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NEW BOUNDS FOR CEBYSEV FUNCTIONAL FOR POWER
SERIES IN BANACH ALGEBRAS VIA A GRUSS-LUPAS TYPE
INEQUALITY

S.S. DRAGOMIRY:2, M. V. BOLDEA3, AND M. MEGAN#*

ABSTRACT. Some Griiss-Lupas type inequalities for sequences in Banach al-
gebras are obtained. Moreover, if f(A) = 302 ) apA™ is a function defined
by power series with complex coefficients and convergent on the open disk
D(0,R) C C, R > 0 and =,y € B, a Banach algebra, with zy = yz, then
we also establish some new upper bounds for the norm of the Cebysev type
difference
F)fQay) = F(Az) f(Ay), A€ D(O,R).

These results complement the earlier resuls obtained by the authors. Appli-
cations for some fundamental functions such as the exponential function and
the resolvent function are provided as well.

1. INTRODUCTION

In 1935, G. Griiss [45] proved the following integral inequality which gives an
approximation of the integral mean of the product in terms of the product of the
integral means integrals as follows:

(1.1)

bia/:“x)g@)dwbia[f@)dw'bi@/abg(x)dz
1

SZ(‘P—@)(F—W)

where f,g: [a,b] — R are integrable on [a, b] and satisfying the assumption

o< f(x)<P,y<g(x)<T

for each z € [a,b] where ¢, ®,v,T" are given real constants.

Moreover the constant i is sharp in the sense that it can not be replaced by a
smaller one.

For a simple proof of (1.1) as well as for some other integral inequalities of Griiss’
type see the Chapter X of the recent book [51] by Mitrinovi¢, Pecari¢ and Fink.

In 1950, M. Biernacki, H. Pidek and C. Ryll-Nardzewski [4] established the
following discrete version of Griiss’ inequality, see also [51, Ch. X]:
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Theorem 1. Let a = (ay,...,a,),b = (b1,...,b,) be two n-tuples of real numbers
such thatr < a; < R and s < b; < S fori=1,...,n. Then one has the inequality:

1 n 1 n 1 n

<A (-2 ] s

when [x] is the integer part of x,x € R.

(1.2)

A weighted version of Griiss’ discrete inequality was proved by J.E. Pecari¢ in
1979, see for instance [51, Ch. X]:

Theorem 2. Let a,b be two monotonic n-tuples and p a positive one. Then

1 o 1 o 1
= > piaibi — ==Y pigi - 5 Y pib;
Pa i=1 Pu i=1 Pn i=1

PPy
P?

(1.3)

< lan = arlfbn = bi| 1<kt (

where Py, := Y. p; , Poy1 =P, — Piy1 -
i=1
In 1981 , A. Lupag [51, Ch. X] proved some similar results for the first difference

of a as follows :

Theorem 3. Let a,b two monotonic n-tuples in the same sense and p a positive
n-tuple. Then

2
. : 1 -, Ry
(1.4) | Jmin |lait1 — ai | Jain |bi+1 — bi o Z;ZQpi - (Pn ;sz)
7Pni:1 [ASZA) Pni:1 A Pnizl %3

1< I & ’
< max |ai+1—ai| max ‘bi+1—bi| 72 ’L'2pi— 75 ipi
1<i<n—1 1<i<n—1 P, 4 1 P, < 1
i= i=

If there exists the numbers a,ay,r,r1,(rr1 > 0) such that ap, = a + kr and by =
4y + kry, then in (1.4) the equality holds.

For some generalizations of Griiss’ inequality for isotonic linear functionals de-
fined on certain spaces of mappings see Chapter X of the book [51] where further
references are given .

For related results, see [1]-[33], [37]-[43] and [46]-[62].

In order to extend the above results for Banach algebras, we need some prelim-
inary facts as follows:

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0,00) such that
(B, ||]]) is a normed space, and, further:
[labl| < llall 6]

for any a,b € B. The normed algebra (B, ||-]|) is a Banach algebra if ||-|| is a complete
norm.
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We assume that the Banach algebra is unital, this means that B has an identity
1 and that ||1|| = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an
element b € B with ab = ba = 1. The element b is unique; it is called the inverse of
a and written a~! or % The set of invertible elements of B is denoted by Inv3. If
a,b €InvB then ab €lnvB and (ab) ™" = b~ta" L.

For a unital Banach algebra we also have:

(i) If a € B and lim,, ||a”|\1/" < 1, then 1 — a €lnvB;
(ii) {a € B: |1 = b|| < 1} CInv5;
(iii) InvB is an open subset of B;
(iv)
For simplicity, we denote Al, where A € C and 1 is the identity of B, by A. The
resolvent set of a € B is defined by

pla) ={AeC: A—acIuvB};

the spectrum of a is o (a) , the complement of p (a) in C, and the resolvent function
of ais Ry : p(a) —InvB, R, (\) := (A—a)~". For each A, € p(a) we have the
identity

v) The map InvB 3 a — a~! €InvB is continuous.

R, (7) - R, (/\) = (/\ - 7) R, ()‘) R, (7) :
We also have that o (a) C{A € C: || <|a|}. The spectral radius of a is defined
asv(a) =sup{|A|: A€o (a)}.
If a,b are commuting elements in B, i.e. ab = ba, then

v(ab) <v(a)v(b) and v(a+0b) <wv(a)+v ().

Let f be an analytic functions on the open disk D (0, R) given by the power series
FO) =32 0a;N (]Al < R).If v(a) < R, then the series > >~ a;al converges
in the Banach algebra B because Z;io laj| ||a?|| < oo, and we can define f (a) to
be its sum. Clearly f (a) is well defined and there are many examples of important
functions on a Banach algebra B that can be constructed in this way. For instance,
the exponential map on B denoted exp and defined as

[e.9]

1 .

expa := Z f'aj for each a € B.
j=0""

If B is not commutative, then many of the familiar properties of the exponential

function from the scalar case do not hold. The following key formula is valid,

however with the additional hypothesis of commutativity for a and b from B
exp (a4 b) = exp (a) exp (b) .

In a general Banach algebra B it is difficult to determine the elements in the range of
the exponential map exp (B), i.e. the element which have a "logarithm". However,
it is easy to see that if a is an element in B such that |1 —al < 1, then a is in
exp (B) . That follows from the fact that if we set

bzl,'],;(la)nv

then the series converges absolutely and, as in the scalar case, substituting this
series into the series expansion for exp (b) yields exp (b) = a.
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It is known that if z and y are commuting, i.e. xy = yz, then the exponential
function satisfies the property

exp () exp (y) = exp (y) exp (z) = exp (z +y).
Also, if z is invertible and a,b € R with a < b then

b
/ exp (tz) dt = 2 [exp (bx) — exp (ax)] .

Moreover, if  and y are commuting and y — x is invertible, then

/Oexp((l—s)a?+sy)ds:/0 exp (s (y — z)) exp (z) ds

_ ( / Cexp (s (y x))ds) exp ()

-1

= —=) [exp(y —z) — I]exp(x)
-1

= —=) [exp(y) —exp (z)].

Inequalities for functions of operators in Hilbert spaces may be found in the
papers [15], [14] and in the recent monographs [34], [35], [44] and the references
therein.

2. SOME GRUSS-LuPAs’ TYPE INEQUALITIES IN BANACH ALGEBRAS

The following inequality of Griiss’-Lupasg type in Banach algebras holds:

Theorem 4. Let B be a Banach algebra over K (=R,C) , a;,b; € B and ; € K
(i=1,...,mn). Then we have the inequality :

(21) Zalzalal i Zalalzal i
=1 =1
< s A
_lgr;lgfiluaﬁl %lllgrjngglﬂbﬁl bl
2
3PS SETARY D olte)
=1

The inequality (2.1) is sharp in the sense that the multiplicative constant C =1 in
the right membership can not be replaced by a smaller one.

Proof. Let us start with the following identity which can be proved by direct com-
putation:

O‘z

M:

(2.2)

=1 1

ajaib; — § [671¢%) § a;b;
n

aiaj (aj —a;) (bj — b)) = Z a;a (aj —a;) (by —b;).

1 1<i<j<n

DN | =

‘Mﬁn

2]
As i < j we can write that

j—1

a; —a; = Z (ak+1 — ag)

k=i
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and
j—1
bj —b; = Z (b1 —bg) -
k=i
Using the generalized triangle inequality we have successively from (2.2) :

(2.3) ZazZa,alb X:OcaZz Zaazzab
n j—1
= Z Qi Z Qr41 — ag Z (b1 — br)
1<i<j<n k=1
n — —
< Z || Z a1 — Qk) Z bit1 — br)
1<i<j<n k=i i
n _
< Y o ag|2||®k+1—ak||2\\bk+1—ka =: A.
1<i<j<n

Now, we have

lanss = anll < | max flage = ol and b = bl € max [boss = b

for all k =4,...,j — 1 and then by summation,

_ < (j—34 _
> ok —aull < G =), angx forrn — ]
=17

and

D o lloksr = bell < (G- ) max  [bss1 — byl

/ 1<s<n
k=1
Taking into account the above estimations, we can write
n

L2
A< Z || (5 —4) 1<m<x as+1 — as|| |Jhax [bs+1 — bs][ -
1<i<j<n ==

As a simple calculation shows that

n

S ol ol G- 9 Zleﬁ%l—(Z'IaiI)Q

1<i<j<n i=1

the inequality (2.1) is proved.
Assume that the inequality (2.1) holds with a constant ¢ > 0, i.e.,

ZO@ Zazazb - Zaza/z Zal %

i=1 =1

<c max [lajy - a]||  Jnax [lbj1 — by

<[l 3 - (zwaa)g

i=1

(2.4)
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Now, choose the sequences ay, = a+kz(z2#0),bp =b+ky(y#0) (k=1,...,n).
We get

n n n n
E Q5 E aiaibi — E ;a4 E Oéibi
i=1 i=1 =1 i=1

2
=5 || 22 @iag (=0 zy| = Izl lwll | D_lel Y i el = D ifox
i=1 i=1 i=1

i,j=1
and
n n 2
(Jnax flajr —aglf [bj1 — b 2@20@ - (2:1 iai)
i= i=
n n n 2
[l 3 s - (Sl
i=1 i=1 i=1
and then by (2.4) we get ¢ > 1 , which proves the statement. a

Remark 1. In particular, we have
n n n 2
(2.5) Zai Zaiaf — <Z oziai>
i=1  i=1 i=1
n n n 2
2 .2 .
< Jmax laj+1 — a;l Z || Zi |a| — <Zz 04z'|>
=1 1=1 1=1

The following corollary holds:

Corollary 1. Under the above assumptions for a;,b; (i =1,...,n) we have the
inequality:

1 « le- 1
=1 =1 =1
n?—1
S g, ex llaj+1 — aj | Jnax [bj+1 — byl -

The constant % is sharp in the sense that it can not be replaced by a smaller one.
In particular,

I 1\ w21
. 13 a2 <2 1 —a|?
(2.7) oD (n > az> < g e llajen — g
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The proof follows by the above theorem putting a; = % and taking into account
that

n n n 2
Zai Zizai - (Z ’L'Oéi>
i=1 i=1 i=1
2
1 n
)
=1
n?—1
12

1 nQ(n—l—l)(Zn—i—l) n?(n+1)°
6 4

Remark 2. If a;,b; € B and o; € K with o] =1, (i=1,...,n), then we have
the inequality :

(2.8)

ia;b; — ZozaZ Zab

llajy1 — aJH Jmax. b = b4

041

n2—1

< max
12 1<j<n-1

3. INEQUALITIES FOR POWER SERIES
Let a,, be nonzero complex numbers and let

1
R =

Clearly 0 < R < oo, but we consider only the case 0 < R < oo.
Denote by:

AeC: |\ <R}, if R < oo
D(O’R):{E{C A if R =00

consider the functions:

3

A f(A): D(0,R) — C, f(\ Z%A"
and
A fa(A): D0, R) — C, fa(A Z\anw
Let B be a unital Banach algebra and 1 its unity. Denote by

r € B:|z|| < R}, if R < oo
B(O’R):{é’, = if R = oo.

We associate to f the map:

v+ f(z): B(O,R) — B, f(x Zanm

n

Obviously, f is correctly defined because the series ano apx™ is absolutely con-

vergent, since Y~ o [[apz™| < Y07 an| ||lz]|".
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In addition, we assume that sy := Y n?|a,| < 0o. Let so:= Y o2 |an| < o0
and s1 1= > oo n|a,| < co.
With the above assumptions we have that [36]:

Theorem 5. Let A € C such that max{|\|,|\*} < R < oo and let z,y € B with
Izl s lyll <1 and xy = yx. Then:

(i) We have
(3.1) |70 1) Fay) = F ) FOw)|
< V2¢min{fle = 1], iy = 1} £ (1)
where:
(3.2) $? = 5082 — 81
(ii) We also have
63 [Fo-nT0a - Foa) Fow)|

< V2min {Jlz = 1]|, ly = 1} £a (IAD)
2 o1 / 2\ 1/2
RO A CH RN ACH B FAC) S S

For other similar results, see [36].

As some natural examples that are useful for applications, we can point out that,
if

= (-D" ., 1
(3.4) f()\):Z< n) N =g Ae D(0,1);
n=1
(A)—i(_l)n/\%— A A€
g - —~ (27’1,)' = COs ) )
h(A)—iﬂW“—smA AEC
- = (2n+1)! B ’ ’
L) =2 (D" = g AED(0,1);
n=0

then the corresponding functions constructed by the use of the absolute values of
the coefficients are

(3.5) fa (A):Z%A":m%, XeD(0,1):;

— 1
ga(N) =) A" =coshA, A€C;

= 1 2n+1 _ . .
hA(A)zzom)\ =sinh A\, A € C;
o

1
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Other important examples of functions as power series representations with non-

negative coefficients are:
o0

1
(3.6) exp (A) = a)\" AeC,
n=0 "
1 1+ S P
“In| —= ) = — " D (0,1);
2n(1—)\> ;271—1 ;. AeD0D);
2. I'(n+1)
sin™! (V) =) 22N A e D(0,1);
VT (2n+1)nl
tanh ™! (\) = 22 ! 1)\2"’17 Ae D(0,1)
—
n=1

S Dt )Lt HT0) 0 o

21 (o, B, 7, A) = 7;) n!T ()T (B)T (n+7)

AeD(0,1);

where I' is Gamma function.
The following new result holds:

Theorem 6. Let f(A) = >.0°  a,\" be a power series that is convergent on the
open disk D(0,R), with R > 0. If z,y € B with xy = yx and ||z||, |ly|| < 1, then
we have for A € C with |A| < R the inequality:

37 70D FOay) - Fow) Fo)|
<l = 1lly = 1 {£a GAD [IALF4 GAD + NP £4 (D] = 11 £2 (D1}

Proof. From the inequality (2.1) we have

n n n n
g o\ E a; Nz'yt — E o'z’ g a; \'y'
i=0 i=0 i=0 i=0

(3.8)
< dax (27 =2l max g7 -]
<D el [N i el A = (ZZ |ovi | I/\Z>
i=0 i=0 i=0
for all n > 1.

Observe that, since ||z|| < 1, then
pdmax a7 =2 = max o @ - D < max {[Jo7] llz - 101}
max {Jall’ o = 1} <l = 1]

0<j<n—1

IN

Also,
o Jmax | 7+ =97 < lly =1

for ||yl < 1.
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Therefore, since xy = yx from (3.8) then we have

(3.9 Z aN Z ;N (zy)! — Z ;N Z a; Nyl
=0 j=0 =0 i=0
2

n n n
<l =1 lly = 2| D gt A D5 sl AP = | D g le | 1A
j=0

Jj=0 Jj=0

for all n > 1.
If we denote f (u) := > 72, aju’, then for |u| < R we have

> dajul = uf (u)
§=0

and
(o)
. 1 /
Y itaju’ =u(ug (u) .
j=0
However
u(ug' () = ug’ (u) +u’g" (u)
and then -
> ol = ug (u) +uPg” (u).
§=0
Therefore -
D37 lag [ I = AL £4 (A + AP £4 (D
j=0
and
i .
D dlagl AP = [ALf (1]
j=0
for |A\| < R.
Since all the series involved in (3.9) are convergent, then by letting n — oo in
(3.9) we deduce the desired result (3.7). O

Corollary 2. Let f(\) = Y o0 a, A" be a power series that is convergent on the

n=

open disk D(0, R), with R > 0. If v € B with ||z|| <1 then we have for A € C with
|Al < R that

~ ~ ~ 2
(3.10) Hf (A1) F (Aa?) — [f (Ax)}

2
e R A GO B COENACO R VA
Example 1. If we apply the inequality (3.7) to the exponential function, then we
have
3.11)  lexp[A (1 +zy)] —exp [A(z +y)]l| < llz — 1| ly = 1]l [M exp (2|A])

for any x,y € B with vy = ya, |lz||, [ly|l <1 and A € C.
In particular, we have

(3.12) [lexp [A (14 z%)] — exp 2X\2)|| < [l — 112 |Al exp (2 |A])
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for any x € B with ||z|| <1 and X € C.
Also we have

(3.13) lexp [A (1 = )] = 1] < |z — 1]l + 1] |A] exp (2 |A])

for any x € B with ||z|| <1 and X € C.

o0

Example 2. Now, consider the function f(X) =~ A" = = )\, AxeD(0,1). If
we apply the inequality (3.7) for this function, then we get the result:

[l = [ lly — 1

(3.14) H(l—/\)_l (I—Amy)_l—(l—)\x)_l(l—/\y) H > (1_|)\|)

for any x,y € B with xy = yx, |z||, |lyll <1 and X € C with |A\| < 1.
In particular, we have the inequality

-1 2y 1 Jlz—1)*
(3.15) HG—A) (1-x?) "' — H* e
and the inequality
_ - - [z — 1 [l + 1]
(3.16) Q=N (1) o (1o aZe?) | c T
H (1 xa?) 7 = =

for any x € B with ||z|| <1 and X € C with |A\| < 1.
Now, if we take \ = % with |7y| > 1 then we get from (8.14) the inequality

4

[l = 1l {ly = 1l 1|
4
(=1

1

@lﬂ)bﬂv—D*Wv—mﬁ’—v%v—@*Wv—wdHé

which is equivalent to

2

[l = 1 {ly = 1l |~
4
(=1

for any z,y € B with xy = yz, ||z||, |ly|| <1 and v € C with |y| > 1.
If we use the resolvent function notation we then have the following inequality:

318)  |(-D-m) - -2 -y <

lz = 1 lly = 1] 11
(vl = D)*

for any z,y € B with xy = yz, ||z||, |ly|| < 1 and v € C with |y| > 1.
In particular, we have

(319) (=D Ry (1)~ Re (D R, ()] <

(3.20) ‘Mv—-ﬂ_lRﬁ(v)—fﬁ(vﬂ‘_ﬁ;%{}$7|

for any x € B with ||z|| <1 and v € C with |y| > 1.

Remark 3. Similar inequalities may be stated for the other power series mentioned
above. However, the details are not presented here.
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