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SOME INEQUALITIES FOR TRACE CLASS OPERATORS VIA A
KATO’S RESULT

S.S. DRAGOMIR!»2

ABSTRACT. By the use of the celebrated Kato’s inequality we obtain in this
paper some new inequalities for trace class operators on a complex Hilbert
space H. Natural applications for functions defined by power series of normal
operators are given as well.

1. INTRODUCTION

We denote by B (H) the Banach algebra of all bounded linear operators on a
complex Hilbert space (H;(-,-)).

If P is a positive selfadjoint operator on H, i.e. (Px,z) > 0 for any « € H, then
the following inequality is a generalization of the Schwarz inequality in H

(1.1) (Pa,y)* < (Pz,z) (Py,y),

for any z,y € H.
The following inequality is of interest as well, see [18, p. 221].
Let P be a positive selfadjoint operator on H. Then

(1.2) 1P| < | P|| (Pa, )

for any =z € H.

The "square root" of a positive bounded selfadjoint operator on H can be defined
as follows, see for instance [18, p. 240]: If the operator A € B (H) is selfadjoint and
positive, then there exists a unique positive selfadjoint operator B :== /A € B (H)
such that B2 = A. If A is invertible, then so is B.

If A € B(H), then the operator A*A is selfadjoint and positive. Define the
"absolute value" operator by |A] := v A* A.

In 1952, Kato [19] proved the following celebrated generalization of Schwarz
inequality for any bounded linear operator 7" on H:

(1.3) (Ta,y) < (TD) 2,2) (T y.y).

for any z,y € H, « € [0,1]. Utilizing the modulus notation introduced before, we
can write (1.3) as follows

(14) (T ) < (IT1 @, 2) (1T g,y

for any xz,y € H, a € [0,1].
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It is useful to observe that, if 7" = N, a normal operator, i.e., we recall that
NN* = N*N, then the inequality (1.4) can be written as

(L5) [(Na,y)l* < (INP ) (NP gy,

and in particular, for selfadjoint operators A we can state it as
1—
(1.6) (Az,y)| < 1A ] [||a)" =

for any xz,y € H, a € [0,1].
If T = U, a unitary operator, i.e., we recall that UU* = U*U = 1, then the
inequality (1.4) becomes

Uz, y)| < ll=]l Iyl
for any x,y € H, which provides a natural generalization for the Schwarz inequality
in H.
The symmetric powers in the inequalities above are natural to be considered, so
if we choose in (1.4), (1.5) and in (1.6) o = 1/2 then we get for any z,y € H

(1.7) (Tz,y)[* < {|T| 2 2) (|IT"|y,9).
(1.8) (N, y)|* < (IN|z,2) (| Ny, y).
and

(1.9) (Az,y)| < 14172 2] ||1a1/2
respectively.

It is also worthwhile to observe that, if we take the supremum over y € H, ||y|| = 1
in (1.4) then we get

(1.10) |Tw|® < 7)) (|7 2,)
for any x € H, or in an equivalent form
(1.11) T < ||| | |7~

for any z € H.
If we take o = 1/2 in (1.10), then we get

2
(1.12) [T )™ < [IT[|{|T'| 2, z)

for any x € H, which in the particular case of T = P, a positive operator, provides
the result from (1.2).

For various interesting generalizations, extension and Kato related results, see
the papers [7]-[17], [23]-[29] and [34].

In order to state our results concerning new trace inequalities for operators in
Hilbert spaces we need some preliminary facts as follows.

2. TRACE OF OPERATORS

Let (H, (-,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.
We say that A € B(H) is a Hilbert-Schmidt operator if

(2.1) D Aes|* < oo

icl
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It is well know that, if {e;};c; and {f;},.; are orthonormal bases for H and A €
B (H) then

2 2 wp 2
(22) Do lAeill® =D IALIE =14 Sl
s Jjel Jjel
showing that the definition (2.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.
Let By (H) the set of Hilbert-Schmidt operators in B (H). For A € By (H) we
define

1/2
(2.3 Al = (zw)
i€l
for {e;},c; an orthonormal basis of H. This definition does not depend on the choice
of the orthonormal basis.

Using the triangle inequality in [? (I) ,one checks that By (H) is a vector space
and that [|-||, is a norm on By (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A| := (A*A)*/? .

Because |||A| z|| = ||Az]| for all z € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and ||A]|, = |||A]|l5. From (2.2) we have that if A € By (H), then A* €
By (H) and [A]l, = | 4°]l,-

The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:

Theorem 1. We have
(i) (B2 (H), ||ll5) s a Hilbert space with inner product

(2.4) (A,B), = (Ae;,Be;) =Y (B Aeie;)
il iel
and the definition does not depend on the choice of the orthonormal basis {e;}
(ii) We have the inequalities

iel’

(2.5) IAIF < [|All
for any A € By (H) and
(2.6) ATy, [T Ally < 1T 1Al

for any A€ By (H) and T € B(H);
(#ii) By (H) is an operator ideal in B(H), i.e.
B(H)By (H)B(H) < By (H);
(1v) Byin, (H) , the space of operators of finite rank, is a dense subspace of By (H) ;

(v) Bo (H) C K (H), where K (H) denotes the algebra of compact operators on
H.

If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if

(27) Al = 3 (Al s, e4) < co.
iel
The definition of [|Al|; does not depend on the choice of the orthonormal basis
{ei};cr - We denote by By (H) the set of trace class operators in B (H) .
The following proposition holds:
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Proposition 1. If A € B(H) ,then the following are equivalent:
(i) Aec By (H);
(ii) |A'/* € By (H);
(i) A (or |A]) is the product of two elements of By (H) .
The following properties are also well known:
Theorem 2. With the above notations:
(i) We have
(2.8) [All, = 147y and [[All, < Al
for any A € By (H);
(i) By (H) is an operator ideal in B(H), i.e.
B(H)By (H)B(H) < By (H);
(i1i) We have
By (H)By (H) =By (H);
(iv) We have
[A[ly = sup{(A,B), | Be By (H), |B| <1};

(v) (B1(H),||ly) s a Banach space.
(iv) We have the following isometric isomorphisms

By (H)~ K (H)" and B, (H)" = B(H),
where K (H)" is the dual space of K (H) and By (H)" is the dual space of By (H).
We define the trace of a trace class operator A € By (H) to be

(2.9) tr(A) == (Aej,ei),
i€l
where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (2.9)
converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 3. We have
(i) If A€ By (H) then A* € By (H) and

(2.10) tr (A") = tr (A);
(i) If Ae By (H) and T € B(H), then AT, TA € By (H) and
(2.11) tr (AT) = tx (TA) and |tx (AT)| < | A, [T

(#3) tr (+) s a bounded linear functional on By (H) with |tr|| = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) is a dense subspace of By (H).

Utilising the trace notation we obviously have that
(A,B), = tr (B*A) = tr (AB*) and ||A|? = tr (A" A) = tr (|A|2)

for any A, B € By (H).
For the theory of trace functionals and their applications the reader is referred
to [33].
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For some classical trace inequalities see [4], [6], [30] and [38], which are continu-
ations of the work of Bellman [2]. For related works the reader can refer to [1], [3],
4, [14], [22], [27], [28), [31] and [35).

3. TRACE INEQUALITIES VIiA KATO’S RESULT
We start with the following result:

Theorem 4. Let T € B(H).
(i) If for some o € (0,1) we have |T|**, |T*|2(17a) € By (H), then T € By (H)
and we have the inequality

(3.1) Itr (7)) < tr (\T|2“) tr (|T*|2<1—a)) ;
(ii) If for some o € [0,1] and an orthonormal basis {e;},.; the sum
Do lITel|* [T e
el
is finite, then T € By (H) and we have the inequality
(3.2) [tr (T)] < Y I Tel|™ | T7el|
iel

Moreover, if the sums Y ;. || Te;l| and Y, [|T*ei|| are finite for an orthonormal

basis {e;},cr, then T € By (H) and we have
(33) (1) < _inf {Z [ Tes]|* 1€ } < min {Z I Teil Y ||T*ez||}
i€l i€F el

Proof. (i) Assume that o € (0,1). Let {e;};c; be an orthonormal basis in H and
F a finite part of I. Then by Kato’s inequality (1.4) we have

1/2 1/2
Z (Tej,e)| < Z| Te; e;)] < Z <\T|20‘ ez,el> <|T*|2(1_a) ei,ei> .

i€l i€EF

(3.4)

By Cauchy-Buniakovski-Schwarz inequality for finite sums we have

(3.5) > <\T|2°‘ ei,6¢>1/2 <|T*|2(1—a> ei,ei>l/2

iF<Z [<|T|2a >1/2} 2) 1/2 (Z [<|T*2(1a) >1/2] 2) 1/2
€, €; €, €
- i€F i€l
1/2 1/2
_ 200 x12(1—a) )
() (g ree)

Therefore, by (3.4) and (3.5) we have

S (Teier)| < <Z<|T| e e L>>1/2 <Z<|T*|2<1—a> ei,ei>>1/2

i€l i€l ieF

(3.6)

for any finite part F of I.
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If for some a € (0,1) we have |T|°*, |T*\2(1_a) € By (H), then the sums
Yier <|T|2a €i, ei> and Y, ., <|T*|2(170‘) €i, ei> are finite and by (3.6) we have that
> icr (Tes, e;) is also finite and we have the inequality (3.1).

(ii) Assume that o € [0,1]. Let {e;},.; be an orthonormal basis in H and F a
finite part of I. Utilising McCarthy’s inequality for the positive operator P, namely

<Pﬁx,x> < <Px,m>5,

that holds for 8 € [0,1] and = € H, ||z| = 1, we have

(TP eryei) < (TP es,e)

and
1—
(IT PO eiyer) < (1T esver)
for any i € 1.
Making use of (3.4) we have
1/2 1/2
B7) Y (Tee| <3 [(Teien)| < Z<|T|2a ei7ei> <\T*|2<1*a> ei,ei>
i€F i€F i€F
a/2 (1—a)/2
<> T e, e 7% &5, €
> (e (P
= Z <T*Tez-, €i>a/2 <TT*€Z', 67;>(170[)/2
icF
=D ITel|* [T~
icF
Utilizing Holder’s inequality for finite sums and p = é, q= ﬁ we also have
« * l1-a
(3.8) D Tl 1T7es|
ieF
« 1/ ) 11—«
a1/ * —« @
< [Z (ITeil ) ] > (el ™) ]
i€F i€EF
a 11—«
= DoITell| | D IT el
i€F i€F

Since all the series involved in (3.7) and (3.8) are convergent, then we get

« * 11—«
(3.9) D (Teie)| <D |1 Tesl|* IT el
i€l i€l
[eY 11—«
< Do ITell| DT el
icel el

for any a € [0,1].
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Taking the infimum over « € [0, 1] in (3.9) produces

(3.10) > (Tei,en)| < lnofu{ZTez 17l }
iel
-«
f Te; T e;
< | 2l S

i€EF

= min {Z I Te;]| ,Z ||T*el||} .
i€EF i€F

([l

Corollary 1. Let T € B(H
(i) If we have |T|,|T*| € By (H), then T € By (H) and we have the inequality

(3.11) jor (T)” < o (|T]) o (|1T7]) 5
(ii) If for an orthonormal basis {e;},c; the sum Y. /|| Teil| [T*es|| is finite,
then T € By (H) and we have the inequality
(3.12) tr (D) <> VITell [T*eil.
iel
Corollary 2. Let N € B(H) be a normal operator. If for some o € (0,1) we have
N>, |N\2(1_a) € By (H), then N € By (H) and we have the inequality

(3.13) Itr (N)[? < tr <|N\2“> tr (|N\2<1—a>) .
In particular, if |N| € By (H), then N € By (H) and
(3.14) tr ()] < tr (INT)

The following result also holds.

Theorem 5. Let T € B(H) and A,B € By (H).
(i) For any o € [0,1] we have |A*|* |T|**, |B*|* |T*[** =) and B*T A € B, (H)
and

(315)  lr (BT < (A TR e (130 TR0
(ii) We also have
(3.16) |tr (AB*T)|?

< min {or (1B) tr (14" 177) ot (147) o (1B 17°F) |

Proof. (i) Let {e;};.; be an orthonormal basis in H and F a finite part of /. Then
by Kato’s inequality (1.4) we have

(3.17) (T Ae;, Be;)|? < <|T\2°‘ Aei,Aei> <|T*|2<1—°“> Bei,Bei>
for any ¢ € I. This is equivalent to

1/2 1/2
(3.18) (B*TAe;, )| < <A* aks Aei,ei> <B* 720 Bei,ei>

for any i € 1.
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Using the generalized triangle inequality for the modulus and the Cauchy-Bunyakowsky-
Schwarz inequality for finite sums we have from (3.18) that

(3.19) > (B*TAei,e;)

i€F

<> [(B*TAe;,e;)|

i€EF

|2 4 V2 ). *2(1-a) B, 12
<;<A IT| Ae“ez> <B bl Bel,ez>

lz (<A* T[> Aei,ei>1/2>2

iceF

1 12(1—a) o 1/2)2
[; <<B IT*| Be,,ez>
1/2 1/2
Z<A* |T\2a A€¢7€i> Z<B* |T*|2(17Q) B€i7€i>]

i€F i€l

1/2

IA

1/2

X

for any F' a finite part of I.
Let a € [0,1]. Since A,B € By (H), then A*|T|** A, B*|T***~* B and
B*T'A € By (H) and by (3.19) we have
1/2 1/2
(3.20) ltr (B*TA)| < [tr (A* ks A)} [tr (B* i B)] :
Since, by the properties of trace we have
tr (B*TA) = tr (AB*T),
tr (A* T2 A) — tr (AA* |T|2a) = tr (|A*|2 \T|2O‘)
and
tr (B* |T*|2(1—0¢) B) = tr (|B*|2 |T*‘2(1—0¢)) ’

then by (3.20) we get (3.15).
(ii) Utilising McCarthy’s inequality [29] for the positive operator P

<PB:L’,:1:> < (Pz,z)?
that holds for 8 € (0,1) and € H, ||z|| = 1, we have

(3.21) (PPy,y) < lyl** = (Py,y)”
for any y € H.
Let {e;};,c; be an orthonormal basis in H and F a finite part of /. From (3.21)
we have
<|T|2a Aei,Aei> < [|Ae] 20 <\T|2Aei,Aei>
and

11—

<|T*|2(1—a) Bei,Bei> < ||Bez||2a <|T*|2B€i,B€i>
for any i € 1.
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Making use of the inequality (3.17) we get

«a 11—«
(T Aei, Ben)* < [ Aeil** ) (|71 Aei, Aei) || Beil* (|T** Bei, Be;)

= 1Beil® (171 Acs, Ae:) | Aei20= {IT*? Be, Bes)

and taking the square root we get

l1—o

(3.22) |(TAe;, Be;)| < HBei||“<|T|2Aei,Aei>§\|Aei||1_“ <|T*|2Bei,Bei> :

for any i € I.
Using the generalized triangle inequality for the modulus and the Holder’s in-
equality for finite sums and p = é, q= ﬁ we get from (3.22) that
(3.23) Y _(B'TAe;e;)
ieF
<Y (B'TAei,e;)]
ieF
e l1—a
<3 |Bei| <|T\2Aei,Aei> ® |l Aes || <|T*|2 Bei,Bei> ?
icF
al/a\ @
et
icF
1maq1/(—a)\ '@
X <Z {Aei”‘ (IT°F Bei, Be:) } )
ieF
1 @ 1 11—«
- (Z || Be; |l <|T|2Aei,Aei>2> <Z || el <T*|2Bei,Bei>2> .
icF ieF

By Cauchy-Bunyakowsky-Schwarz inequality for finite sums we also have

1 1/2 1/2
> IBei| <|T\2Aei,Aei>§ < (Z ||Bei||2> (Z <|T|2Aei,Aei>>

ieF el i€l
— 2 . . " * 2 . . "
= Z<\B| ez,el> Z<A T Ael,ez>
i€F i€EF
and
i 1/2 1/2
> Aei]| (|7 Bei, Bei)” < (Z ||Aei||2> <Z<|T*|23ei,3ei>>
i€l ieF ieF

_ (Z (147 e, e>> - (Z (B* T Be, e>> "

i€EF ieF
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and by (3.23) we obtain

(3.24) > (B'TAe;,e)

i€l

- (Z (1BFe: e>> " <Z {ar|rp? Aei,ei>> "

ieF ieF

(1—a)/2 (1-a)/2
x <Z<|A26i,ei>> (Z (B |T*|QBei,ei>>

i€EF iceF

for any F' a finite part of I.
Let o € [0,1]. Since A, B € By (H), then A*|T|> A and B*|T*|> B € By (H)
and by (3.24) we get

(3.25) ltr (AB*T)|?

< {tr (IB\2> tr (A* \T|2A)]a [tr (|A|2) tr (B* T B)}l—a

e () e () e () ()]
)- 0
(

Corollary 3. Let T € B(H) and A, B € By (H). We have |A**|T|, |B*|* |T*|
and B*T'A € B, (H) and

(3.26) ltr (AB*T)|? < tr (|A*\2 |T|) tr (\B*|2 |T*\> .

Taking the infimum over « € [0, 1] we get (3.16

Corollary 4. Let N € B(H) be a normal operator and A, B € By (H).
(i) For any a € [0,1] we have |A*)* [N|**, | B*|? |N|2(1_a) and B*NA € By (H)
and

(3.27) jtr (AB*N)[* < tr (J4* 2 NP ) (1B [N]P07)
In particular, we have |A*|*|N|, |B*|>|N| and B*NA € By (H) and
(3.28) ltr (AB*N)|? < tr (\A*|2 |N|) tr (|B*|2 |N|) .
(ii) We also have
(3.29) |tr (AB*N)|?
< min {tr (|BP) tr (|4 [NT?)  tr (J4]) b (1B° [NT?) }

Remark 1. Let o € [0,1]. By replacing A with A* and B with B* in (3.15) we
get

(3.30) jor (A BT < or (JAP [TP) o (1B (770 )

forany T € B(H) and A,B € By (H).
If in this inequality we take A = B, then we get

(3:31) w(BPT)[ < (1B TP (1B 20 P0)
forany T € B(H) and B € Bs (H) .
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If in (3.30) we take A = B* then we get
(3.32) It (B2T)|* < tr (|B*\2 \T|20‘) tr (|B|2 |T*\2(1_a))

for anyT € B(H) and B € By (H).
Also, if T = N, a normal operator, then (3.31) and (3.32) become

(3.33) ’tr (\B\Q N) '2 < (|B|2 ‘N|2a> ir (|B\2 ‘N|2(1—a))
and
(3.34) |t (BQN)|2 <tr (|B*|2 |N|2a) tr (|B|2 |N‘2(1—a)) ’

for any B € By (H) .

4. SOME FUNCTIONAL PROPERTIES
Let A € By(H) and P € B(H) with P > 0. Then Q := A*PA € By (H) with
@ > 0 and writing the inequality (3.31) for B = (A*PA)U2 € By (H) we get
ltr (A*PAT)| < tr (A*PA \T|2°‘) tr (A*PA |T*|2<1*a>) :
which, by the properties of trace, is equivalent to
(4.1) ltr (PATA*)|? < tr (PA T2 A*) tr (PA i A*) ,

where T' € B(H) and « € [0,1].
For a given A € By (H), T € B(H) and « € [0,1], we consider the functional
0 A4,1,o defined on the cone B (H) of nonnegative operators on B (H) by
oATa(P) = [tr (PA T A )} [tr (PA 720 4 )}
— |tr (PAT A™)|.
The following theorem collects some fundamental properties of this functional.

Theorem 6. Let A€ By (H), T € B(H) and o € [0,1].
(i) For any P,Q € By (H) we have

(42) OAT,« (P + Q) > OAT,« (P) + OAT,« (Q) (Z 0) )

namely, oA 1o s a superadditive functional on By (H);
(i) For any P,Q € By (H) with P > Q we have

(4.3) OAT,a (P) 2 0ATx (Q) (Z 0) )

namely, 04 1o 1S a monotonic nondecreasing functional on By (H);
(iii) If P,Q € By (H) and there exist the constants M > m > 0 such that MQ >
P > mQ@ then

(4.4) Moara(Q) = 0ara(P)2moara(Q)(=0).
Proof. (i) Let P,@Q € By (H). On utilizing the elementary inequality

(a2 + b2)1/2 (02 + d2)1/2 >ac+bd, a,b,c,d >0
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and the triangle inequality for the modulus, we have
OAT,« P + Q)

(
= [ ((P+@ AT a%)] i [ir (P + QAT PO A*)}”Q
— |tr (P + Q) AT A")|

_ [tr (PA T A* + QA|T A*)] v

[r(PA|T* 2(1 @) A*+QA|T*|2(1 ) A*)] 1/2

— |tr (PATA* + QAT A")]
1/2

[ r (PA lals A*) + tr (QAITIM A*)} /
[ . (PA|T* 20 A*) +tr (QA|T*|2(1 a) A*)}
— |tr (PATA%) + tr (QAT A™)|

]“ o (o= a%)]
I

|:t1‘ (QA |T|20¢ A* |:tI' (QA |T*|2(1—a) A*):| 1/2
— |tr (PATA*)| — |tr (QAT A™))|
=070 (P)+ 0410 (Q)

> [tr (PA T A*)

and the inequality (4.2) is proved.
(ii) Let P,Q € By (H) with P > Q. Utilising the superadditivity property we
have

0aT,a(P) = 04a70(P—Q)+Q)>0ar0a(P—Q)+0ar,a(Q)
> OAT,a (Q)

and the inequality (4.3) is obtained.
(iii) From the monotonicity property we have

OAT,a (P) > OAT,o (mQ) = MO AT« (Q)

and a similar inequality for M, which prove the desired result (4.4). (Il

Corollary 5. Let Ac Bo(H), T € B(H) and o € [0,1]. If P € B(H) is such that
there exist the constants M > m > 0 with M1y > P > mly, then we have

45 M ([tr (A > A*)]l/2 [tr (A 720 -) A*)}W — Jtr (ATA*)|>

> [ (PA[T A%)] i [ir (Pa PO 4%)] V2 (PAT A

>m ([tr (A T2 A*)]l/2 [tr (A 720 A*)T/2 —|tr (ATA*)|> .
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For a given A € By (H), T € B(H) and a € [0,1], if we take P = |V|* with V €
B (H), we have

AT (|V|2) _ :tr (|V|2A|T|2a A*)]I/Q {tr (|V|2A|T*\2(170‘) A*)]l/Q

- ‘tr (|V|2ATA*)

— :tr (V*VA T A*)} 12 {tr (V*VA T 2= A*)} 12

— |tr (V*VATA*)]

= [ (a'vva |T|2°‘)T/2 [t (arvevar )] v
— |tr (A*V*V AT))|
= [t ((VA)* VA \T|2a)} i [tr ((VA)* VA |T*|2(1—“>)] i
— |:cr (VA" VAT)|

- :tr (|v,4|2 |T|2“)} i [tr (|VA|2 |T*\2<1—a))} v ‘tr (|VA|2T)‘ .

Assume that A€ By (H), T € B(H) and a € [0,1].
If we use the superadditivity property of the functional o4 7., we have for any
V, U € B(H) that

(6) [ir (VAP +0AP) |Tp?)] i [ir (VAP +1042) e 20-)] i
tr((|VA|2+ |UA\2) T)‘
> [tr (|VA|2 |T|2a)} i [tr (|VA|2 \T*|2<1—°“>)]1/2 - ’tr (\VA|2T)’

+ o (jUap )] i [or (ja? e 20-))] vz _

tr (|UA|2T>‘ (>0).
Also, if |V|* > |UJ* with V, U € B(H), then
) [ ()] (vt )] o (vas)
R ) e (s 1)
If U € B(H) is invertible then

1
o 1l = Ul < WU la]] for any = € H,

which implies that

1 2 2
WlH <[UF<|UI"1n.
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Utilising (4.5) we get
(48) U ([tr (142 )] " [ (142 e PO=)] " = Jor (142 7) |)

> [ (jUa? |T|2°‘)T/2 [ir (U ap 0] v i (jUaPT)|

> e (o ()] () ) )

5. INEQUALITIES FOR SEQUENCES OF OPERATORS

For n > 2, define the Cartesian products B™ (H) := B(H) x ... x B(H),

BSY (H) := By (H) x ... x By (H) and B\ (H) := By (H) x ... x By (H) where
By (H) denotes the convex cone of nonnegative selfadjoint operators on H, i.e.
Pe By (H)if (Pz,xz) >0 for any x € H.

Proposition 2. Let P = (P, ..., P,) € B\ (H), T = (Ty,..,T,) € B™ (H),
A= (A,...,A,) € Bén) (H) and z = (21, ..., 2,) € C™ with n > 2. Then
2

k=1
n n
<tr (Z 2| P Ay | Ti|* AZ) tr (Z |2k | P A | T30 AZ)
k=1 k=1

for any « € [0,1].
Proof. Using the properties of modulus and the inequality (4.1) we have

tr (Z ZkPkAkaAZ> ‘

k=1

<Yzl [tr (PeARTL AL
k=1

< f: Jzal [or (PoAr T A7) | i [t (Ped 1T PO A7) '
k=1

Z 2 tr (PkAkaAz)
k=1

/2

Utilizing the weighted discrete Cauchy-Bunyakovsky-Schwarz inequality we also
have

S e [or (Pee 11 4)] 7 [or (P 207 7))

k=1

A —_—
(;2 EA ([tr (PkAk 720 ) AZ)} 1/2)2> 1/2

IN

X

1

3

n

1/2 1/2
= ( 2] b (P I T3> A;z)) (Z Joud tr (P | T ) AZ)) ,
k=1

k=1
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which imply the desired result (5.1). O

Remark 2. If we take P, = 1y for any k € {1,...,n} in (5.1), then we have the
simpler inequality

n 2
tr (Z Zk |Ak|2Tk>
(Z |2l |4k | | T M) tr (Z |2l |Ax | [T P a)>

k=1 k=1

(5.2)

provided that T = (Tt,...,T,) € B™ (H), A = (Ay,..., A,) € B (H), o € [0,1]
and z = (21, ..., zp) € C™.

We consider the functional for n-tuples of nonnegative operators P = (P, ..., P,,) €
B (H) as follows:

(53) OA,T,a (P) = [tl' (Z PkAk ‘Tk|2a Az>

k=1

X |:ur <Z P A |T]:;|2(17a) AZ)

k=1

1/2

1/2

— |tr (ZP]CAICTICAZ> s

k=1

where T = (T1,...,T,)) € B™ (H), A = (Ay, ..., A,) € B{" (H) and a € [0,1].
Utilising a similar argument to the one in Theorem 6 we can state:
Proposition 3. Let T = (Ty,...,T,) € B™ (H), A = (Ay,..., A,) € B(”) (H) and
a€[0,1].
(i) For any P, Q € B(f) (H) we have
(5.4) oaTa(P+Q)>0a10(P)+0aTa(Q)(=0),

namely, oA T,o s a superadditive functional on B(ﬁ) (H);

(ii) For any P, Q € B(f) (H) with P > Q, namely Py, > Qg for allk € {1,....,n}
we have
(5.5) oA To(P)>0a1a(Q)(>0),
namely, oA B 15 a monotonic nondecreasing functional on BS:L) (H);

(i) If P, Q € BS_") (H) and there exist the constants M > m > 0 such that
MQ > P >mQ then
(5.6) MoaT,a(Q)>0aTa(P)>moaTa(Q)(>0).

IfP=(pily,....pnlyg) with pp > 0, k € {1,...,n} then the functional of real
nonnegative weights p = (p1, ..., p,) defined by

n 1/2
(5.7)  oaTa(P) = [tf (Zpk | Axl? |Tk2a>]

k=1

n 1/2
X [tr (Zpk |Ak|2|Té‘|2(1_a)>] -

k=1
has the same properties as in Theorem 6.

tr (Zpk ‘Ak‘Q Tk> ‘
k=1
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Moreover, we have the simple bounds

n 1/2
2 2
(5.8) kegllf?in}{pk} (ltr (k§1|Ak| |T| )]

. [ (zw |)] e (zpk mm) |)
k=1

k=1
n 1/2 n 1/2
> [tr (Zpk |Ag? |Tk|2a> [tr <Zpk |Ag|? |T/:|2(1_a)>]
k=1 k=1

tr (Zpk |Ak|2 Tk> ‘
k=1
n
. ‘ t A 2 T‘2a
kegrll’}{}’n}{pk} r(;l k™ 1Tk )

x ltf (Z |A|® T§|2(1_a)> tr (Zpk |Ak|2Tk> |) :
k=1

k=1
6. INEQUALITIES FOR POWER SERIES OF OPERATORS

1/2

v

1/2

Denote by:

zeC:lz| < R}, if R < o0
D(O’R):{é e if R =00

and consider the functions:
A f(A):D(0,R) = C, f(A) =) ap\"
n=0

and
oo

A fa(A) i D(0,R) = C, fa(N) := Y |an| A"
n=0
As some natural examples that are useful for applications, we can point out that,
if

- (_1)n n 1
(6.1) f\) = A" =In—— A€ D(0,1);
; n 14+ A
(A)—i (1" 20 _ o) A G
g - — (2’”)' = COs ) )
h(\) = i DT e _ o e
- = (2n+1)! B ’ ’
> n n 1
L) =2 (C1)"A" = 3=, A€ D(0,1);
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then the corresponding functions constructed by the use of the absolute values of
the coefficients are

(6.2) =Y %)\" 1 ., AeD(0,1);
n=1

=cosh\, A € C;

ha (\) = Z %W“ =sinh A, A\ € C;

— (2n+1)!

= 1
la()\):ZA”:ﬁ, Ae D(0,1).

n=0

Other important examples of functions as power series representations with non-
negative coefficients are:

(oo}

1
(6.3) exp(A):ZEA" \eC,
n=0
1 1+ A e T .
;I (1_A> nzlmA ., AeD(0,1);
2n+1 .
Z\f%ﬂ AL X e D(0,1);
1
tanh™ ()\) = Z mA2n 1, AeD (O, 1)
n=1
—~ L+ )T (n+8)T () \n
F =
2 1(04767%/\) XZ:O nT(a)F(ﬂ)F(n—i—'y) )‘ O‘7B7’Y>Oa
AeD(0,1);

where I' is Gamma function.

Theorem 7. Let f(A) := Y 07 a,A\" be a power series with complex coefficients
and convergent on the open disk D (0,R), R > 0. Let N € B(H) be a normal

operator. If for some a € (0, 1) we have |[N|** | [N|**~*) € By (H) with tr (\N|2a) ,
tr (|N|2(17Q)) < R, then we have the inequality

(6.4) e (F (NP < o (fu (INP) )t (fu (INPC)).

Proof. Since N is a normal operator, then for any natural number k£ > 1 we have
L
By the generalized triangle inequality for the modulus we have for n > 2

tr (Zn:ak]\fk> = Xn:aktr(]\fk) Si|ak||tr(Nk)|

If for some o € (0,1) we have |[N|**, [N|**™®) € B, (H), then by Corollary 2
we have N € By (H). Now, since N, |[N[**, |N\2(17Q) € By (H) then any natural

(6.5)
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power of these operators belong to By (H) and by (3.13) we have

(6.6) e (V)] < b (VPR e (N PAR),

for any natural number k& > 1.
Making use of (6.6) we have

(6.7) i || |tr (Nk)’ < i || (tr (|N\2ak))1/2 (tr (|N‘2(1—a)k))1/2.
k=1 k=1

Utilising the weighted Cauchy-Bunyakovsky-Schwarz inequality for sums we also
have

(6.8) i ok (tr (|N|2a1f))1/2 (tr (|N‘2(1fa)k))1/2
et
[im (1r |N2a’“)>”2)2]
k=1
l " |04k| tr \N|2(1 a)k)>1/2) 2]
12,
|| tr (|N|2ak>] [Z lag| tr <|N2(1_Q)k)]

Making use of (6.5), (6.7) and (6.8) we get the inequality

(Zam> <t (fj|ak||N2a’“> . (mem 0= )
)

1/2

IN

1/2

X

1

n 1/2

k=1

(6.9)

k=1 k=1
for any n > 2.
Due to the fact that tr (|N\2a , tr (|N|2(1 “ ) < R it follows by (3.13) that
tr (|N|) < R and the operator seri

Zaka, Z|ak| INPP* and D fog| [N
k=1 k=1 k=1

are convergent in the Banach space By (H).
Taking the limit over n — oo in (6.9) and using the continuity of the tr(-) on
B1 (H) we deduce the desired result (6.4). O

Example 1. a) If we take in f(\) = (1£ 1) =1 =T\ ((1 + )\)71), [A| <1 then
we get from (6.4) the inequality

w(N(aEm)) ‘2
tr (INIQ"‘ (1 — |N|2"‘)1> tr (|N2<1—a> (1 - |N|2<1—a))1> 7

provided that N € B(H) is a normal operator and for a € (0,1) we have |[N|**
INPA=) ¢ B, (H) with tr (|N|2a)  tr (|N|2<1*“>) <1

(6.10)
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b) If we take in (6.4) f(A) = exp(A) — 1, A € C then we get the inequality
(6.11) [tr (exp (N) — 1) < tr (exp (|N|2a) - 1H) tr (exp (|N\2<1*°‘>) - 1H) :
provided that N € B(H) is a normal operator and for o € (0,1) we have |[N|**
NP e By (H).

The following result also holds:

Theorem 8. Let f()\) := > " a,\" be a power series with complex coefficients
and convergent on the open disk D(0,R), R > 0. If T € B(H), A € By(H)
are normal operators that double commute, i.e. TA = AT and TA* = A*T and

tr (|A|2 |T|2°‘) , tr (|A\2 |T|2(17a)> < R for some o € [0,1], then

612)  Jur(F(1APT))]" <o (g (142 2P)) e (7 (142 iPO)).

Proof. From the inequality (5.2) we have
n 2
tr (Z oy |Ak}2 T’“)
k=0
<tr (Z k| | AF || k|2°‘> tr (Z k| | AF| |Tk|2““)> .

k=0 k=0

(6.13)

Since A and T are normal operators, then |Ak’2 = AP, Tk‘za = |T)*** and

|Tk|2(17a) = |T*"=** for any natural number k > 0 and « € [0, 1].
Since T' and A double commute, then is easy to see that

AP T = (JAPT) L AP TP = (AR rpe)

and .
|A|2k |T|2(1—a)k — ‘A|2 |T|2(1—a))

for any natural number k£ > 0 and « € [0, 1] .
Therefore (6.13) is equivalent to

tr (Zn: an (|A2T)k)

k=0

< tr (i: v | (\A|2 |T|2a>k> tr <zn: || (lA\2 T|2(1—a)>k> |
P k=0

for any natural number n > land « € [0,1].
Due to the fact that tr (|A|2 |T|2O‘) , tr (\A|2 |T|2(1_O‘)) < R it follows by (5.2)

2
(6.14)

for n =1 that tr (|A|2 T) < R and the operator series

ST arNE, S g NP and Y fag] [Nk
k=1 k=1 k=1

are convergent in the Banach space By (H).
Taking the limit over n — oo in (6.14) and using the continuity of the tr(-) on
B (H) we deduce the desired result (6.12). O
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Example 2. a) If we take f(N) = (1 £ )\)_1, [A| < 1 then we get from (6.12) the
inequality
1
tr ((1 + |A|2T) >

(1=l ) e (g ) ).

provided that T € B(H), A € By (H) are normal operators that double commute
and tr (|A|2 |T\2a) , tr (\A|2 |T|2(17a)) <1 fora €0,1].
b) If we take in (6.12) f(A) =exp (A), A € C then we get the inequality

tr (exp (141 T)) )2 < tr (exp (|4 T1*) ) o (exp (P [7PC)),

provided that T € B (H) and A € By (H) are normal operators that double commute
and o € [0,1].

2
(6.15)

(6.16)

Theorem 9. Let f(2) := X272 p;j2) and g(z) == Y72, ¢;2 be two power se-
ries with nonnegative coefficients and convergent on the open disk D (0,R), R >
0. If T € B(H), A € By(H) are normal operators that double commute and

tr (|A|2 |T|2“) tr (|A\2 |T|2<1—'1>) <R for a €[0,1], then

(6.17) [tr (f (IA\2 ITIM) +9 (‘A|2 |T|2a))]1/2
o« Jor (7 (14 e =) g (a7 =) )
e (7 (1P T) + 9 (148 7))
e (1)) [ (s (=)
(s (1))
[ (o (1 irr))] " [ (o (142 o))
~[or (s (11 7))| (= 0).

Moreover, if p; > q; for any j € N, then, with the above assumptions on T' and
A, we have

(6.18) [ir (7 (14 1rP))] 1/2 [t (£ (142170 =))] 12
e (£ (141 7))

> o)) e o ()]
_ ‘tr (9 (|A|2T))) (>0).

The proof follows in a similar way to the proof of Theorem 8 by making use of
the superadditivity and monotonicity properties of the functional oa 1, (-). We
omit the details.

v
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Example 3. Now, observe that if we take

= 1
— h — 2n+1
f(A) =sinh A ;7(2n+1)!)\
and
= 1
= h = _—
g (A) = cosh A T;) B
then
o0 1 N
FV+g(N) =expr=3 —A
n=0
for any A € C.

If T € B(H), A € By(H) are normal operators that double commute and o €
[0,1], then by (6.17) we have

(6.19) [ (exp (142 172%))] V2 [tr (exp (JAF TP ))] 12
oo (47
> [ (sinn (1412 212*))] " o (sinn (Ja? r2e=))]
~ b (sinh (|A|2T>>‘
+ Jor (cosh (142 22 ))] 7 [er (cosh (142 r20=))]

— |tr (cosh (|A|2 T)) ‘ (>0).
Now, consider the series 72 =Y »" (A", A€ D (0 1) andIn 15 =307 LA,

1 n=1n
A€ D(0,1) and define p, =1, n >0, go =0, g, = ;, n > 1, then we observe that
for any n > 0 we have p, > qn.
IfT e B(H), A€ By (H) are normal operators that double commute, o € [0, 1]

and tr (|A|2 |T\2a> , tr (\A|2 |T|2(1_a)> < 1, then by (6.18) we have

oo (o) ] o)

tr( (1-14PT) 1)‘

2 o (i) )] [ (m e )
(hl 1147 T) 1)‘(20).
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