w?(az)du(z )
(Lo ) (o),
(Fla=") = f(a2)) (9(a2) — gla="1)))* du(z >) (/Q i)

(L

Again by Cauchy-Schwartz inequality, we have from (3.10) the following inequality
1 2( —1\\2 2 :

@3 ([ Faaue) ([ (o) = saz)* P az)auc)

1 3

5 ( (az)dp(z ) ( flaz) — f(az_l))2w2(az)d,u(z))

41

4

»-b\r—‘

0 <I(

which is equivalent to

(312) 0<I(a (/f az)dp(z ) (/Qg2 az)w?(az)du(z)
*/Qg(az)g(az Yw?(az)dp(z )>1 +% (/ﬂ o (az)duz )>é
(/F az)w?(az)dp(z /faz az VY (az)du >)é
</f2azd,u /faz Yaz)dp(z >

X (/ng(aZ) *(az)dp(z )—/Qg(aZ)g(az Hw (aZ)du(z))é-
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Using Cauchy-Schwartz inequality again, we have from (3.10) the following inequal-
ity

N

i 2az z) — zaz a,f1 z
(3.13) ogmz)sﬂ(/ﬂg( Jiuz) ~ [ gP(az)gfaz ) >)

([ Pata@a) + - ([ P - [ Paosa )
([ osoms) 5 s )
< ([ laz)?(az)duz) §+§ Plaz)dp(z) — [ P(az)gladu(z))
(»/Q ) Q Q /

(/ A (az)w?(az)du(z / f?(az) “Hw?(az)du(z ))2

Lastly, by using the properties of absolute value, we have
(3.14) 0<I(a / flaz)g(az)w(az)du(z / flaz)g Yw(az)du(z).

The inequality (3.8) follows from (3.11)-(3.14). This completes the proof of the
theorem. g

Corollary 1. Suppose the assumptions of Theorem 6 are satisfied and if g =1 on
Q in Theorem 6, we have

(3.15) f(a)/Q (az)du(z /f az)w(az)dp(z) + I(a),
where
=5 [ 17(02) = flaz) | wlaz)au).

Furthermore, I (a) satisfies the following inequality

(3.16) 0<I(a)
| SV (o P a2z du fQ 2t (az)du(2) "
Sming e (f faz)du(z) — [, f2(a2)f (az ) (fg (az)du(2))?,
fQ flaz)w(az)du(z)

Definition 5. [12] The function f: Q — R is said to be a P-function in 2, if
fla) < faz) + f(az™")
for alla € Q and z € G such that az,az"" € Q.

Theorem 7. Let G be a locally compact group and Q& C G an open symmetric set
relative to a € G with 0 < pu(Q) < oo. If f, g are measurable non-negative real
valued P-functions on  such that fg € L1 (Q). If w: Q — R is non-negative
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symmetric to a, w € L1 () and fgw € L1(Q), we have

(317) f(a)g(a) / w (az) du (2)

<2 / flaz)gaz)w (az) dpi (=) +2 / flaz)g(az Yw (az) du (2)
=2 / f(a2)g(az)w (az) du (=) + 2 / flaz VY g(az)w (a2) dpu (2)

Proof. Since f and g are P-functions and w is non-negative and symmetric to a,
we have

fla)g(a)w(az) < (flaz) + flaz™1)) (9(az) + g(az™")) w (a2)
=f(a2) (az)w (az) + flaz™")g(az™"w (az)
+ flaz)g(az™Mw (az) + f(az™")g(az)w (az).

Integrating this inequality on 2, we get

f@o(@ [ @)
[ faz)gtas) (02 du (= /f 1w (a2) du (2)
/f az)g (az)dp (2 /f Yw (az) du (z)

=2 A flaz)g(az)w (az) dp(z) + 2 ; flaz)g(az™ w (az) dp (2)
=2 [ flazig(az)e (2) d () +2 | flazNgfahw (02) du(2).
Hence the proof of the theorem is completed. O

Corollary 2. Suppose that the assumptions of Theorem 7 are satisfied and if g = 1
on 2, we have

(3.18) f(a) /Q w(az)du(z) < 4/Q flaz)w (az) du(2) .

Corollary 3. If we take a = e and w =1 on Q in Corollary 2, we have

4
(3.19 f (e Si/fz)duz
) (©) < g [ FG)n(2)
Some of the applications of our results are given in the following remarks.
Remark 4. Set G = R. Since R is an abelian additive group, thus, for all a,z € R,

a — z and a + z are points for which a is the midpoint. Now, if a — z = y and
a+z=ux, then a = %er If we take Q = [—b,b], we get a =0 and y = —x. Hence
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from Theorem 5, we have

b
(3.20) F(0)9(0) / @)
1 b b
<3| [ r@e@e@is+ [ jao-re@s
—b —b

b b
= % / f(z)g(x)w(x)dx + f(=2)g(z)w(z)dx

—-b —-b

Ifw(x) =1 for all x € [=b,b] in (3.20), we obtain

b b
1) [0 <35 | [ f@s@dr+ [ fa@a-ada

1] ’
= [bf(z)g($)dx+Lbf(—$)9($)dm

Remark 5. If in the Theorem 5, G = R™ with an additive operation and 2 = X is
an open bounded symmetric and convex subset of R™ | then the result of Theorem
4 holds.
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